ENDPOINT MAXIMAL AND SMOOTHING ESTIMATES FOR
SCHRODINGER EQUATIONS

KEITH M. ROGERS AND ANDREAS SEEGER

ABSTRACT. For a > 1 we consider the initial value problem for the dispersive equation
iBu + (—=A)*/%y = 0. We prove an endpoint LP inequality for the maximal function
SUp,¢o,1) [u(, )| with initial values in LP-Sobolev spaces, for p € (2 +4/(d+1),00). This
strengthens the fixed time estimates due to Fefferman and Stein, and Miyachi. As an
essential tool we establish sharp LP space-time estimates (local in time) for the same
range of p.

1. INTRODUCTION

For a > 1 we consider LP estimates for solutions to the initial value problem
{ i0pu 4 (—A) =0
u(-,0) = f.
The case a = 2 corresponds to the Schrodinger equation. We will not consider o« = 1 which

corresponds to the wave equation and exhibits different mathematical features.
When f is a Schwartz function, the solution can be written as u(x,t) = Uf f(x), where

(1.1) Upf(&) =" f(¢)

with f({ ) = [ f(y)e "€ dy as the definition of the Fourier transform. The sharp endpoint

LP-Sobolev bounds for fixed t are due to Fefferman and Stein [11] and Miyachi [15]. Their

result states that for any compact time interval I and any p € (1, 00),

B 11
Uy <C , —=dlz-——;
Stlelllt) H t fHLP(Rd) LP,aHfHLg(Rd) a 2 1
this is sharp with respect to the regularity index 8 and can also be deduced from certain
endpoint versions of the Hormander multiplier theorem ([1], [19]).
We strengthen the fixed time estimates as follows.

Theorem 1.1. Let p € (2 + %, o0) and a > 1. Then, for any compact time interval I,

o B 1 1
(1.2) H Stlel? U f] HLP(Rd) S CI,p,aHfHL%(Rd)a o = d<§ — 5)

This implies pointwise convergence results; indeed we shall prove a little more, namely

if x € C°(R) then the function ¢t — x(¢t)U? f(z) belongs to the Besov space Bfml(R), for

almost every z € RY. In particular these functions are continuous (for almost every x) and
therefore this implies almost everywhere convergence to the initial datum as ¢ — 0.
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Our maximal function result is closely related to certain space-time estimates which
improve the regularity index. The first such bounds are due to Constantin and Saut [7],
Sjolin [21], and Vega [27] who showed that better L? regularity properties hold locally when
a € (1,00); namely, if f € LQ_(a_l)/z(Rd) then u € L2 (R¥*1). However, it is not possible
to replace the L?-norms over compact sets by L?-norms which are global in space. This is
known as the local smoothing phenomenon. For functions in L?-Sobolev spaces the various
local and global problems for smoothing and for maximal operators have received a lot of
attention, starting with [4]. We do not have a contribution to the L2-Sobolev problems but
rather consider corresponding questions with initial data in LP-Sobolev spaces for p > 2,
with p not close to 2.

In [17] the first author considered LP regularity estimates which are global in space but
involve an integration over a compact time interval I,

o 1/p
(13) (1w sipae)™ < culflugme.

This question was motivated by the similar (although deeper) question for the wave equation
(cf. [22], [28]). In [17], it was proven that (1.3) holds for « = 2 when p > 2+ 4/(d+ 1)
with 3/2 > d(1/2 —1/p) — 1/p. We remark that smoothing results of this type could also
be deduced from square-function estimates related to Bochner-Riesz multipliers such as in
[2], [6], [18] and [14] however these arguments do not apply when d = 1, and in dimensions
d > 2 they are currently limited to the smaller range p > 2 + 4/d.

The LP smoothing result in [17] was obtained from an LP — LP estimate for the adjoint
Fourier restriction (or ‘extension’) operator associated to the paraboloid, and the range
p>2+ ﬁ corresponds to the known range of L? — LP bounds for the extension operator;
see [9], [12] and [29] for the sharp bounds when d = 1, and [24] for the best known partial
results for d > 2. The reduction in [17] to the extension estimate used the explicit formula

- 1 » 2

eztA ) = /ezx—y /4t d

f(z) (i) f(y)dy

together with a ‘completing of the square’ trick; see [3] for a similar argument. Unfortu-

nately this reasoning is not available when o # 2.
We generalize to all @ > 1, and establish the endpoint regularity result.

Theorem 1.2. Letp € (2+ ﬁ, o0) and « > 1. Then, for any compact time interval I,

o Vp B 1 1y 1
(J 1) ™ < Copalflugmn, 5 =a(z-7) .

In Theorem 4.1 below we formulate a slightly improved version of this result which can
also be used to prove Theorem 1.1. We remark that for d = 1 our arguments also give the
analogous results for the range 0 < a < 1.

We mention an application in one spatial dimension where we obtain sharp estimates for
the initial value problem for the Airy equation

(1.4) Ut + Ugge = 0.

