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ABSTRACT. We consider singular integral and maximal operators asso-
ciated to hypersurfaces given by the graph of a function whose level sets
are defined by a convex function of finite type. We investigate the L?
theory for these operators which depend on geometric properties of the
hypersurface.

1. INTRODUCTION

In this paper we continue the study of singular integral and maximal opera-
tors associated to hypersurfaces in RV*1. Given a real-valued ¥ € C*°(RY)
with W(0) = 0, we consider the following operators associated to the hyper-
surface defined by the graph yn.1 = ¥(y), y € RY:

Hof(e,an11) = po. / @~ W)K@) dy
Yl=

and

1
My f(z,xn11) = sup

fle —y,ony1 — Y(y))|dy.
s /w\ ( - U())|

The singular integral operator Hy is defined with respect to a Calderén-
Zygmund kernel K that is, K € C®(R" \ {0}) is homogeneous of degree
— N with mean value zero over the unit sphere. The maximal function My

is defined with respect to averages over Euclidean balls in RY where wy
denotes the volume of the unit ball.

It is well known that if a principal curvature of the hypersurface defined
by W does not vanish to infinite order at the origin, then Hy and My are
bounded operators on the Lebesgue spaces LP(RV*1) 1 < p < oo; see for
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example, [11]. A basic question is to understand these operators when this
curvature condition fails.

In this direction, there have been extensive investigations when N = 1; that
is, when yo = ¥(y), y € R, defines a curve in the plane. For instance,
there are smooth ¥ such that the operators Hy and My are unbounded on
LP(R?),1 < p < oo, see [12]; even in the case when W is convex, [8] and [13]
(see also Remarks 1.4 below). On the other hand, there are a number of
results giving sufficient conditions on a convex ¥ so that the corresponding
operators are bounded on LP(R?),1 < p < oo; see for example, [2], [4] and
8].

In this paper we are interested in studying the operators Hy and My in
higher dimensions, when N > 2. We are mainly interested in the case when
U is a convex function on RY. By the method of rotations, one can extend
the positive one dimensional results, say in the convex case referred to above,
by imposing the established sufficient conditions on each function t — W¥(tw),
uniformly in w € SV~1; see for example, [1]. However there are better results
for certain classes of hypersurfaces; for instance when ¥(y) = ¢(|y|) defines
a radial hypersurface (in this case, ¥ is convex precisely when the function ¢
defined on R is convex). Here one can exploit the nonvanishing curvature of
the level sets of ¥ (which are Euclidean spheres — when N = 1 these spheres
become two point sets and the underlying curvature is lost) to show that
the corresponding operators Hy and My are bounded on IP;1 < p < oo;
see [7]. We stress that this is valid for any convex radial hypersurface as
long as N > 2.

When the convexity assumption on ¢ is dropped, Hg and My can be un-
bounded on LP for nontrivial ranges of p (for all finite p in the case of the
maximal operator My ); see [7] and [10]. However there is a further interest-
ing phenomenon related to the singular integral operator Hy in the radial
hypersurface case; namely, that Hy is bounded on L? for any measurable ¢
as long as N > 2; see [7]. This does not extend to LP,p # 2, see [10].

It remains an interesting problem to explore to what extent the above two
phenomena for radial hypersurfaces (LP boundedness in the convex case
and L? boundedness of the singular integral operator in the general case)
persists for more general hypersurfaces. As a step in this direction, a study
was initiated in [14] to understand the L? phenomenon for the singular
integral operator Hyg where the level sets of U are parameterized by a fixed
convex function G of finite type. More precisely, instead of Euclidean spheres
parameterized by G(y) = |y|?, one considers a general convex function G of
finite type at the origin (that is, the graph defined by G has no lines tangent
to infinite order at 0) such that G(0) = VG(0) = 0. The corresponding
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hypersurface is then given by the graph of
U(z) = ¢(G(2))

where ¢ is a real-valued function defined on R*. In [14] it was shown that
for general ¢ € C', the L? boundedness of Hy depends on the codimension
of Ey, where {; is the smallest positive integer such that

Ey = EJG] = {veRY : G(sv) = O(s"1) for small s > 0}

is not all of RV. In fact if the codimension of Ey, is at least 2, then Hy is
bounded on L2(RN*1) for any ¢ € C'. Furthermore if the codimension of
Ey, is 1, then Hy is bounded on L?(RN*1) for any ¢ € C* if and only if the
Calderon-Zygmund kernel K satisfies the additional cancellation condition

(1) K(0)do(0) = 0,

v-0>0

where v is any nonzero vector in EZLO.

Applying this result in the radial hypersurface setting where ¥(z) = ¢(|z|?),
G(z) = |z|?> and so £y = 2 and the codimension of Ey = {0} is N, we
recover the result in [7] regarding Hy when N > 2. In the radial case
as we mentioned earlier, these L? bounds do not in general extend to LP
bounds, although when 7(s) := ¢(s?) is convex (i.e., zx11 = ¥(z) is a
convex hypersurface), Hy and My are bounded on all LP,1 < p < oo.

The main purpose of this paper is to examine the convex case in the above
setting where the level sets are given by a (fixed) general smooth convex
function of finite type. First of all we have positive results when the codi-
mension of Ey, is at least 2.

Theorem 1.1. Let G be a smooth convex function on RN of finite type at
the origin such that G(0) = VG(0) = 0 and let y(s) := ¢(s%) where ¢ is a
C! function in a neighborhood of the origin and ly is the smallest positive
integer such that Ey is not all of RV as described above. If the codimension
of Ey, is at least 2 and ~(s) is convex, then Hy and My are bounded on
LP(RNH) 1 < p < 0.

Remarks 1.2.

e We will see later that G(x) = P(x) + R(x) where P is a positive
polynomial and R is smaller than P in a certain sense (see [9]). The
significance of the power ¢ is that 1/¢y is the smallest number such
that P(z)'/% is convex and thus ¢(P(z)) is convex when ~(s) =
#(s) is convex.

e The case when Ey, = {0} has already been treated; see Theorem 4
in [14]. In fact, the strategy of the proof of Theorem 1.1 is to reduce
ourselves to this case.
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When the codimension of Ey, is 1, there are no positive results in general
and we construct counterexamples:

Theorem 1.3. There exists a C*°, convex function v defined on [0,1] such
that if G is any convex function of finite type at the origin with the codi-
mension of Ey, equal to 1, then for W(z) = ~v(G(x)Y/*), the following holds.

