RIESZ MEANS ASSOCIATED WITH CONVEX DOMAINS IN THE PLANE

Andreas Seeger Sarah Ziesler

1.Introduction

Let Ω be a bounded open convex set R^2 which contains the origin. Let ρ be the associated Minkowski functional defined by

ρ(ξ) = inf { t > 0 : t^{−1}ξ ∈ Ω}. We shall investigate the Riesz means of the inverse Fourier integral associated with Ω

(1.1) R_{λ,t}f(x) = 1 (2π)^2 ∫ ρ(ξ)≤t ( 1 − ρ(ξ) t )_λ ^ f(ξ)e^{i⟨ξ,x⟩}dξ; here our definition of the Fourier transform is ^f(ξ) = ∫ f(y)e^{−i⟨y,ξ⟩}dy. For t = 1 we also set R_λ = R_{λ,1} and refer to R_λ as the Bochner-Riesz operator associated with Ω. Note that for λ = 0 the Riesz means R_{0,t} are just the partial sum operators associated with the sets tΩ, t > 0, while for λ = 1 one recovers the Féjer means, namely the averages R_{1,t} = t^{−1} ∫_t 0 R_{0,s}ds. The objective is to prove that R_{λ,t}f converges to f in L^p(R^2 ), for suitable 1 ≤ p < ∞; for p = ∞ one has to replace L^∞ by the space C^0(R^2 ) of continuous functions with lim_{|x|→∞} |f(x)| = 0. The main step is to establish the L^p boundedness of R_λ (and, equivalently, of R_{λ,t}).

If Ω is the unit disc in R^2 explicit calculations show that the convolution kernel of R_λ belongs to L^p(R^2 ) if and only if λ > 2/p − 3/2. In particular R_λ is bounded on L^p for 1 ≤ p ≤ ∞ if λ > 1/2 (a result which goes back to Bochner), moreover R_λ is unbounded if p /∈ (p_λ, p^′_λ) where p_λ = 4/(3 + 2λ) and p^′_λ = p_λ/(p_λ − 1) is the conjugate exponent. Fefferman [6] showed that the partial sum operator R_0 is bounded on L^p if and only if p = 2. The best possible result for all λ ∈ (0, 1/2) was proved by Carleson and Sjölin [3] who obtained L^p boundedness for p_λ < p < p^′_λ (see also Fefferman [6], Córdoba [4] for different proofs).

Various generalizations of these results have been considered in the literature; in particular Sjölin [19] proved the analogous L^p inequalities for Bochner-Riesz multipliers associated to an arbitrary compact C^∞ curve in the plane.

In this paper we consider the case of Riesz means associated with convex domains, with no extra smoothness assumption on the boundary Ω. Only the Féjer means have been considered in this generality; see [12] where L^p boundedness for 1 ≤ p ≤ ∞ is proved. We shall in fact show that all the above mentioned sufficient results for the unit disc remain true in our more general setting; these results are necessary and sufficient for convex sets with smooth boundary. Moreover we shall show how these results can be improved for some classes of convex domains with nonsmooth boundary.

In order to formulate this improvement we need to introduce a version of upper Minkowski dimension of the boundary ∂Ω with respect to a suitable families of caps or “balls”. The use of

The first author was supported in part by a grant from the National Science Foundation. The second author was supported in part by a grant from the Faculty of Arts, University College Dublin.

Typeset by AMS-TEX 1

these families is motivated by the estimates of Fourier transforms of measures carried by convex surfaces, see Bruna, Nagel and Wainger [2].

Let P ∈ ∂Ω and let ℓ be a line through P . Let H_0(ℓ) be the closed half-plane with boundary ℓ which contains the origin. We say that ℓ is a supporting line for Ω at P if Ω ⊂ H_0(ℓ) and denote by T (Ω, P ) the set of supporting lines for Ω at P . Note that T (Ω, P ) consists precisely of the tangent line through P if Ω has a C^1 boundary.

Let P ∈ ∂Ω. For any supporting line ℓ through P and δ > 0 we define (1.2) B(P, ℓ, δ) = {Y ∈ ∂Ω : dist(Y, ℓ) < δ}. Let B_δ = {B(P, ℓ, δ) : P ∈ ∂Ω, ℓ ∈ T (Ω, P )} and let N(Ω, δ) be the minimal number of balls B ∈ B_δ needed to cover ∂Ω. Let

(1.3) κ_Ω = lim sup_{δ→0} log N(Ω, δ) log δ^{−1} ; this is our version of upper Minkowski dimension. It is not hard to see (cf. Lemma 2.3 below) that 0 ≤ κ_Ω ≤ 1/2.

In what follows Ω will always be an open convex set in R^2 containing the origin. Our main result is: Theorem 1.1. Suppose that 1 ≤ p ≤ ∞, λ > 0 and λ > κ_Ω(4|1/p − 1/2| − 1). Then R_{λ,t} is bounded on L^p(R^2 ).

Suppose f ∈ L^p(R^2 ) if p < ∞ and f ∈ C^0(R^2 ) if p = ∞. Then lim_{t→∞} ‖R_{λ,t}f − f‖_p = 0. The L^1 result of Theorem 1.1 has the following counterpart for pointwise convergence which follows from the weak type (1,1) bound for the appropriate maximal operator.

Theorem 1.2. Suppose that f ∈ L^1(R^2 ), λ > κ_Ω. Then lim_{t→∞} R_{λ,t}f(x) = f(x) almost everywhere.

It is well known that Theorem 1.1 is sharp if the boundary of Ω is smooth; then R_{λ,t} is bounded on L^p if and only if λ > max{0, 2|1/p − 1/2| − 1/2}; in fact the necessity of this condition follows from Theorem 3 in [11] if Ω has merely C^2 boundary. This is the minimal smoothness assumption to ensure κ_Ω = 1/2 since for every α ∈ (0, 1) there exist convex domains Ω with C^{1,α} boundary and κ_Ω = α/(α + 1) < 1/2. In §4 we construct domains with this property for which Theorem 1.1 is sharp:

Theorem 1.3. Let 0 < κ < 1/2. Then there exists a convex domain Ω_κ with C^{1, κ1−κ} boundary satisfying κ_Ω = κ so that for 1 ≤ p < 4/3 the operators R_{λ,t} associated to Ω are bounded on L^p(R^2 ) if and only if λ > κ(4/p − 3).

Remarks. 1. If Ω has a C^∞ boundary then Theorem 1.1 is a special case of Sjölin’s theorem [19] (the previously proved Carleson-Sjölin theorem [3] covered the case of domains with nonvanishing curvature; see also [9] for the case of finite type curves). If Ω has C^2 boundary then there is a point on ∂Ω where the curvature does not vanish and working near this point one easily checks that κ_Ω = 1/2 in this case. We remark that Sjölin’s proof relies on the assumption γ ∈ C^∞ since it uses approximation to reduce the general case of smooth functions to the case of polynomials. It would be interesting to investigate whether the smoothness assumption is needed in the nonconvex case. 2

2. Podkorytov [12] showed L^1 convergence of the Féjer means (for λ = 1) associated to arbitrary convex domains; this can be improved to the condition λ > 1/2 (since κ_Ω ≤ 1/2 in Theorem 1.1). A different extreme case occurs when κ_Ω = 0, in particular if Ω is a convex polygon. This particular case was considered before; Podkorytov [13] proved L^1 convergence for Riesz means R_{λ,t} associated to arbitrary (not necessarily convex) polyhedra in R^n , for every λ > 0. The corresponding result for pointwise convergence was worked out by one of the authors in [17] using the method in [13] and a result by E. Stein and N. Weiss [22] on adding weak type functions; cf. also the more recent paper [1].

3. Intermediate rates for Lebesgue constants of trigonometric series, for certain polygonal domains in the plane with infinitely many vertices, were found by Podkorytov [14], and by A. and V. Yudin [24]; their examples are related to the example discussed in §4.

4. Let 1 < p_0 < 4/3. It would be interesting to find convex domains for which R_λ is bounded in L^p for all λ > 0 if and only if p_0 < p < p^′_0.

5. Our method also applies to multipliers of the form χ(ξ)(ξ_2 − γ(ξ_1))^λ_+ if γ is a convex function or χ(ξ)dist(ξ, Γ)^λ if Γ is a convex curve; here χ ∈ C^∞_0 . Moreover the subordination formula (4.19) below allows the extension to more general multipliers of the form m ∘ ρ.

Notation: The Fourier transform of f is denoted by ^f, the inverse Fourier transform of f is denoted by F^{−1}[f]. By C^0 we denote the space of continuous functions with lim_{|x|→∞} |f(x)| = 0. By C^∞_0 we denote the space of smooth functions with compact support. By C^{1,α} we denote a space of differentiable functions whose derivatives are Hölder continuous with exponent α. Given two quantities A and B we write A ≲ B if there is a positive constant C, such that A ≤ CB. Such constants may depend on the number M in (2.1) below. We write A ≈ B if A ≲ B and A ≳ B.

Acknowledgement: The second author would like to thank both Carlos Kenig and Tony Carbery for valuable conversations relating to this work.

2. Convex sets and plane geometry

Let Ω be an open convex domain in R^2 containing the origin. Since the statements of Theorems 1.1 and 1.2 are invariant under dilations and since ρ is homogeneous of degree 1 it is no loss of generality to assume that the closed ball of radius 4 centered at the origin is contained in Ω. Then there is an integer M ≥ 3 so that (2.1) {ξ : |ξ| ≤ 4} ⊂ Ω ⊂ Ω ⊂ {ξ : |ξ| < 2^M }; this is henceforth assumed.

Let u_⊥, u be orthonormal unit vectors, so that det(u_⊥, u) = 1 and define the half strip (2.2) S_u = {ξ : |⟨ξ, u_⊥⟩| ≤ 2, ⟨ξ, u⟩ ≤ 0}. We now give some properties of the boundary ∂Ω relying on elementary facts on convex functions (see e.g. [10, §1.1]).

Lemma 2.1. ∂Ω ∩ S_u can be parametrized by (2.3) t → tu_⊥ + γ(t)u, −2 ≤ t ≤ 2 where (i) (2.4) −2^M < γ(t) < −2, −2 ≤ t ≤ 2. 3

(ii) γ is a convex function on [−2, 2], so that the left and right derivatives γ^′_L and γ^′_R exist everywhere in (−2, 2) and

(2.5) −2^{M−1} ≤ γ^′_L(t) ≤ γ^′_R(t) ≤ 2^{M−1}

for t ∈ [−2, 2]. The functions γ^′_L and γ^′_R are increasing functions; γ^′_L is left continuous and γ^′_R is right continuous in [−2, 2].

(iii) Let ℓ be a supporting line through ξ ∈ ∂Ω and let n be an outward normal vector (e.g. normal to ℓ). Then (2.6) ⟨ξ, n⟩ ≥ 2^{−M} |ξ|.

