ON RADIAL FOURIER MULTIPLIERS AND ALMOST
EVERYWHERE CONVERGENCE

SANGHYUK LEE ANDREAS SEEGER

ABSTRACT. We study a.e. convergence on LP and Lorentz spaces L9,

for variants of Riesz means at the critical index A(p) = d(3 — %) -1
2d

for p > 9. For the classical Riesz means S?(p), we show a.e. con-
vergence for f € LP'. We derive more general results for radial and
quasi-radial Fourier multipliers and associated maximal functions, act-
ing on L? spaces with power weights and their interpolation spaces.
We also include a characterization of boundedness of such multiplier
transformations on weighted L? spaces, and a sharp endpoint bound for
Stein’s square-function associated with the Riesz means.

1. INTRODUCTION

Let p € C°(R?\ {0}) be a homogeneous distance function of degree 3 > 0,
i.e. p satisfies p(t'/8¢) = tp(€) for all t > 0 and p(€) > 0 for € # 0. For
Schwartz functions f on R? (d > 2 throughout this paper) define the Riesz
means S} f of the Fourier integral by

t

In order to consider almost everywhere convergence on LP one needs to
be able to define Sf as a measurable function, for all f € LP(R?Y). A
necessary condition for S{ to extend as a continuous operator from LP to
the space S’ of tempered distributions is that the convolution kernel belongs
to LP" (cf. [5] for a similar comment, and §2 below). This is the case if and

only if A > A(p) := d(% — %) — % In view of the compact support of the

multiplier the distribution S} f is then a bounded C* function; moreover the
maximal function sup;., |S2f(z)| is well defined as a measurable function.
Carbery, Rubio de Francia and Vega [4] studied the pointwise behavior of
S} and showed that, for p(¢) = |£] and A > max{\(p), 0}, the means S} f(x)
converge almost everywhere to f(z). The method in [4] is based on the
trace theorem for Sobolev functions and applies to the general situation
considered here, see also Sato [16].
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In this paper we investigate what happens at the critical index A = A(p) =

d(3 — ]%) — 1 when A(p) > 0, i.e. when p > dQle' It is natural either to

consider S on smaller Lorentz spaces, or to slightly regularize the multiplier
to produce an operator well defined on LP(R%). Let

(1-rh
1+log(14))7

(1) hay(r) = (
Define the generalized Bochner-Riesz means S? 7f by

SME(E) = I (P FE).

For the critical A = A(p) these operators extend to bounded operators from
the Lorentz space LPY to S’ if and only if v > 1 — 1/ when ¢ > 1 and
v > 0 when ¢ = 1; ¢f. §2. In the thesis [1] Annoni showed, for p(§) = ||,

that St’\(p)’fyf(:c) — f(x) a.e. forall f € LP, p > dZle under the condition
v > 3/2 — 1/p. This left open the range 1 —1/p < v < 3/2 —1/p. Almost
everywhere convergence in this range is implied by the case ¢ = p of the
following theorem.

Theorem 1.1. Let 2% < p < oo, A(p) = d(} — %) — 3. Lety>1-— %,

1<qg<oo,0ory>0and qg=1. Then for f € LP? we have
3 A(p)v’y J—
tim §)07 (@) = f(2) ae

Note that for ¢ = 1 this covers an endpoint result for the Riesz means.
The usual approach to pointwise convergence results for functions in
LP4(R?) is to prove an LP? — LP*> bound for the associated maximal

function S7 Tf = sup;sg |S’t>‘ f|. By Stein’s theorem [20] such an estimate
is necessary for p < 2, see Tao [21] for what is currently known for the
maximal Bochner-Riesz operator in that range. For p > 2 complete LP-
boundedness results for the maximal Bochner-Riesz operator (A > A(p))
are known in two dimensions ([3]) and partial results have been proved in
higher dimensions ([6], [17], [12], [14]). For the endpoint A = A(p) sharp re-

sults were recently observed in [13], for the case p(§) = |£|, in the restricted

range % < p < oo. For these parameters S;\(p)’o maps LP! to LP and

Si‘(pm maps LP? to LP if ¢ < p and v > 1 —1/q. We note that the sharp
LP' — LP endpoint bounds for the maximal operator are not known in the
range d2—_d1 <p< lejll), even in two dimensions. Still less is known for
general p. Thus we opt for a variant of the approach by Carbery, Rubio de
Francia and Vega [4], who used weighted L?(|z|~%dz) spaces. Annoni [1] fol-
lowed this approach and introduced logarithmic modifications of the weight
function, working with |z|~%(log(2 + |z|))™* for suitable p > 0. We prefer
to preserve the homogeneity of the weight and use the observation that for
p > 2 the space LP? is embedded in L?(|z|~“'=2/P)dz). We are able to

sharpen the analysis in [4] to prove boundedness in this space for maximal
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operators defined by sup;q | F [h(@)fﬂ where h is supported in [3, 2] and
belongs to the L*-Sobolev space £2 = B2, with o = d(1/2 — 1/p). This
will be a special case of Theorem 1.2 below and can also be deduced from
the square-function estimate in Theorem 1.5. In particular for the range
v > 1/2 the maximal operator S2P s bounded on L2 (|| =4 =2/P) dy):;
this implies the ¢ = 2 case of Theorem 1.1.