For f := u(-,0) a Schwartz function, we can write u(-,t) = U2 Py f + U3, P_ f, where P, and
P_ are the projection operators with Fourier multipliers X (g) and X(—,0), respectively.
Thus, for initial values in Lg the solution of (1.4) satisfies the sharp bound

3(p—14
Jullisn-ziy < CrluC- Ol =522, 4<p<os
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and if u(-,0) € LE(R) for any € > 0 with 2 < p < 4, then v € LP(R x [-T,T)).

The proofs will be based on the bilinear adjoint restriction theorem for elliptic surfaces
due to Tao [24]. In §3, having discussed the necessary conditions in §2, we combine Tao’s
theorem with a variation of a localization technique employed in [10] to prove LP estimates
for some oscillatory integrals with elliptic phases; this yields the smoothing estimate for
functions which are frequency supported in an annulus. In §4, we extend to the general case
by decomposing the Fefferman-Stein sharp function; here we use a variant of an argument
n [19].

Notation. Throughout, ¢ and C will denote positive constants that may depend on the
dimensions, exponents or indices of the Sobolev spaces, or the parameter «, but never on
the functions. Such constants are called admissible and their values may change from line to
line. We shall mostly use the notation A < B if A < C'B for an admissible constant C. We

may sometimes indicate the dependence on a specific parameter ¢ by using the notation <.
We write A~ Bif A< B and B < A.

2. NECESSARY CONDITIONS

Let 6 be a nonnegative and smooth function supported in {27! < |¢| < 2} and equal
to 1 in {2712 < |¢] < 21/2}. For large A, we consider initial data f, defined by f\(£) =
e~ HE1"9(A\~1¢) and note that, by a change of variables,

d
faa) = (%) / 6(¢)eHAn &N g

Thus |fy(z)] < A= >, by the method of stationary phase (keeping in mind that o # 1). O

the other hand, When |z| > A\~ by repeated integration by parts, there exists constants
Cy such that |fy(z)| < Cn(|z|]A1=*)~N for all N € N. Combining the two bounds, we see
that

d*daer(a 1)+
A3l zg gty 2 NIl Lo ey S A g

Next we consider U fy and compute

d

so when |z| < (10A)~! and |t — 1| < (10A%) ™1, we have |Uf fx(z)| > e\ for some positive

constant c¢. Thus,
1 1/p _dta
(/ 105 fal ) " > oxi= 5,
1—(10A2)~1

Comparing this with the upper bound for ||f)\||LZé(Rd), and letting A — oo, we see that

B/a > d(1/2 —1/p) —1/p is a necessary condition for (1.3) to hold when « # 1.

Note that alternatively one can argue that by Sobolev embedding any improvement in
the smoothing would give a better fixed time estimate than the sharp known bounds in
[11], [15], which is impossible.

The range p > 2 + 4/(d + 1) for the smoothing estimate in Theorem 1.2 is sharp for
d =1, and for d > 2 it is conceivable that it holds for p > 2 4 2/d, see [17].

For Theorem 1.1 however our range may not be sharp even in one dimension. We can
say that the maximal estimate (1.2) cannot hold when p < 2 4 1/d. This follows from the
necessary condition 5/« > 1/2p which we now show, modifying a calculation in [8].
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Let x be a nonnegative and smooth function supported in (—¢,¢) where € will be small
depending only on a. Let e; = (1,0,...,0) and define

ga(x) = ﬁ/x(kaTZIHAeﬂ)ei@@dg.

Then immediately

d(a—2) 1
lgallzy S AT G,

Now

1 a—2 ; «
UPan(@) = Gz [ XTI der el g
1
= —— [ X(\T [R])er @t gp
gt [ X0 e
where ¢y (x,t,h) = tAY| —e1 + h/AN|* + (x, —Ae1 + h). A Taylor expansion gives for |h| < A
bz, t,h) = tA* — z A + (x — taX* ey, h) + O(NY2h?)

where the implicit constants in the error term depend on «. The error term in the phase
is < 1 on the support of the cutoff function (provided that ¢ is sufficiently small).

Let 0 < ¢ < « and let R be the rectangle where 0 < 77 < eA®"!, and |z;] < A(a=2)/2
for i = 2,...,d. We define t(z) = a~'A\!"%x; for 2 € R so that t(z) € [0,1] for x € R,
and for ¢ R we may choose any (measurable) t(x) € [0,1]. Then for x € R, we have
|Ut°(lx)gA(x)| > coA~4=2)/2 and thus

_+w <ag2)d

| sup [UFgal ||, = 10 )gallp 2 A7
0<t<1
Comparing with the upper bound for HQAHLP leads to the condition 5/a > 1/2p.