Proof. By assumption (2.1) the line segment {su_⊥ : |s| ≤ 4} is contained in Ω. Now fix s with |s| ≤ 2 and consider the ray {su_⊥ − Ru : R > 0}. For any point P ∈ Ω which is on this ray the line segment connecting P to su_⊥ also belongs to Ω. Hence there is exactly one point on this ray, which is also a boundary point. Therefore there is a function t → γ(t) on [−2, 2] so that ∂Ω ∩ S_u can be parametrized by (2.3) and (2.4) is satisfied. Then γ is a convex function; for the existence and continuity properties of left and right derivatives see [10, §1.1].

In order to obtain the bounds on the derivatives fix t_0 ∈ [−2, 2]. One notes that the intersection of Ω and the ray through t_0u_⊥ +γ(t_0)u starting at 4u_⊥ is precisely the line segment connecting those two points; an analogous statement holds with 4u_⊥ replaced by −4u_⊥. This implies for t, t_0 ∈ [−2, 2] that

γ(t_0) 4 + t_0

(t − t_0) ≤ γ(t) − γ(t_0) ≤

−γ(t_0) 4 − t_0

(t − t_0), t_0 ≤ t,

γ(t_0) 4 − t_0

(t_0 − t) ≤ γ(t) − γ(t_0) ≤

−γ(t_0) 4 + t_0

(t_0 − t), t ≤ t_0,

and (2.5) follows from (2.4).

In order to see (2.6) we choose u = ξ/|ξ| and parametrize ∂Ω near ξ by (2.3) (the function γ depends of course on u). The vector n is given by n = 1 √ 1 + σ^2

(σu_⊥ − u) where γ^′_L(0) ≤ σ ≤ γ^′_R(0).

Since ⟨ξ, n⟩ = |ξ|(1 + σ^2)^{−1/2} the assertion (2.6) is an immediate consequence. □

It will be useful to approximate convex domains by smooth ones.

Lemma 2.2. Suppose that Ω satisfies (2.1). There is a sequence of convex domains Ω_n containing the origin, with Minkowski-functionals ρ_n(ξ) = inf{t : ξ/t ∈ Ω_n}, so that the following holds:

(i) Ω_n ⊂ Ω_{n+1} ⊂ Ω and ∪_nΩ_n = Ω. (ii) ρ_n(ξ) ≥ ρ_{n+1}(ξ) ≥ ρ(ξ) and ρ_n(ξ) − ρ(ξ) ρ(ξ) ≤ 2^{−n−1}; in particular lim_{n→∞} ρ_n(ξ) = ρ(ξ), with uniform convergence on compact sets.

(iii) Ω_n has C^∞ boundary. 4

(iv) If δ ≥ 2^{−n+2} then (2.7) N(Ω_n, 2δ) ≲ N(Ω, δ) where N(Ω, δ) denotes the covering number for the boundary as defined in the introduction. Proof. We first approximate the boundary of (1 − 4^{−n})Ω = {ξ : ρ(ξ) ≤ 1 − 4^{−n}} by a convex polygon. Let θ_ν = 2πν4^{−n−M} and let u^ν = (cos θ_ν , sin θ_ν ), u^ν_⊥ = (− sin θ_ν , cos θ_ν ). Let P_ν = −R_ν u^ν where R_ν is such that ρ(P_ν ) = 1−4^{−n}. Let ~Ω_n be the polygon with vertices P_ν , ν = 0, . . . , 4^{n+M} −1. We wish to smooth out the boundary near the vertices and therefore modify this boundary only on a small part in the narrow half strips S^ν = {ξ : |⟨ξ, u^ν_⊥⟩| ≤ 16^{−n−M} , ⟨ξ, u^ν ⟩ ≤ 0}. Define γ̃_ν (t) = −R_ν + c^+_ν t if t ≥ 0 and γ̃_ν (t) = −R_ν − c^−_ν t if t ≤ 0 where the slopes c^±_ν are chosen so that the portion of the boundary which is in S^ν is parametrized by t → tu^ν_⊥ +γ̃_ν (t)u^ν , |t| ≤ 16^{−n−M} .

Now let η ∈ C^∞_0 (R) be an even nonnegative function supported in (−1/2, 1/2) so that ∫ η(t)dt = 1. We define γ_ν (t) = ∫ 64^{n+M} η(64^{n+M} s)γ̃_ν (t − s)ds. Since η is even it is straightforward to check that γ_ν (t) = γ̃_ν (t) when 32^{−n−M} ≤ |t| ≤ 16^{−n−M} . Replacing ∂Ω ∩ S_ν parametrized by γ̃_ν by the curve parametrized by γ_ν yields a convex domain Ω_n with the required properties. If 2^{−n+2} ≤ δ and {B_j } denotes a cover of Ω with ”balls” of the form (1.2) then the balls with double height cover the boundary of Ω_n. This yields (2.7). □ A decomposition of the boundary. Let S_u be as in (2.2). We introduce a decomposition of ∂Ω ∩ S_u in order to use the geometric properties of ∂Ω in terms of the covering numbers N(Ω, δ); we assume that δ ≤ 2^{−100−M} . Consider the parametrization of ∂Ω ∩ S_u by (2.3). We define a finite sequence of increasing numbers A_u(δ) = {a_0, . . . , a_Q} inductively as follows. Let a_0 = −1. Suppose a_0, . . . , a_{j−1} are already defined. If (t − a_{j−1})(γ^′_L(t) − γ^′_R(a_{j−1})) ≤ δ for all t ∈ (a_{j−1}, 1]) then let a_j = 1 if a_{j−1} ≤ 1 − 2^{−M} δ and a_j = a_{j−1} + 2^{−M} δ if a_{j−1} > 1 − 2^{−M} δ. Otherwise define a_j = inf{t ∈ (a_{j−1}, 1] : (t − a_{j−1})(γ^′_L(t) − γ^′_R(a_{j−1})) > δ}.

Since |γ^′_L|, |γ^′_R| are bounded by 2^{M−1} we see that |t−s||γ^′_L(t)−γ^′_R(s)| < δ if |t−s| < δ2^{−M} ; therefore the first case occurs after a finite number of steps. We obtain a sequence a_0 < a_1 < · · · < a_Q with so that for j = 0, . . . , Q − 1 (2.8.1) (a_{j+1} − a_j )(γ^′_L(a_{j+1}) − γ^′_R(a_j )) ≤ δ, and for 0 ≤ j < Q − 1 (2.8.2) (t − a_j )(γ^′_L(t) − γ^′_R(a_j )) ≤ δ, if t > a_{j+1}. Condition (2.8.1) is satisfied since γ^′_L is left continuous.

It will also be convenient to define (2.9) A_u(δ, r) = {a_j ∈ A_u(δ) : 2^{−r} ≤ a_{j+1} − a_j < 2^{−r+1}}. where r ∈ N so that 2^{−M} δ ≤ 2^{−r} ≤ 1. Note that A_u(δ) = ∪_rA_u(δ, r).

The number Q in (2.8.1/2) is also denoted by Q(δ) or Q_u(δ) if it becomes necessary to indicate the dependence of δ or u.

The following Lemma relates the numbers Q_u(δ) to the covering numbers N(Ω, δ). 5

Lemma 2.3.

There exist a positive constant C_M , so that the following statements hold. (i) Q_u(δ) ≤ C_M δ^{−1/2}. (ii) 0 ≤ κ_Ω ≤ 1/2.

(iii) Q_u(δ) ≤ C_M N(Ω, δ) log(2 + δ^{−1}).

(iv) For ν = 1, . . . , 2^{2M} let u_ν = (cos(2πν2^{−2M} ), sin(2πν2^{−2M} )). Then C^{−1}_M N(Ω, δ) ≤ ∑ ν Q_{uν} (δ) ≤ C_M N(Ω, δ) log(2 + δ^{−1}).

Proof. For (i) apply the Cauchy-Schwarz inequality and (2.8) to obtain Q − 1 ≤ δ^{−1/2} Q−1∑ j=1 (a_j − a_{j−1})^{1/2}(γ^′_L(a_j ) − γ^′_R(a_{j−1}))^{1/2}

≤ δ^{−1/2} (^{Q−1}∑ j=1 a_j − a_{j−1} )_{1/2}(^{Q−1}∑ j=1 γ^′_L(a_j ) − γ^′_R(a_{j−1}) )_{1/2}

≤ 4 · 2^{M/2}δ^{−1/2}. (ii) is an immediate consequence of (i).

The left inequality in (iv) follows easily from the definitions once one observes that for a slope σ ≥ γ^′_R(a_j ) we have

γ(a_{j+1}) − γ(a_j ) − σ(a_{j+1} − a_j ) = ∫_{aj+1} a_j (γ^′(s) − σ)ds ≤ (γ^′_L(a_{j+1}) − γ^′_R(a_j ))(a_{j+1} − a_j ).

(2.10)

The other inequality in (iv) follows from (iii). For the proof of (iii) pick r_0 (with 2^{r0} ≤ 2^M δ^{−1}) so that among the sets A_u(δ, r) the set A_u(δ, r_0) has maximal cardinality Q_0. Note that

Q_0 ≥ Q_u(δ) 2(M + log(2 + δ^{−1})) . We may assume that Q_0 ≥ 2^{M+100} (otherwise (iii) follows easily). We may split A_u(δ, r_0) into not more than 2^{40+M} families A^m_u (δ, r_0) with the property that for every choice of different a_j , a_k ∈ A^m_u (δ, r_0) there are at least 2^{20+M} numbers a_i ∈ A_u(δ, r_0) between a_j and a_k.

In order to verify (iii) we have to show that

(2.11) Q_0 ≤ c_M N(Ω, δ).

We now fix a_j , a_k ∈ A^m_u (δ, r_0), a_j < a_k. Let t_0 ∈ [a_j , a_{j+1}] and let ℓ be a supporting line for Ω at P_0 = t_0u_⊥ + γ(t_0)u. Pick any t_1 ∈ [a_k, a_{k+1}] and let P_1 = t_1u_⊥ + γ(t_1)u. Observe that (2.11) follows if one can show that the distance of P_1 to ℓ is greater than δ. This we now verify. If σ is the slope of ℓ then σ ≤ γ^′_R(t_0) and σu_⊥ − u is the normal to ℓ which is outward with respect to Ω. Then

dist(P_1, ℓ) = 1 √ 1 + σ^2 ( γ(t_1) − γ(t_0) − σ(t_1 − t_0) )

≥ 1 √ 1 + σ^2 ( γ(t_1) − γ(t_0) − γ^′_R(t_0)(t_1 − t_0) ) (2.12) 6

By definition of A^m_u (δ, r_0) we may pick L ≡ 2^{M+5} intervals [c_i, d_i] with a_{j+1} < c_1, d_L < a_k, 2^{−r} ≤ d_i − c_i ≤ 2^{−r+2}, (γ^′_L(d_i) − γ^′_R(c_i))(d_i − c_i) > δ. We set d_0 = a_{j+1}, c_{L+1} = a_k. Then γ(t_1) − γ(t_0) − γ^′_R(t_0)(t_1 − t_0)

= γ(t_1) − γ(c_{L+1}) − γ^′_R(t_0)(t_1 − c_{L+1}) + L∑ i=0 [ γ(c_{i+1}) − γ(d_i) − γ^′_R(t_0)(c_{i+1} − d_i) ]

+ L∑ i=1 [ γ(d_i) − γ(c_i) − γ^′_R(t_0)(d_i − c_i) ] + γ(d_0) − γ(t_0) − γ^′_R(t_0)(d_0 − t_0)

≥ L∑ i=2 [ γ(d_i) − γ(c_i) − γ^′_R(t_0)(d_i − c_i) ] ≥ L∑ i=2 [ (γ^′_L(d_i) − γ^′_R(c_i))(d_i − c_i) ] ≥ (L − 1)δ

and thus, since L = 2^{M+5}, dist(P_1, ℓ) ≥ L − 1 √ 1 + 2^{2M} δ > δ. □

The following Lemma is concerned with a disjointness property for algebraic sums of balls of the form (1.2). This will be used in the proof of the L^4 estimate in §3, using an orthogonality argument due to Fefferman [7].

