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In memory of Eduard Belinsky (1947 — 2004)

ABSTRACT. We note a sharp embedding of the Besov space Bgoq(’]l‘) into ex-
ponential classes and prove entropy estimates for the compact embedding of
subclasses with logarithmic smoothness, considered by Kashin and Temlyakov.

1. INTRODUCTION

We consider spaces of functions with low regularity and their embedding prop-
erties with respect to the exponential classes exp(L"). For simplicity we work with
functions on the torus T = R/Z (identified with 1-periodic functions on R). We
use the following characterization of the Luxemburg norm in exp L¥(T), found for
example in [15]. For v > 0 set

(1) I fllexpeery = sup p~ | flleery;
1<p<oo

this norm will be used in what follows.

We consider the Besov spaces Bg,, defined via dyadic decompositions as follows.
Let ® = ¢¢ be an even C* function on R with the property that ®(s) = 1 for |s| <1
and @ is supported in (—2,2). For k > 1 set ¢y (s) = ®(27%s) — ®(27F*+1s) and, for
k=0,1,2,...

Ly f(z) = ¢r(D) f(z) = Z br(n) fre2mine.

Then Bg7, is defined as the space of distributions for which

oo /q
175, = (S as]?,)’
k=0

is finite. It is well known that the class of functions defined in this way does not
depend on the specific choice of ®.

The space BgS, consists of locally integrable functions if and only if ¢ < 2 (see [6],
p. 112) and it follows easily from the definition that it embeds into L>® if ¢ < 1. We
shall show for the interesting range 1 < ¢ < 2 a sharp embedding result involving
the exponential classes.
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Theorem 1.1. Let 1 < g < 2. Then the space BFY, is continuously embedded in
expL?, ¢ = q/(g—1).

This can be read as a statement about the growth envelope of the space Bg,
defined by

(2) Eq(t) = sup{f*(t) : |/l Bg=, < 1}

here f* is the nonincreasing rearrangement of f. It is shown in Corollary 2.3 of
3] that [|fllexprar = suPiso f*(t) log ™'/ (e/t) so that Theorem 1.1 immediately
implies an upper bound C|logt|"/ 4 for &,(t) when t is small. The corresponding

lower bound is proved in [6], Prop. 8.24 (there also the nonoptimal upper bound
C|logt| is derived). Thus we get

Corollary 1.2. For1 <q <2,
E,(t) = |logt|VY, 0<t<1/2.

We shall now consider subclasses LG”(T) of B§%, which are compactly embed-
ded in Lebesgue and exponential classes; these were introduced by Kashin and
Temlyakov [10]. For v > 1/2 the class LG (T) is defined as the class of L!(T)
functions for which || Ly f|leo = O((1 + k)~7) and we set

I fllzg(ry = sup(1 + k)| L. f | oo-
k>0

Clearly, for v > 1 the class LGY(T) is embedded in L* and if 1/2 < v < 1
then LG"(T) is embedded in exp L”(T) for v < (1 — )71, by Theorem 1.1. We
are interested in the compactness properties of this embedding and some related
quantitative statements.

We recall that given a Banach space X and a subspace Y C X one defines the
nth entropy number e,(Y; X) as the infimum over all numbers ¢ > 0 for which
there are 2”1 balls of radius ¢ in X which cover the unit ball {y € Y : ||y[ly <1}
embedded in X. It is easy to see that the embedding of Y in X is a compact
operator if and only if lim,,_,, e, (Y; X) = 0.

For v > 1 the embedding of LGY(T) into L* is compact and Kashin and
Temlyakov [10] determined sharp bounds for the entropy numbers for the embed-
ding into L* and L?, p < oo; they showed that for n > 2 and v > 1

(logn)'/277, 1< p < o0,
(logn)li’ya p = oQ.

