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Abstract

We prove a sharp L?-Sobolev regularity result for a class of generalized Radon trans-
forms for families of curves in a three-dimensional manifold, with folding canonical
relations. The proof relies on decoupling inequalities by Wolff and by Bourgain—
Demeter for plate decompositions of thin neighborhoods of cones.
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1 Introduction
In this paper we continue the study [20] of L? regularity properties of integral operators

along families of curves in R? satisfying suitable curvature and torsion conditions. The
previous article dealt with the translation invariant case, i.e., the integrals

Af(x) = /f(x —y(s)x(s)ds (1.1)
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where y is a curve in R? with nonvanishing curvature and torsion and yx is smooth
and compactly supported. The authors showed an optimal result with a gain of 1/p
derivatives for sufficiently large p, namely that for large p the operator .A maps L” (R>)
into the L”-Sobolev space Lf . The usual combination of damping of oscillatory
integrals arguments and improved L°° bounds, as employed in [24], does not apply to
averaging operators for curves in three or higher dimensions. Instead the authors had
to apply a deep result of Wolff [26] on decompositions of cone multipliers in R? which
is now known as an £”-decoupling inequality. The result in [20] can be combined with
a recent result by Bourgain and Demeter [5] which extends the decoupling result for
the cone in R3 to the optimal L” range p > 6; this combination immediately yields
A:LP(RY) — Lf/p (R3) for p > 4. A result by Oberlin and Smith [15] shows that
this range is optimal, up to possibly the endpoint p = 4.

In the current work we shall treat extensions of these results for operators which
are not of convolution type. Let 27, Qr be three-dimensional smooth manifolds and
consider families of curves M, C Qp parametrized by and smoothly depending on
x € Q. Let do, be arclength measure on M, and x, € CE’O(R3 X R3). We define
the generalized Radon transform operator R : CZ°(Qgr) — C*(21) by

Rf(x) =/M F W xo(x, y)dox(y) . (1.2)

In order to formulate our results we use the double fibration formalism of Gelfand
and Helgason (see, e.g., [11], p. 340 ff.). Assume

My ={yeQr:(x,y) e M}
where M is a submanifold of Q27 x Qg of codimension 2 such that the projections

M (1.3)

N\

QL Qr

have surjective differentials. The surjectivity assumption on the differential of M —
27, implies that the M, are smooth immersed curves in Qg (depending smoothly on
x). Similarly the corresponding assumption on the differential of M — Qg implies
that M? = {x € Qp : (x,y) € M} are smooth immersed curves in 2 (depending
smoothly on y).

The operator R can be realized as a Fourier integral operator of order —1/2 belong-

ing to the Hérmander class I (R, Qg; (N*M)") where
(N*M) = {(x, &, y,m) : (x,y,& —1n) € N* M)
with N* M the conormal bundle given by

N*M = {(X, Y, 779%.)) € T*(QL X QR) \ {0} : (E? 7]) 4 T(x,y)M} .
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LP-Sobolev Regularity of Generalized Radon Transforms

(cf. Sect. 2).
The assumptions on the projections (1.3) imply that

C:=(N*M) c (T*Qr\0r) x (T*Qr \ 0r)

with 0z and Og referring to the zero sections of the cotangent spaces 7*2; and T*Qp,
respectively. C is a homogenous canonical relation, i.e., if o7 and oy are the canonical
two-forms on 7%, and T*Qg, respectively, then C is Lagrangian with respect to
o1 — og. As is well known from the theory of Fourier integral operators (see [12],
[17]), the L? Sobolev regularity properties of R are governed by the geometry of the
projections

C (1.4)

N
T*Qp T*Qg

Since C is Lagrangian the differential (Dsry)p is invertible if and only if (Dmg)p
is invertible [12]. For the canonical relations for averaging operators over curves in
dimensions > 3 the maps 77 (and 7g) fail to be diffeomorphisms, namely for every
point (x, y) € M thereis P = (x,&,y,n) € (N*M)’ so that (Dxy)p and (Dmg)p
are not invertible.

Statement of the Main Result

We shall assume that the only singularities 7wz and wg are Whitney folds and say that
C projects with two-sided fold singularities. Recall the definition from [13, Appendix
C4]. Given a C*® map g : X — Y between C* manifolds and P € X the Hessian
g"(P) is invariantly defined as a map from ker(g’) p to Coker (g")¢(p). Then g has a
Whitney fold at P if dim(ker(g’)p) = 1, dim(Coker (g/)g(p) = 1 and the Hessian at
P is not equal to 0. Equivalently, g is such that for every point P € X, Dgp is either
invertible or g has a Whitney fold; then £ = {P : det(Dg)p # 0} is an immersed
hypersurface of X and for any vector field V with Vp € ker(Dg)p forall P € L (a
“kernel field”) we have V(det Dg) # 0 at P.

Theorem 1.1 Let M C Qp x Qg be a four-dimensional manifold such that the pro-
Jections (1.3) are submersions. Assume that the only singularities of wp, : (N* M) —
T*Qp and g : N*M) — T*Qpg are Whitney folds. Let L C (N*M)' be the

conic hypersurface manifold where Dry and Dmg drop rank by one, and let w be
the projection of (N* M)’ to the base M. Suppose that its restriction to L,

w:L—> M (L.5)
is a submersion. Then 'R extends to a continuous operator

R: L%, (QR) — Lf/p,loc(QL), 4<p<oo.
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The conclusion means that for any C°°-function v compactly supported in a coor-
dinate chart of 27 and for any compact K C Qg we have for all L? functions f
supported in K

IR F Iy, = Cow OISy

Here L? is the standard Sobolev space consisting of tempered distributions g on R3
with (I — A)*/?2g e LP(R?). It is easy to see that the regularity index s = 1/p
cannot be improved. As mentioned above the result fails for p < 4, by aresultin [15].
Regarding the hypotheses in Theorem 1.1, one may conjecture that the two-sided fold
assumption can be weakened to a one-sided fold assumption, i.e., that the assumption
of mg being a Whitney fold can be dropped. See Sect. 4.2 for further discussion of
relevant examples, and Sect. 10 for related results.

