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ABSTRACT. We prove a sharp LP-Sobolev regularity result for a class
of generalized Radon transforms for families of curves in a three di-
mensional manifold, with folding canonical relations. The proof relies
on decoupling inequalities by Wolff and by Bourgain-Demeter for plate
decompositions of thin neighborhoods of cones.

1. INTRODUCTION

In this paper we continue the study [20] of LP regularity properties of
integral operators along families of curves in R? satisfying suitable curva-
ture and torsion conditions. The previous article dealt with the translation
invariant case, i.e. the integrals

(L1) Af(z) = / £ — A(s))x(5)ds

where « is a curve in R? with nonvanishing curvature and torsion and x is
smooth and compactly supported. The authors showed an optimal result
with a gain of 1/p derivatives for sufficiently large p, namely that for large
p the operator A maps LP(R?) into the LP-Sobolev space Lll’ Ip The usual
combination of damping of oscillatory integrals arguments and improved
L*> bounds, as employed in [24], does not apply to averaging operators for
curves in three or higher dimensions. Instead the authors had to apply a
deep result of Wolff [26] on decompositions of cone multipliers in R which
is now known as an (P-decoupling inequality. The result in [20] can be
combined with a recent result by Bourgain and Demeter [5] which extends
the decoupling result for the cone in R? to the optimal L? range p > 6; this

combination immediately yields A : LP(R?) — L? /p(R3) for p > 4. A result

by Oberlin and Smith [15] shows that this range is optimal, up to possibly
the endpoint p = 4.

In the current work we shall treat extensions of these results for operators
which are not of convolution type. Let Qr, Qg be three-dimensional smooth
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manifolds and consider families of curves M, C Qg parametrized by and
smoothly depending on x € ;. Let do, be arclength measure on M, and
Xo € O(R3 x R3). We define the generalized Radon transform operator
R :CX(Qr) — C>*(Qr) by

(1.2) Rf(x) = » F@W)xo(z, y)doz(y) .
In order to formulate our results we use the double fibration formalism of
Gelfand and Helgason (see e.g. [11], p. 340 ff.). Assume
Mz ={y € Qr: (z,y) € M}

where M is a submanifold of Qf x Qgr of codimension 2 such that the

projections
/ M\
Qr Qg

(1.3)
have surjective differentials. The surjectivity assumption on the differen-
tial of M — Q implies that the M, are smooth immersed curves in Qg
(depending smoothly on z). Similarly the corresponding assumption on
the differential of M — Qp implies that MY = {x € Qp : (z,y) € M} are
smooth immersed curves in € (depending smoothly on ¥).

The operator R can be realized as a Fourier integral operator of order
—1/2 belonging to the Hérmander class Ifé(QL, Qg; (N*M)’) where

(N*M) = {(z, & y,m) : (z,9,€ —n) € N"M}
with N* M the conormal bundle given by

N*M = {(z,y,7,€)) € T*(Q x Qg) \ {0} : (&,) L T(yyyM} .

(cf. §2).
The assumptions on the projections (1.3) imply that

C:=(N*M) c (T*Qp\ 01) x (T*Qg \ 0R)

with 07, and Og referring to the zero sections of the cotangent spaces T*(y,
and T*Qp, respectively. C is a homogenous canonical relation, i.e. if o,
and og are the canonical two-forms on T*Q; and T*Q g respectively, then
C is Lagrangian with respect to o, — or. As is well-known from the the-
ory of Fourier integral operators (see [12], [17]), the L? Sobolev regularity
properties of R are governed by the geometry of the projections

(1.4) C
N

TQr T*Qx
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Since C is Lagrangian the differential (Dp)p is invertible if and only if
(D7Rr)p is invertible ([12]). For the canonical relations for averaging opera-
tors over curves in dimensions > 3 the maps 77, (and 7g) fail to be diffeomor-
phisms, namely for every point (z,y) € M thereis P = (z,&,y,n) € (N*M)’
so that (D7p)p and (D7g)p are not invertible.

Statement of the main result. We shall assume that the only singular-
ities wp, and mp are Whitney folds and say that C projects with two-sided
fold singularities. Recall the definition from [13, Appendix C4]. Given a
C*® map ¢g: X — Y between C* manifolds and P € X the Hessian ¢”(P)
is invariantly defined as a map from ker(g')p to Coker (g')g(p). Then g
has a Whitney fold at P if dim(ker(g")p) = 1, dim(Coker (¢')4p) = 1 and
the Hessian at P is not equal to 0. Equivalently, g is such that for ev-
ery point P € X, Dgp is either invertible or g has a Whitney fold then
L = {P : det(Dg)p # 0} is an immersed hypersurface of X and for any
vector field V' with Vp € ker(Dg)p for all P € L (a “kernel field”) we have
V(det Dg) # 0 at P.

Theorem 1.1. Let M C Qp X Qg be a four-dimensional manifold such that
the projections (1.3) are submersions. Assume that the only singularities of
7L (N M) = T*Qp and 7g : (N* M) — T*Qpr are Whitney folds. Let
L C (N*M)" be the conic hypersurface manifold where Dy, and Drr drop
rank by one, and let @ be the projection of (N*M)’ to the base M. Suppose
that its restriction to L,

(1.5) w: L— M
is a submersion. Then R is extends to a continuous operator

R:LP, (Qg)— LV

comp 1/p7100(QL)7 4< p <.

The conclusion means that for any C°°-function v compactly supported
in a coordinate chart of €27, and for any compact K C Q2r we have for all LP
functions f supported in K

loRf ey, < Cplv, K)IIfllp-

Here L% is the standard Sobolev space consisting of tempered distributions
g on R3 with (I — A)*/2g € LP(R®). It is easy to see that the regularity
index s = 1/p cannot be improved. As mentioned above the result fails for
p < 4, by a result in [15]. Regarding the hypotheses in Theorem 1.1, one
may conjecture that the two-sided fold assumption can be weakened to a
one-sided fold assumption, i.e. that the assumption of 7 being a Whitney
fold can be dropped. See §4.2 for further discussion of relevant examples,
and §10 for related results.

Using a theorem in [19] the regularity result can be further improved by

using Triebel-Lizorkin spaces FJ , namely we have

(1L6)  oRS s < Cp(w. K)flrg, . 4<p <0 g0,
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for f € Fg,p supported in K, this is further discussed in §9. Recall that
Sy=1L{and F5, C F5, C Fs, =B}, for ¢ <2 <p, and any s € R.

Notation. We shall use the notation A < B for A < C'B with an unspec-
ified constant C.

Acknowledgement. The authors thank Geoffrey Bentsen for reading a draft
of this paper and providing valuable input.

2. GENERALIZED RADON TRANSFORMS AND FOURIER INTEGRAL
REPRESENTATIONS

We recall some basic facts on generalized Radon transforms and Fourier
integrals. By localization we may assume that the Schwartz kernel of our op-
erator is supported in a small neighborhood of a base point P° = (z°,y°) €
M. On the neighborhood the manifold M is given by a defining function ®,
ie, M= {(z,y) : ®(x,y) = 0}, where & = (®!, ®2)T is a two-dimensional
vector function defined on Q, x Qg and such that ®(Fy) = 0. The Schwartz
kernel of our operator is given by the measure y § o ® where J is the Dirac
measure in R? and y is C*™ and compactly supported near the base point
which can be chosen to be the origin in R? x R3. By the Fourier inversion
formula the Schwartz kernel is an oscillatory integral distribution, formally
written as ([12], [11], [24])

21)  v(w.y)doB(z,y) = (2m) 2 / / @D @) (2 y)dr.

Since the projection M — €, is a submersion, the 2 x 3 matrix ®, has
rank 2, so by a linear change of variables in y, near yg we can assume that
det[V, @', V,,®% # 0 where y¥ = (y1,92)T. Then (z,y3) can be chosen as
the local coordinates on M, so that the equation ®(z,y) = 0 is equivalent
to

(22) Yi = Si($1,l‘2,l‘3,y3), 1=1,2.

Since ®(z, S!, 5?,y3) = 0 we can write
2

(2.3) ®(z,y) = Y (S'(x,y3) — vi) Bi(w, y),

i=1
where

1
Bi(w,y) = — /0 By, (x, 5(x,ys) + (/' — S(z,3)). ys) ds.

Since ®,, and ®,, are linearly independent on M, by choosing the cutoff x
to be supported sufficiently close to M, we can ensure that B; and By are
linearly independent as well. The equation (2.3) can therefore be re-written

T ey
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where B(z,y) is the 2 x 2 invertible matrix whose column vectors are Bj
and Bs. Since the projection M — Qpg is a submersion the z-gradients
Si(z,y3), S%(z,y3) are linearly independent. Now (2.1) can be rewritten as

x(@, ) S0(z,y) = x(z,y) / r @) g7
T€R2

// i(r,S(z,y3)— d
|detB x,y)|

Then in a neighborhood of the reference point P the canonical relation,
that is the twisted conormal bundle (N*M)’, is given by

{(xvéayan) ‘Y= Si(ZE,yg), L= 1727 5 = Tls;(xay?)) + TZSg(mayii)a
n= (Tla 72, —7'15;3(1‘,,1;3) - 7—2553 (mayi’)))}

Thus using (z1, 22, x3, 71, T2, y3) as coordinates on (N*M)" the projection
7 (N*M) — T*Qy, is identified with

(2.4)

(25) 7~TL : (xlax27x377_177—2)y3) — ($7718;‘(x7y3) +TQS§(%3/3))'
Then

det D7, = det(S;, 52,7'15%% + T2S§y3) =110 + 10y
with
(26) Ai(xay3) = Af(l’,yg,) - det(Sl 52 S;yg,)‘(z’yg)a =12

Hence £ is the submanifold of (NV* M)’ consisting of (z,&,y,n) such that
¢ = 1150 (x, y3) + T2S5(x, y3), n = (71,72, —T1S,, (%, y3) — 1255, (, y3)),
Yi = Si(gj7y3)7 i = 1727 TlAl(l',y?,) + TQAQ(ZE,Z/:?,) =0.