3. LP ESTIMATES FOR OSCILLATORY INTEGRALS WITH ELLIPTIC PHASES

In the sequel, we will rescale inequalities for U when acting on functions with compact
frequency support. This process will give rise to the operator S defined by

(3.1) Sf(x,t) = S f(a,t) = (zi)d/ (€)e™© f(g)e! ™ dg

where x € C§°(U) and ¢ is elliptic; here a C*° function ¢ on an open set U in R? is called
elliptic if for every & € U the Hessian ¢” is positive definite.

We ask for LP(R?) — LP(R? x [0, A]) bounds for S. Note that for |[t| < 1 and x € C§°
the function ye? is a Fourier multiplier of LP, 1 < p < 0o, and consequently the question
is only nontrivial for large A.

Proposition 3.1. Let p > 2+ d,i+17 x € Cg°(U), and let ¢ be an elliptic phase on U. Then

ISl Lo @axi—any S A 2P £l 1o ga

The key ingredient will be Tao’s bilinear estimate for the adjoint restriction operator
[24] which applies to phases which are small perturbations of |£]?/2. We need to formulate
more specific assumptions on the phases allowed and follow [25]. Let N > 10d. We say
¢ : [-2,2]7 — R is a phase of the class ®(N, A) if [077 ¢(z)| < A for all z € [-2,2]? and
all |oj| < N, where j =1,...,d. To add an ellipticity condition we say that ¢ is of class
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(e, N, A) if ¢(0) = V¢(0) = 0, and if for all z € [-2,2]¢ the eigenvalues of the Hessian
¢"(z) liein [1 —e,1 4 €.
We define the adjoint restriction operator £ = £% by

Eh(x,t) = / e @OHE () de.
[_272]d

so that Sf = (277)_d5f7 where U = (—2,2)¢. Now Tao’s theorem can be stated as follows.
Suppose p > 2 + ﬁ. Then there exists an N (depending on d and p) and for A > 1 there
exists € = (A, N,d,p) > 0 so that the following holds for ¢ € ®(e, N, A): For all pairs of
L? functions hy, ho so that dist(supp (h1),supp (h2)) = ¢ > 0 the inequality

4
(3.2) H5h15h2Hp/2 Se lhllellhell2, p>2+ R

holds. In what follows we fix N, A and ¢ for which Tao’s theorem applies. The constants
may all depend on these parameters.

Lemma 3.2. Letp > 2+ ﬁ, let By, By C [~1,1]? be balls so that dist(By, Bs) > ¢, and
let ¢ € ®oy(e, N, A). Then for f, g with supp fC Bq, supp fC Bs,

HSf SgHLP/2(Rd><[()7)\]) Sep /\d(1_2/p)HfHLP(Rd)Hg”LP(Rd) .

Proof. Let Cy = 10(1+maxgc|_g 90 |[VA(E)]), and let 1,12 € CF° be supported in (-2, 2)% s0
that 71(£) = 1 on By and 12(£2) = 1 on Bs. Moreover assume that 1; and 72 are supported
on slightly larger concentric balls By, By with the property that dist(B, Ba) > ¢/2. We
also set

Pif=F"'mf], i=1,2.
Let K} = F~'[e®®n;x], for i = 1,2, so that
Sif(x,t) := SPf(x,t) = K{ * f ().
Then Sf Sg = S1f S2g. We first note that for all t € [-\, A]
(3.3) K ()] S o™, if 2] = CoX

This follows by a straightforward N-fold integration by parts, which uses the inequality
[Ve({@,&) +td(€))] = || /2if |x] = CoA, [t] < .

Now let Q(\) be a tiling of R? by cubes of sidelength A, and for each Q € Q()) let Q.
denote the enlarged cube with sidelength 2Cy A, with the same center as ). For each cube
we split each function into a part supported in Q) and a part supported in its complement.
Thus we can write

15 f SgHiﬁjzdem) =T+ II+IIT+1V
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where

I= Y [Silfxe.] S2loxo.]
QeQ(N)

= > ||Sifxq.) S2loxeae,]
QReQ(N)

1= [[Sifxeao.] S2loxe.]
QeQ()

Iv=3% |Sfxeng.] Seloxrag.]
QeQ()

The first term gives the main contribution and is estimated using Tao’s theorem, i.e. (3.2).
One obtains,

QReQ() Q

/ /
<3 |fxe. 025 (S leve ) (o)
Q Q Q

By Holder’s inequality,
1/p _ 1/p _
(X 0rxa. ) ™ s (1@ ifxa i) ™ 5 A1) g,
Q Q

and we have the same estimate for g. Thus I?/7 <, A¥1=2/P)|| f|l,||g|l, which is the desired
bound for the main term.

The corresponding estimates for 11, I11, IV are straightforward as we use (3.3) for the
terms supported in RY \ Q.. We examine II and begin with

/2 /2
[11] < Z 1511/ xq.] I[)/P(QX[O,)\])HSQ[QXRd\Q*] iP(QX[O,A])
QeQ(N)

1/2
4 <( X ISelliomy) (X ISlxeag]
QEQ(N) QeQ(N)

We use the trivial bound [|S1f(-, )|, < (1+ [¢])?] f|l, for f replaced with fxq,, so that the
first factor in (3.4) is bounded by (CA“Y| £||,)P/2. By (3.3) we get

Y [I152lgxea.]

