HAAR PROJECTION NUMBERS AND FAILURE OF
UNCONDITIONAL CONVERGENCE IN SOBOLEV SPACES

ANDREAS SEEGER TINO ULLRICH

ABSTRACT. For 1 < p < oo we determine the precise range of L,
Sobolev spaces for which the Haar system is an unconditional basis. We
also consider the natural extensions to Triebel-Lizorkin spaces and prove
upper and lower bounds for norms of projection operators depending on
properties of the Haar frequency set.

1. INTRODUCTION

We consider the Haar system on the real line given by

(1) H={hju : pezj=-1,012.7},

where for j € NU {0}, u € Z, the function h;, is defined by
hiue) = 1y (@) = 1 (2),

and h_y ,, is the characteristic function of the interval [u, u+1). The intervals
I;:M =[279u,279(pn + 1/2)) and I, = 277 (u+1/2),277 (,u + 1)) represent
the dyadic children of the usual dyadic interval I, = [277 4,277 (1 + 1)).

It has been shown by Marcinkiewicz [11] (based on Paley’s square function
result [12] for the Walsh system) that the Haar system, in contrast to the
trigonometric system, represents an unconditional basis in all L,([0,1]) if
1 < p < oco. In this paper we consider this problem in Banach spaces
measuring smoothness. Triebel [20, 21, 23] showed that the Haar system
represents an unconditional basis in Besov spaces B, , if 1 < p,q < o0
and —1/p’ < s < 1/p. In addition, he obtained extensions to quasi-Banach
spaces. See also Ropela [14], Sickel [18], and Bourdaud [3] for related results.
Note, that the endpoint case s = 1/p (and by duality the case s = —1/p’)

can be excluded by noting that all Haar functions belong to B;g’ if and
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FIGURE 1. Domain for an unconditional basis in spaces L;,

only if ¢ = co. Concerning Sobolev and Triebel-Lizorkin spaces the picture
is far more interesting. Triebel [23] proved that the Haar system is an
unconditional basis in Sobolev (or Bessel potential) spaces Ly, 1<p<oo,
if max{—1/p’,—1/2} < s <min{1/p,1/2}. Here the norm in Lj is given by

£y = D5 fll, where DEF(€) = (1 + [€2)*/2F(€).

It has been an open question (formulated explicitly by Triebel in [23,
p.95] and in [24]) whether the Haar system is an unconditional Schauder
basis on Ly for the ranges 1 < p < 2,1/2 < s < 1/pand 2 < p < oo,
—1/p’ < s < —1/2. We answer this question negatively.

It is natural to formulate the results in the class of Triebel-Lizorkin spaces
F; , which include the L,-Sobolev spaces Ly; recall that by Littlewood-Paley
theory Lp = F for 1 < p < oo and s € R. We emphasize that the results
are already new for the special case of Lj-spaces.

Theorem 1.1. For 1 < p,q < oo, the Haar system is an unconditional basis
in Fj, if and only if

max{—1/p’,—1/¢'} < s <min{1/p,1/q}.

Thus the result about the Haar system in Sobolev and Triebel-Lizorkin
spaces depends in a significant way on the secondary integrability parameter
g while for the Besov spaces g plays no role. The “if” part of Theorem 1.1 was
known and can be found in [23]. The figure above illustrates the differences
of the results in Besov and Sobolev spaces.

An application of Theorem 1.1 concerns dyadic characterizations of F .
For j > 1let 1;, be the characteristic function of the support of h;,. One
defines the sequence space f, , as the space of all doubly-indexed sequences
{)‘jvﬂ}jvﬂ C C for which

® 115, = (30 2] S haania)

j=-—1 KEZL P
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is finite. For f € S(R) consider the dyadic version of the F -norm given
by '
gt = 129 F Py el

and let Fli’,? ¥ 16 the completion of S(R) under this norm.

Triebel [23] showed that max{—1/p',—1/¢'} < s < min{1/p,1/q} is suf-
ficient for F,i’,? vad F; , with equivalence of norms. He also showed that
this equivalence implies that H is an unconditional basis in F; . Hence,
Theorem 1.1 yields the necessity in the result below.

Corollary 1.2. For 1 < p,q < co we have sz,’gyad = F3 , if and only if
max{—1/p’,—1/¢'} < s <min{1/p,1/q}.

Quantitative results. We now formulate quantitative versions of Theorem
1.1. For j > 0 define the Haar frequency of hj, to be 2/. For any subset E
of the Haar system let HF(E) be the Haar frequency set of E, i.e. HF(E)
consists of all 2F with k& > 0 for which there exists p € Z with hi, € E. Let
Pr be the orthogonal projection to the subspace spanned by {h : h € E},
which is closed in Ly(R). For Schwartz functions f we define

Pof= Y 2(f hju)hju

hj.€E

For function spaces X such as X = F; (or X = By ) we define growth
functions depending on the cardinality of the Haar frequency set of E. First,
forany A C {2":n=0,1,...}, set

(3) G(X, A) = sup {| Pyl x x : HF(E) C A}.
Define, for A € N the upper and lower Haar projection numbers
@ 7*(X;A):sup{g(X,A) s H#A <A},

Y« (X;A) = inf {Q(X,A) CHA> A}

Clearly, 7.(X;A) < ~*(X;A). If the Haar basis is an unconditional basis

of X then v*(X;A) = O(1). By the known results we have v*(F; ;A) =

O(1) for the cases max{—1/p’,—1/¢'} < s < min{1/p,1/q}. Note that for

s > 1/p the Haar functions do not belong to F; ,, and thus v.(F; ; A) = oo.

By duality, v(Fj;A) = oo for s < —1+ 1/p. Unlike for the scale of
Besov spaces, there are intermediate ranges where the Haar system is not
an unconditional basis of F but the Haar projection numbers are finite,
however not uniformly bounded.

In what follows we always assume A > 10. We shall use the notation
A< B,or B2z A, it A < CB for a positive constant depending only on

p,q,s. We also use A~ B if both A < B and B < A.
Theorem 1.3. (i) For 1 <p<g<oo, 1/g<s<1/p,
(B2 A) oy (FS s A) m A

p,q’ p,q’
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(1)) For 1 <g<p<oo, —1/p <s<-1/q,
1
Yu(ES s A) =y (FS s A) =~ A7 7,

Pa P
Consequently the magnitude of G(F}; ,, A) depends on the cardinality of
A alone and we have G(F}; ,, A) ~ (#A)*~ 1% when 1/q < s < 1/p. For the
endpoint case s = 1/q or s = —1/¢’ we still have failure of unconditional
convergence, but a new phenomenon occurs: the quantity Q(Fpl,/qq, A) also
depends on the density of logy(A) = {k : 2 € A} on intervals of length
~ logo#A. Define for any A with #A4 > 2