Using a theorem in [22] the regularity result can be further improved by using

Triebel-Lizorkin spaces F 1‘; 4> hamely we have

IR pip < Cpg KN fllpg, . 4 <p <00 g>0, (1.6)

forf e F 1(7), p» supported in K, this is further discussed in Sect. 9. Recall that F ;,2 =LY
and Fy , C F3 ) CF, ,=B) ,forg <2< p,andanys €R.

Notation We shall use the notation A < B for A < C B with an unspecified constant
C.

2 Generalized Radon Transforms and Fourier Integral
Representations

We recall some basic facts on generalized Radon transforms and Fourier integrals. By
localization we may assume that the Schwartz kernel of our operator is supported in
a small neighborhood of a base point P° = (x°, y°) € M. On the neighborhood the
manifold M is given by a defining function @, i.e., M = {(x,y) : ®(x,y) = 0},
where ® = (&1, ®?)T is a two-dimensional vector function defined on €27, x Qg and
such that ®(Py) = 0. The Schwartz kernel of our operator is given by the measure
x 8 o ® where § is the Dirac measure in R? and y is C* and compactly supported
near the base point which can be chosen to be the origin in R? x R3. By the Fourier
inversion formula the Schwartz kernel is an oscillatory integral distribution, formally
written as [11,12,24]

()8 0 B(x, y) = (2m) 2 f f FEPENTTOEI (o e (2.1

Since the projection M — 2 is a submersion, the 2 x 3 matrix & has rank 2, so by
a linear change of variables in y, near yg we can assume that det[Vy/Cbl , Vy/<1>2] #0
where ¥y’ = (y1, y2)T. Then (x, y3) can be chosen as the local coordinates on M, so
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LP-Sobolev Regularity of Generalized Radon Transforms

that the equation ® (x, y) = 0 is equivalent to
yi =S8 (x1, x2,x3,y3), i=1,2. 2.2)
Since ®(x, S', 2, y3) = 0, we can write
2
D(x,y) =Y (S'(x,y3) — y)Bi(x, ) (2.3)
i=1

where

1
Bi(-x’ )’) = _/() cby,'(-xv S(.X, y3) +S(y/ - S(X, y3))’ )’3)ds

Since ®,, and ®,, are linearly independent on M, by choosing the cutoft x to be sup-
ported sufficiently close to M, we can ensure that By and B; are linearly independent
as well. The equation (2.3) can therefore be rewritten as

®!(x, y)> (sl(x, ) — yl)
= B(x,
<<1>2(x, w) =PI (2030~ 2
where B(x, y) is the 2 x 2 invertible matrix whose column vectors are By and B,.

Since the projection M — Qp is a submersion the x-gradients S; (x, y3), S% (x, y3)
are linearly independent. Now (2.1) can be rewritten as

x(x,y)80®@(x,y) = x(x,y) e TN gr

reR?

_ o xxy) // i(.SCy3)=Y) gr.
" Jdet B(x, y)|

Then in a neighborhood of the reference point P the canonical relation, that is the
twisted conormal bundle (N*M)’, is given by

(2.4)

(L E ) iy =S8 (x,y3), i =1,2, & =18(x, y3) + 1282 (x, y3),
n = (t1. 72, —T1 S}, (x, y3) — 1257, (x, ya))}.

Thus using (x1, x2, x3, T, T2, y3) as coordinates on (N* M)’ the projection my :
(N*M) — T*Q is identified with

7L (1, X2, %3, T1, T2, ¥3) > (0, TS (x, y3) 4 1 SE(x, ¥3)). 2.5)
Then
det D7, = det(Sy. S7. 718}, + T255,,) = TIAI + 2 Ay
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with

Ai(x,y3) = Ais(x, y3) = det(S}, 2, s

X0 Exe x)’3)|(x,y3)’ i = 1’ 2. (26)

Hence L is the submanifold of (N* M)’ consisting of (x, &, y, ) such that

£ =118} (x,y3) + 2S7(x, y3), 0= (11, T2, —T1S), (X, ¥3) — 125, (x, ¥3)),
yi=S80,y), i=12 1A, y3)+ A x, y3) = 0.

3 Curvature

We shall show that the assumptions in Theorem 1.1 imply a curvature condition on
the fibers of £, as formulated by Greenleaf and the second author in [8].

Let A; be asin (2.6) and P° = (a°, S'(a®, b°), $*(a®, b°)) be our reference point.
The following preparatory observation is based on the assumption that z in (1.5) is a
submersion.

Lemma 3.1 We have

[A1(x, y3)| + [A2(x, y3)| #0

for (x, y3) near (a, b).
Proof By continuity we have to check |A| 4+ |Aa| # 0 at P°.

Let 7° € R%\ {0} and let £° = 77 S} (a°, b°) + ©5S2(a®, b°). Clearly if (a°, £°) ¢
(L) then T Ay(a®, b°) + 17 Az2(a®, b°) # 0 and therefore we may assume that
(a®,&°) e mp (L), i.e.,

7 A1(a°, %) + 1, A2(a°, b°) = 0.
Let Vi, be a kernel field which we may write as

2 3
0 0 0
Vi, = o (x, 1) — +az(x,1)— + Bi(x, y3,7)—
,; ' aT; dy3 ; ' ax;

where 8; = 0, by (2.5). We have

Vi(tiAr+ T2A2)|(ao,bo’

7°)

2 2 A
= i@, t°)Ai(@, b°) + a3’ 1°) Y :rfa—y’(a",b%.
: 3
i=1

i=1
We argue by contradiction and assume that

Ai(@®,b%) =0, i =1,2. 3.1
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By assumption V (detry) # 0 on L. Using (3.1) we get