QeQ(N)

p/2
Lr/2(Qx[0,A]) ?

p/2
Lr/2(Qx[0,A])

p/2
Lr/2(Qx[0,A]) ?

p/2
Lr/2(Qx[0,A]) *

27 Peloe. ]

2llgxa.

p )1/2
LP(Qx[0,A]) '

P )1/p
LP(Qx[0,A])

A B P 1/p _
SO L et = 2)iae] dwar) ™ S A1 g,
- JzeRd L |z|22

Hence [IT)2/7 <. A2@FD=N| £|l]lg|l,- As N > 10d this estimate is negligible. Because
of symmetry I is estimated by the same term. For the estimation of IV we proceed
in the same way but use (3.3) for both terms, the result is the (again negligible) bound
[TV PP < XN £ g - O

We now formulate an analogous result for functions with smaller frequency support and
smaller separation.
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Lemma 3.3. Letp > 2 + % and \'/?2 > 27 > 1. Let Q1, Qo C [—1,1]% be cubes of side
QA2 50 that dist(Q1, Q2) > e2IN2 and let ¢ € Doy(e, N, A). Then for all f and g
such that supp f C Q1, supp f C Q2,

47(2_d+ly 2
1S5 59/l o2 @asony Se 277 A7 1l Loy 9 ooy -

Proof. By finite partitions and the triangle inequality, we may suppose that Q1 and Q)2 are
balls of radius 2/A~1/2. We reduce matters to the statement in Lemma 3.2 by scaling. Let
&o be the midpoint of the interval connecting the center of the balls. We change variables
€ = & + 0n where § = 22A71/2. Then a short computation shows that

SO (x,t) = @8I GUF (5(2 + tVH(€0)), 0%) where fu(y) = F(6 y)e® W),
and the phase v is given by

1

1
Y(n) = 5/0 (¢" (&0 + sém)n, m)ds.

The same consideration is applied to S%. Note that 1 is elliptic (with estimates uniform
in & and 0) and the frequency supports of f, and g. are now separated, independently of
0, 7 and A. Thus we can apply Lemma 3.2 to obtain

1S%F %1 o2 (arpony = 0~ 2/ PI2SUEe SPGul Loz manions))

< 5 CAHD/P(\§2)A0=2/D)| £, |1 ]| g4l
< §2d—4(d+1)/pd(1-2/p) [ £llpllgllp-

As 6 = 27X~1/2 the assertion follows. O
We will also require the following lemma for when we have no frequency separation.

Lemma 3.4. Let p > 1, let Q C [—1,1]¢ be a cube of side \='/2, and let ¢ € ®(N, A).
Then for all f such that supp f C Q,

ISFC Ol pay S ey, 8 < A

Proof. Let {p be the center of the cube @), and let x € C§° so that x(§) =1 for [{| < Vd. Tt
suffices to show that x(A/2(¢ — £p))e??(©) is a Fourier multiplier of LP for all [t| < A, with
bounds uniform in t. By modulation, translation and dilation invariance of the multiplier
norm it suffices to check that h(-,¢) defined by

h(n,t) = y(n)e @O/ 2nt€8)=0(En) - (A1 *n.V6(ep)))

is a Fourier multiplier of LP, uniformly in [t < A. However this follows since 0;'h(n,t) =
O(1) for |t| < A as one can easily check. O

Proof of Proposition 3.1. By a partition of unity and a compactness argument it suffices
to show that for every {, € U there is a neighborhood U(&y) so that the statement of
the theorem holds with x replaced by xo € C§° supported in U(§p). Now let H be the
(symmetric) positive definite squareroot of ¢”(&p) and let

b(n) =72 (6(& +erH ') — ¢(&0) — e1(H ™', Vo (&))) -

Then it suffices to show that S¥ (defined with the amplitude y (& + e1H™1n)) satisfies
the asserted estimates, with a dependence on ;1. If £1 is chosen sufficiently small then we
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have reduced matters to a phase function in ®¢ (e, N, A) with parameters for which Tao’s
theorem and therefore Lemma 3.3 applies.

We now return to our original notation and work with a phase function ¢ but assume
now that ¢ € ®g(e, N, A); we may also assume that the amplitude function x is smooth
and supported in [—(2d)19, (2d)71%)7¢. We make a decomposition of the product Sf Sg
in terms of bilinear operators, localizing the frequency variables in terms of nearness to the
diagonal in (&, n)-space; this is similar to arguments in [13], [20] and [25].