Z(A) = max #{k : 2k € A, |k —n| < logy#A},
ne

Z(A) = min #{k: 2" € A, |k —n| <logy #A}.
ne

Notice that 1 < Z(A) < Z(A) <1+ 2log,#A.
Theorem 1.4. Let A C {2" : n > 0} such that #A > 2.
(i) For 1 < p < q < oo,

1/q
IIni s A) < Z(ayh
q

We remark that Z(A) = O(1) when #A ~ 2" and log,(A) is N-separated.
On the other hand, for A = [1,2¥] NN we have Z(A4) > N. Hence it follows
that the lower and upper Haar projection numbers for the endpoint cases
have now different growth rates:

Corollary 1.5. For A > 4 we have the following equivalences.
(i) For 1 < p < q < oo,
1. (FL7; A) ~ (logy )1/

P
and
~* (Fpl’{lq; A) ~logy A

(i) For 1 < g <p < oo,
Yo (Fpg T A) o (logy )11/

and
~v* (Fp_’ql“/q; A) = log, A

The proof of the lower bounds for the lower Haar projection numbers also
shows that for any infinite subset A of {2" : n > 0} there is a subset E of
the Haar system, with Haar frequency set contained in A, so that Pr does

not extend to a bounded operator on Fy , in the s-ranges of Theorem 1.3.
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Guide through the paper. In §2 we discuss some preliminary facts about Pee-
tre maximal functions and Triebel-Lizorkin spaces. In §3 we prove the sharp
upper bounds for Haar projection operators. In §4 we provide estimates for
suitable families of test functions in F;  for p > ¢ and s < —1/ q. In §5

we determine the behavior of v, (F; ; A) for large A, and also the behavior

of v (F, s A) if s < —1/¢. In §6 we prove refined lower bounds for the
endpoint s = —1/¢’, p > ¢ which yield in particular precise bounds for

7*(pr7ql/q/; A). Concluding remarks are made in §7.

2. PRELIMINARIES

2.1. Littlewood-Paley decomposiAtions and Triebel—LizorlAdn spaces.
We pick functions g, ¥ such that |¢)g(£)| > 0 on (—e,¢) and [(£)| > 0 on
{€:¢e/4 < [€] < &} for some fixed € > 0. We further assume

(5) /Q,D(:c)x”d:c =0forn=0,1,...,M;

(if M; is a large given integer).

Let now ¢y € S(R) be a compactly supported function with ¢y = 1 on
[—4/3,4/3] and ¢o = 0 on R\[—-3/2,3/2] . Putting ¢ = po—po(2-) we obtain
a smooth dyadic decomposition of unity, i.e., ¢o(-) + >, 9(27%) = 1. In

addition, we set fo(€) = wo(2€/2) /0 (€) and H(€) = p(2€/e)/¥(£). Hence,
Bo, B are well-defined Schwartz functions supported on (—3¢/4,3¢/4) and

{€:¢/3 < |£| < 3e/4}, respectively, such that
(6) Yo(§)Bo(§) + Y b2 FE)BR7FE) =1 forall £ € R,
k=1

see also [7, 8]. The Triebel-Lizorkin space Fj; (R) is usually defined via
a smooth dyadic decomposition of unity on the Fourier side, generated for
instance by ¢ and ¢ defined above. We define the operators Ly by Lo f(§) =

~

©0o(&)f(&) and L f(€) = ¢(27%¢) f(€) and obtain the usual example for an
inhomogeneous Littlewood-Paley decomposition. In particular

(7) [= Z Lyf
k=0

holds for all Schwartz functions f, with convergence in §’'(R) and all L,(RR).
For 0 < p < 00,0 < ¢ < oo and s € R the Triebel-Lizorkin space F};  (R) is
the collection of all tempered distributions f € S'(R) such that

. 1155, = | (3 2ase) |
k

is finite (usual modification in case ¢ = 00).
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Based on (6) it can be proved using vector-valued singular integrals [2],
see also [22, §2.4.6.] and [15], that

(©) 11z, ~ H(i?’“ql% * f|q>1/qH,,
k=0

with v, from above, () = 2F¢(2Fz) and My +1 > s. First of all
this characterization yields a useful version of (8) with operators Ly, that
reproduce the Lj. Indeed, it is easy to find compactly supported Schwartz
functions @g, @ such that ©o(£) = 1 on supp ¢y, respectively for ¢, and that
120 = o and 12 = @ are admissbible for (9). With L as above we have
szk :Lk fOI‘k:O,l,Q,....

The above characterization (9) allows for choosing v, compactly sup-
ported. Characterizations of this type are termed “local means” in Triebel
[22], §2.4.6, and turn out to be convenient for the purpose of this paper.

2.2. Peetre maximal functions. The main tool to estimates operators in
F; , spaces are the vector-valued maximal inequalities by Fefferman-Stein [5]
and a variant due to Peetre [13]. We shall need a (variant of) an endpoint
version for the Peetre maximal operators which was proved in §6.1 of [4]
using an argument involving the #-function of Fefferman-Stein [6]. Let
E(r) be the space of all tempered distributions whose Fourier transform is
supported in {& : [¢] < r}. Let
(10) Mpg(x) = sup g(z+y)l|.

ly|<2nt2/r
Then, the one-dimensional version of the result in [4] states that for any
sequence of positive numbers ri, 0 < p,q < oo, and for any sequence of
functions fi € E(ry),

ay (S| s maxtzrr 2| (b))
k k

The original result by Peetre is equivalent with the similar inequality with
constant C.2"¢ max{2"/?,2*/9} on the right hand side. Here we also need a
vector-valued version with variable n. We formulate it for p > ¢ since this
is the version used here.

Proposition 2.1. Let 0 < ¢ < p < oo. For any sequence of positive
numbers ry, and for any doubly indexed sequence of functions { fr.n}tkn>0,
with fk,n < 5(Tk),

) (Semear) ], < | (S,

We omit the proof since it is a straightforward variant of the argument in
§6.1 of [4].
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2.3. Duality. We show that the statements for (i) and (ii) in Theorems 1.3
and 1.5 are equivalent, by duality.

Given an integral operator T" acting on Schwartz functions let 77 denote
the transposed operator with the property

/ Tf(2)g(x)dz = / )T g(w)dy.

Note that for the Haar projection operators P we have Py = Pj,. Also if
Tf = Kxf, the operator of convolution then T” is the operator of convolution
with K(—).

Assume that 1 < p,q < oo and let s € R such that Pg : FpT,Sq, — FpTiI/ is
bounded with operator norm A. Then we need to show that

a3) (S 2nLepes) l/qu <A (S 2= nzerr) v
L k

with implicit constant depending only on p, ¢, s and the choice of the Schwartz
functions defining Ly.