(i) The associated mazimal operator My is unbounded on all LP(RNF1) 1 <
p < oo whenever N > 1.

(ii) The associated singular integral operator Hy is bounded only on L2(RNT1),
N > 2, for some Calderon-Zygmund kernel K satisfying the additional can-
cellation condition (1).

Remarks 1.4.

e Our construction of v follows a construction due to J.O. Stromberg
[13] of a convex function where the maximal function along the corre-
sponding curve in the plane is unbounded on all LP(R?). We extend
this construction to produce a C*° convex function; this is the case
N =1 with G(t) = t* in Theorem 1.3.

e When N = 1 and G(t) = t%, the singular integral operator Hy is
the Hilbert transform along an even convex curve in the plane and a
necessary and sufficient condition for Hy to be bounded on L? in this
case is known, see [8] (this was later extended to all L1 < p < oo
in [4]). The curve we construct will not satisfy this condition and so
the associated Hy will not be bounded on any LP(R?) in the case
N=1.

e The counterexample for the singular integral operators is related to a
counterexample for singular integrals along nonconvex curves in the
plane in [10]. After several reductions we essentially reduce matters
to the fact that 5152 is not a Fourier multiplier of LP(R?) for any
p # 2; more precisely we reduce to the main estimate which is used
in the proof of this fact (see [10]).

e This example works for a large class of homogeneous Calderén-
Zygmund kernels K with the addition cancellation (1). Specifically
we assume that the integral of K over a half ray in Eja defines a
function which is not identically zero; see (43) below.

Notation: Let A, B be complex-valued quantities. We use the notation
A < Bor A= O(B) to denote the estimate |A| < C|B| where C denotes an
absolute constant which may depend on the Calderén-Zygmund kernel K,
the hypersurface given by ¥, or the dimension N. We use A ~ B to denote
the estimates A < B < A.
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In the next section we give the proof of Theorem 1.1. In the following section
we will construct the smooth convex function v needed for the counterex-
amples in Theorem 1.3. The final two sections will be devoted to the proof
of Theorem 1.3.

2. PROOF OF THEOREM 1.1

In the proof that follows we make the assumption that ¢ # 0 in a neigh-
borhood of the origin (that is, ¢(¢t) > 0 when ¢ > 0) in order to apply the
Calderén-Zygmund theory adapted to a general family of dilations as devel-
oped in [2]. If ¢ vanishes in a neighborhood of the origin, then we replace
#(t) with ¢(t) +et? and note that the estimates in the proof given below are
uniform in £ > 0.

We begin with the treatment of the maximal operator. We denote points in
RN*! by (z,2n41) where € RY and observe that to bound the maximal
operator My it suffices to bound sup; [ M; f| where

Miftwan) =2 [ et - e(G0)

According to Schulz [9], after a rotation of coordinates, we may write
G(t) = P(t) + R(t)

where

r N
(2) Pt)=> at®+ > a;t]” + Pi(t).
j=1 j=r+1
Here P(t) > 0 is a convex polynomial for ¢t # 0, a; > 0 for 1 < j < N,
and fy, m; are positive even integers satisfying fo < m; for r +1 < j < N.
Furthermore, P (t) has no pure powers of ¢, and if A¢{" ...t} is a monomial
of P1 (t),

1 T N o
§ . § J
®) (o 2= * , m; .
7=1 Jj=r+1

We see that r is the codimension of Ey, and therefore » > 2 by hypothesis.
The function R(t) is smooth and if At ...¢3" is a term in the Taylor
expansion of R(t)

1 r N o
. J
(4) EO;O@-I- > >

j=r+1 J

and in particular the degree a1 + ...+ ay > £y + 1.
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Let Hp(t) be the part of P(t) which is homogeneous of degree 3. Then
Hp(t) is a function of only t1,...,t.. In fact if

At’fl---t?T'--t?VN

were a monomial of Hp, then Zjvzl a; = {y whereas

17 N, 1 X
_ . J L —
1—?05 aj+.g —mj<€05 aj =1
7=1 j=r+1 j=1

if Zj\/: r+1@; > 0 which is impossible. Similarly every monomial of P(t)
which depends only on tq,...,t,. belongs to Hp. So

(5) P(tl,...,tT,O,...,O) :Hp(tl,...,tho,...,(]) = H(tl,...,tr)
is convex and positive if some ¢; is nonzero.
We write u = (t1,...,t) € R" and v = (t;41,...,tn) € RY"". We shall

suppose N — r > 1, otherwise the proof is similar but simpler. We then
write

(6) P(u,v) = H(u) + Py(u,v).

From (3) and (5) we see that the monomials in P, like those in R, have

degree > fp+1. With this notation, the multiplier for the averaging operator

Mj is

(1) mi&,n,y) = 2N / el utnuiro(Gu)l gy gy,
2—2j§|u|2+‘vl2§2—2j+2

where £ € R”,n € R¥=" and v € R. We compare m; to the multiplier

(8) ni(€,n,7) = 2N il utn vty d(H ()] 70,40
22 <|u|24|v|2 <225 +2

whose corresponding operator IV; is given by
Njf(z, 2n41)

= N / fl@' —u, 2" —v, oy — ¢(H(u))) dudv.
2—2j§‘u|2+|v‘2§2—2j+2
Here we have written x = (2/,2") € R” x RN~". We will prove
9) [ — nll oo @1y S 277

for some € > 0. Since the L? operator norms of M; and N; are uniformly
bounded in j for any 1 < ¢ < oo, then (9) implies that the LP operator norm
of M;— Nj is O(277) for some €, > 0 whenever 1 < p < co and this in turn
shows that the LP bounds for sup,-q|M;f| follow from the corresponding
LP bounds for the maximal operator N f = sup;~ |N; f].
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However, we have the pointwise estimate

(10) Nf(z,znt) S Mur[M(f) (@, 2ng1)] (")

where

(11) Mg(#', xn41) = sup % / l9(2" — u, N1 — O(H(u)))| du,
0<h<1

lul<h

and My denotes the classical Hardy-Littlewood maximal operator on RN-7,
Here for(2',2n11) = f(2',2",2n41) = f(2,2N541). The space Ey,, Lo =1,
corresponding to the convex polynomial H in R" consists of only the zero
vector 0 and hence Theorem 4 in [14] shows that M is bounded on all
LP 1 < p < oco. This will complete the proof of Theorem 1.1 for My once
(9) has been established.