In order to get a complete result for all ¢ (in particular ¢ = p) it is
convenient to work with the homogeneous Herz spaces K, in the special
case r = 2. For fixed r these are real interpolation spaces of the L"(|z|"dz)
spaces, see Gilbert [10]. The definition (following the terminology in [2]) is
as follows. Let, for [ € Z, A = {z : 2! < |z| < 271}, Then X7 is the
space of all functions which are 7-integrable on compact subsets of R?\ {0}
and for which

o g A d a/r\1/q
@) 7l = (22 [ e a]"™)

is finite. It is easy to see that for v > —d/r every function in K¢ defines a
unique tempered distribution on &’(R%). In what follows we use the notation
< for an inequality which involves an implicit constant.

Theorem 1.2. Let i <a <%, 1<¢g< oo and s = g Leth e B3 (R)

be supported in (%, 2). Then the following hold.
(i) For 2 < q < oo,

[ sup [FHAED) | -an S 1052 1 Fllgeeoa -
t>0 2 ) 5
(i) For 1 < q <2,

| sup [FAED gz S Wllz 11 F e -

For p > 2 and a = d(1/2 — 1/p) there is the embedding LP9 C K, %, (cf.
Lemma 3.1 below). By a standard approximation argument we will show

Corollary 1.3. Let p > d%dl, 1<g<oo,s= qiil, and let h € Bj(;_ be
2

),s

S =

supported in a compact subinterval of (0,00). Then for f € LP1
Jim IF b/ F1(2)| = 0 ace.

If x € C§°(R) is compactly supported away from the origin then xh, , €
B3, fora=XA+1/2and vy > 1/s, and v > 0 if s = oo, see e.g. [22]. Thus
one can deduce Theorem 1.1 from Corollary 1.3.

The proof of Theorem 1.2 for ¢ = 2 also gives a characterization of bound-
edness of convolution operators with quasiradial multipliers on weighted L?-
spaces with power weights (i.e. on the spaces .'K;ta2) The result is in the
spirit of (but in some sense complementary to) the results by Muckenhoupt,
Wheeden and Young [15]. In what follows let ¢ € C§°(3,2) be a nontrivial
bump function.
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Theorem 1.4. Let p be as above and let 1/2 < oo < d/2. Define the operator
T by Tf(f) (p(ﬁ))f(f) Then the following statements are equivalent:
(i) T is bounded on L*(|x|~2%dx).
(ii) T is bounded on L?(|x|**dz).
(i) suprsi lom(t) 2y < oo.

Finally we prove a sharp bound for Stein’s square-function associated with
the Riesz means,

Got(e) = ([ 71507 1) = 82 11@)
which can also be used to prove Theorem 1.4.

Theorem 1.5. Let 3 < a < 4. Then for f € L*(|z|~%dx),
2 dx 2 dx
J1Gor@P i < [ 1@l e

This paper. In §2 we discuss the definition of our multiplier transformations
and associated maximal functions on Lebesgue and Lorentz spaces, and then
prove a convenient characterization of quasiradial multipliers to be Fourier
transforms of functions in these spaces (see Theorem 2.2). In the preliminary
section §3 we consider embeddings for Lorentz and Herz spaces which are
needed to deduce Theorem 1.1 from Corollary 1.3. We also review the
Fourier restriction estimate in weighted L? spaces, use it to prove a basic
maximal function estimate, and discuss other basic preliminaries. The main
section §4 contains the proof of Theorem 1.2. The proofs of Theorem 1.4
and Corollary 1.3 are given in §5, and Theorem 1.5 is proved in §6.

)

Acknowledgement. The authors would like to thank Jong-Guk Bak for con-
versations at the early stages of this work.

2. DEFINITION OF CONVOLUTION AND MAXIMAL OPERATORS ON [P

For f € LP the expression Sg\ "V f is not necessarily defined for all f € LP¥,
even in the sense of tempered distributions, since the Fourier transform of
an LP function does not have to be a function.

Lemma 2.1. Suppose 1 <p,q <oo. Let K be a tempered distribution in
R? such that K has compact support. For f € S(RY) define Tr = f x K.
Then

(i) Tk extends to a continuous linear operator from LP4 to 8’ if and only
if K e LV

(i) If K € LP>7 then for f € LP? the mazimal function

sup [t'K (t)  f ()|
t>0

1s Borel measurable.
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Proof. Assume that Tk : LP? — S’ is continuous. Then for every g € S
there is a constant C(g) such that (T f, g)| < C(g)||f||zr.a. Observe that if
g € S such that §(¢) = 1 for £ € supp(K) then (K f, g) = (f, K(—)). Thus
K must lie in the dual space of LP4, i.e. in LP"7 . Conversely, if K € L
then for every f € LP? the convolution = — K * f(z) is well defined as
a bounded continuous function. This shows (¢). Since the supremum of
continuous functions is Borel measurable we get (i7). O

Quasiradial functions in FL%®. We consider m = h o p where p is a
homogeneous distance function of degree $, and p € C®(R4\ {0}). It
is useful to express the condition (i¢) in Lemma 2.1 in terms of the one-
dimensional Fourier transform of hg(t) = h(t?). The following theorem
sharpens a result in [18] for the class of distance functions considered here;
the radial analogue, for p(§) = [£], is already in [8]. Note that here we make
no curvature assumption on the p-unit sphere

Ep={&: p(€) =1}

The following result may be interesting in its own right but we shall use it
only to demonstrate sharpness of our results; it is not needed in the proofs
of Theorems 1.2-1.5.

