LP REGULARITY OF AVERAGES OVER CURVES AND
BOUNDS FOR ASSOCIATED MAXIMAL OPERATORS

MALABIKA PRAMANIK AND ANDREAS SEEGER

ABSTRACT. We prove that for a finite type curve in R3 the maximal operator
generated by dilations is bounded on LP for sufficiently large p. We also show

the endpoint LP — Lf/p regularity result for the averaging operators for large

p. The proofs make use of a deep result of Thomas Wolff about decompositions
of cone multipliers.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let I be a compact interval and consider a smooth curve
v: T —R3

We say that ~y is of finite type on [ if there is a natural number n, and ¢ > 0 so
that for all s € I, and for all |£| =1,

(L1) PCRIONS] =

For fixed s the smallest n for which (1.1) holds is the type of v at s. The type is
an upper semicontinuous function, and we refer to the supremum of the types over
s € I as the maximal type of v on I. Let x be a smooth function supported in the
interior of I. We define a measure u; supported on a dilate of the curve by

(1.2) s £) = [ 1635 x5 ds,
and set

(1.3) Af (@) i= [+ (o).
We are aiming to prove sharp LP regularity properties of these integral operators
and also LP boundedness of the maximal operator given by

(1.4) Mf(z) = sup [Acf ()]

To the best of our knowledge, L?” boundedness of M had not been previously
established for any p < co. Here we prove some positive results for large p and
in particular answer affirmatively a question on maximal functions associated to
helices which has been around for a while (for example it was explicitly formulated
in a circulated but unpublished survey by Christ [4] from the late 1980’s).

Our results rely on a deep inequality of Thomas Wolff for decompositions of the
cone multiplier in R3. To describe it consider a distribution f € S’ (Rj) whose
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Fourier transform is supported in a neighborhood of the light cone ¢2 = &2 + &2 at
level &3 ~ 1, of width § < 1. Let {¥,} be a collection of smooth functions which
are supported in 1 x §/2 x §-plates that “fit” the light cone and satisfy the natural
size estimates and differentiability properties; for a more precise description see §2.
Wolff [24] proved that for all sufficiently large p, say p > pw, and all € > 0, there
exists C¢ p > 0 such that

@ |5 0], < o5 (S a1

A counterexample in [24] shows that this inequality cannot hold for all £ > 0 if
p < 6 and Wolff obtained (1.5) for p > 74. A somewhat better range can be
obtained as was observed by Garrigds and one of the authors [8], and also by W.
Schlag (personal communication).

We note that connections between cone multipliers and the regularity properties
of curves with nonvanishing curvature and torsion have been used in various previ-
ous papers, first implicitly in the paper by Oberlin [14] who proved sharp LP — L?
estimates for, say, convolutions with measures on the helix (cos s, sin s, s); these were
extended in [9] to more general classes of Fourier integral operators. Concerning
LP Sobolev estimates the LP — Lg /3p boundedness follows by an easy interpola-
tion argument, but improvements of this estimate are highly nontrivial. Oberlin,
Smith and Sogge [16] used results by Bourgain [3] and Tao and Vargas [23] on
square-functions associated to cone multipliers to show that if 2 < p < oo then the
averages for the helix map LP to the Sobolev space L?, for some a > 2/(3p).

We emphasize that sharp regularity results for curves in R? and hypersurfaces in
higher dimensions have been obtained from interpolation arguments, using results
on damped oscillatory integrals and an improved L bound near “flat parts” of
the surface, see e.g. [22], [6], [20], [10] and elsewhere. However this interpolation
technique does not apply to averages over manifolds with very high codimension,
in particular not to curves in R%, d > 3.

Our first result on finite type curves in R?® concerns the averaging operator
A = Ay in (1.3); it depends on the optimal exponent py in Wolfl’s inequality
(L.5).

Theorem 1.1. Suppose that v € C"5(I) is of mazimal type n, and suppose that
+2

max{n, bw }<p<oo.

Then A maps LP boundedly to the Sobolev space Lf/p.
Thus the sharp LP-Sobolev regularity properties for the helix hold for p > 38,
according to Wolff’s result. It is known by an example due to Oberlin and Smith
[15] that the LP — L¥ /p regularity result fails if p < 4. Recall that Wolff’s inequality
(1.5) is conjectured for p € (6,00), and thus establishing this conjecture would by
Theorem 1.1 imply the L? — L} /p bound for p > 4. If the type n is sufficiently
large then our result is sharp; it can be shown by a modification of an example by
Christ [5] for plane curves that the endpoint L™ — L} /,, bound fails. Also note that
by a duality argument and standard facts on Sobolev spaces one can also deduce
sharp bounds near p = 1, namely if 1 < p < min{n/(n — 1), (pw + 2)/pw} then

A maps L? boundedly to L¥ o Finally, we did not seriously attempt to formulate
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an optimal regularity assumption on ~; for example if n = 3 (i.e. in the main
interesting case of nonvanishing curvature and torsion) we shall prove the result
under merely a C® assumption.

Remarks. (i) There are generalizations of the main case n = 3 of Theorem 1.1
which apply to variable curves; one assumes that the associated canonical relation
in T*R? x T*R? projects to each T*R? only with fold singularities and that a
curvature condition in [9] on the fibers of the singular set is satisfied. We intend to
take up these matters in a forthcoming paper [18].

(ii) The method of proof of Theorem 1.1 also gives some sharp LP-Sobolev es-
timates for model classes of restricted X-ray transforms in three dimensions, see
[17].

Our main result on the maximal operator M is

Theorem 1.2. Suppose that v € C"5 is of mazimal type n, then M defines a
bounded operator on LP for p > max(n, (pw + 2)/2).

Again the range of p’s is only optimal if the maximal type is sufficiently large
(i.e. n > (pw + 2)/2). The following measure-theoretic consequence (which only
uses LP boundedness for some p < 0o) appears to be new; it follows from Theorem
1.2 by arguments in [2].

Corollary 1.3. Let v : I — R3 be smooth and of finite type and let A C R? be a
set of positive measure. Let E be a subset of R3 with the property that for every
x € A there is a t(x) > 0 such that x + t(x)y(I) is contained in E. Then E has
positive outer measure.

In itself the regularity result of Theorem 1.1 does not imply boundedness of
the maximal operator, but a local smoothing estimate can be used. This we only
formulate for the nonvanishing curvature and torsion case.

Theorem 1.4. Suppose that v € C5(I) has nonvanishing curvature and torsion.
Let pw < p < o0 and x € C§°((1,2)). Suppose that o < 4/(3p). Then the operator
2 defined by Af(z,t) = x(t)A: f(x) maps LP(R3) boundedly into LP,(R*).

By interpolation with the standard L? — Lf /3 estimate (obtained from van der
Corput’s lemma) one sees that 2 maps LP(R?) to Lg(p) (R*), for some B(p) > 1/p,
if (pw +2)/2 < p < co. By standard arguments the LP boundedness of the

maximal operator M follows in this range (provided that the curve has nonvanishing
curvature and torsion).

Structure of the paper. In §2 we prove an extension of Wolff’s estimate to general
cones which will be crucial for the arguments that follow. In §3 we prove the
sharp LP Sobolev estimates for large p (Theorem 1.1). In §4 we prove a version
of the local smoothing estimate for averaging operators associated to curves in R¢
microlocalized to the nondegenerate region where (v”(s),£) # 0. In §5 we use
the previous estimates and rescaling arguments to prove Theorem 1.4 and in §6 we
deduce our results for maximal operators, including an estimate for a two parameter
family of helices.

2. VARIATIONS OF WOLFF’S INEQUALITY

The goal of this section is to prove a variant of Wolfl’s estimate (1.5) where the
standard light-cone is replaced by a general cone with one nonvanishing principal
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curvature. Rather than redoing the very complicated proof of Wolff’s inequality we
shall use rescaling and induction on scales arguments to deduce the general result
from the special result, assuming the validity of (1.5) for the light cone, in the range

D= pw-

We need to first set up appropriate notation. Let I be a closed subinterval of
[—1,1] and let

a gla) = (g1(a), g2(@) €R?, @€l
define a C? curve in the plane and we assume that for positive by, b1 and by
lgllcsy < bo,
(2.1) g’ ()| > bn,
|91 (@) g5 () — ga(@)gi ()] > ba.
We consider multipliers supported near the cone
Cy={6eR®: £ = AMgi(@),g2(@),1), a€l,A>0}

For each o we set

(2.2) ui(a) = (g(a), 1), uz(e) = (g'(@),0), us(a) = u(e) x uz(e)

where x refers to the usual cross product so that a basis of the tangent space of C,
at (g(a),1) is given by {uj(a),ua()}. Let A >0, § > 0 and define the (4, A)-plate
at a, Rg y» to be the parallelepiped in R3 given by the inequalities

A2 < [(ur(a),§)] < 2,

(23) (s (a), € — Egur(a))] < A672,
[(us(a), §)| < Aé.

For a constant A > 1 we define the A-extension of the plate R§  to be the paral-
lelepiped given by the inequalities

A (24) < [(ur(a), &)] < 24N
[{uz (@), & — Egu(a))| < ANV
[(us(@),§)| < ANG.

Note that the A-extension of a (J, A)-plate has width ~ A\ in the radial direction
tangent to the cone, width ~ AX5'/2 in the tangential direction which is perpen-
dicular to the radial direction and is supported in a neighborhood of width ~ A\
of the cone.

A C* function ¢ is called an admissible bump function associated to R§ ) if ¢
is supported in R§, and if

(2.4)  [{ur(e), V)™ (uz(), V)" (ug(), V)" $(€)| < X772 megmna/257ns,
0<ny+mn2+mng <4

A C* function ¢ is called an admissible bump function associated to the A-
extension of R§ \ if ¢ is supported in the A-extension but still satisfies the estimates
(2.4).