To prove (9), we introduce polar coordinates in the u variables. That is,
we write © = sw where s > 0 and w runs over the surface H(w) = 1. The
integral defining m; in (7) becomes

iN i[§-swtnv+yd(Glsw.))] gr—1
(12) 2 /22j§52|w|2+v2§227+2 e " h(w)dsdwdv

H(w)=1
where h is a smooth function. From (5) and (6), we see that G(sw,v) =
5% + Py(sw,v) + R(sw, v). Similarly, the integral in (8) defining n; becomes

iN ilg-swtnvty(so)] gr—1
(13) 2 /2_2j§52w2+|v|2§2_2j+2 e s" h(w)dsdwdv.

H(w)=1

We note that in both (12) and (13) the region of integration may be further
restricted in the integrals to the region where s > 2~(19)7 and |v| > 2= (1497
making an error O(2~%) which is allowable. We will denote the restricted
integrals still by m; and n;.

Next in the integral for m;, we make the change of variables

(14) oc=o0(s,w,v) = (s + Py(sw,v) + R(sw,v))"/*

in the s integral. Since 21797 < s |v| < 277+! and the terms in the Taylor
expansion of Py and R have degrees > £y + 1, we see that o = s+ O(s%/?) if
€ > 0 is small enough. Similarly, do/ds = 1 + O(s'/?) and so (14) is a valid

change of variables for small s > 0. Let s(0) = s(o,w,v) denote the inverse
function. Then m; =

2 / 2721 <2 |w|?+|v|2 <22 +2 ei[g.S(U)w+n.v+’y¢(a)]Ur_lh(w)dgdwcw + 0(2_€j>-

[v],s(0)>2~ 1+ H(w)=1
With a change of notation we see that the expression for n; is precisely the
above integral except that in the oscillation, £ - s(o)w is replaced by & - ow.
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Since |s(o) — 0| < 2739/2, we see that in the region where [£] < 257/4,

Im;i(&m,7) = ni(&m)l S 277,

Therefore it suffices to show that both m; and n; are O(27%) in the region
where |¢] > 2%/4. We will use the hypothesis that the codimension of Ey, is
at least 2 (r > 2) so that the surface H(w) = 1 is at least one dimensional
(the dimension being r — 1) and so we could possibly hope for a decay
estimate in the w integral. In fact we will use the finite type hypothesis of
the level sets for the hypersurface to show there is enough oscillation in the
w integral to guarantee such a decay estimate.

To do this we use the fact that H(w) = 1 is of finite type so that for each
wo on H(w) =1 we may parameterize H(w) = 1 in a small neighborhood of
wo as

wo + (7’1, ceey Tr—1,g(T1, R 77_7"—1))
where g(0) = 0, Vg(0) = 0, and for some j, > 2,8jg/87'f(0) = 0 for
1 <j<jo—1and Bjog/anO(O) # 0. It follows that we may assume

97%g/071{° # 0 for all 7 in this small neighborhood of 0. Therefore since
s(o,w,v) ~ o, one can use van der Corput’s lemma (see e.g., [11]) to estimate

/ eis(a,w,v){-wh(w) dw g

|w—wp|<s
H(w)=1

1
(o1€l)°

for some positive §. Integrating this estimate in the other variables shows
that the contribution to the integral defining either m; or n; is O(27%) when
|€] > 2%/4 ] if € > 0 is chosen small enough. This establishes the estimate
(9) and hence completes the proof of Theorem 1.1 for My.

To treat the singular integral operator we decompose Hy = ) | j>0Hj where
ij(ZE/v :C”a $N+1)

= / f@ —u, 2" —v,xn11 — ¢(G(u,v))) K (u,v) dudv
272jslu|2+|v|2§272j+2
and compare H; to S; where
ij(xlv JZ”, xN-f—l)
= f@ —u, 2" —v,zyi1 — ¢(H(u))) K (u,v) dudv.
22 <Ju|2-+[v]2<2-27+2
The same argument which establishes (9) shows that
1H; f — S fllp S 279N flp

holds for p = 2 and hence for any 1 < p < oo since ||Hj|lq—q, [|Sj]lg—q = 0(1)
whenever 1 < ¢ < oco. Therefore it suffices to bound the operator S :=
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Zj>0 S;. Unfortunately we cannot use the simple pointwise factorization
estimate (10), as we did for the maximal operator N, to separate the u
and v integration defining each S; and reduce matters to an application of
Theorem 4 in [14]. Instead we use Littlewood-Paley arguments as in [5]
which rely on corresponding maximal function estimates where the above
pointwise factorization (10) can be employed. In fact we will repeatedly
use a generalization of Theorem D’ in [5] which we explicitly state for the
convenience of the reader. On a fixed subspace of W C R? (in our situation
d= N +1)let {6(t)}+>0 be a family of linear operators acting on W and
satisfying the Riviere condition, namely for s < ¢,

(15) l6~H (Da(s)l < Cs/t)°

for some C,e > 0. For notational convenience we set d; = §(27%). The
Calderén-Zygmund theory with respect to the dilations 6(¢) has been devel-
oped in [2].

Proposition 2.1. Let {0} }r>1 be Borel measures satisfying supy, ||og|| < oo.

Let ( = Gy + e € W @ W and suppose

(16) [7(O)] < Cmin(|d 43wl |65¢w |~)°

for some € > 0 (here A* denotes the transpose of the linear operator A).
Furthermore suppose that the mazimal operator defined by o(f) = supy, | f *
|lok|| is bounded on LI(RY),1 < q < co. Then the mapping f — >, f * o
is bounded on LP(R?),1 < p < oo.

The proof of Proposition 2.1 follows exactly along the lines in [5] together
with the Calderén-Zygmund theory with respect to a general family of dila-
tions {(¢) }+>0 satisfying (15). In fact one fixes a nonnegative ® € C°(W)
such that ®(Cy) = 1 for |G| < 1 and ®(Cw) = 0 for |G| > 2. Then

=Y 8= 55f
j j

where S; f(¢) = [@(5;1LCW) — @(5;+LCW)] f(¢) and L > logy(C)/2¢ with C
and € > 0 as in the Riviere condition (15). Furthermore §j is defined in the
same manner except L is replace by L' > L + logy(C')/€; see [2] for a proof
of this reproducing formula. Hence

D fron =) Tif
k J
where T5f =3, Sj+k§j+k(ak * f) and thus for any pg > 1,

1T Nl S 1O Now * (SiedE) oo S TS50 812) 2 Ino S 1F -
k k
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The first and third inequalities use the corresponding Littlewood-Paley the-
ory (see [2] and [3]) and the second inequality uses the hypothesis that the
maximal operator ¢ is bounded on all LP p > 1, exactly as in [5].

