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ABSTRACT. We strengthen the Carleson-Hunt theorem by proving L estimates for
the r-variation of the partial sum operators for Fourier series and integrals, for r >
max{p’, 2}. Four appendices are concerned with transference, a variation norm Menshov-
Paley-Zygmund theorem, and applications to nonlinear Fourier transforms and ergodic
theory.

1. INTRODUCTION

For an integrable function f on the circle group T = R/Z, and k € Z we denote by
fr = fol f(y)e~?™*¥ dy the Fourier coefficients and consider the partial sum operators
Sy, for the Fourier series,

n
(1) Suf (@) = S[fl(n,x) = Y fre®™
k=—n
here n € Ny = {0,1,2,...}. The celebrated theorem by Carleson [4] states that if f is
square integrable then S, f converges to f almost everywhere. Hunt [13] extended this
result to LP(T) functions, for 1 < p < oo, and proved the inequality

(2) | SUp ‘SNf’HLp(T) < Cfllzer

for all f € LP(T); see also [10], [20], and [12] for other proofs of this fact.

The purpose of this paper is to strengthen the Carleson-Hunt result for L? functions,
1 < p < 00, and show that, for r > max{2,p'}, the (strong) r-variation of the sequence
{Snf(z)}nen, is finite for almost every = € [0,1]. This can be interpreted as a statement
about the rate of convergence. To fix notation, we consider real or complex valued
sequences {ay, }nen, and define their r-variation to be

K , 1/r
(3) lallvs =sup  sup (3 lan, = an, ,I")
K no<-<ng \j—;

where the sup is taken over all K and then over all increasing sequences of nonnegative
integers ng < --- < ng. Note that the variation norms are monotone decreasing in
the parameter r. Next, for a sequence F' = {F},} of Lebesgue measurable functions one
defines the r-variation of F' at =, sometimes denoted by V" F(z) as the V" norm of the
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sequence {F,(z)}. We denote the r-variation of the sequence F,, = S, f by V"S[f]. The
variation norms and the r-variation operator can be defined in a similar fashion, if the
index set Ny is replaced by another subset of R (often R™ or R itself).

Let r' :=r/(r — 1), the conjugate exponent of r.
Theorem 1.1. Suppose r > 2 and v’ < p < co. Then, for every f € LP(T),
(4) |’S[f]HLp(V7") < Cp,THfHLP'

At the endpoint p = r' a restricted weak type result holds; namely, for any f € Lr/’l(']I')
the function V" S[f] belongs to L' >°(T).

It is immediate that (4) for r < co implies a quantitative form of almost everywhere
convergence of Fourier series, improving over the standard qualitative result utilizing the
weaker r = oo inequality and convergence on a dense subclass of functions.

As will be discussed in Section 2, the conditions on the exponents in (4) are sharp.
Moreover, in the endpoint case p = 7 the Lorentz space L™ cannot be replaced by a
smaller Lorentz space.

By standard transference arguments (see Appendix A) Theorem 1.1 is implied by a
result on the partial (inverse) Fourier integral of a Schwartz function f on R is defined
as

& )
S[f1(&, ) =/ Fm)e?™ne dn
where f(n) = [ f(y)e 2™ dy defines the Fourier transform of f.

Theorem 1.2. Suppose r > 2. Then S extends to a bounded operator S : LP — LP(V")
for v’ < p < oco. Moreover S maps L"' boundedly to L™ (V7).

Note that if in the above definition of the mixed LP(V") spaces we interchange the
order between integration in the x variable and taking the supremum over the choices of
K and the points & to {x so that these choices become independent of the variable z,
then the estimates corresponding to Theorem 1.2 are weaker; they follow from a square
function inequality of Rubio de Francia [31] for p > 2, see also [30] for a related endpoint
result for p < 2, and [18] for a proof of Rubio de Francia’s inequality which is closer to
the methods of this paper.

While the concept of r-variation norm is at least as old as Wiener’s 1920s paper on
quadratic variation [35], variational estimates have been pioneered by D. Lépingle ([22])
who proved them for martingales. Simple proofs of Lépingle’s result based on jump
inequalities have been given by Pisier and Xu [27] and by Bourgain [1], and applications
to other families of operators in harmonic analysis such as families of averages and
singular integrals have been considered in [1], and the subsequent papers [14], [2], [15]
(¢f. the bibliography of [15] for more references). Bourgain [1] used variation norm
estimates (or related oscillation estimates which are intermediate in difficulty between
maximal and variation norm estimates) to prove pointwise convergence results without
previous knowledge that pointwise convergence holds for a dense subclass of functions.
Such dense subclasses of functions, while usually available in the setting of analysis on
Euclidean space, are less abundant in the ergodic theory setting. In Appendix D we
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demonstrate the use of Theorem 1.2 in the setting of Wiener-Wintner type theorems
as developed in [19]. We note that the Carleson-Hunt theorem has previously been
generalized by using other norms in place of the variation norm, see for example the use
of oscillation norms in [19], and the Mj norms in [8], [9].

We are also motivated by the fact that variation norms are in certain situations more
stable under nonlinear perturbation than supremum norms. For example one can deduce
bounds for certain r-variational lengths of curves in Lie groups from the corresponding
lengths of the “trace” of the curves in the corresponding Lie algebras, see Appendix C
for definitions and details. What we have in mind is proving Carleson type theorems for
nonlinear perturbations of the Fourier transform as discussed in [25], [26]. Unfortunately
the naive approach fails and the ultimate goal remains unattained since we only know
the correlation between lengths of the trace and the original curve for r < 2, while the
variational Carleson theorem only holds for r > 2. Nonetheless, this method allows one
to see that a variational version of the Christ-Kiselev theorem [6] follows from a varia-
tional Menshov-Paley-Zygmund theorem which we prove in Appendix B. The variational
Carleson inequality can be viewed as an endpoint in this theory.

Our proof of Theorem 1.2 will follow the method of [20] as refined in [12]. Naturally one
has to invoke variation norm results in the setting of individual trees, which is achieved
by adapting D. Lépingle’s result ([22]) to the setting of a tree. The authors initially had
a proof of the case p > 2 and r > p of Theorem 1.2 more akin to [20], while improvement
to 7 > 2 for such p provided a stumbling block. This stumbling block was removed
by better accounting for trees of given energy, as described in the remarks leading to
Proposition 4.3. In Section 3 we reduce the problem to that of bounding certain model
operators which map f to linear combinations of wave-packets associated to collections
of multitiles. In Section 5 we bound the model operators when the collection of multitiles
is of a certain type called a tree; this bound is in terms of two quantities, energy and
density, which are associated to the tree. These quantities are defined in Section 4 and
an algorithm is given to decompose an arbitrary collection of multitiles into a union of
trees with controlled energy and density. Section 6 contains two auxiliary estimates. All
these ingredients are combined to complete the proof in Section 7.

Some notation. For two quantities A and B let A < B denote the statement that A <
C'B for some constant C' (possibly depending on the parameters p and 7). The Lebesgue
measure of a set F is denoted either by |E| or by meas(E). The indicator function of F
is denoted by 1g. For asubset E CRanda € Rweset a+FE =E+a={z:2x—a € E}.
If I is a finite interval I with center ¢(I) we denote by CI the C dilate of I with respect

to its center, i.e. the set of all x for which ¢(I) + zfé(l) el

2. OPTIMALITY OF THE EXPONENTS

Since Theorem 1.2 implies Theorem 1.1 (¢f. Appendix A) we have to discuss the
optimality only for the Fourier series case. The necessity of the condition r > 2 follows
from a corresponding result for the Cesaro means; its proof by Jones and Wang [16] was
based on a probabilistic result of Qian [29].
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We show the necessity of the condition p > r’ in Theorem 1.1. Let

Dy () = Zn: 2mike _ sin((2n + 1)7z)

= sin(mx)

the Dirichlet kernel, and let fV be the de la Vallée-Poussin kernel which is defined by
N = 2Kyn11 — Ky via the Fejér kernel Ky = (N +1)7' SN D;. Then [f]; = 1
for |k| < N 41 and thus S, fY = D, for |n| < N 4 1. We have HfNHL1(T) = 0(1), and
1/ loc = O(N) and therefore || fV | pp.a(r) = O(N'—1/p),

Let N > 103 and SN ~! < x < 1/8. Let K = K () be the largest integer < Nx. Then
for 0 < k < 2K () there are integers ng(z) < N so that (2nj(z) + )z € (2 + k&, 2 + k),
in particular ng(z) < ngy1(z) for k < 2K (x) — 1. Observe sin((2ng;j(z) + 1)7z) > v/2/2
and sin((2ng;4+1(x) + 1)7z) < —v/2/2 for 0 < j < K(x) — 1. This gives

K(z)—1 1r K(z)-1 1r
N N|T T
Z ‘Sn2j+1($)f - Snzj(w)f ‘ ) = ( Z ‘D”2j+1($) - Dn2j($)‘ )
=0 =0

1
> K(CU) e > CNl/rxl/rflj
sin(mx)
and this implies for large N

L

DI [N e
1NN Lo Pe (logN)l/S if p=1'.

Thus the LP — LP(V") boundedness does not hold for p < r’; moreover the L't -
L™#*(V") boundedness does not hold for s < cc.

3. THE MODEL OPERATORS

We shall show in appendix A how to deduce Theorem 1.1 from Theorem 1.2. To start
the proof of the main Theorem 1.2, we describe some reductions to model operators
involving wave packet decompositions.

First, by interpolation it suffices to prove for p > r/ the restricted weak type LV —
LP>°(V,) bound. Next, by the monotone convergence theorem it suffices to estimate
LP*°(V,) on finite z-intervals [—A, A], with constant independent of A. By another
application of the monotone convergence theorem it suffices, for any fixed K, to prove
the L' — LP>°([—A, A]) bound for

K 1/r
) s (Y 185(60w) - S5
f<<tx N1
where the sup is taken over all (&, ...,&x) with &_1 < & for £ = 1,..., K. Moreover,
by the density of Schwartz functions in LP'! it suffices to prove a uniform estimate for
all Schwartz functions. Note that for any Schwartz function f the expression S[f](¢,x)
depends continuously on (&, z). Therefore it suffices to bound the expression analogous
to (5) where we impose the strict inequality &1 < & for £ = 1,..., K. Moreover, by the
continuity it suffices for each finite set = C R to prove bounds for this expression under
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the assumption that the & belong to =, and we may also assume that = does not contain
any numbers of the form n2™ with m,n € Z (i.e. no endpoints of dyadic intervals).

We may now linearize the variation norm. Fix K € N, measurable real valued functions
&o(z) < ... < &k(x), with values in = and measurable complex valued functions a;(x),
.., ar(x) satisfying

/

lay(@)|” + ...+ |ag(z)]" = 1.
Let

S'f) =Y (SIAEk), ) — S[Fl(Er-1(2), 7)) ar ().

k=1

Theorem 1.2 will now follow from the estimate

(6) IS ey < CI 2oy

—_—

where C is independent of K, Z and the linearizing functions, and where f is any
Schwartz function. Finally, in order to prove (6) for any fixed = we may assume that J?
has compact support in R \ = since the space of Schwartz functions with this property
is dense in LP'!, 1 < p < 0.

Let D = {[2"m,2"(m 4+ 1)) : m,k € Z} be the set of dyadic intervals. A tile will be
any rectangle I x w where I, w are dyadic intervals, and |I||w| = 1/2. We will write S’ as
the sum of wave packets adapted to tiles, and then decompose the operator into a finite
sum of model operators by sorting the wave packets into a finite number of classes. For

each k,
S[f1&k, x) — S[f](&k—1, ) :/]1(&_17&)(5)?(5)6%2‘& de.