Let A > 1,8 >0, 6'/2 < 0, moreover o < /2. A finite collection R = {R,})_,
is called a (4, A, 0)-plate family with separation o associated to g if (i) each R, is
of the form R§* for some o, € I, (ii) v # v/ implies that |, — aw/| > o and, (iii)



AVERAGES OVER CURVES AND ASSOCIATED MAXIMAL OPERATORS 5

maxpg, cr{q,} — ming, cr{a,} < 0. Given A > 1 we let the A-extension of the
plate family R consist of the A-extensions of the plates R,,.

The main result in Wolft’s paper is proved for the cone generated by g(a) =
(cos 2may, sin 2mrar), —1/2 < a < 1/2. Namely if R is a (4, A, 1)-plate family with
separation v/¢ and for R € R, ¢ is an admissible bump function associated to R
then for all € > 0 there is the inequality

_ > 2_1_ 1/p
(2:5) | " Fordal| <A@ 273 Ifnlly)
RER P RER
if p > 74. This is equivalent with the statement (1.5) in the introduction. Our
next proposition says that this inequality for the light cone implies an analogous
inequality for a general curved cone.

Proposition 2.1. Suppose that p > 2 and that (2.5) holds for all (0, A, 1)-plate
families associated to the circle {(cos(2ra),sin(2ra))}. Then for any §d <1, A > 1,
o < V6 the following holds true.

Let a — g(a) satisfy (2.1) and let R be a (8, \, 6)-plate family with separation
o, associated to g. For each R let ¢ be an admissible bump function associated to

R. Then for e > 0 there is a constant C(g) depending only on & and the constants
bo, b1, by in (2.1) so that for fr € LP(R3),

I P e P

ReER ReER

Proof. We first remark that one can immediately reduce to the case o = V3,
by a pigeonhole argument; namely we decompose the family R” into O(c~ V2 9)
subfamilies with separation v/§ and apply the triangle inequality.

Secondly, if U are bump-functions contained in the A-extensions of the rectan-
gles R, but satisfying the same estimates (2.4) relative to the rectangles R, then an
estimate such as (2.6) implies a similar estimate for the collection of bump functions
{URr} where the constant C(e) is replaced with C'4C(e). This observation will be
used extensively; it is proved by a pigeonhole and partition of unity argument.

We now use various scaling arguments based on the formula

(2.7) F m(L) fl(w) = F 7 mf (L)) (L")
for any real invertible linear transformation L (with transpose L*).

Step 1. Here we still assume that g(«) = (cos 2ma, sin 2r«), but wish to show for
§1/2 < @ <1 the improved estimate for a (8, A, f)-plate family with separation §/2.
The plates in R = {R,})_; are of the form R, = R§% where |a, — a°| < 6 for
some o € [0,1]. Let L; be the rotation by the angle « in the (£1,&;) plane which
leaves the &5 axis fixed. Then the family the plate family L;(R,) is still a (4, A, )
plate family with associated bump functions ¢, 1 = ¢g, © L;l. We note that all
rotated plates are contained in a larger (Cy\, C1 A0, C1\0?) rectangle with axes in
the direction of (1,0,1), (0,1,0), (1,0,—1).

We now use a rescaling argument from [23] and [24]. Let Ly be the linear
transformation that maps (1,0, 1) to (1,0, 1), (0,1,0) to #=1(0,1,0) and (1,0, —1) to
6=2(1,0,—1); it leaves the light cone invariant. One checks that each paralleleplped
Lyo LR, is contained in a (C’g)\ CaA6/2071, Oy \30~2) plate R, and the sets R,
form a Cy extension of a (6672, A, 1) family with separation o = Cy 1§1/26=1. Thus
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using (2.7) we may apply the assumed result for § = 1, and obtain the claimed
result for 6 < 1 (yet for the light cone).

Step 2. We shall now consider tilted cones where g is given by
(2.8) gla) = (a+ pcosa,b+ psina), la| + 10| +p+1/p < K

Suppose that we are given a (0, A, #)-plate family R = {R,} associated to g,
with separation v/§; moreover we are given a family of admissible bump-functions
¢, associated with the plates R,. Consider the linear transformation L given by

— 1 — —a _ —b _
L(§) = &, Wlth:lZiglp&, 52=7£2p§3’ B3 =&3.

Then the parallelepipeds L(R,) are contained in parallelepipeds EV which for a
suitable constant Cy form a Cy-extension of a (4, A, #)-plate family associated to the
unit circle; moreover, for suitable Cs the functions Cy 14, 0 L~ form an admissible
collection of bump functions associated to this extension. Here Cy4, C5 depend only
on the constant K in (2.8). By scaling we obtain then estimate (2.6) for g as in
(2.8), with C(e) equal to C(K)A(e).

Step 3. We now use an induction on scales argument. Let 5> (1/2 —2/p) and let
W () denote the statement that the inequality

1
(2.9 | 32 # tiond| < B30 (3 sll) "
ReR ReR
holds for all g satisfying (2.1), all A > 0, § < 1, Ve <6 <1,al (6, A, 6)-plate-
families associated to such g.
We remark that clearly W(3) holds with 8 = 1, with B(1) depending only on
the constants in (2.1). We shall now show that for 5> 1/2 —2/p

(2.10) W(B) = W(3') with

where Cg depends only on (2.1).

In order to show (2.10) we let R = {R{%} be a (J,A,0)-plate family, with
associated family of bump functions {¢,}. We regroup the indices v into families
Jyu, so that for v, € J, we have o, — ayr| < 61/3 and for v € Ju, V' € Jyuqo we
have a,, — a,, > 6'/3 /2. For each u we pick one v/(u) € J,. Then for all v € J, the
R} are contained in the Cr-extension R), of a (6%/3, X)-plate at a,,(u), as can be
verified by a Taylor expansion. Let RZ be the 2C'; extension of that plate. We may
pick a C'*°-function ¥, supported in RZ which equals 1 on RL, so that for suitable
Cs depending only on the constants in (2.1), the functions Cg 'W, are admissible
bump functions associated to the Rj;. We then use assumption W (f3) to conclude

that
|27 ek _szf v fl|

(2.11) < CsB()(6*/%0° (ZH Zf (6.7.]

)
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We claim that for each p,
~ 1/p
(2.12) H Z F o) ) < CgA(E)((Sl/S)Z/p_l/Q_E( Z ny”ﬁ) .

veJ, ved,
Clearly a combination of (2.11) and (2.12) yields (2.10) with Cs = CsCy.
We fix a, := a,(,) and observe that on the interval o], — 5173, a, +61/3] we may
approximate the curve o — g(a) by its osculating circle with accuracy < Ciod.
The circle is given by

gu(0) = glaf,) + pn(al,) + p( cos( “=2=2e) sin(*=e=5r))

where n(a) is the unit normal vector (—g5(a), g1(a))/|g'(a)|, p is the reciprocal of

the curvature of g at a; and ¢, is the unique value between 0 and 27 for which
!/

9" (), )| sin(pu/p) = g1(ey,) and |g'(ay,)| cos(pu/p) = ga(on).
In view of the good approximation property we see that for each v € J,, the plate

Rg"j\ associated to g is contained in the C7;-extension RY of a plate JN%?)Z\ associated
to g,. Moreover the family J, can be split into no more than Cio subfamilies th
where the «,, in each subfamily are V/d-separated. Finally there is C3 so that each
bump function ¢, is the Ci3-multiple of an admissible bump function associated
to R”. Here Ci1,C12,C13 depend only on the constants in (2.1). This puts us in
the position to apply the result from step 2, with § = C146'/3; we observe that the
constant K in step 2 controlling in particular the radius of curvature depends again
only on the constants in (2.1). Thus we can deduce (2.12) and the proof of (2.10)
is complete.

Step 4. We now iterate (2.10) and replace € by /2 to obtain (2.9) with
B=n= (2" + (- G- 2+3)
B(ﬂn) = (01514(%))”’ n=12...
The conclusion of the proposition follows if we choose n > log(2/¢)/log(3/2). O

One can use Proposition 2.1 and standard arguments to see that results on the
circular cone multiplier in [24] carry over to more general cones. To formulate such
a result let p € C*(R?\ {0}) be positive away from the origin, and homogeneous of
degree 1. Consider the Fourier multiplier in R?, given by

M€ 65) = (1 - pl€ /&)
As in [24] we obtain

Corollary 2.2. Assume that the unit sphere ¥, = {¢' € R? : p(¢’) = 1} has
nonvanishing curvature everywhere. Then my is a Fourier multiplier of LP(R?) if
> (1/2-2/p), pw < p < ox.

Remarks.

(i) The curvature condition on ¥, in the corollary can be relaxed by scaling
arguments.

(ii) The methods of Proposition 2.1 apply in higher dimensions as well. In par-
ticular they generalize Wolff’s inequality for decompositions of light cones in higher
dimensions ([12]) to more general elliptical cones generated by convex hypersurfaces
with nonvanishing curvature. In particular, if p is a sufficiently smooth distance
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function in R, my (&', €a41) = (1 — p(&'/|€a+1]))} and if the unit sphere associated
with p is a convex hypersurface of R? with nonvanishing Gaussian curvature then
my is a Fourier multiplier of LP(R*1), for A > d|1/2 — 1/p| — 1/2, for the range
of p’s given in [12] for the multipliers associated with the spherical cone. After
Proposition 2.1 had been obtained Laba and Pramanik [11] obtained related more
general results based directly on the methods in [24], [12].

3. LP REGULARITY

We shall first consider a “nondegenerate case”, namely we assume that s —
v(s) € R s € I C [-1,1] is of class C° and has nonvanishing curvature and
torsion. We assume that

(3.) S hO@) <G, sel
i=1
and
(3.2) ’det (Y(s) 2"(s) ~"(s)) ‘ > co, sel

In this case we show Theorem 1.1 under the assumption that the cutoff function x
in (1.2) is of class C*; then we may without loss of generalization assume that v is
parametrized by arclength (since reparametrization introduces just a different C*
cutoff). In the end of this section we shall describe how to extend the result to the
finite type case.