)

To see (13) we may assume that the k-sum on the left hand side is ex-
tended over a finite subset 8 of NU {0}. Then there is G = {Gy} € Ly ({y)
with ||G|| L,(t,) < 1so that the left hand side of (13) is finite and equal to

/ > 25 L. Pof(2)Gi(z)de
k=0
k=0 ;=0

= / ST Lif(y) Ly Py [ 25 LG (y)dy.
7=0

Using Hélder’s inequality, we estimate the last displayed expression by

"

/

(S 2mm) | (S mrtzasicar)
j 0

- p
Jj=

k k
S g, P[22 LG e S I flleg, A D2 Lia
’ k r'.q

by assumption. Finally
2

. N1/
kst! _ —jsq kst 1/ g
s, |5 3 wnal’),

J k=j—2

6 |(xe)”

<1

p’ ’

and (13) is proved.
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3. UPPER BOUNDS FOR HAAR PROJECTIONS

For the upper bounds asserted in Theorem 1.3 it suffices to consider the

projection numbers *(F; ;A) and 7.(F}, ,; A) for the choice of A = N,

for large N. The following theorem gives a refined version of these upper
bounds.

For a subset E of the Haar system let
(14) ZN(E) = rélal\}f#{n :2" e HF(E), In — k| < N}
€

Clearly 1 < Zn(FE) <2N +1 for all E C H.

Theorem 3.1. Let 1 < g < p < oo, N > 2. There is Ny(p,q,s) such that
for N > Ny(p,q, s) the following holds for subsets E of the Haar system with
#HF(E) < 2V (with implicit constants depending on p,q,s).

(i) If =1/p' < s < —=1/q then

N(—g— L
1Pl py —srs, S 2V 577,

(ii) For the case s = —1/q' we have

1-1 1
The remainder of this section is devoted to the proof of Theorem 3.1.

Two preliminary estimates. We state two lemmata which will be used fre-
quently when estimating the Haar projection operators Pg. In what follows
let vy, be as in §2.1.

Lemma 3.2. Let k < j. Then, with y;, = 279 (u + %), the support of
hj % Yy is contained in [y;,, — 2k Yjpu + 27%]. Moreover,
1o klloo S 2°F7%.

Proof. The support property is immediate due to the support property of
Y. Since [ hj,(y)dy = 0 we have

hj* i (x) = / (Vr(x — ) — Yz — yju) hyp(y)dy

and using ¢}, = O(2%), we get

Y2 2% 2k—2j
()| < / 2%y —yjuldy S 27 O
Yju—277

Lemma 3.3. Let 0 < p < co. (i) Suppose that k > j, and let v € R such
that

min {|z —277p), |v — 27 (u+ 1), [z =277 (u+ 1)} >27%
Then hj,, * ¥ (x) = 0.
(i) | * Vrllp S 27k/P for k> j.
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Proof. (i) follows by the support and cancellation properties of ¥ and fact
that h;, is constant on I;LM, I, and IEM. Since |[¢g]l1 S 1 we have (ii) for
p = 0o. From (i) we then get (ii) for all p. O

Basic reductions. We use the Peetre type maximal operators 91 defined in
(10); it will be convenient to use the notation M = 9)?%16 so that

(15) Mhg(z) = sup |g(z+y).

‘y|§27k+n+2

In the remainder of the chapter we assume 1 < ¢ < oo, and E will denote
a subset of H satisfying
(16) #(HF(E)) < 2V T,
Let 1, be as in §4. Theorem 3.1 follows from

1
H<Z2ksq|wk * PEf|q) /qH ,S max{2N(éfsfl)’lel/qZI/q}HfHFg’q’
keN P

with Z := Zn(F). This in turn follows from

(17) H (Z 255 |y % P[22, 27150y * fi] ‘q) 1/qu

keN

< {25, 1oz (i 1)
1=0 P
for all {f;} with f; € £(2!).
Given a set I of Haar functions, we set £; = {u : h;, € E}. We link
j=k+mandl=k+ m+n and define, for m,n € Z, k=0,1,...,

(18) TrlfL,nf = Z 2k+m <¢k+m+n * fa hk+m,u>¢k * hk—l—m,u )
“eEkﬁ»m

if k+meHF(E), k+m+n >0,
and T, = 0if k+m ¢ HF(E) or k+m+n < 0. Then

(19) 2w Pp[ 2 ik fi] = 30 27T frimn.

In preparation for the proof of (17) we first state estimates of Tflm fin

terms of the Peetre type maximal operators M¥ (15), or in some cases just
the Hardy-Littlewood maximal operator M.

Lemma 3.4. Let kK > 0, K+ m > 0. The following estimates hold for
continuous f.

(i) For m >0 and n > 0,
T f (@) S 277" MG f ()

n+m
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(i) For m >0 and n <0,

20 MERT £ () if n > —m

k
|Tm7nf(x)| S {2"_7”Mf(x) ifn<—m.

(#ii) For m <0 and n > 0,
(T f (2)] S 27" M f ().
(iv) For m <0 andn <0,

(T f ()] S M ().

Proof. Let m > 0, n > 0. For x € supp(¥k * Rjqm,,) we have (with zZ =
(=)

k k
v | = 2%

T;Z)k—l—m—i—n * fa hk+m,u> fa ¢k+m+n * hk+m,u>|

S2MmaThmen e sup | f(y)
yilo—y| <227k
S2TP M f ().
Now g * hgtm, = O(27%™) and for fixed @ the y-sum in (18) contributes
O(2™) terms. This yields (i).
Let m > 0, —m < n < 0. We now have ||thjim-n * Pt oo
Lemma 3.2 and therefore

< 22n, by

~

k k
28+ | =28

wk+m+n * f7 hk+m,u> fa wk+m+n * hk+m,u>‘
S 2arrmtrgTEemIr sup | f(y)]
yilz—y|<22-k

S 2P MR ().

m+n

As in the previous case ¥y * hg 1, = O(272™) and there are O(2™) p-terms
that contribute. This leads to (ii) in the case when m +n > 0. If m > 0
and n < —m then we have instead

25 f Dkt * Pkt
szt FWldy S 2°M A (2),
‘x_y‘§27kfmfn+2
which gives the second estimate in (ii).

Next assume m < 0. Now we use that hy i, , * Qzlﬁ_m_m is supported in
the union of three intervals of length 27%=™~" centered at the endpoints
and the middle point of supp(hg4m,,). Thus, for z € supp(Vr * hiym )

25 f Dkt * Pkt

S22 sup fle—y)| S2TMETTf ()
‘x_y‘SQ—k—m+2
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and (iii) follows since every z is contained in supp(¢y * hgym,,) for at most
three choices of p.

When m < 0, n < 0 we can estimate instead

2k+m‘ <wk+m+n * f7 hk+m,u>‘ § Mf(.%'),
for x € supp(¢, * hi4m,,) and obtain (iv). O

By the Peetre type inequality (11) we see that for m > 0 the L, —
L, operator norm of T, mn when acting on functions in £(C2km+n7) s
0(2 (m+n)/0"y if p > 0 and O(2272~(m+1)/¢") when n < 0. It will be useful
to observe an improvement in m which we will apply for p = p and p = q.