3) en(LGY, LP) ~ {

We note that the restriction v > 1 in [10] is only used to ensure the imbedding
into L°°; indeed it is implicitly in [10] that for p < oo the LP result (3) holds for all
v > 1/2. The hard part in the Kashin-Temlyakov result are the lower bounds. The
LP lower bound is derived using Littlewood-Paley theory from lower bounds for
classes of trigonometric polynomials in [9]. The L* bounds require fine estimates
for certain Riesz products (¢f. Theorem 2.3 in [10]).
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It is desirable to explain the jump in the exponent that occurs in (3) when
p — oo. To achieve this Belinsky and Trebels ([1], Theorem 5.3) studied the
entropy numbers e,,(LG7,exp L") for the natural embedding into the exponential
classes; they obtained the equivalence e,, ~ (logn)'/2~7 for v < 1. For v > 2 they
obtained an almost sharp result, namely that e,, is essentially (log n)1_7_1/ v, albeit
with a loss of (loglog n)l/ ¥ for the upper bound. A more substantial gap between
lower and upper bounds remained for 1 < v < 2. In [1] it was also noticed that
this gap could be closed if Pichorides conjecture [13] on the constant in the reverse
Littlewood-Paley inequality were proved; this however is still an open problem.
Nevertheless we shall use this insight to close the gap in [1].

Theorem 1.3. The embedding LGY(T) — exp L¥(T) is compact if either v > 1/2,
v<2 orv>2 v>1—v"l and there are the following upper and lower bounds
for the entropy numbers.

(i) For v >1/2, and v < 2,

4) en(LGY,exp L¥) ~ (logn)/?77.

(ii) Forv>2 and vy >1—v~1,

(5) en(LGY, exp LV) ~ (logn)' =7 1/7,

The lower bounds are known; for v < 2 they follow immediately from (3). It was
pointed out in [1] that for v > 2 the lower bounds follow from the L> lower bound
in (3) and L*™ — exp(L") Nikolskii inequalities for trigonometric polynomials.

We thus are left to establish the upper bounds for the entropy numbers. The idea
here is to embed the classes LG” into slightly larger classes LGgyad which contain
discontinuous functions but satisfy the same entropy estimates with respect to the
exponential classes. Instead of the Pichorides conjecture we shall then use the well
known bounds for a martingale analogue, due to Chang, Wilson and Wolff [2].
This philosophy also applies to the proof of Theorem 1.1; it has been used in other
papers, among them [7], [8], [5] (see also references contained in these papers).

Notation. If X, Y are normed linear spaces we use the notation ¥ — X to
indicate that Y C X and the embedding is continuous.

This paper. The proof of Theorem 1.1 is given in §2, and the proof of Theorem
1.3 in §3.

2. EMBEDDING INTO THE EXPONENTIAL CLASSES

We shall work with dyadic versions of the Besov spaces where the Littlewood-
Paley operators Lj are replaced by martingale difference operators. Let k be a
nonnegative integer. For a function on [0, 1] we define the conditional expectation
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operator
m2—k
Eif(x) = 2’“/ f®dt, (m—-1)27"%<z<m27% m=1,...,2"
(m—1)2—F
and define

Dy f(z) = Exf(z) = Ep—1f(z), k=1,
Do f(z) = Eof(x);
clearly both Eif and Dy f define 1-periodic functions and can be viewed as func-

tions on T. Note that the functions Dy f are piecewise constant and (typically)
discontinuous at m2=%, m = 0,...,2¥ — 1. We also observe that f = Y ko Def

almost everywhere for f € L.

Definition 2.1. Let 1 < ¢ < 2. The dyadic Besov-type spaces Eq(Bg;ad) consists

of all f € L(T) for which the sequence {||Df|lo0}52, belongs to £7; the norm is
given by

> 1/q
1l gz, = (30 IDRSIL)
k=0

Proposition 2.2. Let 1 < q < 2. Then

B, — L1(Bgy.q) -

This is easily reduced to the following estimate on compositions of the difference
operators with the convolutions ¢(D/)) for large A.