Let xo be a radial C$°(R?) function so that xo(w) = 1 for |w| < 84/ and so that supp xo
is contained in {w : |w| < 16d*/?}. Fix A > 1 and set

O0(&,m) = xo(A*(€ =)
0;(&:1m) = xo(\'*277 (€ — ) — xo (NP2 (E =), j =1,
so that ©g is supported where |£ — 7| < 16dY/2\=1/2 and, ©; is supported in the region
4d 22 \7V2 L ¢ — | < 16dY /22012,

We may then decompose

SfSg =Y Bjlf.g)
520
where

BilF.al(w.t) = g [ [ XS0 2000 € ) i dedn

Only values of j > 0 with 2/ < A'/2 will be relevant, as otherwise B; is identically zero. We
will prove the estimate

45(d_dtly 2 2(d+3
(3.5) 1Bl < (2 2 I lblal, W) )y,
p/2 ~ 9i(d=3)\ 3 9llp, 4<p< oo,

and use this to bound
1/2
1S ooqeesiony = NP aganiony < (2 B Allp2) s
0<j<logy (AL/2)

and then sum a geometric series.
In order to prove (3.5), we decompose B; into pieces on which we may apply Lemma 3.3.
Let ¥ € C5°(R?) a function supported in [—3/5,3/5]%, equal to 1 on [~2/5,2/5]¢, and

satisfying
d 9 -n)=1
nezd

for all £ € R%. For j > 0, n € Z%, define

Bin(§) = 9(A/?279¢ —n)
and, for (n,n’) € Z¢ x 74,
75‘]’,71,71’ (f? 77) = Gj (fa n)ﬁj,n(@ﬁj,n’(n)-
Observe that 3;,, ;s are supported in cubes @Q;,, @;, which have sidelengths slightly

larger than A\~1/227 and that are centered at the points Eim = A~1/22ip and Ejm =
A~Y22ip/ | respectively.
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Now let
Ao ={(n,n') € Z*x 2% : |n —n'| < 18d"/?},
A={(n,n)ez?x2:2d"% < |n—n'| <1842}

Then if ¥ ,, . is not identically zero then we necessarily have (n,n’) € Ag and if, for j > 1
the function ;,,, is not identically zero then we necessarily have (n,n’) € A. These
statements follow by the definitions of our cutoff functions. Moreover,

dist(Qj.n, Qjr) < 18dY229N712 if (n,n') € Ay,
and
271229\ "12 L dist(Qjn, Qi) < 18dY220X7Y2 if j > 1 and (n,n') € A,

For the application of Lemma 3.3 it is convenient to eliminate the cutoff ©; but still keep
the separation of the supports of 3;, and 3;,/. Set, for j > 1,

B,lf, gl(z,1) e / / i) OO N 3 ()8 () F()G(n)dEdn
n,n' €A

and define Bo[f, g] similarly by letting the (n,n/) sum run over Ag. The reduction of the
estimate for B; to the estimate for B; is straightforward; by an averaging argument. Indeed,
let x1 = x0 — x0(2-) and use the Fourier inversion formula

7 / ()N ey >

6j(€777) = (27‘(‘)

then

5119 = Gy | DBl sl

where f_,(z) = f(z + A\'/2277y) and g,(z) = g(z — \/?277y). A similar formula holds for
J =0, only then x; is replaced with xo. Thus in order to finish the argument it is enough
to show that ||B;[f, g]l|,/2 is dominated by the right hand side of (3.5).

Define convolution operators P;, by P;, f ﬁj,nf Note that for fixed j, each ¢ is
contained in only a bounded number of the sets @, +Q; /. This implies, by interpolation
of £2(L?) with trivial £}(L') or £°°(L>) bounds that, for j > 1, p > 2,

ng[f?g]HLP/2(Rd><[O,)\])
< max{1, (2270} (57 ||SPyf SPiwg

nn'€A

2/p
}LP/Q(RdX[O )\])) :

The analogous formula for 7 = 0 holds if we replace A by Ag. Notice that for all j,
1/p
(3.7) (D 1P f15) " S Al p>2.

Now if j = 0 we use Lemma 3.4 to estimate

1S Pouf -+ 8) SPo.uwg (s O 12 gay S 1SPonf () Ipll S Porg (-, )l
S 1Ponfllpll Poswglly:
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hence, after integrating in ¢,

~ _ 2/p
1Bolf. 1]l oo, S a1, X1/2 2/p)})‘2/p< >, |]P07nf|]§/2HPO’n/gHg/2>

n,n'€Ag

< max{1, \11/2-2/p)} \2/p ( > |\Po,nf|\,’$> v ( > HPo,nfgllﬁ) Up.