In what follows we shall write & < & for two quantities &1, & if & < C&
with a constant C' only depending on the constants in (3.1), (3.2). We denote by
T(s), N(s), B(s) the Frenet frame of unit tangent, unit normal and unit binormal
vector. We recall the Frenet equations T/ = kN, N' = —xT + 7B, B = —7N,
with curvature k and 7 . The assumption of nonvanishing curvature and torsion
implies that the cone generated by the binormals, B = {rB(s) : r > 0,s € I}, has
one nonvanishing principal curvature which is equal to rx(s)7(s) at £ = rB(s).

By localization in s and possible rotation we may assume for the third component
of B(s) that Bs(s) > 1/2 for all s € I. If

_ (Bi(s) Ba(s)
(3.3) 9(s) = (B 1))
parametrizes the level curve at height &3 = 1 then the curvature property of the cone

can be expressed in terms of the curvature of this level curve and a computation
gives

o) o Bi(s) Bi(s) By(s)
e g1(s)  g5(s) _ 1 e )y s (g "s) | = K(s)7(s)
dt@%)i@)W&@ﬁ“’ﬁB By B BD”

Thus the hypotheses on ¢ in (2.1) are satisfied with constants depending only on
the constants in (3.1), (3.2).

We shall work with standard Littlewood-Paley cutoffs, and make decompositions
of the Fourier multiplier associated to the averages. Observe first that the contri-
bution of the multiplier near the origin is irrelevant in view of the compact support
of the kernel. Thus consider for k > 0 the Fourier multipliers

(3-4) my(§) = /e_it<7(s)’5>ak(s,2_kg)ds

I
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where we assume that a; vanishes outside the annulus {£ : 1/2 < |£] < 2} and
satisfies the estimates

3.5 doga(s, ) < Ca, o] <2,0< 5 <3;
s¥€

here of course |a| = |a1|+|aa|+]|as|. Thus the multiplier my, is a symbol of order 0,
with perhaps limited order of differentiability, localized to the annulus {|¢| ~ 2¥}).
We note that by the standard Bernstein theorem (which says that L2 C F[L!]
for a« > 3/2) the multipliers ag(s,-) and their s-derivatives up to order three are
Fourier multipliers of L?(R?), uniformly in s, k.

We have to establish that for the desired range of p’s the sum , _, 28/Pmy, is a
Fourier multiplier of L?. We may assume that the symbols a; are supported near
from the cone generated by the binormal vectors B(s). More precisely if 0(&) is
smooth away from the origin and homogeneous of degree 0 and if § has the property
that

(3" (s), ig)| = ¢ >0, €€ supp(d) Nsupp(ax),

then [|@mp)lc = O(27%/2) by van der Corput’s Lemma, and by the almost dis-
jointness of the supports we also have that |63, . 2¥/2my[| = O(1) by van der
Corput’s Lemma. Moreover by standard singular integral theory the operator with
Fourier multiplier 6, ,my maps L to BMO and consequently, by analytic
interpolation 6", _, 2k/Pm,. is a Fourier multiplier of L? provided 2 < p < co.

Thus by a partition of unity it suffices to understand the localization of the
multiplier 7, . o 28/Ppmy, to a narrow (tubular) neighborhood of the binormal cone
B = {rB(s) :r>0,s € I'}, and therefore in what follows we may and shall assume
that & in the support of ax(s,-) can be expressed as

¢=rB(o)+uTl(oc) = E(r,u,0),
with inverse function £ — (r(€),u(§),o(£)).
Decomposition of the dyadic multipliers. We shall now concentrate on the
multipliers my, in (3.4), and prove the bound ||my[a, < 27F/7, for p > (pw +2)/2.
Here M, is the usual Fourier multiplier space.

We first decompose further our symbols ay. Let 79 € C§°(R) be an even function
supported in [—1,1] and be equal to 1 on [—1/2,1/2]. Let n; = n9(4~1-) — 1. Let
Ao > 2max{1,1/7(s) : s € I} and set
(36) ax(5,€) = a(s, mo (22 u(€)| + (s — 0(€))*),
and for integers [ < k/3

ar (5, €) = ar(5,€)m (22 ([u(€)] + (s — 0(6))%) mo( T2

bia(5,€) = ai(s,€) m (22 ([u(€)] + (s — 0(£))2)) (1 - no(L52E")).

Thus ag (s, -) is supported where dist(¢,B) ~ 272 and [s—o(£)] < 27, and ax(s, -)
is supported in a C'272%/3 neighborhood of the binormal cone with |s — o(&)| <
27F/3. The symbol by (s, -) is supported in a C2~% neighborhood of the binormal
cone but now |s — o(£)| ~ 27

We note that in view of the preliminary localizations the symbols ay ;, bx,; vanish
for [ < C, moreover

ak(s,é) :Ek(s,§)+ Z ak’l(s,ﬁ)—l— Z bk,l(3>§)~

1<k/3 1<k/3

(3.7)
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Set

(3.8) mala] (€) = / a(s, 2k €)= 100 4.
We shall show

Proposition 3.1. For py < p < o0,

(3.9) [ [@e] || e < Ce274k/3pFke
(3.10) ||mk[ak,l]\|Mp < CEQ_k/p2_l/p+lE,
(3.11) (g (o] || are < C272R/P2/PHE

The constants depend only on €, (3.1), (3.2) and (3.5).

We shall give the proof of (3.10) and (3.11), and the proof of (3.9) is are analogous
with mainly notational changes.

For the proofs of (3.10) and (3.11) we need to further split the symbols ag;, bi
by making an equally spaced decomposition into pieces supported on 27! intervals.
Let ¢ € C§° be supported in (—1,1) so that > ., ((- —v) = 1. We set

a1 (5,6) = C(2's — v)aru(s, §)
and similarly by ;.. (s, &) = C(2's—v)by (s, £); moreover define Gy, (s, &) = ((2F/3s—
l/)ak(87§).
In order to apply Wolff’s estimate in the form of Proposition 2.1 we need

Lemma 3.2. Let s, =27 v and let (T,,N,,, B,) = (T(s,),N(s,), B(s,)). Suppose
that |s — s,| < 2271, Then the following holds true:

(1) The multipliers ax ;. (s,-), br1.(s,-) are supported in
(3.12) {&: (6T < C27% |6, N,)| < 027,07 < (€, By)| < O}

where C' only depends on the constants in (3.1).
(i1) For j =0,1,2, and h, = ap;,(s,-) orby;.(s,")

(3.13) (T, V) b, | < €22,
(3.14) |((N,, V)" h,| < €729,
(3.15) (B, V) h| < C"

(111) The statements analogous to (i), (i) hold true for ax.(s,-), fl;kvl,(s, -), with
[ replaced by [k/3] + 1.

(iv) If hy, is any of the multipliers ax 1., (S, ), bii.,(s,-), then the statements anal-
ogous to (i)-(iii) hold for the multiplier h,(£)2'(y"(s),&). Similarly, if b, denotes
any of Gk, (8,+) or by, (s,-) then h, can be replaced by h,2'(v"(s),£).

Proof. To see the containment of supp ag . (s,-) in the set (3.12) we assume that
¢ = =(r,u,0) and expand B(c), T(c) about o = s,.. Using the Frenet formulas for
¢ in the support of ay ;. (s,-) we obtain
(€. T,) = (rB(o) +uT(0),T,) = O((0 — 5,)%) + O(u) = O(2~%)
and similarly (¢, N,) = O(27}).
To show (3.13) we use the formulas
1

UK —TT

Vr=B, Vu=T, Vo=
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here of course r = r(&), B = B(c(£)), etc. Moreover

-7

2p— " (e,N)?
(e, V)*r = (e N),
1
2,
(e, V)“u = _rT+UH<e’N><€’T>’
1
2 L 1
<€,V> 0 = _T‘T+u’€<e7N><e’v(7T‘T+UK)>'

From these formulas and the chain rule the verification of the asserted differentia-
bility properties is straightforward; we use also that T, — T'(o(£)) = O(27!) and
similar statements for N, and B,. O

We shall need bounds for the L! and L? operator norms of the operators defined
by

—
-~ ~

(3.16) ABLVF(€) = mylap ) F(©), AR F(€) = mulan, ) F(€),
and
(3.17) BELVF(€) = mi[brs | F(€).

We remark that part (iii) of the following lemma (and also part (iv) of Lemma 3.2
above) is not needed in this section but will be needed in a proof of Theorem 6.1.

Lemma 3.3. (i)

(3.18) ALY || L2 e < C2E-R20 1 < /3,
(3.19) IR || Lo < C27M3,
(3.20) |BRY || L2 e < C227F, 1 < K/3.
(i)
(3.21) JAELY || oo oo 4 |BFYY || poe pe < C278 1< K/3,
(3.22) | AR || oo poe < C27F/3,

(#ii) Assume now that the number of sign changes of the function s — (" (s),§)
is bounded independent of . Then the estimates in (i), (ii) continue to hold true if
we replace in the above definitions any of the symbols h, = a1, (s,-) or by, (s,")
with hy, 21 (v (), €), or if we replace hy, = kv (s,-) with Ry 28/3(~"(s), €).

Proof. The L? estimates (3.19) are immediate from van der Corput’s lemma with
third derivatives; we use that (7"(s),2F¢) ~ 2% for small u(¢). We use van der
Corput’s estimate for (3.18) as well and observe that for £ € suppag,;,, we have
that (7"(s),€) = (s — 0(£)(7"(5),§) + O(27%) so that (y"(s),2%¢) ~ 2°" if
|s — o (€)| > co27L. If ¢y is sufficiently small then we also have for |s — o(£)| < 27"
that (v'(s),€) = (7'(0(€)),€) + O(c527*) and since |(y'((£)), )| = [u(&)| we get
(7 (s),2k¢&) ~ 272V if |s — 0(€)| < 27!, Thus van der Corput’s lemma with one
or two derivatives yields the bound

||mk[ak’l’””|oo < C@U-R/2 4 92-k) < crgl=h)/2

since | < k/3.
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A similar argument goes through for my by ,]. Now |u(§)| < |s — o(&)] ~ 27
so that in the support of by, there is the lower bound |(7/(s), 2%¢)| > ¢2F=% and
van der Corput’s lemma with one derivative yields

Im[br]lloe S 2275

and thus the asserted L? bound (3.20) .