3. CURVATURE

We shall show that the assumptions in Theorem 1.1 imply a curvature
condition on the fibers of £, as formulated by Greenleaf and the second
author in [8].

Let A; be as in (2.6) and P° = (a°, S'(a°,b°), S?(a°, b°)) be our reference
point. The following preparatory observation is based on the assumption
that w in (1.5) is a submersion.

Lemma 3.1. We have
Az, y3)] + [Aa(z, y3)| # 0
for (x,y3) near (a,b).

Proof. By continuity we have to check |A1| + |Ag| # 0 at P°.

Let 7° € R?\ {0} and let £&° = 70SL(a® b°) + 7552(a®,b°). Clearly if
(a°,&°) ¢ mr(L ) then 77 A1(a®, b°) + 75 A9(a®,b°) # 0 and therefore we may
assume that (a°,£°) € 7TL(£), ie.

AL (a°,0°) + 75 As(a%, b%) = 0.
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Let Vi, be a kernel field which we may write as

0
VL—ZO[Z.IT —i-ang +Zﬁzxy3, :

where 3; = 0, by (2.5). We have
VL(71A1+T2A2)‘(Q poro) =
2
0N,
a;(a®, 7°)Ai(a®,b°%) + ag(a®, T° °—(a°,b°).
Z )+ e, 7") 3 7 G2 )

=1

We argue by contradiction and assume that

(3.1) Ai(a®,b°) =0, i=1,2.

By assumption Vz(det 7z) # 0 on £. Using (3.1) we get
Ay A

(3.2) o921 e 1oy 1 g 922 40 1oy 20,
0y 2 Oy

Hence can, for (ﬁ,w,yg) near (= Ol,a ,b°), solve 11 A1 + 72A9 = 0 in y3 and

[T
obtain a function y3(71, 72), homogeneous of degree 0, so that

1Az, y3) + 202(2, y3) =0 <= y3 = n3(z,7).
Implicit differentiation gives

Oy3 _ Ai(x,7,93)
oT; TlayBAl +T28y3A27

(3.3) i=1,2.

Now since we assume that w : £L — M is a submersion the differential
of the map (x,7) — (z,S*(z,v3(x, 7)), S*(x,93(x, 7)), 93(7)) is surjective.
This implies that

aygsl(xan?))an‘)?) aygsl(l‘,l)?,)am%
rank 8y352($’n3)67103 ay352($,t)3)872t)3 =1

87'103 87'2‘)3
and thus |07, 93| + |0r,03| > 0. But by (3.3) this implies that at least one of
the A;(a®,b°) is nonzero, yielding a contradiction to (3.1). O

It will be useful to explicitly construct a kernel field V7, in a conic neigh-
borhood of £. Notice that £ = £t U £~ where £* =

{(z, £p(— D28} + A152), 5 (,y3), Sz 4r Y3, T, p(A2S,, — A1S,))  p > O}
We identify 7, with 7, as in (2.5).
Lemma 3.2. Define I';(x,y3), i = 1,2, by

(3.4a) Flzdet (Sa S§y3 S;yg),
(3.4Db) =det (S3,, S; Sz,) -
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Let
L Hr| 9 _ 9y, 9
(35) VL - m(FQ(xay3)aTl Fl(x7y3)a7_2) + ayS

Then VL+, V, are kernel fields for g, near L, L™, respectively.

Proof. We take 7 = £p(—A2, A1) and then the assertion reduces to showing
that
(3.6) [38; — 152 — AgSh,. + ALSS

Y3

= 0.
(z,y3)

Denote the left hand side by W. We first observe that
det (S; S2 A4S+ AgS%) = AT+ A2

which is nonzero, by Lemma 3.1. We use that three vectors vy, v, v3 € R3
form a basis of R? if and only if the vector products vi A va, v1 Avs, va Avs

form a basis, and apply this fact to {S}, 57, A1S}, +2257, 1. Now W =0
follows by checking (W, S A (A1S},, + A252,.)) = 0, for i = 1,2, and
(W, SL A S2) = 0. These are straightforward to verify. O

We now consider the fibers in 7*Qy, of 71 (L), namely

(3.7a) X, := {(z, 7 S(x,y3) + 5% (x,y3)) :
T1d1(2,y) + 282(2,y3) = 0,|7| # 0}

Y., is a cone which splits as UiE;ﬁt where
(3.7b) Sy = {£pE(z,ys3) : p > 0}
with
(3.7¢) E(x,y3) = —Aa(z,y3) S, (2, y3) + A1 (2, y3)S3 (2, y3) -
Next, for p > 0

3.8a VE(M AL (2, y3) + 2o (, = +pk(x,
(3.82) L (nAalz,ys) +nbol@u))| = Ees(E0s)
where

(38b) K,(l', yg) =T9A; —T1As + AlAQ’y3 — AQALyS

(z,y3)
This quantity is nonzero, by the assumption that 7y projects with a fold
singularity.

The following lemma will be crucial to establish the curvature properties
of the cones X.

Lemma 3.3. Let k be as in (3.8b). Then

det (E Eys Eysys) ‘ = _[ﬁ(xyy?))]Z-
(IyyB)
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Proof. We have
== —AQS; + A1S§7
Bys = _A27y35; + A1S2 — ApSL  + AS?

zY3 zys3>
and
Sysys = — A2,y3y35; + Al,ysyssg
- 2A2’y35;y3 + 2A1’9353y3 - AQS;ysy:a + A1S§y3y3
where all expressions are evaluated at (x,ys). Also
EAEy, =(A1A2y, — AzAyy,)(S; A S7)
+ (A1S2 — NoSp) A (ALSS,, — AsSy,.).
Define
E=A1Agy, — AgAyy,.
Diligent computation yields
5
(3.9) EA Sys Ey3y3> = Z Ai
i=1
where
A = —2E?,
Ay = E(Ardet (S0 82 82, ) — Asdet(SE 82 Sb. )

Az = (A2A17y3y3 - A1A27y3y3)(A1A2 - AQAl) =0,
Ay = 2E(A2F1 — Alrg)

and
As = — A2A1<Sg% A Sa%yg’ _AQS;?J:%Z/S + AlS§y3y3>
+ A%<Salc A S%ygv *AZSJIEZJB?B + A15&3/32,!3)
+ A%<Sg A Siyg7 _A2S;y3y3 + A1‘5(531/3z,l3>
- A1A2<S§ A S;ya’ _A2S;y3y3 + Als§y3y3> :

We rewrite the expression A5 = As1 + As2 where

Asy = Ajdet (53 A1SZ,. Siyeys) — Ajdet (53 ASL. S:

);

Y3 xysys)

TY3 TY3Y3
— A1Aqdet (S% AngyS Salr:ygyg) + A1As det (Sg AQS&%yg S:%ygyg)
and
Ass = Afdet (S2 A1S2,, S2,.,) —Afdet (52 A2SL,. S2,...)

— A9 A det (S; A1S§y3 Sgy?)yg) + AgAq det (Sg AQS%W
Now by (3.6) we have

A1S?, — AySL = TSl +1,S2

Y3 Y3

512

TY3Yy3

).
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We use this to simplify As; and As 2 to
Asy = Ao(T1Ag —ToA1)det (Sg S Shyuys)

TY3ys3
Asy = —A1(T1Ay —ToAy) det (S; S7 Sa%ysys) :
We combine these formulae with the previous ones for Ai,..., A4 and use

that A3 = 0. We get

5
D A; = —2E% 4 2E(AsTy — AiTy) +
j=1
(E+ Ay — A2F1)(A1 det (S:% Sz Sgysys) — Agdet (S; Sz S‘%y?’yS) ) '
Now using
det (S% S% S;y3y3) = Ai,yg — Fi, 7, = 1, 27
we obtain

5
Z Aj = —92E? + 2E(A2F1 — A1F2)
j=1

+ (E + A1F2 — AgFl)(AlAg,% — A1P2 — A2A17y3 + AQFl)
= —E? —2B(A Ty — AgTy) — (A1Ty — AoT)?
= —(E + A’y — A2F1)2 .

which gives the assertion. O

We now examine the curvature properties of the cone ¥; = {p=(ys3)}.
Lemma 3.3 implies that = A 5y, # 0. The second fundamental form at

p=(x,y3) with respect to the unit normal N = \2225; is given by
P(Eysyss N} (Eys, N) _ P(Eysys, N) 0
(EpN) 0 0 o)
Now, by Lemma 3.3,
- P - = = —pk(z,y3)
(3.10) p<:y3y37 N) = ﬁ det (: =ys3 5y3y3) = W,
= Sy = Sy

and the fold condition says that x does not vanish. Hence ¥, is a two-
dimensional cone such that everywhere there is exactly one nonvanishing
principal curvature, and it is given by (3.10).