IA
o —t (a b)Y + 1T 28—(a ,b°) £ 0. (3.2)

ay3

Hence we can, for (‘;—l, X, y3) near (%, a®, b°), solve T1A; + 15A; = 0 in y3 and
obtain a function y3(t1, 72), homogeneous of degree 0, so that

T1A1(x, y3) + 2A2(x, y3) =0 <= y3 =n3(x, 7).
Implicit differentiation gives

a3 Ailx,7,13)
aT; ‘[13),3A] +‘L’23y3A27

=1,2. (3.3)

Now since we assume that @ : £ — M is a submersion the differential of the map
(0, 1) > (81 03(x, ), 87 (0, 03(x, 1)), 03(x, 7)) is surjective. This implies
that

3y, ST (x, 93)87, 03 Dy ST (x, 93)3r,03
rank [ 8y, S2(x, 93)37, 03 dyy S (x, 93)dn03 | = 1
arl US afzt)S

and thus [0, 93| + |dz,93] > 0. But by (3.3) this implies that at least one of the
A;(a®, b°) is nonzero, yielding a contradiction to (3.1). O

It will be useful to explicitly construct a kernel field Vi, in a conic neighborhood of
L. Notice that £ = £+ U L~ where £ =

{0 Ep(= DSy + A1S). ST 33), 87 10 3, T £p(A28), — A1S7)) 1 p > O},

We identify 77, with 777 as in (2.5).
Lemma 3.2 Define I'; (x, y3),i = 1, 2, by

Iy =det (S} S7,, SE,) (3.4a)
Iy = det (S}, 57 57.,) - (3.4b)
Let
+ el 0 9 d
Vi = = (D)5 -~ T =) + 5= ()
/a2 4 A2 al 2] 3

Then VLJF, V, are kernel fields for 7y near L, L, respectively.

Proof We take T = £p(—Aj, A1) and then the assertion reduces to showing that

+ Ay S? =0. (3.6)

I8! — 182 — AyS)
e z 3 (x,y3)

*y3
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Denote the left-hand side by W. We first observe that
det (S! 82 A1S!+ A2S2) = AT + A}

which is nonzero, by Lemma 3.1. We use that three vectors vy, vy, v3 € R3 form a
basis of R if and only if the vector products vi A v2, v A v3, V2 A v3 form a basis,
and apply this fact to {S], Sf, A1S! 4+ A2S82 ). Now W = 0 follows by checking

; xy3 xy3
(W, SEA(AIS), + ApS2 ) =0, fori = 1,2, and (W, S} A §7) = 0. These are

straightforward to verify. O

We now consider the fibers in 7*Qy, of 7y (£), namely

Y, = {(x, 7 SH(x, y3) + 0282 (x, y3)) :

TAE, ) + A2, 33) =0, [7] £0]. (3.7a)

3, is a cone which splits as U E;E where

ST = {£pE@, y3) 1 p >0} (3.7b)
with
B(x,y3) = —Ao(x, y3)Si(x, y3) + A1 (x, y3)SE(x, ¥3) . (3.7¢)
Next, for p > 0
VE(T A(x, v3) + T2 A (x, = 4K (x, y3) (3.82)
L (TiA(x, y3) + 12 A2(x, ¥3)) (AL P y3
where
k(x,y3) =T12A1 —T'1Ar + A]Az’y3 — A2A1’y3 oy . (3.8b)
s Y3

This quantity is nonzero, by the assumption that 7, projects with a fold singularity.
The following lemma will be crucial to establish the curvature properties of the
cones Xy.

Lemma 3.3 Let k be as in (3.8b). Then

= —[k(x, y3)I*.
(x,y3)

Proof We have

E=—AsS! + ASZ,
By, = —A2.,S) + A182 — AyS]

Xy3

+ A S?

xy3?
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and

— _ 1 2
Eysyy = = D2,y33 8¢ + Aty Sy

— 2003388y, + 201,582, — AaSh L+ ALS2

where all expressions are evaluated at (x, y3). Also

E A By, =(A1A2,, — AaA1 ) (S! A S
+(A1ST = AaS)) A (A1S,, — A2y,

xy3
Define
E = A1Apy — A2Aq ;.
Diligent computation yields
5

A By, Bysys) = § :Ai

i=1

[l

(

where

Al = —2E?,

Ay = E(Apdet (S} 82 82,.,.) — Axdet (S SZSL..))
2 1 x Px Pxyzys 2 X Yx Nxysyz) )

A3z = (A2A1,y5y; — A1A2,y5y)(A1A2 — Ay A1) =0,

Ay =2E(AT — A1)
and

+ A S?

A5 = — A2A1<S; A 83— A2 S] xysys>

xy3 Xy3y3

2
+ AISXy3y3)

2
+ Aley3y3>

2

+ A%(S; AS! —AyS]

xy3 XY3y3
Xy3 Xy3y3

+ A%(Sf AS2 . —AsS!

- AlAz(sf AL —AyS]

xy3 Xy3y3

We rewrite the expression As = As | + As 2 where

Asy = Addet (S} AyS2,, SL.,.) — Adet (S! AxS), SL L)

XY3 TXY3Y3 XY3 TXY3Y3
— ArAydet (S7 A1SZ, SL ) + ArAgdet (ST AaS),

2
xy3 Xy3y3 xXy3y3

(3.9)

SJ\I’YS)B)
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and

Asy = Afdet (S2 AyS2, S2,.,) — ATdet (S2 AxSL, S2,0)

XYy3 TXY3Y3 XY3 TXY3Y3
— AoAjdet (S} A1ST, S2. )+ AsAgdet (S7 A2SE, SE,)

Now by (3.6) we have
AT, = AgSy, = —TS 4+ T S7.

