LOWER BOUNDS FOR HAAR PROJECTIONS:
DETERMINISTIC EXAMPLES

ANDREAS SEEGER TINO ULLRICH

ABSTRACT. In a previous paper by the authors the existence of Haar
projections with growing norms in Sobolev-Triebel-Lizorkin spaces has
been shown via a probabilistic argument. This existence was sufficient
to determine the precise range of Triebel-Lizorkin spaces for which the
Haar system is an unconditional basis. The aim of the present paper
is to give simple deterministic examples of Haar projections that show
this growth behavior in the respective range of parameters.

1. INTRODUCTION

In the recent paper [4] the authors considered the question in which range
of parameters the Haar system is an unconditional basis in the Triebel-
Lizorkin space Flf’q(R), 1 < p,q < oo. It turned out that this is the case if
and only if

(1) max{-1/p,~1/¢'} < s <min{1/p,1/q} .

The Haar functions (3) belong to the spaces F,, and B; , if —1/p’ < s <
1/p. Moreover, by results in [6], [7], [9] they form an unconditional basis in
B, , in that range. More recently, it was shown by Triebel in [9] that in the
more restrictive range (1) the Haar system is an unconditional basis also on
F7 ., and, as a special case when ¢ = 2, in the L” Sobolev space L;. Triebel
[10] asked what happens for the remaining cases corresponding to the upper
and lower triangles in Figure 1.

In [4] the necessity of the condition (1) was established by showing the
existence of subsets E of the Haar system H, see (2) below, for which the
corresponding projections

Paf= > 2(f hjr)hjx

]’LjJﬁEE

are not uniformly bounded in the spaces F;  if 1 <p < ¢, 1/¢ <s < 1/pand
l1<g<p<oo,—1/p <s<—1/¢. This shows the failure of unconditional

Date: November 4, 2015.

2010 Mathematics Subject Classification. 46E35, 46B15, 42C40.

Key words and phrases. Unconditional bases, Haar system, Sobolev space, Triebel-
Lizorkin space, Besov space.

Research supported in part by the National Science Foundation and the DFG Emmy-

Noether Programme UL403/1-1.
1



2 ANDREAS SEEGER TINO ULLRICH

N[ —
.

—
D=

N —

FIGURE 1. Domain for an unconditional basis in spaces L,

convergence of Haar expansions in the respective spaces. The proof of the
existence of such projections and sharp growth rates of their norms was
based on a probabilistic argument.

The purpose of the present paper is to present a constructive, non-pro-
babilistic argument. It turns out that the families of projections providing
sharp growth rates in terms of the Haar frequency set HF (E) can be easily
written down; however the proof of the lower bounds, with concrete testing
functions is rather technical.

We consider the Haar system on the real line given by

2) H={hjp : p€Zj=—-1,012..1},
where for j € NU {0}, u € Z, the function h;j, is defined by
3) hjp(r) =1+ (2) = 1,- (z),

VAT I

and h_1 ,, is the characteristic function of the interval [, u+1). The intervals
Ij-t_ﬂ =[279u,27(p+ 1/2)) and I, = 277 (u+1/2), 2_j.(u + 1)) represent
the dyadic children of the usual dyadic interval I, = [277 1,277 (u+1)). To
formulate the main result in [4] we say that the Haar frequency of h; , is 27.
For a set E of Haar functions we define the Haar frequency set HF(E) as
the set of all 27 for which j € NU {0} and 27 is the Haar frequency of some
h e E.

Theorem. [4]. (i) Let 1 <p < qg<oo and 1/qg <s < 1/p. Given any set
A C{2F:k >0} of cardinality > 2N there is a subset E of 3 consisting of
Haar functions supported in [0,1] such that HF(E) C A and such that

||PE”FI§7Q—>F57(1 > C(p7 q, S)QN(S_I/q) .

(ii) Let 1 < g <p<ooand =1+ 1/p < s < —1+1/q. Given any set
A C{2F: k> 0} of cardinality > 2N there is a subset E of 3 consisting of
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Haar functions supported in [0,1] such that HF(E) C A and

N(:-s-1
||PEHF;’qHFS > C(p,q,S)Q (3—s )

p.qa —

There are also lower bounds in terms of powers of N for the endpoint
cases prtll /a ,p>qand Fpl,{]q, p < q. We note that the result of the theorem

is sharp since there are the corresponding upper bounds ([4])

1 Psll s, o3, < Clo,a,s) (#HF(E))* 7,

p.qa —

forl<p<g<oo,1/qg<s<1/p, and

1PellFs ,~Fs, < Cp,g, s)(#(1{};(]5)))5—5—17

p,q —
forl<g<p<oo, —1/p) < s < —1/¢. A duality argument, see [4], §2.3,
shows that assertions (i), (ii) in the theorem are equivalent. It is sufficient
to prove the result for N large.

