ENDPOINT INEQUALITIES FOR
BOCHNER-RIESZ MULTIPLIERS IN THE PLANE

ANDREAS SEEGER

ABSTRACT. A weak-type inequality is proved for Bochner-Riesz means at the critical
index, for functions in LP(R2), 1 < p < 4/3.

1. Introduction

For a Schwartz-function f € S(R?) let f =[fly Ye~ Y8 dy denote the Fourier
transform and define the Bochner-Riesz means by

SRf(x) - (271')2 /£|§R(1 RQ) (&)e dga

we set S* = S7. It is a classical theorem of Bochner that S* extends to a bounded
operator on LP(RQ), 1 <p<ooif A >1/2. The theorem of Carleson and Sjélin
2] states that S* is bounded in LP(R?) if 0 < A < 1 and ﬁ <p< 5 Ttis
well known that the L boundedness fails if p < ﬁ and C. Fefferman [11] showed
that S° is not bounded in LP(R?) if p # 2.

In this paper we are concerned with endpoint estimates for the critical exponent
po(A) = 3+2>\ In [4], [5] M. Christ proved that S* is of weak type (po()),po())) if
1/6 < X\ < 1/2 (for related results see also [6], [15]). A combination of L?-variants
of Calderén-Zygmund theory (as used first by Fefferman [10]) and the L? — L2
restriction theorem for the Fourier transform (valid for p < 6/5 = po(1/6)) is
essential in Christ’s analysis; this accounts for the restriction A > 1/6. It had been
an open problem whether the weak type inequality for the critical index A(p) =
2(1/p—1/2)—1/2 is true for 6/5 < p < 4/3 (although for radial functions this was
proved by Chanillo and Muckenhoupt [3]).

Theorem 1.1. Suppose that 0 < X\ < 1/2. Then for all a > 0 there is the weak-type

inequality

2 |9 1713 4
{zeR?: 1S (@) > a}| < O, = =,

where C' does not depend on f or a.

By scaling the same estimate holds for Sj\z, uniformly in R, and a standard
argument gives that limg_. o S f% f = f in the topology of the weak type space LPo>°
provided that f € LPo(R?).
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We shall also prove an L? endpoint version of the Carleson-Sj6lin theorem. Define
(1172
(1 —log(1 —[¢[*))

Theorem 1.2. Suppose that 1 < p < 4/3 and A(p) = 2(% - - % Then mx(p) ~
is a Fourier multiplier of LP(R?) if and only if v > %.

(L.1) ma~(§) =

The necessity of the condition v > 1/p was proved in [14], the sufficiency for
p <6/5in [15].

In what follows ¢ and C' will always be positive numbers which may assume
different values in different formulas.

2. Strong type estimates

For an interval I on the real line denote by I* the interval with same midpoint
and double length. Suppose J = {I;};>¢ is a collection of intervals such that
I; C (1/4,4) and 27773 < |I;| <277 and such that

cnr, =0 ifj#j.
For each j > 0 let ¢; be a C?-function supported in I; with bounds
1o < 27¢, £=0,1,2.

Let 7 € C5°(R?) such supp (1) C {£ € R? : [§1/&] <1071, & > 0}
Define the operator T); by

(2.1) T, 7€) = n(€)e; (1€) F(©).

T; is a bounded operator on L' with operator norm O(27/2), and Cérdoba [§]
showed that the L*/3 operator norm of T; is O(j'/*). We note that in order to
prove results such as Theorem 1.2 for p > 1 it is not sufficient to derive sharp LP
bounds for the individual operators 7). Our main result is

Theorem 2.1. Suppose that 1 < p < 4/3 and A(p) =2(2 - 3) — 1 and 3, T are
as above. Then there is the inequality

22) [Zms], < c(ZR51,r)"

S

In particular if

(2.3) m =27 Pam(€)v;(I¢)

then m is a Fourier multiplier of L? if {a;} € (7 (simply apply Theorem 2.1 with
i = aj2_j’\(p)f). It is easy to see that the multiplier m) , in (1.1) is a finite sum
of a smooth compactly supported function and rotates of multipliers of the form
(2.3), with a; = ¢j~7. Therefore Theorem 2.1 implies Theorem 1.2.
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Proof of Theorem 2.1. By duality the inequality (2.2) is equivalent to