Lemma 3.5. Let m,k > 0. Then for 1 <p <oo and f € L,,

ik < 122 s >0,
S © s 1 PR )

where the implicit constant depends only on p.

Proof. We have ||[{0y, % By tm ulloc = O(27%™), by the cancellation property of
hi4m,- We decompose R into dyadic intervals of length 2=F labeled Jkew
for v € Z. We say that u ~ v if p € Epqp, and Iy, , intersects Jy, or one
of its neighbors.

We first examine the case n > 0. Now Yg4pn1m * hiym,, is supported on
a set Vk+m " of measure O(27*="=") namely the union of three intervals
of 1ength 2—k=m=n+1 cantered at the two endpoints and the midpoint of the
interval Ty -

Thus
1T £l
1/p
(X[ W e @2 s+ Vi D] )
v Jre,v pip~v
< Q*k/ﬂ2*2m2k+m Z / |d ] )1/P
~ k+mn y
v ,u,uwu
1/p
< k/p' m )P (k+m-+n)p/p omp/p’
W (S Y [ ek 20l
Vi~

since the measure of meas(Vk+m ") = O(27%"™") and since for each v
there are at most O(2™) integers p with u ~ v. Now each y is contained in

a bounded number of the sets V]H_m " and for each p the number of v with

u ~ v is also bounded. Hence the expression on the last displayed line is
dominated by a constant times

9—mo— n/p Z Z /Hmn ’pdy) 1/p S24n2—n/p’”f”p_

Ve



12 ANDREAS SEEGER TINO ULLRICH

which proves the assertion for n > 0.
For the case n < 0 we have ||k +mtn*Pitm oo = O(22"). The function is

supported in an interval Ij' " of length C27%~™~"_ centered at an Thtm,u

in the support of Ay, . We estimate

<Z /J [ Z W}k * thrm”u(x)‘szrm‘ <hk+m,,u * Vk+mtn f>’} pdx) e

i~y

<ot amgenan (S S [ ria)”)”

v pip~v k+m,pu

< zk/p'z—m22n(22mp/p' S o ltmtn)ply /
v n

Qv k+m,p

F)ledy)

We now interchange summations and integration and observe that for each
u there are only O(1) values of p with u ~ v. This leads to

—mo2n—n/p’ n 1/p
1Tl 2720 ([ 1@ #050 € R )

and since for each y there are at most O(27") values of p with y € I
the asserted inequality for n < 0 follows.

In what follows we use operators Uy defined by ﬁ;:f(&) = <1>(2_k£)f(£)
where ® € C°(R) supported in (—4,4) satisfying ®(¢§) = 1 for [¢] < 2.
Notice that Uy fr = fi for fi € £(2%). In order to facilitate interpolation
we shall replace frim+n on the right hand side by Uk4minGk+m+n Where
G =1{g1}2, is an arbitrary function in Ly (¢,).

The main inequalities needed to prove Theorem 3.1 for the case s <
—1/q’ are stated in the following proposition (which also provides useful
information for the case s = —1/¢’). Recall that #HF(E) < 2V+1,

Proposition 3.6. Let 1 < g<p<oo, ande > 0.
(i) For m >0 and n > 0,

1/q
H (Z |T7]7€1,nUk+m+ngk+n+m|q> H
P’ P
_n _ _1,1 1_1y _n
Se min{2” 72 "Ta Tt NG ey g,
(i) For m >0 and —m <n <0,
1/q
H (Z |T1§L,nUk+m+n9k+m+n|q> Hp
k

< 2 min (2G4 NG g
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(iii) Form >0 and n < —m <0,
k q 1/q < on—m| =
H (Z | T Ukt mtnGk-ntml ) Hp S 2" dl e, -
k
(iv) For m <0 and n > 0,

1/q
H (Z |T7]7§1,nUk+m+ngk+m+n|q> Hp
k

1

S min{2_"(1—é), 2N(%_%)2_"(1_p)}“g“Lp(fq) '

(v) Form <0 and n <0,
|(X 17 Vmsngismint®) | S 10
k
Proof. We prove (i) by interpolation. We first observe that, by Lemma 3.5,
H (Z |T5L,nUk+m+n9k+m+n|q>1/qu <272 |Gl e -
k

By Lemma 3.4, (i), and (11),

1/q
H <Z |TVI:L,nUk+m+ngk+m+n|q) Hr
k

5 2fm/q’27n/q’ H < Z |Uk+m+ngk+m+n|q) UqHT
k

S22 Gl 0,

which we choose for r > p > ¢ large. Interpolation yields

1/q (1= ial oy
(20) H(Z|T7]z,nUk+M+n9k+m+n|q) H Se 2 migtyelgTn/a HQHLp(fq)
L p

with € = %. Letting 7 — oo we obtain the first bound stated in (i). We
also have by Hoélder’s inequality (¢ < p) and #HF(E) < 2V

1/q
H (Z |TrlfL,nUk+m+ngk+m+n|q> Hp
k

N1 1/p
S 2 (q p)<z ||TTI:L7nUk+m+ngk+m+n”g)
k

11 /
< 2VGmwlgmme g

11 /
(21) g 2N(E_E)2_m2_n/p Hg)HLp(fq) ’

Here, for the second inequality we have used Lemma 3.5, with p = p and for
the third the embedding ¢, C ¢,. This concludes the proof of (i).
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Inequalities (ii), (iii), (iv) follow more directly from the corresponding
statements in Lemma 3.4, combined with an application of (11). O

For the case s = —1/¢ we also need

Proposition 3.7. Let 1 < ¢ <p < oo and Z = Zn(F) with E as in (16).
(i) For m > 0,

’ 1/q
H (Z Z ’2(m+n)/q TrlfL,nUkerJrnngrern’q) H
k 0<n<N P

< Z2Y927G79 gL -

(ii) For m <0,

/ 1/q o
H < Z Z ‘2n/q Tﬁm,nUkerJrnngrern‘q) H S Zl/quHLp(fq)'
k 0<n<N P

Proof. For the proof of (i) we interpolate between

(22)
/ 1/q mJan =
H(Z Z |2t Hm)/a T?fL,nUk+m+ngk+m+n|q> H S 2927 Gl e,
kE 0<n<N d
and

’ l/q .
(23) H(Z Z ‘2(m+n)/q Tfm,nUkwLernngrern‘q) H Szl/qHQHLp(ﬁq)
k 0<n<N p

which we use for large p.