4. SOME MODEL OPERATORS

The examples motivating the present paper originate from problems in
harmonic analysis and integral geometry. We list a few of them below. The
notation used in each of these examples is self-contained.
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4.1. Averages along curves with nonvanishing curvature and torsion. Let
v : I — R? be a compact space curve with nonvanishing curvature and
torsion. Then, the integral operator A in (1.1) is an example of a Fourier
integral operator of order —1/2 with two-sided fold singularities. Clearly the
projection w in (1.5) is a submersion. Thus we recover the result that A :

L — I} Jp for p >4 which is known by a combination of the results in [20]

and [5]. The theorem in this paper shows that the L{omp — LY Jp estimate
holds true for small variable perturbations of the translation invariant case.

4.2. Restricted X -ray transforms in R3. A restricted X-ray transform in R?
is the restriction of the X-ray transform to a line complex, that is, a three-
dimensional manifold of lines. Under a suitable well-curvedness assumption
it was shown in [9] (see also [8]) that (local versions) of this operator are
Fourier integral operators of order —1/2 for which the projection 7g has
Whitney folds. For a class of generic line complexes we have two-sided
fold singularities but this is not the case for the important class satisfying
Gelfand’s admissibility condition (see [9]) which is relevant for invertibility of
the restricted X-ray transform. The optimal L? - L% / 4—Sobolev regularity
for the latter was obtained in [10], and can also be seen as a part of a result
on more general Fourier integral operators with one-sided fold singularities
in [8].

We discuss a model case. Let I be a compact interval and v : I — R?
a smooth regular curve v(t) = (t,g(t)), t € I. We assume that v has non-
vanishing curvature, i.e.

(4.1) g'(t)#£0, tel.
Let 8 € (—1,1) and let ex = (0,1) € R2. For f € C5°(R3) we define

(4.2)  Rpf(x1,m2,t) = x1(t) /f(ifl + st,x9 + s(Bra + g(t)), s)x2(s)ds

where ' = (x1,22) and X1, x2 are smooth real-valued functions, with x;
supported in the interior of I and xs with compact support contained in

R\ {-87'}.

We examine the adjoint operator which is given by

Ryh(o) = [ (S . 30). (2. 30), s oo ()i

with
gl o o2 _ wa —w3g(ys)
(l’,yg) 1 — X3Ys, ($7y3) 1 +$35
Then (S; S2 TlS;yS + TQSgys) is given by
1 0 0
0 (1+a8)! 0
—9(ys)—Bz2 9'(y3)

—Y3 (1+23B)2 T T T2 124p)2
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and hence

ﬂm))
(L+z38)2"
Now 0/0ys is a kernel field and the fold condition holds iff and only if (4.1)

holds on I.
The cones X, are given by

Se = {€ € R € = \(—¢/(t),1 + B3, tg () — g(t) — Bza, NER, t €I},

To check that the cone ¥, has one nonvanishing curvature everywhere one
verifies that the plane curve I'(t) = (—¢'(¢),tg'(t) — g(t)) has nonvanishing
curvature. This holds since T\ T — T{T% () = —(g"(t))%.

In order to apply our main result one also needs to check that the pro-
jection mg (for the adjoint R;‘;) has only fold singularities; this turns out to
be the case when 3 # 0. 7p is given by

det 7y, = AL + Ay = —(1 —1—1‘35)71(7'1 + T2

(w1, 72,23, 71, T2, Y3) > (51(537243)’52(1‘71/3)7313771,727715;3 + 72553)

and a calculation shows that Vi = y;;% + % is a kernel field. Then
/ 2p
Vr(T1A1 + 12A2) = —Tag (Z/S)m .

Thus, if 8 # 0, wr has only fold singularities. Now Theorem 1.1 implies that

for 5 # 0 the operator RE maps LP to LIIJ /p for p > 4, and more generally

2 to Liﬂ/p. Hence

(4.3) Rg: 1P — LY,

when 8 # 0. Our theorem does not apply to the case 8 = 0, when 7wp
has maximal degeneracy (a blowdown singularity). However by a rather
straightforward argument it was shown in [21] that (4.3) remains valid if
B = 0 (provided one uses the result by Bourgain and Demeter in conjunction
with [21]). This leads one to conjecture that the assumption on D7p in
Theorem 1.1 can be dropped.

1<p<4/3,

4.3. Averages along curves in H'. Convolution operators on noncommuta-
tive groups can often be analyzed as generalized Radon transforms. Let us
consider the Heisenberg group H' which is R? with the group multiplication
defined by

Ty = ({L’l +y171‘2 + Y2,T3 +y3 + %(xlyQ - 33291))'

4.3.1. Measures on curves in the plane. Let I be a bounded open interval
and g € C*. We consider convolution on H' with a measure on R? x {0}
supported on {(¢,g(t),0) : t € I} where g”(t) # 0 for t € I. For x € C§°(I)
define p by

1, ) = / £t 9(t), O)x()dt
Y
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and the convolution
Aaf(w) = fe) = [ £ = of s = Harge — wa)) dpo(v)
Then A; f(z) can be written as [ f(y1, S?(z,v1), S3(z, y1))x(x1—v1)dy1 with
S*(x,y1) = 3 — g(x1 — y1),
S (2, y1) = a3 — Sglar — 1) + (@ — y).

2 2

As observed in [14], A; is a Fourier integral operator with folding canonical
relation (i.e. 7z and 7g) project with folds. Moreover

T (N*M) = {(z, 7253 (1) + 7357, y1)}

and det 7, = ¢"(21—y1)(T2+7321/2) and thus X, is given by the parametriza-
tion

- 73

‘:‘(7-31 t) = E(xQ - g(t)a —x1+t, 1)

This example, and higher dimensional versions were considered in [14] for
the L2-Sobolev category, together with some refinements, that yield sharp
maximal function estimates on H", n > 2. The measure in the horizontal
plane can also be replaced by other measures in other planes transversal to
the center, in which case the estimates in [14] yield less satisfactory results for
maximal function bounds. However in this case sharp LP-Sobolev estimates
and maximal function bounds for n > 2 have been recently established in
[1], using methods which are closely related to the current paper. For a
more recent result on circular maximal functions on the Heisenberg group
see [2] where the case of Heisenberg radial functions is considered.

4.3.2. Averages along space curves in H'. A closely related example was
considered by Phong and Stein [18] and Secco [23]. Let 4 : I — H! be the
curve given by v,(s) = (s,s?, as?), where a is a real-valued parameter, and
I a bounded interval. Given a cutoff function x € C§°(I), let us consider

the singular measure p, on H' supported on 7, given by

(o ) = /I £ (o ()X (s) ds,

and the right convolution operator by pq:
(4.4) Ao o f(x) = f* po(x) == /f(ac Yals) 1) ds, r € .

As shown in [18] Ay, is a Fourier integral operator, with two-sided folds
for a # :t% and with one-sided folds for a = j:%. A special role of the
parameters 3 has also been observed by Secco [23] in the context of LP —
L7 estimates. It is straightforward to verify that the projection 7y in this
problem is a fold if and only if @ = %, and the cone ¥, C Rg is generated

6
by the parabola
x x
& = 52 +2(60— 1), & = —51 — (6a—1)t, &3=1.
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Our result yields the sharp LP regularity properties for all « € R\ {£1/6}
but it does not cover the cases = +1/6. Bentsen [4] obtained a sharp
LP regularity results for a class of averaging operators over curves in the
Heisenberg group for which one of 7y, wg is a fold and the other is a blow-
down. It turns out that in the case o = —1/6 of (4.4) the local regularity
results follow by changes of variables directly from the regularity results for
the restricted X-ray transform in (4.2) when 8 = 0 (i.e. the case considered
in [21]).

5. BASIC DECOMPOSITIONS

We decompose dyadically in 7 (for large 7). Then for |7| ~ 2* we decom-
pose further according to the size of 2% det 7, which is approximately the
size of 27F (11 A1 + As), which is also approximately the distance to the
fold surface. This decomposition is standard and goes back to [18] (with
earlier precursors).