Finally one can use (16), together with the Riviere condition (15), to show
1Tl < €27 £l

for some € > 0 (see [2] or [3]). By interpolation with the above LP0 estimate
on T shows that f — >, f * oy is bounded on all LP,p > 1.

In what follows we will employ Proposition 2.1 several times with possibly
different subspaces W and dilations {4(¢)} in each instance.

To continue with the proof of the L boundedness of S, fix a smooth p on
R" so that p(u) =1 for |u| <1 and p(u) = 0 for |u| > 2. Then when u # 0
we have

p(u) = [p(27u) — p(27 T )] :=> " 1hj(u)
j=0 Jj=0

and we rewrite (up to an operator which is convolution with an L' kernel)
Sf =332 f *0oj where

oi(g) = / / o, 0, S(H (W) K (1, 0)10; () o(v) dudb.

Here o is defined in the same way as p but on the space RN~". We apply
Proposition 2.1 with respect to the subspace

W ={(&nA\) eR¥: ¢ =X=0}

and dilations
o =27F1

(I denoting the identity on W) but not directly to S. We first compare S
to another operator T' which we define as follows: fix a nonnegative ® €
C(W) with [® =1 and set Tf =372 [+ [®; ® O'}/VL] where we define

1
the measure O'}/V on W+ by

oW (g) = / 0, &CH (u))) R () (1) .

Here K(u) = [ K(u,v)o(v)dv and ®;(v) = 270N"")®(27v). We now apply
Proposition 2.1 to see that S — T is bounded on all LP(RV+1),1 < p < oc.
fvj=0;—®;® UJWL so that [S —T|f = >, f * v;, one needs to verify

(17) 75(&,n, M| S min(27|n], 277 |nl] )¢
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for some € > 0 and that the corresponding maximal operator v is bounded
on all LY(RN*1) 1 < ¢ < co. On the one hand,

@(s,rm):/ ilew A H@ () /Kuv“?”()dvd

whereas
(18) e N = [ IO R ) 0) d

and the estimates (17) follow easily from the basic properties of the Calderén-
Zygmund kernel K and a straightforward integration by parts argument.
On the other hand, v(f) satisfies the pointwise factorization estimate (10)
and so Theorem 4 in [14] can be invoked to show that v is bounded on all
LYRNT) 1 < ¢ < c0.

This leaves us with bounding Tf = Zj [*[P;® O'JVVL]. By using polar
coordinates with respect to the surface H(w) = 1 in the integral appearing
n (18) and observing that one has decay in A in the w integral because
r > 2, one can argue exactly as in [14] or [7] to obtain the following decay
estimate:

(19) oW (&N < CL65(€, M)
for some € > 0 where

S(t)(&A) = (£€, 7 ()A)-
Recall that v(t) = ¢(t%) and without loss of generality we may assume that
v(0) = 0 and since ¢ is smooth, we also have 4/(0) = 0. Thus one easily sees
that the Riviere condition (15) holds for the dilations {d(¢)}. If we had the
strong cancellation condition

(20) | Rwswdu= [ [ Koy, w)e(e) dudo =0

for all 7 > 0, then the corresponding estimates to (19) for small frequencies
(&, A) would hold and we would be in a position to employ Proposition 2.1
once again; now we take W to be the subspace

W ={(&nA eRY": =0}

and above dilations defined in terms of . However in general, only the
following weaker cancellation condition

(21) yZ/K w); (u)du| = \//Kuv ) D w(w)p(v) dudv| < C
A<j<B A<j<B
holds uniformly in A and B since K(u,v) is integrable over the region

{(u,v) € RN : |ul? 4 |v|?> > r?; |u| < r}, uniformly in r.

We will follow a procedure outlined in [11] (chapter XIII, section 5.3) that
will allow us to pass from the weaker cancellation condition (21) to the
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stronger cancellation condition (20). Let ¢; = [ K (u)t;(u)du, set w]( ) =

(J $) 127" (2u) where (u) = yo(u) = p(u) — p<2u> - Kifu) =
IN((u)qu (u) — Cj?Zj( ) so that fK’ )du = 0 for all j. Now by summation
by parts,

oo

YK (uy(u)@;(v) = > Kj(u)@;(v)+)_ s[4 ) =1 () @41 (v)]
7=0

J=0 J=0

where s; = ZLO c¢. Furthermore we split the last sum into two sums:

D> sl (W) = B (W] (v) + Zsml (v) = @11 (v)]
7=0
This in turn divides the operator Tf =, f* [®; @ 0 W = Do fxlwg+

wa j + w3 ;] into three operators;
oni(0) = [ [ £l 6 @) K1) (0) dude

where Ky j(u) = K/(u), Kaj(u) = s5[th;(w) — i1 (w)], Ksj(u) = 55941 (u)
and @, ;(v) = ®;(v) for L =1,2 but ®3;(v) = ®;(v) — ®j41(v).

By (21) we see that sup; |s;| < co which allows us to deduce as before that
(19) also holds for the Fourier transforms of wy, ; for each L = 1,2 or 3.
Furthermore when L = 1 or 2, the strong cancellation condition (20) holds
for Kpj, ie., [Kpj(u)du = 0. Thus we also obtain the corresponding
estimates to (19) for wy ; and ws ;; namely for L € {1,2},

(22) @25 (&, M) < Cmin(|0;(&, M), 16;(€, )71

for some € > 0. Now the maximal function wj (f) satisfies the factorization
estimate (10) and hence Theorem 4 in [14] shows that this maximal operator
is bounded on all LP, 1 < p < oo which, together with (22), implies that when
L =1 or 2 the operators 1Ty, f = Zj f*wr; are bounded on LP,1 < p < oo
by Proposition 2.1.

