POINTWISE CONVERGENCE OF
LACUNARY SPHERICAL MEANS

ANDREAS SEEGER TERENCE TAO  JAMES WRIGHT

ABSTRACT. We show that if f is locally in Lloglog L then the lacunary spherical
means converge almost everywhere. The argument given here is a model case for
more general results on singular maximal functions and Radon transforms [6].

1. Introduction. Let f be a locally integrable function on R? where d > 2. For
any integer k let Ay f(z) be the spherical average of f over the sphere of radius 2*
in R centered at x; i.e.

Auf(z) = / F(x + 25)db(y);

here df denotes the normalized Lebesgue measure on the unit sphere. Clearly we
have limy_, oo Ar f(x) = f(2) for all z if f is continuous everywhere. Moreover by
results of C. Calderé6n [1] and Coifman and Weiss [4] we have

(1.1) klim Apf(z) = f(z) almost everywhere
;——00

if f islocally in L? for p > 1. Tt is well known [7] that such results are equivalent with
a weak type (p,p) bound for the local maximal function M f(x) = sup<o |Ax f(z)]
and the above mentioned authors showed that the maximal operator is bounded on
LP. Tt is still unknown whether (1.1) holds for f € L' and, equivalently, whether
the maximal function is of weak type (1,1). However we have

Theorem. Let M be the global lacunary spherical mazimal operator defined by

(1.2) M[f(x) = sup | Ay f(z)].

kEZ

There is a constant C' so that for all measurable functions f and all a > 0 the
inequality

(13) e eR":Mf(x)>a}| < / C|fa(x)_| loglog (¢” + —C|J;fx)|)dx

holds.
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As a corollary one obtains the pointwise convergence result (1.1) if f belongs
locally to Lloglog L.

The inequality for the lacunary spherical maximal function is a special case of
more general results in [6] which apply to operators such as maximal averages
and Hilbert transforms along plane curves which are homogeneous with respect to
some family of a nonisotropic dilation. The presence of the nonisotropic dilation
structure causes additional difficulties and therefore it seems adequate to present
the less technical proof of the Theorem above separately. The main idea from [6]
is still present.

Concerning weak type inequalities for classes near L' we mention two previous
results for the operator M. First Christ and Stein [3] showed (combining Calderén-
Zygmund arguments with Yano’s extrapolation theorem) that M maps L log L(Qo)
(for a unit cube Qg) to weak L'. This result applies to more general maximal
operators associated to Borel measures, whose Fourier transform decays at infinity.
Moreover Christ [2] showed the harder result that M maps the Hardy space H!(R?)
to weak L! (for weak type (p,p) endpoint bounds for related maximal operators
see also the recent paper [5]). The condition f € H' means that f has some rather
substantial cancellation. Concerning size estimates note there is a restriction if
f € H! is single signed in an open ball; namely then f belongs to Llog L(K) for
all compact subsets I of this ball (¢f.[8, §1.5.2 (c)]).

Notation. For two quantities A and B we write A < B or B 2 A if there exists
an absolute positive constant C' so that A < CB. The Lebesgue measure of a set
E will be denoted by |E]|.

2. Length and thickness. We say that a set E is granularif F is a finite union of
dyadic cubes. For a granular set E we define a dyadic version of a one-dimensional
Hausdorff content or simply ’length’ A(E) to be

(2.1) ME) = inf PRI(®))

QeQ

where Q ranges over all finite collections Q of dyadic cubes with £ C Ugco@, and
1(Q) denotes the side-length of Q.
Next if E is granular, we define the thickness ©(E) to be

—an [ENCQ)
(2.2) OF) = sup o

where @ ranges over all dyadic cubes. Clearly, if E is contained in a dyadic cube ¢
it is sufficient to let @ in (2.2) range over all dyadic subcubes of q.

The quantities of length and thickness are complementary. For instance, it is
immediate from the definitions that one has

(2.3) |E] < A(E)O(E).