We use this to simplify As ; and As to

Asi = Ay(T1Ar — TaAp) det (SESZ 8L,

xy3y3
Asr = —A1(I'1 Ay — T2 Ap) det (S; S)% S§y3y3) .
We combine these formulae with the previous ones for Ay, ..., Asandusethat A3 = 0.

We get

(9]

ZA]- = —2E> 4+ 2E(A,T) — A1)

j=1
+ (E+ ATy — AT ) (A det (S} ST S3,,,,) — Aadet (S} ST S3,,,0)) -
Now using
det (Sy 87 St,..,) =Aiy =T, i=1,2,
we obtain

Aj = —2E* +2E(AT — A1)

e

j=1
+ (E+ AT — AT ) (A1A2 y; — AT — AgAqy; + AT
= —E* —2E(A\Ty — AoT'y) — (AT — Agl'y)?
= —(E + ATy — AolNy)?
which gives the assertion. O

We now examine the curvature properties of the cone X, = {pE(y3)}. Lemma 3.3
implies that 8 A Ey; # 0. The second fundamental form at p E(x, y3) with respect to

the unit normal N = —Ifﬁgle is given by
EnEy,
(/)(
(

[ O]

yavas V) <Ey3’N>> _ <P<Ey3y3’N> 0)
, N) 0 ’

Y3
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Now, by Lemma 3.3,

0

"~ |EA Byl

)= —pi (x, y3)°
[EAEyl

[l

det (2 By, By, (3.10)

P(Eysy3: N)

and the fold condition says that k¥ does not vanish. Hence X, is a two-dimensional
cone such that everywhere there is exactly one nonvanishing principal curvature, and
it is given by (3.10).

4 Some Model Operators

The examples motivating the present paper originate from problems in harmonic anal-
ysis and integral geometry. We list a few of them below. The notation used in each of
these examples is self-contained.

4.1 Averages Along Curves with Nonvanishing Curvature and Torsion

Let y : I — R3 be a compact space curve with nonvanishing curvature and torsion.
Then, the integral operator .4 in (1.1) is an example of a Fourier integral operator of
order —1/2 with two-sided fold singularities. Clearly the projection z in (1.5) is a
submersion. Thus we recover the result that A : L? — Lf /p for p > 4 which is
known by a combination of the results in [5,20]. The theorem in this paper shows
that the Lgomp — Lf /p estimate holds true for small variable perturbations of the
translation invariant case.

4.2 Restricted X-Ray Transforms in R3

Arestricted X -ray transform in R is the restriction of the X-ray transform to a line com-
plex, that is, a three-dimensional manifold of lines. Under a suitable well-curvedness
assumption it was shown in [9] (see also [8]) that (local versions) of this operator are
Fourier integral operators of order —1/2 for which the projection wg has Whitney
folds. For a class of generic line complexes we have two-sided fold singularities but
this is not the case for the important class satisfying Gelfand’s admissibility condition
(see [9]) which is relevant for invertibility of the restricted X-ray transform. The opti-
mal L> — L% /4—Sobolev regularity for the latter was obtained in [10], and can also
be seen as a part of a result on more general Fourier integral operators with one-sided
fold singularities in [8].

We discuss a model case. Let / be a compact interval and y : I — R? a smooth
regular curve y (t) = (¢, g(t)), t € I. We assume that y has nonvanishing curvature,
ie.,

g’ #0, tel. 4.1
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Let B € (—1,1) and let e; = (0, 1) € R2. For f € C{°(R3) we define

Rp f(x1,x2,1) = x1(2) / S+ 52,00+ 5(Bxa + g(1)), s)xa(s)ds  (4.2)

where x’ = (x1, x2) and x1, x2 are smooth real-valued functions, with x| supported
in the interior of 7 and x» with compact support contained in R \ {—g~'}.
We examine the adjoint operator which is given by

Rjh(x) = / h(S'(x, y3), $7(x. y3), y3) x2(x2) x1 (y3)dy3

with
Sy = —ys S2x,yy) = 2800
b 1 9 9 1 + X3ﬂ .
Then (S} S2 7 S)%ys + rzS)%B) is given by
1 0 0
0 (I1+x38)" 0
_ —g(y3)—Bx2 o g (y3)
Y3 T(4up)? U~ 2072
and hence
-1 g (y3)
detm;, = 1A+ Mo =—(1+x38) (1 + ).

(1+x38)>

Now /03 is a kernel field and the fold condition holds iff and only if (4.1) holds on
1.
The cones X, are given by

%, = {g €R3:E=A(—g' (1), 1 + Bz, 18 (1) — g(t) — B2, hER, t € 1} .

To check that the cone X, has one nonvanishing curvature everywhere one verifies
that the plane curve I'(r) = (—g/(r), tg’(r) — g(¢)) has nonvanishing curvature. This
holds since I'\ " — /TS (1) = —(g" (1)

In order to apply our main result one also needs to check that the projection g (for
the adjoint R;;) has only fold singularities; this turns out to be the case when 8 # 0.
TR is given by

(X1, %2, X3, 71, 72, y3) > (81 (x, y3), $7(x, y3), y3, 71, T2, T1 S, + 1255,)
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and a calculation shows that Vg = y3 aixl + a% is a kernel field. Then

2

VR(TIAL + 10 A2) = —1g' (y3) ————— .
R(T1A1 + 12A2) 28 (Y3)(1+ﬂx3)3

Thus, if B # 0, wr has only fold singularities. Now Theorem 1.1 implies that for
I,i # 0 the operator Rj; maps L” to Lf/p for p > 4, and more generally LY to LZ+1/p’
ence

Rg:L? — LY 1< p<4/3, 4.3)

1/p"

when B8 # 0. Our theorem does not apply to the case 8 = 0, when wx has maximal
degeneracy (a blowdown singularity). However by a rather straightforward argument
it was shown in [19] that (4.3) remains valid if 8 = 0 (provided one uses the result
by Bourgain and Demeter in conjunction with [19]). This leads one to conjecture that
the assumption on Dy in Theorem 1.1 can be dropped.