Recall Tffm = 0if 2¥*™ ¢ HF(E). To see (22) we interchange summation
and integration and use Lemma 3.5 for p = ¢ to estimate the left hand side
by

/
> e gemall?)

k:2k+meHF () 0<n<N

1
S2o( Y llalgin: 0 <n < N, 2 e HR(E))
l

S22V Gl ey -



HAAR PROJECTION NUMBERS AND UNCONDITIONAL CONVERGENCE 15

To see (23) we use Proposition 2.1. By Lemma 3.4, (i), we have that the
left hand side of (23) is dominated by

H ( > > jarlmin /qMﬁiﬁmUmmmgHmm‘q) v Hp

k:2k+meHF(E) 0<n<N

g Z Z ’Uk+n+mgk+m+n’) H
k:2k+meHF(E) 0<n<N
< Y Y aeml?) I
k:2k+meHF(E) 0<n<N
(02 < v, 20 e reey) |
!

p

and the last expression is < ZV9||g| L,(¢,)- This concludes the proof of (i).

For the proof of (i) we use Lemma 3.4, (iii) and again Proposition 2.1 to
see that

H(Z Z ‘2n/q,Tfm,nUk+m+ngk+m+n‘q) l/qu

k 0<n<N
1/q
— k
g H( Z Z ’2 n/an+m+nUk+m+ngk+m+n‘q) H
k:2k+meHF(E) 0<n<N b

S0 X )|

k:2k+meHF(E) 0Sn<N

S ZMY Gl ) - 0
Proof of Theorem 3.1. By the triangle inequality in L, (¢,) we have
pltq

| (2o P[5z 2w 7))

keN
24) < D2 I+ L + Iy + TV + Y 27 Vi + VI

m>0 m<0

+ Z Z 2_8(n+m)VIIm7n + Z Z 2—5(71—}—771)‘/117”7”7

m>0n<—m m<0n<0
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where for m > 0,

1/q
(253“) Im = ( Z ‘ Z 2_SnTﬁm,nfk+m+n‘q) ‘ )
k>0 n>max{N—m,0} b
k+meHF(E)
1/q
(25b) IIm = ( Z ‘ Z 2_SnT£,nfk+m+n‘q> ‘ )
k>0 0<n<max{N—-m,0} P
k+mcHF (E)
1/q
(25C) I, = ( Z ‘ Z 2_8nT7]7€1,nfk+m+n{q) ‘ )
k>0 n<0 p
k+meHF(E) m+n>N
1/q
(25d) IVm - ( Z ‘ Z 2_8nT7]7§1,nfk+m+n|q) ‘ p’

k>0 n<0
k+meHF(E) 0<m+n<N

and, for m <0,

@0 Va=[( X IX 2 henal)

k>0 n>N
k-+mcHF(E)

(25¢) me:H< DY 2S"T,’;,nfk+m+n\q)l/qup.

k>0 0<n<N
k-+meHF(E)

Moreover
,  n < min{—m,0}.

(258) Vg, = H( Z ‘T,fb,nkarme‘q)l/q‘ p

k>0
k+meHF (E)

When —1/p’ < s < —1/q' we estimate the terms I,,,..., VI, by another
use of the triangle inequality in L,(¢;), with respect to the n summation.
When s = —1/¢" we still do this for the terms I,,,, V,,, but argue differently
for the terms involving the restriction 0 < n < N. In what follows we shall
need to distinguish the cases s < —1/¢’ and s = —1/¢’ in various estimates

and therefore write I(s), I1(s),... for the expressions I, I, ..., resp.
By Proposition 3.6, (i) we have

> 27" Lu(s) S 1l 0%

m>0

2N(%—%)[ Z 2—(1+s)m22—"(5+p—1/) + Z 9—(1+s)m Z 2—"(5+p—1/)]

m>N n>0 0<m<N n>N—m

and the constant for ¢ < p < oo is easily seen to be O(2N(=5-1/4),
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Next we have I1,,(s) = 0 for m > N. For the terms with 0 < m < N, we
get again by Proposition 3.6, (i),

> 27 L (s)

0<m<N

< —m(s+1) m(:-1_¢) —n(s+3)

~ Z 2 27 Z 2 ! m’L,,(zq)
0<m<N 0<n<N-m

< max{ls + 1/¢27 N7, )

which contributes the desired bound for —1/p’ < s < —1/¢'. For s = —1/¢
we use Holder’s inequality in the n-sum followed by Proposition 3.7 to get

> 2ma L (-1/q)

0<m<N

’ ’ / l/q
<X (Y S )]
0<m<N k>0 0<n< p

k+meHF(E) max{N —m,0}

, —m(lo 7 ' 7l
SNV S oG 2V fll 0y S NV 2V e
m>0

For —1/p’ < s < —1/¢' we have by Proposition 3.6, (ii),

11y o
227mSIIIm(s) < Z Z 9~ (m+n)sgn-moN(g p)”f”Lp(zq)

m>0 m>N N—m<n<0
S 2 N/ NI/ £

Similarly,

Z 27 V()

m>0
m+n)(-1 _’
S Z Z 2f(m+n)32nfm2( + )(q p+€)Hf”Lp(gq)

m>0 —m<n<
min{N—-m,0}

1_1y =
+ 3 S tmmegnemoNGED

m>N N—m<n<0

with the implicit constant depending on € > 0. Since p < co we may choose
0 < e < 1/p. We evaluate various geometric series and obtain for s < —1/¢

S 2 V() S 27 NN D fll

m>0
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Next we consider the terms with m < 0. We use the second estimate in
Proposition 3.6, (iv), and s > —1/p’ to obtain

1_1 —_sm —n(s+1-1 oy
PBERAAOEEA D DERLD DL R i TW8
m<0 m<0 n>N
—s—1+1)
<2V AL 6 -

For the terms VI,,(s) we need to separately treat the case s < —1/¢’ and
s=—1/q. For s < —1/q' we use the first estimate in Proposition 3.6, (iv)

and get
n(—s—1+1), 2
Z 2—smVIm(S) 5 Z 9—sm Z ) ( H_q)HfHLp(Kq)

m<0 m<0 0<n<N
e 1 -
< 2V Al ey -

For s = —1/¢’ we argue as for the II,,,(—1/q’) terms above and use Holder’s
inequality in the n sum followed by Proposition 3.7 (ii)to get

> 2V (-1/q)

m<0
(X % )]

< Z om/q' N1/

m<0 k>0 0<n<N
k+meHF(E)
< NS 9l S N2 .

m<0

Finally, the inequalities
S 27 m e vIL(s) S Fln e

m>0n<—m
and
D> 2 VT (s) S L, )
m<0n<0
follow immediately from Proposition 3.6, (iii), (v), resp. O

4. BOUNDS FOR FAMILIES OF TEST FUNCTIONS

It will be convenient to use characterizations of function spaces by com-
pactly supported localizations (i.e. the local means in [22]), see §2.1. In
what follows let My, M7 be positive integers, and we shall always assume
that — My < s < M.

