RADON TRANSFORMS AND FINITE TYPE CONDITIONS

ANDREAS SEEGER

1. Introduction.

The purpose of this paper is to study averaging operators of Radon transform type. We shall
formulate suitable finite type conditions and prove LP-Sobolev and L? — L9 estimates. The results
will be essentially sharp for operators associated with families of curves in the plane.

Let X and P be smooth manifolds, dim X = nz, dimY = ngr and let M be a submanifold
in X x ) with conormal bundle N*M; we denote by ¢ the codimension of M. We shall always
assume that the projections 75 : M — X and mg : M — ) are surjective with rank Dry = np,
rank Drgy = ng. This in particular implies that N*M C T*X\ 0 x T*9 \ 0 where 0 refers to
the zero sections in T*X and T*%), respectively. This is the usual assumption for the canonical
relation associated with Lagrangian distributions arising as kernels of Fourier integral operators.

The assumptions on Dry, Drgy imply that for fixed 2 € X, y € 9 the sets

1.1 M ={y e D;(x,y) e M}
(1.1) MY = {2 € X (.y) € M)

are smooth immersed submanifolds of codimension £ in ) and X, respectively.

Let x € C*(X x Q) be compactly supported. We shall study the regularity of the averaging
operator (or generalized Radon transform) given by

(1.2) Rf(x) = /M M) (0) do(y);

here do, is a smooth density on M, depending smoothly on z.

The averaging operator R is a Fourier integral operator and its distribution kernel belongs to
the class I™(X,9), N*M) with m = (/2—(nr+ng)/4 (c¢f. [10]). Sharp estimates are well known in
the case where the projections 7 : N*M — T*X, np : N*M — T*Y) are locally diffeomorphisms
([10]); then necessarily nz, = ng. There has been considerable interest in obtaining sharp estimates
in the degenerate case where this assumption is relaxed (see e.g. [4], [5], [6], [7], [8], [12], [13], [14],
(151, [16], [17], [19], [20], [21]).

Finite type conditions may be formulated in terms of vector fields tangent to both M and X,
or to both M and ), and the commutatators of such vector fields. We use the notation

TEM = TpM N Tp(X x {0})
Tp'M = TpM N Tp({0} x D);
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so if P = (z,y) € M then Tp° M is tangent to MY x {0} and Ty M is tangent to {0} x M,.
Note that dim T;’OM =ny — 1L, dimTIg’l./\/l =nr —{ and dimTpM = n;, + ng — £. The finite
type conditions will measure to which extent the subbundle T1:° A & T%1 M fails to be involutive.

Given the calculus of wavefront sets ([10]) it is also natural to formulate finite type conditions
in terms of the twisted normal bundle or canonical relation

C=(N*M) ={(z,&y,—n): (x,&,y.m) € N*M}.

In fact (N*M)' can be identified with a subbundle 7%+ M of T* M whose fiber at P = (x,y) € M
is

TiiM = (T5°M g TH M)t

the (-dimensional space of all linear functionals in 75M which annihilate vectors in T]{—,’O./\/l and
vectors in T]g’l./\/l. The identification is via restricting linear forms in T5(X x Q) to tangent vectors
in Tp M. More precisely if ¢ : M — X X Q) denotes the inclusion map and «* the pullback of ¢
acting on forms in 7%(X X 9)), then

T+ M = {(P,pA): (P,A\) €C)

where P = (2,y) € M and A = ({,—n) € (NsM)'; see the discussion in §2.

Given vector fields V., W we denote the Lie-derivative of W with respect to V' (or Lie product
of V and W) by [V, W]; in coordinates it is identified with the commutator of the vector fields V'
and W. As customary in Lie-theory we shall also use the notation adV (W) := [V, W]. We first
introduce the notion of a vector field of type < (u,v). Here < refers to the partial order on pairs
of integers defined by (j,%k) < (j', k') if and only if either j < j' and k < k' or j < j' and k < k'.
We say that (j, k) < (7, ) if (j, k) < (7, k') or (j, k) = (7, 4.

Definition. Let U/ be an open set in M.
(i) A vector field V is of type (1,0) in U if Vp € Tp° M for all P € U.
(ii) A vector field V is of type (0,1) in U if Vp € T M for all P € U.

(iii) We set VOO0 () = {0} and let V'O, YOI be the C®(U)-modules of all vector fields of
type (1,0), (0,1), respectively. For a pair (u,v) of positive integers let V**(U) be the C*(U)-
module generated by all vector fields of type (1,0) and (0,1) and all vector fields of the form
gadVy---adV,_1(V,,), where g € C*°(U), each V; is of type (1,0) or of type (0,1), at most pu of
the V; are of type (1,0) and at most v of the V; are of type (0,1).

(iv) If V. e V*¥"(U) then we say that V is of type < (p,v) in Y. If'V € V*Y(U) but V ¢
Vv (U) for any (p',v') < (p,v) then we say that V is of type (u,v) in U.

(v) Let P € M. Two vector fields V and V are said to be equivalent at P if there is a
neighborhood U so that V and V coincide in U. The set of equivalence classes of vector fields (or
germs) at P is denoted by V(P). The submodule V*"(P) consists of the equivalence classes for
which any representative is in V*¥(U), for some suitable U. By abuse of notation we shall say that
a vector field V defined on M near P belongs to V" (P) if V€ V*¥(U) for some neighborhood
U of P.

We remark that the notion of type (u,r) is invariant under special changes of variables of the
form ¥(z,y) = (Vr(z), Ur(y)) where ¥y, is a diffeomorphism in X and ¥ is a diffeomorphism in
). Of course those are just the changes of variables which leave the LP-Sobolev mapping properties
of an operator invariant.



To see the invariance let ¥V be the pullback of V under ¥ defined by (¥*V)p = (D)5 Vy(p).
Then the pullback of a vector field of type (1,0) is of type (1,0) (with respect to the manifold
U=H(M)), in fact (¥*X)p = (DV, x Id)p' Xg(p) for P € ¥~ M. Similarly, the pullback of a
vector field of type (0,1) is of type (0,1). Now ¥*[X,Y] = [¥*X,U*Y] and the latter equals
[V} X, VU5Y], which is a vector field of type (1,1). Inductively we see that the notion of a vector
field of type (u,v) is invariant under change of variables in X and 9.

Definition. Let P € M and A € Ty M. Then T*M is said to be of type (u,v) at (P, ) if there
is V.€ V*¥(P) such that (A, Vp) # 0 and if (A, Vp) = 0 for all vector fields V' of type < (p,v). M
is said to be of finite type at P if for every A € T M there are nonnegative integers i, v so that

T*M is of type (p,v) at (P, A).

By the above comments on the behavior of vector fields of type (i, ) under separate changes
of variables in X and Q) it is clear that the notion of type (i, v) is well defined. Note that T*M is
always of type (1,0) at (P, A) if A does not annihilate vectors in T]{—,’O./\/l and of type (0,1) if A does
not annihilate vectors in T]g’l./\/l. Thus the finite type condition is only interesting if restricted to
T+ M. We note that the type is semicontinuous with respect to the partial order <; in the sense
that if 7*M is of type (p,v) at (P, A) then there is a neighborhood of (P, A) in T*M, conic in the
fiber, such that T*M is of type < (i, v) in this neighborhood. The number

n(P) = max min{u + v :T"M is of finite type (p,v) at (P, A)}
NETE M

is called the Hérmander type. This terminology is suggested by conditions in [9]: If n = n(P) < oo,
then there are numbers p;, v;, with u; +v; < n and vector fields V; of type (ps,v5), 0 =1,...,np +
ngr — £, so that the (V;)p span the tangent space Tp.M.

In this paper we emphasize the case codim M = 1, so that M is a hypersurface in X x %)
and the fibers of T*+M are one-dimensional. Then T*M is of type (u,v) at (P,)\) for one
A€ (T5°M @ Ty M)L if and only if it is of type (u,v) for all nonzero A € (TH° M @ Tyt M)L.
This justifies the following terminology.

Definition. Suppose that M is a hypersurface in X x ), so that the projections to X and ) are
submersions. Let P € M, u > 1, v > 1. Then M is said to be of type (u,v) at P if there is a
vector field V of type (u,v) defined near P and a linear functional A € T3 M annihilating vectors
in T}—,’O./\/l and vectors in Tg’l./\/l so that

(\, Vp) 2 0.

Again M is said to be of finite type at P if M is of type (u,v) at P, for a pair (u,v) of positive
integers.

We shall now formulate sharp theorems for curves in two dimensional manifolds and genera-
lizations for hypersurfaces M. For every P € M let

(1.3) T(P) ={(p,v) € Zy X Zy : M is of type (u,v) at P.}

Let A(P) be the closed convex hull of the points in {(u,3):0 < u < 1,3 <0} and the points

(Miyvuiy); (p,v) € T(P).



Let A(P) be the closed convex hull of the points in {(u,5):0 < u < 1,8 <0} and the points

(e ) uenp)

£ v
nL—l —I— nR—l nL—l —I— nR—l

Notice that

A(P)IA(P) ifnL:nR:2.

Theorem 1.1. Suppose that codimM =1, P € M and 1 < p < oo.

(i) There is a neighborhood U of P such that if supp x C U and if (1/p,«) belongs to the
interior of A(P) then R is bounded from L? () into L (X), for all s € R.

s,comp s+a,loc
(ii) Suppose that R is bounded from L? () into L” (X), for some s € R and that

s,comp s+a,loc
X(P) # 0. Then (1/p,a) belongs to A(P).