The bound (2.3) can be attained, for instance if E is a dyadic box. More generally
if C' > 1, we call E a generalized box with admissible deviation C' if one has

(2.4) A(E)O(E) < C|E|.
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In the proof of the weak type Lloglog L inequality the quantity A(E) will control
the size of the exceptional set, while ©(F) will control the L? norm of the maximal
function outside of the exceptional set. Inequalities such as (2.4) will be crucial for
balancing the two estimates. There is also an intermediate range of scales in which
neither the of the quantities A\(E) or ©(FE) quantities is favorable, and one will just
use L' estimates for that portion.

Now unfortunately (2.4) is not always satisfied but the following proposition can
be used to efficiently decompose a granular set into generalized boxes of different
lengths.

Proposition. Let E be a granular set. Then there exists a decomposition E =
F UG into disjoint granular subsets F', G such that

(2.5) AF) < SN(E)
and

G|
(2.6) 0(6) < 8577

In particular, G is a generalized box with admissible deviation of at most 8.

Proof. Fix E and define the critical thickness 9(E) to be the largest non-negative
number r such that the inequality
(2.7) rME) <2r > 1Q) +|E\ | Q]

Qe QEQ
holds for all finite collections Q of dyadic cubes (here the empty collection is ad-
mitted). Equivalently, one can define 9(E) by

(2.8) J(E) := inf P\ Ugeo @ .

O (ME) =22 0eol@))+

Clearly ¥(E) < |E|/A(E). Observe also that ¥(E) > 0. This follows because
|E\ Ugeg @I is bounded away from zero whenever » .o [(Q) < A(E)/2 (thanks
to the hypothesis that E is granular). Moreover, again since E is granular, there
exists a finite collection Q; of dyadic cubes such that

(2.9) I(E)NE) =20(E) > 1(Q)+|E.|
QEQ:

where E, is the set

(2.10) E..=E\ |J @
QE

We claim that

(2.11) O(E,) < 29(E).

Indeed, suppose that there existed a cube @' such that

(2.12) |E.NQ'| > 29(E)I(Q").

Then Q' ¢ Q;. If we apply (2.7) to the collection Q; U {Q’} we obtain
IENE) < 20(E)UQ) + Y UQ) + B - [E.NQ'|,
QEQ:
but this contradicts (2.9) and (2.12). This proves (2.11).

We now use a recursive construction to obtain large subsets of E of bounded
thickness.
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Lemma. Let r > 0. For any dyadic cube I, there exists a (possibly empty) col-
lection Q[I] of disjoint dyadic cubes in I and a granular set E[I] C ENT such
that

(2.13) O(E[]) < 2r

and

(2.14) QB[ >2r Y Q)+ (END\ |J QI
QeQ[I] QeQ[I]

The Lemma is proved by induction on the sidelength of I. If [(I) < (QT)ﬁ,
the lemma follows simply by taking E[I] = EN I and Q[I] to be empty. Now
fix a dyadic cube I and suppose that the lemma has been proven for all proper
dyadic subcubes I'. Partition I into 2% sub-cubes I, ..., I,a of side-length 1l(I)
By the inductive hypothesis, we may construct collectlons Q[I;] and sets E[I;] for
j =1,...,2%satisfying the properties of the lemma. We distinguish two cases. First

if |U§i1 E[L]| < 2rI(I) then we define E[I] := J2, E[I;] and Q[I] := ., Q[I,].

Next if | Ujdzl E[L;]] > 2rl(I) then we take E[I] to be a granular subset of Ujdzl E[I;]
of measure at least rl(I), and at most 2rl(I) and take Q[I] to be the singleton set
{I'}. The properties (2.13/14) are not hard to check in both cases (see also [6] for
a more detailed description of a variant).

Proof of the Proposition, cont. Since E is granular there is a dyadic cube ¢ so that
E is contained in it. We apply the Lemma with I = ¢ and r = ¥(E). We thus find
a set E[q] and a collection Q[g] obeying the properties in the lemma. We now set
G := E,UEJq] and F := E\G.

To show (2.5) we observe F' C E\E, C Ugeg, @ 50 A(F) < > geo, [(Q). But
by (2.9) this sum must be less than or equal to A(E)/2, which gives (2.5).