Lemma 2.4. Let B ≥ 1 and A_u(δ, r) as in (2.9). Let a be a subset of A_u(δ, r) with the property that (2.13) a_j ∈ a, a_k ∈ a, a_j < a_k =⇒ k − j > 2^{10}B. Let I_j = [a_j − δ2^{−M} , a_{j+1} + δ2^{−M} ] and (2.14) G_j = {ξ : ⟨ξ, u_⊥⟩ ∈ I_j , |⟨ξ, u⟩ − γ(⟨ξ, u_⊥⟩)| ≤ Bδ} Then for any ξ ∈ R^2 there are at most two pairs (j, k) with a_j , a_k ∈ a so that ξ belongs to G_j + G_k . Proof. We may assume u_⊥ = (1, 0), u = (0, 1). Suppose without loss of generality that (2.15) ξ ∈ (G_j + G_k) ∩ (G_m + G_n), j ≤ k, m ≤ n; we shall then show that j = m, k = n. Now ξ = (ξ_1, ξ_2) with (2.16) ξ_1 = α_j + α_k = α_m + α_n, α_i ∈ I_i, i = j, k, m, n, and ξ_2 = γ(α_j ) + γ(α_k) + (t_j + t_k)δ,

(2.17) ξ_2 = γ(α_m) + γ(α_n) + (t_m + t_n)δ,

(2.18) with |t_i| ≤ B for i = j, k, m, n. Recall that 2^{−r} > δ2^{−M} and therefore |α_i − a_i| ≤ δ2^{−M+1} + 2^{−r+1} ≤ 2^{−r+2} for α_i ∈ I_i. 7

We shall distinguish three cases. Case I: a_j = a_k, a_m = a_n.

In this case by (2.16) |a_j − a_m| ≤ 2^{−r+4} and the condition (2.13) implies a_j = a_m and therefore a_j = a_k = a_m = a_n.

Case II: Suppose a_j = a_k, a_m < a_n. We show that this case does not occur if (2.13) and (2.15) hold. Without loss of generality we may assume that α_j ≤ α_k.

The interval [a_{m+1}, a_n] contains at least 2^{10} intervals of length 2^{−r}, in particular 2a_j ≥ α_j + α_k − 2^{−r+3} = α_m + α_n − 2^{−r+3} ≥ a_m + a_n − 2^{−r+4} ≥ 2a_m − 2^{−r+4} + B2^{10−r} ≥ 2a_{m+1} − 2^{−r+5} + B2^{10−r} hence a_j > a_{m+1} + 2^{−r}. A similar argument shows that a_{j+1} < a_n − 2^{−r}. Thus I_j ⊂ [a_{m+1}, a_n] and in particular (α_j + α_k)/2 ∈ [a_{m+1}, a_n]. By (2.17) and (2.18) |γ(α_n) + γ(α_m) − γ(α_j ) − γ(α_k)| ≤ 4Bδ. Choose β_j , β_k ∈ [a_j , a_{j+1}] so that |β_j − α_j | ≤ δ2^{−M} and |β_k − α_k| ≤ δ2^{−M} . From |γ(β_j ) − 2γ( β_j + β_k 2 ) + γ(β_k)| ≤ (γ^′_L(β_k ) − γ^′_R(β_j )(β_k − β_j ) ≤ (γ^′_L(a_{j+1}) − γ^′_R(a_j ))(a_{j+1} − a_j ) ≤ δ we see that also |γ(α_j ) − 2γ( α_j + α_k 2 ) + γ(α_k)| ≤ δ + 4 · 2^{−M} δ‖γ^′‖_∞ ≤ 3δ and therefore (2.19) |γ(α_n) − 2γ( α_j + α_k 2 ) + γ(α_m)| ≤ (4B + 3)δ. Now γ(α_n) − 2γ( α_j + α_k 2 ) + γ(α_m) = ∫_{αn} αj +αk 2 (α_n − t)dγ^′_R(t) + ∫^αj^{+α}k_2 α_m (t − α_m)dγ^′_R(t) plus a remainder term (α_j + α_k − α_n − α_m)γ^′_R(^{αj +αk}_2 ) which vanishes in view of (2.16).

By the assumption on a at least one of the intervals [α_m,^{αj +αk}_2 ], [^{αj +αk}_2 , α_n] contains an interval [a_i − ϵ, a_{i+1} + ϵ] with 2^{−r} ≤ a_{i+1} − a_i ≤ 2^{−r+1} and 0 < ϵ ≤ 2^{−r−1} so that (2.20) a_m + 2^{8−r}B ≤ a_i < a_{i+1} < a_n − 2^{8−r}B

Suppose first that [a_i − ϵ, a_{i+1} + ϵ] ⊂ [α_m,^{αj +αk}_2 ]. Then by (2.19)

(4B + 3)δ ≥

∫^αj^{+α}k_2 α_m (t − α_m)dγ^′_R(t) ≥ ∫_{ai+1 +ϵ} a_i −ϵ (a_i − a_{m+1} − 2^{−M} δ)dγ^′_R(t) = (a_i − a_{m+1} − 2^{−M} δ)(γ^′_R(a_{i+1} + ϵ) − γ^′_R(a_i − ϵ)) ≥ (a_i − a_{m+1})(γ^′_L(a_{i+1} + ϵ) − γ^′_R(a_i − ϵ)) − δ ≥ a_i − a_{m+1} a_{i+1} − a_i + 2ϵ δ − δ 8

Therefore a_i − a_m ≤ a_i − a_{m+1} + 2^{−r+1} ≤ (4B + 4)(2^{−r+1} + 2ϵ) ≤ B2^{−r+5}, in contradiction to (2.20).

Similarly if [a_i − ϵ, a_{i+1} + ϵ] ⊂ [^{αj +αk}_2 , α_n] we deduce that a_n − a_{i+1} ≤ B2^{−r+5}, again in contradiction to (2.20).

Case III. We now suppose that a_j < a_k, a_m < a_n and show again that this case does not occur. Without loss of generality m ≤ j which then implies by (2.13) that α_m < α_j < α_k < α_n.

Since α_n = α_j + α_k − α_m we obtain 0 ≤ ∫_{αj} α_m ( γ^′_R(α_j + α_k − u) − γ^′_R(u) ) du = γ(α_m) + γ(α_n) − γ(α_j ) − γ(α_k) ≤ 4Bδ where the last inequality follows from (2.17-18).

If u ∈ [α_m, α_j ] then [α_j , α_k] ⊂ [u, ξ_1 − u] and, by our assumption on a, [α_j , α_k] contains an interval [a_i − ϵ, a_{i+1} + ϵ] with 2^{−r} ≤ a_{i+1} − a_i ≤ 2^{−r+1} and 0 < ϵ ≤ 2^{−r−1}. We conclude that 4Bδ ≥ ∫_{αj} α_m ( γ^′_R(α_j + α_k − u) − γ^′_R(u) ) du ≥ ∫_{αj} α_m (γ^′_L(a_{i+1} + ϵ) − γ^′_R(a_i − ϵ))du ≥ α_j − α_m a_{i+1} − a_i + 2ϵ δ and therefore a_j − a_m ≤ α_j − α_m + 2^{−r+2} ≤ 4B(2^{−r+1} + 2ϵ) + 2^{−r+2} ≤ 2^{5−r}B in contradiction to (2.13).

Thus only Case I can occur and the Lemma is proved. □

3. Estimates

Our first Lemma in this section is used to prove estimates for h∘ρ where h is sufficiently regular. The bounds (3.2) are not best possible; they will be used later to consider error terms in the proof of Proposition 3.2 below.

Lemma 3.1. Let h be an absolutely continuous function on [0, ∞) and suppose that lim_{t→∞} h(t) = 0. Suppose that s → sh^′(s) defines an L^1 function on [0, ∞) and let

F (τ) = ∫_∞ 0 h^′(s)e^{isτ} ds. Suppose that μ > 0 and that (3.1) |F (τ)| + |F^′(τ)| ≤ B(1 + |τ|)^{−μ}. Let B(0, R) be the ball with radius R and center 0, and define A_k = B(0, 2^k) \ B(0, 2^{k−1}), for k > 0, and A_0 = B(0, 1).

Then

(3.2) ∫ A_k sup 1/2≤t≤2 |F^{−1}[h ∘ ρ t ](x)|dx ≲ B [ 2^{−k(μ−1)} + k2^{−k} ] .