4.3 Averages Along Curves in H'

Convolution operators on noncommutative groups can often be analyzed as generalized
Radon transforms. Let us consider the Heisenberg group H' which is R? with the group
multiplication defined by

X-y= (Xl + Y1, X2+ Y2, X3 + y3 + %(xlyz —xzyl)).

4.3.1 Measures on Curves in the Plane

Let I be a bounded open interval and g € C*. We consider convolution on H' with
a measure on R? x {0} supported on {(z, g(¢),0) : t € I} where g”(¢r) #0fort € I.
For x € C§°(I) define pu by

(., f) = / £t g(0). 0)x (0di
%
and the convolution
Arf@) = f*ux) = / Fx =y a3 = Sy, = xay0)duo(y).

Then A f(x) can be written as f FO1, S2(x, y1), S3(x, y) x (x1 — y1)dy; with

S2(x, y1) = x2 — g(x1 — y1),
3 X1 X2
S7(x, y1) = x3 — 78()61 —y1) + ?(Xl - y1).
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As observed in [14], A; is a Fourier integral operator with folding canonical relation
(i.e., Ty, and g) project with folds. Moreover

TL(N* M) = {(x, S5, y1) + 13S3(x, vy}

and detr;, = g”(x; — y1)(12 + 13x1/2) and thus X is given by the parametrization
- 3
E(13,1) = 3()62 —g(), —x1 +1, 1).

This example and higher dimensional versions were considered in [14] for the L?-
Sobolev category, together with some refinements, that yield sharp maximal function
estimates on H", n > 2. The measure in the horizontal plane can also be replaced by
other measures in other planes transversal to the center, in which case the estimates
in [14] yield less satisfactory results for maximal function bounds. However in this
case sharp LP-Sobolev estimates and maximal function bounds for n > 2 have been
recently established in [1], using methods which are closely related to the current
paper. For a more recent result on circular maximal functions on the Heisenberg group
see [2] where the case of Heisenberg radial functions is considered.

4.3.2 Averages Along Space Curves in H'
A closely related example was considered by Phong and Stein [18] and Secco [23].
Letyy : I — H! be the curve given by y,(s) = (s, s2, as?), where « is a real-

valued parameter, and / a bounded interval. Given a cutoff function x € Cgo(l ), let
us consider the singular measure s, on H! supported on y, given by

(Has f) =/If()/a(S))X(S)ds,

and the right convolution operator by (i:
Asa () = f % pa(x) 1= / fove) Dds,  xeH. (44

As shown in [18] A3 4 is a Fourier integral operator, with two-sided folds for o % :I:é

and with one-sided folds for @ = :i:%. A special role of the parameters :I:é has also
been observed by Secco [23] in the context of L” — L7 estimates. It is straightforward
to verify that the projection 7, in this problem is a fold if and only if @ = é, and the
cone Xy C Rg is generated by the parabola

f1=F+26a— D f=-3 —6a—Dr. &=L

Our result yields the sharp L? regularity properties for all « € R\ {#-1/6} but it does
not cover the cases @ = £1/6. Bentsen [4] obtained a sharp L? regularity results for

@ Springer



LP-Sobolev Regularity of Generalized Radon Transforms

a class of averaging operators over curves in the Heisenberg group for which one of
7y, g is a fold and the other is a blowdown. It turns out that in the case « = —1/6
of (4.4) the local regularity results follow by changes of variables directly from the
regularity results for the restricted X-ray transform in (4.2) when 8 = 0 (i.e., the case
considered in [19]).

5 Basic Decompositions

We decompose dyadically in 7 (for large 7). Then for |7| &~ 2% we decompose further
according to the size of 27% det r; which is approximately the size of 27%(r;A| +
72 A7), whichis also approximately the distance to the fold surface. This decomposition

is standard and goes back to [18] (with earlier precursors).
Let ng € C2°(R) be an even function so that no(s) = 1 for |s| < % and supp(no) C

(=1, 1), and set i (s) = no(5) —no(s). Then no(s) + Y = 11 (2" *s) = 1 fors > 0.
Define

xe(x, v, ) = x (e, yym 7Kgy fork > 1, (5.1a)
x0(x, v, 7) i= x(x, y)no(z]), (5.1b)

and, after changing variables in t
R f (x) = 2% / / e H Sy (x, y, 26 0)d f(y)dy, (5.1¢)

with (7, S(x, y3) — y') = 21'2:1 7 (S'(x, y3) — y;) and now |t| &~ 1. We then have

Rf=) Rif

k>0

for all Schwartz functions f. For 0 < ¢ < |k/3], let

Gy 25 0m 25 (mAL + 1Ay). if € < [k/3],
Xk,f(xv Y, T) = k LKJ .
xk(x, y, 250mo (251 (1AL + 1 AY)), if €= k/3],
and
Rio(x,y) = 22k / ei2k<f‘y/*s(x’y3)>)(k,g(x, v, 2k‘l,') dr, (5.2a)
Recf ()= [ Ruetr. 0 f0)dy. (5.2b)

so that Ry = ) ¢<k Ri¢. For k > 0 the t-integration is extended over a subset
=3
of the annulus {1/2 < |r| < 2} (indeed the intersection of this annulus with a
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C2’e-neighb0rhood of a line I(x, y3)). The quantity 11 A 4+ 12A2, when [t| = 1
is comparable to the distance to the fold surface L.
The by now standard L? estimate for the operators Ry ¢ is

L=k

IRiellp2p2e S22 (5.3)

for ¢ =0,1,...k/3], see [7]. The following estimates will be the main ingredient
for the proof of Theorem 1.1.

Theorem 5.1 Let 0 < € < 1/6. For £ < |k/3] we have
26(64‘%*%)2*%’ 4 < p< 6,

IRk elzr—rr < Cep 4™y iee, & - (54)
2 P2 P, 6=<p<oo.