The third operator T3f = > j f * w3 j is a much simpler operator to handle
and can be shown to be bounded on LP;1 < p < oo, by a final application
of Proposition 2.1. The subspace W in this instance is {(0,7,0)} and the
dilations are {2771} (here I is the identity operator on W). The verification
of the hypotheses of Proposition 2.1 is straightforward. This completes the
proof of Theorem 1.1.
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3. CONSTRUCTION OF A CONVEX FUNCTION

In this section we construct a C* convex function  on [0, 1] with v (0) = 0,
7 =0,1,... which will be the desired function giving us the counterexamples
we seek in Theorem 1.3. We use a basic idea of Stromberg [13] to construct a
piecewise linear curve resembling the graph of ¢t —logt on very long intervals
for large ¢t and then rescale to the interval [0, 1]. We shall just construct ()
on an interval [0, tp] for some ¢ty > 0. The extension to [0, 1] from [0, o] is
routine.

We start with two sequences of strictly increasing integers Ny and M} such
that

(23) 2My, < Ny
and
(24) My, > 10Ny,

with all Ny and My > 100.

For 27Nk < ¢ < 27 Mk get
’}/k<t) = Bk(Qth — log Nk 4 t) — Dy,
with
—Mp 1

Dp=Bp(1+2 N —97=2 ),

where the small positive numbers By will be determined later.

On the intervals [27"%, 2=Mk] our function  will be defined as (t) = Vi ().
On the intermediate intervals [27 ¥, 27Nk-1] we shall set v(t) = n(t) where

1, will be defined for 2~ Mk <+ < 27Ni-1 39 a smooth convex function such
that

a2 = (27,

771(5) (2—Nk_1) — ,YI(CJ;)l(Q—Nk—l )’

(25)

for 7 =0,1,2,...

To show smoothness at the origin we shall also need
(26) ”y(j)(t) —0 as t—0
for every fixed j.

Our definition of 7, will use a fixed non-negative C'*° function y supported
in [—3/4,3/4] so that x(t) =1, for |t| <1/4 and

(27) /x(t)dt =1
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In order to satisfy (25) we assume

1
(28) By < E2—6Nk+lB,€_1
and in order to ensure (26) we impose the condition
1
(29) By, < (200)7F BT
(k4 1)t o PUR]
Note that

My 4

(27Nk) = Bi27 2
e(27Mr) = By (2N Me — (N}, — My)log 2 + 27 Mk — 1 — 27Nk 4 97 Mit1/2),

The assumptions (28) imply then

9 My _ . _ My
(30) B2 7 <@V 27N < B2

We see further that v, (27V) = By, and v, (27M*) = By (2N —2Mr +1), and
thus

9 _ _
1 DB S o2 N a2 < By

We shall now construct the intermediate functions ny. This is done by first
constructing the second derivative of 7y to first get the inequalities (25) for
j=2,3,....

Note that for j > 2
@M = Bu(-1)7 (G — )2t

and ‘
(27N = B (<1 - D2,

We shall construct the second derivative as a sum of three functions (kL,
C,f and (,i‘fla, where C,f is concentrated near the left endpoint of the interval
[Q*M’v, 2*Nk*1], the function C,f is concentrated near the right endpoint and
Cé\f[a lives in the middle (away from the endpoints).

With y as described above, we form
1

G0 = B2 (14 (2M(s — 2= Mk))2) | X

100 - 2Mr (5 — 27 M)

and
1

R\ _ 2N
G (t) = Bi-12 (14 (2Ne-1(s — 2= Ne-1))2)

- x(100 - 2Mr (5 — 27 Nk-1y),
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Also for aj, > 0 and a with 2= Mkt < o <27 Ne-1 — 9= Mitl 5ot

Crn(t) = ar2Mex (2Me(t — a)).
Note that for v > 2

A (2 Miy = B (oM

and

14 — v—2 —
@) = (T @ N,

Moreover (M (t) vanishes near 27+ and 27Vk-1, ([ (¢) vanishes near 2~

and C,f(t) vanishes near 2~ M+, Thus if we define 7, so that for 27 Mk <t <
9—Ni—1

Ni—1
9

n() = GE () + GO + Gha D),
the conditions (25) will be satisfied for j > 2. It is natural to define n; by
setting

(32) m(t) = (@) + (2 M’“)( 27 )

/ M / o +Ck( )‘i‘C}i\,/[a(u))duds.
s=2"Yk Ju=2"Yk

Then clearly ng(27Mk) = 75 (27Mr) and 7, (27Mk) = 47 (27Mr) and it re-
mains to show that we can pick a; and « in the definition of C,i\fa so that

(33) Me(27M1) = g (27N
and

(34) e (27VE1) = gy (27N,
Note that

9~ Nk—1
/ CM(u)du = ay,
27Nk
by (27) and thus (33) will be satisfied if we choose

2 Ng—1

o= @) ) = [ (G + () du
2

Mk

To see that ay is positive, we first note that since My > 2Np_1

27k B Bk 1
35 t)dt < 22Nk—1=My —
(35) /Q—Mk () 10 — 10
and also
2 Np—1
< By .
(36) / CE(t)dt < Bj2Mr
27]Wk'

— N _
So f;Mf "¢E(t)dt < By_1/10 while y/(27Ne-1) — 47 (27Mr) > OB, .
Hence a;, defined as above will be positive, indeed

7
(37) EBk 1 < af < Bk 1-



16 A. SEEGER, S. WAINGER, J. WRIGHT, S. ZIESLER

It remains to choose « so that (34) is satisfied. Interchanging the order of
integration in (32) we see

m(@ M) = @) e e -2
+ /;k (27N = 5) (GE(s) + ¢ (s) + G (5) ) ds,
so we want to find « so that
/N (27Nt — )¢ (s)ds
(38) = Y1 (271) — (27 M) — g (27 (27N — 27
- /;N (271 = 5)(G (5) + Gi'(5))ds.