Theorem 2.2. Let h be supported in a compact subinterval J of (0,00) and
let

1 .
Kalr) = 5 / h(t8)eimtdt

Let 1 <u<2,1<s< o0 and ug be the measure on R given by
dua(r) = (1 +|r])"ar.
Then

_ K
(3) H‘F 1[hop]HLu,s(Rd) ~ B

H<1+|->‘%1‘

For u = s this equivalence becomes

|7~ (hopl| o gy = (/|}C5(r)|“(1+ [P0y

In the proof of Theorem 2.2 we shall use an elementary convolution in-
equality in weighted spaces.

LS (Rypua)

1/u

Lemma 2.3. For a € R let M, be the multiplication operator Myg(r) =
g(r)(1 + |r|)*. Let s be a measurable function such that for all N

s(r) < C)A+[r) 7.
Then for alla e R, 1 <u < o0

HMfa[g * (Mag)]HLu,s(ud) S HgHL”vS(ud) .
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Proof. The straightforward proof is left to the reader. Real interpolation
reduces this to the case u = s for which one can consult Lemma 2.2 in
8] O

Proof of Theorem 2.2. Since p'/# is homogeneous of degree 1 the statement
follows immediately from the special case § = 1, which we will henceforth
assume. We shall write x for Ky, so that x = F ![n].

Proof of < in (3). Let x1 in C°°, compactly supported in (0, 00) such that
X1(p) = 1 on the support of h. Since x = h it suffices to show

a . a1
|5~ [xaop Rop HLW(Rd) Sla+]-pz "iHLu,s(w)

which follows from
@ |7 aoe [ o)+ 1) e ar)

We show the corresponding inequalities with L™* replaced by L' and by L?.
For the L' inequality we use that

177 aaop e ||y ey S L+

which is a rescaled inequality from [19]. Here it is crucial that p is homo-
geneous of degree one. By Minkowski’s inequality the displayed estimate

yields
-1 d— —irp d 1
) |77 baor [ o+ e a5 [lola

For the L? inequality we use polar coordinates and Plancherel’s theorem in
R? and R, to get

Ay / o)1+ 1rl) T e e |,

S HXlOp(-)/ M1+ |r)) T ZTp()dr‘

S Hxlfg(r)(l + |r\)%e—ir(~>dr’
(6) /|g 204 r)- ldr)”z,

The asserted inequality (4) follows from (5) and (6) by real interpolation.

Proof of Z in (3). We shall work with smooth h which allows to assume
that the L™*(ug) norm of (1 4+ |r|)*%/{(r) is a priori finite. With this
assumption we have to prove the inequality

(7) 11 TV s gy S IF R0 pll| s (-

L%S(Rd) S HgHLu’s(ud)'

L2(R9)

L2(R)

If (7) holds for all smooth h supported in J then the general case can be
derived by an approximation argument.
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Pick & € X, so that || has a maximum at . Then the Gauss map is
injective in a small neighborhood U on the surface ¥, and the curvature is
bounded below on U. Let v be homogeneous of degree zero, v(&y) # 0 and
supported on the closure of the cone generated by U. Clearly

IF =y hoplllzws S IF~Hhop][[ms.

Now use p polar coordinates to write

1y hosl () = (22 [ d—1 Lin(€, 2 do(§)
®  Frhoplta) = om* [Tl [ €€ S

Let n(&) the outer normal at &y, let T' = {2 € R : ‘\%I —n(§0)| <e}, withe

small and let, for large R > 1, T'r = {z € " : |z| > R}. By choosing ¢ small
enough we may assume that for each = € I' there is a unique { = Z(z) € X,
so that v(Z(x)) # 0 and so that z is normal to ¥, at =Z(z). Clearly z — Z(z)
is homogeneous of degree zero on I'. By the method of stationary phase we
have for x € 'y

(9) F yvh(p()](z +ZH )+ I11(z)

V(E(= ))IW(E(%))I‘1 |
(E(z), )7 |K(E(z))|/2

lc| = (2m)~? and K(Z(x)) is the curvature of ¥, at Z(x). There are
similar formulas for the higher order terms I/;(x) with the main term

(p(E(z),z))"“F replaced by (p(Z(z),2))"“Z /. Finally
[I11(z)] Sn |[Blalz[~Y, @ €Tk

iz) = [ h(p)p" #Elap
0

Let hj(p) = h(p)p%fj and let x; = Fg '[h;], then, for some C; > 1,

M < Cillo(x)], = €Tr.

[(E(z),2)[ =

We also have, for some Cy > 1

Oy o(@)] <

Co_l|x] < (E(z),z) < Cylz|, =ze€T,

which is a consequence of Euler’s homogeneity relation p(§) = (€, Vp(£))
and the positivity assumption on p. Let

Er(0,a) ={r:|r| > R,|Lo(r8)| > a},
ER(8) = {r:|r| = CoR: v~ 7 |ro(r)| > C15}.
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Then

* sdan1/s
ol Lws(rp) 2 (/0 [a (meas{z € T : [Io(z)| > a})/¥] ;)

(/OOO { (/Sdlmr /ER(Q’Q) Td—1drd9>1/u]s%¥>l/s
(/0 [a(/E;‘a(zdua) Td_ldr)l/urcfj)l/sa

Vv
Q

vV

which gives
d—1

(10) H(l + - DiT’@OHLu,s([COR,OOLM) S ”IOHL“’S(FR) .