The asserted bound for j = 0 follows from (3.7).
Next for j > 0 we use Lemma 3.3, and thus the assumption p > 2 + d%, and estimate

(d_d+1
ISPy f SPjwg 2SN By ol P gl

’LP/?'(RdX[O,A}) N

Therefore by (3.6)

ng[f’ g]‘ LP/2(RAx[0,)])

. d_ dil 1/ 1/
< max{1, (}\1/2273)d(174/p)}24j(§ dﬁl))ﬁ/p(z HPj,anﬁ) p(Z HPjﬂ/g%) P
and again the asserted bound for ||g] [f, 9llp/2 follows from (3.7). O

4. ESTIMATES FOR exp(it(—A)*/?)

We now prove the endpoint estimates of Theorems 1.1 and 1.2. First we remark that by
various scaling and symmetry arguments we may assume that I = [0, 1].
Consider xo, x € C°(R) supported in (—2,2) and (1/2,2), respectively, such that

xo+ Y x(@27F)=1
k>1

We define the operators T = T}, by
Tof (+,1)(€) = xo(I€)e™ " F(&),

Tif(+.1)(€) = x(27MEDe"™ " Fle), k=1,
so that U =3 ;-0 Tk(+, 1)
Our main result is the following inequality for vector-valued functions {f;}3, € ¢°(LP).

Theorem 4.1. Letp € (2—|—d;i1,oo), a#l,d=1lora>1,d>2 andﬁzad(%—%)—g.
Then

(4.1) H kgo (/01 y2—kﬁkak(.,t)lpdt)1/p ‘ s < (;}0 kallg)l/p.

The proof will be given in §5. We now discuss the implications to Theorem 1.1 and 1.2,
in fact strengthened versions involving Triebel-Lizorkin spaces Fj , and Besov spaces Bh .
Here the norms on these spaces are given by the LP(¢?) and ¢4(LP) norms (resp.) of
the sequence {2F*L;, [}y, with the usual inhomogeneous dyadic frequency composition
I=> k>0 Lk See [26]. The following corollary is an immediate consequence of Theorem
4.1, by Minkowski’s inequality and Fubini’s theorem.
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Corollary 4.2. Let p, a, 3 be as in Theorem 4.1. Then

1/p
/HUtfH ) 1l moy

This 1mphes Theorem 1.2 since for p > 2 the space B =F g , contains the Sobolev
space L, = I ﬁ 5, via the embedding 0?2 — (P followed by the Littlewood-Paley inequality,
and by the same reasoning F, is imbedded in L = Fj,. We remark that a similar sharp

inequality for the wave equation is proved in [16], in sufficiently high dimensions.
Another consequence of Theorem 4.1 is

Corollary 4.3. Let p, «, be as in Theorem 4.1. Let t — 9(t) be smooth and compactly
supported. Then

(4.2) | 96)

)gHBl/ al )’LF(Rd) S HgHBP p(RY) /y:ad(l/Q_l/p)'

Theorem 1.1 is an immediate consequence of Corollary 4.3 since the Besov space B} Ipid (R)

is continuously embedded in the space C° of continuous bounded functions which vanish
at infinity.

To see how Corollary 4.3 follows from Theorem 4.1 we introduce dyadic frequency cutoffs
in the ¢ variable. We decompose the identity as I = ., L; where E/;f(T) = )@-(T)f(T)
where Y; = X(277| - |) for j > 1, with a suitable ¥ € C§° supported in (1/2,2) and X is
smooth and vanishes for |7| > 2. Now we apply L; to 9T)g. If 2072k ¢ (2710 210) then we
apply an integration by parts in s to terms of the form

/ / N2 ) (2 H (e O+ / 9(s)ei* =7 ds ddr.

One finds that for this range the contribution of £;[¥T}g] is negligible; namely
1/ . .
([ ] 1eitomiglo slpards) " < O minga e, 2738 g, it 272" ¢ (2779,219)
R JRd

Thus a localization in & where |£] ~ 2¥ corresponds to a localization in 7 where |7| ~ 2.
We combine this with Theorem 4.1 applied to f, = 28+k/P» F=1[y(27F| . |g] and obtain

. N 1/p
|20l g (S )

which is (4.2).

5. PROOF OF THEOREM 4.1

The localization of the multiplier near the origin Tp is easily handled as
17 xo(| - e ]| < €
uniformly for ¢ € [0,1]. To see this, since F~[xo(| - |)] € L', it suffices to show that for ¢
supported in (1/2,2), the L' norm of F~ xo(e*I" —1)p(2¥| - )] is O(2*) for k > 0. But

by scaling this follows from showing that the L* norm of F~[xo(27%-)(¢/2 11" —1)¢(- )]
is O(27%) which follows from the standard Bernstein criterion.
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Now, by scaling and Proposition 3.1 with A ~ 2°% ¢/ = {£ : 1/2 < |¢| < 2} and
o(&) = [£]*, we have already proven the estimates
6.0 T sy S 2l B> 50) = ad(3 - ) =2
fork>0andp>2+di+1.