We note that since supp x is compact we are working with functions of compact support, and

. . . p p p .
the distinction between the spaces LT, Lf, ..., Ly, 1, becomes irrelevant.

We now turn to LP — L9 estimates. Let B(P) be the closed convex hull of the points in
{(u,v)):0 <wu<1,v>u} and the points

ptl Iz
(u+l/+1’u+v+1)’ (1, v) € T(P)).

Let B(P) be the closed convex hull of the points in {(u,v)):0 <u < 1,v > u} and the points

n#«_ _I_l n#«_
(g ). ey

nR—l

nL—l nL—l nR—l

Again
B(P)IE(P) ifnL:nR:2.

Theorem 1.2. Suppose that codimM =1, P € M and 1 < p < oo.

(i) There is a neighborhood U of P such that if supp x C U and if (1/p,1,q) belongs to the
interior of B(P) then R is bounded from L? . () into Ll (X).

comp
(ii) Suppose dimX = dimQ = 2 and that R is bounded from LE, () into L{ (X). If
X(P) # 0 then (1/p,1/q) belongs to B(P).

Consider now the two dimensional situation. If the principal symbol is multiplied by a suitable
damping factor then one can obtain the same L? Sobolev estimates as in the nondegenerate case,
without assumong finite type conditions, see [21]. An essentially sharp version of this is

Theorem 1.3. Suppose dim X = dim ) = 2 and codim M = 1. Let U be an open set containing
supp x and let X € V'OU), Y € VOYU), nonvanishing in U. Let w be a section in T+ M,
nonvanishing over U, and let J,(x,y) = [(w,[X,Y])(z,y)|". Define

R f(x) = / X, 9) (2, 9) f(y) dou(y).

M,

If v > 1/2 then R., maps boundedly to L?

2
Lcomp 1/2,loc”

Remarks. We state some immediate consequences and further comments, here codim M = 1 and
in fact dim X = dim g = 2, unless otherwise stated.
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(D) If n = n(P) = min{|p| + |v| : (u,v) € 7(P)} is the Hormander type of M at P then A(P)
and B(P) are polygonal regions with at most n 4+ 1 extreme points, see Lemma 5.3 below. The
operator R is bounded from L2 to L% | if (o, 1/p) € Npegupp » ME(A(P)), and this result is

essentially sharp, up to endpoints.

(2) Suppose that g > 1 and ¥ > 1 and suppose that M is of type < (u,v) at every P € supp x.
Let p=14vp~" and a < (p+v)~'. Then R is bounded from L? into L%, ,, moreover R is bounded

+r+1 +r+1
from L% to L #  ~°. The first statement implies the second and then also the positive results

of Theorems 1.1 and 1.2, by multiple interpolation.

(3) Suppose that R maps L? to L and that x(P) # 0. Then necessarily (1 —a)~! <p <a™l;
moreover there is a pair (i, v) of positive integers with u+v < a™!, so that M is of type (u,v) at
P. Thus the reciprocal of the Hérmander type is the maximal gain of smoothness which can occur
in some L? space.

(4) Suppose that 1 < p < g < oo and R maps LP to L?. Suppose also that x(P) # 0. Then M
is of type (u,v) at (29, yo) for some pair (u, ) of positive integers with |u|+|v]+1 < (1/p—1/¢)7 .

(5) By (3) and (4) the regions A(P) and B(P) have at least three extreme points if and only
if M is of finite type at P. They are triangles in the model case in R? where M is given by
Yo = x2 + x{y{ and P = (0,0). Here M is of type (p,v) at (0,0). Also note that M is of type
(1,v) at all points with 21 # 0, y1 = 0, of type (i, 1) for all points with 1 = 0, y1 # 0, and of
type (1, 1) for all points with 21 # 0, y1 # 0.

(6) Let n = 2k. The region A((0,0)) has n + 1 extreme points if M C R? x R? is given by
Yo = 9 + 2Fyl + Ef;ll(x{y%k_]k + x%k_]ky{). If n = 2k + 1, then an appropriate model example
is given by yo = a2 + Y01 (efyd T F et ).

(7) Theorem 1.1 is an extension of results in [19] since M satisfies a left finite type condition

of order m, in the sense of [19], if and only if M is of type < (1,m — 1); and M satisfies a right
finite type condition of order m if M is of type < (m — 1,1). Cf. Corollary 3.7 below.

(8) Of course vector fields have been used before to describe various curvature conditions arising
in analysis (see [9], [11], [18], [3], [15] etc.). In this paper we emphasize the distinction between
vector fields tangent to X and vector fields tangent to Y; this distinction is important for the
derivation of precise estimates for Radon transforms.

(9) Our theorems rely on a crucial L? estimate for Radon transforms proved in [19], see (5.3)
below. In fact Theorem 1.3 is an almost immediate consequence of this estimate. We note that an
erroneous argument in [19] is corrected in the appendix §7.

(10) An approach different from the one in this paper was previously used by Greenleaf and the
author ([4], [5]) to obtain endpoint L? estimates for Fourier integral operators in specific situations
(one sided folds and simple cusps). We plan to extend the methods of [19] to obtain L? estimates
for Radon transforms associated with submanifolds of higher codimension, assuming finite type
conditions.

(11) At this time it seems open in exactly which cases one can obtain sharp endpoint results,
even in two dimensions. The case y 4 v = 3 is completely understood (see [12],[15], [13], [19], [20],
[4]). Some endpoint estimate for operators of type (1,v) were obtained by the author in [19]; these

operators map L? to L§+1/p if p>v+1and L? to L?? if p > (v + 2)/2; moreover by duality

operators of type (i, 1) map LE to L§+1/p' if p< (u41)/pand L? to LP/C=P) if p < (u+2)/(p+1).
Phong and Stein [16] established sharp L? endpoint results for a number of interesting examples,

namely when M is given by y2 = @3 + h(21,y1) where is a homogeneous polynomial of degree n,



bz, 1) = 220 a;alyl ™. Ifap # 0and 1 < k < n—1 then M is of type (k,n—k) at P = (0,0).
Recently they obtained sharp L? results for more general semi-translation invariant cases, namely
when h(xq,y1) is assumed to be real analytic, see [17]. At least one endpoint estimate is known to
fail even in the translation invariant case; for h(x1,y1) = (21 —y1)", M. Christ [2] showed that the
corresponding averaging operator R does not map L% to L?—I—l/n' Observe that in this case M is of
type (i, v), whenever pi4+v = n and it is also known that R maps L? to L]s)-|-1/n ifn/(n—1) <p<n,
cf. [19], [16] and [1].

(12) In [3] Christ, Nagel, Stein and Wainger prove L? estimates for singular and maximal
Radon transforms, under certain curvature assumptions. E. Stein and S. Wainger have informed
me that [3] also contains the equivalence of those curvature hypotheses with L? — L2 regularity

for averages f_65 F(y(z,t))x(t)dt, where y(z,0) = z. Moreover one of their conditions is closely

related to the setup in this paper, although no specific type is defined (personal communication,
Varenna 1997).

(13) Consider the special case where M is given by y2 = z2 + h(21,y1). Using suitable cutoff
functions x one can use Theorem 1.3 and Plancherel’s theorem to derive an estimate for the damped
oscillatory integral operator acting on functions on the real line, namely

T\ g(v) = / ) ()R (v, w)| (0, w)dw;

here € C§°(R x R). The result is that for A > 1 the L? norm of Ty  is O(|]A|7'/?) if v > 1/2.
Phong and Stein have recently shown that this bound even holds for v = 1/2, provided that h
is real analytic. This was announced by Stein at the harmonic analysis conference in Varenna
(April 1997); for some model cases see [16]. It would be interesting to extend the endpoint result
to classes of oscillatory integral operators and operators of Radon transform type satisfying finite
type or suitable convexity assumptions, without the hypothesis of real analyticity.

In §2 we review the condition of type (1,1) and in §3 we give some convenient formulation of the
finite type condition for hypersurfaces. §4 contains an elementary estimate for integral operators
which relies on the finite type condition. In §5 we combine this with L? estimates from [19] to
derive the LP Sobolev estimates of Theorem 1.1. Necessary conditions are discussed in §6.

2. Preliminary remarks. In this section we consider coordinate patches on X and 2); we may
assume that X and ) are itself open subsets of R™% and R™%, respectively.

We assume that codim M = { and that M is described by an R-valued defining function,

M ={(z,y): ®(z,y) = 0}.

Here & = (®1,..., &%) and
rank ®/ = rank <I>; = /.

Recall that the L? regularity properties are determined by the projections of C = (N*M)"\ 0
to T*X and T*9. Writing R as Fourier integral operator with frequency variable § € R’ we see
that C is parametrized in the usual way as

(2.1) {(z,d;V,y,—d, V) : dg¥ = 0},

with the phase function ¥(z,y,0) = (0, ®(z,y)) = Ele 0,9 (z,y).



The situation of maximal nondegeneracy occurs if differentials of the projections 7r and 7g
have maximal rank; that is if the rank of the (ny, + ) X (ngr + () matrix

y y <0 <I)>” o’ t
2.2 0) = | ¥ 5= ey T
( ) j¢($7y7 ) (\I;{gly \Ilfgle ) ( (I); 0

is maximal, for all # # 0. In particular the twisted normal bundle C = (N*M)’ is a local canonical
graph near P if ny, = ng and det(Jg) # 0 for all 8 # 0.