A variant of this argument also yields the upper bound

ol wsqrmy S 1A +1- D7 Kol s

and similarly, taking into account the additional decay in the terms I1;,

_d—1

HII]'HL“’S(FR) S./ RilH(l + | ' D 2 K‘jHLu’S(Md)
(11) S B+ D7 Kol puregy -

Here, for the second inequality, we have used Lemma 2.3 and the fact that
kj = kxg; for some Schwartz function ¢;. We also have the trivial inequalities
which use the support properties of h

LT pusrgy S BHP

and ||hl; < Hhop”L“'»S(Rd) < ||.F_1[hop“’Lu,s(Rd), by the Hausdorff-Young
inequality. Thus

(12) I s (ry S R™HIFHhopll| s -
This argument also gives
_d—1 _
(13) 1O+ D77 Kol s o,copuy S BOIF Thop] s

since the left hand side is estimated by R%||ko|lce < R||A]|1.

~

We now combine the estimates to show (7). By (10) and (13) we get

a1 ~
@ +1-1)72 Kollpwsug) S Hollpwsrp) + RUF o]l fuws (ray-
Since [[F [y hopl|| pusmay S IF~ [hop]ll pusmay, by (9), (12) and (11)

N
o[l s rpy S (1 + RYF " hop] || s (ray + Z L] owss (0 )
i=1

_ _ _d—1
S (1 + Rd)HF l[hop]HLu,s(Rd) + R IH(]- + | ° D 2 K/O| Lu,s(ud)‘

Hence, combining these two estimates and choosing R > 1 sufficiently large
we get

_d=1 _
[+ 11777 Kol s gy S IF TR0 Lo ety -
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Finally observe that k = kg * g9 for some Schwartz function ¢y and thus by
Lemma 2.3

_d-1 _d-1
H(1 D77 Ellpus(ug) S H(l + 11772 Koll s () -
The desired estimate (7) follows. O

Quasiradial functions in Besov spaces. If 1 < u < 2 we have the
embedding K3° < L®* for a = d(1/u — 1/2). This holds for u = 1,
s = 1 by using the Cauchy-Schwarz inequality on each annulus 2l;, and it
trivially holds for u = s = 2. We use interpolation ([10]) together with
the reiteration theorem for real interpolation to deduce that the embedding
holds for 1 < u < 2 and all s > 0. . '

Next observe that the homogeneous Besov space Bé s is the image of K5°*
under the Fourier transform. If h is supported in a compact subinterval .J
of (0,00) then for a > 0,

Ihopllsg @y S Ihllez @ S 17152 o)

here the implicit constants depend on J. Hence we see that if p > 2 and
h € B3(1/2_1/p) o is supported in J then F~h(p)f] and the associated

maximal function sup,., |F 1 [h(p/ t)f] are well defined for f € LP4.
Multipliers of Bochner-Riesz type. Now let {n;} be a family of C°-

functions supported on (1/4,1/2) so that the C'°? norms are uniformly
bounded. Define, for sequences a = {a;}3%,

(14) hla)(r) = a;27y; (2 (1 - 7).
j=2
Then it is easy to see that for A > —1/2
(15) 1Plalllg> | < lalle,-
)\+§,s

Now consider hy in (1) and let x € C* be supported in (9/10,11/10)
and equal to 1 near 1. It is well known that [(1 — x)hx 4] © p is the Fourier
transform of an L' function and that the associated maximal operator is of
weak type (1,1). The function xhy  can be written as in (14) for a; = j77.
Thus xhy, € B/2\+1/2,s for vs > 1. Hence St)wf and the associated maximal
function are well defined on LP? if A\ =d(1/2—1/p) —1/2 and v > 1—1/q.

Finally to show lower bounds we consider the one dimensional inverse
Fourier transform k) - of xhy ,, i.e.

2R (1) = /X(v)(l — v)ﬁ‘r(log

) 7’yei'ur dv

1
1o

e / xo(t)2 (log [£} 1) ~e~ " dt
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here o is supported in (—=107!,107!). By a standard asymptotic expansion
([7], ch. 2.9.), we can estimate the expression that we get by freezing the
logarithmic term at ¢t = r~!, namely we have for |r| > 1

)/Xo(t)tiemdt(logr)v‘ > [r| " log |r]) 7.

Straightforward estimation (using integration for the parts where t ~ r—12™

with m > 0) shows

)/Xo(t)ti[(logﬁrl)_” ~ (logr) e dt| S [r| > (log ).

The details are left to the reader. In view of the additional logarithmic gain
in the last display we obtain for |r| > 1

|fan (M) Z [r| = (log [r) ™
From this it is easy to see that the condition
Ry
d—1

(I+rl) =

implies that either A > d(1/2 —1/p) —1/2 or A =d(1/2 —1/p) —1/2 and
v > 1/¢'. Thus Theorem 2.2 and Lemma 2.1 show that the range of v in
Theorem 1.1 is optimal.

e LV ((1+ |r))*tdr)

3. PRELIMINARIES AND BASIC ESTIMATES

An embedding result. Recall the notation 2; = {2! < |z| < 2!}

Lemma 3.1. Let 0 < a < d, 1 < r < oo and let p = d’fla. Then, for
1 <q< o0,

([ v@riateas)™ )™ <1l

leZ

and

o—a 1/r
sup ([ 1@ el o) S e
l A,

Proof. Let f be measurable so that |f(z)| < xg(x) for some set E of finite
Lebesgue measure. Let wy be the surface measure of the unit sphere in
RY and let B(E) be the ball centered at the origin, with radius R(E) =
(dew;|E|)Y/4; then E and B(E) have the same Lebesgue measure and

_ _ d wd a/d 17&
Adx < Cde = —— — E .
Jreaes [ peimtae = g (5) e

This implies the inequality

([ls@rleteas)” S Wfluos, - =1 -2
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We apply this inequality with two choices (pg,ap) and (p1,a1) satisfying
a;/r = d(1/r — 1/p;) for i = 0,1 where ag > 0 is close to 0 and a1 < d is
close to d.