We now turn to the L* bounds. Consider first the multiplier aj;,. Let L,
be the rotation that maps the coordinate vector e; to T,, es to N, and ez to
B,. Let §; denote the nonisotropic dilation defined by §;(€) = (272,271, &3).
By scaling we see from (3.12) and (3.13) that ax,;,(L,d;-) is supported on a ball
of radius C' and that the directional derivatives up to order 2 in the ej,eq,e3
directions are bounded, uniformly in k,[,v,s. Thus we may apply Bernstein’s
theorem (alluded to above after formula (3.5)) and we see that the L! norms of the
functions F~*ay ;.. (s, L, ;)] are uniformly bounded. By scaling and translation we
also see that the L' norms of the functions F~[ay 1., (s, 2F-)e*7())] are uniformly
bounded and thus

|7~ ol M), < 1F an (5,24 0| ds < 02,
|s—s, <221

This implies the claimed L* bound for A¥!L¥. The other estimates in (ii) are

obtained in the same way.

Finally we examine the statement in (iii). We note for the L? bounds that
(v"(s),€) = O(27") in the support of ay,,; moreover for |¢| ~ 1 the integral
J1(4""(s),€)|ds (over the support of the relevant cutoff function) is also O(271),
by an application of the fundamental theorem of calculus to a bounded number of
intervals on which (v"”/(s),{) has constant sign. This estimate is needed for the
application of van der Corput’s lemma as before where we now gain a factor of 2.
A quick examination of the argument in Lemma 3.2 gives the claimed L bounds
for this case. O

Proof of Proposition 3.1. We prove (3.10). Observe myag,] =Y, mg[ak,,,] where
the multipliers mg[ag ;] are supported in C-extensions of (2F,272) plates asso-
ciated to the cone generated by g(s) as in (3.3). This family of plates is a union
of a bounded number of 27! separated plate families. Consequently we can apply
Wolff’s estimate in the form of Proposition 2.1 and we get for p > py

1_2 1/
(3.23) H Z:Ak’l*’“f ‘p < C.2%G—3+) (zu: H'Ak,l’Vsz) P

Next we claim that for 2 < p < oo

(3.24) (> HA’“’”foj)l/p < C271=3/mg=k/r) 7|

v

where for p = oo we read the left hand side as an ¢°°(L*°) norm. The case for
p = oo follows from (3.21) and the case p = 2 follows from (3.18) if we also use the
finite overlap of the supports of the multipliers my[ak ,,]. The case for 2 < p < oo
follows by interpolation. Now the desired bound (3.10) follows from (3.23) and
(3.24).

The estimate (3.23) holds still true if we replace A*!* by B*1¥. Moreover the
argument leading to (3.24) equally applies, except that we now have a better L?
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bound O(2%-*) and consequently the ¢/?(LP) bound improves to
Bl £||P p < 09-1(1=6/p)9—2k/p
D18 olly) < 151
v

This yields (3.11) and the proof of the bound (3.9) is analogous. O
By a further interpolation we also obtain

Corollary 3.4. For p > (pw + 2)/2 there is g = €o(p) > 0 so that

(3.25) mla]l|lare < Cp2~F/P2=20l/P)
(3.26) | fan]|[are < Cp2~FOFE0/P,
Moreover
(3.27) Z 257 |y [br ) | azr < G,
k>3l
(3.28) > 2k b are < C
k

Proof. We use again that the cone generated by the binormals has one nonvanishing
principal curvature everywhere and that this implies the almost disjointness of
the plates in (3.12). Thus ||milari]llce S sup, |milakiv]lloo, and ||mif@r]llco S
sup,, [|mx[ak.,]|ls, and by the L? bounds in Lemma 3.3 we see that

(3.29) Imifarllo < C20M2 mgfar] |l = O277).

Similarly we get [|[mg[bri]lloc = O2¢"972) and ||my[be]|lse = O(27%/3). Interpo-
lating the resulting L? estimates with the L? bounds of Proposition 3.1 yields the
assertion. O

Sobolev estimates. In order to prove Theorem 1.1 we will still have to put the
estimates (3.25) for different k together. The desired estimates for the correspond-

ing expressions involving m[ay], m[bg,] and ml[by] follow of course from Corollary
3.4. To finish the proof of Theorem 1.1 for the case of nonvanishing curvature and
torsion it suffices to show that

H Z Qk/pm[ak’l]H < Cp2—lel(p)
k>3l Mr

with €1(p) > 0 if p > (pw + 2)/2. In what follows we define the operator A®! by

ARLE = mlap,] f.
By Littlewood-Paley theory it is sufficient to prove the vector-valued inequality

aw () s (S ),
k>0

k: k>3l

where €(p) >0, p > (pw +2)/2.

To verify (3.30) we follow closely an argument in [19] and use a vector-valued
version of the Fefferman-Stein inequality for the #-function and linearization. The
result in [19] does not apply but the method does if we replace certain estimates
for singular integrals by L — BMO estimates for averaging operators (cf. the
bound for (3.37) below).
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Let us consider a family of cubes @, with = € @, so that the corners of @, are
measurable functions, and suppose that

(3.31) sup() _ |gw(a,y)[))/? < 1.
T,y k)

We define, for k > 3[, the linearized operator

1
|Qm| Qq

(332)  Trf(x) = 240972 du

410 = [ A ) ooy,

and also

TP F(z) = Y Tipfr(z)  where F = {fi} € LP(¢%).
k>3
The exponent p(z) is given by 1/p(z) = (1 —Re(z))/2. We shall have to prove that
for p(2) > (pw + 2)/2 the operator T maps LP*)(¢2) to LP(*) with operator norm
0O(27%), independent of the choice of Q(-) and g (-, ).
Split T7F = I7F + II7 F + III? F, where

(3.33) [[F(z) = > Tfy fi(@),
k>0
2710l <ok djamQ, <21

S Thfla),

k>0
2Fdiam@Q, >21%

(3.35) HIfF(x)= Y Thfel@).
k>0
2k diamQ, <27

The main term is I7 F'(z) which is bounded by

(3.34) [I7F ()

1 1 du 2\1/2
- 22k/p A/c,l L Ak,l w) d

2710l <2k djamQ, <210
1/p

< 2 (3D M (AP )]) (),

k>0

by Holder’s inequality. Here p = p(z) and My denotes the Hardy-Littlewood
maximal function. Now for p = p(2) > (pw + 2)/2,

HFFllp < (1+0)1/271P sup 252 AR Lo o | Fl| o o)

<C,(1+ l)1/2—1/272—l60(p)||F||Lp(£2))

by Corollary 3.4.

For the operators II7 and II1I} we prove L?(¢?) — L? boundedness for z = it
and L>®°(¢?) — L boundedness for z = 1 + i, with bounds uniform in 7. The
LP(¢P) — LP estimate for (1—Re(z))/2 = 1/p then follows by analytic interpolation.

Using orthogonality arguments we obtain

(3.36) LTl + [ III7 Fls < C2XGHI||F| 122
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for arbitrary e > 0. To see this, let us consider II/7. By (3.31)
|11} F ()]

2k/2 k,l k,l
< > =AM fly) - A fi(w) dul|gr(z, )| dy

2% diam(Q, )>21% Q] Ja, ‘Q /o
1/2
< (5t )
k>0
Therefore,

) 1/2
M Flle < (3125 AR £lE) < C22) Fllpages,
k

where we have used (3.29). This proves (3.36) for I} and the argument for 111"
is exactly analogous.

For the L bounds let us consider 1T}t F(z) for fixed z and Re(z) = 1. We
note that

(3.37) IIT7F(x) <2 Z | AR fk(y)|2>1/2dy.

1

Q=] Ja, <2kdiam@z>>2wz
Let

U(x)={y: |z —y+~(s)| <10diam(Q), for some s € supp(x).}
Then

U(@)| S (diam(Q,))”.
We estimate
LT () < 2[11 7T F(x) + 1137 F(x)]

where

1/2
mrr@ =gy [ (2 A b Al

1Q:1 Jo, 2k diam(Q,)>210!
T 1 2 h
1137 F(z) = ( > | A [ \ua) frl ()] ) -
1Qz1 Jo, 2k diam (Q,)>210!

The term IIllf”F(x) is estimated by an L? estimate; we obtain after applying the
Cauchy-Schwarz inequality, (almost) orthogonality of the A*! and (3.29),

i 2 \1/?
I R@)| < ( o ‘/ S A baw W) dy)
® 2k diam(Q,)>210!
1/2)124 1/2
< sup AR e, 2( ( Xut(z) Jk ) H )
2kdiam(QI)>2mlH HL g ‘QI Z| “ew |

< C’€ sup 2(1 k)/2+le(‘u( )|) ||FHL°°(€2)
2Fdiam(Qg)>210! |QZ|

< C 272 F| oo g2,

where at the last step we have used the fact that |U(z)|/|Q.| < diam(Q,)*
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We now crudely estimate the terms II7,F(z) and [1IfF(z), z = 1 +ir. For
this we make use of the following pointwise estimate obtained from integration by
parts :

(3.38)  |ASf(y)] + 27 VAR f(y)]

23]{:721
< // (1 + 2k_2l|y — w4+ ,Y(S)I)N ‘f(w”dw ds,

with N > 4. To estimate |IIl{;iTF(m)| we need (3.38) for y € Q, and w ¢ U(z),
ie. |y —w+(s)| 2 diam(Q,) for all relevant s. This yields the bound

T1+z‘r < 93k— 2l2(2l k)N do dud
IS 7, Sy Tz O s

< 254220 k)N(dlam(Qz))?’ M Fllgs zos)-
Therefore,
> T fi(@)] S 22N 02N Pl e e,
2Fdiam(Q)>210!
which certainly implies
(3.39) (157 F(2)| S 27| F | L (22)-

To estimate I1I7F(x) we use instead the estimate for the gradient in (3.38) and
get

, 1 dz dy
1+t _ k,l _
s [, [ ][ - s A ot - il gt
< 242k diam(Q,) || fr |l oo-

We sum over k with 2¢diam(Q,) < 27!% and obtain
(3.40) [T TF ()] S 27 Fllos () S 27| oo 2y

Interpolating the bounds (3.39) and (3.40) with (3.36) we obtain (3.30) with e(p) >
0 for a range of p’s which includes (4, c0) and therefore ((pw + 2)/2, 00).