Lemma 2.3. Let A > 1 and k > 0. Let ¢ € C™ be even, with support in
(=2,—-1/2) U (1/2,2) and let Ly = p(A~1D). Then

(6) |ErLall o < Cmin{A"12%1}, k>0,

(7) IDeLa]| oo poe < Cminf{A™"2% X275} k> 1.

Proof. Use the notation ¢_1(s) = (2mis) " (s),¥1(s) = st(s) and observe that
¥, 1_1,1 are C*°—functions with compact support away from the origin so that

by standard E\l—theory the sequences £ — (A1), 1 (A7), b1 (A1) define the
Fourier coefficients of L!(T) functions, with L! norms uniformly in A. Therefore,

(8) AT D) flloe + [[9-1 (AT D) fllos + [¥1(AT D) flloso < Cll fllss -
In particular it is clear that ||ExLy|/pe~—r = O(1).

Now fix k so that 2 < X and let @, x = m27%. Then for = € [Ty k, Tmi1.k),

BLLaf(e) =2 [ o <Zw(A—1e> | e dyeWx> dz

1
Tk ez 0
27l (T, —Y) _ 627”[($m,k -y)

:2’“21/)(/\‘16)/0 < P fy)dy

LEZ

= 2N (91 (DN S s p) = 61 (D/N) )
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and (6) follows by (8).

Inequality (7) for 2¥ < ) is an immediate consequence and it remains to consider
the case 28 > \. Fix =, then ExLy f(x) is the average of £y f over an interval of
length 27% containing z. Thus, by the mean value theorem applied to Ej L f(x)
and E;_1 Ly f(x), we can write for k > 1

Dilaf(@) = £x7(a') — £xF(a") = (Lrf) (@) (o' — ")
where 2/, 2", ¥ have distance at most 27%+! from z. Now (£, f)' = M1 (D/)\) f and
thus
IDLalloe < 25 FIENF) lloo < CA2H] ]

O

Proof of Proposition 2.2. Let ¥y be a C°° function supported in (—4,4) which
satisfies ¥o(s) = 1 in (—2,2) and let ¥,, = ¥(27™) where ¥ is supported in
(—8,—1/8) U (1/8,8) so that ¥(s) =1 for |s| € (1/2,4). Then ¥, ¢,, = ¢, for all
n, so that ¥, (D)L, = L,, and we can write

sl = [2r X W (DL
n=0

’oo < Z ||Dk\IJ”(D)||L°°—>L°°HLanoo
n=0

<CY 2 L, £l

n=0

and therefore

||fH[q(B§;ad) <(C Z 9—m
m=0

{||Lk+mf||oo}2o:—mng < fllBg,-

We now introduce the square-function and the maximal function
)\ /2
()= (2 IDf@F) " Mo(f) = sup [Epf () — Eof ()],
k>0 k>0

resp., and recall the following deep “good A inequality” due to Chang, Wilson and
Wolft (Corollary 3.1 in [2]): There are absolute constants ¢ and C so that for all
A>0,0<e <,

(9) meas({z: Mo(f)(z) > 2X, &(f) <eA})
< Cexp(—e%)meas({m : ig}g |Exf(z)| > A}).

It is standard that this implies the inequality
(10) 1fllp < CvP ISl

for all p > 2, and some absolute constant C' > 1. Indeed, if we integrate out the L”
norms using the distribution function, where we observe that

{z : Mo(f)(x) > 22} C {z: WMo(f) > 2X, S(f) <eA}U{z: 6(f) > e},
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we obtain

| sup B S]], < WBofllp +2C/7ec | sup [y fI], + 27 |S()]],,

Now we choose € = ap~'/2 with a so small that 2Ce=c” = 1/2. Since Dy = Eg
is incorporated in the definition of the square-function, |f(z)| < supy |[Exg|(z) a.e.,
the asserted bound (10) follows.

The following interpolation result is a quick consequence of (10).