Let 9 € C(R) be an even function so that no(s) = 1 for [s| < 2
and supp(no) C (—1,1), and set n1(s) = no(5) — no(s). Then no(s) +
S s m(217%s) =1 for s > 0. Define

(5.1a) Xk (2,9, 7)== x(z,y)m (2 |r))  for k> 1,

(5.1b) xo(, y,7) := x(, y)no(|7]),

and, after changing variables in 7

(5.1¢) Rif(z) := 2% // 612k<775(w,y3)*y’>xk(%y’ ok r)dr f(y)dy,

with (7, S(z,y3) —v') = 25:1 7:(S%(x,y3) — y;) and now |7| ~ 1. We then
have
Rf=Y Rif
k>0
for all Schwartz functions f. For 0 < ¢ < |k/3], let

e (2, 4, 287 (29(m AL + 12A)), if € < |k/3],
Xk,f(xvva) = k LEJ .
Xk (z,y, 267)n0 (215 (A + 12A)), if £ = [k/3],
and
(523‘) Rk,@(xa y) = 22k / eiQk <T’y/75(x’y3)>Xk,€(xa Y, 2k7—) dT;

(52b)  Ruef(a) = / Ry o(z,9) () dy.

so that R = ZK@ Ry For k > 0 the 7-integration is extended over a
—3

subset of the annulus {1/2 < |7| < 2} (indeed the intersection of this annulus
with a C2 f-neighborhood of a line I(z,y3)). The quantity 71A; + mAs,
when |7] &~ 1 is comparable to the distance to the fold surface L.
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The by now standard L? estimate for the operators Ry is

L=k
(5:3) IRkl 22 S22

for £ = 0,1,...|k/3], see [7]. The following estimates will be the main
ingredient for the proof of Theorem 1.1.

Theorem 5.1. Let 0 < e <1/6. For ¢ < |k/3] we have

et 20970 4 <p<6,
(5.4) IRkellr—rr < Cep-q_gazsey & B
2 p’2 r, 6<p<oo.

The endpoint Sobolev bound will follow from this theorem with some
additional arguments, see §9.
The main important tool in the proof is the following decoupling inequal-

ity.

Theorem 5.2. Let £ < k/3 and let € > 0. Let, for v € Z
(5.5) fo(y) = FW) -ty 0041y (U3)-
Then for 2 < p <6,

(5.6) H ZRk,efu

é(e-‘rl—l) 1/p -
JEye w@unkmli) T+ C2H| Il

Theorem 5.2 will be proved by induction, see §8. In each induction step
we will combine a standard application of the Wolff-Bourgain-Demeter de-
coupling theorem in combinations with suitable changes of variables.

Proof that Theorem 5.2 implies Theorem 5.1. We first note that for g, €
L*° and with ]l,jl(yg) = ]1[2_e,/,2—e(1,+1)](y3)

(5.7) sup | Ry e[Luegv]|| . <27 sup gyl

To see this one derives an estimate for the Schwartz kernel Ry ¢(z,y) by
integrating by parts, distinguishing the directions (A1, Ag) and (—Ag, Ay).
This shows that |Ry (z,y)| < Cn H?Zl Uk,i(z,y) where
2k—€
1+ 2674 A (yy — S1) + Ag(y2 — S2))Y
2k
Uke2(x,y) =
20V = = Ay~ 50+ Balea — SO
where S', 52, A1, Ay are evaluated at (z,y3). We integrate in (yy,y2) first
and then use that the y3 integration is extended over an interval of length
2. This yields (5.7).
From (5.3) and averaging with Rademacher functions we also get

(S IRketoesl2) < 2% (X lat) "

Ukpi(x,y) = (
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and by interpolation,
1 3k 1
(58) (D [Rueltewa ') 2670275 (Y lalh)”, 2<p<c.
v v

Combining this with (5.6) we obtain
2 1y _k
[Riefl, S C2"F 5 22w fll,, 2<p<6.

Finally from (5.7) we also have the bound ||Ry | r~—rc = O(1) and a
further interpolation gives the inequality asserted in (5.4) for 6 <p < oco. O

An estimate in Besov-spaces. Theorem 5.1 implies an est/irﬂate in Besov
spaces. To see that we let L be the operator defined by Ly f = ﬂ(2*k§)f
where 8 € C°(R? \ {0}). Integration by parts arguments show that there
exists a constant C' such that
(5.9)

| Ly Rieg L || o s 1o < Oy 27 N maARREY 5 maxc{ |k — k|, |k — K|} > C

whenever min{k, k', k”} > 3¢. This, together with the main estimate
(5.10) |Ri|lzr—srr < C(p)27%/P for p > 4.
implies the boundedness result

R (B )comp — (Bog/P)oc, for p > 4.

For the more sophisticated Sobolev bounds, and improvements, see §9.

6. THE DECOUPLING STEP IN A MODEL CASE

In this section we consider a model version of the operator Ry, defined
in (5.2), where the functions S? are replaced by &' satisfying additional
assumptions at the origin, see (6.9) below. These normalizing assumptions
will enable us to carry out a decoupling step as suggested by the Bourgain-
Demeter decoupling theorem which we review in §6.1. The reduction of the
general case to the model case will be carried out later in §8, using suitable
changes of variables discussed in §7.

6.1. The Bourgain-Demeter decoupling theorem. Let kg # 0 be a constant.
We use the decoupling result in [5], for the part of the cone

S = {€: robals + 5& =0}
where 2| ~ 1, |§1] < 1. A parametrization is given by
£(b,A) = M—rober + e2 — Srobes)
where || ~ 1, |b] < |b|My < 1. Let

0

(6.1) Ti(b) = Y

(b, \) = —kober + ez — Srob’es,
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be the tangent vector pointing towards the origin and let
1 0
ob

Then T1(b) and T5(b) form a basis of the tangent space of ¥ at A&(b). A
normal vector is given by

(6.3) N(b) = Ti(b) A To(b) = ber + Srob®es — e.

(6.2) To(b) = —rg AL £(b, \) = ey + bes.

For the definition of our plate we need to replace T 5(b) by a vector in the

span of T} (b) and Ty(b) that is perpendicular to T} (b). Such a vector is given
by

1
(6.4) Ts(b) = (1 — Zﬁgb4)61 + kob(1 + %b2)62 + b+ %H(Q)b?))eg
= e1 + Kkobes + beg + O(bg)
Let A > 1. For § < 1 let
(6.5) Hap(d) =

{eeRP: A <R ) <A, [(BZL6)] < A5, (W& < 462},

One refers to the sets IT4 () as plates; they are unions of A(1, 6, §%)-boxes
with the long, middle, short side parallel to T7(b), T2(b), N(b), respectively.

Theorem ([5]). Let € > 0, A > 1. There exists a constant C(e, A) such
that the following holds for 0 < §1 < §p < 1.

Let B = {b,}M, be a set of points in [~1,1] such that |b, — b,| > &
for b,,b,, € B, v # V', and B is contained in an interval of length &.
Let 2 < p < 6. Let f, € LP(R3) such that the Fourier transform of f, is
supported in II5p,(61). Then

(6. |35, = ctea@omr (S ing) "

One also has
1/p
61 X (Go/O) /2P (T, IAIE) ) p <6,
' v 1/p
z (Go/O) (S, 1L15) " 6<p<oc

This is the ¢P-decoupling result that was first proved for large p by Wolff [26].
(6.7) follows from (6.6) by Holder’s inequality and interpolation arguments.
Our proof of Theorem 1.1 will be based on (6.6) but could also be based
on the case p > 6 of (6.7), as it was in ([20]), in the case of convolution
operators. A variant of this argument was also given in the manuscript [22]
on the variable case, an unpublished precursor to the current paper, with
only a preliminary result.

< C(e, A)
p
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6.2. The model case. For i = 1,2 consider C™ functions (w, 23) — &*(w, 23)
defined on a neighborhood U of [—r,r]*, for some r € (0,1). Assume that
My satisfies

(6.8) Mo > 24 |6 |05 (j—r 3y + 162l 05((rmt)

where the C° norm is the maximum of the supremum of all derivatives of
order 0,...,5. We assume that for w € [—r,r]?

(6.9a) (& 62,6i3)|(w70) = (w1, w2, w3);

moreover

(6.9b) &3,.,(0,0) =0,

and

(6.9¢) 62, 2,2, (0,0) = Ko.

Let in (5.1a) the function xo be supported in a neighborhood V of (0,0) €
R3 x R3 which is of diameter < 1071YMy < r and let (w, 2) — a(w, z) be a
C* function satisfying

(6.10) Myt <|a(w,2)| < My

and with the higher derivatives of a depending on My and the order of
differentiation.

Let (w, z3, ) — ((w, z3, 1) belong to a bounded family of C*° functions
supported where —r < w;,z3 < r and 1/4 < |u| < 4. Let n be C* and
supported in (—2,2) and let 7y ¢ be the operator with Schwartz kernel

(6‘11) E,Z(w, Z) = 22k/ ei2k<l‘76(w723)—z’>x
R2

77(2604(107 Z) (MlAlG (U}, 23) + M2A26 (w7 Z3)))C(w7 Z, N) dp.
Here AP (w,23) = det(&},&2,&! ). We shall omit the superscript and

wzs
assume throughout this subsection §6.2 that A; = AZG. The operator 7% is
a version of R¥! defined before under the additional assumptions in (6.9).
We need to include the function « in the localization to provide added
flexibility in the later stages of the proof of Theorem 5.2 when we apply
repeated changes of variables (cf. formula (7.15) below).