Let 19, 1 be C*° functions supported in (—1/2,1/2) so that 120(5) = 0 for
€] < 1 and so that ¥(€) # 0 for 1/4 < |¢| < 1, moreover 1) vanishes of order
M at 0. Thus the cancellation condition (5) holds. Let 1y, = 2k (2%.) for
k=1,2,.... We shall use the characterization of F  using the ¢, see (9).
Now we will define some test functions which will be used to establish the
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lower bounds in Theorem 1.3. In what follows we fix an integer m > 0; all
implicit constants will be independent of m.

Let n be a C™ function supported in (—1/2,1/2) such that [ n(z)a"dz =
0 forn =1,...,My. Let, for [ > m, P" be a set of 2m—l_separated points
in [0,1]. That is P = {y1,..., 7 nq)} with N(I) < 217 and 2, < 7,41
with 2,11 — 27, > 2m=l_ Define

(26) My = 77(21 (x - xl,u))'

Let £ be a finite set of nonnegative integers > m and assume #£™ > 2™,
Let

(27a) " ={(l,v):le ™ x, € P"};
and
(27b) S ={v:(l,v) e &}

For any indexed sequence {a;,} satisfying sup,, |a;,| < 1, we define for

legm
(28) gm(x) = Z 2_l8 Z al,unl,u(x) :

legm vegn
If the families £, m = 1,2,..., are disjoint, we set
g = Z BmIm -
m>1

The proof of the following proposition is a modification of the proof of a
corresponding result by Christ and one of the authors ([4]).

Proposition 4.1. Let s > — M.
(i) If 1 < p,q < oo then

a\1/q
lgmlles, Spas (32| 2 awti]') |
legm veGm P
and
a\1/q
lalleg, Spas || (3o 18ml” D2 | D2 awtia]') | -
m legm  veG P
(ii) If 1 < q < p < oo then there exists Cp 4 s such that
— 1
(29) gy < Crgs (27 (™)
and
_ 1/q
(30) l9llpe < Cpais( D 18ml72mH(E™) .

m>1



20 ANDREAS SEEGER TINO ULLRICH

Proof. The functions {7, };, represent a family of “smooth atoms” in the
sense of Frazier/Jawerth [8, Thm. 4.1 and §12] which immediately implies
the relations in (i). Here we need the pairwise disjointness of the sets £.

We continue with proving

o (X

legm veg"

)L S ey,

Then (i) together with (31) and sup;,, [a;,| < 1 gives (29).

1/q
Indeed, let Gi(z) = Y,eqp 1, (#) and G(z) = (zlegm Gy(z) ) . In

order to control the L,-norm of G we use the dyadic version of the Fefferman-
Stein interpolation theorem for L, and BMO. Note that the proof of [6,
Thm. 5] gives the dyadic version of #-function estimate and thus one can
work with the BM Ogyaq norm in [6, Cor. 2]. Consequently it suffices to show
that the norms of G in Ly and BMOgyaq are bounded by C/(27™4(£™))1/4.
This is immediate for the Ly norm. For the BMOgyaq norm we have to
show that

(32) supint o [ Glu) =y < 7)1,
¢ J

where the sup is taken over all dyadic intervals and the inf is taken over all

complex numbers.

For a fixed dyadic interval J with midpoint z; we define

{Zyeegn ]11171,(55‘]) if 270 > |J|

Cjl =

0 if 27 < |J]
and
1
cy = < Z C§J> /q.
legm
Fix J. Then
1 1/q 1/q
2 16w - e < 2 | S aw) (3 @)
/q
|J|/ l§n|Gl —CJl|q)
<(Zm / CORCIRORE

legm

Here we have used the triangle inequality in ¢, and Hoélder’s inequality on
the interval J. Note that

Gi(y) =¢,, ify € J and 27t > |J|.
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Since ¢s; = 0 if 27! < |J| we get from the previous estimate

@ g ficm-gla< (X 5 [iewra)”

legm
27l<|J|

Now by the definition of G; we have

if 2™ Jl <2l < |J
/ |Gl |qdy = m e o—1 ’ ’ —_m ‘ ‘
2-m g if 27l < 27| ]|

PO SV IR R SE e

leﬂm 1:2—m|J|<2-l< || legm
2- <\J|

and thus

S (@+277#(E™).

Since we assume that #(£™) > 2™ this finishes the proof of (32).

Finally, (30) is a consequence of the second relation in (i), the triangle in-
equality in L/, and (31). In fact, the second relation in (i) can be rewritten

to
lglles, S | D2 18l D | 3 acuti Hpq

m>1 legm vegm
Since p/q > 1 we obtain
1/q
loleg, < (21 32| 3 wuf],)
legm veem P
and (31) finishes the proof. O

5. LOWER BOUNDS FOR HAAR PROJECTION NUMBERS

In this section we require that ¢ is supported on (—27%,27%) and that
[Y(z)zMdz = 0 for M =0,1,..., My for some large integer My, and let
Y = 289(2F.). Let U(x f Y (t)dt, the primitive which is also sup-
ported in (—27%,274), For hoo = X[o,1/2) — X[1/2,1) We have

Y xhoo(z) =V(xr)+¥(r—1)—2¥(z — %)

and therefore 1 * hoo(z) = —2¥(z — 1) for x € [1/4,3/4]. Thus there is
¢p > 0 and a subinterval J C [1/4,3/4] so that

|« hoo(x)] > co, for x € J.

For k=0,1,2,... and p € Z let Jy , = 27%; + 27F J which is a subinterval
of the middle half of I}, ,,, of length 2 27% and we have

(34) |V * by ()] > o for x € Jy .
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We now prepare for the definition of a suitable family of test functions. Let
n be an odd C* function supported in (—27°,27%) so that [ n(x)z™dz = 0
for M =0,1,..., My and so that

1/2 1/2 0
(35) 2/0 n(x)dx = /0 n(x)dx — / n(x)dx > 1.

—-1/2

We now pick an arbitrary set A of Haar frequencies and N so that

(36) A< #A+1, and 2V < #A4 < 2N
and fix N for the remainder of the section. Define, for n = N, N —1,...,1
(37) Megn(y) = (282 — 277 — 2757 1))

Let rj, denote the Rademacher function on [0, 1]. For t € [0,1] and 2% € A
let

N
(38a) Ti(y) =Y anTen(y)
n=0
with
2k—1
(38b) Tk,n(y) = 2n(—s+1/q) Z nk,n,u(y)'
n=0
Let
(39a) Fod(y) = 27NN " (27T ()
2kcA
and
N
(39D) Fy) = anfar
n=1

Lemma 5.1. The following estimates hold uniformly in t € [0,1].
(i) Form=1,...,N,
an,tHFS < Cpg,s-

p,q

11) Suppose that logy A is N-separated (i.e. 2 € A, 21" ¢ A, 7 # 7 implies
2
|7 =41 > N). Then

N 1/q
1Felleg, < Cpas( D lanl?)
n=1

Proof. Let £" = {l:2"~" € A}. Then
Fasly) = 27N Sy (027 S (@l @ - 20 - 20
legn n

and (i) follows from Proposition 4.1 since 27"#(£") < 2V, Since the sets
£" n=1,...,N, are essentially disjoint (ii) follows as well. O
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For t € [0,1] let

271

(40) Tig() Z ZQ G 9) T, ().