The endpoint Sobolev bound will follow from this theorem with some additional
arguments, see §9.
The main important tool in the proof is the following decoupling inequality.

Theorem 5.2 Let ¢ < k/3 and let € > 0. Let, forv € Z

H) = FO -ty 2-¢41y(03)- (5.5)

Then for2 < p <6,

1/p
<Ce 1y (Z HRkeva”) +C27M NNy (5.6)

Theorem 5.2 will be proved by induction, see §8. In each induction step we will
combine a standard application of the Wolff-Bourgain—-Demeter decoupling theorem
in combinations with suitable changes of variables.

Proof that Theorem 5.2 implies Theorem 5.1 We first note that for g, € L and with
Lye(y3) := 1[2%\;,272@4_1)]()’3)

sup [|Ri.e[Lv,e8v1] o, S 27 supligyllco- (5.7)
v v

To see this one derives an estimate for the Schwartz kernel Ry ¢(x, y) by integrat-
ing by parts, distinguishing the directions (A1, As) and (—Aj, Ay). This shows that
|Rie(x, I < Cw [Ti=; Uk.e.i(x, y) where

2k7€
Uke1(x,y) =
YT U+ 2 A(n = SH + A2 — SHDY
2k
Ukeo(x,y) =

(142K = Aa(y1 = SH + Ar(y2 — SHDY
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where S!, $2, Ay, A, are evaluated at (x, ¥3). We integrate in (y1, y2) first and then
use that the y3 integration is extended over an interval of length 2~¢. This yields (5.7).
From (5.3) and averaging with Rademacher functions we also get

1/2 1/2
—k
(Z HRk,emv,zgv]l@) 27 (Z ||gv||2) :

and by interpolation,

1 1
P
(Z“Rkl[hugv]Hp) <2/Ghy" P<Z||gu||,,> . 2<p=oo. (58)

Combining this with (5.6) we obtain

|Reef], S C:2 25D p0,, 22 p <6

Finally from (5.7) we also have the bound || R ¢llro—rc = O(1) and a further
interpolation gives the inequality asserted in (5.4) for 6 < p < oo. O

An Estimate in Besov Spaces
Theorem 5 iiinplies an estimate in Besov spaces. To see that we let L be the operator
definedby Ly f = p(2*¢ )fwhere pecCx (R3\{0}). Integration by parts arguments
show that there exists a constant C such that

ILeRieLirllr—rr < Cy2~NmXERKD i max{k — k'], [k —k"|} > C (5.9)
whenever min{k, k', k”} > 3. This, together with the main estimate

IRkl Lr—rr < C(p)27/P for p > 4. (5.10)
implies the boundedness result
Rt (B Jeomp = (ByigMioc. for p > 4.

For the more sophisticated Sobolev bounds, and improvements, see §9.

6 The Decoupling Step in a Model Case
In this section we consider a model version of the operator R ¢ defined in (5.2), where

the functions S’ are replaced by &' satisfying additional assumptions at the origin,
see (6.9). These normalizing assumptions will enable us to carry out a decoupling step

@ Springer



M. Pramanik, A. Seeger

as suggested by the Bourgain—-Demeter decoupling theorem which we review in §6.1.
The reduction of the general case to the model case will be carried out later in Sect.
8, using suitable changes of variables discussed in Sect. 7.

6.1 The Bourgain—-Demeter Decoupling Theorem

Let ko # 0 be a constant. We use the decoupling result in [5], for the part of the cone
T = (€ : kob2ks + 387 = 0}
where |&| &~ 1, |§1| < 1. A parametrization is given by
£(b, 1) = M(—kobe + €2 — Skob?e3)

where |A| ~ 1, |b| < [b|Mp < 1. Let
ad
Ti(b) = o—£(b, %) = —xobe1 + e2 — yKob’es, 6.1)
be the tangent vector pointing towards the origin and let
5 1,10
Tr(b) = —ky A ﬁé(b, A) = e1 + bes. (6.2)

Then T (b) and Tz (b) form a basis of the tangent space of ¥ at A& (). A normal vector
is given by ~
N(b) = T1(b) A To(b) = bey + Skob*er — e3. (6.3)

For the definition of our plate we need to replace T (b) by a vector in the span of 71 (b)
and 73 (b) that is perpendicular to 77 (b). Such a vector is given by

1
Ty(b) = <1 - ZK§b4> e1 + kob (1 + %bz) e + (b + %K§b3) e3
= e| + kobes + bes + O(b). (6.4)
Let A > 1.Ford <« 1 let

IT4,,(8)
= feemts att <|(@e) < a (R < a0 (e = 422)
(6.5)

One refers to the sets I14 ,(8) as plates; they are unions of A(1, 4, 8%)-boxes with
the long, middle, short side parallel to 77 (b), T>(b), N (b), respectively.
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Theorem [5]Lete > 0, A > 1. There exists a constant C (¢, A) such that the following
holds for 0 < 61 < §p < 1.

Let B = {b\,}f)"[=l be a set of points in [—1, 1] such that |b, — b,| > &1 for
by, by € B, v # V', and B is contained in an interval of length 8. Let2 < p < 6. Let
fv € LP(R®) such that the Fourier transform of f, is supported in IT A.b, (81). Then

Db

1/2
< Cle, A)(Bo/81)¢ (Z ||fu||§,> . (6.6)
p v
One also has

1/p
Go/& e (S,1805) T p 6
S C(Gv A) /P
p Go/O P (L 1A05) T 6<psoo

Yo b

This is the ¢7-decoupling result that was first proved for large p by Wolff [26]. (6.7)
follows from (6.6) by Holder’s inequality and interpolation arguments. Our proof of
Theorem 1.1 will be based on (6.6) but could also be based on the case p > 6 of (6.7),
as it was in [20], in the case of convolution operators. A variant of this argument was
also given in the manuscript [21] on the variable case, an unpublished precursor to the
current paper, with only a preliminary result.