It suffices thus to show that if (5.1) holds for all £ > 0 and all p > ¢, then (4.1) holds for
all p € (g, 00). Due to our restriction on (5.1) we let ¢ = 2 + di+1 and fix 2 4+ di+1 <r<p.
We can make the additional assumption that the k sum on the left hand side is extended
over a finite set (with the constant in the inequality independent of this assumption); the
general case then follows by the monotone convergence theorem.

For later reference we state a Sobolev inequality which is proved linking frequency de-
compositions in ¢ and 7 and Young’s inequality (just as in the argument used in §4 to
deduce Corollary 4.3 from Theorem 4.1). Namely

(5.2) I Tef 1| 22p0,1)]

holds for » < p < oo (including the endpoint). Alternatlvely one can also apply the
fundamental theorem of calculus to |Tj f(x,-)|" (see e.g. [23]) to get (5.2) for p = oo and
the general inequality follows by convexity.

The main ingredient in the proof of (4.1) (besides (5.1)) will be the Fefferman-Stein
sharp function [11] and their inequality

11l < 1715,

where p € (1,00) and a priori F € LP. We apply this to >, 27 %@ T}, f. (2, Mz
and by (5.1) this function is a priori in LP as the sum in k is assumed to be finite. Thus
it will suffice to prove that

sup XQ‘22_kﬁ(p)||kak(y")HLf[OJ} — )éZTW(p)HT’“f"?(Z’ Mo, d2
k>0

T€Q k>0

L 52 70 I £ o,

is dominated by C'(3_ . || fel))Y/P. Here the supremum is taken over all cubes containing
x, and the slashed integral denotes the average |Q|~! fQ' By the triangle inequality the
previous bound follows from

_ 1/p
sup {3 2T A ) - Tl agondads], < (3 1)
z€EQ Qk>0 Q Lz k

Denoting the sidelength of @ by ¢(Q), we observe that, by Minkowski’s inequality, this
would follow from the inequalities
1/p
, < (X lp) ™
k

sup}[ Z )[ “ROWN\ Ty fro(y, ) — T fie(2, Mo

€@ JQ orp )<t

1/p
G sl S O e ], < (1)
T€Q JQ gy () >20k k
and
- 1/p
G5 s 20T ity M agioa o], < (3 15e1E)
veQ QQak>2ke(Q)>1 %
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First we handle (5.3) and (5.4) by standard estimates and then prove the more interesting
inequality (5.5).

Proof of (5.3). It is enough to consider cubes @ of diameter ~ 27 with x,y,2z € Q and
j+k <0. Let H, = F'[X(27%| - |)], where X is smooth, equal to one on (1/2,2), and
supported in (1/3,3). Then

2kd

H A —

with large N > 10d. Thus
Ty 0) ~ Tifiert) = [ [Huly = w) = Hile = w) Tefelw,)du
// 2), VH(z + s(y — z) — w) T fe(w, t)) ds dw

which is controlled by a constant multiple of

oItk 2% T, t)|d

1+ 2k|z — w|)

Thus, using the embedding /P < ¢*°, the right hand side of (5.3) is bounded by

okd p\1/p

23+k/ 9—kB()|T . ‘ ’ ‘
H(Z‘ H (1+2k’_w|)]\[ ‘ kfk(wa )’dw 20,1] ) Lp

0<k<—j
(n+3)(d=0(p)) v
9—(n+j P
< n . .

22 Z H/ 14+ 92— n—‘r])‘ ’)N’Tf("+3)f*(n+J)( )’d ‘ Lr(Rx[0,1])

n=0
1/p

SR I sl oy Sy (RIx[0,1])

n=0 j<—-n
By (5.1) the last expression is dominated by a constant times
_ 1/p 1/p
S22 (X Iwall) S (0 1elE)
n>0 j<-n k

and (5.3) is proved.
Proof of (5.4). For a fixed t, the operator T} has convolution kernel K}, given by

Ki) = oo [ X921
W= Ty
Let C(a) =1if a € (0,1) and let C(a) = a2*7 ! if a € (1,00), and define
Bi(a) = {o : [2] < 4C(a)2HD).
Integration by parts yields favorable bounds in the complement of this ball. Observe that
Ve (28(z, &) +2°%¢[€|*)| > ca2V|z] if z ¢ Bi(a), te[0,1],
and we obtain
(5.6) |KE(z)] < Cn2R(1 4+ 28 |2)) ™ if 2 ¢ Br(a), te[0,1].

Consequently the main contribution of K}(z) comes when |z| < 4C/(a)2k(@=1),
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We prove the estimate (5.4) by interpolation between

sup )[ > 2Ty agpondy|_ S supllfills
T€Q JQ gy >0k k

and

/T
sup )[ > 2Oy ) gy S (S ul) ™
2’“[ &

z€Q )20k

Where2+ﬁ <r <p.
Now, as B(p) > B(r) —I—()z(% - %), the L" bound is proven by applying Holder in k, followed
by the inequality

;sup)[(zz OV IT iy pen) dyHM(anku)

This is a consequence of the L™-boundedness of the Hardy—Littlewood maximal operator,
the interchange of the spatial integral and the sum, an application of (5.2), followed by
Fubini and the estimate (5.1) (for the admissible exponent r > 2 +4/(d + 1)).