It will be useful to reformulate the finite type condition in terms of the canonical relation C
and the matrix J3. We shall need the behavior of Jg under changes of variables in X and ). Let
g, and g denote diffeomorphisms in X and ), respectively and define ¢(w, z) = (¢¥r(w), Yr(2)).
Then

t " 1t
(23) jq)ow(w’Z,O) _ (DQgL g) (<07§>xy q)g ) (D(Q)bR g)
Yy

where the derivatives of ¢ are evaluated at (z,y) = (¢r(w), Yr(2)).

In order to reformulate the finite type condition in terms of [Js we consider vector fields
X = E]. a;(x,y)0/dx; of type (1,0) and vector fields Y = >, byp(z,y)d/0y; of type (0,1) and
extend them to smooth vector fields in a neighborhood of M. For these vector fields we define the
bilinear form

(2.4) By(X,Y)p = a'(6,®)" b B

o)),

which depends linearly on 6. (2.3) shows the invariance of By, namely

"
ry

(25) (D¢La)t<07(1) © ¢>Z}Z(D¢Rb) = at<07(1)>gyb

(2,9)=( (), ¥r(2)

Note also the behavior of this bilinear form under changes in the defining function. If (z,y) —
A(z,y) is smooth with values in the general linear group GL(R®), and if ®(z,y) = A(z,y)®(z,y),

8 = (A'(z,y))"'0 then

(2.6) a0, )" b=a'(0,®)" b

" "
ry ry

On X x Q) we have exterior derivatives dy and dp defined as natural extensions to X x Q) of d,
on X and dy, on ), by drw(y ) = du(W(. ) )e and drw(y ) = dy(W(z,.))y- Now consider the forms
(2.7) dr®' —dr®t, i=1,...,0,

on T*(Xx9)), which span the fiber of the canonical relation (N*M)" at P. There are the correspond-
ing forms d;,®' + dr®’ that span the fiber of N*M at P and in view of the linear independence of
{dp @5, dp®s; i = 1,...0} the set {dp @' —dgr®*,d @ +dr®';i=1,...,(} is linearly independent
at P. We restrict the forms in (2.7) to linear forms acting on tangent vectors in Tp.M;

(28) wi = Z*(dL(I)i — dR(I)Z)

where * is the pullback map of the inclusion ¢ : M — X x9). Then the w% are linearly independent
in Tp M, and since they annihilate vectors of type (1,0) and (0,1), they form a basis of T;’J‘./\/l.
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Lemma 2.1. Suppose that wy = i_, fiw', with w' as in (2.8-9). Let X € V'O(P) and Y €
VOL(P). Then

(2.9) (we, [X,Y]) = 2B4(X,Y).

Proof. If X = 3 .a;0/0x;, Y = 3, 0,0/0yy then [X,Y] = > v;0/0x; + >, wxd/0yy with
v = —(Dya)b and w = (Dzb)a. Since ®\.a = 0 and ®}b = 0 we obtain by differentiation

(2.10) (0,9))(Dya)p = —a'(0,®)7,b=(0,9,)(Dyb)a.

By (2.8)

4
(wg, [X,Y]) = Z 0;(dp® — dpd®',[X,Y])
— Z__<97 @' \(Dya)b— (8, <I>’y>(Dl,b)a
= 2at<0,<1>>gyb

where all the expressions are evaluated at P € M. 0O

Remarks. (i) Let (P,A\) € Tt M, \ = Ele wh. Then T*M is of type (1,1) at (P, \) if and
only if Be(X,Y)p # 0 for some X € V'O(P), Y € VO1(P).

(ii) An alternative description of By can be obtained using differential forms. Note that
drdr®t = PO f;—g);kdxj A dyy, so that for X € VIO(P), Y € V' (P)

(211) <deRO(I)|)(/\)/>IB@()(,1/)7

here we use the standard inner product (-|-) for p-forms, with the normalization that for p-vectors
=1 N---ANzpand pforms A = A A--- A X, we have (A|z) = det((A;,2;)). Following Kohn [11]
the result of Lemma 2.1 can be derived using a standard formula for the exterior derivative of a
1-form w, namely (dw|X AY) = X ((w]Y)) — Y ((w]X)) — (w|[X,Y]), see [23, p. 103].

Let X € VIO(P), Y € VO1(P) then (d;®'|X) = 0, (dp®‘|X) = 0, (dg®‘|Y) = 0, (d,®']Y) =
0. Now dd = drdy, = drdr = 0 and therefore dgrd;, = —drdr. We compute (dpdr®'|X AY) =
(ddr®|X NY) = —(dr®!|[X,Y]) and (ddr®|X AY) = —(dd,®|X AY) = (dp®|[X,Y]). If

e1,...,es denote the standard unit vectors in RY we see that on M
2B, (X,Y) = 2{dpdp®‘ | X AY) = (dp®° — dg®’|[X,Y]) = (W'|[X,Y])

which is equivalent to the statement of Lemma 2.1.

(iii) There is a formal analogy with the Levi form in several complex variables, which is apparent
from rewriting (2.9) as

1
(2.12) 2B5(X,Y) = o (ws, [X =Y, X +iY]),
2

see also the discussion in [14, p. 114].



Lemma 2.2. Let Ty,...,T,; be vector fields on M satislying
1 ifi=j
0 ife#j.

Let X1,...X,, -0 € VYO(P), Y1,...,Y,, € VOY(P) so that {X;,Y;,Tx}p form a basis of T M.
Let {ey,...,es} be the standard basis of R*. Then there are C* functions a;, 3; so that

(2.13) (W', T;) = {

nL—Z nR—Z £

(2.14) (X.Y)= D a;X;+ Y BYe+ Y Be (X, V)T
j=1 k=1 s=1

Proof. This is an immediate consequence of Lemma 2.1. O

It will also be convenient to note the following formula in the particular case where the mani-

folds M, MY are curves.

Lemma 2.3. Suppose dimX = dim®Q = d, codimM = d -1, P = (z,y) € M. Let wyg =
22:1 f;w’, where w® is as in (2.8). Let I'} (x,y) be the (d — 1) x (d — 1) matrix obtained from the
(d — 1) x d matrix ®, by omitting the j*" column, and let T's(z,y) be the (d — 1) x (d — 1) matrix
obtained from (B;;) = ®|, by omitting the j'* column. Let

) ’ )
(215) X_Za]'(wvy)%jv Y = Zbk(wvy)a—yk
j=1 k=1
where
(2.16) aj(z,y) = (—1)77" det Fi(w, y), bu(z,y) = (1" det Th(z,y).

Then X and Y are vector fields of type (1,0) and (0, 1), respectively, and

|al* [b]?

2.17 —1) Y we, [X,Y]) = 2
(2.17) (=17 Hwo, [X,Y]) = 292 &L det &) B!

et jq;(', ‘Y 0)

In particular, if d = 2 then (wg,[X,Y]p) = —2det To(2,y,0).

Proof. Let A = @, B = &, M = (0,9)
Bt = (b, B") we have the identity

t t t
; ; a'Mb a'MB 0
() Ay (8 o) (R e L
0 BB! 0

Then Aa = Bb = 0. Setting A" = (a, A") and

"
Ty

A cofactor expansion yields that det A = |a|?, det B = [b|>. Therefore taking determinants we see
that
|a|?[b]* det Tp = (=1)?"a'(0, ®)" b det®’ 3. detd, ' ".

The asserted formula follows immediately from Lemma 2.1. O



3. Finite type conditions for hypersurfaces. In this section we assume that M is a hyper-
surface in X x 9), given by the equation ®(xz,y) = 0. We shall need the notion of a differential
operator of type < (g, v). The operator of multiplication by a function is said to be of type (0,0).
We say that X is of type (1,0) if X = E]. a;0/0x; is a vector field, whose restriction of X to M
is tangential to both M and X. We say that Y is of type (0,1)if ¥V = >°.b;0/dy; is a vector field
whose restriction to Y to M is tangential to M and . Let g > 1, v > 1; then the operator L is
defined to be of type < (u,v) if L is of order < p+ v and if L is a linear combination over C'* of
operators of order (0,0) and differential operators of the form gV ...V, where each V; is of type
(1,0) or (0,1), but at most u of the V; are of type (1,0) and at most v of the V; are of type (0,1).
The C'*° module of operators of type < (,v) in an open set U is denoted by £#¥(Uf), similarly we
may define germs of differential operators and use the notation £*"(P).

We set

B(va):Bé(va)‘ s wzwé‘

=1 9:1‘

We shall need to work with tangential vector fields T" satisfying (w,T)p = 1; a natural choice is
1(1“5@0 1”Ra<1>a)

(@12 & D 0u;  |® £ Oyi Dy

k=1
Theorem 3.1. Suppose P = (z,y) € M. The following conditions are equivalent.
(i) M is of type (u,v) at P.
(ii) There are p vector fields Vq,...,V, € V1.O(P) and v vector fields V,41,. .., Vyr, € VOH(P)
so that
(w,adVy - 'advu+u—1(VM+V)>P #0
but (w,V)p = 0 for any vector field V of type < (p,v).

(iii) There are yi vector fields Vy,...,V, € V1'O(P) and v vector fields V,,41,. ..,V 4, € VO(P)
so that the following holds. For any choice of C*° functions h; with h;(P) # 0, for any permutation
mof {1,...,u+ v} and for Wi := h; V)

(32) <w, adWl ce adWM+l,_1(WM+y)>P 7£ 0

but (w,V)p = 0 for any vector field V of type < (p,v).