To suitably express the difference above as a sum of wave packets, we will first need
to construct a partition of 1(¢, | ¢ ) adapted to certain dyadic intervals. The fact that
(€k—1,&k) has two boundary points instead of the one from (—oo, &) will necessitate a
slightly more involved discretization argument than that in [20].

For any £ < ¢, let J¢ ¢ be the set of maximal dyadic intervals J such that J C (&,¢)
and dist(J, &) > |J|, dist(J,&") > |J|. Let v be a C* function from R to [0, 1] which
vanishes on (—oo, —1072], is identically equal to 1 on [1072,c), and so that v/(z) > 0
for —1072 < 2 < 1072, Given an interval .J = [a,b), and i € {—1,0,1}, define

Thus if ¢(J) = “T*'b, the center of J, then

(7) 1i(€) = vi(552) where vi(n) = v(27'(n + ) —v(n—}),
and we notice for i € {—1,0,1} both v; and ,/z; are C* functions supported in [—12, 23]
(more precisely in [—%—g’, %]). Hence ¢, is supported on a %—dilate of J with respect

to its center.

For each J € J¢ ¢, one may check that there is a unique interval J' € J¢ ¢ which lies
strictly to the left of J and satisfies dist(.J’, J) = 0, and one may check that J’ has size



6 R. OBERLIN, A. SEEGER, T. TAO, C. THIELE, J. WRIGHT

|J]/2,1J], or 2|J|. We define ¢; = ¢;;(s) where i(J) is chosen so that |J'| = 2/()17).
Then

(8) LeenmFm = > s fn).

JEJg,g/

Since we assume that ]‘A'is compactly supported in R\ E we see that that for every pair
¢ < & with £, ¢ € = only a finite number of dyadic intervals J € J¢ ¢ are relevant in (8).

We now write each multiplier ¢ ; as the sum of wave packets. For every tile P = I X J,
define

op(x) = 1" F[/esl(x — e(1))
where c(I) is the center of I and F~! denotes the inverse Fourier transform. For each
J, we then have

(9) S S1x)01xs = [ 0.
[1=1/(2|71)

To see this we use a Fourier series expansion (c¢f. [34]). We first observe that 51\3(5) =

VIV s (€)e?meE and use (f, pp) = (fA', ¢p). Now let parametrize the centers of the
dyadic intervals I of length L by —(k—3)L, k € Z. Set g;(w) = [\/p f](c(J)+ L tw)e™™
13”13

and note that g, is supported in [—&5, £5]. The left hand side of (9) is equal to

\/SOJ—(S)Z / f(n) \/ng—(n)e*Q”i(kL*%)nL dn 2rikL—5)e
k

A 1/2 ‘ ‘
= /s (§)e ™ E=eT) Z / gy(w)e 2Tk g, g2rikLE=c(])

kez” —1/2
= Vs (©)e ™ HEI g (L — () = F(E)ps(€)

which gives (9). This in turn yields the representation of S'[f] in terms of wave packets:

K
(10) Sif@=>( > ST (b )an(@)

k=1 JEJg, | (a)h () II=(1/(2T])

For the function f under consideration the above Fourier series expansion converges
in L2-Sobolev spaces of arbitrary high order and thus the convergence in (10) is uniform
for € [—A, A]. Therefore it suffices, for any finite family P of tiles, to consider the
operator 8” defined by

K
(11) S"[f)(z) = Z ( Z (f, ¢IxJ>¢IxJ(9€)>ak($)-
k=1 (I,J)eR

JEJgy 1 (). (2)

The wave packets will be sorted into a finite number of classes, each well suited for
further analysis. Sorting is accomplished by dividing every J¢ ¢ into a finite number of
disjoint sets. These sets will be indexed by a fixed subset of {1,2,3} x {1,2,3,4}? x
{left, right}. Specifically, for each (m,n, side) € {1,2,3,4}% x {left, right}, we define

o Je o (tmmnside) = 1J €D J C (§,£), € is in the interval J — (m + 1)|J], { is in
the interval J + (n + 1)|J|, and J is the side-child of its dyadic parent}.
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o Jee @mmside)y = {J € D J C (£¢), € is in the interval J — (m + 1)|J|,
dist(¢’, J) > n|J|, and J is the side-child of its dyadic parent}.

o Jee 3mmnside) = 1J € D+ J C (£,€), dist(§,J) > ml|J|, £ is in the interval
J + (n+1)|J|, and J is the side-child of its dyadic parent}.

We will choose R C {1,2,3} x {1,2,3,4}2 x {left, right} so that for each &,¢’, the
collection {J¢ ¢ ,},cr is pairwise disjoint and J¢ ¢ = Uperde e ,. We will also assume
that for each p € R there is an i(p) € {—1,0, 1} such that |J'| = 2(°)|.]| for every € < ¢/,
J € Jee,and J' € Je o with J' strictly to the left of J and dist(J,J') = 0. One may
check that these conditions are satisfied, say, for

R={(1,2,1,left), (1,2,2,left), (1,3, 1, left),
(1,3,2,left), (2,1, 1,1eft), (2,1, 1,right ), (2, 2, 1, right ),
(3,4,1,left), (3,3, 1, right), (3,4, 2, left) }.

It now follows that
S"[f] = S"lf)
pPER
where

K
U= (X oron )

k=1 IxJ)ePp
JGJEkfl(I)»Ek(I)yp

It will be convenient to rewrite each operator S in terms of multitiles. A mul-
titile will be a subset of R? of the form I x w where I € D and where w is the
union of three intervals wj,wy,wy in D. For each p = (i,m,n,side) € R, we con-
sider a set of p-multitiles which is parameterized by {(I,wy) : [,wy, € D,|I|jwy| =
1/2, and w, is the side-child of its parent}. Specifically, given w,, = [a, b)

o If p = (1,m,n, side) then w; = wy, — (M + 1)|wy| and wy, = wy, + (1 + 1)|wy|.
o If p=(2,m,n, side) then w; = w, — (M + 1)|wy| and wy, = [a + (n + 1)|w,|, 00).
o If p = (3,m,n, side) then w; = (—00,b— (M +1)|wy|) and wp = wy + (N + 1)|wy|.

For ¢ = 1,2,3 we shall say that p is an i-index if p = (i, m, n, side). For every p-multitile
P, let ap(x) = ap(x) if k satisfies 1 <k < K and &_1(x) € w; and & () € wy, (such a k
would clearly be unique), and ap(z) = 0 if there is no such k. Then,

SIfl(x) = Y (f. ¢p)dp(z)ap(z)

PeP,

where, for each p-multitile P, ¢pp(z) = +/ ]I]]-"*l[\/m](x —¢(I)) and P, denotes the
set of all p-multitiles for which I x w, belongs to 3.

Inequality (6) and hence Theorem 1.2 will then follow after proving the bound

(12) ISPl poe S Ao

for each p € R. We shall only give the proof of this estimate for the case that p is a
l-index or p is a 2-index, and the case where p is a 3-index can be deduced by symmetry
considerations. Indeed, if P = (I,w,) := ([a,b),[c,d)) and P := ([-b,a),[—d,c)) then
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(f,op)op = <f(—-),<;ﬁ>$ﬁ where, in the definition of the $ﬁ the function v; in (7)

is replaced with v;(—-) (both are supported in (—32,32)). Now reflection sends a half

open interval [a,b) to a half open interval (—b, —a], however this plays no role in our
symmetry argument if, as we do, we assume that the set = does not contain endpoints
of dyadic intervals. We then see that the estimation of S?[f] for p = (3,m,n, side) is
equivalent to the estimation of a SP[f(—-)] where the corresponding set { P} of multitiles
is replaced with a set {P} of index = (2, n, m, opposite side) and the set Z is replaced
with {£ : —¢ € Z}. Beginning with (14) both v; or v;(—-) are allowed in the definition of
the functions ¢ ;; and ¢p.

By the usual characterization of LP'! as superpositions of functions bounded by char-
acteristic functions it suffices to show that

meas({z : [S”[f](z)| > A\}) < CPA7P|F]|

where F C R, |F| >0, |[f|<1p, A>0,2<7r < oo, and 7’ <p < (1/2—1/r)"L. This is
accomplished by proving that for every measurable £ C R,

(13) meas({x c E:|S°[f](x)| > c(\F\/\Ey)l/p}) < |E|/2.

Indeed, if we set Eyx = {x : |S?[f](x)| > A} then by the finiteness of the set of tiles
under consideration the set E) has a priori finite measure. If |Ey| < CPA7P|F| then
there is nothing to prove. If the opposite inequality |Ey| > CPAP|F| were true then A >
C(|F|/|Ex|)"P and inequality (13) applied to E = Ey would yield that |E\| < |Ex|/2, a
contradiction.

We finally note that, after possibly rescaling, we may assume that 1 < |E| < 2in (13).
The next four sections will be devoted to the proof of inequality (13) in this case.

4. ENERGY AND DENSITY

Recall that SP[f](z) = Y p(f, ¢p)Pppap where P ranges over an arbitrary finite col-
lection of p-multitiles, p is a 1 or 2-index. It is our goal to show (13) and for this and
the next chapter we fix the function f with |f| < 1 and the set E.

Fix 1 < 05 < Oy < Oy, with Cy € N, such that for every multitile P,
supp(¢p) C Cawy

Cow,, N Cowy = @, Cowy Nwy, = ®7
Cow; C Crwy, Cow, C Chwy;

recall that dilations of finite intervals are with respect to their center. One may check
that the values C5 = 11/10,Cy = 2, and C = 12 satisfy all these properties.

The wave packet is adapted to the multitile P. As Q/b\P is compactly supported (in
Csw,,) the function ¢p cannot have compact support, but as a replacement we have the

following bounds involving
1 lz — (D) N
== (14—
wto) = g (14555
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for a fixed large N > 10; namely

dn
(14) | (exp(—2ric(wn) - )6p) ()] < €/ () 111V/2 = g ()
for each n > 0.
We are working with a given finite set of p-multitiles P (with p a 1- or 2-index) and

we let M, = M,(P) be the smallest integer M for which all tiles are contained in the
square [—2M 2M]2. Throughout this paper we fix

2P = {5 |n| < C12Me 0y = 27 Mo=10 for some n € Z }
as the set of admissible top-frequencies for trees, as in the following definition.

Definition. Consider a triple T = (Tr,I7,&7), with a set of multitiles Tr, a dyadic
interval I7 C [—2M 2Mo) and a point £7 € EYP. We say that T is a tree if the following
properties are satisfied.

(i) I C It for all P = (I,w,) € TT.

(i7) If P = (I,wy) and wy, denotes the convex hull of Cow, U Cow; then
. Co—1 Co—1
wr = [¢r — A7 6T T 4\217|)

18 contained in wy,.

We refer to I as the top interval of the tree, and to &1 as the top frequency of the
tree.

In order not to overload the notation we usually refer to the set T as “the” tree
(keeping in mind that it carries additional information of a top frequency and a top
interval), and we shall also use the notation I7, {7 and wr in place of Ir, &7 and wr.
With this convention we also define

Definition.
(i) A tree (T, Ir, &) is l-overlapping if & € Cowy for every P € T.

(ii) A tree (T, Ip,&7) is l-lacunary if & & Cowy for every P € T.

Notice that the union of two trees with the top data Ip,&pr is again a tree with the
same top data. Also, the union of two [-overlapping trees with the same top data is
again an [-overlapping tree with the same top data.