(2.4) (CRPOUn L))" < Clifle a4

J

As in [8] one decomposes each 1;(|-|) into pieces which are essentially supported in
rectangles of dimensions (¢277/2,¢277). To this end let 3 € C§°(R) be supported
in (—1,1) such that 3277 (s —v) =1 for all s € R. Then define T} by

(&) = 16 — T (©).
For n <j/2 let
3 ={(v,v) e 722027l <y — | < 29/27my,

Notice that T7}f Tj’-’lf =0if (v,') € 3} and n < 0. Therefore
. / l
(S22 m11,)7)
J
a1
- (Z [2—21*@') ’ SN Ty Tj.V'ng] ) ’
j v oo 2
(2.5) <) ( 3 [zfm(qw ooty } 5) g
n=0 j5>2n (1/,1/’)63}1 2
We shall show that for ¢ > 4 the n'P term in (2.5) is bounded by C2~(1/2=2/d)| £||,

from which (2.4) immediately follows. This is contained in

Proposition 2.2. For f,g € S(R?) let

Bif.g) = Y. T/TVg.

(v)E3]

Then for q > 4 there is the inequality

(2.6) (3 22827 9)l5]%)" < C2" 0D fllgll

Jj=2n

Proof. The inequality follows by complex interpolation for bilinear mappings from
the cases ¢ = 4 and ¢ = oo. The correct interpretation of (2.6) for ¢ = oo is of
course
sw2|| Y 1Ty
J (v,v)€3}

< eI lelglle
[e.e]

But this is immediate since each operator T} is bounded on L> with norm inde-
pendent of j and v and since the cardinality of 37 is bounded by C'27/2 x 27/2=" =
c2i—n,
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We shall now prove the required estimate for ¢ = 4 which is

(27) (3 1B .012) " <l

j>2n

uniformly in n.
We first use Plancherel’s theorem and C. Fefferman’s basic observation ([12], [8])
that for fixed j the sets supp (7/“5‘) + supp (17 'f) are essentially disjoint; that is

each ¢ € R? is contained in at most M of these sets where M is independent of j.
This yields the inequality

(2.8) MBI <D > T Tl

Jj>2n Jjz2n (v,v')€3}

It is crucial for this proof that a finer decomp081t10n can be made depending on

how far apart the supports of 17 f and T” g are, that is, depending on n. We define
operators T;" by

TV(E) = B"6 — wTYT(E)

so that T}"'f is supported in a rectangle of dimensions (C279+" (C277). Again one
can check that for fixed j and fixed (v,v') € 37 each { € R? is contained in at most

M of the sets E** = supp (/V?f) + supp (T'»/“, ) where M is independent of j,

]m/zz’
v, V. Bach E})', , is contained in a rectangle of dimensions (C'2~ J+n ('277). For
fixed j, v, v/ there are no more than /2027 oﬁt\hebe rectangles and they form an
essentially disjoint cover of supp (1/“]’1\]”) + supp (T]” '9), the latter set being contained
in a rectangle of dimensions (C277/2,C279/2="). The disjointness property and
Plancherel’s theorem imply that

(2.9) S BHEIB <o SN ST Tl

j>2n i2n o’ (v0)E3T
For any integer x with || < 2™ let
Wi, ={nez: 12"y — 27"k < 277
Then observe that

(2.10) TVTYWg=0  if (n,v') €37, pe W, 4 €W,

jno ‘

— K| > 8.

Indeed, if p € W, @/ € W, TV'f TV g # 0 then |27y — 279/2y| < 279/2+1
and |27 7y —279/2)| < 2792 If (v,0)) € 3’ this implies that 2"~ (u — p/)| <
279/2+2 1 97" < 5.27" and therefore |k — #'| < 7, hence (2.10). Moreover we note
that for p € 207, the support of 1??]” is essentially a rectangle with eccentricity

27" such that the directions of its sides depend on s but not on pu.
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By (2.9) and (2.10) we obtain that

> B} (£, 9)ll3

<C];n; Z H( gﬂ; Zy]TJWfF)%( /ZN, ;uﬂ]{/u’mz)%Hz
¥ Y T (E sm) IS sr)

B |n'—n\<8 WM ¥
< (XIS Tmr) 1) (SN )]

Therefore the desired estimate (2.7) follows from the case ¢ = 4 of the following
lemma.