Proof. Denote by dσ surface measure on Σ_ρ = ∂Ω and for x ∈ ∂Ω by n the outward unit normal vector. We shall first assume that Σ_ρ is a C^2 surface, but the bounds will depend only on the Lip(1) norm of parametrizations. 9

We begin following Hlawka [8] and Randol [15]. Using integration by parts and the divergence theorem applied to the vector field ξ → (is)^{−1}|x|^{−2}xe^{is⟨x,ξ⟩} we obtain (2π)^2F^{−1}[h( ρ(·) t )](x) = ∫ Ω h(ρ(ξ)/t)e^{i⟨x,ξ⟩}dξ = − ∫ Ω e^{i⟨x,ξ⟩} ∫_∞ ρ(ξ) t^{−1}h^′(s/t)ds dξ = −t^{−1} ∫_∞ 0 h^′(s/t) ∫ sΩ e^{i⟨x,ξ⟩}dξ ds = −t^{−1} ∫_∞ 0 h^′(s/t)s^2 ∫ Ω e^{i⟨x,sξ⟩}dξ ds = it^{−1}|x|^{−2} ∫_∞ 0 sh^′(s/t) ∫ ∂Ω e^{is⟨x,ξ⟩}⟨x, n(ξ)⟩dσ(ξ) ds. (3.3)

Let ~χ ∈ C^∞(R^2 \ {0}) be supported in a sector S = {ξ : |⟨ ξ |ξ| , u⟩ + 1| ≤ ε} where u is a unit vector and ϵ is small; the choice (3.4) ε ≤ 2^{−10−2M} will certainly suffice. Let u_⊥ be the unit vector perpendicular to u, so that det(u_⊥, u) = 1. Then Σ_ρ∩S can be parametrized by α → u_⊥α+uγ(α) so that (2.3)-(2.6) holds. Set χ(α) = ~χ(u_⊥α+uγ(α)); then χ(α) = 0 for |α| ≥ 2^{−10−M} . In S we introduce homogeneous coordinates (i.e. polar coordinates associated to ∂Ω) given by (3.5) (s, α) → ξ(s, α) = s(u_⊥α + uγ(α)) with ξ_0 = uγ(0) with 4 ≤ −γ(0) ≤ 2^M ; then ρ(u_⊥α + uγ(α)) = 1. Note that for the Jacobian of the map (3.5) we have det ( ∂ξ ∂(s, α) ) = s(αγ^′(α) − γ(α)) which is bounded below by 2s on the support of χ (since −γ(α) ≥ 4 − 2^M ε ≥ 3 and |αγ^′(α)| ≤ 2^{2M} ε ≤ 2^{−10} where ε is as in (3.4)). Let K_t(x) = it^{−1}|x|^{−2} ∫_∞ 0 sh^′(s/t) ∫ ∂Ω e^{is⟨x,ξ⟩}⟨x, n(ξ)⟩χ̃(ξ)dσ(ξ) ds and let R_u be the rotation with R_ue_1 = u_⊥, R_ue_2 = u. Using a partition of unity we see that it suffices to estimate (3.6) K_t(R_ux) = it^{−1}|x|^{−2} ∫_∞ 0 sh^′(s/t) ∫ e^{is(x1 α+x2γ(α))}(x_2 − x_1γ^′(α))χ(α)(αγ^′ (α) − γ(α)) dα ds. 10

Let η ∈ C^∞(R) be an even function supported in [−ε, ε] so that η(α) = 1 for |α| ≤ ε/2. We split K_t(R_ux) = K_{t,1}(x) + K_{t,2}(x) where (3.7) K_{t,1}(x) = it^{−1}|x|^{−2} ∫_∞ 0 sh^′(s/t) ∫ ∂Ω e^{is(x1 α+x2γ(α))}(x_2 − x_1γ^′(α))η(^{x1 +x2γ′(α)}_{|x|} )χ(α)(αγ^′(α) − γ(α)) dα ds and K_{t,2} is defined in the same way, with η(· · · ) replaced by 1 − η(· · · ).

In (3.7) we interchange the order of integration and see that (3.8) |K_{t,1}(x)| ≲ Bt|x|^{−2} ∫ | |η(^{x1+x2γ′(α)} |x| )F^′(tx_1α + tx_2γ(α))(x_2 − x_1γ^′(α))χ(α) | | dα.

If η(^{x1 +x2γ′(α)}

|x| ) ≠ 0 then |x_2| ≥ |x_1|2^{−M−1} and, since |α| ≤ 2ε, (3.9) |x_1α + x_2γ(α)| ≥ |x_2||γ(α) − αγ^′(α)| − 2^{M+2}ε|x| ≥ 2^{−M−1}|x| and it follows from (3.1) and (3.8), (3.9) that sup 1/2≤t≤2 |K_{t,1}(x)| ≲ B|x|^{−1−μ} and hence (3.10) ∫ A_k sup 1/2≤t≤2 |K_{t,1}(x)|dx ≲ B2^{k(1−μ)}.

In order to estimate K_{t,2}(x) we integrate by parts with respect to α. This yields K_{t,2}(x) = |x|^{−2} ∫_1 0 t^{−1}h^′(s/t) ∫ e^{is(x1α+x2γ(α))}∂_αg(x, α)dα ds = t|x|^{−2} ∫ F (tx_1α + tx_2γ(α))∂_αg(x, α)dα with g(x, α) = (x_2 − x_1γ^′(α))(1 − η(^{x1+x2γ′(α)}_{|x|} ))χ(α)(αγ^′(α) − γ(α)) x_1 + x_2γ^′(α) Notice that |x_1 + x_2γ^′(α)| ≥ c|x| in the support of 1 − η(· · · ). This yields |∂_αg(x, α)| ≤ C_M (1 + |γ^{′′}(α)|) and consequently, using also (3.1), we obtain for k ≥ 1 ∫ A_k sup 1/2≤t≤2 |K_{t,2}(x)|dx ≲ ∫ (1 + |γ^{′′}(α)|) ∫ A_k |x|^{−2}(1 + |x_1α + x_2γ(α)|)^{−μ}dx dα. 11

The inner integral is O(2^{−kμ}) if μ < 1, O(2^{−k}k) if μ = 1 and O(2^{−k}) if μ > 1. By convexity ∫ |γ^{′′}(α)|dα ≲ 2^M and hence

(3.11) ∫ A_k sup 1/2≤t≤2 |K_{t,2}(x)|dx ≲ B max{2^{−kμ}, k2^{−k}}. The estimate follows from (3.10) and (3.11).

Finally in order to remove the assumption of a C^2 boundary we can approximate the domain Ω by an increasing sequence of convex sets Ω_n with smooth boundaries, so that the C^1 bounds for parametrizations of the boundary are uniform in n. The estimate (3.2) holds then for ρ_n with bounds uniformly in n. The Minkowski functionals ρ_n associated with Ω_n converge to ρ, uniformly on compact sets and therefore the estimate (3.2) holds for ρ as well. □

We shall now investigate the multiplier (1 − ρ)^λ_+ near the boundary of Ω; it suffices to consider (1 − ρ)^λ_+b where b is supported in a narrow sector. Since the number κ_Ω is invariant under rotations, there is no loss of generality to assume that this sector contains u = (0, 1).

Proposition 3.2. Let Ω be a convex domain as in (2.1) and let b ∈ C^∞_0 be supported in the sector S = {ξ : |ξ_1| ≤ 2^{−10M} |ξ_2|; ξ_2 < 0}. Let α → (α, γ(α)) be the parametrization of ∂Ω ∩ S as a graph, as in Lemma 2.1. For any subinterval I of [−1/2, 1/2] denote by I^∗ the interval with same center and with length 4/3|I|. For ℓ > 1 let I_ℓ be the set of subintervals I of [−1, 1] with the property that |I| ≥ 2^{−ℓ−5M} and (3.12) (t − s)(γ^′_L(t) − γ^′_R(s)) ≤ 2^{−ℓ+5} for s < t, s, t ∈ I^∗.

Let B be the set of C^2 functions β supported on (−1/2, 1/2) so that

(3.13) |β^{(k)}(t)| ≤ 1, k = 0, . . . , 4.

(i) Suppose I = (c_I − |I|/2, c_I + |I|/2) ∈ I_ℓ. Let

(3.14) m(ξ) = b(ξ)β_1(2^{ℓ−1}(1 − ρ(ξ))β_2(|I|^{−1}(ξ_1 − c_I ))

where β_1, β_2 ∈ B. Then

(3.15) ∫ |x|≥2^{10ℓ} sup 1/2≤t≤2 |t^2F^{−1}[m](tx)|dx ≲ 2^{−5ℓ}. Moreover

(3.16) ∫ sup 1/2≤t≤2 t^2 [ |F^{−1}[m](tx)| + |∇F^{−1}[m](tx)| ] dx ≲ 1 + ℓ. and (3.17) ∫ |x|>2|y| sup 0<t<∞ t^2 | |F^{−1}[m](tx − ty) − F^{−1}[m](tx) | |dx ≲ (1 + ℓ)^2.

(ii) Denote by m_{β1,β2,I} the right hand side of (3.14) and let

(3.18) M_ℓf(x) = sup_{β1,β2∈B} sup_{I∈Iℓ} |F^{−1}[m_{β1,β2,I} ^f ](x)|.

Then ‖M_ℓf‖_2 ≲ (1 + ℓ)^4‖f‖_2

for all f ∈ L^2(R^2 ).

Proof. Again we first assume that γ ∈ C^2 but our bounds will only depend on the L^∞ norms of γ and γ^′. This restriction can then be removed by using Lemma 2.2.

We shall now fix β_1 and β_2 and set h_ℓ(s) = β_1(2^ℓ(1 − s)). Let

Λ_ℓ(τ) = ∫_∞ 0 h_ℓ(s)e^{isτ} ds and ~Λ_ℓ(τ) = ∫_∞ 0 h^′_ℓ(s)e^{isτ} ds. Then

|Λ_ℓ(τ)| + |Λ^′_ℓ(τ)| ≲ 2^{−ℓ}(1 + 2^{−ℓ}|τ|)^{−4}

(3.19.1) |~Λ_ℓ(τ)| + |~Λ^′_ℓ(τ)| ≲ (1 + 2^{−ℓ}|τ|)^{−3} (3.19.2)

by an integration by parts.

We apply Lemma 3.1 to h = h_ℓ and μ = 2 (so F = ~Λ_ℓ in (3.1)). Since the right hand side of (3.19.2) is bounded by 2^{2ℓ}(1 + |τ|)^{−2} we obtain

(3.20) ∫ A_k sup 1/2≤t≤2 |F^{−1}[h_l ∘ ρ t ](x)|dx ≲ 2^{2ℓ}k2^{−k};

this is certainly a favorable estimate if k ≥ 10ℓ. The Fourier transform of b(ξ)β_2(|I|^{−1}(ξ_1 − c_I )) is pointwise bounded by a constant times

H_I (x) = |I| (1 + |I||x_1|)^2 1 1 + x^2

and since |I| ≥ c2^{−ℓ} it is straightforward to verify (3.15).

We now give a different estimate for the integral over the dyadic annulus A_k which is used to derive an improved bound for |x| ≤ 2^{10ℓ}. Let ~β be a C^∞_0 function so that ~β(t) = 1 for |t| ≤ 9/16 and ~β(t) = 0 for |t| ≥ 5/8. Let β_I (t) = ~β(|I|^{−1}(t − c_I )) so that

supp(β_I ) ⊂ I^∗.

Note that |ξ_1| ≤ 2^{−8M} on supp(b) (since |ξ| ≤ 2^M and |ξ_1| ≤ 2^{−10M} |ξ_2|). If also |ξ_1 − c_I | ≤ |I|/2 and |1 − ρ(ξ)| ≤ 2^{−ℓ+1} then | | | ξ_1 − c_I ρ(ξ) ρ(ξ) | | | ≤ | | | ξ_1 ρ(ξ) | | ||1 − ρ(ξ)| + |ξ1 − cI | ≤ 2^{−8M−ℓ+2} + |I|/2 ≤ |I|(^1_2 +^1_27 );

here we used that |I| ≥ 2^{−ℓ−5M} and M ≥ 3. Consequently

β_I (ξ_1/ρ(ξ)) = 1 if β_2(|I|^{−1}(ξ_1 − c_I )) ≠ 0 and |1 − ρ(ξ)| ≤ 2^{−ℓ+1}.