(iv) There are vector fields X € V10(P) and Y € V%1(P), and a differential operator L of type
(p—1,v—=1) so that L[B(X,Y)] # 0, but L[B(X,Y )] = 0 for all differential operators L of type

=
<(p—1,v—1)and all X € V}O(P), Y € VO1(P).

A stronger variant of this theorem is obtained in Theorem 3.6 below.

We shall deduce Theorem 3.1 by induction over n = g + v from various elementary lemmata.

Lemma 3.2. Let Vi,...,V,, be vector fields in V(P) and let Vi = fiVi where f; € O, Then

(3.3) ViVio Vo= fioe faVioo Vit D0 Y Las(frae oo fu) Va
§£A B
c{1,....,n}
here Vo =V, Vi, - Vi if (i1,...,i,) € A and i3 < --+ < i,. A® denotes the complement of A in
{1,...,n} and Les(f1,..., fn) is a finite sum of expressions of the form
N(‘B)
e [T 7 IT Vi Vi S
1€ By k=1
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where B = {By, ..., By(s)} is a partition of the set A as a disjoint union, A° = ByU---U By(s),
with By = {j{“,...,jf(k)} and j* < k.

Proof. This follows by a straightforward computation from repeated applications of the product
rule. O

For j > 0, k > 0 let Z9* be the ideal in V(P) generated by vector fields of the form
L(B(X,Y))W, where W € V(P) and L € £°%P), X € VIOP), Y € V" (P). We set
7710 = 7071 = 10},

Lemma 3.3. Suppose n = u + v and suppose V,...,V, are vector fields, u of them in V1.O(P),
v of them in V°'(P). Let T € V(P) so that (w,T) = 1. Then

(34) adV1 cee aan_l(Vn) = 2V1 cee Vn_QB(Vn_l 5 Vn)T -|— W1 -|— W2 -|— Z1 -|— Z2

where Wy € VM_I’U(P), W, € V“’U_I(P), VARS I“_2’U_I(P), Zo € I“_l’y_2(P).
Proof. This easily follows by induction using the formula (w,[X,Y]) =2B(X,Y). O

The leading terms in (3.4) are not commutative in Vq,...,V,,. The following Lemma shows
that commutativity holds modulo suitable “negligeable” terms.

Let 3%, (P) consist of all linear combinations of the expressions ¢L1[By(X,Y)]Ls where X €
VIO(P), Y € VOL(P), Ly is of type (j', k') where (j',k") < (j,k) and L, is a differential operator
so that j' + k' + order(Lz) < n.

Lemma 3.4. Let Vy,...,V, be vector fields, u of them in V1:°(P), v of them in V*1(P). Let 7,
7' be permutations of the set {1,2,...,n}.
Then
Vay Ve = Vo) - Varn) + L + L2 + B

— — ~ -1
here I € £~ [, € £47~1: moreover F € Jﬁ-l__iy_l.

Proof. It suffices to prove this theorem for 7’ being the identity. We note by Lemma 2.2 that

Viee VoV VilVieg - Vi = Vi o Vi o ViV i Vi - -+ W,
+ Vi Vo XV -V,
+ Vi Vi YV -V,
‘

(3.5) +2) Vi Vil Bi(Vied, Vi) TVigr -+ Vs
k=1

where X € VI’O(P), Y € VO’I(P), Bk(Vk_l,Vk) = Bek (Vk_l,Vk) if Vie_q € VI’O(P), Vi € VO’I(P)
and By(Vi—1,Vi) = —Be, (Vi, Vi—1) if Vi € VIO(P), Vg € VOI(P), moreover By(Vi_1,Vy) = 0
if Vy—1 and Vi are both in V'O(P) or both in V%1 (P). (3.5) and an application of Lemma 3.2
imply the assertion for transpositions 7. A repetition of this argument shows the assertion for the
permutation 7 with 7#(1) = k, n(j) = j— 1 for 2 < j < k and n(j) = j for j > k. From this
the general case follows easily by induction. In the induction step one uses that for X € V'O(P),
Y e VOL(P), L € £~¥(P), FE € 3&"_’11';1_1 we have that X1 € £rtlv(P), YL € g£wvTi(P),

XEedt andYE€ETT . O
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Proof of Theorem 3.1. (i) is equivalent with (ii) by the definition of type (p,v). (ii) is equivalent
with (iii) by Lemma 3.2 and Lemma 3.4. (iii) is equivalent with (iv) by Lemma 3.3. O

We now wish to show that in statements (ii), (iii) of Theorem 3.1 it is possible to work with
a single vector field of type (1,0) and a single vector field of type (0,1). Our calculations are
facilitated by a particular choice of coordinates in X and ) vanishing at the point P.

We shall use the notation u = 2, , v = yn, and ¥ = (Y1, -+, Ynp-1)s &' = (¥1,.. ., Tp,—1), SO
that @ = (2',u), y = (y',v). We may assume that near P = (0,0) the manifold is given by

(3.6) v=95(z,y") <= u=256(y,z").

By suitable choices of the coordinates in X and in ) we can assume that
(3.7)

In particular it follows by implicit differentiation that 0;.5(0,0) = 0 for all multiindices a #
(0,...,0,1).
Set ®(z,y) = y,, — S(z,y"). We shall work with the vector fields
J J J , 0

. X;= - 49 —gr g O
(38) T R L ™

and

0 0 0 0
. Y, = o - @’ = — e
(3.9) Ynr Qyy Y 0y, Oy 5, ov’

then a short computation using (2.4) shows that for P = (z,y’, S(z,y))

(3.10) B(X;,Ye)p = 9452, 0 — Sz, Sy, o)
If
nL—l nR—l
(3.11) X = Z a;(z,y)X;; Y = Z br(z,y)Ys
j=1 k=1
with smooth functions a;, by and ¢ = (ay,...,ay,-1), b= (b1,...,by,—1) then

B(X,Y) = 5{a, Va3, Vy)S — {a,VuSHB,VySy)

a=a(z,y)-
B=b(=,y)
nL—l nR—l
(3.12) = > > il b, )5Sy, — St Sty -

=1 k=1
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Lemma 3.5. Suppose that g > 1, v > 1 and suppose that in a neighborhhod U of P coordinates
vanishing at P are chosen so that M is given by (3.6), (3.7). Let a' : U — R"2=1 ™ : Y — R"r~1
be smooth functions, | = 1,...,u, m = 1,...,v. For each I, m define X' = Eyil_l aé(w,y)Xj,
ym=>5%rrr Y7 (x, Y)Yy , where X; and Yy, are as in (3.8), (3.9). Let Vi = X', Vy = V! and, if
p+v>1,let Vs,...,V,i, a permutation of the vector fields X*,..., X* Y2, ...,Y". Let

(3.13) L=Vs Vg

if (1,1) < (p,v) and let L be the identity if (1,1) < (p,v). For fixed (z,y) let L, be the constant
coefficient differential operator

(3.14) Loy = <alvvl”> o '<alvvl”><ﬁlvvy’> (BT V) o'=a'(z,y)
g =b"(zy)

Let 71 1 be the smallest ideal in C*°(U) containing the functions (0/0z')7S with 1 < |y| < p and
the functions (9/0y")*S with 1 < |6 < v. For (1,1) < (p,v) let Z,,,, be the smallest ideal in
C°°(U) containing Ty 1 and the functions LB(X,Y )(s.y) Where L is a differential operator of type
< (p—1,v—1), X is of type (1,0) and Y is of type (0,1). Then

(i) [S0]" Loy S = LIB(X LY D] € T,y
(ii) Let X = EnL -t aj(z,y)X; and Y = SoRED 1% bi(z,y)Yy. If g € Z,,, then )}g € Z,41,, and
i;g € Iu,u-l—l-

(iii) If M is not of type < (p,v) at P = (0,0) then L.,5(0,0) = L[B(X',Y1)](0,0) and this
expression does not vanish if M is of type (u,v).

Proof. We prove (i)= (i),,, and (ii)= (ii),,, simultaneously by induction over n = p 4 v. For
n =2, i.e p=r =1 the assertion (i); ; follows from (3.12).

Clearly )75% €71, )}Sl,]. € Iy 1. Next by (i);,1 we have that 5 SQ'L,' v — B(X;,Yy) €2y and

since B(X;,Yy) € Z12NIyy and =9, 5, € Ty1 we see that X;5] € 1271 and YkSQ’L,]_ € 7y 5. This
implies also that )}S;k €7Zy; and YSx]. € 71 5 and therefore (ii) for p = v = 1.

For the induction step let p' + v/ = n 4+ 1. We consider the case g/ > 1 and set p = p’ — 1,
V' = v. Let £ and L, be as in (3.13), (3.14). Consider £ = XL, and the constant coefficient
operator El,y = (a,Vp)(a', V) - <ﬁm V) with @ = a(z,y), o' = a'(z,y) and g™ = ™ (a, y).
Then S (@, V) =32, a]X Z ajSy, 2 and therefore

(S;)M+1<dvvx’>l/xys_)?£[ (Xl Yl an:I Sx] Ju nys)
+ww@dw%n«ww%ws—aﬂuﬁyw»

+ X ((80)" Loy — L(B(X', Y1)

+ (51X (

EALLLERE)

The first term on the right hand side belongs to the ideal generated by the Sg’cj, 1<7<n -1,
hence to 7y 1 C Z,41,, = Z,r,,». The third belongs to Z, , by the induction hypothesis for (i),
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hence also to Z, ,». The fourth term involves £(B(X1,Y;7)) and therefore also belongs to 7, ./
The second term belongs to X7, , C Z,41, = Z,,+ by the induction hypothesis for (ii).