Lemma 2.3. For q > 2 there is the inequality

(2.11) (Z ZH(N;; ;‘Tjwﬂz)%

j>2n kK

%
)" < Clfly
q

where C' does not depend on n.

Proof. Tt suffices to prove (2.11) for ¢ = 2 and ¢ = co. Let h;’“ be the Fourier
multiplier defining 7"

For fixed 4 and j there are at most three v such that Tj'»/“ = 0 and since the
supports of the functions 1; are disjoint it follows that each ¢ € R? is contained
in at most 6 of the sets supp h; Y. Moreover for fixed u and j there are at most
two  such that p € 27%,. Now (2.11) for ¢ = 2 is an immediate consequence of
Plancherel’s theorem.

In order to check the required estimate for ¢ = oo we consider for a fixed a =
{a,,} € *(Z*) the multiplier

mgn(g): Z Zauuh;u(g)

weWs, v

and denote by K J% its inverse Fourier transform.

Let ef = (27"k, V1 —272"k?) and ef = (—v1 —272"x2,27"k) and let L}, be
the symmetric linear transformation in R? with L% ef = e L%, e5 = 27—mek,
Then h;"(Lf,-) is supported in a cube Q}" of sidelength 10 and for fixed j the
cubes Q?“ have finite overlap, uniformly in j. Moreover it is easy to see that for

€ W75,
(L, )]H <C, o <2
5}
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Since the Sobolev-space L3 is a subspace of L1 we obtain that

IEG" = 1127 K (L)~ )l

<% [Songalirusl,
la|<2 pv
< C/(Z |aw|2)§
w,v

where C’ does not depend on j, k and a. This implies

swp sup [ (30 S jmgp)’

i>2n K
JZ peWs, v

[ee]

= sup sup sup sup \chf" * f(x)]
j22n K z€R? |lafly242)<1

< supsup  sup K] fllec < Ollflloo
jz2n kK ”aH[2(22)§1

which is the desired estimate for g = co. [

Remarks.

(a) For ¢ = oo the inequality (2.11) is closely related to an estimate on square-
functions with respect to an equally spaced decomposition, see e.g. [9], [13]; in fact
it can be obtained from these estimates.

(b) A variant of the above proof can be used to obtain the known sharp L* bound
|Tjllpapa = O(j1/4) without making use of the sharp L? bounds for Kakeya-
maximal functions. .

(c) The observation concerning the overlapping properties of supp 7" +supp 7} * I
can be used to improve on some bounds for sectorial square-functions in Cérdoba
[9]. This has been observed by A. Carbery and the author.

(d) The decomposition in terms of the bilinear operators Bj is related to a
decomposition used by Carbery [1] in his work on weighted inequalities for the
maximal Bochner-Riesz operator S7. The techniques above can be used to prove
new weighted inequalities for S7.

3. Weak type estimates

Let J be a family of disjoint intervals as introduced in §2 and let 7T be as in
(2.1). Define
T =Y 27T f.
Jj=0

We shall prove the estimate

I£115 4
) <3
P=3

oP

(3.1) [{z e R*: [T*Pf(z)| > a}| < C

where A(p) = 2(1/p — 1/2) — 1/2 and C does not depend on f or a. Of course
Theorem 1.1 is a consequence of (3.1).
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As in [5] the proof is based on an interpolation. The argument uses Theorem 2.1
and known estimates previously obtained in the proof of weak-type (1,1) inequalities
(see [4], [7], [15]).

Let f € LP(R?) where 1 < p < % and let o > 0. In order to estimate the quantity
on the left hand side of (3.1) we apply the Calderén-Zygmund decomposition to
|f|P at height o?. We obtain a decomposition f = g + b where ||g|lcc < Ca,
lgll, < Cllfllp, b = ZQ bg, supp bg C Q, the squares @) are pairwise disjoint,
Ibollz < Car|Ql, 0 |Q] < Ca7| £l and as a consequence a2 g[3 + [b]% <
Cllfll.