To show (2.6) we first observe that

61> 1Bl > 520E) Y 1@+ |By U @

QeQq] QeQlq]

by (2.14), since now r = ¥(E). By (2.7) we thus see that |G| > A(E)¥(E)/2. Since
O(G) < O(E.)+0(E[q]) < 20(E)+29(E) = 49(E), we see that O(G) < 8|G|/\(E)
which is (2.6). O

3. Basic reductions. We say that a function f is granularif f = )" ¢, x5, where
¢y € C, the sum is finite, the sets E, are granular and mutually disjoint. In order
to prove the Theorem we may restrict ourselves to granular functions since every
measurable function which is finite almost everywhere is the almost everywhere
limit of a monotone sequence of granular functions.

Let now f be a granular function and we shall estimate the size of {z : M f(z) >
a}. We perform a standard Calderén-Zygmund decomposition at height 1 for the
function ®(|f|/a), where ®(t) = tloglog(e? +t). This can be done via the Whitney
decomposition theorem applied to the open set

Q= {z: Mur(®(|f]/a))(x) > 1}
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where My, is the Hardy-Littlewood maximal function. We denote by £ the set of
Whitney cubes arising in this fashion. By possibly subdividing each cube @ into
cubes of length 271°/(Q) we may assume that 281(Q) < d='/2dist(Q,R% \ Q) <
2107(Q). From this it is easy to see that we may subdivide the family Q into
subcollections Qy,...,Qn(g) with the property that in each Q; the double cubes
Q" are pairwise disjoint.

We shall slightly modify the definition of our maximal operator. Let doj be the
measure given by

(f.doy) = / £25 ) v (v)db(y)

where y is supported on a ball of radius < 1/2 (so that the support of doy, is
contained in the sphere of radius 2* centered at the origin, but does not contain
antipodal points on this sphere). We only need to consider the maximal operator
M given by M f(x) = supez |dok * f(x)].

Now let g(z) = f(z) if |f(z)| < 2% and g(z) = 0 otherwise. Then f — g is
supported in Q. Since |g(z)| < a the L? boundedness of the maximal operator and
Chebyshev’s inequality can be used to show that

|f ()]

«Q

(3.1) {x: |Mg(2)| >oz/2}‘ < /@daz < /<1>( \da.

Also if Q denotes the union of the tenfold expanded cubes then

f@ g,

(32) fsiels ot

and thus it suffices to show that

(53 o @ 1f - gl > o2y 5 [ 2L yar,

«Q

(3.1), (3.2), (3.3) imply the assertion of the Theorem. In order to prove (3.3) we
split the function f — g further. For n = 10,11, ... let

E"={z€Q:2"a < |f|<2"a}

and let f"(z) = f(x)xg~(z). Now E" = UseqEy where Ej = E™ N gq. Note that
the sets E are granular since f was assumed to be a granular function. We use
Proposition 2.1 iteratively to decompose Ej further, namely

o0
Ep=|JEpUFy
v=0

where F' has measure zero and will be ignored in what follows, and where each E;”
is a generalized box, the sets £, are mutually disjoint, and A(E} \ UL, E») <
27"A(E}). Thus also

(3-4) By < MBI g) ™ <2877 gl
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Finally define
(3.5) [ (@) = f@)xpne (o).

We shall first handle the terms with v > n? and show that

(3.6) ‘{x sup|zz Z [0 x dog (v |>04/4}‘ / |)da:

n y>n?

In view of (3.4) these terms are again easy to handle by an L? estimate. By
Chebyshev’s inequality and the L? boundedness of the maximal operator we get

‘{x Sup|ZZanV*dUk |>a/4}‘<a—2HZZanV

n v>n2 n v>n?
72/‘ZZZQHQXE"" ‘dx<22222n|Enu|
n y>n2 n y>n?

by the disjointness of the sets E;»". By (3.4) the last expression is bounded by a
constant times

IS ”|q|<2|q|</ VL) g,

n vy>n2

which yields (3.6).

We are left with the consideration of terms with v < n? in the complement of
the set Q. Since for 2 < I(g) the convolution doy * f;» is supported in Q we are
reduced to verify that

n2

61 (wss) > XX s donte )| > a/4)] 5 / gy,

n v=1
2>l()

This will be carried out in the next section. Clearly (3.6) and (3.7) imply the
desired estimate (3.3).