There is another case with g/ +v' = n+ 1, namely v’ > 1 and ¢/ = p, v = v/ — 1, and now L is
replaced by Y,C and the relevant constant coefficient operator is (3, Ve, V) - <ﬁm ) With

3 =b(z,y), o' = da'(z,y), B™ = b™(x,y). One now shows that the dlfference of Y,C(B(Xl,Yl))
and the constant coefﬁ(:lent operator belongs to 7, ,41 = Z,s,+. The argument is the same as
before.

To complete the induction step we have to show (i), ,». We argue as in the first step. Assume
that ' > 1. Clearly X(9/92')S € Tpq CTHV if |y| = p. If § is a multiindex with |§] = ' then
by (i)(1,,1) we see as in the first step that X(8/0y')°S € Ty, C Ly ,. Also if L is a differential
operator of type < (u—1,v —1) then XL is a differential operator of type < (p,v —1). This shows
XI 1—1,0 C Ly . Similarly one checks YI 1y—1 C Ly, and the proof of the induction step is
complete.

Finally, (iii) is an immediate consequence of (i) since if M is not of type < (p, ) at P then all
functions in 7, , vanish at the point (0,0). O

Given Lemma 3.5 we can refine Theorem 3.1 to

Theorem 3.6. Suppose P = (x,y) € M.
(1) The following conditions are equivalent.

(i) M is of type (u,v) at P.

(ii) There are vector fields X € V''°(P) and Y € VO'(P) with the following property: If
L =Vi---V,y,_o where u — 1 of the V; are equal to X and v — 1 of the V; are equal to Y, then
L[B(X,Y)]p # 0; but L[B(X.,Y)] = 0 for all differential operators L of type < (i — 1,v — 1) and
all X e VIO(P), Y € VOI(P).

(iii) There are vector fields X € V1'0(P) and Y € V%1(P) with the following property: If
V =adVy---adV,4,_o[X,Y] where p — 1 of the V; are equal to X and v — 1 of the V; are equal to
Y, then (w,V)p # 0; but <w,‘~/>p = 0 for all vector fields V of type < (u,v).

(2) Suppose M is not of type < (u,v) at P. Then coordinates z in X, y in Q) vanishing at P can
be chosen near P, such that M is given by (3.6), so that (3.7) holds and

ol+1sl g

) @@y

(0,0)=0
for multiindices v, & with (|v],[8]) < (u,v).
Moreover if M is of type (u,v) at P then the coordinates can be chosen so that in addition

rtv s

(3.16) (8$1)“(8y1)”

(0,0)#£0

Proof. The implications (i) = (i), (ili) = (i) have been already proved in Theorem 3.1.
Consider the vector space V of all linear combinations of monomials

1,02 Fnp—1_ 01 Bup—1
LTy T Ty, 1 Y 3/2 o Yng 1
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with the property that E]. a; = p, . B = v. Then V is spanned by the polynomials of the
form (& 2"y (n', "), & € R"t~L n' € R"2~1. This is seen by a straightforward adaptation of a
corresponding argument in Stein’s book [22, p.343] for polynomials of a single set of variables.

Now suppose that M is of type (pu,v) at P. Then we can choose coordinates such that M is
given by (3.6), (3.7). The observation about V implies that

<£Iv Vl”>u_1<77[7 Vy’>y_ls(07 0) 7£ 0

for suitable ¢ € R™ ™!, 5 € R"®~'. Then by Lemma 3.5 for Xg := sl X, Y, =

Jj=1
2221_1 Nk Yk
Xg,_lynl;_lB(Xgl , Ynl) # 07

moreover L[B(X,Y)] = 0 for all X € V'O(P), Y € V*'(P) and all differential operators L of type
< (¢ —1,v —1), by Theorem 3.1. We have proved the implication (i) == (ii). The equivalence
of the conditions (ii) and (iii) follows from Lemma 3.3. (3.15) follows from Lemma 3.5 and (3.16)
can be achieved by separate rotations in the x and the y coordinates. O

Corollary 3.7. Suppose dim X = dim9Q) = 2, dimM = 3 and P € M. Let X € V'°(P) and
Y € VO1(P), non vanishing at P. Then

(i) M is of type (u,v) at P if and only if X*~'Y~(det Jg)p # 0 but X* =1V~ (det Tp ) p #
0 for all (p',v") < (p,v).

(ii) M is of type (1,m — 1) at P = (z,y) if and only if det Jg vanishes of order m — 2 at

[,

y € M,.
(iii) M is of type (m — 1,1) at P = (z,y) if and only if det J‘I"My vanishes of order m — 2 at
v e MY

The proof is immediate from Theorem 3.1, Lemma 2.3 and Lemma 3.4.

4. LP-estimates for integral operators in the plane. We assume that M is imbedded
in R? x R? and that in a neighborhood of supp x N M the manifold M is given by ®(z,y) =
S(x1,22,41) — y2 = 0 so that ] # 0 and that

(41) Yo = 5(9073/1) <~ I = G(yvxl)v

with S, # 0 and &], # 0. Moreover we assume that M is of type < (u,v) at P° € supp y N M.
Our operator is then defined by

(42 Rf(are2) = [ FonSCe. o0 )
The Monge-Ampeére determinant is now given by

(4‘3) det jq)($7y) = S;’Ilyl (x7y1)5;’2($7y1) - S;’Igyl($7y1)5;’1(x7yl);

in particular it is independent of 5.
Define vector fields X, Y

X = i + 6;, i7
8$1 1 8$2
(4.4)
yo O g O
o Y1 0y
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Then X is of type (1,0) and Y is of type (0,1) on M. We note that the vector field

o ., 0

4. A 9

is tangent to M and X, Y and T are linearly independent at any particular point P € M. An
analogue to Lemma 2.2 is the formula

(4.6) [aX,0Y] =aX (b)Y —bY(a)X + abAT + W
where dot 7.
et Jg
A =
b

and W = 0 on M. It follows from Lemma 2.3 and Theorem 3.6 that the finite type condition can be
restated in terms of A. The assumption of type < (u,v) implies that there is (j, k) < (p—1,v—1)
such that

(4.7) XIYEA#0

for (z,y1,5(x, 1)) in supp x N M.
Note that A does not depend on y,. Therefore if

IFA
Fe(yi, y2,21) = M(%,G(yhymﬂh)a@h)
1

then (4.7) just means that
ay
W(@/h@/%%) #0

for (wlv 6(3/7901)73/1) = (xvylv S($,y1)) € supp x N M.
We introduce a localization into regions where | det 73| =~ |A| ~ 27%. Let

771(9073/1) = 77(21|A($7y1)|)X($7y17S(wvyl))

where n € C§°((1/2,2)). We shall need L? estimates for the integral operator

(4.8) Rif(z) = / ni(esy) f(1, S (e ) don

_ ptv—=2
=55

Proposition 4.1. Suppose that M is of type < (u,v) in supp yNM. Let p
that v < (pp+ v — 2)~'. Then the inequality

and suppose

1Rl < Co27 7111

holds for all f € L?.

We shall use the following elementary
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Lemma 4.2. Let k and N be positive integers, such that k < N. For an interval J and f € CN(J)
let My(f) = maxges |fNV)(2)].

Then there is a constant Ay n such that for all L, for all intervals J of length L > 0, for all
functions f € CN(J) and for all 3, v satistying v > 77(L/2)NMn(f), B > ﬁ(L/Q)N_kMN(f)

meas(a € 73 |f(o)] < 7. 1190 2 9} < A (3)

This estimate is an easy consequence of a lemma by M. Christ [1] which is closely related to
van der Corputs Lemma on oscillatory integrals. It states that for any k € Z there is a constant
Ay such that for any interval I C R, any f € C*(I) and any v > 0

(19) meas{e € ()] < 7} < Ay /¥ ind | DF ()| 71/%.

Proof of Lemma 4.2. Let a be the midpoint of J and let P the Taylor polynomial of degree
N —1 expanded about = a. With the specifications on  and v it follows that |P(z) — f(z)| < 7,
| PR () — fB)(2)| < B/2 for all @ € J. If Eg ., denotes the set of all # € J with |P(2)] < 2y and
| f8)(2)] > /2 then

{w e | f @) <, 1) 2 8} € Eg sy

Since P is a polynomial of degree N — 1 the set I, is the union of O(N) disjoint intervals. We
may apply Christ’s estimate (4.9) to each of those intervals and as a result obtain

meas(Es ) < CN Ap(4v/6)H*-.

This implies the asserted inequality.

Proof of Proposition 4.1. Fix N so that 2N 7! < (u+v —2)7! — 4. Let my be the maximum
of the CV*¥ norm of A and the CV*# norm of T'y in supp y. Recall that 87T /(dz1)? # 0 for

(%91, (2, y1)) € supp x where (j,F) = (p—1,v —1).
Let Al(z) = {y ¢ |A(z,y1)] <271} If = 1 then j = 0 so that 9} A # 0 and hence by
(4.9) |Al(z)| < C271/*. The asserted L> estimate is immediate.

In what follows we assume that > 1 and v > 1 (the case v = 1 is easier). Let

k
Apa(@) = {yr ¢ |A(z, 1) < 2711 277 < m(w,yl) <277 (@, S(2, ) € supp )
1
dFA B
Ap(z) = {y (8yk)($73/1) <27 (2,41, 5(2, 1)) € supp X}
1
and let

Bu(y) = {1 [Ty, 21)| < 277 (21, 6(y, 1), y) € supp x}.