We split our finite collection of multitiles into a bounded number of subcollections
satisfying certain separation conditions (i.e. henceforth all multitiles will be assumed to
belong to a fixed subcollection).

Separation assumptions.
Cy — O

(15) If P, P’ satisfy |w]| < |wy|, then |w]| < 50
1

|w-

(16) If P, P’ satisfy Ciw, N Ciw), # 0 and |w,| = || then w, = w),.
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As immediate but important consequence of the separation assumptions is the fre-
quently used

Observation 4.1. Let T be a tree satisfying the separation properties (15) and (16).
Then the following properties hold.

(i) If T is an l-overlapping tree, P,P' € T, and |w),| < |wy| then Csw, N Cow!, = 0.
(ii) If T is an l-lacunary tree, P,P' € T, and |w,| < |wy| then Csw; N Caw; = 0.

(i1i) If P,P' € T, P # P, and |wy| = |w,,|, then INI" = (.

As in previous proofs of Carleson’s theorem (in particular [20]) we shall split the set
of multitiles into subsets with controllable energy and density associated to the function
f and the set E, respectively. Here we work with the following definitions.

Definition. Fiz f € L*(R) and a measurable set E C R. Given any collection of
multitiles P we define

1
energy (P) = Sl%p \/m Z |(f, dp) |2

PeT

where the sup ranges over all l-overlapping trees T C P.

Given a measurable set E C R we set

x —c(Ip 1

density(P) = sup (7= [ (1+ %)‘é k(@) Ly (651 (@) )

where the sup is over all non-empty trees T C P.

Remark. Concerning the terminology, one can argue that the squareroot should be omit-
ted in the definition of an energy. However we work with the above definition to conform
to [20] and other papers in time-frequency analysis.

Lemma 4.2. Let |f| be bounded by 1g. For any family P of multitiles the density of P
(with respect to the set E) and the energy (with respect to f) are bounded by a universal
constant.

Proof. Clearly the density is bounded by [;(1 + |z[)™*da < 3. Concerning the energy
bound we let 7" be any l-overlapping tree, and split f = [’ + f” where f' = 137, f.

We estimate Y per [(f,0P) 2 < 122 (X per |(f, op)[*)Y/2, by the Cauchy-Schwarz

inequality. Now use that the supports of the g; p are disjoint for different sizes of frequency
intervals, and then, for a fixed size, use the bounds (14) (for n = 0) to see that

| Stroner],, < (S| X @omer],,)" < (S 1ren) ™
PeT ‘ez Per =

jwul=2-7

Hence,

> W ep)lP S IF G2 < [FN3Ip| S |z,
pPeT
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Furthermore, since |f”| < Tg\37,., we have the estimate
(" op)| S V(1 + dist(1, R\ 317)/|T) "N < 1V2 (|11 /| 1 YN

Summing in P, we obtain

> K" ep)lP S lrl.

PeT

Combining the estimates for f' and f” we see that > por [(f, ¢p)|* S |Ir] for every
[-overlapping tree and it follows that the energy of P with respect to f is bounded above
by a universal constant. O

The following proposition allows one to decompose an arbitrary collection of multitiles
into the union of trees, where the trees are divided into collections T; with the energy
of trees from T; bounded by 27J. The control over energy is balanced by an L? bound
for the functions N, := ZTGTJ_ Loer,.. In contrast to [20] and [12], it is necessary here
to consider ¢ > 1 and £ > 0 in order to effectively use the tree estimate Proposition 5.1
with ¢ > 1. Note that such L? bound for N;, is established by combining (17) and (18)
below. The bound (20) permits one to make further decompositions to take advantage
of large |F| in the LY bound for the N;, while maintaining compatibility with bounds
for trees with a fixed density obtained from Proposition 4.4.

Proposition 4.3. Let £ > 0, let |f| be bounded above by 1p and let P be a collection
of multitiles with energy bounded above by E. Then, there is a collection of trees T such
that

(17) > | SEPIF
TeT

and

energy <P\ U T) < &/2,

TeT
and such that, for every integer £ > 0,

(15) | 3 12,
TeT

Furthermore, if for some collection of trees T’,

(19) P=|J T

< 228872
BMO ™

T €T’
then
(20) Sl < Y .
TeT T €T’

Above, and subsequently, || - ||aro denotes the dyadic BMO norm.

Proof. We select trees through an iterative procedure. First, if energy(P) < £/2 then
no tree is chosen and T = ().
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If energy(P) > £/2 then we observe that there is an l-overlapping tree S C P for
which

(21) Z\ foop)f? = €%/4.

‘ PeS

There is only a finite number of such trees and as S; we choose one for which the top
datum &g is maximal (in R). Note that the maximality can be achieved as we restrict
all top frequency data to the finite set Z'°P. Let T} be the tree in P which has top data
(&sy,Is,) and which is maximal with respect to inclusion.

Suppose that trees Sk, T} have been chosen for k= 1,...,j. Set

J
Pj:P\UTk

If energy(P;) < £/2 then we terminate the procedure set T = {Ti}1<k<; and n = j.
Otherwise, we may find an l-overlapping tree S C P; such that (21) holds. Among
l-overlapping in P; satisfying (21) choose one with maximal top-frequency (in Z%*P) and
label this tree Sj11. Let Tj 11 be the maximal tree in P; which has top data (§s;,, Is;,,)
and which is maximal with respect to inclusion. This process will eventually stop since
each Tj is nonempty and P is finite.

Proof of (17). 1t suffices to show

£2 n 9 £2 n
(22) (W;usj\) SW;!I@-\-

Since the S; satisfy (21), we have
g2 n
(s ) < a6lm 2 (32 3 s 6m)
| j=1 j=1 P€S;

Now

n

(gz; (f.0m)) = (gz; (F.ombor. )
< HszHZ S (oror| <11 3 S eI or im0

j=1 PeS; j=1PeS; k=1 P'eS;

where in the last inequality we used |f| < 1p. By symmetry, it remains, for (22) to show
that

(23) SN D> KEeplIf ep)l(dr o) S EXD ||

Jj=1 k=1 PeS; P'eSy:|I"|=|I| Jj=1

and

(24) DD D Kerf ep [(or,op)| S E2D s,
Jj=1k=1PeS; P'cSy:|I'|<|I| Jj=1

In both cases, we will use the estimate

1

(25) oroel = (15) " twr 1)
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which holds whenever [I'| < |I].

Estimating the product of two terms by the square of their maximum, we see that the
left side of (23) is

<2333 > (e Pler ép)l.

j=1 k=1 PeS; P'eSy:|I'|=|1|

Recall that (¢p, @) = 0 unless Cyw,, N Csw,, # (). Thus, by (16), (25) and the fact that
the S} are pairwise disjoint, we can estimate the last display by

2) > Wfer)lP D (wrnlp) S0 o) S ) Es,l.
j=1 P€S; :1'=|1| j=1 Pes; j=1
This finishes the proof of (23).

Applying the Cauchy-Schwarz inequality, we see that the left side of (24) is bounded

by
S enB) (S (X S Womliorom))

j=1 PeS; PeS;  k=1PeS;:|I'|<|I]|
Twice using the fact that the energy of P is bounded by £, we see that the last display

: EZi'ISA”Q(Z (i >, lor, lfpfl”%ﬂ)z)m'

PeS;  k=1PeS:|I'|<|I]
Thus, to prove (24) it remains to show that, for each j,

26) S(Y Y [enlie )

PES]' k=1 P’ES]C:|I’|<‘I‘

1/2

2
) S s, |-

Again, we only have |(¢p, |Ip/|/?¢p/)| nonzero when Csw, N Csw!, # () which can only
happen if sup Csw,, € Csw], or inf Csw,, € Csw],. Applying (25), we thus see that the left
side of (26) is dominated by a constant times the expression

SE(Y Y ) s NN Y )’

PeS; k=1 P'eSy:|I'|<|1] PesS; k=1 P'eSy:|I'|<|1]
sup Cawy, €C3w!, inf C3wy, €C3w),

We now claim that, for each P € S; (with time interval I),

n
(27) ( (wr, 17))* < {wr, T

1; P/€S§/<|I| e

sup Czwqy, €C3w),

and that the same inequality with sup replaced by inf in the P’ summation holds as
well. To see this consider two multitiles P! = (I',wl) € S, and P? = (I%,w?2) € S,,,
P! # P2 so that |I?| < || and Cswl N Csw?2 # (. The last condition implies x1 # ko
(since Sy, and S, are l-overlapping). The inequality (27) is immediate if we can show
that I' and I? are disjoint and if in addition |I?| < |I'|, then I does not belong to
the top interval of the tree S.,. Now, if [I'| = |I?|, then from (16) it follows that
wl = w2 and hence, since P! # P?, we have I' N 1% = (. If |I?| < |I'|, then by (15)

u

lwi < 0226103 |w2]; since Cywy N Caw? # (0 this implies that inf Cow] > sup Cow?. As

both trees are l-overlapping the top frequency of Sy, belongs to ngll and is above the
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top frequency of Sy, which belongs to Cow?. Thus by the maximality condition on the
top frequency in the selection process of the trees we see that the tree S, was selected
before the tree Sy,, i.e. kK1 < k2. This implies that P, does not belong to the tree T},
and since the interval wg, —is contained in the convex hull of w? and w? we see that the

time intervals I? and I, = Is,, cannot intersect. Thus I 'nrPP=pasI'cC Ir, . This
concludes the argument for (27).

Now by the disjointness condition we see that indeed the left hand side of (26) is
bounded by a constant times

ZUP!(?ULHR\ISJ.>2§ Z 2¢ Z <w1,]1R\15].>

Pes; Z:2e§|lsj| Pes;:|I1=2¢
S./ ’ISJ" sup Z <’U)[, ]IR\IS.>
0:2¢<|Is.| /
=185l pes;iI|=2¢

One may check that, for each ¢,

Z (wr, ]I]R\Isj> Sl

PeS;:|1|=2¢

and (26) follows. We have already seen that (26) implies (24); this completes the proof
of (17).

Proof of (18). We need to show that for each dyadic interval J, we have

1 1 i
m/]‘ Z ]]-ZIZIT(CC) - m Z ﬂ.zeIT(y) dy‘ dx 5 22@5 2.

TET Jrer
This is an immediate consequence of
(28) > el
TET
Jﬂ2eIT75@,J

Let N

T={TecT:IrC2J|Ir| <|J|}
and note that if 7 € T with 2/Ir N J # 0,J then T € T. Write f = f' + f” where
|f'] < Lpngessy and | 7] < Lprpygets -

We will write T as the union of collections of trees Tmain J TO U T! U... each of
which will have certain properties related to the energy. For each tree T' € T there is an
l-overlapping tree S = S(7T') chosen in the algorithm above with Is = I and

1
(29) ] > L ep)? > E2/4.
Sl pes
Let 1
T'={TeT: ] 1" op)* > E2/16}.
PeS
For j > 1, define
1

T ={TeT: sup
S/CS(T) ‘IS/’ Pes’
[Igr|=277|I|
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where, for each T', the sup above is taken over all [-overlapping trees S" with S’ C S(T)).
Finally, let

T — (7 e T\ (T'UT!U...)}.
We split the sum (28) into the “main” term involving trees in T™#" and an error term

involving Uj ZOTj .