We observe that by choosing a parameter larger than 10 in the definition of
I,11,111 we could enlarge the range where €(p) > 0 in (3.30), but this is irrelevant
here. This finishes the proof of Theorem 1.1 in the case of nonvanishing curvature
and torsion. (]

Extension to finite type curves.

We now consider the averaging operator A; as in (1.3) and assume that v is
of maximal type n. We shall fix so and estimate A; under the assumption that
the cutoff function x is supported in a small neighborhood of sg. This assumption
implies that there are orthogonal unit vectors 61, 05, 63 and integers 1 < nj; < ng <
ns < n so that for i = 1,2, 3,

(03,99 (s0)) =0, if 1 < j <my,  (6:,7"(s0)) # 0.
After a rotation we may also assume that 0; =e;, i = 1,2,3, and

(3.41) Y(s0 + ) = y(s0) + (Bra" 1 (), faa?pa (), B3 p3(ar))
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where (31, 32, 33 are nonzero constants and ¢; € C™57" with ¢;(0) = 1. Thus we

need to establish the asserted LP — Lf /p—boundedness for the averages

Auf(z) = / X(@)(x — tr(s0 + a))da

with bounds uniformly in ¢ € [1/2,2], where x is chosen so that we assume that
1/2 < |pi(a)] < 3/2, i = 1,2,3, in the support of x. We work with a dyadic
partition of unity ¢;, where ¢; = ((27+) is supported where |a| ~ 277; we also set
Xj = XGj (277) so that the derivatives of X; are bounded independently of j. Let

Ajuf(a): = / (@) f( — ty(so + a))da

(3.42) =27 / X; (u) f (@ — ty(so + 277 u))du

so that Ay =37, Aj:. Now set

§j(x) = (™1, 22y, 273 )

() = (Bru™ @1(277u), Bou™ 2(277u), Bsu™ p3(2 7))

A change of variable shows that

(3.43)

(3.44) Aj.f(z) =
Q*j/f_j((;j:cftéjfy(so) —tI';(w))x; (w)du, where f_;(y) = f(0_;y).

We note that the curves I'; have C"*5~" bounds (in particular C° bounds) in-
dependent of j, and that the parameter u belongs to the union of two intervals
+(e1, c2) away from the origin (with ¢;, ¢y independent of j). Moreover

det (T(u) T"(u) T7(u)) ~ By fofsu™ ™27 (1 1+ O(279))

so that the uniform results in the case of nonvanishing curvature and torsion apply.
Observe that for a > 0

lgodilles S 2N gl p, N =n1+ns+ns,
Thus for p > (pw + 2)/2,
528l 2792050 [ 156 = td2(s0) = 055w

S NP [0 6, = 29 Hmal| g,

P
Ll/p

Since we assume that p > n > ng we can sum in j to arrive at the desired conclusion.

O

4. MICROLOCAL SMOOTHING ESTIMATES FOR CURVES IN R¢

In this section we consider a C® curve u + I'(u) in R?, defined in a compact
interval J, and we assume that there is a constant B > 1 so that B~ < |J| < B
and for all u € J

3
(4.1) > ) < B.

=1
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We study the space-time smoothing properties of the averaging operator, when
localized to the region where (T (u), £)| ~ |£|. Consider for a compactly supported
symbol a the operator defined by

@2 Al fl(z ) = (27) / / o, £, €)= =T Fe) dy de.

Theorem 4.1. Let Jy be the closed subinterval of J with same center and length
|J]/2, and assume that a is supported in
Jox [1/2,2) x {€: 271 < Jg] < 2571}
and that the inequalities
(4.3) |05 072 O a(u, £, €)| < Cla]|&] 71",
hold for |a| <d+2,0<1i; <1,0 <14y <1. Moreover assume that
(4.4) (L' (w), &) + [(T"(w),&)| = BTl if (u,t,€) € supp(a).
Then for p > pw and f € LP(R?)

—k(2—
(45) |‘mr[avf]||Lp(Rd+l) < C(€7paBad)C[a] 2 k(p 5)Hf”LP(]Rd)'

The crucial hypothesis on T is the lower bound (4.4). We note that the derivatives
of I are assumed to be bounded but we make no size assumption on |I'(u)| itself.
Thus the assumptions on I' are invariant under translation of the curve.

In the following subsection we shall prove this theorem under slightly more re-
strictive normalization assumptions which will be removed at the end of this section
by localization and scaling arguments.

4.1. Normalization. We now work with a C® curve s + ~(s), v: I* — R% d >3,
where I'* = [—24,24] is a closed subinterval of [—1,1]; we also set I = [—6,0]. We
assume that the curve is parametrized by arclength, i.e. |7/(s)| =1 for all s € I*
and that for some M > 10,

(4.6) ()l + 17" (s)| < M.
Let 2 be an open convex conic subset of R?\ {0}, and let
(4.7) Qp = {€€Q: 21 < g <281}

We shall study 2, [b, f] defined as in (4.2) and we now assume that the symbol b is
supported in I x [1/2,2] x € and satisfies

(4'8) |a;1 az‘%gagb(s’tvg)l < Ci1,i2,a §|_|a|7
for |a] <d+2,0<i; <1,0<1iy <1. We assume that ) satisfies the crucial

Nondegeneracy Hypothesis:
(4.9) [€1/2 < [(v"(5), )] < 2[¢]

for all £ € €1, s € I; moreover we assume that for every £ in €2 there is at least one
s € [—30/4,36/4] so that

(4.10) [(7'(5), )] < dl¢|/10.

Note that the smallness assumption (4.10) and the lower bound (4.9) imply that
for each £ € Q there is a unique s = s¢.(§) in (=4, d) so that

(4.11) (V(5),8) =0 = s=sa(8),
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and & — s¢(€) is a C3 function on Q which is homogeneous of degree 0.
The next subsection is devoted to the proof of

Theorem 4.2. Assume that k > 10, €9 > 0, that b is supported in I x [1/2,2] x Qy,
and that (4.6) (4.8), and the nondegeneracy hypothesis hold.
Then for p > pw

—k(2—
(4.12) 120, b, U Lo gy < Cleo,ps M, d)27F G| [ Loay, 0 > 0.

4.2. Proof of Theorem 4.2. We use the following

Notation: “Constants” C' may depend on M and the dimension; we shall use the
Landau symbol £ = O(B) if |£] < CB. We shall also use the notation & = O;(B)
if |€] < B.

Some symbol classes. Let 27%/2 < r < min{1073M~2,5/4}, s € (—35/4,36/4). We
define some symbol classes for multipliers m(&, 7) and set = = (£, 7), with 7 = E441.

We denote by e, ..., eqy1 the standard basis in R4+ Let Lgl) be the linear shear
transformation which maps

d

d
=Y Gei+Teapn = LVE=Y"Gei+ (1= (1(s),€))earr.
i=1

i=1

(1]

Let Lﬂ) be the dilation which satisfies
LZearr =r’earn, LY (s)=17(s)
L522v =vifve (span{ed+1,7/(s)})l;

here we identify with a slight abuse of notation the function « with the function
s — (y(s),0) with values in R?*!. We define the composition

Ly,=LMLE.
Let Si(r, s) be the class of multipliers m(&, 7) which are supported in
(4.13) {E=(&7) 2t < g <2M,
[(7'(5), )] <25, |r+ (y(s),€)] < 2V}
and satisfy
(4.14) 102 (m(LrsE)| < 127, ol <d+2.

Note that if m € Si(r,s) and (£, 7) € supp(m) then |L, 1Z| = O(2¥). The following
Lemma is straightforward to check, we omit the proof.

Lemma 4.2.1. There are constants C; = C;(A, M), i = 1,2, so that Cflm €
S (Car, s') for all m € Sk(r,s) and all 8" with |s — s'| < Ar.

We shall need kernel estimates for operators associated with multipliers in Sk (r, ).

Lemma 4.2.2. Let m(t,-) € S(r,s') for 1/2 <t < 2 (depending continuously on
t) and assume |s' — s| < 2r. Let

(4.15) K [m](z,t') = / / / e B+ T =it (T (V) (¢ € 7) dEdr dt.
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Then

(4.16) |Ko[m](z, )| < C
2k(d+1)’l”3

| e VN + 2L = e

where ny‘,(s) : RY — R? denotes the orthogonal projection to the orthogonal com-
plement of RY/'(s). In particular

sup [ | m)(e ~ y.#)ldy < C.
x,t’

Proof. The second assertion is an immediate consequence of (4.16). To see (4.16)
we change variables in the integral defining K and see that

(4.17) K, [m](z,t') = / =07 et ()8 (¢ LVE) =t

with Z = (£, 7). Changing variables again using = = LT )= and integrating by parts
in Z yields (4.16). O

Now let sg € (—3/4,36/4), r < §/8 and let Si(r, s0) be the class of symbols
(s,t,&,7) — a(s,t,& 1) which are supported in [sg — 27, s0 + 2r] X [1/2,2] X Q) X R
and which satisfy

01 012a(s,t,-) € Sp(r,s0), for iy, iz € {0,1}.

We define the oscillatory integral

~

(418)  Tla f)(at) = (2m) " // @O ) (¢, 1) F(€)dedr
where

(4.19) mla](&,7) = // e TN (s, ¢, € 7)dsdt.