For any interval J of length 2_Z/Nm]_\,1 the set A, ;(2)NJ has measure < C20m=0/k by Lemma
4.2. Adding these estimates we obtain

(4.10) meas( Ay, () < Cn2/N2m=0/k
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uniformly in 2. Similarly by (4.9)
(4.11) meas( By, (y)) < C;27 ™/

uniformly in .

By Holder’s and Minkowski’s inequality

(Jmaere) <51,
(4.12) < On2N 3 om0 1>/<kp> //

m<l Am, l(l’)

P /p
e dx)l

1/p
fr, S, ) Pdyadar)

Now note that if y3 € A, (z) and y, = S(2,y1) (or equivalently zo = &S(y,z1)) then also 21 €
B,.(y). We interchange the order of integration in (4.12) and perform the change of variable
y2 = S(x1, 22, y1), for fixed 1, y1:

// / |f(3/17 5(9073/1))|pd3/1 dzydzsy

Am)l(l’)

= /// |y, (2, y))|Pday deydy,
{z2:y1 €A, 1 (21,22)}

06
= /// |f(3/173/2))|p‘8—‘d3/2 drydy
{y2:y1 €A 1 (21,8(y1,y2,21)) } Y2

[// din | (1, 52))IP

(4.13) SCjQ_m/]/ | f(y1, y2))|Pdy2dyy

95ty

by (4.10). From (4.12) and (4.13) it follows that
m o l=my_ 1
RSN, < 2N ST 27525 0= 7)),
—c<m<l
<on2/N N 2w =D )
—c<m<l

Ifp=po=(u+v—2)/(p—1) then this yields

1R fllpo < C(1+ 12N 270422 £ < Co 271 |-

Finally note that after notational changes the above argument also proves the easier L' estimate
for the case v = 1. O

5. Regularity of Radon transforms. We shall first consider the case of Radon transforms
associated with a family of curves in R?, where M is given by the equation y = S(z,y1), see (4.2).
We assume that 5 is defined in a neighborhood U of supp .

Introducing a dyadic decomposition in the frequency variable we consider the operator

(5.1) R f(x [/mw“w”mmw%me%vmm@.
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where the ay are symbols of order 0 (with uniform bounds in k), so that 7 — ax(z,y, ) is supported
in the union of dyadic intervals £[2%,25+1]. The C'*° function 7 is assumed to have support in
(1/2,2). The operator RF is bounded on LP(R?), uniformly in / and k, since

(52 RES] < O [ 2504 2 = S m))™ n(A e ) (0) dy
The main estimate of [19] is that
(5.3) IREflls < C2MHYD 2702 1))

This estimate is uniform in 5, if 5 varies over a compact subset of C'*(U).

Let R; be defined as in (4.8).

Proposition 5.1. forl e Z
1
1RSIz, < C2CF 2]l

Proof. Let p € C§°(R?) be supported where |£] < 1 so that p(£) = 1if [£] < 1/2. Let By = p and
Bu(€) = p(27FHE]) — p(27F[¢]) for & > 1.
Suppose [ < k. Then for a suitable choice of aj; and a fixed integer M (independent of [ and k)

k+M k+M

S S SRR

w=k—M m=k—M
where
(5.4) NEF|| 2z < Cn27RON

(for the proof see estimate (5.7) in [19]). The inequalities (5.3) and (5.4) are used for k > I(1 + ¢)
and for k < (14 ¢) we simply use the trivial bounds ||x(D)Ri||r2—r2 = O(1). We obtain

IR fzz), <c(22 1))

M 1/2
<O p w0 Y (X 2R B (D)IR)

ny,me=—M  Ek>I(1+¢)

var(Y 2mig)”

E>U(14¢)
By (5.3) and an orthogonality argument the second expression is dominated by
2= Z (Z 1BreaDI1E) " < Cr2t b
7’L2——M

while the third expression is bounded by

C Z 2(k—2kN)/221NHfH2 < 0121/2"]@”2‘
E>1(1+¢)
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The assertion follows. O

Proof of Theorem 1.3. By Lemma 2.3 and (2.6) we have (w,[X,Y])(,,) = a(z,y)A(z,y) where
a is a C'* function, nonvanishing in #. Let y, = |a|7x, then Y, is smooth and the asserted
estimate follows if we can show that for v > 1/2 the operator

(5:5) wa(w)z/IA(wvyl)IWXw(wayuS(w,yl))f(yhS(w,yl))dyl

2
1/2°

Let € C§°(1/2,2) so that >, ___n(2's) = 1 for s > 0. Define 7,(s) = n(s)|s|” (so that 7, is
an admissible cutoff function in (5.1)). Define

maps L? boundedly to L

Ry f(z) = /%(TIA(%yl)I)Xw(w,yl,S(w,yl))f(yhS(w,yl))dyl-

2
1/2

R,=3%,27"R,; and R.; = 0 for large negative [, so the asserted bound for R., follows.

The operator R.,; maps L* to L? ,, with norm bounded by C.24=+1/2) by Proposition 5.1. However

Estimates for Radon transforms associated with hypersurfaces. Assume now that M is
a hypersurface in X x Q). Suppose that (u,v) € 7(P) (that is M is of type (p,v) at P). Then there
is a neighborhood U so that M is of type < (i, v) in U and we assume that the cutoff function x
is supported in U.

The L? Sobolev estimates of Theorem 1.1 follow from the following result by multiple interpo-
lation.

L. Then R maps L%, () boundedly to

comp

Proposition 5.2. Let p = (p 4+ v)/p, o < (p+v)~
Li,loc(%)‘

Proof. A duality argument shows that it is sufficient to consider the case p < v, and since the
nondegenerate case is well understood we may assume that v > 2. We may choose coordinates x
in X and y in P so that z(P) =0, y(£) = 0 and M is given by (3.6), (3.7) near P. Let

ka(wlav) = ///e”(”_s(xl’“’yl))ak(x,y,T)dT fy' v)dy'dv

where ay(z,y,7) = B3x(7)x(z,y) is a symbol of order 0 supported where |7| ~ 2%. Since we do not
attempt to prove endpoint results it suffices to show that the L? — L? bound of R* is O(27%)
fora < (p+v)~tand p=(u+v)/p. Let X1,Y; be as in (3.8), (3.9), and by Theorem 3.6 we may
assume that

XEYWPTIB(X L, ) # 0

where

B(Xy,Y1) = S§.80  — 8 s"

1Y uyy”

Split 2" = (21,2"), y' = (y1,y") and define for functions ¢(y;,v)

Ri”y”g(xlvu) = ///e”(”_s(“’x WYY N (e, 2" u, g,y v, )T gy, v)dyy do.

20



Moreover put A = B(Xy,Y1)/S!, then also X{7'V""'A # 0. Define

Cl(xlvxllv u, Y1, yllv ?J) = 77(21|A($17 xllv Uy Y1, y”)|)X($1, xllv Uy Y1, yllv ?J),

where 7 satisfies Y, n(2's) = 1 for s > 0, and

Ri,,y,,Jg(xl’u) = ///eiT(v—S(xl,x",u,yl71/”))Qﬂk(7-)d7'g(y1,?J)d@hd?J,

Rac”y”,lg(xlvu): /CZX(901790”7U73/173/”75(901790”7Ua@/la@/”))g(ylav)dyl-

By (5.3)
(5.7) IRE i 19l r2grey < C27F221EF D) ]| 1o g
uniformly in 2", y". By (5.1) we have

2k

T3 2] Bl o)l ds

Y
and from Proposition 4.1 it follows that for po = (p+v —2)/(p—1) > 2
(58) HR];’“y”JgHLPO(RQ) S C,VQ_Z,VHQHLP()(RQ), v < (,u +v - 2)_1.
Since Rl;”’y”,l is L' — L' bounded with uniform bound in [, k, 2", 4" we also obtain that

1—p71 1
L-pytpntv—2

(59) HRl;,uylng‘

Loy < Cp277lg]

L2y, B< 1<r < pg.

Interpolation of (5.7) and (5.8) yields that for p = (4 v)/p) € (2,po)
(5.10) 1B 8y < C2H04 02 gl g
We take a suitable geometric mean of (5.9) and (5.10) and obtain that
(5.11) [RGmy 19l Lo(z2y < Ca27 D275 |g]| o)

where a < (g4 v)~! and e(@) > 0 in this range of a. Observe that
R f(0) = 3 [ R oy
!

Since supp y is compact we see from (5.11) and applications of Minkowski’s and Hélder’s inequal-
ities that
IR | r—r0 = O(275)

fora < (p+v)™t. O

We now use the Sobolev estimates to deduce LP — L? estimates. The argument follows known
patterns.
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Lemma 5.3. Suppose that R is bounded from L¥* to L%, with a; > 0,7 =1,..., N. Suppose
(1/p,1/q) belongs to the interior of the convex hull of the points ((cv; +p; 1) /(14+a;), p;t /(1 +a;)).
Then R is bounded from L?, . to L}

comp loc*

Proof. One uses the obvious fact that for & > 0 the L — L bound of R* is O(2*) (this does not
rely on any finite type assumption). The assumed boundedness in Sobolev spaces implies that the
LPi — LPi operator norm is O(27%%). An interpolation shows that the L? — L% operator norm
of R* is bounded by C2=*=(P:9) with £(p, q) > 0if (1/p, 1/q) belongs to the half open line segment
connecting the points (1/p;,1/p;) and ((a; + p;')/(1 + @), p7 /(1 + ;) excluding the latter.
Interpolating with the trivial L' — L' and L>® — L estimates yields L? — L4 boundedness for
(1/p,1/q)in the interior of the triangle with corners (0,0), (1,1), ((e; +p; ") /(1+a), pi /(1 4+a;))
and obvious further interpolations yield the assertion. O

The Lemma applied with p; = (u; + v3)/pts, a; = (i + v;) ™' and then (a; + p;")/(1+ ;) =
(p+1)/(p+v+1), p7 /(1 4+ a;) = p/(p + v + 1) implies the LP? — L7 inequalities asserted in
Theorem 1.2.