Lemma 2.4. There is a constant C' so that for 1 <s<2,s =s/(s—1),2<p<
oo, and all sequences {fr} of LP(T) functions,

0o , 1/
| Det] ) = 00 (D lnr) ™
k=0 k=0

Proof. The statement is trivial for s = 1, because of the uniform LP bounds for
the operators D;. We thus only need to prove the statement for s = 2 since then
the general case follows by complex interpolation. By a straightforward limiting
argument we may assume that fi = 0 for all but finitely many k.

We use that DiD; = 0 if k # [, and define g = > Dy fx. Then by (10)

ol = | g < ova(Smis) ]
l l

and since p > 2 we can use Minkowski’s inequality to bound this by

v Imal) " = eva( S imalz) < ova(Sia)
l . l

’
P

O

Theorem 1.1 is an immediate consequence of Proposition 2.2 and the following
imbedding result which is based on (10) (or rather the case s = 2 of Lemma 2.4).

Proposition 2.5. Let 1 < g < 2. Then

gq(BzZad) — €xp Lq/ .

Proof. We modify an argument from [1] (which was based there on the Pichorides
conjecture). Fix f € £9(Bgy, ) and let n — k(n, f) be a bijection of N U {0} so
that the sequence n — ||Dy (s, 5) f|loo is nonincreasing (in other words, we form the
nonincreasing rearrangement of the sequence {||Dg f]|})-

For p > 2 we need to estimate p~ /4[| f||,. Thus fix p > 2 and let N € N so that
p < N < p+ 1. We then split

N o0
F= Depf+ D>, Digpf=Inf+IInf.
n=0

n=N+1
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By Hoélder’s inequality

N N
HINpr < Z H]D)k(n,f)fnp < Z ||Dk(n,f)f||oo
n=0 n=0

el 1/q /
(1) <V DY (Y IDyn fI%) < O e

dyad)'
n=0

For the second term we get a bound in terms of the Lorentz-Besov type space
Eq’Q(Bg;ad) defined similarly as £9(Bg, ), but with the sequence space (¢ replaced
by the Lorentz variant £92. Since ¢ — (92 for ¢ < 2; this is a better estimate.
Note that

(12 [yl .. ~ (3 1Bk Al
n=0

‘We now use the case s = 2 of Lemma 2.4 to obtain

- 12 oo 1/2
\IIINfI\pSCp1/2< > H]D)k(n,f)szzJ) §0p1/2< 2 HDk(n’f)in’)
n=N+1 =N
/ oo ) 9\ 1/2
< Cp'/2N—1/2+1/a ( Z nl=%/4 Dk(n,f)fHoo) ’
n=N+1

and, since 1 —2/¢' =2/q¢—1 and p =~ N, we get from (12)
(13) p VNN fllp < Cllfleazsze,) < C' I f leaipze,,)-
Estimates (11) and (13) yield

[ fllexp o S W f lles(Bgs, )

and thus the assertion. O

3. ENTROPY NUMBERS FOR THE KASHIN-TEMLYAKOV CLASSES

We now give a proof of Theorem 1.3. As discussed in the introduction only the
upper bounds have to be proved. It will be advantageous to define larger “dyadic”
analogues of the LG classes.

Definition 3.1. Let v > 1/2 and let LG, 4(T) denote the class of L(T) functions
for which ||Dg f|lec = O(k™7) as k — oo. We set

1fllzey,,, = sup (k + 1)7 Dk foo-
k>0

We note that the classes LG7(T) consist of continuous functions provided that
v > 1. This is not the case for the dyadic analogue LGgyad(']I‘) as even the
building blocks Dy, f are piecewise constant and typically discontinuous at m27%,
m=0,...,2¥ — 1. We prove the following embedding result.
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Lemma 3.2. Fory >1/2
LG(T) = LG, ,q(T).