If we use (28) and (30) we see that the expressions
Tha(2N1) — (27 M) = of (2 M) (N — M

M M,
lie between By_12~ 2 ~!and By_12~ 2 . Furthermore (35), (36), (24) , and
(28) show that

2= Nk—1

L @ =) (G0 + o)) ds < B2 0

My,

M M
Thus the right hand side of (38) is between Bk_12_7k/10 and Bk_12_7k
and the left hand side depends continuously on «. We can choose a to
achieve (38) by the intermediate value theorem provided that we can show
(39)
— M,
27 Mkt > B 2" if =2 Mitl

27 Nk-1 _ )M (s)ds
/QMk ( Ka'le) < %Bk,ﬂ_% if @ =27 Nke-1 — 2= Mitl

This follows easily using Bj_1/2 < ai < By_; and 27 Ve-1 > 10 . 2= Ms/2,

To summarize we define

o = L), 27Nk <t < 27 M
TV ), 27Me <t <2 M,

The conditions (25) guarantee that v(t) is smooth on (0, #]. The condition
(26) implies that 4\9)(t) — 0 as t — 0, for each j. So if we set v(0) = 0,
v(t) will be smooth on [0,%p]. Finally the construction of 74 and 7y gives
the nonnegativity of +; and 1}, so v is convex. It is now easy to extend ~ to
a smooth function on [0, 1] so that ~y is convex and we also have v)(0) = 0
forall 7 =0,1,....
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4. UNBOUNDEDNESS OF THE MAXIMAL OPERATOR

In this section we consider an arbitrary convex function G(t) of finite type at
the origin on RY with G(0) = VG(0) = 0, and so that Ej, has codimension
1. We write t = (u,v) € RY where u € R and v € R¥~! and consider the
maximal operator

Mf(xaxN-i-l) =

1
su / 1f(2' —u,2” — v, 2y — (G u,v) /)| dudv
ut o2 <h?

Y
o<h<1 wNhY

where v is the C™ convex function constructed in section 3. To show that
M is unbounded on all LP, it suffices to show that the operator norm of

M f(z,2n41) =

su}) 2jN/52j<u<32j (2" —u, 2" — v, 2541 — (G (u, v) )| dudv
VISD)> 4 =%=3
jo|<2-

on L is unbounded when k& — oo. Here Ji = [(1 — o) Ng, Ny — 100] and
o > 0 will be chosen to be sufficiently small. Recall that N > 2M), and so
Jk C [Mp, N].

We will need to understand G(u,v) = P(u,v) + R(u,v) as a function of u
and to do this we set

(40) s = [G(u, v)]V*.

Using (2), (3) and (4) when r = 1, it is easy to see that in the region
|v[1*€ < |u| with € > 0 small enough,

i) s = |ul+O0([u|**?), i) ds/du = sgn(u)+O(|u|®), iii) d?s/du?® = O(|u|*~")
for some § > 0 (the o appearing the definition of J; will depend on §).
First of all we test My on yg where S is the set
{(u,v,w) ER xRV xR
—1<u<0, v <1,Bp2V + 1u < w < Bp(2NF + 1)u + 2B;,}.

For j € Ji, we see that Myxs(277,0,7(277)) > 1. In fact this follows from
the inequalities

(41) B2 +1)(277 —u) < 7(277) — 9(s) < B +1)(277 —u) + 2B,

where 527772 <y <3-277 ! and |v] <277 (See Fig. 1).
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(277,9(277))
slope = By (2 4-1)
.(0,0)

height = 2By, Figure 1. u-w plane

To see this, recall that v(s) = Bg((2V% +1)s —log(2¥*s)) — Dy, when 27 V¢ <
s < 27Mx_ By property i) for s, we have

(42) 7(277) —(s) =
By((2™ +1)(277 — u) + log(2/u)) + O(2~ 14928 By 4 279 By,

and the O term is less than a small multiple of By for large j if ¢ is chosen
small enough in the definition of Jr. Therefore (41) is established since
log(2/u) is bounded between log(5/4) and log(3/2) when 5-27772 < o <
3.27971

By using (42) and translation, we have the bound Myx2s(2’, 2", 2n41) 2 1
on the set (277,0,7(277)) + T where by 25 we mean the set

{(u,v,w) € RN*1:
—2<u<0, o] <2, Bp(2V + 1)u < w < Bip(2VF + 1)u + 2By}

and

T = {(u,v,w) :
—1<u<0,v] <1,Bp(2M + 1u < w < B2V + 1)u + log(2) By }.

This boils down to the fact that log(3) < 2. We claim that the sets
{(277,0,~v(277)) + T} are disjoint as j varies over Ji. Since the measure
of T is a fixed multiple of 25, we see then that the LP operator norm of M
is larger than the p’th root of the cardinality of J; which is o Ny, proving
that the original maximal operator M is unbounded on LP.

To see that the sets {(277,0,7(277)) + T} are disjoint, it suffices to check
that the line w = (277%!) + log(2) By + Bp(2V* + 1)(u — 277%1) in the
u — w plane associated with the set {(277%1,0,~v(277911)) 4+ T lies below the
corresponding line w = y(277) 4+ Bj(2VF + 1)(u — 277) associated with the
set {(277,0,7v(277)) + T}. That is, we need to verify that

(279 +1og(2) By + Bp(2MVF +1)(277 — 2791 < 4(279).
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In fact we have equality since (27711) —v(279) = By (2M +1)277 —log(2) By.
This completes the part of Theorem 1.3 showing that the maximal operator
M is unbounded on all LP.

5. UNBOUNDEDNESS OF THE SINGULAR INTEGRAL OPERATOR

We use the same C*° convex 7 constructed in section 3 to show that only
L? bounds hold for the singular integral operator defined by

Hf(xaxN+1) =

p.v. / Fla' —u, 2" — v, 21 — Y(Gu, v) N K (u, v) dudo,

ul?+[v[><1

where G is an arbitrary convex function of finite type at the origin on R
with the codimension of Ey, equal to 1 and K is an appropriate Calderén-
Zygmund kernel satisfying the extra cancellation condition (1). Here we
are using the same notation as in section 4 and we may assume that G has
the form given in (2), and therefore the one dimensional subspace EELO may
be taken to be {(x1,0,...,0) € RV}. We consider any Calderén-Zygmund
kernel K satisfying the nondegeneracy condition

(43) k(v) == /000 K(u,v)du # 0,

together with the additional cancellation condition (1) which in this setting
takes the form

(44) K(0)do(0) = 0
st

where Sffl = {zx = (z1,...,zN)||z] = 1,21 > 0}. Condition (43) implies
that ¥ # 0 and since  is homogeneous of degree —(N — 1), we can find a
¥ € S¥2 such that

(45)  0#RE) = /0 h /R K, v)e™ Zdvdu = /0 - f(:(uz)%“
where we set
(46) Ki(v)=K(1,v) and K_(v)=K(—1,v).

On the other hand, the integral over the hemisphere in condition (44) can
be written as an integral over RV~ (see [14]) and together with the fact
that K has mean value zero over the unit sphere, we have

(47) 0= K(0)do(0) = K(£1,v)dv = K4(0).