The basic decoupling step is summarized in

Proposition 6.1. Let 0 < € < 1/2. There is a constant C¢ so that the
following holds.
Let ¢ < |k/3]| and let

(6.12a) 80,01 € (MZ220-t(1=€%) 9=t =20 /-2)
such that
(6.12b) 2100 0o max{(27%60) "/, 65/%} < 61 < do.
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Let Ty be a collection of intervals of length 61 which have disjoint interior
and which are contained in [0,8]. Let a € R3, ¢ € C° supported in (—1,1)3
and spo(w) = ¢(2'w). Then for 2 < p < 6, for g € LP(R®) and g/(y) =
9(y)11(z3) we have

(6.13)

HQ,O Z ﬁ,egIHp < 06(50/51)6< Z Hce,oﬁ,eﬁ“i)l/? + C271% 9|,

1€Ty I€Z,

In order to apply (6.6) in this situation we need to consider the Fourier
transforms of ¢;o ) ez, Tre9r and show that they are concentrated on the

plates 2’“17,471,1(51) for by € I and suitable A > 1. We establish this plate
localization in §6.4 and conclude the proof of Proposition 6.1 in §6.5.

6.3. Derivatives of S and A. We use this section to record some facts needed
later in §6.4, about various derivatives of &"(w, z3) and A;(w, z3), under the
assumption that

(6.14) [W]oo <276 < 8o, 23] < do,

under the specifications in (6.12).

6.3.1. Taylor expansion of & and &2,

Lemma 6.2. Let w, z3, 2%, 0y be as in (6.14). Then

6110(@0, z3) = e1 + z3e3 + El(w, 23)

(6.15) 6%0(@0, 23) = eg + %/fozgeg + E%(w, 23)
where

(6.16) [(es, BY(w, 23))| < 8Myda, i=1,2,3,
and

(6.17a) l(es, B*(w, 23))| < 8Mpd2, i=1,2,

(6.17b) [(e3, E*(w, 23))| < Mo(8802~° + 263),

Proof. We expand using conditions (6.9a) and obtain

G}U(w, z3) = e1 + zze3 + El(w, 23)

G?U(w, z3) = e2 + E’z(w, 23)
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where for v = 1,2 we have <ei,£77”> =1, +11;,+111;, with

1 3
Ii,l/(wv 23) = / 1 - S E : wzijk Sw7 Sz)ijk: ds
7j=1 k=1

1 3
I1; (w, z3) 2/ (1-s QZGZJW L5 (5w, s2)wjz3 ds

1
I, (w, 23) = / (1-5)8Y, .., (sw, s2)z3 ds
0
and obtain the bounds
T (w, 23)| < §Molw|2, < §M272
11150 (w, 23)| < SMolw|oo|2s] < 3Mp2~ 6
(1T, (w, 23)| < §Molzs* < §Mod3

Recall kg = &2 (0,0). For i =3, v = 2 we expand further

wsz323
I1135(w, 2z3) = %/ﬁozg + Ez2(w, z3)
where
|E3a(w, z3)| < Mo(3|wloolzs|” + 3]23]°) < 2Mody

where we used 27¢ < §p). Combining terms we obtain the stated error
g
estimates. O

6.3.2. Computations involving A1 and As. By the assumption 6y < 27 mM_
we have from above |&;, (w, z3)| < 2, |62, (w,23)] < 2 and |S,, Zd(w 2z3)| <
2. Moreover |63, (w, z3)| < 4Mydy < 1. Usmg upper bounds for &}, &, _.
and higher derivatives, the permutation formula for determinants, trlhnear-
ity of the determinants and differentiation of products we see that any first
order partial derivative of £A; is a sum of 3-6 terms, each bounded by 4 M.
Hence any first order partial derivative of :l:Ai6 is bounded by 72Mj, and
similarly, by the structure of the A;, any second order partial derivative of
iAZG is bounded by 216My. Moreover, any third order partial derivative of

+A® is bounded by 54 - 2M2. These observations also yield
]Al(w,z;»,) 1‘ ‘AQ(U} 23)’ < T2Mpdg < 27 10,
In §6.4 we shall use a Taylor expansion and rely on the conditions (6.9).
This yields
Al(w,()) = 1, Ag(w,O) = 0,

and straightforward computations give

ALZ?, (w7 0) 6’}0323,23 (w O) + 6121)223( 0)

A2723 (w7 0) 6%03,2323 (w O) + 6%0123( 0)
and thus

Al,zs (07 0) 6111132323 (07 0)7 A27Z3 (Ov 0) 63}32323 (0’ 0) = Ko-.
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Further calculations give

AI’ZSZS (07 0) = 3611U1z323 (0’ 0) =+ 6’121}223,23 (O’ O) + 6111)3Z3Z3Z3 (O? O)
AQ’ZSZS (07 0) = 2612111,2323 (0’ O) + 6121}3232323 (0’ 0)7

AlyijS (07 0) = 63[}211/']'23 (07 0) + 6’}113ij323 (07 0)

A27wjz3 (07 O) = 612U3wj2323 (07 0)’

and
Al,ijk (07 O) =0
A2 w0, (0,0) = &, (0,0).

W323W; Wy

6.4. Plate localization in the model case. The following lemma contains the
information that will allow us to apply the decoupling inequality (6.6).

Lemma 6.3. Let &y, 01 be as in (6.12). Let 27 < r, Mp2=¢ < 2710,
w € [—274277, |23] < 0. Suppose 1/4 < |u| < 4 and

(618) ’,ulAl(w, 23) + 'LLQAQ(’IU, 2’3)} < M02_£.

Then

(6.19) 1160 (w, 23) + 1262 (w, 23) € MMap(61), A= 2(1+ |kol).

Proof. We examine the quantity 11 &L + p2&2,, for 1/4 < |u| < 4 and under
the condition (6.18), and rewrite it as
1

(6.20) A ((MlAl + 1282)6,, + p2(A167, — A26%u))-
The assumption (6.18) and |u| € (1/4,4) implies that 1| < 2% and hence
k2| € (1/5,4).

The second expression in (6.20) is the main term for our analysis. We use
a Taylor expansion:

(6.21)
3
Alg%u — AQG}U) = €2 + Vgz3 + Zvjxj
(’LU,Zg) j=1
1 3 3 3
2
+ 5 <U07023 + 2 Zl V0,5 23W;5 + Zl kzl Ungwj’LUk) + S(w, 23)
J= J=1k=

where £(w, z3) is the Taylor reminder which vanishes of third order. Since
Aq(w,0) = 1, Ay(w,0) = 0 the leading term is ep. For the R3-valued
coefficients of the linear term we get (with all terms on the right hand side
evaluated at 0, and using input from §6.3)

vp = A1,62 + A162, — Ay, BL — Ay

wz3 wzs3 0,0
=5l

wW32323 (07 0)62 — Ro€l
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and, for j = 1,2, 3,
Vi = A8 + A6, — Ny .Sl — AyS!
J = 2Lw; Pw 19w, 2w 2

= 0.
(0,0)

For the coefficients of the quadratic terms we have

1)070 = A1723Z36121) + 2A1723612U:/:3 + A1612U,2323
- A2723236%U - 2A27Z36’%U23 - A26%UZ333 (0 0)

:(6121)12323 - A27Z323)61 + (612022:323 + A17Z3Z3)62 + (612U3Z3Z3 - 2A2723)63 (0 0)7

in particular
(6.22) (v0,0, €3) = —Ko.
Moreover, for j = 1,2, 3,
00,5 =165, + A1, Gy + A1y, + A2, S,
Dol Doy Ol — Ay, G, — AMJ.ZSG}U\

ww; 23 wzs (0,0)

(&2 2 2
_(Gwle23 - AQ’ijB)el + (G’WijZ;; + A171”]'23)62 + 6’(1)3ij3€3‘(0 0)7

and, for j,k =1,2,3,
vjvk :A1612ij‘wk + Aij 612ka + Alvwk6121)wj + Alijwke’?u

- AQquyijk - A27wj 6111)wk - AQ,ka%uwj - Avajwke)ilu‘(o 0)
:Al,ijk (0, 0)62 — AQ’ijk (O, 0)61.

Gathering terms in the above Taylor expansion leads to
(6.23)

2 1 _ 1 2
A16w — AQGw‘ — €2 — kpz3€1 — 5:‘{02363

(w,23)

3 2
+ 6111]32’323 (07 0)Z3€2 + Z 61203wj23 (Oa 0)'11)j2’3€3 + Z Ti(w, 213)6@‘ + 83(“)7 23)
=1 i=1
where we get

(6.24&) |61 (0,0)Z3| S Mo(so,

ws32z323
and by assumption (6.12b),
3
(6.24b) D 1672 (0, 0wz < 3Mo2“6p < 67
j=1
For the quadratic error terms in the first two coordinates we have

(6.24c) ri(w, z3)] < 8Moda , i=1,2,
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and finally for the cubic error terms we have the straightforward estimate
(6.24d) 1E3(w, 23)| < 229 MG6g.

Now consider the situation where |z3 — b| < ;. Let T5(b) be as in (6.4),
that is, Ta(b) = e1 + kobea +bes +O(b3) with 1/2 < |Tz(b)| < 2. We compute

(6.25) (v A& — ArG,) = o (b — 23) + En, (w, 23)

(w,23)

where (c¢f. (6.12b))
|Em, (w, 23)| < 213 ModF < 288 Mo (2710 M1 61)ME < 6.