We first consider the main term. It is our objective to prove
(30) > | S €201
TeTmain

Let T € T™a" and let S be any l-overlapping tree contained in S satisfying [Is/| < |Ig].
Since the energy of P is bounded by & and since T is not in any T/, we have

I > i ep) < ZrMPP er"¢P S
51 % = o

From (29) and the fact that T ¢ T, we have

1 / 2 2 2 2
§ ) >E°/8—E%/16 = £7/16.

This inequality allows us to essentially repeat the above proof of (17). The [-overlapping
trees S(T") form a (finite or infinite) subsequence of the sequence S; which we denote by
Sj@ so that we have j(v) > j(v') for v > v/. 'We need to prove the analogue of (22)

which is

&? -
(31) F s Z s, <1
v=1

and as before we are aiming to estimate the square of the expression on the left hand
side by the expression itself. The S;(, satisfy

1 , 5 &2

j(V)‘ PeS; ()

and therefore
£ 3 2 045 712
(mZyL@M\) < 256|F N2+57|~ (Z S . ep)l ) _
v=l1 v=1P€S,,)

We continue to argue with exactly the same reasoning as in the proof of (22), replacing
f with f" and F with F N 25.J. This leads to the proof of (31) and thus to

> | SEF N2y
TeTmain

which is clearly < £722¢].J|. Thus (30) is established.

For the complimentary terms we prove better estimates, namely, for 7 =0,1,2,...,

(32) > oI g2 E .
TGTj
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For each T € T/ and P € S(T) we have |I| < 277|Ip| < 277|J|. Thus
d oIS ) 2 > (" op) .
TeTI TeTI PeS(T):|1|<2-9]J|
Since the S are pairwise disjoint, the right hand side is

S22y N (e

k>j p:|1|1=2"F|J|
Ic2t+1y

Fixing k > j, we apply Minkowski’s inequality to obtain

2 |<f”’¢P>|2§( > (X |<11Kf”,¢P>I2)1/2>2

P:I|=2""]J] K:|K|=2'"FJ]  P:|I|=27F|J]]
Ic2tt Kn2t+2 =0 Ic2t+ty

where above, we sum over dyadic intervals K and use the fact that f” is supported on
R\ 2¢F5.

Now note that ¢pr = cexp(2mi(c(w],) — ¢(wy)) ) ¢p when I = I'. Thus if P(I,) is a
collection of disjoint multitiles with common time interval I, if ¢ is supported on C'I,
and if Py, is any fixed multitile in P(I,) then Bessel’s inequality gives

S g, eI S I / 965, Pde.

PEP(IO)

We apply this observation to the inner sums in the previous display and obtain the
inequality

2
3 3 |<f”,¢P>|2§2"“|JI< > 3 Han”qbp,HiQ)m)

P:|I|=2"%|J]| K| K|=2'"FJ| I:|I|=27%|J|
Ic2ttg Kn2t+27=0 Ic2t+t

where for each I, Pr is any multitile with time interval I. Since |f”| < 1 the bound (14)
yields

R A e

Applying it with large N we see that the right hand side of (33) is < 2~ *+OWN=4)9=k 7|,
Summing over k > j we obtain inequality (32). This concludes the proof of (18).

Proof of (20). For each T' € T, let S = S(T') be the corresponding l-overlapping tree
from the selection algorithm above and recall

S imlEr< S 1 en)l

TeT PeUrer S

Since P = (Jpeq T', the right side above is dominated by

6y S e+ Y Y en)P

T'eT PET'NUper S T'eT PET'NUper S
& €Cawy & >inf Cawy
§ : § : 2
T’eT’ PeT'NUper S

sup Caw; <&,/ <inf Czwy,
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For each T" € T’ the set of tiles P € T"N{Upp S(T') with the property that {70 € Chwy is
by definition an [-overlapping tree. Thus, since P has energy bounded by &, we estimate
the first term in (34)

S Y fw)P< Y .

T'eT PET'NUper S T'eT’
Epr€Caw;

For the estimation of the second term in (34) we observe that any fixed multitile forms
an [-overlapping tree (with respect to some top data), and we use the energy bound for
fixed tiles. We observe that the rectangles {I x [inf C3wy,sup Cow,) : P € Jper S}
are pairwise disjoint. Indeed if P € S, P’ € S this follows since S is [-overlapping
(cf. Observation 4.1). If P € S, and P’ € Sy, k1 < k2 then &, > {5, and an
overlap of [inf Csw,, sup Cow,) and [inf Csw!,, sup Cow!,) would imply that P’ belongs to
the maximal tree with the same top data as Sy, i.e. this would imply that P’ € T,
which is disjoint from S, .

This allows us to estimate for any fixed 77 € T’

S WherlPs Y <l
PeT'N\Uper S PET'NUper S
& >inf C3wy & 2>inf C3wy

Now sum over 7" € T' and it follows that the middle term in (34) is < > e X Ir|.
and summing

For the estimation of the third term in (34) we begin with a preliminary observation,
also related to the selection of the S. Suppose P € T"'NS, P € T'N S where T, T € T
and

& € [sup Cowy, inf Cswy,) N [sup Cawy, inf Cswy,),
and suppose I C I and P #* P. From (16) we have I ;Cé I. We also have inf Cowp <

sup Chw; since otherwise it would follow that S was selected prior to S and hence P € T
which is impossible. From (15), we have inf Cyw; > sup Csw; and so P is in the maximal
l-overlapping tree contained in 7" with top data (I,inf Cay).

For each T" € T’ let T" be the collection of multitiles P € T" N Jpep S with &p/ €
[sup Cowy, inf Csw,,) and I maximal among such multitiles. Then

> > (fep)P< >0 > > (f. ¢p) I

TeT’ PeT’'NUper S T'eT! P"eT” PeT'NUper S
sup Cow; <& <inf Czwy, sup Cow; <& <inf Czwy,
Icr”

Considering the discussion in the preceding paragraph, we may apply the energy bound
to the maximal [-overlapping tree contained in 7" with top data (I,inf Co@;) . Since the
I" are disjoint subintervals of I7» we see that the right side in the last display is bounded

by
YD 28" < > 28I
T'E€T! PVET” T'eT!
This completes the proof of (20). O

The proposition below is for use in tandem with Proposition 4.3.
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Proposition 4.4. Let P be a collection of multitiles and p > 0. Then, there is a
collection of trees T such that

(35) > || S B
TeT
and such that
density (P \ UrerT) < p/2.

Proof. We select trees through an iterative procedure. Suppose that trees T}, Tj+, Tj_
have been chosen for j =1,...,k. Let

Pk:P\OTjuTjuTj—.
j=1
If density (Py) < 1/2 then we terminate the procedure and set
T={0,1,", 1, ,....T),, T, , T} }.
Otherwise, we may find a nonempty tree T' C P}, such that

(36) u_lTy /E (L4 2=y~ S g @) de > (u2)"

k‘:fkfl({l‘)ELuT

Choose Tj11 C Py so that |Ig, +1] is maximal among all nonempty trees contained
in Py which satisfy (36), and so that Ty is the maximal, with respect to inclusion,
tree contained in Py with top data (I, ,,&r,,). Let T/:r+1 C Py be the maximal tree
contained in Py with top data (I, &7, +(C2—1)/(2|I1,,,])) and T} | C Py be the
maximal tree contained in Py, with top data (I, ,¢r,,, — (C2 — 1)/(2|I1;,,|)). Since
each Tj is nonempty and P is finite, this process will eventually stop.

To prove (35), it will suffice to verify

(37) Y | S uTEl

J
To this end, we first observe that the tiles I, X wr, are pairwise disjoint. Indeed, suppose
that (I, x wr,) N (I, X wr,) # () and j < j'. Then, by the first maximality condition,
we have |I7;| = |I7,| and so Iy, C Ir; and |wr;| < |wr,|. From the latter inequality,
it follows that for every P € Tj, either wr, C wp, Wt C Wy, O W= C Wm. Thus,

Ty CT; U Tj+ U Tj_ which contradicts the selection algorithm.

Breaking the integral up into pieces and applying a pigeonhole argument, it follows
from (36) that for each j there is a positive integer ¢; such that

Y @) de.

1($)€wTj

(39) <o [
B2l e

For each ¢ we let T®) = {T; : ¢; = ¢} and choose elements of T): Tl(z),TQ(Z), e
and subsets of T®): T(lﬁ),T(;)7 ... as follows. Suppose Tj(g) and T;E) have been chosen
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for j = k. 1t 7O \ Uk (.g) is empty, then terminate the selection procedure.
Otherw1se let T,g 421 be an element of T \U T ) with \ITIEQI\ maximal, and let

T}, ={T € T\ U T (2Tp x wr) N (2T, o *wo) # )
7j=1

. 0 ()
By construction, T = U; T, and so
(39) D i<y Y, il
TeT®) J TeT(")

Using the fact that the tiles I7; x wr, are pairwise disjoint, and (twice) the fact that
7| < [L.| for every T € Ty), we see that for each j
j

¢
> Il 52 |IT]ge>|-

TeT!”
From (38), we thus see that the right side of (39) is dominated by a constant times

T / 21251 o > jax(2)|"”" do

.7
k £k71(z)€wT]@)

=27y, /Ezk: Jar ()" #{j + (2,61 (2)) € 21 T X “’T(“} dx

<27%u7"|E.

where we used the disjointness of the rectangles 2¢T T® X wT(l), and Zk 1 lag(z )< 1.

Summing over ¢, we obtain (37). O

5. THE TREE ESTIMATE

In this section we prove the basic estimate for the model operators in the special case
where the collection of multitiles is a tree. In what follows we use the notation V'Af(x)
for the r-variation of k — Ay f(x), for a given family of operators Ay indexed by k € N.

An essential tool introduced to harmonic analysis by Bourgain [1] is Lépingle’s in-
equality for martingales ([22]). Consider the martingale of dyadic averages

Blf)) = i [ W)

where Ip(x) is the dyadic interval of length 2 containing z. It is a special case of
Lépingle’s inequality that

(40) IVEG e < Cprll £llze

whenever 1 < p < oo and r > 2. Simple proofs (based on jump inequalities) have
been obtained in [1] and [27] (see also [9], [15] for other expositions). Inequality (40)
has been extended to various families of convolution operators ([1],[14], [2], [15]). Let
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¥ be a Schwartz function on R with [+ = 1, for each k let ¢y, = 27k(27F.) and let
A f(x) =g * f. Then

(41) IV Aflle < Cppllflle, 1 <p<oo, r>2,
follows from (40); the essential tool is the square function estimate
e o\ 1/2
(42) H( > \Akf—IEk[fH) (p, 1<p<oo.
k=—o00

For a proof we refer to [14] or [15].

We shall use (41) to prove the following estimate in terms of energy and density. The
bound will be applied in Section 7 with ¢ = 7' and g = 1.

Proposition 5.1. Let £ >0, 0 < p < 3 and let T be a tree with energy bounded above
by € and density bounded above by p. Then, for each 1 < q < 2

(43) H > (f.¢p)dpaplp| < E /D 1p]Me,
=

"

Furthermore, for £ > 0 we have

‘ A ¢P>¢PGP11EH < 2 N0 g ymin(Lr' /) e,

(44) La(R\2¢Ip) ™
per (R\2¢17)

We remark that the bounds above also hold for 2 < ¢ < oo, but the result for this
range of exponents is not needed for our purposes; it requires an additional L? estimate

for ZPeT<f’ op)Pp.

Proof. We begin with some preliminary reduction. Every tree can be split into an (-
lacunary tree and an [-overlapping tree and it suffices to prove the asserted estimate for
these cases.