4. Proof of (3.7). For each n,v,q let k)" be unique integer for which

(41) 2577 < max {I(g), (2" log(10 + n)O(EM)) Y < ok

We consider the contribution to the case k < kz»”. This contribution is supported
inside the set ¥V = Q UV, where

(4.2) viv=UUy U  E+5)
B O Sl

and E;" + S, is the Minkowski sum of the set E;»” and the sphere Sy of radius
2k,
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By covering E;»" efficiently by cubes in g (cf. the definition of \) we see that
the inner union has measure at most

SAMEF)O(E")2" log(10 +n) ~ |E;7" 2" log(1 + n)

since E7” is a generalized box. Thus

(43) IS+ S S IERY 2 log(10 + 1) < /@( (@) )dx

«Q

by the disjointness and definition of the sets E;»" .
Next let (for n > 10)

(4.4) Kn = 100logy n
and we consider the contribution of the scales
(4.5) kg”’ <k< k;"” + Kn.

For this case we replace the sup by the sum and use Chebyshev’s inequality in L*
to estimate

meas({x supz Z |fg“”>kdak(x)|>a/8})

n,v qk"'<k

<k" Yt kn
<sa”[swd> 3 g wdoy| <80 TE S
v gky <k< v kiky "t <k<
k" Yk k" Y4k
(4.6)
n |f (@)l
<Zloglog 10+ 2™) Z 2 Xgrv(T)dr S ®( o )d.

For the remainder, we shall actually show that

(4.7) meas({x sup|Z Z fﬁ”*dak(xﬂ >a/8 _1/|f )|dx

k>k" v +i<m

l/<n2

and the right hand side is of course controlled by [ ®(|f(z)|/a)dz. Clearly the
desired estimate (3.7) follows from (4.3), (4.6) and (4.7).

Introducing cancellation. As in standard Calderén-Zygmund theory we mod-
ify the functions f;»” to introduce some cancellation. Namely let {P,}M, be an
orthonormal basis of the space of polynomials of degree < 100d on the unit cube
[—1/2,1/2]¢ and for a cube ¢ with center ¥, and length I(q) define the projection
operator II; by
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Note that
1
(4. I, 41Ga)| < Cr [ (o
q
where C' is independent of h and q.
Let

by" (x) = fi" (x) — Iy [f5""](2)
so that bg-” vanishes off ¢ and

(4.9) /qbg’”(a:)x“da: =0 if |a| < 100d.
We observe that since the ¢’s are Whitney cubes for 2, we have

1
(410) S @)] S vafed g [ 1@ S o
n,v q
moreover by (4.8)
(411) S5 £ S 15 S [ 1@l
n,v n,v q
Now (4.7) will follow by Chebyshev’s inequality from

(4.12) H s%p|zq: ; nq[f;w]*dak”‘z ga/|f(x)|dx

v
B>k

v<n?

(4.13) H sup | Z Z by *dak|Hz < a/|f(a:)|dx
P 7

,
E>kDY
2

v<n

since af|fll; < a? [ ®(f/|a)dz.

~

From (4.10) and the disjointness of the cubes ¢ we have )

q,n,V

T, f3 (2)] S @

and the estimate (4.12) is immediate because of the positivity and L? boundedness

of the lacunary spherical maximal operator, and (4.10).

For the remainder of the paper we prove (4.13). We replace the sup by an (2
norm (in k) and use Minkowski’s inequality to estimate the left hand side of (4.13)

by
V() p1jaa N
S(S[S S )T Saem
=1 k 4€Q:i n,viv<n? i=1
k>ky " +hn
where
(4.14)
I, = Z Z ‘<g(\f_]:*d0'k * Z by Z bgl’”’>‘
k q€Q; k>k7'7""€::+ n' '
v ¢ Kn n' ! 3
l/q<n2 k>kql I—L—l‘unr
vn -
(4.15)
m=23 3 [ 3 Y esdos i)
kg, €Q; bz n' '
’ k>kyY +hn n v
z(qgé?(q’) Snz REDT R,

2
I./I<’n,’
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and we shall consider separately the terms I; and I1;.
In order to estimate these expressions we use the following well known estimate

(4.16) |07 [doy, * dog] ()| S 27HE@D]a| =11y, corn

for all multiindices v € N¢; here we need the assumption on the small support of
ddo.