Therefore we may write m(ξ) = b(ξ)β_2(|I|^{−1}(ξ_1 − c_I )) ~m(ξ)

with ~m(ξ) = β_1(2^{ℓ−1}(1 − ρ(ξ))β_I (ξ_1/ρ(ξ)) and estimate the Fourier inverse of ~m. 13

Let η be as in the proof of Lemma 3.1, namely smooth and supported in (−ε, ε) where ε is small (as in (3.4)). Let ϕ_0 be smooth and supported in [−1, 1], so that ϕ_0(s) = 1 for |s| ≤ 1/2. Define

Φ_0(x, α) = ϕ_0(|I|(x_1 + x_2γ^′(α)))η( x_1 + x_2γ^′(α) |x| ) Φ_n(x, α) = ( ϕ_0(2^{−n−1}|I|(x_1 + x_2γ^′(α))) − ϕ_0(2^{−n}|I|(x_1 + x_2γ^′(α))) ) η( x_1 + x_2γ^′(α) |x| ). We write the Fourier integral representing F^{−1}[ ~m(t^{−1}·)](x) using coordinates ξ = s(α, γ(α)).

Then we split the kernel

(3.21) F^{−1}[ ~m(t^{−1}·)](x) = 1 (2π)^2 [ ~ K_t(x) + ∑ n≥0 K_{n,t}(x) ]

where

(3.22.1) K_{n,t}(x) = ∫ sh_ℓ(s/t) ∫ Φ_n(x, α)β_I (α)(γ(α) − αγ^′(α))e^{is(x1 α+x2 γ(α))}dα ds and (3.22.2) ~K_t(x) = ∫ sh_ℓ(s/t) ∫ (1 − η( x_1 + x_2γ^′(α) |x| ))β_I (α)(γ(α) − αγ^′(α))e^{is(x1 α+x2 γ(α))}dα ds Note that the sum in (3.21) has only O(log(1+|I||x|)) terms since K_{n,t}(x) = 0 if ε|x| ≤ 4|I|^{−1}2^n.

In particular if x ∈ A_k ∩ supp(K_{n,t}) then 2^n ≪ 2^k|I|. The kernel K_{0,t} is given by

K_{0,t}(x) = i^{−1}t^2 ∫ Λ^′_ℓ(t(x_1α + x_2γ(α)))Φ_0(x, α)β_I (α)(γ(α) − αγ^′(α))dα.

Since det ( α 1 γ(α) γ^′(α) ) ≈ 1 we may estimate

∫ sup 1/2≤t≤2 |K_{0,t}(x)|dx ≲ 2^{−ℓ} ∫ I ∫∫ |x_1+x_2γ^′(α)| ≤|I|^{−1} (1 + 2^{−ℓ}|x_1α + x_2γ(α)|)^{−4}dx_1dx_2 dα ≲ 1.

(3.23)

For n > 0 we integrate by parts in α to get K_{n,t}(x) = i ∫ h_ℓ(s/t) ∫ ∂_αg_n(x, α)e^{is(x1 α+x2γ(α))}dαds = i ∫ tΛ_ℓ(t(x_1α + x_2γ(α)))∂_αg_n(x, α)dα

where g_n(x, α) = Φ_n(x, α)β_I (α)(γ(α) − αγ^′(α)) x_1 + x_2γ^′(α) . Note that if Φ_n(x, α) ≠ 0 then |∂_αg_n(x, α)| ≲ (1 + |x_2|2^{−n}|I|)|γ^{′′}(α)| + |I|^{−1} |x_1 + x_2γ^′(α)| . 14

Therefore sup t∈[1,2] |K_{n,t}(x)| ≲ ∫ α∈I^∗: |x_1+x_2γ^′(α)| ≈2^n|I|^{−1}

(1 + |x_2|2^{−n}|I|)|γ^{′′}(α)| + |I|^{−1} |x_1 + x_2γ^′(α)| 2^{−ℓ} (1 + 2^{−ℓ}|x_1α + x_2γ(α)|)^4 dα (3.24)

and ∫ A_k sup t∈[1,2] |K_{n,t}(x)|dx ≲ ∫ I^∗ ((1 + 2^{k−n}|I|)|γ^{′′}(α)| + |I|^{−1}) ∫ |u_2 |≈2^n|I|^{−1} |u|≈2^k |u_2|^{−1} 2^{−ℓ} (1 + 2^{−ℓ}|u_1|)^4 du dα

≲ min{2^{k−ℓ}, 2^{3(ℓ−k)}} ∫ I^∗ (|γ^{′′}(α)| + 2^{k−n}|I||γ^{′′}(α)| + |I|^{−1})dα. (3.25)

In the evaluation of the integral we used that |u| ≈ 2^{−k} and |u_2| ≈ 2^n|I|^{−1} implies that |u_1| ≈ 2^k due to our assumption on 2^n|I|^{−1} ≪ 2^k. By assumption (3.12) we have ∫ I^∗ |I||γ ′′(α)|dα ≤ 2^{−ℓ} and therefore ∫ A_k sup t∈[1,2] |K_{n,t}(x)|dx ≲ min{2^{k−ℓ}, 2^{3(ℓ−k)}}(2^{k−ℓ−n} + 1); again since K_{n,t} vanishes on A_k if n ≥ k this yields

(3.26) ∑ n ∫ A_k sup t∈[1/2,2] |K_{n,t}(x)|dx ≲ k2^{−|k−ℓ|}.

The estimate for ~K_t is similar to the estimate for the term K_{t,2} in the proof of Lemma 3.1. Since in the support of 1 − η(· · · ) we have |x_1 + x_2γ^′(α)| ≈ |x| we obtain that ∫ A_k sup 1/2≤t≤2 | ~K_t(x)|dx ≲ ∫ I^∗ (|I|^{−1} + |γ^{′′}(α)|) ∫ |x|^{−1} 2^{−ℓ} (1 + 2^{−ℓ}|x_1α + x_2γ(α)|)^4 dx dα ≤ C. (3.27)

The estimate (3.16) for F^{−1}[m] follows immediately from (3.20), (3.26), (3.27) and the L^1 boundedness of H_I . Since m is supported in Ω and t ∈ [1/2, 2] we can write ∂_{ξj} F^{−1}[m(t^{−1}·)] = ψ_j ∗ F^{−1}[m(t^{−1}·)] for a suitable Schwartz function ψ_j depending only on Ω and j. The estimate (3.16) for ∇F^{−1}[m] is then immediate.

We now turn to the (standard) estimation of the Calderón-Zygmund integral (3.17). Let K_t = F^{−1}[m(t^{−1}·)]. The integral in (3.17) can be decomposed as ∑ k∈ZE_k where E_k = ∫ |x|>2|y| sup 1≤t<2 |K_2k_t(x − y) − K_2k_t(x)| dx = ∫ |x|>2^{k+1}|y| sup 1≤t<2 |K_t(x − 2^ky) − K_t(x)| dx. 15

If 2^k|y| ≥ 1 then this integral is estimated by ∫ |x|>2^{k+1}|y| sup 1≤t<2 |K_t(x)| dx ≲ min{(1 + ℓ), 2^{2ℓ}(2^k|y|)^{−1} log(2 + 2^k|y|)};

this follows from (3.16) and (3.20). Therefore ∑ 2^k |y|≥1 Ek ≲ (1 + ℓ) 2. For 2^k|y| ≤ 1 we use the estimate on the gradient in (3.16) and obtain E_k ≤ ∫ sup 1≤t<2 | | | ∫_1 0 ⟨2^ky, ∇⟩K_t(x − s2^ky)ds | | | dx ≲ 2^k|y|(1 + ℓ) so that ∑ 2^k |y|≤1 Ek ≲ 1 + ℓ. Thus (3.17) is proved.

Finally, an examination of the above arguments leading to (3.16) also yields the assertion for the maximal operator in (3.18). First let |x| > 10ℓ; then we use (3.20), an estimate which does not depend on I. Then, from the shape of the kernels H_I , we obtain that

(3.28) sup_{β1,β2∈B} sup_{I∈Iℓ} | |(χ_{{|·|≥210ℓ}}F^{−1}[m_{β1,β2,I} ]) ∗ f(x) | | ≲ M_1(H_ℓ ∗ f)(x)

where H_ℓ is an kernel with L^1 norm O(2^{−5ℓ}) and M_1 is the Hardy-Littlewood maximal function in the x_1 variable.

We dominate (K_{n,t}χ_{Ak} ) ∗ f by a Besicovich type maximal function; here χ_{Ak} is of course the characteristic function of the annulus A_k. A straightforward analysis of (3.24) yields that for k ≤ 10ℓ (and hence 2^n|I|^{−1} ≤ 2^{10ℓ}) (3.29) | |(K_{t,n}χ_{Ak} ) ∗ f(x)| ≲ (1 + ℓ) ( 1 |I^∗| ∫ I^∗ [ (1 + 2^{k−n}|I|)|γ^{′′}(α)| + |I|^{−1} ] min{1, 2^{2(ℓ−k)}}M_{ℓ,α}f(x)dα )

where M_{ℓ,α} is the maximal operator associated to all rectangles centered at the origin which have eccentricity less then 2^{10ℓ} and one side parallel to (α, γ(α)). To verify this one notes that if |x_1α + x_2γ(α)| ≪ |x_1 + x_2γ^′(α)| in (3.24) then |x_1 + x_2γ^′(α)| ≈ |x|.

Let M_ℓ denote the maximal function associated to all rectangles centered at the origin, with eccentricity ≤ 2^{10ℓ}. Then it follows from (3.29) that | |(K_{t,n}χ_{Ak} ) ∗ f(x)| ≲ (1 + ℓ)M_ℓf(x). A similar (easier) pointwise estimate holds for ~K_t. By Córdoba’s result [4] the L^2 bound for M_ℓ is O(1 + ℓ). Summing in n ≤ 10ℓ and k ≤ 10ℓ we can dominate χ_{{|·|≤2}10ℓ_}|F^{−1}[m]|(x) by C(1 + ℓ)^3 times M_1(M_ℓf)(x) and this together with (3.28) implies (3.18). □

L^1 estimates and decompositions of the multiplier. We shall now prove the statements of Theorem 1.1 and 1.2 for p = 1. We first recall the standard dyadic decomposition of the Riesz multiplier in terms of 1 − ρ.