If the tree is [-overlapping we introduce further decompositions. By breaking up T
into a bounded number of subtrees we may and shall assume without loss of generality
that for each P € T,

(45) &1 € wy + jlwi| for some integer j with |j| < Cs.

Moreover we shall assume, for every [-overlapping tree T, that either & < infw; for
every P € T (in which case we refer to T as [~ -overlapping) or & > infw; for every
P € T (in which case we refer to T' as [*-overlapping). Every l-overlapping tree can
be split into an [~-overlapping and an [T-overlapping tree. For the remainder of the
proof, we assume without loss of generality that T is either /-lacunary or [T-overlapping
or [~ -overlapping, and that for the last two categories property (45) is satisfied.

Let J be the collection of dyadic intervals J which are maximal with respect to the
property that I ¢ 3.J for every P € T.

Our first goal is to prove that for each J € J

< min(1,7"/q)| 711/q dist(Ir,J)\ —(N—6)
o HPe:ﬂ%@mJ|<f’¢P>¢PaP]lEHL"(J) S en TP || )
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where C” > 1 is a constant to be determined later; we shall see that C” = 8C4(Cy — 1)~}
is an admissible choice.

By Holder’s inequality, we may assume that ¢ > /. Fix P € T with |[I| < C"|J]|.
From the energy bound, we have

(47) 1£,6p)éparlellLa S €1+ L) apLall L)

From the density bound applied to ~ 1/(C — 1) nonempty trees, each with top time
interval I, we obtain

III/ (1) S )l de S

k:ép_1(z)€w

Since I ¢ 3J, it follows that 1 + |z — y|/|I| < C(1 + dist(Z, J)/|I]) for every = € J and
y € I. Thus

lap1eldo) < laplely ) S (1+ ) e

where, above, we use the fact that lap| < 1. Thus we can replace (47) by
/ 1 dist(1,J)\ —(N—4)
H [ op ¢PaP]1EHLq (J) ~ SEW /qm /q(1+ IS\ T] ) :
Summing this estimate and using the fact that T is a tree, we have
"1q 10—k 7]\1 dist(Ir,J)\—(N—6)
H Z <fa¢P>¢PaP]1EHLq(J) SEu27R)) /q(1+ls|TT\)
PET:|I|=2-F|J]|

and summing over k gives (46).

We now use (46) to prove (44) for £ > 4. Indeed, using the maximality of each J, we
see that if £ > 4 and J N (R \ 2¢I7) # 0 then dist(I7,.J) > |J|/2 and |.J| > 2/73|I7|. Tt
thus follows from (46) that

| S s 0m)oparts]| | < (el st (Er, 7)/101) €m0 1] 1y a0
PeT )
whenever J N (R \ 2/I7) # (. Summing over all .J, we thus obtain (44) for ¢ > 4.

It remains to prove

H > A ¢P>¢PQP]IE‘ < gpin(Lr'/a) | 1/a
=

~

La(1617)
which, by (46), follows from

48 | , 1 < g /a)| [ Va,
(48) > (f.¢ép)éraple e < EH ||

PET: |I|>C"|J|
Again, by Holder’s inequality, we may assume that ¢ > r’. Let
QJ = U wr.
PET:|1|>C"|J)|
The first step in the proof of ( 48) will be to demonstrate
() / (@) do S 1]
IOE ey (:z: )eQ,

By the maximality of .J there is a multitile P* = (I*,w}) € T with I* C 3.J where .J is the
dyadic double of J. This implies that there is a dyadic interval J' with |J| < |J'| < 4]J]
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and dist(J,J’) < |J| and I* C J'. We wish to apply the density bound assumption to
a tree consisting of the one multitile P*, with top interval J’ and suitable choice of the
top frequency. We distinguish the cases that T is [T-overlapping, [~ -overlapping, or
[-lacunary.

If T is [T-overlapping then T" = ({P*},&r,J’) is a tree. For every P € T we have
w C [€r — %,€T+%) and thus, with [I| > C"|J|, w; C [r — QCC//1|J‘,€T+ gcc//lm)- Thus
with the choice of C” > % we have Q; C wyr.

If T is I -overlapping then T = ({P*},&r + 4‘J| ) is a tree. Using that 7" is [”-
overlapping, we see that w; C [{7, & + W’IJ\) for every P € T with |I| > C"|J|. Thus,

by choosing C” > (ic—Q

7, we have Q; C wyr.

If T is [-lacunary then 7" = ({P*},&p — C;fml J') is a tree. Using that T is [-lacunary,
we see that w; C [§p — %}m,&p) for every P € T with |I| > C”|J|. Thus, by choosing

c" > 80&1 as in the first case we have Q; C wyr.

In any of the three cases, the density bound gives

‘.’L'—CJ/) r rl

ki1 (w) Ewpy

and hence (49).

We now show that if 7" is [-lacunary then (48) follows from (49). We start by observing
that for each x there is at most one integer m and at most one integer k£ such that there
exists a P € T with [I| = 2™, {—1(x) € wy, and &g(x) € wy. Indeed, suppose such
a P exists, and P’ € T with |I’| > |I|. If |[I| = |I'| the uniqueness of k is obvious.
Suppose [I'| > |I]. Since T is l-lacunary, we have inf(w)) > sup(w;) by (15), and so
£k—1(x) < inf(w;). We also have & (z) > inf(wp) > sup(wr) > sup(wj) since Cow,Nwy, = 0
and & & Chwy. It follows that there is no & with &_1(z) € wy.

Now let a(x) = ap(z) if there exists an m(x) as in the previous paragraph with
27U®) > C"| |, and a(x) = 0 otherwise. We then have

(f¢p)ppaplp| < ja(z)| 1f,p)p(@)]) da.

From the energy bound (applied to multitiles) and the bound (14) for |¢p|, the right
side is bounded by

4 lz—c()]
/- lata) > @) b s | [lata) PG e
j1j=2m() j1j=2m()

Noting that >~ per. fjzom@ (1 + [z — c(I)|/|I])~N < O, we see that the last display is

N/
qu/ aquxié’q/ ag(x)|” dx,
| la) (X m@l)

kg1 (w)€Qy
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by our choice of a(z). Using (49), ¢ > ', and the fact that > |ax(z)]” < 1, the right
hand side is < &9 |J|. We may now sum over those .JJ € J which satisfy J N 1617 # 0
and (48) follows for [-lacunary trees.

It remains to prove (48) for the case when T is l-overlapping and satisfies condition
(45). For each J € J, and each z € J N E we have by Holder’s inequality

(50) Z (f,op)op(x)ap(z) = Zak(x) Z (f.op)op(z)
k

PeT:|11>C"J| PeT:|1[>C"|J|
Ep—1(z)€wr &p(T) €W

(Y mar)" (X | T enerw

k:{"k,l(x)GQJ k:gkfl(fl‘)eﬂ‘] PET:‘I‘ZC”L}‘
Ek—1(x) €Wy &k (T)Ewp

r>1/r.

Now let ¢ be a Schwartz function with ¢ (&) = 1 for |¢| < C) + C5 and 9 (¢) = 0 for
|¢] > 20. Define 1y = 2~%(27¢"), and set

er(z) = e2mire,

We will show that for any = and any k with {,_1(z) < & (x), there exist integers ¢1, 45
depending on x and k, such that 2 > |.J| and

(51) S (Lor)or(@) = (er(y — b)) < | Y (F.op)0p| (@)

PeT:|1|>C"|J|, per
Er—1(z)€wr, § (z)Ewn

From (15) we have, for each ¢ such that 2¢ = |I| for some multitile P,
(ertpe) « Y (frop)op(®) = Y (f,6p)dp().
PET PET:|I|>2¢
Thus, to prove (51) it will suffice to show that there exist integers ¢; and ¢5 such that
(52) AP ET:|I|>C"|J|,&-1(2) € wi,éi(x) €wp} = {PeT: 2" <|I] <27},

Again using (15), we see that for P, P’ € T with |I| < |I'| we have infw} < infwy,, and if
we are in the setting of p-multitiles where p is a 1-index, we have the stronger inequality
supwy, < infwy,. Thus, (52) will follow after finding ¢; and ¢ with

(53) (PeT: & 1(x) cw}={PeT:2% <|I| <2%}.

Here we use assumption (45). The displayed equation follows when |j| > 1 from the fact
that wyNw; =0 if P,P" € T and |I| < |I'|; it follows when j = 0 from the fact that the
intervals {w; : P € T} are nested. Finally, when j = +1 it follows from the property
that if P, P",P" €T, |I|,< |I'| <|I"| and w; Nw]' # 0 then v} C w) C w;. Thus we have
established (53) and consequently (52) and (51).

Using (51), we have

( > ‘ > (f,op)op(x)

k:ép_1(z)€Qy PeT:|I|>C"]J],
Ek—1(z)€wr&p(T) €W

7“)1/7‘

< |[(erth) x D (f, ¢p)op ()]

pPeT

Vil (Z+ +1ogy (| 71)
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where the notation refers to the variation norm with respect to the variable k, restricted
to {k € Z : |k| > logy(]J])}. For logy(]J]) < k1 < ko, we have

(er(Vr, — Uny)) * D (f,0P)0P = (erciiogy(a) * (er(Vh, — Ury)) * D {f, ép)op

PeT PeT
and so, for z € J

| (ervr) * Z<f7 op)op(z)|

PeT

Vi (ZF +logy (1))

Vi (Z+ oy (1)) Y-

< sup sup \R]/ |(ertr) * Z<f op)or(y)|

We now integrate the gth power of the expressions in (50) over E N J and obtain

| 5 aromorartsll, < [ (3 aiora)”

PET:|1]>C")J]| NE 2 ke (e,
ve o 1Bl / (eru) pZTU’ P8P Wl 2t oy ) W
€
<p /‘M |9 * ele frop)op) v ]( )‘ dx

PeT
where M is the Hardy-Littlewood maximal operator. For the last inequality we have
used ¢ > 7/, 3 |ag(x)[” < 1 and inequality (49). Summing over J € J gives

H Z (f, ¢P>¢PGP1E‘

PET:|I|>C"|J)|

La(161r)

S i Mk * (et Y {F dpdop) vy ] (@)1

pPeT

+(16I7)"

Since ¢ < 2, it follows from Hoélder’s inequality that the right side above is
S u” (T COR Ml + (et D (Foor)op)live | @) 2 61,
PeT

Applying the variation estimate (41) with p = 2 and the L? estimate for M one sees
that the display above is

S |02 S ordor|)

PeT

5"

To finish the proof, it only remains to see that || Y- per(f, dp)dpl2. < E|Ir|. The
left side of this inequality is dominated by

Z Z [(f, oP) (S, dP)|[{¢p, PP SQZ [(f, op)|? Z [(¢p, Pp)l.

PeT P'eT PeT pP'eT

Since T is an [-overlapping tree, we have (¢p,¢p/) unless |I| = |I’[, in which case, we
have [(¢p, dp)| < (1 +dist(Z, I')/|I])~". Therefore we obtain the estimate

| St oo, £ 3 1tr 6mP < CEImn).
PeT PeT

This concludes the proof of (48) and thus the proof of the proposition. O
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6. TWO AUXILIARY ESTIMATES

Before we give the argument on how to decompose our operators into trees with
suitable energy and density bounds we need two auxiliary estimates.

The following proposition can be found in [34], p. 12, or as a special case of a lemma
from [12].

Proposition 6.1. Let T' be an l-overlapping tree. Let X > 0 and Q\ p = {Mp[lg] > A}
where Mp is the mazimal dyadic average operator. Then

= Y WenP s,

| | PET:IgQ)\’D

The second auxiliary estimate is the special case of an estimate from [12], but we will
provide a proof for convenience.