The proof of Theorem 4.2 relies on an iteration where the main step is to prove
the following proposition. Here we say that a set of real numbers is r-separated if
|s — s'| > r for different s, s’ in this set.

Proposition 4.2.3. Suppose that ¢ > 0, 11 < ry < min{1072M~2,5/4}, and
assume that 11 > 100Mr3/2. Let {s"} be an ro-separated set of points in [—6, 0],
and for each p let a* be a symbol in Sy (rg,s"). Let p > pw. Then there is a set
of r1-separated points {s,} and symbols a, € Sk (r1,s,), and for every € > 0 there
is a constant C. = Cc(p, M), so that

a2 (Xl Al '
-ro/r) (SNl AI) " + 20 51,

holds.
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Proof of the Proposition.
For each i we set

(421) Uuer) =7+ (), €) — 3 ke

The second part of the following lemma states that U, is a good approximation

for 7+ (v(sex(§)), €)-
Lemma 4.2.4. Suppose |s| < 36/4, £ € Q. Then

(4.22) 5 —s.(6) = m +O1(6M(s — 5,(6)*);
in particular this holds for s = s* if (§,7) € supp(a*) for some 7. Moreover
(4.23) Uu(€,7) = 7+ (1(5er(€)),€) + O1(13M s, (€) — s"17) €]

if (&, 7) € supp(a*).

Proof. We expand using (4.11)

(7'(8),6) = (7" (5x(€)), ) (5 = 5 (§)) + Or(M€](s — Scr(g))2/2)
(4.24) = (7"(),€) (s = ser(€)) + O1(BMIE] (s — 5ex(€))?/2)

and (4.22) follows by using the lower bound in (4.9).
Next expand again using (4.11)

(1(8"),€) = (V(sex(£)), €)

" (ser(0. L2 0, (a1 — s)/0)

) (s = ser(§))

=(y"(s"),¢ 5 +O1(2Mg]]s" — s (€)]%/3).

Now we use (4.22) for s = s* and get

v (8 = 5al€) (5,62
O T T . g

= (7/(5"),)01(6M(s" — 5c:(€))*) + OL(1I8M (5" — ser)*)[¢]
= 01(12M (8" — 5c:(€))*) €] + O1(20M3 (5" — sc:) ) €]

Since we assume that » < 1073M ~! we obtain (4.23). O

We now decompose a* using cutoff functions 79, 11, ¢ as in §3, that is, g
is supported in [—~1,1], equal to 1 in [-1/2,1/2], m = no(4~1-) — 1, and ( is
supported in (—1,1) and satisfies Y ((s —v) =1, s € R. These cutoff functions
are fixed and various constants below may depend on their choice. Set

ag,u(sa t7 5, T) = CL#(S, ta 67 7')770 (T1_2(27k|UH(§7 T)‘ + (5 - SCF(S))Q))C(Tl_lS - V)?

and, for n > 1
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aly (s, 8,€,7) =a (s, 8, &, T)m (2°7 27227 UL(E 7)] + (5 = 5ex(€))?))

bl (5,t,6,7) =a*(s,1,€,7)n (22 2 2THULE T+ (5 — ser(€))?))
(5 — Scr(g))Q -
x (1*770(%))@(2 rits —v)
Then

(4.25) a“—ZaOV—FZZ at, +b,

n>1 v

In what follows we define the linear map w* : R¥! — R? by

Wi (€ 1) = (v'(s"),8),

(4.26) wy(§,7) =7+ (v(s"),8),
wi(§,7) = {(v"(s"),§).

We shall observe that for fixed p the supports of a* , and b

v oy are contained in
up]ates” defined U.Sing wt (& 7—) (Cf (427) below).

Lemma 4.2.5. (i) Suppose (§,7) is in the support of ak, (s,t,-) or bt (s,t,-) then
U (€, )| < 287208, and |s — ser(§)] < 2771

(#i) Suppose n > 1.

If (&,7) is in the support of a¥,(s,t,-) then |U, (&, 7)| > 2~+2n=3p2,

If (&,7) is in the support of bl (s,t,-) then |s — s (€)] > 2775y

(iii) Let sy, = 2"riv for v € Z and assume that |s,, — s*| < 2rg. Then there is
a constant C' so that the symbols C~ akt ,, C~ bk |, belong to &5 (2771, Sny).

(iv) If 2"ry > 2%rq then al, , = 0.

(v) If 2"y > 27rg then bY, , = 0.

(vi) Let g(a) = (o, @?/2) and let u;(a), i = 1,2,3, be as in (2.2), i.e.

ui (@) = (o, 0?/2,1), uz(a) = (1,,0), uz(a) = (—a,1,a%/2).

Let @ = Qyny = s* — sp. Then the supports of an , and b¥ by are contained in the
set Plj;, consisting of all (§,7) which satisfy

[(ur (@), wh (€, 7))| < 28+2,
(4.27) [(ua (@), wH(&,7) — wh (€, T)ur (@))] < 2k +42ny
| (us (@), wh (€, 7))| < 2%+322n42,
(vii) Every (&,7) belongs to no more than 75 of the sets {(§,7) : (s,t,&,7) €
supp(af,, )} and 10 no more than 75 of the sets {(€,7) : (s.,67) € supp(bf, )}

Proof. Properties (i) and (ii) are immediate consequences of the definition of the
symbols.

For (iii) we first have to check the support properties, namely assuming that
(s,t,€,7) belongs to the support of al; , or bf; , then

(428) 7 (5m0), )] < 23200,
(4.29) 17+ (v(s00), §)] < 2k+422n7ﬂ%
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To see this we first note that |s — s,,,| < 2" and (s — s (€))? < 22777 hence

(4.30) [$er(§) = Snw| < ontly,
Similarly we have of course also
(4.31) |ser(§) — M| < 219

Now (7' (snv),&) = (7v"(8), &) (sny — s (€)) where § is between s, and s¢.(£). Since
[(7"(3), )| < 252 we conclude (4.28).
To see (4.29) we expand

T4+ (V(snw), &) = 7 + (1(5:(€)), &) + (77(5), €) 5
where s’ is between s, and s¢;(€). From (4.23) and (4.30) we obtain
7+ (y(snp), )] < 28792208 + |U(€, )| + 13M (2r0)* €.

Now |U,(&,7)| < 28272 and from our crucial assumption on the relation between
ro and 71, namely 73 < (100M)~27?, we can deduce (4.29).

We now have to verify the symbol estimates (4.14). First observe 9;U, =1 and
calculate (using the notation in (4.26))

I 2
- w) 1wy
Vel =7(s#) = 7' (") + 5 (5 ) 7"
and an expansion about the point s,, yields that
: p wy
VeU, = v(Snw) +7 (sn,,)(s — Spy — w—u)

3

" (5# _ sm/)2 wit 1 wlf 2 3

() (T (s )+ (5(;5) ) +oad).

A further expansion using (4.24) shows that on the support of either aj, , (n > 0)
or bl , (n>1)

VeUyu = v(sm) + 7 (50,)0(2"11) + O(2%"1) + O(r5).
Thus if v is perpendicular to (y(sy,.), 1) then (v, V)U, = O(2"r;) and if v is perpen-
dicular to both (v(sn.),1) and (7' (sny),0) then (v, V)U, = O(22"r?). Moreover,
from (4.11)
—'(5e:(§))

Vel = (@) 6
and thus (v, V)se:(€) = O(2"*r)) if v is perpendicular to (v'(sp,),0). Given the
bounds on the directional derivatives of s., and U, the verification of (4.14) is
straightforward.
Next to see (iv) observe that |w4 | < 2¥+372 on the support of a# (and hence on
the support of a”,). But we also have |U,| > 28+2"=3p2 and

(w)?/|wh] < 25F2)s — s (€)% < 257227 |U,))

and thus |wh| > |U,|/2 > 28F27=4p2 " This forces 2"r; < 2r if the support of at,
is nonempty.

Next consider the support of by , where [sc:(£) — 8| < 2r¢ and also (ser(§) —
st)?2 > 27k=9U,(&,7)|; moreover max{(s — s(€))%,27F|UL(E, )} > 22032,
These conditions imply that 227372 < 29(2r()? if the support of bl ., is nonempty
and thus (v) follows.
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To see (vi) we set o

B =B(§) = sex(§) — snv
and observe that |3 < 2"*'ry in the supports of a% , and b% ,, moreover [a| < 2rq.
By (4.22) for s = s*, we can write
(4.32) a=uwl/uf +B+E with E=0;(24Mr3).
Also wh(€,7) = Up(€.7) + (w)?/(264) and

(ug (@), w" — whuy (@) = wh — wha + wha — wha® /2
po

_ whw _
= B(wh —wh) + [E(wh —wh) + iul - wha® /2]
3

and the expression [...] is easily seen to be O1(100M73) in view of the assumptions

/2 we deduce

on the support of a*. Since we also assume r; > 100M 7’8’
[{uz(@), W — wiu (@))] < 27
Next we compute using (4.32)
=2 12
=\ BN P pQ (w1)
<U3(OZ),LU > w1a+W3 2 + zwét
— U, + B wh )2+ Wl'E + Wi BE + Wi E2/2

= 012" 12%2) 4 O (100M2%73).

+U,

which concludes the proof of (vi).