Let ap < a < ay and let p = 4. Then there is ¥ € (0,1) so that

(2, 1) = (1-9)(% 7p0) +0(% ) Since [LPo-l, LP1:1]y . = LP9 and since

r’p
(L7 (||~ %dz), L (|2|~ aldx)]ﬁ,q = J(r /™ by Gilbert’s result [10], the asser-
tion follows by interpolation. O

Fourier restriction based on traces of Sobolev spaces. In what fol-
lows we let o be the surface measure on the p-unit sphere ¥,. The following
result is standard, but we include the proof for completeness.

Lemma 3.2. For1l <b <d,

/| ) 2do(€) /g ) 2lefbd.
>

P

Proof. We split g = go + g1 where go(x) = 0 for |z| > 1 and g1(z) = 0 for
|z| < 1. Then

1/2
([ @l©)Pdo©) " 5 il < ol
2p

< (Jwwpera) ([ o) s ( [lowpiras)”

where we have used b < d.

Now the trace theorem says that for b > 1 the restriction to X, of functions
in the Sobolev space Lb/z(Rd) belongs to L%b_l)/Q(Ep), so it is in L?(X,). We
apply the corresponding inequality to g1 and combine it with Plancherel’s
theorem to see that

([ m©Par@)" < ( [ln@ra+ i)™

In view of the support of g; we may replace the weight (1 4 |z|?)*/? with
|z|* and then g; with g. Finally, combine the estimates for gy and g;. O

Estimates for maximal functions. We use Lemma 3.2 to bound a max-
imal operator associated with h o p.

Proposition 3.3. Let 1 < b < d. Let p € C®°(R?%\ {0}, homogeneous of
degree 3 > 0 and positive on R\ {0}. Suppose that

S 1/2
(/ |h(s)y2s%—1ds) A
0

-~

([ s b7 b0 ) " 5 Al e,

1<t<2

Then
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Proof. This follows from the dual inequality

aw | P e omlar , 5 4 / I

Using Plancherel’s theorem and generalized polar coordinates & = p&’,
p>0,¢& €X,, we can write the left hand side of ( 16) as

/pa /‘/ (o)) (¢ dt‘ Byvpgf )1/2.

Since |Vp| is bounded below we can drop this term and use Lemma 3.2 to
get

L2(|zbda)

| / S (o/t)Fdt]|

< (/pg1/|x!b’/h(p/t)pd/ﬁft(p1/5w>dt‘2dxdp>1/z

We change variables and the last expression becomes

([[1a657| [ ntor o] adp) "

<(ferlf | [ oot o) o)) )
b_ 1/2 2 2 1/2

< ([ mioka) ([ [ [ H1n@la] o)

The assertion follows. U
In the proof of Theorem 1.5 we shall use

Proposition 3.4. Let 1 < b < d and p as in Proposition 3.3. Let n € C'*
be supported in ( ,8). For any real T define A, by

(17) A-F(€) = n(p(€))e PO F(¢).
Then

| A £ B S 111B-

Proof. The inequality is equivalent with

a9 | [ At i, < ([ 1o Bagnar) .

Using Plancherel’s theorem and generalized polar coordinates we see that
the square of the left hand side is bounded by

[ [ ] [ et ot o] ot ap

, 2 d_
< [P [| [emro e, a) ar| ol da gt ap
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where we have used Lemma 3.2. By a change of variables the last expression
is
2 %1 iT 2
In(p)|"p? ’ e'Py(r, x)dT‘ |z|°dx dp

< H(/‘/eiTpg(ﬂ‘)dT‘zdp)l/z‘ 2
| f o oer)

where the last inequality holds by Plancherel’s theorem in the first variable.
Now (18) follows. O

L2(|z|?)dz

L2(|z|?)dx

Littlewood-Paley inequalities. Let 2 be a compact subset of R?\ {0}
and let {(x} be a bounded family in C°, so that all (; are supported in 2.

~

Define operators Py, by P f(€) = ((27%¢)f.
Lemma 3.5. Let —d/2 <~y < d/2. Then for all f € j@’q;

o\ 1/2
[ (32 12er?) gy < €A i
k
and for all % valued functions F = { fy}rez € KJ(¢?)

|3 P, <cnn|(Sime)”]
k 2 k

Proof. Since |z|?7 is an As weight for —d/2 < v < d/2 the Littlewood-
Paley inequalities hold for the weighted L?(|z|*'dx) spaces, i.e. for 9(;“2.
The case for general ¢ follows by real interpolation. O

i
Xy

Reduction to the case of homogeneity 5 = 1. In the proof of our
main theorems we may assume = 1. This follows from writing h(p(£)) =
hs(p(€)'/#) with hg(s) = h(s?) and the following lemma.