As stated above the theorem was proved in [4] by a probabilistic argu-
ment which does not identify the specific projection for which the lower
bound holds. We now give an explicit and deterministic definition of such
projections.

Let R be a large positive integer to be chosen later. Let N > R. Given
a set of Haar frequencies A C {27 : j > 1} we choose a Ay C A such that

(4a) VIR <Ay <2V,
and such that logy Ax is R-separated; i.e., we have the property that
(4b) "€ Ay, 2" € Ay = |n—n|> Rifn# .

Let E = E(N, R) be the collection of Haar functions h;, with 2/ € Ay and
0 < p <2 —1, and let Pg be the orthogonal projection to the span of E,
defined initially on L?

271
(4c) Pof= Y 2(f hj)hju
21€Ay 1=0

We have the following main result.

Theorem 1.1. There is R = R(p,q,s) > 1 and Nog = Ny(p, q, s) so that for
all N > Ny > R the following lower bounds hold for the projection operators
Pg with E = E(N, R) as defined in (4).

(i) For l<p<gqg<oo,1/g<s<1/p

HPEHF;,ans > c(p7 q, S)QN(S*U(I) .

pr.q9 —
(i) Let 1 <g<p<ooand —1+1/p<s<—1+1/q then

N(E—s-1
||PEHF;’qHFZ§’q > C(p,q,S)Q (3—s )
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For the proof of (ii) we shall construct deterministically test functions
Iy € F,, for which

(5) |1PefnlEs, 2 1PElFs ,~Fs 1N,

Here g < pand —1/p' <s < —1/¢.

The paper is organized as follows. In §2 we will recall characterizations of
the spaces I}, in terms of local means which are convenient to work with.
In §3 and §4 we give the construction of a family of test functions satisfying
(5). §5 and §6 contain the core of the proof. Finally, in §7 we state some
open problems.

2. PRELIMINARIES

Let ¢9,¢ € S(R) such that [¢p(¢)] > 0 on (—¢,¢) and [¢(€)] > 0 on
{£ eR:e/4 < |£] < e} for some fixed € > 0. We further assume vanishing
moments of ¥ up to order M of ¢; i.e.,

/w(x):c”da;:O for n=0,1,...,M;.

As usual we define 1)y, := 2Fq(2F.).

Definition 2.1. Let 0 < p < 00, 0 < ¢ < 00 and s € R. Let further
Yo,v € S(R) as above with M; +1 > s. The Triebel-Lizorkin space F;  (R)
is the collection of all tempered distributions f € S'(R) such that

HfHFs,q = H<§2k8qwk * f(.)’q)l/‘IHP

is finite.

The definition of the spaces F; (R), cf. [§], is usually given in terms of a
compactly supported (on the Fourier side) smooth dyadic decomposition of
unity. Based on vector-valued singular integral theory [1] it can be shown
that the characterization given in Definition 2.1 is equivalent, see also [8,
§2.4.6] and [3]. The above characterization allows for choosing 19,1 com-
pactly supported, which is the reason for the term “local means” which in
view of the localization properties of the Haar functions are useful for the
purpose of this paper.

3. FAMILIES OF TEST FUNCTIONS
Let A C {27 :j > 1} be given and choose Ay such that

(6) INTIR L < #Ay <2V,



LOWER BOUNDS FOR HAAR PROJECTIONS 5

We set AV = log, Ay, i.e., AN = {j : 29 € Ax}. Also let, for large N,
eV ={l:1-NeaV},
SN ={lv):legN, 0<v<2—1, ve2Nz 42V 1},
&N ={v:(,v) &}
Let n be an odd C* function supported in (—274,27%). Furthermore it is

assumed that 7 has vanishing moments up to order My, i.e., [ n(z)z" dz =0
forn=0,1,..., My (with My some large constant), and that

1/2 1/2 0
(7) 2/0 n(x)dr = /0 n(x)dx —/ n(x)dr > 1.