We conclude with an observation concerning the boundedness regions A(P) and B(P), men-
tioned in the introduction.

Lemma 5.4. The regions A(P), A(P) and B(P), B(P) are convex polygonal regions. They have
at least three extreme points if and only if M is of finite type at P. In this case let n = min{pu+v :
(p,v) € T(P)} be the Hérmander type of M at P. Then there are at most n — 1 different pairs
(ps,vs) so that M is of type (pus,vs) at M, and the regions A(P), A(P), B(P), B(P) have at most

n + 1 extreme points .

Proof. Fix a pair (p,v) € 7(P) so that p+v = n. Let Iy consist of those integers j with 1 <7 < p
such that (j,k) € 7(P) for some k > 1. Let Fy consist of those integers k with 1 <k < v — 1 such
that (j,k) € 7(P) for some j > 1. For j € Ey let k; = min{k : (j,k) € 7(P)} and for k € E; let
Je =min{j : (j, k) € 7(P)}. If M is of type (ps,vs) at P then (u,,v,) has to be one of the points
(j,kj), j € £y or (Ji, k), k € Ey, and there are at most n — 1 such points. Moreover it is easy to
see that A(P) is the convex hull of the points (u,3) with 3 < 0 and 0 < u < 1 and the points
(0,0), (1,0), (4/(G+ k;),1/(j+ k;), j € Ey and (ji/(jr + k),1/(jr + k), k € Ey. Every extreme
point of A(P) has to be among these points. Similarly B(P) is the convex hull of the points (u,v)
with v > w and 0 < w < 1 and the points (0,0), (1,0), (7 +1)/(G+k;+1),5/(G+k; +1)), 5 € I,
and ((jr + 1)/(Gx + k + 1), 5x/(Gr + k + 1)), k € E3, and every extreme point of B(P) has to be
among these points. A similar consideration applies to A(P), B(P). O

6. Necessary conditions.

Fixing P, we may introduce coordinates vanishing at P, so that (3.6) and (3.7) hold. From
Taylor’s formula we obtain

(6.1) S(al ey )= Y D pasla) (W) FOWY ]+ 1D e, )),
|al<N IBI<N

and if M is of not of type (j, k) at P, for (j,k) < (i, v), then
(62) pozﬁ:()if(|04|v|ﬁ|)< (:uvl/)
by Theorem 3.6.
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In what follows we use the notation

Note that except (0,0) and (1,1) all the extreme points of the region A(P) are of the form ¢, for
suitable integers p > 1, v > 1.

It suffices to show the necessity of the condition (1/p,1/¢q) € B(P) in Theorem 1.2 since it
implies the necessity of the condition (1/p,a) € A(P) in Theorem 1.1, by Lemma 5.3 and a simple
computation.

Lemma 6.1. Assume P € M and x(P) # 0. Suppose that 1 < p < 0o and that R is bounded
from IL? — L. Then

(i) nr/p < 1/q+ngr—1so that (1/p,1/q) is on or above the line connecting ¢,; and (1,1), for
all ¢ > 0, and

(ii) ¢ < npp, so that (1/p,1/q) is on or above the line connecting ¢y, and (0,0).

(iii) Suppose that M is not of type (u',v') for all (p',v') with either p' < p and v' > 0 or
i = p and v < v. Then ”Ry—_l + % > W, ie. (1/p,1/q) is on or above the line connecting
ey and (1,1).

(iv) Suppose that M is not of type (p',v') for all (p',v") with either ' > 0 and v' < v or
p' < pand v =v. Then ¢ < (np — 14 p)p/u; i.e. (1/p,1/q) is on or above the line connecting
¢ and (0,0).

(v) Suppose that M is not of finite type at P. Then p > q.

(vi) Suppose that ¢, and ¢, are two extreme points of B(P) (different from (0,0), (1,1)),

so that the line segment connecting ¢, and ¢, is an edge of B(P). Then (1/p,1/q) lies on or
above the straight line through c,, and ¢, .

Proof. For assertion (i) one chooses f = xs to be the characteristic function of a ball of radius
6. Then |Rf(z)] > ¢6"*~! on a set of measure > ¢;6 and therefore ||Rfs||, > 672711/ while
| f5]l, = O(6™%/P). (ii) follows from (i) by applying the first to the adjoint operator. Similarly (iv)
follows from (iii).

To see (iii) we assume that P = (0,0) and assume that M near P is given by (3.6), (3.7)
with w = 22, v = y3. We use (6.1) for large N. Let f be the characteristic function of the
cylinder {|y'| < €16, |yny| < 6}. Then |Rf(x)] > 6" 2=D/V if |2'| < e,6/ N+ (here we apply
(6.1), (6.2)) and |z, | < 36 for suitable ¢1, ¢y, 5. Therefore ||Rf||, > §("r=1/v§(N+nr)/(N+1)a
but || fs]|, < Cé("r=14)/¥P " Therefore the assumed LP? — L7 boundedness yields the restriction
(nr—1)/v+(N+ngr)/q(N+1) > (ng—1+v)/(vp). (iii) follows from letting N — oco. Moreover
(v) follows immediately from a combination of (i)-(iv).

Finally we turn to the proof of (vi). Let u = HLL_I, v = P Suppose that ¢, and ¢,
are two extreme points of B(P) so that ¢, lies to the left of ¢, thatis (u +1)/(p+7+1) <
(7' + 1)/(f' + 7' + 1); this condition is equivalent with (z 4+ 1)v" < (' + 1)v. Since ¢, is an
extreme point it lies below the line through (0,0) and ¢,s,» which implies that g < g'. Since ¢,
is an extreme point it lies below the line through ¢,, and (1,1) which implies that 7' < U. Both
conditions also imply that u'v — uv’ > 0. Let

1 v—1v 1 p—p

a = -, b= LA —
ng — 1 p'v — uv! ng — 1p'v— v
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A computation shows that the point (u,v) is below the line through ¢,, and ¢, if and only if
(b(nr — 1)+ 1)u—(a(ny, — 1)+ 1)v > b(ng — 1). Moreover the point ¢;; is below this line if and
only if aj 4+ bk < 1. Therefore, M is not of finite type (j,k) if aj + bk < 1, by the definition of
B(P).

Now let fs5 be the characteristic function of the cylinder {|y'| < 6°, |y.,| < ¢}. By (6.1) with
N > a,b we see that

1S(zy)l <O D |26 + 08D 2N 4 |, ).
(k) E(P)
1SIEN

We choose N large and evaluate for |2/ < ¢16%, |2,,| < c26 to see that |Rfs(z)] > ¢%ne—1
on a set of measure > ¢,6%"L =D+ Therefore R fsl|lq > coPnr—D+(a(nr —D)+1) /g while | fsllp =
O(é(b(”R_l)"'l)/p). Assuming that R is bounded from L? to L7 and letting 6 — 0 we obtain the
restriction (b(np—1)+1)/p—(a(nr —1)+1)/q¢ < b(nr—1) and this is precisely the assertion. O

7. Appendix. We have noticed that our argument used in [19, Lemma 3.6] is correct only in
the semitranslation-invariant case. Since this lemma is a technical step leading to inequality (5.3)
above we give the proof valid in the general case in this appendix.

Let p denote a C'* function of the variables (w,7,y;) € R*xR xR, supported near (w, y;, 7)o =
(0,0,1), in particular p(w,7,y1) = 0 for 7 < 1/2. Let (w,y1) — S(w,y1) be a C* function such
that 1/4 < 0,,5 < 4. We assume that if w,z € supp p(-,7,y1) for any 7,y; then the equation
S(z,y1) — S(w,y1) = 0 can be solved in z; and in wy; that is, there is a function v such that

S(Zlvv(zlvwvyl)vyl) - S(wvyl) = S(Zvyl) - S(wlvv(wlvzvyl)) =0.
Note that then
S(z,y1) = S(w,y1) = 22 — (21, w,y1) = v(wi, 2, ¥1)) — w2

Let n be a fixed positive integer and r = (r1,...,7r,) € Z" such that 0 < r; < I+ n+ C for

suitable C'. Let

1 0 i+l
0']'($,y1) = m(a—zl) [Sllﬂ(zlvv(zlvxvyl)vyl)]

Let xj (5) = X0(21+”+45) and y;'(s) = XO(QZ_”"'”""IS) — XO(T‘”"’”"’%) and let v/ (z,y1) =
Xi(oo(@,y1)) [Ti=y X7* (0i(2,91)). Define

(71) Ki’T(w,z) _ // ez‘)\ﬂ'[S(Z,yl)—S(w,yl)]p;’(w7277_7 3/1)de3/1

with pf(w,z,7,91) = p(w,y1, 7))y (w,y1)p(2,y1, 7)Y (2, 41). The following is a reformulation of
[19, Lemma 3.6].