Lemma 3.6. Let a« > 0, 8 > 0. Then for all h € Bqu(R) supported in a
compact interval J C (0, 00)

IR(())lg2 . < Callhlss., -

Proof. Let J = [a,b] and Jz = [a'/#,bY/8]. Tet x € C§° be compactly
supported in (0,00) and equal to 1 on Jg. Then we have ||X()h(()5)||% <
C(X:ﬂ)HhHng for k = 0,1,2,..., by straightforward computation. The

corresponding inequality for Besov spaces Bg’q for all & > 0 follows by real
interpolation. ([

4. PROOF OF THEOREM 1.2

In what follows we shall assume § = 1, as we may by the last subsection
in §3.
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The basic decompositions. Let h € B2 o (R) be supported in (1/2,2)
and let n be a C*° function, supported on (1/8,8) such that n(s) = 1 on

(1/4,4). Define Ly by Ly f(€) = n(27*p(€)) F(€). Then

sup |[F7U () ]| =sup sup |F[h() Lif]]
s>0 kE 1<t<2
12
19 < F G L
(19) _<§1222\ (D)

Let (o € C*°(R) be supported in (—1,1) such that ¢o(r) = 1 for |r| < 1/2
and let, for j > 1, ¢;(r) = (o(2797) — (o(279F 7). Define

(20) Vih(p) = (2m)~ /Cj el dr

so that 1//37& is supported in I; = [297227) U [-27,—2772] for j = 1,2,...,
and > 2%, Vjh = h. Define

(21) T, f] = F - n(p2 ")) V(2 F 2 F1.

We first note that for large j the Fourier transform of n(p(-))V;h(p(-)) is
concentrated on an annulus of width ~ 2/. By assumption, there is ¢y € N
so that

(22) 270%2 < |[Vp(¢)] < 2972, for 1/8 < p(€) < 8.

Lemma 4.1. Let K; ¢ be defined by I?j,s(f) =n(p(&))V;h(p(&)/s). Then for
j=0,1,2,..., and 1/2 < s < 2,

|Kjs(2)] < Onl|Plloo2 N |27, for |z] > 27+,

(23) " |
|Kjs(2)| < On B2, for |a| < 2790,

Proof. First observe that H@Hl < 27|\ so- We write

Kyula) = gyt | V) [ o)) agar
and observe that, for £ € supp(n o p),
Ve(rp(€) + (2,€))] = max{|z| — 277071 27790 —[a[} .
Multiple integration by parts in £ yields the asserted estimate. ([

Let x; be the indicator function of the annulus 2f;. The above lemma
suggests to estimate the maximal square-function (19) by

(ZMkka, ) (ZMz Lyf, ])
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where
ME[f,h] = sup ‘Zth’k[h, > Xt
1=t=2'5", n>—co
(24) N
ME[f,h] = ‘ T+ [h )
0= s, [T 5
>j+co

For the second term we can reduce to straightforward L? estimates for which
the weight plays little role. The first term requires the condition h € Bis

but we get a bound even for >, M¥|[fx, h] in place of the square-function.

Proposition 4.2. Let1/2 < a < d/2, s = % and let h € B , be supported
in (3,2).
(i) If 2 < g < co then

|52ttt o S 0.

().

(i) If 1 < q <2 then

| Zk:M’f[fkjh]Hx_m < Ihllss |

(zk: ’fk|2>1/2Hj<2—“’q '

Proposition 4.3. Let 1/2 < a < d/2,v > 1/2 and let h € B2 | be supported
in (1,2). Then

!
I ) g 5 0 (1) e

We prove these propositions in the following two subsections.

Estimates for M. We localize both on the function and the operator
sides. The basic estimate is

Lemma 4.4. Let 1 <b<d and 1/2 < o < d/2. Let V; be as in (20) and

(25) wjm) = ([ wintoRe-tan) .

ForkeZ, meZ, and n > —cy,

o0
ik
_Ek Su ‘ T h, ) H
me S ;o PR 9X gy ]

L2 (Je| -2 de)

~ b L
< 272N 9N (1) g X -kl L2 (o] -20d2) -
>0
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Proof. On the support of X, we have |z|~2* ~ 2(-=m)(2a=b)|3|=b and by
Minkowski’s inequality

o0
Z H ls<1il<)2 ‘th’k[h’gx,kﬂ-,n” ||L2(|a:|*bdx) ’
J=0 "="=

[o.¢]
i,k
me_k sup ‘ZTtJ’ [ 9X i)

1<t<2 1 L2(|z|~2>dx)

2a—b

(26) < 2kmm ™

Note that th’k[h,g] (z) = T/ Th, g(27%.)](2%2) and hence
ik
H S“p |7/ [h’gx—k+j—n]| HL2(|:1:\—bdx)

B kd b ,0 k-
=277 | 1s<1ip 1T/ h, g(27F) Xl HL%\ml*”dz)
< Q*kTAi h ||g(27k')Xj—nH2

where we have applied Proposition 3.3. The last displayed quantity is equal
to

b—
22N (1) | gx—kri—nll2 S 272 207N (B)|gX—hjnll 21y 200y

and the asserted inequality follows if we use this in (26). O

Lemma 4.5. Let h € L*(R) be supported in (3,2) and Aj(h) be as in (25).
Then for b >0, a >0

o0

1/s
(SRreaim) " < nlss.,-
7=0
Proof. Let
. 4
80 = [ Wik(o)P .
1/4

Then the corresponding estimate with AZ replaced by K{) is obvious from
the definition of Besov spaces. To estimate the corresponding contribution
over R\ [1/4, 4] write

21Vih(p) = / h(u) / X (r)e P~ dr du.