6.2 The Model Case

Fori = 1, 2 consider C™ functions (w, z3) — & (w, z3) defined on a neighborhood
U of [—r, r]*, for some r € (0, 1). Assume that M, satisfies

M() Z 2 + ”61 ||C5([—r,r]4) + ”62”6‘5([_,’,]4) (68)

where the C° norm is the maximum of the supremum of all derivatives of order
0,...,5. We assume that for w € [—r, r]?

(6',6%,61)| .0 = (Wi, w2, w3); (6.92)
moreover
2
6wz3 0,0) =0, (6.9b)
and
&5,242, (0. 0) = . (6.9¢)

Letin (5.1a) the function xg be supported in a neighborhood V of (0, 0) € R3 x R3
which is of diameter < 10719My <« r and let (w, z) — a(w, z) be a C* function
satisfying

My < Ja(w, 2)| < My (6.10)

and with the higher derivatives of o depending on My and the order of differentiation.

@ Springer



M. Pramanik, A. Seeger

Let (w, z3, 1) — ¢(w, z3, 1) belong to a bounded family of C* functions sup-
ported where —r < w;,z3 < r and 1/4 < |u| < 4. Let n be C* and supported in
(=2, 2) and let 7 ¢ be the operator with Schwartz kernel

Tio(w, z) = 2% o2 (1. S w.23)~7)
e(w, -
4 S S
xn(2°a(w, 2)(ui1 AT (w, 23) + w2 AT (w, 23))) ¢ (w, z, ) d .
6.11)

Here A,.G(w, 73) = det(G,lu, 62w, G{UQ). We shall omit the superscript and assume
throughout this subsection §6.2 that A; = AI.G. The operator 7% is a version of
Rkt defined before under the additional assumptions in (6.9). We need to include the
function « in the localization to provide added flexibility in the later stages of the proof
of Theorem 5.2 when we apply repeated changes of variables (cf. formula (7.15)).

The basic decoupling step is summarized in

Proposition 6.1 Ler 0 < € < 1/2. There is a constant C. so that the following holds.
Let £ < |k/3] and let

80,81 € (M3220~t1=€) 9=t =202y (6.12a)
such that
219 Mo max {(2~¢80) 72, 87/%} < 81 < &. (6.12b)

Let Iy be a collection of intervals of length 61 which have disjoint interior and which
are contained in [0, 8]. Let a € R3, ¢ € CZ° supported in (—1, 1)3 and ¢p0(w) =
g(2eu)). Then for2 < p <6, forg € LP(R3) and g1(y) :=g(y)1;(z3) we have

1/2
o O Teegr| <Ce6o/o | Y lseoTeesi|s | +C2 gl

IEIJ P IEIJ

(6.13)

In order to apply (6.6) in this situation we need to consider the Fourier transforms
of ge0) e, Tk.eg1 and show that they are concentrated on the plates 2k A (81)
for b; € I and suitable A > 1. We establish this plate localization in Sect. 6.4 and
conclude the proof of Proposition 6.1 in §6.5.

6.3 Derivatives of S and A

We use this section to record some facts needed later in §6.4, about various derivatives
of &' (w, z3) and A;(w, z3), under the assumption that

lwloo <27¢ < 80, |23 < S0, (6.14)

under the specifications in (6.12).
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6.3.1 Taylor Expansion of &}, and &2,
Lemma 6.2 Let w, z3, 2, 8o be as in (6.14). Then

Gh(w,z3) = e1 + 2363 + E'(w, 23)

& (w, 23) = 2 + Sro0z3e3 + E*(w, 23)

where
lei, ENw, z3))] < 8Mo83, i=1,2,3,

and

lei, E*(w, z3))| < 8Mo83, i=1,2,
l(e3, E*(w, 23))] < Mo(88027 4 257),

Proof We expand using conditions (6.9a) and obtain

Gl (w,z3) = e1 + 233+ E'(w, 23)
&, (w, 23) = ez + E*(w, 23)
where for v = 1,2 we have (¢;, E') = I, , + I , + I11; , with

3 3

1
I v(w, 23) =f (1= &Y (W, sD)wjwi ds
0 =1 k=1
1 3
I v(w, z3) =/0 (1 —s)226”w’,wjz3(sw,sz)wjzgds
j=1

1
111 y(w, z3) = / 1 - S)G;izm(sw, sz)z% ds
0 323
and obtain the bounds

2 —20
11,y (w, 23)| < 3Molwl3, < 3 Mo2

1110 (w, 23)| < §Molwlsolzs] < 3M27%8

(111, (w, 23)] < §Molz3* < 3 Modg.
Recall kg = szmm (0, 0). For i = 3, v =2 we expand further
1115w, z3) = %KQZ% + E3o(w, z3)
where

|E32(w, 23)] < Mo(31wlsslz3l® + S123I°) < 2Mod;

(6.15)

(6.16)

(6.17a)
(6.17b)
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(where we used 27¢ < §p). Combining terms we obtain the stated error estimates. O

6.3.2 Computations Involving A and A;

By the assumption §y < 2_10M_l we have from above IG}W (w,z3)| < 2,
|62 (w, z3)| < 2 and |6w (W, z3)| < 2. Moreover |6wz3(w,13)| < 4Mpdy < 1.
Usmg upper bounds for &', 62}23 and higher derivatives, the permutation formula
for determinants, trilinearity of the determinants and differentiation of products, we
see that any first-order partial derivative of £A; is a sum of 3 - 6 terms, each bounded
by 4Mj. Hence any first-order partial derivative of :I:Al.6 is bounded by 72M, and
similarly, by the structure of the A;, any second-order partial derivative of :i:Ai6 is
bounded by 216 M. Moreover, any third-order partial derivative of :I:Al.G is bounded

by 54 - 2M§. These observations also yield
|A1(w, 23) — 1], |A2(w, 23)| < 72Mody <2717