Let ϕ_0 ∈ C^∞_0 (R) so that ϕ_0(t) = 1 for |t| ≤ 1/2 and ϕ_0(t) = 0 for |t| > 3/4. Define ϕ_ℓ(t) = ϕ_0(2^ℓt) − ϕ_0(2^{ℓ−1}t) for ℓ ≥ 1 and

m_{λ,ℓ}(ξ) = ϕ_ℓ(1 − ρ(ξ))(1 − ρ(ξ))^λ_+

for ℓ ≥ 0. By Lemma 3.1 ‖F^{−1}[m_{λ,ℓ}]‖_1 = O(2^ℓ) for ℓ ≥ 0 and also

(3.30) ∫ |x|≈2^k sup 1/2≤t≤2 |F^{−1}[m_{λ,ℓ}](tx)| ≲ 2^{ℓ− k2} ∫ sup 1/2≤t≤2 |∇F^{−1}[m_{λ,ℓ}](tx)|dx ≲ 2^ℓ 16

This estimate is used for small ℓ; the statement about the gradient follows since m_{ℓ,λ} has compact support.

To improve the estimate for large ℓ, say ℓ ≥ 10M, we need to introduce a further decomposition, refining the one in §2. It suffices to consider χm_{ℓ,λ} where χ is supported in the half strip S_u as defined in (2.2); without loss of generality u = (0, 1).

We fix δ = 2^{−ℓ} and refine the partition A_u(2^{−ℓ}) = {a_0, a_1, . . . , a_Q} (for notational simplicity we do not indicate the dependence of this decomposition on ℓ). Define

a_{j,ν} = a_{j+1} − 2^{−ν−1}(a_{j+1} − a_j ) if ν = 1, . . . , 2M + ℓ − 1 1 2 (a_{j+1} + a_j ) if ν = 0 a_j + 2^{−|ν|−1}(a_{j+1} − a_j ) if ν = −2M − ℓ + 1, . . . , −1;

also set a_{j,2M+ℓ} = a_{j+1}, a_{j,−2M−ℓ} = a_j . Let I^ℓ_{j,ν} = [a_{j,ν} , a_{j,ν+1}], ν = −2M − ℓ, . . . , 2M + ℓ − 1. Note that two consecutive intervals I^ℓ_{j,ν} have comparable length. Moreover if I is the union of such two consecutive intervals, then I satisfies the hypothesis (3.12) of Proposition 3.2. In order to see this simply note that (s − t)(γ^′_R(s) − γ^′_L(t)) ≤ 2^{−ℓ} for t < s; t, s ∈ (a_j , a_{j+1}); moreover if I denotes the union of two subsequent closed subintervals I^ℓ_{j,ν} , both of them contained in (a_j , a_{j+1}) then the associated interval I^∗ (blown up by a factor of 4/3) is contained in (a_j , a_{j+1}). In the remaining case, if one of the two subsequent intervals contains a_j or a_{j+1}; then the length of I^∗ is ≤ 2^{−2M−ℓ+2}|a_{j+1} −a_j | and therefore in this case the quantity (s−t)(γ^′_R(s)−γ^′_L(t)) can be estimated by 2‖γ^′‖_∞2^{−2M+2−ℓ} < 2^{−ℓ}.

It is now straightforward to construct C^∞ functions β^ℓ_{j,ν} so that each β^ℓ_{j,ν} is supported in the union of two consecutive intervals containing a_{j,ν} so that ∑ j,ν [β^ℓ_{j,ν} (t)]^2 = 1, |t| ≤ 1

and | | | ( d dt )_n β^ℓ_{j,ν} (t) | | | ≤ C0|I^ℓ_{j,ν} |^{−n}, n = 1, 2, 3, 4. Define S^ℓ_{j,ν} by ^S^ℓ_{j,ν} f(ξ) = β^ℓ_{j,ν} (ξ) ^f (ξ) and K^ℓ_{j,ν} by ^Kℓ_{j,ν} (ξ) = βℓ_{j,ν} (ξ)b(ξ)m_{ℓ,λ}(ξ); then F^{−1}[bm_{ℓ,λ}] ∗ f = ∑ j,ν K^ℓ_{j,ν} ∗ S^ℓ_{j,ν} f. The L^p operator norm of S^ℓ_{j,ν} is uniformly bounded in ℓ, j, ν. After renormalization we may apply Proposition 3.2 to get that

(3.31) ‖K^ℓ_{j,ν} ‖_1 ≲ (1 + ℓ)2^{−ℓλ}.

For fixed ℓ the sum in ν contains less than 2^{4M+ℓ} terms; hence ‖ ‖F^{−1}[χm_{ℓ,λ}] ‖ ‖_1 ≲ (1 + ℓ)^2Q_u(2^{−ℓ})2^{−ℓλ}

≲ (1 + ℓ)^3N(2^{−ℓ}, Ω)2^{−ℓλ}

(3.32)

by Lemma 2.3. Now the asserted L^1 bound for λ > κ_Ω follows from

(3.33) N(2^{−ℓ}, Ω) ≤ C_ε2^{ℓ(κΩ+ε)}

by definition of κ_Ω. 17

We now define the maximal operator M_ℓ by M_ℓf(x) = sup_{t>0} |F^{−1}[m_{λ,ℓ}(t^{−1}·)] ∗ f(x)|. Standard estimates (see [21, ch. VII], [5] ) show that M_ℓ is bounded on L^2 with norm O(2^{−ℓλ}(1+ℓ)). Moreover standard arguments and (3.30) yield ∫ |x|>2|y| sup_{t>0} | |F^{−1}[m_{λ,ℓ}(t^{−1}·)](x − y) − F^{−1}[m_{λ,ℓ}(t^{−1}·)](x) | |dx ≲ 2^ℓ;

furthermore for ℓ ≥ 10M we deduce ∫ |x|>2|y| sup_{t>0} |F^{−1}[m_{λ,ℓ}(t^{−1}·)](x − y) − F^{−1}[m_{λ,ℓ}(t^{−1}·)](x)|dx ≲ (1 + ℓ)^4N(2^{−ℓ}, Ω)2^{−ℓλ}.

from (3.17) and Lemma 2.3. This means that M_ℓ is of weak type (1,1) and more precisely for α > 0 | |{x : |M_ℓf(x)| ≥ α} | | ≲ (1 + ℓ)^4N(2^{−ℓ}, Ω)2^{−ℓλ} ‖f‖^1 α ; cf. [25], [20]. Using the familiar result by Stein and N. Weiss [22] on summing functions in weak L^1 we obtain the weak type (1, 1) inequality for maximal function sup_{t>0} |F^{−1}[(1 − ρ/t)^λ_+] ∗ f| for λ > κ_Ω. Since pointwise convergence holds for Schwartz functions the assertion of Theorem 1.2 for general L^1 functions follows. □

L^p estimates. The L^p estimates ‖F^{−1}[χm_{ℓ,λ} ^f]‖_p ≲ 2^{−ℓλ}(1 + ℓ)^{cp} [N(Ω, 2^{−ℓ})]^{4p −3}‖f‖_p for 1 < p ≤ 4/3 are obtained by interpolation from the cases p = 1 (see (3.32) above) and p = 4/3. The L^{4/3} estimate follows by duality from the L^4 estimate

(3.34) ‖F^{−1}[χm_{ℓ,λ} ^f]‖_4 ≲ 2^{−ℓλ}(1 + ℓ)^c‖f‖_4

for suitable c. We have made no attempt to optimize the power c here; c = 6 certainly works but is far from being optimal.

In order to obtain (3.34) it suffices to consider

(3.35) ~m(ξ) := χ(ξ)m_{ℓ,λ}(ξ) ∑ j:j∈a [β^ℓ_{j,ν(j)}(ξ_1)]^2

where a is a subset of A_u(2^{−ℓ}, r), 1 ≤ 2^r ≤ 2^{M+ℓ}, u = (0, 1) so that the property (2.13) is satisfied with B = 2^M , and the function j → ν(j) takes integer values in [−2M − ℓ + 1, 2M + ℓ − 1].

We then have to show that ~m is a Fourier multiplier on L^4 with norm ≲ 2^{−ℓλ}(1 + ℓ)^3. Since m is a sum of no more than O((1 + ℓ)^3) such multipliers the assertion follows.

Let G_j be as in (2.14), with B = 2^M . If Σ_ρ is parametrized by (t, γ(t)) in S_u then 1 − ρ(ξ) ≥ 2^{−M} |ξ_2 − γ(ξ_1)| and therefore the j^{th} term in the sum (3.35) is supported in G_j . Using Lemma 2.4 we may use the familiar argument from [6], [4] to obtain the estimate ‖F^{−1}[ ~m ^f]‖_4 ≲ ‖ ‖ ( ∑ a_j ∈a |K^ℓ_{j,ν(j)} ∗ S^ℓ_{j,ν(j)}f|^2 )_{1/2}‖ ‖_4. 18

We continue arguing as in Córdoba [4]. By (3.31) and the bound O((1 + ℓ)^4) for the L^2 norm of the maximal operator M_ℓ in (3.18) we obtain for nonnegative ω ∈ L^2 ∫ ∑ a_j ∈a |K^ℓ_{j,ν(j)} ∗ S^ℓ_{j,ν(j)}f(x)|^2ω(x)dx

≲ 2^{−2ℓλ}(1 + ℓ)^2 ∫ ∑ a_j ∈a |S^ℓ_{j,ν(j)}f(x)|^2M_ℓω(x)dx

≲ 2^{−2ℓλ}(1 + ℓ)^6 ‖ ‖ ( ∑ a_j ∈a |S^ℓ_{j,ν(j)}f|^2 )_{1/2}‖ ‖_4‖ω‖2

By Rubio de Francia’s theorem on square functions for an arbitrary collection of intervals [16] (or a more elementary version of it where all intervals have comparable length) we know that ‖ ‖( ∑ a_j ∈a |S^ℓ_{j,ν(j)}f|^2 )_{1/2}‖ ‖_4 ≲ ‖f‖4.

Putting these estimates together we deduce that ‖ ‖F^{−1}[ ~m ^f] ‖ ‖_4 ≲ 2^{−ℓλ}(1 + ℓ)^3‖f‖_4

which implies (3.34) and finishes the proof of the L^p boundedness of R_λ. □

Convergence in L^p. Given the uniform boundedness of the operators R_{λ,t} we sketch the routine proof of the convergence result as stated in Theorem 1.1. Denote by S_0 the space of Schwartzfunctions with compactly supported Fourier transform; S_0 is dense in L^p if 1 ≤ p < ∞ and dense in C^0. Suppose that g ∈ S_0 so that ^g is supported where |ξ| ≤ R. Let Φ ∈ C^∞_0 (R) so that Φ(s) = 1 if |s| ≤ 1/2, Φ(s) = 0 if |s| > 3/4. Define S_{λ,t} by ^ S_{λ,t}f(ξ) = Φ(ρ(ξ)/t)(1 − ρ(ξ)/t)^λ_+ ^f(ξ); then S_{λ,t}g = R_{λ,t}g for t ≥ 2R. By Lemma 3.1 the convolution kernel of S_{λ,t} is an L^1 kernel, for all λ ∈ R, and the family {S_{λ,t}} is a standard approximation of the identity. Therefore S_{λ,t}g → g uniformly, and in L^p, 1 ≤ p < ∞. For general f ∈ L^p (or C_0) the convergence result follows by approximating f by functions in S_0 and the uniform boundedness of the operators R_{λ,t}. □

4. Examples

Given two parameters η ∈ (0, ∞), α ∈ (0, 1) we consider a convex domain Ω = Ω(η, α) with C^{1,α} boundary so that κ_Ω = max{^α_{α+1} ,^η_{2(1+η)} } for which Theorem 1.1 is sharp. We may think of Ω as a polygonal region with infinitely many vertices; however near the vertices the boundary is regularized using primitives of suitable Lebesgue functions of class C^α.