Now suppose (£,7) belongs to the support of al ,. We have seen that then
[ser(§) — ] < 2rg. Since we assume that {s*} is a ro-separated set we see that
(§,7) € supp(ay, ) for some n,v can only happen for at most five . Exacly the
same argument works for 0¥, in place of a¥,. Next, note that for a ¢ € R one
has 71(2272%0) # 0 for at most five values of n. The definition of the functions
al, , and b, , shows that for fixed p there are at most five values of n for which
al, #0or bﬁl‘y # 0. Finally, given u there are at most three values of v for which
C(u—v) # 0. This shows that for fixed p and fixed n there are at most three values
of v for which af; , # 0 or bl; , # 0. A combination of these observations yields the

assertion (vii). O

Lemma 4.2.6. Suppose Pl is as in (4.27), and p, n are fized. Suppose that the
Fourier transform of f, is supported in Pl},,. Let 3 = {v : |sn, —s"| < 2ro}. Then

fore >0, p>pw,
ro 17%+5 » 1/p
<G (o) (; 1)

(2
ueﬁﬁ

Proof. Note that w), in (4.26) is of rank three. Let w, : R4l — RI*! be an
invertible map with ! = w!" for i = 1,2,3. Let g, = | det(w")|f, (*-). Then the
Fourier transform of g, is supported in R, x R41~=3 where the R, are C-extensions
of plates in R? associated to the curve («, a?/2). Thus we can apply Wolff’s theorem
in three dimensions, in the form of Proposition 2.1, and obtain the estimate

[Za], <o) 7 (Slaly)”

where the constant does not depend on p. The assertion follows by rescaling. O

p
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Lemma 4.2.7. Suppose p > 2, 11 > 27%/2. Then
u p\ /P
(4.33) (Dl 71at . AIE) ™ < Crilifly,

(with the usual sup modification for p = co).

Proof. We prove (4.33) by interpolation and it suffices to check the cases p = 2
and p = oco. For p = oo the assertion follows from Lemma 4.2.1 and Lemma
4.2.2 if we observe that an additional s integration is extended over an interval of
length O;(r1). For p = 2 we use van der Corput’s lemma in the s variable with
two derivatives to take advantage of our nondegeneracy hypothesis. Fix 7, £ and
observe that the amplitude of the oscillatory integral (as a function of s) is bounded
and has an integrable derivative, with uniform bounds. Thus

mlaft, (€, 7)| < 022

Observe that |U,| < 2%rf on the support of ag ,,; moreover, the supports of the af,
are essentially disjoint, by (vii) of Lemma 4.2.5. We obtain by Plancherel’s theorem
that

S lriet, Al =3 [ [ mlaf, (&, 7)Far Fle) P

U ()] <2473
<27 202

which is the desired bound for p = 2. O

Lemma 4.2.8. Forn>1,2 <p < o0,
P p\ /P —k—n,.—1
(4.34) (Mo 7las. AIE) ™ < C27o=mn e
v

Proof. We argue similarly as in the proof of Lemma 4.2.7 but begin by integrating
by parts with respect to t to get

_ atan l/(s t 57 )
“ it(T+(y(s),§)) VAT 0> ) e
it o) = [f i+ (e
Now expand (7y(s),£) about s, (€) and by (4.23)

T+ (7(),€) = Up(€,7) + O1(25 (5 — 5e:(€)?) + 0125100 7d)

in the support of a/ ,. Since n > 1 one also has |s — s (¢)|? < 27¥78|U,,| and hence

7+ (v(5), ] = %|Uﬂ(§,7)| > ol+2n—4,2

Consequently, the multiplier (¢, 7) — dwak ,(s,¢,&,7)(T+(y(s),£)) " can be written
as C’2‘<k+2”)rf2 times a multiplier in Sk(r, s) and thus Lemma 4.2.2 applies. Since
we perform an s-integration over an interval of length O(2"r1) we get the asserted
£>°(L°°) bound.

For the ¢2(L?) estimate we apply van der Corput’s Lemma with second deriva-
tives and check using the support properties of af; , that the L° norm of the
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amplitude and the L' norm (in s) of its derivative is bounded by C2~*+2ny 2,

Thus we now obtain

LA 274222 2) 7 2 i) g

;/, &77)|<2k+2”7‘

S @A)

O
Lemma 4.2.9. Forn>1,2 <p < o0,
1/p
(435) (7w, A2) " < c2 b1,
8%

Proof. We argue similarly as in Lemma 4.2.8. Now we integrate by parts in s to

see that
= // e_“(”’("’(s)’f))cﬁ’y(s,t7§,T)dsdt
where O, (5. 1,6,7) | B (5,4,6,7)("(5),€)
Snu57t7 7T nys7t7 ?T 87
o (s,t,6,7) = =5 e oo TR IR
’ it(y'(s),§) it((v' (), €))
Now

(7' (5), €)] = 2%|s — sex (§)] = 272"
on the support of bf; ,

The multiplier (57 ) — ol (s,1,6,7) is €222 times a multiplier in
Sk(r,s). Thus Lemma 4.2.2 applies and the £*°(L>°) estimate follows in the same
way as in Lemma 4.2.8.

For the L? estimate we may integrate by parts in ¢ and obtain

|m[bﬁ,u](577)|§/ min{L, |7 + (v(s), )7}k . (5,1,€, 7)|dtds,

and consequently > [ 7[b% ., f1lI3 is dominated by

k=2n.— R
S| | Erraa] i

KoV ’ ls—scr (8]

<2Mry
< ontlp sup / / 2 1 2d7’d5]22// /|J/C\(77)|2d77
Is B3] 1+ |T + ) €>|) v supp (bl )
Sznyl

which is bounded by (27*="7!(|f|l2)?>. An interpolation yields the claimed in-
equality for 2 < p < oco. O

Conclusion of the proof of Proposition 4.2.3. It is immediate from the de-
composition (4.25), and Lemma 4.2.6 that for all € € (0,1), p > pw,

(Shre )" < Gpetrosray =+ (S I7lan 1) ™
(T Tl o AL+ T A1)

n>1
27 <rg
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and we can apply Lemma 4.2.8 and Lemma 4.2.9 to the terms involving n > 1.
Thus the left hand side of the inequality is dominated by

4 /
Cpelrofr) =3 [( S 1 Tlat, A1) " 2 e 5.

There is a constant C so that the symbols C_la’O‘,V belong to & (r1, so.). Moreover,

given fixed v the function af , is not identically 0 for at most five u and the s, are

ri-separated. By a pigeonhole argument we deduce the assertion of the proposition.
O

Conclusion of the proof of Theorem 4.2. Let ¢; = £3/(dM). For fixed sg
and we shall prove an estimate for the symbol b(s,t,&) = b(s,t,&)x (2" (s — s0)),
namely

N L.
(4.36) 120, [b, Il 2o a1y < Cple0)27 52| fllps  p > pw.

The assertion of the theorem follows from (4.36) as b is a sum of O(2*1) such
symbols.
We write by using the Fourier inversion formula in R4+!

24,00, f1 = Tla, f]
£=0

where
dols, t,€,7) = b(s, £, )mo (25 (2787 + (¥ (sex(9), )| + (5 = 5ex(€))?))
and, for £ > 1,
Go(s,t,6,7) = (s, £, €)1 (229 72227 r 4 (3(56:(€)), )| + (5 — 56 (€))2)).
We first show the main estimate which is
(4.37) 17 ao, f]||Lp(Rd+1) < Cp(EO)ka(z/p%O/Q)||f||Lp(Rd), p>pw-

Now for a constant C' we have C~'ay € Gx(27%1,59). We apply Proposition
4.2.3 iteratively choosing rg, 1 to be

ro(n) = (24@‘21‘]\4)(3/2)"7 ri(n) = (271@51 100M)(3/2)

n+1
for n = 0,...,N, where N = N(e1) is the largest integer for which r(n) >

2-k(3—21) Thus certainly r1(N) < 2-5+2ke1 and N = N(e1) < Cleg < C'/E2.
By Proposition 4.2.3 we obtain for all p > pw, € > 0 that

(4.38) H']’[Eio,f]Hp < (Cp,e)N“(N)_(l—“/p*NE)(Z HT[G”’f]Hg)l/p

N
+275 % (Cpe) i ()P £l
n=0

where a, € &k (s,,r1(N)) and the s, are ri(IN)-separated points. Note that since
71 (N) > 27]6/2

N
(439) 2y om0 NI (2 ()T
n=0
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moreover by Lemma 4.2.7
p\ /P
(4.40) (Tl 717) " £ IS

We choose ¢ = (g1/(1000C))? in (4.38) which makes Ne < g¢/4 and still, by our
previous choice of €1, the resulting constant (C, )" depends only on &g and p. We
combine the resulting bound with (4.39) and (4.40) and the main estimate (4.37)
follows.

To finish the proof we have to dispose of the terms 7T [ay, -] for £ > 1; these are
error terms which can be handled by standard arguments. We split (in analogy to
a previous decomposition) a; = ag,1 + ag,2 where

(5 — Ser (5))2 )
27F7 + (1(s5ex(€)), 6
(S_SCr(f))Q ))
27K + (y(5ex (), )17
note that a; o =0 if £ > 2k€1 We use an integration by parts in t for the integral

defining m[a,,1] and an integration by parts in s for the integral defining m[ag o).
Now for i = 1,2

Tlaes f)(ot) = [ [ Kolmesil(e — u.tds )iy
where we use the notation (4.15) with
E7:8,1(87 ta 57 T)
i+ (v(s),))’

Ostpa(s,t,6,7)  apals,t, &, 1) (s),
ms,&?(tvfaT) = |: ‘672(/ g ) + 672(‘ g/ )<’Y (2) €> .
it(y'(s),€) it((y'(s),€))

We argue as in the proof of Lemma 4.2.2 and by a straightforward integration by
parts we obtain the bounds

Qo (st 6,7) = au(s,t, &, 7)mo (M

)

a€,2(57t7577-) = ag(S,t,f,T)(l — "o (M

Mmse,1 (t7 5, T) =

(K[ e] ()]
C27k(172€1)7f/ 2k‘d2l dt
(1 + 2k(1—251)+£‘t _ f/‘ + 2k(1—2€1)|x _ t’7(8)|)d+2

for i = 1,2; here we use for the second kernel that m, o = 0 for £ > 22ke1
This estimate implies (after an integration in s) that the terms involving a, for
¢ > 0 are error terms and we get the estimates

T (e, £l o gasry S 27FO72 @D £ gay

for 1 < p < oo and of course the constant here is much smaller than 2-2%/P for
p > 4 and in particular for p > py,. This finishes the proof of Theorem 4.2. (I

4.3. Proof of Theorem 4.1. We may assume that B > 100(d+J~!). In addition
by a reparametrization we may also assume that I' is parametrized by arclength s
(consequently we may have to replace B by a power of B).