27€A
We seek to derive a lower bound for [T}, fi,| s for most t1,t5. This is
accomplished by

Proposition 5.2. Let —1 < s < —1/q¢. Let fn; as in (39a) (withn = N)
and fi as in (39b). Then there is ¢ > 0 such that the following relations

(i) o

([ [ Imswal, dnde)" > e
0 0 p,q

and (ii)

1,1 1 N I
(/ / ”TtlfbH;s dtldt2> qZC‘ZanQ ( ql')‘

0 0 pP,q —

hold true.

Proof. Note that (i) is a special case of (ii) (with the choice ay =1, a,, =0
for n < N). The left hand side in (ii) is equivalent with

([t o

Since ¥y x T}, ft, is supported in [—1, 2], we can use Holder’s inequality (with
p > q) to see that this expression is bounded below by a positive constant

times
//H Z2k8q|wk* (T3, f1,)| ) Hdld >1/q

(41) = QkZE:AQkSq /0/0Wk*ﬂlftg(x)|th1dt2>l/qHZ)1/q-

For fixed z we have
271

T,Z)k*TtlftQ —2_N/q Z ZT‘] tl T t2 2 lsz2] Tl, ]uwk*hj,u( )

29€AcA

and, by Khinchine’s inequality,

(/01 /01 |y * (TtlftQ)(x)|th1dt2>1/q

271

@ ( 3 3 [ 3 2 s b))

21cA2ecA

1/2
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Hence, for 2* € A, picking up only the terms with j = k and [ = k,

</01 /01 \wk * (ﬂlftQ)(w)‘thldt2>l/q

2k 1
2 27N/q‘27k3 Z 2M( Yk, he )k * hk,u(x)‘ :
pn=0

Observe that the supports of hy, ,, and 7, v are disjoint when p # 4. Thus

2k—1
Tknhk:,u Za 2n —st1/a) Z 2k nk KN 7hk,,u>

N

=D an2" DR )
n=0

Furthermore

Qk <"7k,n,;m hk,u>

— 2 / (2@ — 27 — 27" ) ho o (282 — p)d

= /77(2"(?/ — Mhoo(y)dy

0 1/2
=/ 77(2”y)dy—/ n(2"y)dy
—1/2 0
1/2
= —2”“/ n(u)du
0

where in the last line we have used that 7 is odd and supported in (—274,274).
Next we observe that

Py * hkﬂ(x) =0, forx € Jk,l“ 1 £ fi.
So from the above we get, for z € Ji ,

2k 1
2" Z Y, b i) n * hi ()
0

o
= 25 (Y, g ) Wk * g ()

1 N
= =2t * hk,u(l“)/ n(u)du Z 0, 2" 717
0 n=0
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Finally we can prove the lower bound for the expression (41) and obtain

(3 2 (/01 /01wk*(Ttlfm)(:c)\thldtz)”qHZ)”q

2keA
ksq = —N/qo—ksok 4 1/q
2 (X2 Y [ [ el b)) o)
2kc A p=0 7 Jk.u
1/2 N n(cs1) 2k 1 1/q
2 ‘/ n(x)dxzanQ ¢ ( Z 27N Z / |1k * hk,u(x)’qd$>
0 n=0 2keA p=0 7 i

N
2| D).
n=0

Here we have used (34), (35), and (36), and the condition s < —1/¢’. O

Growth of v«(F; ,,A), s < —1/q'. Take A as in (36). Let f; x be as in (39a)
with n = N, so that ||ft,N||ng < 1. By Proposition 5.2 there exist ¢1, t5 in

[0, 1] so that

N(=s—
|2, Fneo s, 22577

Hence 1
N(—s—=
HﬂluFqu—)F;q > cp,q,52 (= q)
Now let
(42) Ef={hj,: 2 €A rj(t1) =+1, u=0,...,2 —1}.
Then

1y, = Pp+ — Pp-
and thus at least one of Pg+ or Pp- has operator norm bounded below by

1
cp,q,sQN(isiy)- Since HF(E*) C A we get

G(Fy . A) 2 2N(_S_L’), s<-—1/q

q
and the asserted lower bound for G(F; ,; A) follows in the range s < —1/¢.
By Theorem 3.1 we also have
G(Fpg/?.A) < elp.g.s)A 7.

Thus v*(F, 7; A) = A—57Y4 for large A.

Remark. The above arguments already give a lower bound c(log A)l/ ¢ in

the endpoint case, for the lower Haar projection numbers 7*(prq1 / q/,A).

Let A’ be an 2N separated subset with #(A4’) > (2N)"'#A. Let f; as in

(39) with A replaced by A’ and with the choices s = —1/¢’ and «,, = 1,

n=1,...,N. Then | f|l ,-1/s S N4, By Proposition 5.2 there exist t1, to
p,q

in [0,1] so that [Ty, fi,|l porsw 2 N. Hence [Ty, || porr |, oyt 2 cp N9
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Now let E* be as in (42). Then max. || Py [y 4 N1/, Thus
p,q p,q

G(Fpa!?, A) > G(Fpa!?, Ay 2 NV and hence 7. (Fpq'? s A) = (log A)/4'.

6. LOWER BOUNDS FOR THE ENDPOINT CASE

In this section we prove the lower bounds in Theorem 1.4. The following
result provides a slightly sharper bound where a min is replaced by an
average.

Theorem 6.1. Assume #A > 4N and that 4V disjoint intervals I, k =
1,...,4" are given such that the length of I, is N, and such that I.Nlogy A #
(0. Let

4N
1
(43) Z=15 > #(I.Nlogy A).
k=1

Then, for g < p < oo,

—1/q". 1-1 1
G(F, /75 A) > c(p,q)N' "1z,

Proof that Theorem 6.1 implies Theorem 1.4. The upper bounds follow eas-
ily from Theorem 3.1. For the lower bounds let A C {2" : n > 1} be of large
cardinality and let N be such that 8V~! < #A4 <8V, Let Z(A) = Z. Then
we can find My disjoint intervals

I; = (n; —3N,n; + 3N)
with midpoints n; € logy(A), i = 1,..., My so that My > 8V~1/N and
so that each I; contains at least Z points in logy(A). Each I; contains a
subinterval I; of length N which contains at least Z/6 points. This means
that the hypothesis of Theorem 6.1 is satisfied, and we get Q(prql /e JA) 2

c(p,q)NV4 (Z/6)1/4. Part b) of Theorem 1.4 follows since # log,(A) ~ N.
Part a) follows by duality. O

Proof of Theorem 6.1. Let b, be the largest integer in I, and

(44) L={b+N:r=1,...,4"},

(45a) Ak) ={j eI, :2 € A},

(45b) E(r) ={(G,p) : 5 € k), p e INT2Z 1 <y < 2},
4N

(45¢) &= U E(K).
k=1

Let further n be as in (35) and
46)  H@)= Y 277 > g2 «-22V")).