By integration by parts, the inner integral is < Cn277V|p — and
since h is supported in [3,2] we see that |V;h(p)| < ||h[1277 for p < 1/4
and |V;h(p)| < |h]|1277% p=» for |p| > 4. A straightforward estimate gives
the assertion. O

u|_N_1

Proof of Proposition 4.2 for g > 2. Let

27 ME, o F = X ‘ T x (
(27) f = xmek sup zj:t -
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Then, by Minkowski’s inequality,

EON DRI ED S ol oI

=—00n=-—cg

We use the estimate
1/q
(29) H zk: Xm—kngj(Z_a’q S (zk: HXm—k.ng%2(|x|—2a))

which hplds for all ¢ > 1 and all & € R and is obvious from the definition
of the K5 *? spaces. We now choose by, by such that 1 < b; < 2a and
2a < by < d. From (28), (29) and Lemma 4.4 we get

5 5

n>—co
—2a /
(> (Zw,,hnk\ ) + 3o (Zwbz,n,k\q)l T
m>0 m<0 k
where
(30) Eb,n,k = Z2jaAthkaj—n—kHLQ(‘y|—2ady) :

J

Now the proof is concluded by Lemma 4.5 and estimating (with b = by or
b= bs)

(Z fgb,n,k!q> e
k
< (X (Zprwor)” 3 | iimnctllLaqypsoay)

J

:<¥[2NN ) (ZZkaXlHLz (lyl- 2a>/q
(Zk:]fqu) Hjcz‘”' -

Proof of Proposition 4.2 for ¢ < 2. Again we work with (27), use (28), (29)
for ¢ = 2 and Lemma 4.4 to get

el s T

[Z (Z|5b1,nk|> +22m2 (Zlgbgnk\) }

m>0 m<0

S lklisz,
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with &, , 5 as in (30), and by € (1,2a) and by € (2r,d). Again we apply
Hoélder’s inequality and get, for fixed m, n,

(Z !&Lmk!?)l/z
k
< (S (Zeajo) F)” (Zukaj wtl Loy zeay) )

J

< (ZW“AZ(’U]S)I (zk: [El: ”kalHqB(\yrwdy)}2/q)1/2

J

and since now ¢ < 2 we may use Minkowski’s inequality and estimate this

by
||h||Bg,5(ZHxl(erkr) )
(Z’mz) Hg‘ravq' .
k 2

S lklisz,

Estimates for Mj. For every [ let X, = 22+C° xi- We estimate

1=—2—cCg

ME[F.1] < D7 (M (7.0 + NFI.H])

j>1
where
(31) I>j4co 1SES2
Nflf R = ) sw |(1-X k+l Z e [h X—k+zf]"
I>j4co 1SES2
J+co

For the estimation of (>, ﬂgj [f, h]?)'/? we use a standard imbedding es-
timate.

Lemma 4.6. For~y > 1/2

| s, [l 1l < 24l e

Proof. By scaling it suffices to prove this for ¥ = 0. For g supported in
(1/2,2) and I = [1/2,2],

— 1/2 1/2
[sup |7~ lg TaED A1, < [Nalla + lglls 191311 £112

as one can see by applying the fundamental theorem of calculus to g?. Since
|Vihll2 + 277([(V;R) |l2 < 2777||h| g2 _» the assertion follows. O
v
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Proof of Proposition 4.3. From Lemma 4.6 we get, considering the supports
of the functions X_ o and %—k+l’

H(ZM?Jfk’ ) ‘LQ (|| ~2dz)
S (X0 Yo s (17 ill2)

I>co+j k

) 1/2
s2“5*%”33,1(ZZW'“”kamuz)

S PE g, (Z\fkr )
From Lemma 4.1 we get
" N 2kd
N@) S 2V [ g W)l .

and since |z|72% is an Ay weight for |a| < d/2 the estimate

H(ZNk Ti 1l )1/2‘ L2(|a|~2dz) _JNHhH H(Z i ) ‘

follows from standard results (see ch. IV in [9]). Proposition 4.3 follows by
combining the estimates for {/\/lgj} and {/\/'Jk }. O

L2(|z|—2adz)

Proof of Theorem 1.2. By (19), the decomposition described in §4 and Propo-
sitions 4.2 and 4.3 we have the estimates

) _
sup |F ! h(Z2) f H < H( P ) H o = max{q, 2},
Jaup 17 o < [ (20R7) (0.2}
where the Py are suitable Littlewood-Paley operators as used in Lemma 3.5,
satisfying Ly P, = L. We conclude by an application of the first inequality
in Lemma 3.5. [l

5. CONCLUSION OF OTHER PROOFS

Proof of Theorem 1.4. (i) and (ii) are equlvalent by duahty

Assume (i7) holds. Define T; by th(ﬁ) m(tp(€))f(€). Then T, is
bounded on L?(|z|?¥) = U'Cg"z, with operator norm independent of ¢, by the
homogeneity of p and scale invariance. Test T3 on Schwartz functions of the
form ¢ o p to derive the condition (ii7).

Finally if (73t) holds, let x € C*°(R) be supported in (1/2 2) so that

YkezlX(27%s)]* = 1. Define P}, and Tj, by PLf(&) = x(275p(€))f(€) and
ka(f) = x(27F (5))m(p(§))f(£) It follows from Propositions 4.2 and 4.3
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that P71 Py is bounded on 5(;“2 with operator norm < me(Zl‘“)H%
Hence by interchanging sums and integrals
1/2 1/2
k
| (S 1mmepes?) e S sl @l | (2 1P)
k k 2

A standard estimation gives supy, [|[xm/(2"-)||c2 < sup, [|m(t:)|| ;2. We finish
by applying both Littlewood-Paley inequalities in Lemma 3.5. ([

Proof of Corollary 1.3. Given Theorem 1.2 this is a standard argument. De-
fine Sy by Sif(€) = x(p(€)/t)h(p(€)/t) with h € B2 ,. Let f € LP4. We
need to show lim; o Sif(2) = 0 a.e. on Up = {x : R7! < |z| < R}, for
every R > 2. For this it suffices to show that for every > 0, € > 0 we have