We localize in s (splitting the parameter interval in O(B'%?) pieces) and assume
that the symbol is localized to an s-interval I(sg) centered at sg, and of length
< B9, By further localization in Q we split the symbol into O(B!%°?) pieces
localized in balls of the form Q(£0) = {¢ : |¢ — €9 < 28 B719} where B~ 12F < €9 <
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2% B. We now assume that our symbol a is supported in I(sg) x [1,2] x 2(£°) and
that a satisfies differentiability conditions similar to (4.3), but with the constant
Cla] replaced by CyCla] B°°%¢; moreover we assume the lower bound

(4.41) [(T(5),€)] + |(T"(5),€)| = 2B72|¢|  if (s,t,£) € supp(a).

We set 6 = £9/ |§O| and distinguish two cases. In the first case we assume that
(T (s0),6°)| > B~19; then by the support properties after localization (I'(s), )| >
B=9|¢| on the support of a. This allows us to perform an integration by parts in
s first, thus gaining a power of 2* and standard estimates yield that in the present
case the LP(R?) norm of ™Ar[a, f](-,¢) is bounded by Cp 42| f|, for 1 < p < oo,
uniformly in ¢ € [1,2]. Thus in this case we obtain a better bound than the one
claimed in (4.5).

For the second (main) case we have the inequalities

(4.42) (T (s0),6%)] < B,
(4.43) (T (s0),60°) > B~2.
Now let {v1,...,v4} be an orthonormal basis of R? so that v; = I"(sp) and

span {vy,va} = span{I’(sg),0°}. Let L be the linear transformation with L(v;) =
v; for i =1,3 <i<dand L(vy) = (I"(s0), v2) 0. Let I'(s) = LT(s).

By (4.42) and (4.43) and a Taylor expansion |I'(s)| = 1 4+ O(B~!9) and since
we assume that I' is parametrized by arclength we have (I'(s),I'(s)) = 0. A
calculation shows that (I''(s), 8°) = 1+ O(B~19).

Notice that

(4.44) Arla, fl(z,t) = Azla, f o L] (La, t)

where a(s,t,n) = a(s,t, L'n). After a reparametrization of r by arclength an ap-
plication of Theorem 4.2 shows that

~ k(2 _
2@, 1| Lo gy < Cleo,p, BIC[)2™* ™| fllozay,  p > pw,

and the corresponding assertion for r follows by (4.44). (]

5. LOCAL SMOOTHING FOR CURVES IN R3

We now return to the situation in R? and consider curves with nonvanishing
curvature and torsion. We shall use notation as in §3 and prove an estimate for the
t-dilates of the operators A¥!Y defined in (3.16). The following lemma is proved
by rescaling and the results of the previous sections. Define

(5.1) AP F(€) = milans ()] F(E)
and let x be a smooth function supported in (1/2,2).
Proposition 5.1. Forp > pw, | < k/3, ¢ >0,
</ ||X(t) k,l, l/prdt) S Os2fl(176/p)272k/p2k6Hf”p.
Proof. The symbol ay;, in (5.1) is supported in a set where |(¢,T(s,))| ~ 2821,

[(&, N (5,))] <2871 (€, B(s,))| =~ 2*. We shall rescale the parameter s = s, +27lu
with u < 1, moreover we rescale in £ as follows. Let U, be the rotation which maps
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the unit vectors ey, es, e3 to T(s,), N(s,), B(s,). Let A = (2!n1, 2%, 231n3) and
let L;,, = U, o A;. Then
(’LL7 77) - ck,l,u(ua 77) = ak:,l,u(su + 2_lu7 Ll,un)
is supported in a set where |n| ~ 2¥=3 and |u| < 1 and there are the estimates
0502 e, (u, )| < Oy g2 3010,

Moreover if we set

Ty (u) = Li v (s +27"0)
then I'; , is a C® curve with upper bounds uniformly in /, v and we also have

o |~ k=31

in the support of ¢, (again with the implicit constants uniform in ¢, v).

Changing variables we get

~

(27T)du4i€’l’yf(m) — 2—l // eit(v(sy+2’lu),€>+i(z,§)a(su + 2—lu7£) (f)dﬁdu
_ 2—1 /eit(Fl,V(u),n)-i—i(Ll*‘u;c,n)Ck’l’V(,’7) A(Ll,yn) 261dn du

(5.2) =27 T AL, TN )
where

klu // Ty, (u),m) Chilw (’LL 77) ( )ei(w,mdndu.

Thus we can apply Theorem 4.1 for the dyadic annulus of width 2¢=3!, and obtain
1/p
(/ HX(t)Ttk,l,ugHidt> < CEZ—Q(k—Sl)/pQ(k—?)l)eHng.
We rescale using (5.2) to obtain the asserted bound.
O

Proof of Theorem 1.4. We apply inequality (3.23), rescaled by the ¢-dilation,
and combine it with Proposition 5.1 to obtain

(/HX(f)ZAf’l’Vszdt) /p <c. 221(———+a) Z/HX ic,l,nyZdt)l/p

< CL27 GG £,
and thus

63 ([ oA sa)"" < oo gl sy

This is the main estimate and we may sum over | < k/3. There are similar es-
timates for the operators ), Zf” and ), Bf’l’" obtained if we scale by ¢ in the
definitions (3.16), (3.17); however these follow already by integrating out the fixed
time estimates implied by Proposition 3.1. The conclusion is that if my is as in
(3.4) then

([ Ix®F maeRligae) " < .7 = 7,

and the assertion of Theorem 1.4 on boundedness in Sobolev spaces follows by
standard arguments. [
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6. MAXIMAL FUNCTIONS

Proof of Theorem 1.2. Given Theorem 1.4 the proof is straightforward for the
case of curves with nonvanishing curvature and torsion. Let £ a Littlewood-Paley
operator which localizes to frequencies of size ~ 2¥. Then for p > pw

° p o\ P —h(L—e)
(/1 ||A2‘*t£k+€f||pdt> < Cep27 3 7 Ligr fllps

and
2 p N\ /P —k(&—¢) k
([ 1@/ Astasesae) " < €2 90+ 2 sup b 6)) s
1 s

and by standard arguments we obtain

|| sup sup |A2£t£k+ff‘||
ez 1

_ 4
< Cp 2 M5 )(1—|—2ksup|7 /p(2||£k+gf||> . D> pw.
LeL

Since p > 2 we have (3 ,cy | Lrref|2)Y? < || fllp- Similar L? estimates based on
van der Corput’s lemma yield

1/2

||§u§ sup. Iv‘lmﬁwflll2 <Cc27*3(1 +2ksup|7( )N f
€

and an interpolation shows that

(6.1) HSUP sup [oei Lurefl]], S C (1+sup|7( ) /P2 ke @ £,

LeZ 1

with a(p) > 0if p > (pW + 2)/2. This proves the statement of Theorem 1.2 in the
case of curves with nonvanishing curvature and torsion.

In the finite type case we use rescaling as in §3. We may after using a partition
of unity assume that (3.41) holds, with ny < ny < ng, and ng < n. Then, with A;,
as in (3.42) we need to show that

Y
(6.2) Isup sup [A;o0flll, S2F DSl p> (ow +2)/2
0 1<t<2

We may apply (6.1) to the normalized curves 6;v(so)+1I'; (where I'; is as in (3.43)),
and observe that

sup[9;v(so) +T'j(u)| = O(2").

Thus using also (3.44) and setting f_; = fod_;, N = ni + ny + n3, we see that
[| sup, sup; << [A; 204 f|||p is controlled by

27| sup sup | [ 725005 <250 (50) — 24T )y |
L 1<t<2 P
S PGV f ), S 2D £,

and obtain (6.2). We need to sum in j in (6.2) which is possible since also p >
ns. [l
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A two-parameter maximal function. Our results on local smoothing can also
be used to prove bounds for certain two-parameter maximal functions. Consider
the two-parameter family of helices

H(a,b) :== {Ya,p = (acos(2ms), asin(27s), bs) : 0<s<1},1<a,b<2.

Then we obtain a lower bound on the Hausdorff dimension of some “Kakeya-type”
sets.

Proposition 6.1. Let F be a set which for every x € R® contains a heliz x+ H (a, b)
for some (a,b), 1 < a,b < 2. Then the Hausdorff dimension of F' is at least 8/3.

By arguments in [2] one sees that Proposition 6.1 is a consequence of an estimate
for a local maximal operator, namely

©3) | s | [5G -osds] < Calfliz, p>pwa> @)
1<a,b<2 P
Proof. We only sketch the argument since it follows the same lines as the one in
the proof of Theorem 1.2, however it uses as an additional ingredient the relation
between aa*ya » and 7’ !
Let .Aa by .Aa b a b be the operators with symbols mg(ax), mi(ax,;) , mi(be)
as in (3. ) (3. 7) for the curve 7,p. (6.3) follows from

(6:4) | sup A, < C2P2 1 f e p>pws U< /3,

_a1 —
and related statements for .Za by Bfé By standard arguments the proof of (6.4)
can be reduced to

§Irtiz k P "
(6.5) //<a <2 I1(0a) (8a)7r (9b)72 a’bepdadb)

< Gk Divthizg-20-D otk ),

I < k/3. When j; = 0, jo € {0,1} inequality (6.5) follows from (5.3). For the
a-differentiation (j; = 1) inequality (6.5) asserts a blowup of merely 28=!. This
happens because the a-differentiation of the phase yields an additional factor of

0a(a,b(s), €) = &1 cos(27s) + &2 5in(27s) = —(4n%a) ™ (77, (s), €),

for the symbol, and (y; ,(s),&) is of size ~ 2%t on the support of my(ay,). It is
here where we use the improvements stated in part (iv) of Lemma 3.2 and part (iii)
of Lemma 3.3. O
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