Proposition 6.2. Let P be a finite set of multitiles, and let X > 0, F C R, and |f| < 1p.
Let Q) = {M[L1g] > A\}. Then

(54) | > «rorerar

PeP:ICQ

_ 1]
LYR\Q) ~ AL/

Proof. Fix ¢ and let I, C ) be a dyadic interval satisfying
(55) 2T, € Q, and 2711, ¢ Q.

By Minkowski’s inequality, we estimate

(3 wrenr)”

g( Z ‘(]l4[ef,¢P>’2>1/2+Z< Z ‘<]12j+1fg\2115f7¢P>‘2)1/2'
j

P:I=I, =2 P:.I=I,

Using orthogonality, the right hand side is bounded by

e}
(L) 2N Lar f ooz + D7 ID Y Lyier0ir, SOy 22
j=2

where Py is any multitile with I = I,. Applying the bounds (14) and |f| < 1p , we see
that the last display is

o0
SIF AL Y2+ " ca N p it 2
j=2
Since 2t11, ¢ Q,, we have |F N 27+11,| < €2max()|[ |\ for each j. Thus, the last
display is < (2'A|;])'/? and we have proved

( > \<f7¢p>\2)1/2§(2%\\[@\)1/2.

P:I=I,

Similarly,

sup |(f, ¢p)| S 2°A[I|"/?
P~



26 R. OBERLIN, A. SEEGER, T. TAO, C. THIELE, J. WRIGHT

and so, by interpolation,

(56) (3 Krenr)” s @i

P:I=I,

whenever 2 < r < oco. For each &, I, there is at most one P € P with £ € w; and I = I,.
Thus, using the fact that, for each z, Y"1, |an(2)|” < 1, we see that

| > romeear],, 0 S CNYIL 68 1w,
PeP:I=1I, A

where Py is any multitile with Iy = I,. Using the fact that 2¢I, C Q,, it follows that the
right side above is
< 2—€(N—2))\1/7"’|]£|.

For ¢ > 0 let Z, be the set of all dyadic intervals satisfying (55). If I C 7, then for each
j > 0 there are at most 2 intervals I’ € Z, with I’ C I and |I’| = 277|I|. By considering
the collection of maximal dyadic intervals in Zy, one sees that

PN

I€T,
Thus,
I (fopdpar|pimay S 27N Q.
PeP:IET,
Summing over ¢ and applying the weak-type 1-1 estimate for M then gives (54). O

7. CONCLUSION OF THE PROOF

Let r > 2 and 7/ < p < -2, We shall conclude the proof of (13), with 1 < |E| < 2,
and thus of Theorem 1.2. It will then suffice, by Chebyshev’s inequality, to show

(57) /E ) < clr

for any measurable set E with 1 < |E| < 2, |f| < 1r and some exceptional set G =
G(E, F) with |G| < 1/4.

We shall repeatedly apply Propositions 4.3 and 4.4. By Lemma 4.2 the density of P
(with respect to the set E above) and the energy (with respect to f) are bounded by a
universal constant C.

We distinguish between the cases |F'| > 1 and |F| < 1 and first consider the case when
|F'| > 1. Repeatedly applying Propositions 4.3 and 4.4 we write P as the disjoint union
p=J T
j>0TET,
where each T'; is a collection of trees T" each of which have energy bounded by c27i/? |F |1/ 2,
density bounded by C279/"" and satisfy

> I $27.

TET]'



A VARIATION NORM CARLESON THEOREM 27

For each j we apply Proposition 4.3 again, this time using (18) and (20) to write

Ur-U yr

TET, k>0T€ET;

where each tree 7' € T, has energy bounded by C2-Utk/2|F|1/2 | density bounded by
C279/™ | and satisfies

(58) Y il <2
TGijk
Moreover, for every £ > 0

(59) | > 12

’I‘E'I‘]',]C

< 2222j+k|F|71.
BMO ™

Inequality (58) implies || ZTGTJ_ cLoepll S 2+J and we may interpolate the L' and the
BMO bound. Here we use a standard technique involving the sharp maximal function
from §5 in [11]. It follows that for 1 < ¢ < oo

| 2 e

TGijk

< 2j+k+2€|F|fl/q/.
La ™

Let € > 0 be small and C’ > 0 be large, depending on p, q,r. For each j, k, define

Gjke = {x : Z Tyep, > C"F‘*1/4'2(1+6)(j+k+22)}.
)V T =
TET;

By Chebyshev’s inequality, we have
’Gj . Z‘ < 0/276(]'Jrk+25)7

so setting G = U, x40 Gk, We have |G| < 1/4.

Applying Minkowski’s inequality gives

HllE > AL ¢P>¢P0JP‘

PeP

LY R\G)

< Z (H]lE Z Lrp Z(fv ¢P>¢PGP|’L1(R\Gj,k,O)

§,k>0 TET, PeT

+ZH]1E Z 12£17~\2‘*11T Z<fa¢P>¢PQPHL1(]R\GJ~,1€,£))'

>1 TET, PeT

From Hélder’s inequality, Fubini’s theorem, and the definition of Gy, it follows that
the right side above is < (S7 + S2) where

» 1/r!

LT’(R))

S1= > [F[T/@n20+9GR (N [ug S f op)opar]

J7k20 TeTj,k PeT
and
/ i » 1/r
Sp= S |F| 7V r)2(1+e)(J+k+2£)/r< ST e Y (f.ep)epar] LT'(R\24*1[T))
3,k>0 TET,,  PeT

r>1
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Applying Proposition 5.1 with the energy and density bounds for trees T' € T ;, we
see that

Sy S Z ‘F‘71/((1’1")2(1+6)(j+k+2€)/r276(N710)27(j+k)/2‘F‘1/227j/r’( Z ‘IT‘)l/T/

3,k>0 TET; &
>1

< 37 U/ -1/ 29— N -10) | pL/2-1/l'T)

J,k=>0
r>1

Choosing € small enough and ¢ large enough so that

2 1 1 1
(1+e)——1<0and§——<—
T

/

qr p
we have Sy < |F|Y/P. We similarly obtain S; < |F|'/P, thus giving (57).

We will finish by proving (57) for |F| < 1. Here, we let
G = {z: M[1p|(z) > C"|F|}

where M is the Hardy-Littlewood maximal operator and C” is chosen large enough so
that the weak-type 1-1 estimate for M guarantees |G| < 1/4.

By Proposition 6.2 and the fact that p > r/, it will remain to show that

< |F|1/p-

(60) H]lE > A ¢P>¢PGP‘ LG D

PeP’

where P/ ={P e P:I¢ G}.

Finally, it follows from Proposition 6.1 that the energy of P’ is bounded above by
C|F|. Repeatedly applying Propositions 4.3 and 4.4 we write P’ as the disjoint union

-Uuyr
j>0TET;
where each T'; is a collection of trees T" each of which have energy bounded by C,279/2 |F| 1/2,
density bounded by C,279/"" and satisfy

> I $27.

TET]'

We then have
H]lE (f,op) ¢PCLP‘ < Z > H]lE fa¢P>¢PaP‘

PeP’ 0T€T, pPeT

Lt

Applying Proposition 5.1, we see that the right side above is
S > min@ VPR P27 I £ ) 2 min(2 7R P2 | F).

J>0TeT, >0

Summing over j, we see that the right side above is < |F|!/ . This finishes the proof,
since p > r'.
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A. TRANSFERENCE

In this section we show how to obtain Theorem 1.1 from Theorem 1.2. We employ
arguments from chapter VII in the monograph by Stein and Weiss [32] in their proof of
De Leeuw’s transference result ([21]). The following limiting relation is used:

Lemma A.1. ([32], p. 261). Let m € L>®(R%) with the property that every k € Z¢ is a
Lebesgue point of m. Define a convolution operator T on L*(R®) by the Fourier transform
identity T}(g) = m({)f(f) and a convolution operator on L2(T?) by the relation [T f]5=
m(k) fr for the Fourier coefficients. Let, for x € R,

w(zr) = e ™" and wr(r) = R~ %w(z/R).
Then, for all trigonometric polynomials P and Q (extended as 1-periodic functions in
every variable) we have

(61) /[0 . T[P](m)Q(m) dor = P}Ego g T[Pwg/yl(z)Q(x)wr () dz.

We also need the following elementary fact on Lorentz spaces.

Lemma A.2. Let f € LP9(T%) and extend f to a function fP on R which is 1-
periodic in every variable. Let L > d/p and let w be a measurable function satisfying
lw(x)| < (1+ |z))~F. Let wr(z) = R~%w(R™'z). Then

?{gri prerwRHLp’q(Rd) < CpaquHvaq(’]I‘d)

Proof. We first assume p = q. Let Qg := [—%, %]d. If Ne Nand N < R < N + 1 then
wr(z) ~ N~41 + |n|/N)~tP for x € n + Qo and by the periodicity we can estimate
PRl by C % e N4+ [nl/N) 22| [ 2, ) which s S |1, g, since Lp > d.
For fixed L we apply real interpolation in the range p < L/d and obtain the Lorentz
space result. O

Proof that Theorem 1.2 implies Theorem 1.1. We shall assume that 1 < p < oo, 1 <
q1 < o0, and ¢; < g3 < oo and prove that the LP9(R) — LP%2(R; V") for the partial
sum operator S on the real line implies the corresponding result on the torus, i.e.

Kl 1/r
©) s sup (D ISwnf = Sudl) |

<
P92 ('JT) ~ HfHLP,qQ (T)

By two applications of the monotone convergence theorem it suffices to show for fixed
K € N with K > 2, and fixed M € N that

K-l 1/r
63 | Suid = SnidI7) | < |l
(63) e (15wt = Suf )y < CM i
where C' does not depend on M and K.

For ii = (n1,...,ng) € NI, 1 <i < K —1 define 7 f(x, 7, i) = Sn,,, f(x) — Sn, f(z) if

ny < -+ <ng and 7 f(x,,i7) = 0 otherwise. Then the inequality (63) just says that 7°
is bounded from LP9 to LP92(¢>°(¢")) where the £°° norm is taken for functions on the
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finite set {1,..., M}¥ and the ¢" norm is for functions on {1,..., K —1}. By duality
(63) follows from the LP % (¢1(¢")) — LP"9 inequality for the adjoint operator T+, i.e.
from the inequality

1 K-1
o) [[ X Y Suduile) - Sufade)Q) e

0<n1<--<ng <M i=1
K-1
N L/
<2 ()]
n =1

n

) 1Ql Lr.ar ().

We fix an irrational number A in (0,1), say A = 1/v/2. We then define “partial sum
operators” for Fourier integrals by &; (&) = x[—a,z(§/t) f(§) and a corresponding partial
sum operator S, on Fourier series by letting the kth Fourier coefficient of ét f be equal

to X[,,\v)\](k‘/t)ﬁ. We define a function v : Ny — Ny as follows: set v(0) = 0 and for
n > 0 let v(n) be the smallest positive integer v for which Av > n. Notice that then

(65) S J71(®) = Sui fri(%) = iy it — Guinn) Jrii

Now in order to prove (64) it clearly suffices to verify it for the case that the function
fri and @ are trigonometric polynomials. The multipliers corresponding to &; are
continuous at every integer. Thus by (61) (applied with d = 1) and (65) we see that (64)
is implied by

1

K-1
(66) ‘ Z Z /0 [Gu(ni_H) (fﬁ,in,p’) - 61/(711) (fﬁ,in,p’)] QwR/p dIE‘

0<n1<--<ng<M i=1
K—-1
N 1/
<15 (5 )™
i =1

n

@ Q| Lr.ax ()

P b

for sufficiently large R.