Let I(Q) be the sidelength of @ and B; = ZQ:l(Q):Qj bg if j > 0 and By =

>_q1(Q)<0 bg- Then
{r e R?: TP (z)|>a} C QUQUQsUQUQs
where 2; is the union of the double squares Q* and

o
Qy ={z e R?: |T*"Ply(2)| > 3}

0 :{x e R?: ‘ZZQ*J'*(Y”)Tij,S(a;)‘ > %}

s>0j>s
_ . —IMP)T. @
Q {xeRQ.‘];z J ijBo(a:)‘ > 5}
Q5 :{x S RQ\Ql : ‘Zzz_jA(p)iTij+a($)‘ > %}
0>05>0

By the disjointness of the squares () we have

115
oP

<Y lR<C
Q

and Chebyshev’s inequality and the L?-boundedness of T imply

I£115
aP

T)\ 2 2
|QQ| §C|| -g”? S C/Hg!Q S C//
« «

Next we choose r such that p < r < 4/3. We shall show that the following estimates
hold with e = %(% —1).

(3.2) ]Z 2 OB, | < 027 P b2, s> 0,
Jj>s "
(3.3) 12772 By |7 < €27 a2 |b||7, j=>0,
. P
3.4 ‘ 9INPT, B, U( < 2% |b|?, > 0.
(3.4) S2POn B g, SO o

From (3.2-4) it follows by applications of Minkowski’s and Chebyshev’s inequalities

that
(o115

oP

Q3] + Q4] + Q25| < C
7

115
/ p
<C o



In order to prove (3.2-4) we use analytic interpolation (i.e. the Phragmen-Lindel6f
principle) similarly as in [5]. For Re (z) € [0, 1] define

Bj,z(lz') — |B] (J;) |P[(1fz)+z/r]sign(Bj (l‘))

and ) )
z
=2(1—z2+2—-2)—= ,
o) =21 -2+ 2= 2) = 2
Since 2*j7(1+i7)7} is a bounded operator on L' with norm independent of j we
obtain

35 Y2 G || <O B < CIpI
j>s j>s

(3.6) 127 T By s 1 < ClBolly, < O[]

From estimates in [7] (or [15]) it follows that

) ) 2
(3‘7) H 22*]’7(1+ZT)T],B],_871+” , < 0278/20110”()”2
Jj>s
(3.8) 12777 HDT By 1|3 < C27972 |||
and also that
(3.9)
H Z 2~ IHIT B s o <0277 Z |Bjto14irllt < C277(0||7.
=0 LY (R\Q1) >0
J> J>

2_1 2

Using the inequality | F||, < C||F|{ ||F||§_T we get from (3.5), (3.7) and from
(3.6), (3.8) that

(3-10) H Z 27j7(1+iT)Tij*8,1+iT

j>s

L <o D |

r—1

(3.11) ||27j~y(1+iT)TjB0’1+iTH: < (02792 ap(Tfl)Hng.

Now by Theorem 2.1 it follows that

(3.12) H S 2B il <O Bl < CIb|IE
j>s " j>s

(3.13) 12797 By i |7 < C||Boir |l < C'|Jb)1%

(3.14) HZW‘%”)TjBﬁ,,JT < CY |IBjtoirlly < CYIBIE.
>0 " §>0

Now let h be arbitrary function in L?', p’ = p/(p — 1), with ||h||,» < 1 and define

hz(z) = Ih(x)I;p// "sign(h(x)).



Moreover let g be an arbitrary function in L™ with ||g|l,» < 1. We then apply the
Phragmen-Lindel6f principle to the functions

z = Wis(z) = /ZQj"Y(z)Tij&z(a;)g(x)dx

j>s

2= Wy j(z) = /QjW(Z)TjBo,z(Q?)Q(x)dx

2= Ws ,(2) = /22j"Y(z)TjBﬁU,Z(a:)hz(a;)da;
Jj=0

and estimate these functions at z = 6 chosen such that 1/p = (1 —6) + 0/r. From

(3.

10), (3.12), from (3.11), (3.13) and from (3.9), (3.14) it follows that
Wis(6)] < Ca 7273670 o]}
[Way (0)] < Car P22 G oy

(W30 (0)] < €277 |2

and an application of the converse of Holder’s inequality yields (3.2), (3.3) and

(3.

4).

Remark. Endpoint versions for more general classes of multiplier transformations
have been formulated in [15]. By combining arguments in this and the present
paper one can prove similar results for radial Fourier multipliers of LP(R?), for the
full range 1 < p < 4/3.

11.
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