—-1/2
We further define
(8) 771,11(37) = 77(2l(x - ‘rl,u)) ,  where Ty = 2711/ .

Then, clearly, 7, is supported in [z;, — 2-l=4, Ty + 2_l_4]. Crucial for the
subsequent analysis is the fact that for v,/ € 6{\7 with v # v/ the distance
of the supports of 1, and 7,/ is at least oN=l _9=1=3,

Let us define the family of test functions fy by
9) fu(@) =Y 27 3" gy, (a).

legN vesly

The following F}} -norm bound for the fy follows from [4, Prop. 4.1}, which
is based on a result in [2].

Proposition 3.1. Let 1 < ¢ <p<oo, s e R and s > —My. Then
HfNHF;,q Sp,q,s (1+ 2_N#(£N))l/q St

4. LOWER BOUNDS FOR HAAR PROJECTIONS

Let Pg be the (family of) projections defined in (4c¢). By Proposition 3.1 it
suffices to show

(10) 1Pefnlrs. > clp,q s, R)2N G0

p,qg —
in the case 1 < ¢ <p, —1/p’ < s < —1/¢’. What remains follows by duality,
of. [4, §2.3].
Let 1 be a non-vanishing C>°-function supported on (—274,27%) in the
sense of Definition 2.1 with M large enough. Setting 1, = 2F1(2F.) we
have the inequality (according to Definition 2.1),

= ksq ql/q
(2t < g1?) || S oz, -
k=1 e

Hence, it now suffices to show (for large V)

() |3 2 e pogulr) | 22,

keaAN
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Now ¢y, * Pgfs is supported in [—1,2] and, by Holder’s inequality and
p > q, it is enough to verify (11) for p = ¢, i.e., we have to show

Z 9~ ls Z Z Mo M) Ju*wk‘ )1/qu

(12) H( S ok

keAN (ly)esN jeAN p=0
> 2N(%—s—1)'
Let us define
271
7, N
(13) le Z Z nlua ]u ju*¢k
#=0 VGGN

Recall that for k& € AV we have k+ N € £V. We shall show two inequalities.
In what follows we always have 1 < g < p < oo, —1/p' <s < —1/¢.

Proposition 4.1. There is ¢y > 0 such that
(14) ( Z 2kqu2 (k+N)s H ) > R™ 1/q2 (**1 s).
keaN
Proposition 4.2. There is ¢ = e(s,q) > 0 such that
. 1/ 14
) (X2 X 2he|) " <2,

keaAN G,h)eAN x eN
(D) #(kk+N)

If we choose R large enough (depending on p, ¢, s) then the two propositions
imply Theorem 1.1.

5. PROOF OF PROPOSITION 4.1
Let ¥(z) = [*__ 4(t)dt, supported also in (—27%,27*). Note that
Y xhoo(z) =V(x)+¥(r—1)—2¥(z — %)

and hence 1 * hoo(z) = —2¥(z — 3) if z € [1/4,3/4]. Thus there is ¢ > 0
and an interval J C [1/4,3/4] so that

| x hoo(x)| > cforz e J.

For k =0,1,2,... and pp € Z let Ji,, = 27%1, 4+ 27, a subinterval of the
middle half of I, ,, of length 2 27%. We then get the estimate

(16) 1 % by ()| > co for x € Ji .
The left-hand side of (14) is

( Z H Z Z hkuvnk+NV>hku*¢kH )Uq

keaAN  p=0 V€6k+N
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Now Ay, is supported in I, = [27Fp,27%(u +1)]. Ifv € Sy then

v =2Nm + 2V~ for some integer m and in this case Nk+N,v 1S supported in

[27Fm2 k-1 2=k N=4 o=kpy 4 9=k=14 9=k=N—4] For fixed p this interval
intersects I, , only if m = p, and thus for the scalar products (hy ., k+N,v)
(with v € &1, ;) we only get a contribution for v = vy (p) 1= 2Ny + 2V -1,
We calculate

(Pl Mt Ny () = /ho,o(zkm — @t (@ — 27— 275 1)) da
s / 02 (5 — 1/2))hoo(y) dy

—k 0 N —k 1/2 N
=2 / n(2%y) —2 /0 n(2%y) dy

-1/2

1/2
= —2_N_k+1/ n(u) du,
0

where we have used that supp(n(2%-)) is contained in (—27V=%,27V=4), By
(7) we get
‘<hk7#’nk+N7VN(,U«)>| > 27,
Recall that Jy . is contained in the middle half of I ,,. Now
supp(ty * hiy) C 275 — 274 27 (u+ 1) + 27574
and thus, given p, 4/, the support of vy, * hy, can intersect Jj s only if
= . Hence, if we set Qj = Ui’:ll Ji,u we have, using also (16),

letiinly = [ 1GEY @
2k:7kl

> ) ‘2k<hk,u777k+N,uN(u)>‘q/ vk * P ()7 de
pn=1 I,

> 2N
where ¢ > 0 does neither depend on R nor N. Since card(2AY) > 2V¥~1/R
we obtain the lower bound (14) after summing in k.