Now notice that &; = Syt — S_ )t so that the assumed L% (R) — LP92 (V" R) bound-
edness for the family {S;} implies the analogous statement for the family {&;}. We
run the duality argument in the reverse direction (now for functions defined on R) and
deduce

‘ /R Z Kz:l <6V(ni+1)[fﬁ,in/p/] - 6u(ni)[fﬁ7in/p/])QwR/p dx‘

0<n1<--<ng<M =1
K—1 T
SHE (§ | f7.il ) wR/p/‘
7 =1

n

P9 (R) 1QuER/pll Lo (m)-

By Lemma A.2 the right hand side of this inequality is for R > max{p,p’} bounded by
the right hand side of (66). Thus we have established inequality (66) and this concludes
the proof. O
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B. A VARIATIONAL MENSHOV-PALEY-ZYGMUND THEOREM

For &, 2 € R let
x
C[f](g’x) :/ e—27rz§x’f(x/) da’.
— 0o
Menshov, Paley, and Zygmund extended the Hausdorff-Young inequality by proving a
version of the bound

(67) €Uy ) < Coll v

for 1 < p < 2. The bound at p = 2 is a special case of the much more difficult maximal
inequality for the partial sum operator of proved by Carleson and Hunt. Interpolat-
ing Theorem 1.2 at p = 2 with a trivial estimate at p = 1, one obtains the following
stregthened version of (67)

(68) €1l vy < Corll Fllr

for 1 <p<2andr > p. It follows from the same arguments given in Section 2 that this
range of r is the best possible. Our interest in this variational bound primarily stems from
the fact, which will be proven in Appendix C, that it may be transferred, when r < 2, to
give a corresponding estimate for certain nonlinear Fourier summation operators. The
purpose of the present appendix is to give an easier alternate proof of (68) when p < 2.
Note that Pisier and Xu [27] have proved closely related LP — L?(VP?) inequalities for
orthonormal systems of (not necessarily bounded) functions on an arbitrary measure
space.

A now-famous lemma of Christ and Kiselev [5] asserts that if an integral operator

7f@) = [ K ) dy
is bounded from LP(R) to LY(X) for some measure space X and some ¢ > p, thus

1T fllacxy < Allfll ey,
then automatically the maximal function
r.5@) = s | [ K dy
NeR'"Jy<N

is also bounded from LP(R) to L(X), with a slightly larger constant. Another way to
phrase this is as follows. If we define the partial integrals

T<f(z,N)= K(z,y)f(y) dy
y<N
then we have
(69) IT<fllrg(re) < Cog Al w)-
As was observed by Christ and Kiselev, this may be applied in conjunction with the

Hausdorff-Young inequality to obtain (67) for p < 2.

The L3 norm can also be interpreted as the V3° norm, and we will now see that V>
can be replaced by V" for r > p, thus giving (68) from the Hausdorff-Young inequality.
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Lemma B.1. Under the same assumptions, we have

HTSfHLZ(V](,) < Cp,q,rAHfHLP(R)
for any r > p.

Proof. This follows by an adaption of the argument by Christ and Kiselev, or by the
following argument. Without loss of generality we may take r < ¢, in particular r < oo.
We use a bootstrap argument. Let us make the a priori assumption that

(70) IT<fllrzovg) < BANSl o)

for some constant 0 < B < oo; this can be accomplished for instance by truncating the
kernel K appropriately. We will show that this a priori bound automatically implies the
bound

(71) IT< fllzaqvgy < @V TP BA+ Cpgr A fllio)

for some Cp 4, > 0. This implies that the best bound B in the above inequality will
necessarily obey the inequality

B <2V VPB4 O s

since r > p, this implies B < C}, . for some finite Cy, , ., and the claim follows.

It remains to deduce (71) from (70). Fix f; we may normalize || f||z»®) = 1. We find
a partition point Ny in the real line which halves the L? norm of f:

No +o00
/ F)P dy = / Fa)P dy =1

—00 No

Write f-(y) = f(¥)L(—oo,n0] (%) and f(y) = f(Y) LNy 1o0)(¥)s thus [[f-|[Lo@) = 2717
and || f4 ||r(r) = 2-1/P. We observe that

[ T<f-(z,N) when NV < Ny
T<f(z,N) = { Tf (z)+T<fi(x,N) when N > N,
Furthermore, T< f_(x,-) and T< f,(z,-) are bounded in L*> norm by O(T. f(x)). Thus
we have

IT<f (@)l < (IT<f= (@) g + 1T< fa (2, ) i) + O(Tif ().

(The O(T f(w)) error comes because the partition used to define || T< f(x,-)|lv; may have
one interval which straddles Ny). We take L9 norms of both sides to obtain

IT<fllavy < NUT<f= () + 1T<f- (@) 10:) Y Mg + OUTeS |l g)-

The error term is at most Cp4A by the ordinary Christ-Kiselev lemma. For the main
term, we take advantage of the fact that r < ¢ to interchange the " and L% norms, thus
obtaining

IT<fllzavg, < (IT<F-Ipayy + 1< fillay )" + O(CpgA).
By inductive hypothesis we thus have
IT<flLavy < ((277BA) + (27/PBAY)" 1+ 0(Cp44),

and the claim follows.
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C. VARIATION NORMS ON LIE GROUPS

In this appendix, we will show that certain r-variation norms for curves on Lie groups
can be controlled by the corresponding variation norms of their “traces” on the Lie
algebra as long as r < 2. This follows from work of Terry Lyons [23]; we present a self
contained proof in this appendix. Combining this fact with the variational Menshov-
Paley-Zygmund theorem of Appendix B, we rederive the Christ-Kiselev theorem on the
pointwise convergence of the nonlinear Fourier summation operator for LP(R) functions,
1<p<2

Let G be a connected finite-dimensional Lie group with Lie algebra g. We give g any
norm || - ||g, and push forward this norm using left multiplication by the Lie group to
define a norm ||z||7,¢ = |lg~*#||g on each tangent space T;G of the group. Observe that
this norm structure is preserved under left group multiplication.

We can now define the length || of a continuously differentiable path v : [a,b] — G
by the usual formula

b
o /
] = / I Ol o .

Observe that this notion of length is invariant under left group multiplication, and also
under reparameterization of the path ~.

From this notion of length, we can define a metric d(g,¢’) on G as

d(g,q') = inf ol
(9.9) v:v(a)=g,7(b)=g’ h
where 7 ranges over all differentiable paths from g to ¢’. It is easy to see that this does
indeed give a metric on G.

Integral curves of left invariant vectorfields need not be geodesic for this metric [28],
but the length of a short segment of such an integral curve is within a quadratically small
error of the distance between the two endpoints. This is the content of the following
lemma:

Lemma C.1. If x € g is such that ||z||g < € for some sufficiently small €, then
d(1,exp(z)) = [lz]lg + O(l|=[13)-

Proof. By considering the exponential curve v : [0,1] — G defined by 7(t) := exp(tx)
we obtain the upper bound d(1,exp(z)) < ||z||g. Now consider any competitor curve
7 :[0,1] — G from 1 to exp(x) which has shorter length than ||z||;. We write 5(t) =
exp(f(t)) for some smooth curve f : [0,1] — g from 1 to z; this is well-defined if € is
small enough.

There are two cases. First suppose that f stays inside the ball {y : ||y|lg < 2|4}
Then from Taylor expansion we see that

15" Oz, e = A+ Ozl )L @)l

and hence
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3= (1 + O(Hng))/O IF'@®)llg dt.

But from Minkowski’s inequality one has fol Ilf'(t)]lg dt > ||x||g, and the claim follows.

Now suppose instead that f leaves this ball. Let 0 < tg < 1 be the first time at which
this occurs. Then the above argument gives

71 = (14 O([lzlg)) /0 Wl e

By Minkowski’s inequality one has fgo Ilf'(t)]lg dt > 2||lz||q, and this gives a contra-
diction to |§] < |lz||g < € if € is sufficiently small. The claim follows. O

Given any continuous path 7 : [a,b] — G and 1 < r < oo, we define the r-variation
|v[[vr of v to be the quantity

n—1

bive= s (Yot )y

a=to<t1<..<tp=b =0

where the infimum ranges over all partitions of [a,b] by finitely many times a = tg, 1,
.., tp, = b. We can extend this to the » = oo case in the usual manner as

[V][ve = sup sup  d(v(tj+1),7(t5)),
a=tp<t1<...<tnp=b 0<j<n-—1

and indeed it is clear that the V> norm of v is simply the diameter of the range of ~.
The V! norm of ~ is finite precisely when « is rectifiable, and when ~ is differentiable
it corresponds exactly with the length |y| of v defined earlier. It is easy to see the
monotonicity property

I7lve < ||7|lv whenever 1 <r <p < oo

and the triangle inequalities

(Il + I2lle)Y < llm +llve < lvllve + [Ivellve

where 1 + 79 is the concatenation of v and 7,. A key fact about the V" norms is that
they can be subdivided:

Lemma C.2. Let 7 : [a,b] — G be a continuously differentiable curve with finite V"
norm. Then there exists a decomposition v = 1 + v2 of the curve into two sub-curves
such that

Ivillve, [v2llve < 277yl

Proof. Let t. = sup{t € [a,b] : [|V|gqllvr < 2717 ||y||yr }. Letting v, = Ya,e,] we have
Ivillvr =277 ||y]ly-. The bound for v = Vit p) follows from the left triangle inequality
above. O
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Given a continuously differentiable curve « : [a,b] — G, we can define its left trace
v ¢ [a,b] — g by the formula

(t) = / ()1 (s) ds

Note that the trace is also a continuously differentiable curve, but taking values now in
the Lie algebra g instead of GG. Clearly ~; is determined uniquely from . The converse
is also true after specifying the initial point (a) of 7, since « can then be recovered by
solving the ordinary differential equation

(72) V() = vy (t).

This equation is fundamental in the theory of eigenfunctions of a one-dimensional Schro-
dinger or Dirac operator, or equivalently in the study of the nonlinear Fourier transform;
see, for example, [33], [25] for a full discussion. Basically for a fixed potential f(¢) and
a frequency k, the nonlinear Fourier transform traces out a curve 7(t) (depending on k)
taking values in a Lie group (e.g. SU(1,1)), and the corresponding left trace is essentially
the ordinary linear Fourier transform.

It is easy to see that these curves have the same length (i.e. they have the same V!
norm):

(73) vl = [l

We now show that something similar is true for the V" norms provided that r < 2.

Lemma C.3. Let 1 <1 < 2, let G be a connected finite-dimensional Lie group, and let
|l - |lg be a norm on the Lie algebra of G. Then there exist a constant C' > 0 depending
only on these above quantities, such that for all smooth curves v : [a,b] — G, we have

(74) Yllve < lvllve + € min(llyl§, )
and
(75) Ivellve < llve + € min(|ly (5, [[7][5-)-

An analogous result holds for the right trace, f; 7' (s)y(s)~! ds, once the left-invariant
norm on 7T,G is replaced by a right-invariant norm.

Proof. We may take r > 1 since the claim is already known for » = 1 thanks to (73).