The cancellation of the functions by»” will only play a role for the estimation
of I1;; here no geometric information on the sets Ej" is used. We carry out this
estimate and use the moment conditions of order N = 10d on the b;»”, the fact
that the cubes in ; are separated and the estimate (4.16).

Since the doubly expanded cubes are disjoint by construction of the family £,
we obtain for I(q) < I(q"), z € ¢/,

|dog * doy. 0 ()] S 27MA=D1(g) V| — 2|~V Y02 |
Thus

LSS S S S 2 kg Vdist(a,a) NS (g

n,w qeQ; ¢ eq; k>l(q)
1(qa")>1(q)
q'#q
Next note that by (4.11)
> [ Wiy 5 [ 15wy S ald'
q’ q’

U r
n',v

Moreover, we have for fixed ¢ that dist(q,q') = I(¢') if ¢',q € Q;,1(¢") > I(q) and
q# q'. Thus

Z Z 2_(d_1)kl(q)NdiSt(q,q/)_N_1|q/|
'€ k>l(q)

(") >l(9)
a'#q

Stta) [ o — g~V S 1.
lz—zq|>1(q)

Combining the two previous estimates and applying (4.11) again yields

(4.17) 11, $a ST S allflle
n,w q

Estimation of the main term I;,. We estimate I; < I;; + I; 2 where

Ii,l :Z Z ‘<E(;’;*d0’k* Z fgl7l’, Z sz’7V’>‘

k qef; 1~c>1~cﬁ,'l;:+n n' v
<, k>k Y 4w
v<n” ‘,< oo
v'<n
(4.18)
_ o n,v n' v’
La=Y ) [doexdocs > WL Y )
k q€Q; k>k‘%‘7‘5:+i<; n' '
n ! !
l/q<n2 k>k; R

2
v'<n'
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The estimation of I; » is rather straightforward. By (4.16) for v+ = 0 and by
(4.10/11) we get

Lo NZ/ Z 9—k(d—1) /|x y| Xq dy‘ Z bg’,u’(x) dx

T k>1(q) n' '
k>R ok
U’S’n’g
(4.19)
saY Y et X [ @l Sl
q k>Ii(q) " a
ek ok,
V/gnlz

Now we estimate the more substantial term [; ; and use the estimation in terms
of the thickness of the sets Epv.
Using (4.16) with v = 0 we bound

SEE L [men T e+ e
kE qeQ; "
k>k;"+nnr

where

. 9—k(d—1)
Api(x) = / —2"% Y xg()dy,

2 ( ) |1’ - y| V<’I’L2'
27" ()< v
|z—y|<l(q) W=k
. 9—k(d—1)
By(z) = / WQ”Q Z XER™ (y)dy.
jo—y|< LA
2—2n,l(q) >kt En

The estimate for the terms involving B¥4(z) is straightforward. Since 2F:" >
I(q) we get

k(d—1)
B(@) S / Tl X | s e i
( lz—y|<2-2"1(q) |x—y| Z Fa @

and thus

Y Y [mreny s

k q€Q; n 1/ n>10
gk ' rs
SaX Y [ @l S alll
qg n',v'

Next for the main term we use that for z € ¢

1
/ g (y)dy < O(E™)

|z -y
27n+m.71l(q)<
e—y|<27" ™ (q)
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and therefore

Abt(z) S 27RI=hang N mO(EPY) S 2na Y 27 TR,

v<n? v<n?
k>ky " +hn k>ky " +kn
Now we perform the & summation and since 27%» = n =19 we get

Y% / b @) S AR (1) de

k qeQ; n>10
k>k2 Y
SE Y S 1 @ide 3t Da S allfl,
n' q€Q; n' W' n>10

Putting the estimates together we obtain I; < «|f||1 and by (4.17) the expression

I1; satisfies the same bound. This yields the desired estimate (4.13) and finishes
the proof. O
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