The set Ω is contained in {x : 4 ≤ |x| ≤ 8} and symmetric with respect to the reflections (x_1, x_2) → (x_1, −x_2) and (x_1, x_2) → (−x_1, x_2). The portion of the boundary which lies in {x : |x_1| > 1, |x_2| > 1} is given by segments of the lines x_2 = ±8 ± x_1. It is then enough to parametrize the boundary in {x : |x_1| ≤ 4, x_2 < 0} by an even convex function γ with γ(0) = −15/2, so that γ(t) = −8 + t for 1 ≤ t ≤ 4.

Fix η > 0 and define for k ≥ 0

(4.1) μ_k = 1 + [e^{log2(1+k)}2^{kη}] 19

where [x] denotes the largest integer ≤ x.

We define a doubly indexed sequence x_{j,k} by x_{j,k} = 2^{−k} − j 2^{k+1}μ_k ; here k is a nonnegative integer and j = 0, . . . , μ_k − 1. We also define

x_{μk ,k} = x_{0,k+1} (= 2^{−k−1}) .

Note that x_{j,k+1} ≤ x_j′_{,k} if j^′ ≤ μ_k, j ≥ 0, and x_{j+1,k} < x_{j,k} if 0 ≤ j < μ_k. Let σ_{j,k} = x_{j,k} + x_{j+1,k} 2 = 2^{−k} −

2j + 1 2 2^{−k−1}μ^{−1}_k , j = 0, . . . , μ_k − 1; σ_{μk ,k} = σ_{0,k+1} = 2^{−k−1} − 1 2 2^{−k−2}μ^{−1}_{k+1},

Then σ_{j,k} is the slope of the secant connecting the points (x_{j+1,k} ,^{x2j+1,k}_2 ) and (x_{j,k},^{x2j,k}_2 ), and it is of course also the midpoint of the interval [x_{j+1,k} , x_{j,k}]. On a substantial portion of this interval containing the midpoint we shall define γ so that its graph coincides with the secant, and near the endpoints we shall replace it by a more regular C^{1,α} function. We also set σ_{−1,k+1} = σ_{μk −1,k}; moreover τ_{j,k} = σ_{j,k} − σ_{j+1,k} , j = 0, . . . , μ_k − 1. τ_{−1,k+1} = σ_{μk −1,k} − σ_{0,k+1}. Note that for 0 ≤ j ≤ μ_k − 1 the expression τ_{j,k} is actually independent of j, namely equal to 2^{−k−1}μ^{−1}_k .

We further split the interval [x_{j+1,k} , x_{j,k}] using points x_{j+1,k} < d_{j,k} < σ_{j,k} < b_{j,k} < x_{j,k} where b_{j,k} = x_{j,k} − 2^{−k−3}μ^{−1}_k if 0 ≤ j ≤ μ_k − 1 d_{j,k} = x_{j,k} − 3 · 2^{−k−3}μ^{−1}_k if 0 ≤ j < μ_k − 1 and d_{μk −1,k} ≡ d_{−1,k+1} = x_{μk −1,k} + 2^{−k−2}μ^{−1}_k − 2^{−k−4}μ^{−1}_{k+1} = σ_{μk −1,k} − 2^{−k−4}μ^{−1}_{k+1}. One may then verify that for 0 ≤ j ≤ μ_k − 1

(4.2) b_{j,k} + d_{j,k} 2 = σ_{j,k} and b_{j,k} + d_{j−1,k} 2 = σ_{j,k} + τ_{j−1,k} 2 . Let g_α be the Lebesgue function on [0, 1] associated to the symmetrical perfect sets of Cantor type, with constant ratio of dissection = 2^{−1/α} (see Zygmund [26, ch.V, 3]; the dissections are of type [2; 0, 1 − 2^{−1/α}, 2^{−1/α}] in the notation of [26]). Note that g_α is a monotone function on [0, 1] with

(4.3) g_α(0) = 0, g_α(1) = 1;

∫_1 0 g_α(t)dt = 1 2 ; the integral can be evaluated since g_α(1/2 + s) − 1/2 = 1/2 − g_α(1/2 − s) for 0 ≤ s ≤ 1/2. 20

Note that b_{0,0} = 15/16. On the interval [0, 15/16] we define γ by

(4.4) γ(t) = −^{15}_2 +^{d2j,k}_2 + σ_{j,k}(t − d_{j,k}) if d_{j,k} ≤ t ≤ b_{j,k} −^{15}_2 +^{b2j,k}_2 + σ_{j,k}(t − b_{j,k}) + τ_{j−1,k} ∫_t b_{j,k} gα( s−b_{j,k} d_{j−1,k} −b_{j,k} )ds if bj,k ≤ t ≤ dj−1,k On [15/16, 4] we define

(4.5) γ(t) = { −^{15}_2 +^{225}_{512} +^7_8 (t −^{15}_{16} ) +^1_{256}

∫_{32t−30} 0 g_α(s)ds if^{15}_{16} ≤ t ≤^{31}_{32} −8 + t if^{31}_{32} ≤ t ≤ 4

One verifies that for t < 15/16 the function γ is C^1 with γ(b_{j,k}) = −15/2+b^2_{j,k}/2, γ^′(b_{j,k}) = σ_{j,k}, γ^′(d_{j,k−1}) = τ_{j−1,k} + σ_{j,k} = σ_{j−1,k} and in view of (4.2), (4.3) also γ(d_{j−1,k} ) = −15/2 + d^2_{j−1,k} /2. Moreover, since b_{0,0} = 15/16 and σ_{0,0} = 7/8 it is easily checked that (4.4) and (4.5) together define a C^1 function on [0, 4].

The function g_α belongs to C^α([0, 1]) (see [26, p.197]); from this it easily follows that actually γ ∈ C^{1,α} in [0, 4]; in fact

(4.6) |γ^′(t_1) − γ^′(t_2)| ≲ { (2^{−k}μ^{−1}_k )^{1−α}|t_1 − t_2|^α if |t_1 − t_2| ≤ 2^{−k}μ^{−1}_k |t_1 − t_2| if |t_1 − t_2| ≥ 2^{−k}μ^{−1}_k if t_1, t_2 ≈ 2^{−k}.

We now estimate the covering numbers N(Ω, δ), for small δ. Let m be so that (4.7) 2^{−m(1+η)}e^{− log2 (1+m)} ≈ δ^{1/2}; then we can cover the graph over [0, 2^{−m}] with ≈ e^{log2 (1+m)}2^{mη} ≤ C_εδ^{− η2(1+η) −ε} adjacent rectangles with sidelengths (δ^{1/2}, δ); here ε > 0. Moreover there are (4.8) ≈ ∑ k≤m e^{log2(1+k)}2^{kη} ≲ e^{log2 (1+m)}2^{mη}

points x_{j,k} in [2^{−m}, 1]. Therefore if ~Ω denotes the polygon with symmetry about the x_1 and x_2 axes interpolating the points (x_{j,k}, x^2_{j,k} /2) then N(~Ω) ≲ δ^{− η2(1+η) −ε}. Similarly one can obtain the appropriate lower bound to see that κ_{~Ω} =^η_{2(1+η)} . Note that the drawback of working with ~Ω is that the boundary is merely Lipschitz. To remedy this situation we interpolated using the Cantor- Lebesgue functions. Since the covering numbers over the interval [2^{−m}, 1] may now increase we shall have to impose the restriction^α_{α+1} ≤^η_{2(1+η)} .

Fix an interval [b_{j,k}, d_{j−1,k}] and n > 0. Then there are ≈ 2^n subintervals I_{s,n} of length (2^{−1/α})^n2^{−k−1}μ^{−1}_k so that |(γ^′(t_1) − γ^′(t_2))(t_1 − t_2)| ≲ 2^{−n(1+ 1α )}(2^{−k−1}μ^{−1}_k )^2 for t_1, t_2 ∈ I_{s,n} and so that γ^′ is constant on the complimentary intervals; here we used (4.6). Given small δ find n so that 2^{−n(1+ 1α )}(2^{−k−1}μ^{−1}_k )^2 ≈ δ; then 2^n ≈ (2^{2k}μ^2_kδ)^{− αα+1} . Therefore the sum in (4.8) is now replaced by ∑ k≤m e^{log2(1+k)}2^{kη}(2^{2k(1+η)}e^{2 log2 (1+k)}δ)^{− αα+1} ≤

Cδ^{− αα+1} if^α_{α+1} >^η_{2+2η} C_εδ^{− αα+1 −ε} if^α_{α+1} =^η_{2+2η} C_εδ^{− η2η+2 −ε} if^α_{α+1} <^η_{2+2η} .

This implies in particular that (4.9) κ_Ω ≤ max{ η 2 + 2η , α α + 1 }; in fact a more careful examination of the previous argument would show that (4.9) holds with equality. 21

Lower bounds. Let ϕ ∈ C^∞(R) supported in (1/2, 2) so that ^ϕ(τ) ≥ 1 for |τ| ≤ 2^{10}. Let T_ℓ be defined by

(4.10) ^T_ℓf(ξ) = ϕ(2^ℓ(1 − ρ(ξ))) ^f (ξ)

where ρ is the Minkowski functional associated to the set Ω = Ω(η, α) defined above.

Lemma 4.1. The following holds for large positive k. If ℓ = ℓ(k) is chosen so that

(4.11) 2^{−ℓ(k)} < (2^kμ_k)^{−2} < 2^{−ℓ(k)+1}

then there is c > 0 (independent of k) so that ‖T_{ℓ(k)}‖_Lp_{→L}p ≥ cμ^{4p −3}_k k^{1− 2p} for p ≥ 1.

Proof. Let χ ∈ C^∞_0 (R) so that χ(s) = 0 for |s| > 2 and χ(s) = 1 for |s| ≤ 1. Then |^χ(τ)| ≤ C_0(1 + |τ|)^{−2} and Re(^χ(τ)) > 1/2 for |τ| ≤ 2−R with suitable R > 10. Fix a small ε > 0 and a large integer L, and assume that ℓ(k) ≫ 100L.

We test T_{ℓ(k)} on the function f_k defined by

^f_k(ξ) = χ(2^{2k}(ξ_2 +^{15}_2 ))^{Nk} ∑ ν=1 χ(2^{ℓ(k)2 +R}(ξ_1 − σ_{Lν,k}))

where N_k = [μ_k/10L]. ^f_k is bounded and supported on a rectangle of sidelengths c_02^{−k} and 2^{−2k}. One may think of ^f_k as a modified bump function; however we localize to tiny strips containing the lines ξ_1 = σ_{j,ℓ(k)} where j = 0 mod L.