It shall suffice to prove the existence of a small § > 0 such that we have the estimate

(76) llve = llallve + Ol
whenever |||y < d, and similarly
(77) llve = lllve + O+

whenever ||y||yr < 0. (We allow the O() constants here to depend on r, the Lie group
G, and the norm structure, but not on ¢). Let us now see why these estimates will prove
the lemma. Let us begin by showing that (76) implies (74). Certainly this will be the
case if 7; has V" norm less than . If instead «; has V" norm larger than ¢, we can use
Lemma C.2 repeatedly to partition it into O(0~"||y||{») curves, all of whose V" norms
are less than §. These curves are the left-traces of various components of 7, and thus
by (76) these components have a V" norm bounded by some quantity depending on .
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Concatenating these components together (using the triangle inequality) we obtain the
result. A similar argument allows one to deduce (75) from (77).

Next, we observe that to prove the two estimates (76), (77) it suffices to just prove
one of the two, for instance (76), as this will also imply (77) for ||y||yr sufficiently small
by the usual continuity argument (look at the set of times ¢ for which the restriction of ~
to [a, b] obeys a suitable version of (77), and use (76) to show that this set is both open
and closed if ||y||yr is small enough).

It remains to prove (76) for ¢ sufficiently small. We shall in fact prove the more precise
statement (note ;(a) = 0)

(78) Hog(v(a) ™'y (b)) = u(®)llg < Kl

for some absolute constant K > 0 (and for ¢ sufficiently small), where log is the inverse
of the exponential map exp : g — G. Note that it follows from a continuity argument
as in the previous paragraph that if ¢ is sufficiently small then v(b)~!v(a) is sufficiently
close to the identity so that the logarithm is well-defined. Let us now see why (78)
implies (76). Applying the inequality to any segment [t;,¢;11] in [a,b] we see that

Hog(v(t5) ™"y (t41)) = (uty+1) = n(E)llg < Kl ;1[5
and hence with Lemma C.1 (since 0 is small)
d(v(tjr1),7(t5)) = Itisr) = n(t) g + OUli, tyen I5r)-

Estimating O(H’Yl‘[t]-,t]-H}H%ﬂ) crudely by [[il[v+ Ol t;4,1llvr) and taking the £ sum
in the j index, we see that for any partition a =ty < ... < t, = b we have

n-! iyr 0l 1/r
(Dt 9@ ) = (D Iultsn) = wlly) "+ Obll-).
j=0 j=0
Taking suprema over all partitions we obtain the result.

It remains to prove (78) for some suitably large K. This we shall do by an induction
on scale (or “Bellman function”) argument. Let us fix the smooth curve 7. We shall
prove the estimate for all subcurves of 7, i.e. for all intervals [¢,¢2] in [a,b], we shall
prove that

(79) Hog(v(t1) "y (t2)) — (ut2) = m(t))lla < Kl o] 7

Let us first prove this in the case when the interval [t1,¢s] is sufficiently short, say of
length at most € for some very small € (depending on ). In that case, we perform a
Taylor expansion to obtain

(80) Y(t) = vi(tr) + v t)(E —t1) + %’n’l(h)(t —t1)? + O, ((t — t1)?)
and
(81) () = (t) + 77 (t) (E = t1) + O ((t — t1)?)

when t € [t1,t], and where the 7 subscript in O, means that the constants here are
allowed to depend on v (more specifically, on the C® norm of 7), and the O() is with
respect to the ||[|g norm. Also we remark that as v is assumed smooth, ~(¢1) is bounded
away from zero. It is then an easy matter to conclude that

1
(82) vty oy Ve > §||’Yz'(751)||g|t2 — 1]
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if € is sufficiently small depending on . On the other hand, from (72) and (81) we have
7 (#) = (@) (v (t1) + 7 (#)(E = t1) + Oy ((t = 11)%))

from which one may conclude that

(1) = 7(t2) exp(of(1a) (¢ — 1) + g (1) — 12)? + O] (1) alt — 12]%) + O (£ —12)"))
for all ¢ € [t1,t2], if 7y is sufficiently small. We rewrite this as
log((t1)~'(1))
=1(t)(t —t1) + %7{’(7&1)@ = 11)* + O (t1)*llglt — ta]?) + O4((t = t1)°),

and then specialize to the case t = t5. By (80), we have

log(v(t1) "My (t2)) — (m(t2) = m(t1)) = OV (1) lgltz — %) + O4((t2 — 11)°),

and hence by (82) we have (79) if ty — ¢ is small enough (depending on ) and K is
large enough (independent of 7).

This proves (79) when the interval [t1, 9] is small enough. By (82), it also proves (79)
when (|91, ,)|lv+ is sufficiently small. To conclude the proof of (79) in general, we now
assert the following inductive claim: if (79) holds whenever ||y, ,)|lvr < € and some
given 0 < e < 4, then it also holds whenever ||y, tllve < 21/7¢, providing that K
is sufficiently large (independent of €) and ¢ is sufficiently small (depending on K, but

independent of €). Iterating this we will obtain the claim (79) for all intervals [t1,?2] in
[a, b].

It remains to prove the inductive claim. Let [t1,t3] be any subinterval of [a,b] such
that the quantity A = [|y|y, 4,)[lv+ is less than 21/7¢. Applying Lemma C.2, we may
subdivide [t1,to] = [t1,ts] U [t«, t2] such that

tomlllvr <27 A< e <

vt e llves

By the inductive hypothesis, we thus have
Hog(y(t1) ™"y (te)) = (u(t) = u(tr))llg < K272/7 A2
and
Hog(y () ¥(t2)) = (n(t2) = m(te))llg < K277 A%,
In particular, we have
Hog(v(t1) ™" () llg < In(te) — n(t)lg + K272/ A%
< vl e llve + O(KA2)
=0(A(1+ KA)) =0(A(1+ Kd)) = O(A)
if § is sufficiently small depending on K. Similarly we have
[ og((t.) ™y (t2))llg = O(A)
and hence by the Baker-Campbell-Hausdorff formula (if ¢ is sufficiently small)
[ og (7 (t1) ™ 7 (t2)) —log(v(t1) " y(t) — log(v(t) ™ (t2))llg = O(A?).
By the triangle inequality, we thus have

Hog(y(t1) ™'y (t2)) = (ut2) — w(t1))llg < 2K27/7 A% + O(A?).
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We now use the hypothesis 7 < 2, which forces 2 x 272/7 < 1. If K is large enough
(depending on r, but independently of 0, A, or €) we thus have (79). This closes the
inductive argument. U

Letting w, v be any elements of the Lie algebra g, one can define a nonlinear Fourier
summation operator associated to G,w,v by means of the left trace

NC[f](k,0) =1
NIk, 2) = NCLF](h,2) (Re(e™ 2™ (a))w + (e 7 f(x))0)
or (giving a different operator) by the right trace
NC[f)(k,0)=1T
%NC[f](k:, x) = (Re(efz’”'kxf(x))w + Im(e*%ik“f(x))v) NC[f](k,x).

Above, k,x € R, NC[f] takes values in G, I is the identity element of G, and Re, Im are
the real and imaginary parts of a complex number. An example of interest is given by

G = SU(1,1), and
(01 (0 i
Y 1o) T =io0)

Combining Lemma C.3 with the variational Menshov-Paley-Zygmund theorem of the
previous section, we obtain a variational version of the Christ-Kiselev theorem [6].
Namely, we see that for 1 <p < 2andr>p

e NCAl 1y 4y < CorGaoll flloee)

and
1/r
el NClf] HL/I@//T(VJ)

Note that the usual logarithms are hidden in the d metric we have placed on the Lie
group G.

< Cp,r,G,w,v”f”LP(R) .

Extending these estimates to the case p = 2 is an interesting and challenging problem,
even when r = oo, which would correspond to a nonlinear Carleson theorem. Lemma
C.3 cannot be extended to any exponent r > 2. Sandy Davie and the fifth author of
this paper have an unpublished example of a curve in the Lie group SU(1,1) with trace
in the subspace of su(1, 1) of matrices vanishing on the diagonal so that the diameter of
the curve is not controlled by the 2-variation of the trace.

Terry Lyons’ machinery [24] via iterated integrals faces an obstruction in a potential
application to a nonlinear Carleson theorem because of the unboundedness results for
the iterated integrals shown in [26].

D. AN APPLICATION TO ERGODIC THEORY

Wiener-Wintner type theorems is an area in ergodic theory that is most closely related
to the study of Carleson’s operator. In [19], Lacey and Terwilleger prove the following
singular integral variant of the Wiener-Wintner theorem:
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Theorem D.1. For 1 < p, all measure preserving flows {T; : t € R} on a probability
space (X, p) and functions f € LP(p), there is a set Xy C X of probability one, so that
for all x € Xy we have that the limit
: dt
lim e f(Tha)—
5=0 Js<|t|<1/s t

exists for all 6 € R.

One idea to approach such convergence results is to study quantitative estimates in
the parameter s that imply convergence, as pioneered by Bourgain’s paper [1] in similar
context. We first need to pass to a mollified variant of the above theorem:

Theorem D.2. Let ¢ be a function on R in the Wiener space, i.e. the Fourier transform
¢ is in L'(R). For 1 < p, all measure preserving flows {T} : t € R} on a probability space
(X, 1) and functions f € LP(u), there is a set Xy C X of probability one, so that for all
x € Xy we have that the limits

< dt
lim [ e f(Tw)p(st)—

§—00

< dt
lir% ezetf(Tt:C)gZ)(st)?

exist for all 0 € R.

This theorem clearly follows from an a priori estimate

Jopl [ e reroin

O el 7

Lp(x
for > max(2,p’). Here we have written V" (s) for the variation norm taken in the
parameter s of the expression inside, and likewise for LP(z). The variation norm is the
strongest norm widely used in this context, while Lacey and Terwilliger use a weaker
oscillation norm in the proof of their Theorem.

By a standard transfer method ([3], [7]) involving replacing f by translates T, f and
an averaging procedure in y, the a priori estimate can be deduced from an analogous
estimate on the real line

(83) Hsng / €1t F(z 4 1) p(st) L

1

<
oy S Ml

VT (s) ‘

The main purpose of this appendix is to show how this estimate (83) can be deduced
from the main theorem of this paper by an averaging argument. We write the V" (s)
norm explicitly and expand ¢ into a Fourier integral to obtain for the left hand side of
(83) the expression

r) 1/r

K
. . dt ~
H sup sup (Z ‘ //ewf(x + t)em(s’“_s’“—l)tTgb(n) dn
k=1
Now pulling the integral in 7 out of the various norms and considering only positive n

g 50<81<-<SK
(with the case of negative n being similar) and defining & = £ +nsy we obtain the upper

Lo(z)
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il

Now applying the variational Carleson estimate and doing the trivial integral in 17 bounds
this term by a constant times ||f||z».

bound

[6(n)]dn -

sup (ki ‘ /ei(ékskl)tf(x +t)% T)l/r

fo<é1<<€x “jy Lr(x)

Remark D.3. To prove the Lacey-Terwilleger theorem D.1 from the mollified version,
one may approximate the characteristic functions used as cutoff functions by Wiener
space functions so that the difference is small in L' norm. Then at least for f in L> one
can show convergence of the limits by an approximation argument, even though one will
not recover the full strength of the quantitative estimate in the Wiener space setting.
The result for f in L*° can then be used as a dense subclass result in other LP spaces,
which can be handled by easier maximal function estimates and further approximation
arguments.

Remark D.4. The classical version of the Wiener-Wintner theorem does not invoke sin-
gular integrals but more classical averages of the type

1

— eV f(Tyx) dt .
25 Jjt)<s

We note that the same technique as above may be applied to these easier averages.
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