The computation for the normal component is more subtle. With N (b) =
ber + %H0b2€2 — ez, we consider the contributions of the terms in the above
Taylor expansion to (N(b), A1&2 — Ax&L). We get

<N(b), A1612U — A261lu> = %/{062 — Kkobzg + %/‘iozg
3
+ Lrob?236), ... (0, Zewgw . (0,0)w; 23

+ bri(w, 23) + Srob*ra(w, 23) + (N(b), E3(w, 23)).
By (6.24),
(6.26) (B D162 — 8961,) = b (3r0(zs — b)? + En(w, 23))
with |En(w, 23)| < 221M350 + 22_€M0(50 < 5%

where for the error estimate we have used (6.12b). Clearly the main term
on the right hand side is < |kq|d7/2.

This finishes the analysis of the second term in (6.20). Finally consider
the first term in (6.20), again under the assumption (6.18). We get the
estimates

(1 A1 + p2A)(S) (w, 23), Ty(b))| < 10Mg2~ ¢ < &, i=1,2

and
(1AL + p2o) (S, (w, 23), N(b))]
< 27%(ey + z3e3,ber — e3)| + 10°MZ2746% < 22746, < 2.
The proof is completed by combining terms. O

6.5. Proof of the decoupling step in the model case. Fix b and let my, 5, 5 be
a multiplier that is equal to 1 on T4 (1) and equal to 0 on R?\ IT34 (1),
and satisfies the natural differentiability properties

[(T3(0), V) (Ta(b), V)2 (N (8), 9) g 5, 5(6)
Sa 27H00(285,) 70 (2h63) 70
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Let Py s, be defined by me = mmhbf Let I be an interval of length
01 and let fr(y) = f(y)1r(y3). The Schwartz kernel of

f= (= Prsp)lseoTref]

is given as a sum of oscillatory integrals > ° ; K, ¢ where for n > 0

Ky po(w,z) = 22"3/// i((w—v,§)+2"(7,6(v,23) — Z>§£0( )%

(1 — s, ()M (1127 ") Xh e (v, 2, 25 7)dv dédr 14 (23),
with
Xk (v, 2, 2]“7') = 77(2£a(w, z)(TlAIG(w, z3) + TgAg (w, z;;))){(w, z, T, k)dr

and the family ((-,, -, k) is bounded uniformly in C2°. If |n — k| > 10, then
repeated integration by parts in the v-variables (followed by subsequent
integration by parts in the ¢-variables) shows that

K ee(w, 2)] S min{2710%, 2718 (1w — 2)) "}, k—n| > C.

For |k
support of (1 — my s, ) We have 27%¢ ¢ IT34(61). That means

’Vv[f@,f) + (2F7, & (v, 23))] | > 2k42,

Differentiating the amplitude gives a factor of 2¢ with each differentiation.
Thus for |k — n| < C an N-fold integration by parts in the v variables
followed by integration by parts in the £-variables shows that

Kk e(w,2)] Sy (286727 N (1 + jw = 2)™™, [k —n| <C.

Notice that by ¢ < k/3 and §; > 2=(1=2*)¢ we have
2kg2a—t > 2he*/3,
Thus a [40/e?|-fold integration by parts in v (again followed by multiple
integration by parts in &) yields
(K ke (w,2)] S 27 (L4 Jw — =)™
Let by be the left endpoint of the interval I. We decompose the left hand
side of (6.13) as
(6.27) H > Pesi bilse0Tregr] H + H > (I = Py b)lste0Tr, zgz]H
IeT, Iel,

By Lemma 6.3 we can apply the decoupling inequality (6.6) (with e replaced
by €2) to bound the first term in (6.27) by

1/
C(sQ,A)é_EQ( Z HPk,le,bI [Cz,oﬁ,egI]HZ) ’

1€y

S0 6 (Y JeeaTresnl?)

IeZy
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For the second term in (6.27) we use the above error estimates, apply
Minkowski’s inequality and get the bound (6.27) by

oy (]|t st 3,

I€ly
This finishes the proof of Proposition 6.1. ([

7. Families of changes of variables
Let P° = (a°,3°) € M, with y° = S(a°,b°), S%(a®,b°),b°). For r > 0 let
Q(r) :=={(z,y3) : |r — a°|oc <7} and I(r) := {y3 : |ys — b°| < r}.
Let S* be smooth functions in a neighborhood of Q(2ry) x I(2rg), for
some 7o > 0. After possibly permuting the variables y1, yo we may assume,

by Lemma 3.1 that Aj(z,y3) = det(S}, S2, St,,) # 0 on Q(2rg) x I(2ro)).
Choose M so that

M>24+|S , o)) Ay (z,y3)| 7t
1S1les (@ (2re) x 1(2r0)) (z’ysﬁ%ﬁ%)\ 1(7,y3)|

We now consider (a, b) close to (a°, b°) and construct changes of variables
so that in the new coordinates theconstant coefficient decoupling theorem
in Proposition 6.1 can be applied at suitable scales. The idea of applying
a constant coefficient decoupling theorem in a variable coefficient situation
also appears in [3].

For a € Q(2rg), b € I(2rg) let T'y, I's be asin (3.4), and let p = p(a, b) € R3
be defined by

(7.1) (o1, p2, p5) = Al(lab)( ~Ty(a,b),T1(a,b), Aa(a, b))

For (x,ys3), (a,y3) € Q(ro) and (a,ys3) € I(2rp) consider the function
(I, a, y3) = m(l’, a, y3)
Q(’r’o) X Q(’r’o) X 1(27"0) — Rg

defined by

(7.2)
1o S(x,b) — S'(a,b),
e | = [ S%(x,b) — p3(a, b)Sl(:v,b) 5'2( b) + ps(a,b)S*(a,b)
w3 Sys (%, b) — Sy, (a,b)

We have

(7.3)  det(Dw(z,a,b)/Dx) = det(SL, S? — p3SL, S;,y3)|(x7b) = Ay(z,b).

By the implicit function theorem there exists r; > 0 with r; < rg such that
for |w|eo < 211, |a —a®| < 271, b — bo| < 2r; the equation w(z,a,b) = w is
solved by a unique C*° function

(7.4) x = r(w,a,b).
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Note the estimate
(7.5) |pi(a,b)| < 6M*, for a € Q(2rg), b € I(2rq).

By the definition of tv and the mean value theorem for the coordinate func-
tions this implies [t (x,a,b)|e0 < 3M(1 + 6M*)|z — a|s for z,a € Q(ro),
b € I(2rp). Hence if ro < r; and if |z — a°|s < 72 and |a — a®|s < 72 then
[ro(z, a,b)|0 < 42M°r9 and if we define

(7.6) ry = (50M°) !

we get [o(z,a,b)|e < 71 for z,a € Q(re), b € I(2r1). By the uniqueness
of the function ¢ we thus see that r(w(z,a,b)) = = for z,a € Q(r2) for
z,a € Q(re), b € I(2r1).

We will also need to change variables in the y-variables, in a more explicit
form. Define

(7.7) 3= (51,32,33) : RQ X Q(2T0) X 1(27"0) — Rg
by
31(.%%(7) =" _Sl(a7y3)7 33(2/,0,,()) :y3_ba
and
32(:% a, b) =

2
vz — p3(a, b)yr — S(a,y3) + pa(a,b)S (a,y3) — (y3 = b) D pilwi — S'(a, 3)).
=1

We have

(78) det(D3/Dy) = (1 - palys — b)),

By (7.5) this quantity lies in (1/2,3/2) provided that y3,b € I(2r3) with
(7.9) r3 < min{ry, (24M*) 711

The inverse z — y(z, a, b), defined for |z3| < r3, [b—0°| < 73, [a—a®| < 2rg,
is given by

91(z,a,b) = 21 + Sl(a,b+ z3),

_ 2
(7.10)  yy(z,a,b) = 2o + z1(p3(a,b) + pi(a,b)z3) + (1 — 23)5%(a, b+ 23)
1= pa(a,b)z3

93(z,a,b) = b+ zs.
Lemma 7.1. The functions ¢, vy defined above have the following properties.
(i) ¥(0,a,0) = a, v(0,a,b) = (S*(a,b), $*(a,b),b), v3(2,a,b) = b+ z3.
(i1) det(Dx(wab)) 1

— Ai(x(w,a,b),b)
(ii) Let p = p(a,b) be as in (7.1) and let

0
7.11 ,a,b) .
(7.11) Bzs,a, ( p3—przz 1 — /)223>
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Then fO’f’ |Z3| < 3, |a - ao|00 < r2, |w| < T2
(7.12)

Sl(;(w,a, b)vb+ Z3) - Ul(z7a> b) _ 61(10,23,@, b) -z
B(Z?,,CL,b) <52(;(w,a, b),b—l— 23) _ 02(276% b) ~—\ &2

where &t are C>® with

(7.13) SHw,0) =w, &*(w,0) = wy, 6i3(w,0) = ws;
moreover
2 _
(7.14) &2.,(0,0,a,b) = 0
(iv) Let

Af(x, y3) =de (5;7 Sazsv S;yy,)’(l,]/g)?
AP (w, 23) = det(Sy,, &7, 61, (w,za)-
Then, for (11,72) = (1, pue)B(z3,a,b),

A7 (x(w, a,b),
(7.15) ZTZ r(w,a,b),b+ z3) = 1= pa(a.b)z Z,ul (w, z3).