6. PROOF OF PROPOSITION 4.2

We first collect several standard and elementary facts about the Haar
coefficients.

Lemma 6.1. (i) If supp(m,,) is contained either in I;f#, orin I, orin
IJ[%M then (ny, hju) =0.
(ii)
2~ ifl>j
V< =
\(771,1/, hj7u>| ~ {21_2]' ifl <.
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Lemma 6.2. (i) Suppose that k > j. If the distance of x to the three points
279, 279 (p+ 3), 277 (u+1) ds at least 27 then hj,, * iy (z) = 0.
(i) For k > j we have ||hj, * g, < 270/

Lemma 6.3. Let k < j. Lety;, =277 (u+ %), the midpoint of the interval

Iy . Then the support of hj, * 1y is contained in [y;, — 27k,yj,“ =+ 2*’“].
Also, A
e % nlloo S 22572,

The proofs of Lemmata 6.1, 6.2 and 6.3 are straightforward and can be
looked up e.g. in [4].
We have the following estimates when j < k.

Lemma 6.4. Letl > N. For 1< g < oo,

(17a) I1G%, Vg S 27-t2li=Ria, k>j, 1>j+N,
A7b)  [|GLYllg S 27N/ > <1< 4N,
(17¢) IIG?” lg S 220kl >0 1<

Proof. Let | > j+ N. By Lemma 6.2, (i), the function G?CJIV is supported on

the union of O(27) intervals of length 27%, i.e. on a set of measure O(277F).
By Lemma 6.1 we have, for fixed p, that (n;,,h;,) # 0 only for a finite
number of indices v, and we always have 27|(n,,, hj )| < 2971, Thus (17a)
follows.

Now let j <1 < j+ N. Since the sets supp(n;,) with v € GN are 2V—2-1
separated, and 2Vt > 277 we see from Lemma 6.2 that Gfg 1 is supported
on the union of O(2!=Y) mtervals of length 27% i.e. on a set of measure
O(2!7%=N). As in the previous case 27|(1;,, hj )| < 2771 and (17b) follows.

Let [ < j. As in the previous case Gi:]lv is supported on a set of measure
O(2!=%=N). By Lemma 6.1, (ii), we have now 27|(n,,, h; )| < 2!79, and
(17c¢) follows. O

For k < j we have
Lemma 6.5. Letl > N. For 1< g < oo,

(18a) 1G37 1l S 287, k<j<I-N
(18D) IGE Mg S 267N, k<l-N<j<lI,
(18¢) |GEN |, < 2%-i-tal=h-Na, | N <k <<,
(18d) IGE ) Nlg S 22K 220h=Mla - N <k <1<,
(18e) IIGJ’NII SR, k<I-N<I<j
(18f) G lq S 23k F—4ig= N/, 1<k<j.
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Proof. Let, for p € Z, I;;p = Uj=—1,0,1{,p+; the triple interval. Then for
J > k the function h; , * 1)y is supported in at most five of the intervals Iy -

For the case (18a) we have 27+ <277 < 2% By Lemma 6.1 we have,
for each 1, 3, 27|(niw, hj)| S 2971 By Lemma 6.3 |hy, * ¥y (x)] S 2262
and for fixed z there are at most O(2/~F) terms with h; , xx(z) # 0. Hence
|G ()] < 257" and (18a) follows.

Now consider the case (18b), 27/ < 277 < 274N < 97k Let My(x)
be the number of indices p for which there exists a v with (n,,hj,) # 0
and for which h;,, * 9 (x) # 0. Since the supports of the n;, are 2V-27
separated, and 2V~! > 277 we have M (z) < 2"N=F. The upper bounds
for >, 27[(m v, hju)| and for |hj, x4y (x)| are as in the previous case. Hence
|G ()] < 27 1o2k—29l=N=k — 9k=3=N and (18b) follows.