S$71 RN-1
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We will assume that H is bounded on LP(RY+1) for some p < 2 and arrive
at a contradiction. The idea is to first pass to a truncation of H where
we will be able to compare H to a simpler operator in which (G (u, v)'/%)
is replaced by v(|u|). Next, by using de Leeuw’s theorem (see e.g., [6])
twice, we will reduce matters to examining the multiplier x(p, A)e*1°8(?) on
R? where y localizes (p, A) to the region A\ < 1 and p > 1. In [10] such
multipliers were shown to be LP(R?) multipliers only for p = 2.

We begin by truncating H in both the v and v variables separately. That
is, if ¢1 € C§°(R) and ¢2 € CF°(RN 1), then the truncated operators He,,,
defined on f by

/ 01 (u/€)a(v/n) F(@' — 1,2 — v, 41 — (G (s 0)V0)) K (u, v) dudv,

are uniformly bounded on LP if the same is true for H (simply use the
Fourier inversion formula for ¢; and ¢2). As in the proof of Theorem 1.1
we may truncate further, restricting the integration to the region |v|'*¢ <
|u| < |v|'~¢. Thus, if we set

Rie = {(u,0) : 10127 < Jul, o] < 270N [ F€ < fu] < Jo]' =}
for small g,¢ > 0 and define an operator Hj by
Hif(@one) = | F@ — 2" — v, 2541 — (G, 0) /) K (u, v) dudy
R

then the Hj are uniformly bounded on LP. In other words, the multipliers
for the Hy,

hi(&,m, A) = / leutnot (sl g (y v) dud,
(u,v)ERY

are Fourier multipliers of LP(RN*1), with multiplier norm ||Ay| MP(RN+1)

uniformly bounded in k (here s = G/ as in section 4, see (40)). We use
de Leeuw’s theorem to restrict to the line & = —By (2% 4+ 1)\ (recall that
v(s) = Br(2Vk + 1)s — By log(2Ms) — Dy when 27V < 5 < 27Mk). Thus
we reduce matters to considering the multipliers r, € MP(RY) where

Tk(777 )\) _ / ei[ka(QNk+1))\u+n-v+)\'y(s(u,v))]K(u,U) dudv
(u,w)ERY

and we need to show that the multiplier norms ||rg|/as» become arbitrarily
large with k. Next, we compare the rj to

mi(n, \) = / =B+ Nutno-t 3] i (4, ) dud,
(u,0)ERE

and show that the differences 7, — my are multipliers in MP(R™) with uni-
form bounds. To accomplish this we split the (u,v) integral dyadically and
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set

(0, A) = ei[—Bk@Nk+1)/\u+n~v+/\7(5(uav))]K(u’ v) dudv;

2720 <[u|2 4 |v]2 <2~ 25+2
o] 1Fe < ful<[v]1=e

moreover we define my, ; analogously (replacing v(s(u,v)) by y(|u|)). The
bound on r; — my follows then from
(48) g —mugllee S 279,

when j € J, = [(1 — 0)Nj, Ni, — 100] since |74 ;||are + ||m i aer = O(1).

Using property i) of s(u,v) in the previous section (see (40)), s(u,v) =
[ul + O(u["+%), we see that ~(s) — (|ul) =

By, (2" + 1)(s — |u]) — By log(s/[u]) = 02" B2 7+9) + O(B,277°)

and this in turn is O(B277%/2) for j € J;, if o in the definition of Jj, is
chosen small enough. Therefore the differences 74 ; — my ; have the bound

(49) 75,5 (0, A) — mue i (0, A)| S I\[By279%/2,
On the other hand we can use the oscillation in the u integrals for r; ; and

my,; individually to obtain a complementary bound. In fact the second
derivative in u of the phase —A(Bg (2 4 1)u — v(s(u)) is

ALY (8)s" +9"(s)(s')?] =
ABy[(2VF1=1/s)s"+(1/5)(5')*] = ABy/u?[14:0(279)+0(2Nk2 7 1H)].

However if j € J, and o > 0 is small, depending on § > 0, the two O terms
combine to O(277%/2) and thus we have the bound |\|Bj2% from below
for the second derivative of the phase. Using van der Corput’s lemma and
integration by parts, we see that

7, (m. NS (ABy) /2.

A simpler argument gives the same bound for my, ; and so

(50) 7 (1) = (0, M) S (A Br) ™2,
Using (49) when |A|By, < 279/4 and (50) when |\| By, > 279/4 establishes (48).

It therefore suffices to reach a contradiction under the assumption that the
{my,} are Fourier multipliers of LP(R"), with uniform bounds in k. We
may drop the restriction |v|!T¢ < |u| < |[v|'7¢ in the integration defining
the my, since K is integrable outside this region (the errors being uniform
MP multipliers; they are Fourier transforms of finite Borel measures) and
denoting the resulting multipliers by my, we use de Leeuw’s theorem to see
that for every X € SN2, the functions myx(p, A) = X(0,00)(P) Mk (p2, ) are
multipliers in MP(R?) with bounds uniformly in k. We choose ¥ € SV~2 so
that (45) is satisfied.
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For p > 0, we have my x:(p, \) =

/ il=ABL @Mk DUt X () +050) e (4 ) dud
101027 Nk <[ul|v| <2~ (1) Nk

and in this region, v(|u|) = Bg(2™V 4+ 1)|u| — By log(2V*|u|) — Dy and so

BB Dily () =
/ SABL@Vk 4 1) (fu|—u)— By, log Jul] K (u, v)e™" dudu
[ul€ [v| €Ty
where Ij, := [10102=Ne 2=(1=0)Nk]  The factor e*A[Px log 2%k +Di] gives rise to

a fixed translation and so does not affect the assumption that the my 5 (p, A)
have uniform bounds in MP(R?) and therefore may be removed.

Next, up to an error which is in MP(R?), we may replace the region of
integration |v| € Iy in myx(p,A) with v € R¥~1 since K is integrable in
the complementary region (again the errors are Fourier transforms of finite
Borel measures). Splitting the u integration where v > 0 and u < 0 and
making the changes of variables u — —u in the second part, matters are
reduced to examining the function (p, A) — m}tz(p, A) + miz(p, A) where

mh oo ) = [

e~ ABk logu/ K (u, v)e’pz'”dvdu
u€ly vERN -1

and

mz’z(p’ /\) _ / ei)\Bk[Z(QNk+1)u—logu] K(—u,v)eipz'“dvdu.
u€ly vERN -1

Here we see an important implication of the construction of ; the linear
part of the phase has cancelled in m,lC 5; and this will allow us pass from m,l€ 5

to e!BrAlog(p) whereas the linear part of the phase in mz s produces large

enough oscillation to keep it well-behaved as a multiplier.