(v) Let k be as in (3.8b). Then

(7.16) &2

W32323

(0,0,a,b) =
Proof. We write for ¢« = 1,2
Si(x7y3) —Yi= Si(av b) + Sz(xab) - Si(a7 b)

+ Sz(xay?)) - Si(avy?)) - Sz(z’ b) + Si(a7 b)
+5%(a,y3) — S'(a,b) —

and set
i; = S'(x,b) — S(a,b), i=1,2,
T3 = 553 (x,b) — S;S(a, b)
so that
det (%) = A7 (z,b).
Also let

Ji = vyi — S'(a,y3), i=1,2.
ys=1y3—b
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Note that #T = (z —a)TAT +O(|x — a|?) where AT is the matrix with column
vectors (S}, 52, S} )(a,p)- We then expand

TY3

SY(z,y3) —y1 = &1 — 1 + Z3P3 + R11(%, 73, a,b)

3
S*(x,ys3) —y2 = T2 — o + U3 Z&ii + Ro,1 (2,93, a, b)

=1
where
(717) P, = <A_1eia Sg,yg (a7 b))a

and where Ry 1, Ro 1 vanish to third order with no pure Z or pure y3 terms,
moreover Oz, 11 has no pure & terms. We label Ry an error term of type
I and Ra; an error term of type II. Precisely, an error term of type I is of
the form

3
(7.18a) 7Y #ifi(#, 3, a,b)

with 8; smooth, and a term of type IT is of the form
3 3

(7.18b) Y3 Z Zijfikﬁjk(i“, U3, a,b) + term of type I,
j=1k=1

with Bjk smooth. Note that (81’82783) satisfies
BlS;(a, b) +BZS§(CL, b) +8351 (a,b) = 52, (a,b)

Y3 TY3
and hence, by Cramer’s rule, we see that Al(ﬁpﬁg?ﬁg) = (—T9,T'1,Ag), ie.
pP; = Pi
where p; is as in (7.1).
Given cq, c9, c3 € R we compute
(c3 + c183) (S (@, y3) — y1) + (1 + c23) (S* (2, y3) — y2)
= (T2 + c3%1) — (J2 + c301)
3
— 33> &ilpi + i) — c1ipfs — cafiafis + Roa(#, §3, a,b)
i=1
where Ry 9 is an error term of type I1. We choose ¢; = —p;(a,b) so that the
mixed quadratic terms drop out.
We now change variable in  and in g separately, setting

z1="Y1, 22 =Yz — p3Y1 — p1Y1Ys — p2y2Y3, 23 = U3
and
wy =21, Wy =Tz — p3T1, W3 =T3.
Define
S'(w, z3,a,b) = S*(x(w,a,b),b+ z3), i=1,2.
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Setting

1 0
B(z3,b) =
(23,0) <—03 —p1z3 1— Pzz3>
we obtain

@19 Bla-bb) (R 0 < (G

52(17793)_3/2 62(11),2370,,[))—22

if w = w(z,a,b) and y = y(z,a,b) and tv and y are as in (7.2) and (7.10).
Now (7.19) implies (7.12).
The functions &', &? satisfy
61(10, z3,a,b) = wy + wszg + Ry 3(w, 23,a,b)
62(11)7 23,a,b) = wy + Ry 3(w, 23, a,b)
where R; 3 is an error term of type I (with (Z,93) replaced by (w, z3), cf.
(7.18a)) and Ra3 is a term of type I/ (again in the (w, z3)-variables, cf.

(7.18b)). We see that (7.12) and (7.13), (7.14) hold.
In order to obtain (7.15) we calculate

2

Z(BT,u)iAf(p(w, a,b),b+ z3) =
i=1

det (Va (S (1,93)), Vo (S%(1:95))s Vo (BT, Sy, (1, 93)))) det %(;)

with ¢ = r(w) = r(w, a,b). We have
V&' (1(w), 23) = Vo (S (x(w), b + 23)),
and, with bea(z3) =1 — pazs,
V& (r(w), 23) = baa(23) Vo (S (2(w), b+ 23)) = b21 (23) Vo (S (x(w), b+ 23));

moreover
vaig (r(w), b+ z3) = Vw(Sgig (x(w), b+ 23)),

and

V&2, (1(w), b+ 23) = =p1 V(ST (2(w), b+ 23)) — p2 Vi (S (x(w), b + 23))
+ b21(23) Vo (S (£(w), b + 23)) + ba2(23) Vo (S, (8(w), b + 23)).

A quick calculation with determinants and (7.3) yields the asserted identity
(7.15).

For the curvature calculation we start with the equation (7.12) for the
second component and differentiate with respect to ws. This yields

6%03 (wa 23) =

D D
(—p3 — p123) (Dii}e:a)TSi(P, b+z3) + (1 — 0223)(?;63)@32;(2@ b+ 23).
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here the Jacobian Dy/Dw is evaluated at (w,b). We differentiate twice with
respect to z3 to obtain

Dr Dr
&2, (W, 28) = —2p1 (—e3)TSL,, (5, + 23) — 200 (—e3) TS2,, (£, b + 25)

Dw Dw
Dy 1 Dy 2
— (p3 + p123)(D7€3) Sayays &b+ 23) + (1 — paz3) (F€3) Saysys &0+ 23)
where ¢ = r(w, a,b). Using Cramer’s rule we find that
Dy _ 1 1 9
58l wan) = A (t(w,a, b),b)S NSz w(waty )

We evaluate the previous identity at zs = 0, and w = 0 to obtain

1
6121132323(0 0) = Al( .b) ( - 2p1<51 A 52 S;y3> B 2:02<Sl A SQ Sgy3>
— ps(SEASZSL Y4 (SEASZS2 ) (a?b))

Using (7.1) we see that &2 (0,0) equals

w32323

1
ZI(—QPMMf-%nﬂz—PﬁALm—41)+(Azm‘—Fﬁ)wm
A2 (2F2A1 —2I' 1 Ay — (Al ys — Fl)AQ + (AQ ys — FQ)Al) (@)

which equals (a, b)/A1(a,b)? so that (7.16) is proved. O

8. DECOUPLING IN THE GENERAL CASE

We consider the operator Ry, as in (5.2). With x is as in (5.1a) we
assume that x is zero if x ¢ [—ra/2,72/2] or if y3 & [r3/2,r3/2] (see the
paragraph leading to (7.4) and (7.6), (7.9)).

Proposition 8.1. Let 0 < € < 1/2, £ < |k/3]. Let 6,6, € (27¢0~¢") 2t
such that

(8.1) max{(27450)"/2, 65/} < &1 < 6.

Let J be an interval of length 69, near b°, and let T; be a collection of
intervals of length &1 which have disjoint interior and which intersect J. For
each I, let f1 be defined by fr(y) = f(y)11(y3). Let a € R3, eg = (10M)~*

¥ € C® supported in (—ra,m2) and ¥y q(x) = 9(2%, (x — a)). Then for
2<p<6,

(8:2)

HMZRMIH < C(0/81) (Zuwamﬁu) + O 2N .

The constants do not depend on the choice of J and L.
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Proof. Fix a near a° and b € J. We apply (7.12) and then the changes
of variables y = 1(z,a,b) in (7.10) and 7 = BT !(z3,a,b))u. Note from
(7.8), (7.11) that det(Dl)/Dz) det B = 1. Let f(y) = > rcz f1l1(ys) and

g(Z,(L, b) = f(‘)(z7a7b))
Let

(8.3) M >1+ Z sup (& (a4, b) |5 ([ rouro])-

i—1 (a,b)e[— ro,r0]*

which is just the uniform version of the condition (6.8). By applications of
Holder’s inequality it suffices to prove (8.2) under a slightly more restrictive
assumptions on dy, 41, namely

50,01 € (]\4122204(1762)7 2’&2’20M_2)
2100 \fy maxf{ (27460) /2, 652} < 6, < d.