To prove the L* bound, we let Q* be a cube with the same center as @) satisfying
£(Q*) = 10dC(«)4(Q). By Minkowski’s inequality it will suffice to prove that

(5.7) }( > 27T fuxo ) (ws e dy S sup | filloo
2’% )>2ak k

and

(5.8) f > 27T faxgage) (0, o dy S sup | filloo
Q kg (Q)>20k k

uniformly in Q.
To prove (5.7), again we apply Holder a number of times and (5.2);

){2 > 2 O T [ fixar )9, ) arondy
— a——— /
SlQH et ([ 17l ). Mg0,0)

A re—kB(r , 1/r
S sup Q) Hrg kit )</||Tk[kaQ*](?Ja -)HL;[o,l]dy)

—1/r - 1/r
< sup | Q)| Y (/|kaQ*| daz) < sup || fxlloos
k k

where the third inequality holds again by the L" version of (5.1).
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For (5.8), we note that as £(Q) > 2¢(*~1) and the function is supported in the comple-
ment of Q* we can use the rapid decay in formula (5.6). We have that

)/ S 20 Ty fuxgn o)l o d
2k€

)>20k

sow [ [ ety =gt

2kd
This concludes the proof of (5.4)

Proof of (5.5). We let (;(x) = (d2/)~% if |x| < d27 and (j(z) = 0 if |z| > d2/. Replacing
cubes by dyadic balls we see that (5.5) follows from
1/p
s () ™

(5.9) Jsw e D2 2PN full g,
J k+5>0
(a—1)k>j

Now, for fixed k we cover R? by a grid Rz_l consisting of cubes of sidelength 25(@=1) For
cach R € R¢™! let R* be the cube with same center as R and sidelength C(v)2k(a—1)+10d
where C(«) is as in the proof of (5.4)

For R € szl we let ¥ = xrfr. We may then split the left hand side of (5.9) as I+ 11
where

dy
Lf [0,1]

< sup S sup || fk||oo-
k k

[e.9]

I= HSI;p ¢ * [ Z 2 kB Z Xr T fE 70, 1]”

k+7>0 a—1
(a—1)k>j RER}

and I is the analogous expression where - is replaced with Xga\ g
By Hardnyittlewood Minkowski, Fubini, (5.6) and Young’s inequality, we dominate

k>0

RGRQ 1 Lr RdX[O 1])
p 1/p
s ([ s S 1) ay] dd)
142 |aj—y’)

k>0 Rt
o0 S g8 ssuwlnde s (i)
~ k|, ~ Sl;p kllp S k5

k=0 ReRO™! .

Concerning the main term I we use the imbedding ¢ — £°°, interchange a sum and an
integral, and apply Minkowski’s inequality, so that
> 1/p

15 (o] X 20 3 Tl |
J kg >0 ReRO™?
Now for R € RY™!, R* has sidelength greater than 27, so for fixed k the functions ¢; * -
have bounded overlap, uniformly in k. Setting n = k + j > 0 and applying Minkowski’s

inequality, we get
<Y
n>0

(a—1)k>j
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where )
e p \1/p
L= X 2| G T £ o], )
j<n ReRy! ’
As before choose r so that 2 + ﬁ < r < p. It will suffice to show that
_nd(i_1 1/p
(5.10) I, 27 ;’)(Z kaHﬁ) :
k

Observe that by Young’s inequality the convolution with ¢; maps L"(R%) to LP(R?) with
operator norm O(2-741/7=1/p)) Moreover by (5.2) we have

s 1_1
< gn=daG=3) ||Tn_jf§_jHL:[o,uH

R
|17s £ o,

Thus we can bound
In < ( Z 2—jd(%—%)P2(n—j)O¢(%—%)pZ—(n—j),@(p)p Z HTnfjff—A
J ReRﬁZ;

which, by (5.1), is

3=

p
LT(RdX[O,ID>

1

—ad(i-_1 i 1_1 s o >

< <22 Jd(5 =g (n=i)a(y—3)Po—(n—5)B(p)p Z 9(n J)ﬁ(?‘)prfﬁjHi’)P'
j RERY”!

Since f_- is supported on the cube R of size 2("=9)(@=1d we gee by Holder’s inequality
that the last displayed expression is dominated by a constant times

(Z 9=dd(3 = )Po(n=i)a(} =3 )pg—(n—7)B(p)pe(n—1)B(r)py(n—i)(a=1)d(; — 3 )p Z 12 Hp) %
n=Jjllp
j RERS”!

Now this simplifies, after summation in R, to
1 1/
L 527D (Y I fasly)” <027 (S Il)
J k

This finishes the proof of (5.10) and thereby (5.5) and concludes the proof of Theorem 4.1.
O
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