Next consider the case (18c), 27l < 277 < 27k < 274N Ag in the
previous case, |hj, * Yr(x)| < 22572 and 27|(n,,, hj )| S 277 Also since
the supports of the 7, are 27N =2 geparated and 27N > 27F > 277 >
27! there are, for every z only O(1) indices v, and O(1) indices p so that
My hjp) # 0 and hj, * g(z) # 0. Hence ||Gf|lo S 2287272071 = 22k—i—1,
Finally, again, because 27/ > 2% the support of G{C”]lv is contained in a
union of O(2!=") intervals of length O(27%) and thus in a set of measure
O(2!=N=F). Now (18c) follows.

Consider the case (18d), 277 < 27! < 27%F < 274N Gince 271N >
2% there are, for any x, only O(1) indices v such there exists a y with
(M, hju) # 0 and hj,, * 1y (z) # 0; moreover the set of « for which this can
happen is a union of O(2/=) intervals of length O(27%) and thus of measure
O(2'=N=k). By Lemma 6.3, ||hj, * Vi|loo S 2%%7% and by Lemma 6.1 we
have, for fixed v, 3, 2] (11,0, hj)| S 2712925 < 1 and thus [ G2Vl S
22k=2j  Together with the support property of Gi]lv this shows (18d).

Next consider the case (18e), 277 < 27l < 9N=l < 9=k For each = we
have vy * h;,(x) # 0 only for those p with |27y — 2| < 227K We can
have (n;,,h;,) # 0 for some of such p only when 27y — 2| < 2.27F
and because of the 27/TN~=2_geparateness of the sets supp(ni,) there are

at most QZ_N ~k indices v with this property. For each such v there are
at most O(2/7!) indices p such that (n,,h;,) # 0. We use the bounds

29wy hy ) = O(2179) and by * hy . (x) = O(228727) to see that ]Gijlv(m)] <
2l=N—koi=lgl=i92k=2]; hence |G} |0 S 21HF7%~N which gives (18e).
Finally, for (18f), 277 < 27%F < 271, we use [ > N. Then by the sepa-
ration of the sets supp(n;,) we see that Gi]lv is supported on the union of
O(2'=N) intervals I, of length O(27!) (containing 2~'v with v € &). Thus
Gi:]lv is supported on a set of measure 2=V, For x € I, there are at most
O(2%77) indices p with vy * hj,(z) # 0. For any such p we have again
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29 iy, ) = O(279) and oy * hju(x) = O(22%7%). Thus we have the

bound |G ()] < zk—j2l—ﬂ‘2%—2ﬂ‘- hence [|G5) oo < 236%1747 and by the

estimate for the support of G l we obtain (18f). O
Now let P be the set of pairs (m,n) € Z x Z such that at least one of

the inequalities |m| > R, |n| > R is satisfied. Change variables to write
j=k+m,and | =k + N + n. We estimate the left hand side of (15) as

(19)
s(n k+m,N
(] X et ) s T v
keaAN (m,n): (m,n)eP
(k+m,k+N+n)eAN x N
(m,n)#(0,0)
where
Vv _278(n+N) Gk-‘r’me q 1/a
= > |Gh kAl

keuN:
(k4+m,k+N4n)eAN x eV

We may rewrite the inequalities in Lemma 6.4 and Lemma 6.5 and get
estimates in terms of m,n. Using #2A = O(2") this leads to the following
inequalities for m < 0.

(20a)  Vmn S2 N(z=1-3) _”(1+8)+m(1+%), m

IN

0, n>m,

(200)  Vip < 2VGmsDgn(G1m9)4m 0, m—N<n<m,

) m=

(20¢)  Vimn < 2VHIG8)gN+n=m, m<0, n<m-—N
For m > 0 we get from Lemma 6.5

(21a) Vi < 2N G5 Dg=n(1+s), 0<m<n,

(21b) Vo S 2VG5Dgmmsn 0<n<m<n+N,
21e)  Vmn <2VGE G c < m < N,
21d)  Vpn <2VGP2 G <0<+ N <m,
(21e)  Vmn <2VE P27 2mon(-9) g <p<m— N,

(21f) Vi < 2N+ 1=s)=dm n+N<0<m.