Clearly ‖f_k‖_2 ≲ 2^{−3k/2}, by Plancherel’s theorem. Moreover

|f_k(x)| ≲ 2^{−2k} (1 + 2^{−2k}|x_2|)^2 2^{−R−ℓ(k)/2} (1 + 2^{−R−ℓ(k)/2}|x_1|)^2 | | | N_k∑

ν=1 e^{iνL2−k−1 μ−1k x1} | | |

and the geometric sum is dominated by min{N_k, |e^{iL2−k−1μ−1k x1} − 1|^{−1}}. Since 2^{−k−1}μ^{−1}_k ≈ 2^{−ℓ(k)/2} and log N_k ≈ k a straightforward computation shows that ‖f_k‖_1 ≲ k. By interpolation (4.12) ‖f_k‖_p ≲ k^{−1+2/p}2^{−3k/p′} , 1 ≤ p ≤ 2. Since σ_{j,k} is the midpoint of [x_{j+1,k} , x_{j,k}] only the definition of γ in [d_{j,k}, b_{j,k}] will be relevant in computing T_{ℓ(k)}f_k. We write out the Fourier integral for T_{ℓ(k)}f_k and introduce homogeneous coordinates ξ = s(t, γ(t)). Set χ_{ν,k}(s) = χ(2^{R+ ℓ(k)2} (s − σ_{Lν,k}))). Notice γ(t) = −^{15}_2 +^{d2Lν,k}_2 + σ_{Lν,k}(t − d_{Lν,k}) if st ∈ suppχ_{ν,k} and that tγ^′(t) − γ(t) = g_{ν,k} where the constant g_{ν,k} satisfies 7 ≤ g_{ν,k} ≤ 8. Then

(2π)^2T_{ℓ(k)}f_k(x) = ∫∫ ϕ(2^{ℓ(k)}(1 − s)) N_k∑

ν=1 g_{ν,k}χ_{ν,k}(st)e^{is(x1 t+x2γ(t))}dsdt

= N_k∑

ν=1 g_{ν,k}F_{ν,k}(x) (4.13) 22

where F_{ν,k} (x) = ∫ ϕ(2^{ℓ(k)}(1 − s)) s e^{isx2(} d2Lν,k 2 −σ_{Lν,k} d_{Lν,k}−^{15}_2 )ds ∫ χ(2^{R+ℓ(k)/2}(u − σ_{Lν,k} ))e^{i(x1 u+x2σLν,k u)}du. In the first integral we expand 1/s = 1 + (1 − s)/s and obtain that

F_{ν,k} (x) = Γ_{k,ν} (x) A_{ℓ(k)}(x_1 + x_2σ_{Lν,k}) ( B_{ν,k} ((^{d2Lν,k}_2 − σ_{Lν,k}d_{Lν,k} −^{15}_2 )x_2) + E_k(x_2) ) where

(4.14) A_ℓ(τ) = 2^{−R− ℓ2} ^χ(−2^{−R− ℓ2} τ) B_{ν,k}(τ) = 2^{−ℓ(k)} ^ϕ(−2^{−ℓ(k)}τ) and (4.15) |Γ_{k,ν} (x)| = 1 |E_k(x_2)| ≤ 2‖ϕ‖_12^{−2ℓ(k)}.

We derive an estimate for x in S_{ν,k} = {x : 2^{ℓ(k)+2} ≤ |x_2| ≤ 2^{ℓ(k)+3}, |x_1 + σ_{Lν,k}x_2| ≤ 2^{ℓ(k)/2}}.

From (4.14-15) we see that (4.16) |F_{ν,k}(x)| ≥ 1 2 2^{−3ℓ(k)/2}, if x ∈ S_{ν,k}. If x ∈ S_ν′_{,k} for ν ≠ ν^′ then |x_1 + σ_{Lν,k}x_2| ≥ |x_2(σ_{Lν,k} − σ_{Lν}′_{,k})| − O(2^{ℓ(k)/2}). Therefore, if L is sufficiently large, (4.17) |F_ν′_{,k}(x)| ≲ 2^{−3ℓ(k)/2}(L|ν − ν^′|)^{−2}, if x ∈ S_{ν,k}. and we see from (4.16-17)

(4.18) ‖T_{ℓ(k)}f_k‖_p ≥ c2^{−3ℓ(k)/2p′} N^{1/p}_k ≥ c^′(2^kμ_k)^{−3/p′} μ^{1/p}_k . Comparing (4.12) and (4.18) we obtain the asserted lower bound for the L^p operator norm of T_{ℓ(k)}. □ Proof of Theorem 1.3. For given κ ∈ (0, 1/2) choose η =^{2κ}_{1−2κ} and α =^κ_{1−κ} , and define Ω_κ = Ω(η, α) as above. Note that κ =^η_{2+2η} =^α_{α+1} so that by formula (4.9) and Theorem 1.1 we know that R_λ is bounded on L^p if 1 < p < 4/3 and λ > κ(−3 + 4/p).

For the converse fix λ > 0 and assume that R_λ is bounded on L^p. Let ϕ be as in (4.10). For m(s) = ϕ(2^ℓ(1 − s)) we use the familiar formula

(4.19) m(ρ) =

(−1)^{[λ]+1} Γ(λ + 1) ∫_∞ 0 s^λm^{(λ+1)}(s) ( 1 − ρ s )_λ +ds

where the derivative is defined by ^m^{(γ)}(τ) = (−1)^{[γ]}(−iτ)^γ ^m(τ); see [23] for the proof of (4.19) for fractional λ. 23

A scaling argument shows that for λ + 1 > 0 ∫_∞ 0 s^λ | |[ϕ(2^ℓ(1 − ·))]^{(λ+1)}(s) | |ds ≲ 2^{ℓλ} and the assumed boundedness of R_λ and dilation invariance implies that ‖T_{ℓ(k)}‖_Lp_{→L}p ≲ 2^{λℓ(k)}. By Lemma 4.1 it follows that μ^{−3+4/p}_k k^{1−2/p} ≲ (2^kμ_k)^{2λ} for large positive k. Taking into account the definition of μ_k and η, it follows that

(4.20) k^{1− 2p} e^{( 4p −3−2λ) log2 (1+k)} ≲ 4^{k1−2κ (λ+κ(3− 4p ))}.

Note that (4p^{−1} − 3 − 2λ) = (4p^{−1} − 3)(1 − 2κ) in the critical case λ = κ(−3 + 4/p). Since we assume p < 4/3 and κ < 1/2 the necessity of the condition λ > κ(−3 + 4/p) follows from (4.20). □

References

1. L. Brandolini and G. Travaglini, Pointwise convergence of Fejer type means, Tôhoku Math. J.(2) 49 (1997), 323–336.

2. J. Bruna, A. Nagel and S. Wainger, Convex hypersurfaces and Fourier transforms, Ann. of Math. 127 (1988), 333-365.

3. L. Carleson and P. Sjölin, Oscillatory integrals and a multiplier problem for the disc, Studia Math. 44 (1972), 287-299.

4. A. Córdoba, A note on Bochner-Riesz operators, Duke Math.J. 46 (1979), 505-511. 5. H. Dappa and W. Trebels, On maximal functions generated by Fourier multipliers, Ark. Mat. 23 (1985), 241–259. 6. C. Fefferman, The multiplier problem for the ball, Annals of Math. 94 (1971), 331–336. 7. , A note on spherical summation multipliers, Israel J. Math. 15 (1973), 44–52. 8. E. Hlawka, Über Integrale auf konvexen Körpern I, Monatshefte Math. 54 (1950), 1–36. 9. L. Hörmander, Oscillatory integrals and multipliers on F L^p, Ark. Mat. 11 (1973), 1–11. 10. , Notions of convexity, Birkhäuser, 1994.

11. E. Liflyand, A. Ramm and A. Zaslavsky, Estimates from below for Lebesgue constants, J. Fourier Analysis Appl.

2 (1996), 287–301.

12. A.N. Podkorytov, Fejér means in the two-dimensional case, Vestnik Leningrad Univ. (Matem.) (1978), no. 13, 32–39, 155 (Russian); English translation in Vestnik Leningrad Univ. Math. 11 (1981).

13. , Summation of multiple Fourier series over polyhedra, Vestnik Leningrad Univ. (Matem.) (1980), no. 1, pages 51–58, 119 (Russian); English translation in Vestnik Leningrad Univ. Math. 13 (1983), 69-77.

14. , Intermediate rates of growth of Lebesgue constants in the two-dimensional case, in: Numerical Methods and questions in the organizations of calculations, 7, Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo Instituta im. V. A. Steklova AN SSSR 139 (1984), 148–155 (Russian); English translation in Jour. Sov. Math 36 (1987), 276–282.

15. B. Randol, The asymptotic behaviour of a Fourier transform and the localization property for eigenfunction expansions for some partial differential operators, Trans. Amer. Math. Soc. 139 (1972), 265–271.

16. J.L. Rubio de Francia, A Littlewood-Paley inequality for arbitrary intervals, Rev. Mat. Iberoamericana 1 (1985), 1–14.

17. A. Seeger, Über Fouriermultiplikatoren und ihnen zugeordnete Maximalfunktionen, Dissertation, TH Darmstadt, 1985.

18. , Necessary conditions for quasiradial Fourier multipliers, Tohoku Math.J. 39 (1986), 249-257. 19. P. Sjölin, Fourier multipliers and estimates of the Fourier transform of measures carried by smooth curves in R^2, Studia Math. 51 (1974), 170-182.

20. E.M. Stein, Harmonic analysis: Real variable methods, orthogonality and oscillatory integrals, Princeton Univ.

Press, 1993. 24

21. E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Univ. Press, Princeton, N.J., 1971.

22. E.M. Stein and N. J. Weiss, On the convergence of Poisson integrals, Trans. Amer. Math. Soc. 140 (1969), 34–54. 23. W. Trebels, Some Fourier multiplier criteria and the spherical Bochner-Riesz kernel, Rev. Roumaine Math. Pures Appl. 20 (1975), 1173–1185.

24. A.A. Yudin and V.A. Yudin, Polygonal Dirichlet kernels and growth of Lebesgue constants, Mat. Zametki 37 (1985), 220–236, 301 (Russian); English translation in Math. Notes 37 (1985), 124–135.

25. F. Zo, A note on approximation of the identity, Studia Math. 55 (1976), 111-122. 26. A. Zygmund, Trigonometric series, Cambridge University Press, Paperback edition 1988.

Andreas Seeger, University of Wisconsin-Madison, WI 53706 E-mail address: seeger@math.wisc.edu

Sarah Ziesler, Dominican University, River Forest, IL 60305 E-mail address: ziessara@email.dom.edu