Proof. This follows easily from Lemma 2.3. Indeed let f € LGY(T), so that
ILnflloo S N fllLgy(1+n)~7. As in §2 we can write L, = ¥, (D)L, where the
operator D ¥, (D) has L>® — L> operator norm O(2~!*="!). Thus

’ oo

e fle = H]D’k DD f|| <O 2L
n=0 n=0

oo

<oy 271+ m) | f ey < C' L+ R) 7 fllzer

n=0

This proves the assertion. [

We now state a crucial approximation result which will be derived as a quick
consequence of Lemma 2.4.

Lemma 3.3. Let 1/2 <y <land0<v < (l1—7)"tory>1and0 < v < oo.
There is a constant C = C(vy,v) so that for M =1,2,. ..

M2, v<2,v>1/2,

—E expLv < C
sup ”f Mf” pLY = {Mll/uﬂy, v>2, > 1—p L.

<1
1l <

Proof. Consider f € LGy, 4, ”fHLG}yad <1, and write

F=Emf= ) DiDif.

k=M+1
By Lemma 2.4 we have for 2 < p < oo, and sy > 1

, o0 s 1/s
NS =Bl < o (3 mug))
k=M+1

< Cpl/slfl/y( i ||Dkf||zo)1/s < Cpl/sl—l/y( i (1—{—]@)757)1/9

k=M+1 k=M+1
< C(S, v)plfl/ufl/le/sfw.

If v < 2 then we may apply this bound for s = 2, v > 1/2 and get the bound
| f—Enrfllexp v = O(MY/277). If v > 2 we may apply it with s = v/(v—1) € (1,2),
indeed we have sy > 1 in view of our assumption v > 1 — v~!; the result is the
asserted bound ||f — Eps fllexp v = O(M*=1/v=7). O

We apply a result of Lorentz [11], ¢f. Theorem 3.1 in [12], p. 492. Here one
considers a Banach space X of functions, a sequence G = {g1, g2, ...} of linearly
independent functions whose linear span is dense in X. Set Xy = 0, and let, for
n > 1, X, be the linear span of ¢g1,...,¢g,. Let

Dy(x) = nf{[lz —yl| : y € X0}
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and let @ = (dg,d1,...) be a nonincreasing sequence of positive numbers with
lim,, o 05, = 0. Let

A)={r € X : Dy(x) < d,,n=0,1,2,...}

be the approximation set associated with 9, G.

Next let N (A(Dd)) denotes the minimal number of balls of radius € needed to
cover A(D). The following inequality for the natural logarithm of NV (A(?)) is a
special case of Lorentz’ result.

(14) log N.(A(2)) < 2nlog (%), ife >4,.

We apply (14) to prove the dyadic analogue of the upper bound in Theorem 1.3.

Proposition 3.4. The embedding LGgyad(T) — exp LY(T) is compact if v > 1/2,
v<2orv>2v>1-v~"! and we have

(15) en(LG Yy qqrexp LY) < Cllogn)Y?™7, ~v>1/2, v<2,
(16) en(LG 0 exp LY) < Clogn)'= """ ~v>1-1/v, v>2.

Proof. We set X =exp LY, and, forn =2 +j, j=0,1,...,2™ — 1, let g, be the
characteristic function of the interval [j2=M (j+1)2=M). If X,,, D, (x) are defined
as above then we note that Lemma 3.3 says that for f in the unit ball of LGzyad
we have
Dy (f) < Co(log(n +2))™"
where a = v —1/2 if v > 1/2and v < 2, anda = v+ v ! —1if v > 2 and
v >1—1/v. We now note that (14) implies that
(LG yuas exp L) < (log(n + 1))~

if n > Cnloglogn. As logn =~ logn the asserted inequalities follow. O

Conclusion of the proof. By Lemma 3.2 we have
(17) en(LG,exp L") < Ce, (LG4, exp L")

and the assertion of the Theorem 1.3 follows from Proposition 3.4. (]

Remark: We note that in the dyadic case, there are also similar lower bounds
matching (15), (16) for the entropy numbers e, (LG, 4, exp L”). These follow from
(17) and the known lower bounds for the entropy numbers for LG".
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