Z1=

Lemma 7.1. Fix A > 1 and [, k such that 0 <[ < k and 21 < X\ < 2%, and let
I3(z1) = {wisfwy — 21| € 27 Fm, 275 (m + 1))}
Let m > 21 for suitable small 1 > 0 and assume that

(7.2) |5y, (wi, u(we, 2,51),y1) — Sy, (215 22, y1)] = 27wy — 2]
for wy € I'*(21) and for ; € I'*(wy). Then

(7.3) // | K\ (w, 2)| dw + // |KL (w, 2)| dz < Co (14 m)~ 1210+ =2,

wy €1 (21) z1 €Ik (wy)

We shall need
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Lemma 7.2. Let N > 2 and let a be a CN*t! function on the interval [-R,Rl, R<1. Forl>1
let B, = {t € [-R,R]:]a(t)| > 27"} and °E; = [~ R, R]\ E,. Suppose that for some B > 1

sup  [a™M(t)] < B.

te[-R,R|
Then (o)
a (i
dt < CpyI2YN,
/E, |a(t)
and

/ la'(t)|dt < Cp 1271071,
cEl

The first inequality is proved in [19 , Lemma 3.8], the second can be deduced from the first,
noticing that

!
d(t)dt <C Y 27i=m ()] <O 27 (4 m)2tHIIN < oty l=1/N)
|
cEl

>0 By la(t)] 30
Actually by a similar argument one could also obtain the first inequality from the second.

Proof of Lemma 7.1. By symmetry it suffices to consider the first term in (7.3), for fixed z;. In
(7.1) we perform first one integration by parts with respect to y; and then many integrations by
parts with respect to 7. Let L be the differential operator defined by

L—iAT (S, (2,01) = 9, (w,41))gy,
T 28], (2 ) — S0 (. )1

Lyg(y1,7) =

and L its formal transpose. Then integration by parts yields

‘ 1= LYy (w, 2,70
K7 (w, 2) = /em[su,yl)—sw,yln U5 H ) dr dy; .

(14 A2[S(w, 1) = 5(z,51)P)Y

Let
Jip(w,z) = {yi;v{(w, 1)y (2, 31) # 0}
and for 0 <j < n

Jl];,l(w,z) = {y € Ji(w, 2); 88 [ (Uj(w,yl))] #0}.
Jljf(w,z) = {y € Ji(w, 2); 88 [ (O']'(Z,yl))] #0}.

Arguing as in [19] one obtains the estimate

Kl <o [ HG@emdnt [ B dn
Jir(w,2) Jir(w,2)
+E/ i HY% (w2, 1) dys + Z/ s HY (w2, 1) dy
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where

Y (w,2,50) = (L4 AIS), (w,910) = Sy (2,90 T (L4 NS (w,91) = S(z,90)17) 7
A|SZIJlll/1(u]7y1)_ S;Ily1(27y1)| 1
1 + /\2|Sll/1(w7y1) - Sé1(27y1)|2 1 + /\2|S(w,y1) — S(Z,y1)|2)N

Hi:;(wvzvyl) =

T g ) = 210,040, 90
hadh (L4 ALSY, (wyg1) = 9, (2, 90) DL+ A2 [S(w, p1) = (2, 91) )Y
207710y, 05 (2, 91|
HY (w, z,y) = MU ,
e N (R A T R EAA [ R T I B
We now estimate separately each term in (7.4). For fixed z set w(wy,y1) := v(w1,2,91). In

the argument to follow the constants in the various estimates will be chosen independently of z.
Integrations will always be performed over subsets of a fixed compact set, in particular we shall
always assume that w; € I%*(z), so that Mwy — 2| = 2!m, moreover the length of I'*(z) is
~ 2!A7!. Then

(7.5) |Sgl/1(w73/1) - 521(273/1)| > ¢ [2_l|w1 — 21| — Colwy — U(w17y1)|,]
hence
(7.6) |y, (w,51) = Sy (zo90)] = EATHm A1) Jws — u(wy, y1)] < Cg 27wy = 1.

Note also that
(7.7)

(14w —u(wl,y1)|)_2Ndw2 dyy duq < C/\_2N(|w1 —21|2_l)1_2N < C'mtTEV AL

|w2—u(w1 71/1)|
>C5 27wy —2 |

It follows that

- 2!
/// Hi7,1(w7273/1)d3/1dw SC{/ m//(l + Aw; — U(w17y1)|)_2Ndw2 dyy dun

wi €18 (21)
Y1 EJ[T(IU,Z)

+ /// (1—|-/\|w2 —u(wl,y1)|)_2Ndw2 dyl dw1

|w2—u(w1 71/1)|
>Crt 2wy =2 |

< C[(l + m)_1 + m1_2N]21/\_2.

In order to estimate the second term in (7.4) we wish to apply the Lemma 7.2 (with N > 1/e3,
some ¢; € (0,¢1)) to the function

Sy (Wi, u(wy, y1),y1) — Sy, (2, 91)
y1 = a(wy,yr) = = : ;01 _721 - '

We have |a(w1,y1)| > 27! for wy € I¥(21) and
(7.8) |a(wy, y2)(wr = z0) =[Sy, (w, y1) = Sy, (2,91)]| < Crlwy — u(wy, yo)].
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Moreover

Sy g (woyr) = Sy (2, 01)
= Oy a(wy, y1)(wy — 21) — Sy, (w1, u(wy, Y1), y1)0y, u(wy, y1)
+ Sy (wy 1) = Sy, (Wi u(wi, y1), y1)
= Oy a(wy,y1)(wy — z1) + O[Sy, (w,y1) — S, (w1, w(wy, y1),y1)]) + O(wa — u(wy, y1)).

Here we have used that 9,, u = O(|S; (w,y1)—=9, (w1, u(wy,y1),y1)|); this follows by differentiation
of the identity S(wy,u(wi,y1),y1) — S(z,41) = 0. Consequently if |wy — u| < 27wy — 2| for
small ¢ then

/\|Sl/1y1(w 3/1) SZI/I1Z/1( 73/1)| < C 21 |3y1a(w1,y1)|
L4+ X250 (w,yn) = Sy, ()P = Alwr— = U fa(wr, y1)]

+ 14 AMwy — u(w, 1)

while in the case |wy — u| > 27wy — 21| we have

ALy (@, 91) = Sy, (2 91)]
L+ A28, (w,51) = 8}, (2, 31)2

< CMJwy = 21| + C'wy — w(wy, y1)|]-

Therefore using Lemma 7.2 we obtain

/// Hi’fz(wazayl)dmdw

wy €8 (21)
Y1 eJlr(w Z)

Oy, a(wy 3/1)| 1
< C/ / | y1 > 11 / desdun duw
/\|w1 —2’1| wlvyl } (1+/\|w2—u(w1,y1)|)2N—1 2G71 1

s, / / / 2'm dwady;d
(1 + Mg — u(uwy, gp)|)2N-1 2e

|[wy—21 | |we —u|>
~2' A" 1m 27wy —z1|

(7.9)
S C(GQ)QZ(1+62)A_27TL—1 1+ 0'221/\_27713_2]\7

where €5 > 0 is arbitrary (we choose €; < €1). Since we assume that m > 2! we may choose N
large enough to obtain the desired estimate for Hi’g(w, Z,7).

The estimate for the term Hi’gj(w,z,yl) is similar. This time we shall apply Lemma 7.2 to
the function

Y1 — aj(w17y1) = Uj(wlvu(wlvyl)vyl)-

Note that
Oy, (w, y1) = Oy oj(w, y1) — Owy 0 (we, u(wi, y1), y1)0y, u + Oy, 0(w, y1) = Oy, o(wy, u(w, y1), y1)
and therefore

|0y, 05(w, y1) — Dy, o5 (wr,91)] < Co [|S;1(w73/1) - Sgl/l(wlau(wlayl)vylﬂ + [wy — U(wl,yl)”
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and
loj(w, y1) — a;(wi,y1)] < Colwy — u(wr, y1)|.

In the support of 9, x7(o;(w,y1) the function o;(w,y;) is bounded above by C'2!=". There-
fore we have either |a;(wy,y1)] < C'277F or [wy — w(wr, y1)| > elaj(wy,y)] > C207r
Consequently

/// Hi’gj(w,z) dyrdw

wi €18 (21)
Y1 EJ[T(IU,Z)

2 142770 a;(wy, Y1)l
< e E—— Y17 9 d d d
B C[/ Alwy — 2z / / (14 Mwy — u(wy, y1)])?N 1 P2 e

laj |[<C2=
9l 1—|—21—7’i 9 a.(wl 3/1)|
—I_/i / y1 Yy ) duw dy duw
/\|w1_21|| |>C21+ri fw —u|> (14 AJwy = u(wy, g1 2
OZ]' Z - T wo —u|>
clag|
2lm
¢ dwydyy dwy .
' / / / (1+/\|w2—u(w1,y1)|)2N—1 wa Yy awy
|wy =21 |wz —u|>
z2l)\_1m 02_l|w1—21|

We first perform the w, integration, then use the second Lemma and we obtain, by a straight-
forward computation, the bound (7.9) for the sum of the three previous expressions. The analogous
estimate for Hiﬂ’](w,z,yl) is similar (actually simpler, since the terms o;(z1,¥1) do not vary in

w). The proof is concluded by combining the desired estimates for the terms in (7.4). O
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