Now use the assumption —1 < s < % — 1, and conclude by summing in m,
n for the various parts. First consider the case m < 0. By (20a),

Z Viun < N<§—1—s>( Z Z* Z Z) om(1+3) g—n(1+s)

(m,n)eP m<—Rn>m —R<m<0n>R
m<0,n>m

(22a) < (27FG) 4 g RU+9) QN(G1=9)

~
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By (20b),
2 IO VDD VD D s .
(m,n)eP m<—Rn<m —R<m<0n<—R
m<0,m—N<n<m
(22b) < 9 RGN gN(G-1-s)
By (20c),
(22c) Z Vimn S Z Z 2(n+N)($—s+1) Sgs L.
(m,n)eP m<0n<m—N
n+N<m<0

We now turn to the terms with m > 0. Observe that the conditions
(m,n) € P,0 <m <nimply n > R, and by (21a) we get

> Vaa $2VGTI YT ey

(m,n)eP n>R
0<m<n—N
(23a) < Ro-R(+s)9N(G=1=9)
By (21b),
DRUREEIRN0 oD DN 3 )
(m,n)eP m>R0<n<m n>Rm>n
0<n<m<n+N
(23b) 5 27R(1+s)2N(%7175) .
By (21c),
YSINETET U5 S SRS DI S EA Lt
(m,n)eP —N<n<O0m>R —N<n<—R0<m<N-+n
n<0<m<n+N
(23(3) 5 (2—R+2—R(%—1—s))2N(%—1—s).
By (21d),
1
Z Vin < Z Z 2—2m+(n+N)(a—s)
(m,n)eP —N<n<0m>n+N
n<0<n+N<m
(23d) S 3 2mMGT <
—N<n<0
By (21e),
DRRTRETSCED SPIERN SR
(m,n)eP n>0 m>n+N
0<n<m—N

(23¢) <1.
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By (21f),
(23f) > Ve S D 20T Y gmam <
(m,n)eP n<—N m>0
n+N<0<m

We combine (19) with the various estimates in (22) and (23) to obtain

(15) with a positive ¢ < min{s + 1, é —s—1}

7. CONCLUDING REMARKS

7.1. Endpoint cases. For the endpoint cases p < ¢, s = 1/q, and ¢ < p,
s = —1/¢" it has been shown in [4] that for any A C {27 : j € N} with
#A =~ 2N there is a set E of Haar functions supported in [0,1] such that
HF(E) C A and such that

HPE|’FI}{;1_>F;{quNl/qa l<p<g<
1Pl s i 2 NI T <g<p<ioo

If A is N-separated then these bounds are sharp, as they are matched with
corresponding upper bounds. In all cases the upper bounds are O(N) and
in some cases the lower bounds may be ~ N. The proofs of these results
in [4] rely on probabilistic arguments. A combination with the ideas in this
paper (using in particular the R-separation in the frequency sets in (4b))
also yields lower bounds for explicit examples of projections. The details
are somewhat lengthy (cf. §6) and we shall not pursue this here.

7.2. Some open problems.

7.2.1. Test functions for the case p < q. Our proofs reduce the case p < ¢
to the case ¢ < p by duality. It would be interesting to identify suitable test
functions in the case p < ¢ and get a proof which establishes directly the
lower bounds in the range 1/q < s < 1/p.

7.2.2. Multipliers for Haar expansions. Let m € ¢*°(N x Z). Consider the
operator defined on L? by

Tmf = Z m(]v H)2j <f) h’j7/ﬁ>hj7M :
Jsbt

When max{—1/p’,—1/¢'} < s < min{1/p,1/q} the operator T,, is bounded
on Fj  with operator norm < |m|o since the Haar system is an uncondi-
tional basis in this case. What is the right condition for boundedness on
F , when either p < ¢, 1/¢g <s<1/p,orq<p, —1/p' <s<~-1/¢"?
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7.2.3. Quasi-greedy bases. Compared to unconditionality there is a weaker
property of a basis in a Banach space, called “quasi-greedy”, see [5, §1.4],
which is highly relevant for non-linear approximation. It is known that
“unconditionality” implies “quasi-greedy” but not the other way around, see
[5, §1.1]. Hence it is a natural question (asked by V. Temlyakov) whether
the Haar basis 3 is quasi-greedy in F; if 1 <p < ¢, 1/¢g < s < 1/p and
l<g<p<oo, —1/p <s< —1/¢. Note that this is already open in the
case ¢ = 2, corresponding to L” Sobolev spaces Lj.
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