1<o<N peN:
0<22N+2-l51
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Define, for t € [0, 1]
(47) f(x) = m(t)2/9 Hy(z).
leg

Lemma 6.2. We have
1fill, 1w < Clp, )N
P,q
uniformly in t.

Proof. For o =1,..., N let
Lo)={bx+N—-0c:r=1,...,4"}.

Thus the £(c) are disjoint sets, of cardinality 22V each. Let {r; }524 be the
system of Rademacher functions and define, for ¢ € [0, 1],

22N

go,t = Z 2(bn+N—U)/q/ Z ,r.l+0_(t),,7(2bn+N—o'(x _ 2N+2—bﬁp))
k=1

pEN:
0<22N+2-1pq

=D YT @@ 2N )
)

lel(o peN:
0<22N+2=1 51

so that
N
fo=S 2y,
o=1

We apply Proposition 4.1 with the parameter N replaced by 2N and m =
2N — 0. Clearly, the points 27722N*+2=1 are then 2™~ separated. By
inequality (30) with fon_, = 27°/9,

N
HftHprl/q/ g (Z(Q*U/Q)q2072N#(£(O_))>1/‘1 g Nl/(I_ O
»q o—1
Define for t € [0, 1]
Tif(x) = > riO2{f, hyuhju(e).

(J,m)€E

Proposition 6.3. Let ¢ < p < oco. Then there is c¢(p,q) > 0 such that for
large N

1 1 1/
(48) (/0 /0 H7?1ftzH§—1/q'df2dt1> "> c(p,qNZV1.
p,q

Proof. By (9) and Hélder’s inequality it suffices to show

(49) </01 /01 H (Zk %(:)) oka/d |y 7;1ft2,q>1/qHZdt1dt2)l/q >Nz,
R cUl(x
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If we interchange variables and apply Khinchine’s inequality then (49) fol-

lows from
(E.Z I(Ex
i leg
( Z 29 (2 Hy, b hj’u‘z)l/ZHq)l/q S Nz,

Kk keU(k
we
()€€ (K)

(50)

q

We drop all terms with (j,1) # (k,b, + N) and see that the left hand side
of (50) is bounded below by

(Z Z oka/q

K keU(k)

’ q l/q
S 9N Hy by i h,WH() .
w:
(k,u)e€ (k)
Let Jy , be as in (34). With
Cruop(@) = (27N (3 — 2NF270n )
we have
<HbN+N7 hk,,u> = Z 279 Z <CK,O’,p7 hk,u>-
0<2N+g;b“p<1

Recall that by (45b) we only consider u of the form p = pu,, := 2F~0m+N+2y

for n € N. For those p,
2" (G M)
= 2* / (20N (g — N2 gV hg o (28 — ) da
_ /77(2bn+N0ku 4 bt N=o—ky,  92NH2=0 py o () dug

= [t 2V p) ()

For k € (k) we have 20xTN=0—F < 192N=0+2 4nq since 7 is supported in
(275,2°%) we see that
ok—b.—N f1/2

Oifn#p.

Y u)du if n = p,
Qk <Cli,o,p, hk,un> = { P

Hence,

1/2
(52) 2 (Hypov i) = N2 [ gy
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The intervals Jj, ,,, are disjoint. Hence the expression (51) is bounded below
by

<Z 3 2k

K keA(k)

> P

mn.
0<2k—br+N+2p ok

1/2
2o +N)/d’ prgh—be— N// n(u)du| de )1/q.
0

sHn

The measure of U,,.gok—bx+N+2,, <ok Sk, 1S = 2bv=N=k Hence, the last ex-
pression is bounded below by

Cl(Z Z 2kq/q’2b,§—N—k[2(b,§+N)/q’N2k—b,§—N]q>l/q

ko keA(k)

2 (30X 2w Vs N

K keA(k)

This proves (50) and completes the proof of the proposition. O

Proof of Theorem 6.1, conclusion. By Lemma 6.2 and Proposition 6.3 there
exist t1, t2 in [0, 1] such that HftHF—l/q’ < N4 and HTt1ft2HF—1/q’ > Nz,
p,q p,q
Hence
1-1/q 1
”ﬂlHFp_,;/ql—)F;;/q/ > vaqN fazia.

As in the previous section, if ET is as in (42). Then

& _
maX|’PE;t”F,1/q/_)F;ql/q/ Z %Nl l/qZI/q.
Thus G(F, /7, A) > NV zV/a . O

7. CONCLUDING REMARKS

7.1. It is possible to disprove the unconditional basis property also in the
case q/(¢+1) <p <1and s > 1/q via complex interpolation, see Figure 2
above. Indeed, if F is a subset of the Haar system the (quasi-)norm of the
corresponding projection operator Pg interpolates as follows

(53) 1PEllFg -~ Fg, S HPEHlso o, IPelEe g

with 1/p = (1 —-0)/po+0/p1, s = (1 —0)sg + 0s1. Since Pg : F,;0  — F0,
is O(1) we obtain the relation

1/9

1Pellp rp, R PR ps

Choosing (1/p, s) as in Figure 2 below we obtam large quasi-norms in the
given quasi-Banach region. For the endpoint case the argument has to be
modified by interpolating along the s = 1/q¢ line. Putting in (53) the upper
bounds from Theorem 3.1 and the lower bounds from Theorem 6.1 we obtain
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“large” projections norms. These observations show that the shaded region
displayed in Figure 2 is the correct one for Hardy-Sobolev spaces F};, on the
real line, see also [23], §2.2.3, Page 82.

[N
.
t

—_
Njw
N+
hSA

[N

F1GURE 2. The Haar basis in Hardy-Sobolev spaces, complex interpolation

7.2.  Concerning the spaces ) ,(R™) we expect a similar picture as in Figure
1. However, for the quasi-Banach situation there will be a n-dependence,
see [23], §2.3.2, Page 94.

7.3.  The corresponding problem for the Faber-Schauder basis, i.e., the fam-
ily of hat functions that are integrals of associated Haar functions (cf. [23,
Chapt. 3]), can be derived from the results in this paper. Due to the shift of
regularity of the basis functions there will be corresponding shifts in the pa-
rameter domain (shaded region), cf. Figures 1, 2 together with [23], §3.1.2,
Page 127.

7.4. The proofs in this paper of the existence of projection operators with
large norm are probabilistic. It is also possible to explicitly construct sub-
sets of the Haar system for which the corresponding projections have large
operator norms. This is done in the subsequent paper [17].

7.5. It will be shown in a forthcoming paper [9] that there are suitable
enumerations of H which form a Schauder basis of Lj, for —1 /P <s<1/p.
This result has also extensions to £, spaces.
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