(32) meas{z € Ugr : limsup [Sf(z)| > r} <e.
t—00

It is easy to see that for any Schwartz function g we have lim;_,o Sig(z) = 0
uniformly on compact sets. Let 0 = max{q, 2}. Given any Schwartz function
g the left hand side of (32) can now be estimated by

meas{x € Ugr : limsup |S¢[f — g|(z)| > r}
t—00
S 72 sup [Se[f — gllll 2w
>0

< r2RIA2Z1P) (10g RV igg |S:[f — g”Hj{d(%i%)’q :
2

If we combine Theorem 1.2 with Lemma 3.1 we get

||f - 9||LM .

||il>1%)|5t[f—9”||j<;t(g—f)q S Ihaalis Blj2-1/a).0

The implicit constants in these estimates are independent of g. Since § is
dense in LP? we may find g € S to make the last expression as small as we
wish, and (32) follows. O

Proof of Theorem 1.1. Let x € C§° supported in (1/2,2) and equal to 1
in a neighborhood of 1. We have hAN(p/t)f(g) = ﬁf(f) + §tf(§) where
T, is defined by by TiF(€) = (1 — x(p(€)/))har (p(€)/£) F(€). The maximal
function sup, |T;f| is controlled by the Hardy-Littlewood maximal function
and it is standard that im7; f(x) = f(x) almost everywhere for every f €
L",r>1. Next hy, € Béq, for a« = d(1/2—1/p) and v > 1—1/¢, moreover
hxo € ngo. By Corollary 1.3, S;f(z) — 0 a.e. for f € LP9. This proves
the theorem. O

6. THE SQUARE-FUNCTION ESTIMATE

We now give a proof of Theorem 1.5. Let p € C§°(R?) be homogeneous
of degree 1, with p(§) > 0 for £ # 0. We aim to prove, for 1/2 < a < d/2,

(33) H(/OOO\]-" [55(1—tﬂ)a 17 th)l/ ‘

S 2 (w20 da) -

L2(|z|—22dx)
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A change of variables shows that (33) implies Theorem 1.5. Let ng € C§°
be supported on (—5/6,5/6) and equal to 1 on (—3/4,3/4). By standard
weighted norm estimates for vector-valued singular integrals we have

I - )

for all @ > 0, 8 > 0 and —d < b < d. Thus it suffices to prove

H(/ 771( )(1_';5)@ 1f] 2%)1/2‘

for n; € C° supported in (3/4,5/4). By Littlewood-Paley theory for the
spaces L%(|x|~2%dz) and scaling it suffices to prove the analogous inequality
in the t-localized case for which in the last display the integral over R is
replaced by the integral over [1,2].

We observe also that, with 72 € C2°(0, 00),

L3 (lappda) Sl 22 eppda

S fllz2 e -20da)

L2(|z|—2adx)

772(@)(1 — &)a—l
E1 — p(tﬁ)ct;—l = ga(E/t)

where g, € L% for all « > 0, 8 > 0. Thus, by an elementary inequality for
vector valued operators it suffices to prove that for 1/2 < a < d/2

[ 17 mostoe - o F1Pa) )

here ¢ is a compactly supported C*° function. By applying Plancherel’s
theorem in ¢ the preceding inequality follows from

s ([ as i)

with A as in (17) As before let x; be the characteristic function of the
annulus 2. Let Iy = [—1,1] and, for j > 1, [; = [-2/, —2/71Ju[2971,27]. In
order to estimate (34) we make a decomposition which is analogous to the
one in (24), and prove

(35) ||( 22 29“/ (A" Fxjn) )1/2’

n>—co

S HfHL2(|:c\*2"‘dac) )

(|| ~2dx)

S22 e -2 da)

L2(|z|—2adx)

L2(|z|—22dx)

S./ Hf||L2(|x\*2adJ:) )

and

ZQ 230‘/’,4 fol‘dT) ’

1>j+co

L2(|z|—2adx)

S L2 (je) 20 da) -
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In order to show (35) we prove for m € Z, n > —cp, ¢ < min{a — %, % —a}l,

(37) (22 2m/ HXm (fXj—n HL2 (12|~ QQdI)dT)

7j=1

For the proof of (37) let 1 < b < d. The left hand side of (37) can be
estimated by

1/2
S 27T £z

(S [ M)
(22 5 1l )”2

by Proposition 3.4. The last display is estimated by

1/2
i ( Z foj—n Hiz(urmdx))
J

227" fll L2(j2)—2eda) -

We may choose b such that 1 <b < 2(a—¢)if m>0and 2(a+¢) <b<d
if m <0 and then (37) follows.

We sketch the proof of the more straightforward inequality (36) and rely
on the argument used for Mz before. Let X; be the characteristic function
of Uf5§i§59ll+i~ Then for I > j+ ¢y and 7 € Ij

Lf(y)xi(y)]
(14 2z —y)N

(1= AP < vz ™ [
Since |z| 2% is an Ay weight, it is immediate that

(;2”“ n Y- A

1/2
dT) S 2 (o) -20da) -

L2(|z|—2adx)

For the main term we use o > 1/2 and estimate

(= n Yt 2

1/2
dT)
L2(|z|~2dx)

(T St (p)3ar)
e

i 1>
< = —2j(a—1)9—2lc 2 1/2 <
S (ZZQ 2 HleHz) S I 22 (220 da) -
>0 j5=0

Thus (36) is proved. O
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