First we change variables (i,0) = (%,uv) and (after replacing (@, ) by

(u,v)) we see that

A A _ d
B mbs(pn) =B [ B )
ue[km u
and
(52) m% E(p7 )\) _ ein)\log(p) ei)\Bk[2(2Nk+1)u710gu]f{t(u2)d7u
' UGI}CV‘, U

where Iy, , = [101927 Nk p 2= (1=0)Nk ] (recall (46)).
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Next, we restrict (A, p) to the region |A| < B,;l and 200-0/2Nk < p <
2(1=0/4)Nk by introducing

X(p, N) = @(BpA)[p(27Ne(1=9/2) py — (27 Ne(1=0/4) 5]
where ¢ € C§°(R) is = 1 in a neighborhood of 0 and setting

M5 (p,A) = x(p, N mys(p,X) - and i s(p, A) = x(p, A) m 5 (p, ).

We will see that ﬁzz’z are classical Marcinkiewicz multipliers uniformly in
k and ¥ and that the MP(R?) norms of 7%,;2 become large with k& by
reducing to showing that the same is true for the multipliers bx(p, A) =
x(p, N)e'BeAlog(p)  But first we need the following lemma.

Lemma 5.1. Suppose K is a smooth homogeneous Calderon-Zygmund ker-

nel on RN satisfying the addition cancellation condition T(I(O) =0 as de-
scribed in (47). Then

(1) I/(;(UZ),&J/(;(UE) = O0(u™™) as u — oo for any M, uniformly for
Y e SN_Q,'

(2) f(;(uE) = O(ulog(1/u)) as u — 0T and 8uf(z(u2) = O(log(1/u))
as uw — 0%, uniformly for ¥ € SN2,

Proof. Part (1) follows since K1 is smooth and integrable and that the same
is true for any derivative of K.

For part (2) we have by (47),

Ky (uX) = K(£1,0)[e"™" — 1] dv

RN-1
and so

KL (uX) min(1, ulv|) dv

e

rv-1 (14 o))
which is O(ulog(u)) for small w > 0. The derivative estimate follows in a
similar way except one has to be mindful of the fact that the derivative of
the integrand defining Ky (with respect to u) is not absolutely integrable.
The details involve integrations by parts and are left to the reader.

O

We now extend the integration region u € Iy , in (51) and (52) to 0 < u <
o0, the error in both instances being a classical Marcinkiewicz multiplier,
uniformly in k. To see this we write the sum of errors as

(53) eiABklog(p)/ e~ i1ABg log(u) f(:(uz)_i_ei)\ZBk(QNkJrl)uf{i(uE) dﬂ
u¢[k,p u
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and observe that Lemma 5.1 immediately shows that the integral is
O((pQ*N’C)PE + (pQ*Nk(lf"))*M) for any ¢, M > 0. Now consider the
partial derivative with respect to A of (53); the above bound on the integral

shows that the part of the /0 derivative which falls on the factor e B log(r)
is

O(Brlog(p)[(p2~4)' = + (p2~Ne(1=))=M] )

which is < 1/|A| in the above restricted region for p and A. The remaining
estimate for 9/0\ as well as the other derivative estimates for 9/0p and
02 /0pO are easier to obtain and therefore our underlying assumption that
the my. . are uniform LP(R?) multipliers implies that m,lmE + mi}z where

mllg,E(pa )\) _ X(pa /\)ei/\Bk log(p)/o e—i)\Bk log(u)a(uz) %

and

mi (0 A) = x(p, A)ePr1oele) /0 ¢~ B (22N 4 Dutlog(u) Fr (4,3) ”

u

are uniform LP(R?) Fourier multipliers.

Lemma 5.2. The function mz’z(p, A) is a classical Marcinkiewicz multi-
plier, uniformly in k and X.

Proof. Once again, the most difficult derivative estimate of mj . to obtain is
iABy, log(p)

part of the /90X derivative which differentiates the exponential e :
du

B log(p)e P e0) [ PR B I (13)
0 u

We split the integral into three parts around u = 2~ Nk;

du
u<c2™ Nk 2 Nk <u<C2= Nk 02Nk < U

where ¢ > 0 and C > 0 are small and large absolute constants, respectively.
Recall that ABy, < 1 and log(p) < Nj on the support of y. Using Lemma 5.1
and integrating by parts for the first and third integrals, one easily obtains
the bound O(NZ[2VkBiA]™!) for these integrals (the bound for the second
integral follows by a simple size estimate for the integrand) and hence we see
that the above expression is O(log(p) N22~V:A~1) which in turn is O(A7})
on the support of x. The other derivative estimates for my, 5. are easier; we
omit the details.

O

We are left to show that the functions

md 5 = x(p, A)ei B 08 /0 e~ NBOE) T (45 duufu
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= x(p, \)e?BrlosP) [(\By,)

do not have uniform MP(R?) bounds.

Using the decay properties of I/(: we see that I'(t) = O(1). Furthermore our
nondegeneracy condition on K (45) implies I(0) # 0 and so |I(t)| = 1 for
t in a small neighborhood of 0. Therefore choosing the support of ¢ in the
definition of y small enough, A\ — ¢(BiA)[I(ByA)]~! is a Fourier multiplier
on LP, with bounds uniform in k. Therefore, our initial assumption that
the singular integral operator H is bounded on LP(RN*1) for some p < 2
implies that by(p, \) = x(p, \)e?BrA108(P) are Fourier multipliers on LP(R?),
with bounds uniform in k. However the proof of Proposition 1.2 in [10]
shows that

> lbullasngasy 2 NP2,

This is verified by testing the multiplier operator associated to the bg’s on
functions of the form fj where

Filp:2) = D" Blp — e Ya(Bi));

leLly

here L, = {{ : (1 —c¢/2)N, < £2 < (1 — 0/4)Ni}, a is an appropriate
Schwartz function, and [ is a C°° function supported in {p : |p| < 1} with
B(p) = 1if |p| < 1/2. By Littlewood-Paley theory,

1/2
| felle =~ Nk/, 1<qg< oo,

but on the other hand, N,i/2p < bkl aze || fx |l which implies (54) (for more
details, see [10]).

As ||bg||are is not uniformly bounded it follows that H fails to be bounded
on any LP(RN*1) for p # 2, completing the proof of Theorem 1.3. O
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