These are the uniform versions of (6.12) which will allow us to apply Propo-
sition 6.1.
We have

Rk‘,ﬁf(x) = 22k // eiQk <M76(w(x7a7b)?z3)_Z,>)Zk,€(x> 2,y a, b)g(z, a, b)d/.LdZ
with

>~Ck7€($7 Z, 1, a, b) = X(IE, U(zv a, b))n1(|BT_1(Z37 a, b):uDX

77(26%(:“1A16<w7 23, @, b) + IUQAQG(wv z3,a, b)))

Hence we get, with ¢y q(w) := ¥ 4(z(w, a, b)),
Ve,a(x(w,a,b)) ZRkaI r(w,a,b)) = st0(w) > Trapgr(w)
IeJy

where g7(z,a,b) = g(z,a,b)1_p11(23) and Tg ¢ = Tr 0 is as in (6.11).
We can now write the left hand side of (5.6) as

(/]m,a(;(w,a, ) S Reafrlew,a. b))/ det(Blaw)

IeZy

ngo > 7@@91”

I€Ty

where we used uniform upper bounds on ]det(D—F)\ By Proposition 6.1 we
can bound

HQO Z EZQIH < Ce(b0/61) (Z \|se,0T.c91]| ) + C27 % gl

IeTy 1€Z;
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Undoing the above change of variable (and using uniform lower bounds on
| det([%)D we may bound this, using Proposition 6.1, by

1/2
CLloo/60) (Y WeaRueill}) "+ C27 £l N
I€Ty

Proof of Theorem 5.2. We may assume ¢ < 1/10. Let ¥ € C°(R?) sup-
ported in (—1,1)® such that ¥ > 0 everywhere and >, ;s (- — n) = 1.
Let, for n € Z3, (*"(z) = v(2)¢ (2%, 'x — n). Thus

1/
(8.4) loRkefl < (30 19 Reef[2) "
nez3

Now let Z(m) be the family of dyadic intervals with length 27"™. Let I’ be
a dyadic interval of length > 27" then we denote by Z(m,I") the collection
of dyadic intervals which are of length 27 and are contained in I’. For
any dyadic interval define f7(y) = f(y)17(y3). Let mg = [£?]. By Hélder’s
inequality,

1 1/p
5 [ Reafl], < 20D (S [0 R
JEI(mQ)
It is not hard to see that we can pick a sequence of integers
my, ..., MN(e)

such that m; <mj </l for j=0,...,N(¢) -1, and such that

(8.6a) mj41 < min { L%J, Lmj;zj }s
moreover
(8.6b) my > [£(1 —€?)], and N(¢) < C. logy(¥).

We claim that for j =0,...,N(¢) —1

(8.7)
9 R, < 2O St Rias)
IEI(TI’L]’)

j—1
+27% (320l
v=0

We show this by induction. The case j = 0 is covered by (8.5). For the
induction step assume (8.7) for some j < N(¢) — 1. Observe that for I €
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Z(mj) Proposition 8.1 and Hélder’s inequality give

Hﬁé’an,éfIHp = Hﬁ‘z’" > Rk,ZfI’Hp
]’EI(m]-_H,I)

< C€22(mj+1—mj)52 ( Z Hﬁngk,@fI’
I/GZ(m]’+1,I)

R I
I’EI(mj+1,I)

2\ 1/2 _
2 Ca2 M gy

1/p _
)+ Ca2 M gy

We use the induction hypothesis (8.7) and by the last inequality we bound
194" Ry £, by

CJ+1 mo(1— 1)+(m3+1 —mo) 5—7+52)< Z Hﬂe’"’fik,efp i)1/p
I'eZ(mjt1)
+ Cly2mot Py —mo) (3 + 2)2—101c( 3 HfIHz)l/p
Ie€Z(my)

+2° gk(z A

Since mg(1 — %) + (mj41 —mo)(3 — % +¢%) < k and (Crezimy) HfIHZ)l/P <
|| f||, we obtain the case for j + 1 of (8.7).

We consider the case j = N(¢) of (8.7). Observe that each interval
I € Z(mpyy) is the union of 2=mn dyadic intervals of length 27¢. We
also sum in n € Z3 and use the finite overlap of the supports of (4. Observe

that the cardinality of the index set of n which give a nonzero contribution
is 0(23%) = O(2%). We get

/
[Recfll, < (3 I Ruef )

nezs
, 1-1 _ 11, — )(1-1)
< 0, mo(=p)+imy—mo) (b= +)+(t—may() (Z > HCMRHfIH)
1€Z(0) neZ3
N(6)—1
w2 (S )il
v=0
Observe
1 11 1
mo(L =)+ (mj —mo)(5 = - + %) + (L= my) (1= )
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and (with N(¢) as in (8.6b))
N(O)—1
> CLS(1+0P®
1=0

for some large constant B(e). This yields the assertion of the theorem. [

9. LP-SOBOLEV ESTIMATE

In order to prove our Sobolev estimate we have to combine the estimates
for the operators Ry. Here we use a special case of Theorem 1.1. in [19]. In
what follows the operators P are defined by JS;;“ &) = ¢(2*k§)f\, where ¢
is supported in {¢ : < |¢] <2}

Proposition 9.1. ([19]) Assume ¢ > 0, pgp < p < o0 and A > 1. We
are given operators Ty, k > 0, with smooth Schwartz kernels Ky, (acting on
functions in R3) satisfying

(9.1a) sup 28/ || Ty || oy po < A
k>0

(9.1b) sup 2P| Ty || Lo s zvo < Bo.
k>0

Assume that for each cube @ there is a measurable exceptional set Eg such
that

(9.1¢) meas(Eqg) < Amax{diam(Q)Q, |Q|}

and such that for every k > 0 and every cube Q with 28diam(Q) > 1 we
have
(9.1d)

/ | K (z,y)|dy < By max{(2¥diam(Q)~%,27%} for a.e. x € Q.
R3\Eq
Then for ¢ > 0,
1/q
02) (27 1pmisle) |
k>0 P

Po
P

,SA[log (3+ Bo

3 =

(A)\l/erBl)l_?)}},—
A

1
(S 1sl) "
k
We claim that for £ > 0

1/q >

©3) | X 2IBResd?) | <oz (X IAE)T p >4
k:|k/3]>¢ b k

which can be used, together with (5.9) to deduce

(9.4) R (B )comp = (Fait/PYige, p>4, ¢>0.
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Since L, = Fj, < By, for p > 2 and F0 — FO = LP, q < 2, this implies
the asserted Lp Sobolev estimates. In order to Check (9.3) we need to verify
the assumptions of the proposition for the family {Ry ¢}1>30.

Let 4 < pg < p. By Theorem 5.1 we have (9.1a) with A = C,27% and
B<2/p—1/2if4<p<6and < 1/pif p>6. Moreover we have (9.1b)
with By = Cp27% and By < 2/po — 1/2 if 4 < pg < 6 and By < 1/p if
po = 6.

By integration by parts argument one has the bound

22k

(1+ 264y — S(zq,ys3))Y
for the Schwartz kernel of Ry ¢. For a cube @ with center g define

Eq:={y:ly — S(wq,ys)| < C2*diam(Q)}

if diam(Q) < 1. If diam(Q) > 1 we let Eg be a ball of diameter C22¢diam(Q),
centered at zg. Assumption (9.1c) is then satisfied with the choice of A = 22¢
and (9.1d) holds with By = 2%, The logarithmic term in (9.2) gives us an
additional factor O(¢). Thus we have verified (9.3) with e(p) < 5 and (9.4)
follows by summation in ¢ > 0.

|Re(x,y)| < Cn

10. FURTHER RESULTS AND CONJECTURES

In our analysis we heavily used the condition ¢ < |k/3| for the operators
Rpie. If one is interested to relax the assumption that 7g is a fold one
needs to explore finer localizations of 71A1 + A5 as used by Comech in
[6]. There he proves sharp L2-Sobolev estimates under the assumption that
7z is a fold but 7g satisfies a finite type condition of order t, i.e. if Vg is
a kernel field for mr then Z;:O |Vi(det mr)| # 0. The case t = 1 applies
to the fold assumption on 7wg. In the general finite type situation we can
show the Ltomp — LY Jploc estimate for p > 5, and in fact in a slightly larger
range.

Theorem 10.1. Let M C Qp xQpg be a four-dimensional manifold such that
the projections (1.3) are submersions. Assume that the only singularities of

L (N*M) — T*Qp are Whitney folds and that wg : (N* M) — T*Qpg is
of finite type < t, for some t > 0. With L,w be as in Theorem 1.1 suppose
that w is a submersion. Then R is extends to a continuous operator

Rt Leonp(QR) = LY 100 (L), G <p < 0.

Sketch of Proof. By the L? estimates in [6] the operators Ry, the L? bound
in (5.3) is still valid, and all of our previous arguments apply. Hence we just
need to consider the case ¢ = |k/3].

The operator R|j /3|, for which |T1A] + 72| S 27k/3 satisfies the
norm estimate || Ry, |x/3/llr2—r2 S 27%%, a less satisfactory bound. One
can show this estimate as a consequence of more refined L?-estimates in
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[6]. This yields an analogue of (5.8) in the finite type case, namely for
2 <p < oo,

Combining this with the decoupling estimate (5.6) (which remains true for
¢ = |k/3]) yields

Ry 1], S €25
Lk/3] Mlp e
ie. Ry xssfllp < 2~ k(P)+1/P) with a(p) > 0 for 22 < p < 6. Fur-

s D) f,, 2 <p <6,

2611
ther interpolation with the bound [|Ry |x/3/llL=—L~ = O(1) gives a similar
statement for 6 < p < oo with an a(p) > 0 for 6 < p < oo. O

To improve on this result, one would have to employ finer localizations in
terms of det 77, (which would correspond to the assumption |71 A1 + 75 As| &
27¢ where a range of ¢ > k/3 will depend on t). Our current arguments
for the plate localization in Lemma 6.3 are not effective in that situation.
Nevertheless we conjecture that the result of Theorem 10.1 remains true for
all p > 4, and even that the assumptions on 7wr can be dropped altogether
in Theorem 1.1. See the discussion of model examples in §4.2 and §4.3.2.
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