In Sect. 6.4 we shall use a Taylor expansion and rely on the conditions (6.9). This
yields

Ai(w,0) =1, Az(w,0) =0,

and straightforward computations give

Aty w,0) =6 (w,0)+6&2  (w,0)
Ay i (w,0) = wm“(w 0) + Gwm(w, 0)
and thus
A1 (0,00 =& (0,0), Ar(0,0) =62, ... (0,0) = kp.
Further calculations give
Ay ,2323 0,0) = 363012%3 0,0) + Gwzzsz% 0,0) + Gwzzzzzzs 0, 0)
A2,233(0,0) = 26%}1&13 (0,0) + 6w3z313z3 0, 0),
Atw;z(0,0) = wzw 23(0,0) + wa 2323(0,0)
A2.,55(0.0) = &2, _...(0.0),
and
Aq w,wk(o 0) =0
A2 wjwk (O 0) (07 O)

w3Z’§ijk
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6.4 Plate Localization in the Model Case

The following lemma contains the information that will allow us to apply the decou-
pling inequality (6.6).

Lemma 6.3 Let 8o, 81 be as in (6.12). Let 27% <« r, Mp2~¢ < 2710w e [-27¢,27¢],
lz3] < 0. Suppose 1/4 < || < 4 and

1AL (w, 23) + 2 Ao (w, 23)| < Mo2™". (6.18)
Then
Gl (w, z3) + 12G2 (w, 23) € Map(S1), A =2(1 + |ko|). (6.19)

Proof We examine the quantity 1] GL} + MZGZw, for 1/4 < |u| < 4 and under the
condition (6.18), and rewrite it as

1
A—l((mm + 12808}, + 12(A18 — A26)). (6.20)

The assumption (6.18) and || € (1/4, 4) implies that |;1] < 273 and hence |u2| €
(1/5,4).

The second expression in (6.20) is the main term for our analysis. We use a Taylor
expansion:

3
A162w—A26110 :€2+U0Z3+ZU/'XJ'
(w,z3) =

| 3 303
2
+ 3 0,023 +2 Z V0, jZ3W; + Z Z Vj W Wk
=1 j=1k=1

+E(w, z3) (6.21)

where £(w, z3) is the Taylor reminder which vanishes of third order. Since A (w, 0) =
1, Az(w, 0) = 0 the leading term is e;. For the R3-valued coefficients of the linear
term we get (with all terms on the right-hand side evaluated at 0, and using input from
Sect. 6.3)

N

w wz3

Vo = A1,Z36%) + A]Gz — A2 ,6

wz3

0,0
=6!  (0,0)er — koer

w37373

and, for j =1, 2, 3,

vj = Al,w_,'Gi) + Aleww.i N Az’w-"Gllu a Azgzluwj ©0.0)
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For the coefficients of the quadratic terms we have

V0,0 = Al,z3z362w + 2A1,z362 + A G2

wz3 wz3z3

— A2 BL —2A, 6L — AG]

wzi3 wz373 (0’0)
= (Sl — B2aa)el + (s, + Braa)er + (S, = 28250e3| |
in particular
(v0,0, €3) = —KQ. (6.22)
Moreover, for j = 1, 2, 3,
=062 A, B2, + A1 G + Ay, G
voa,] =/l ww;z3 + Lw;jOwzs + 1,23 ww + Lw;jzzPw
1 1 1 1
- AZwa,-zg - A2>wj6w23 - A2»236wwj - AleZSGw‘(O’O)
2 2 2
= (B2 y0y — Dry)er + (82, o+ Aruyzy)er + 6,,,3w_,z3e3\(0’0),
and, for j,k=1,2, 3,
o 2 2 2 2
Vjk = Aleijk + Al,wj wak + Alykawwj + Al,ijkew
1 1 1 1
- Azwaj-wk - AZ,ijwwk - Azykawwj - A2sijk6w ©0.0)
= Al,ijk (0,0)ex — AZ,ijk (0,0)ey.
Gathering terms in the above Taylor expansion leads to
A16i — AzG},J‘ = ey — kpz3€] — %Kozga
(w,z3)
3 2
+ 6se5 (0, 02302 + Z Gi}awm 0,0)wjzzes + Zri(w» z3)ei + E3(w, z3)
j=1 i=1
(6.23)
where we get
|6 1)5252, (0, 0)z3| < Modo, (6.24a)
and by assumption (6.12b),
3
D 1St 0. Owjizs| < 3Mo27 80 < 87 (6.24b)
j=1
For the quadratic error terms in the first two coordinates we have
Iri(w, 23)| < 8Mod5 . i =1,2, (6.24¢)
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and finally for the cubic error terms we have the straightforward estimate
1E3(w, z3)| < 22°MG8;. (6.24d)

Now consider the situation where |z3 — b| < §;. Let T(b) be as in (6.4), that is,
T>(b) = e1 + kober + bez + O (%) with 1/2 < |T»r(b)| < 2. We compute

T> (b 2 1
(Boaie, —m6))| = mmo® ) +Enw)  (629)
where (cf. (6.12b))
&, (w, 23)] < 2P3Mo83 < 2P Mo(2' %My '81)* « 1.

The computation for the normal component is more subtle. With N (b) = be; +
%Kobzez —e3, we consider the contributions of the terms in the above Taylor expansion
to (N(b), A1G2 — ArBL). We get

<N(b)A163, - A26}U> = Lioh® — kobzs + 02
3
+ 3k0b°238,,,,...(0,0) = Y &5, (0, 00wz
j=1
+bri(w, 23) + gkob*r2(w, 23) + (N (b), E3(w, 23)).

By (6.24),

(o 2162 — A28 ) = by (bkoes — b + Exw, 22))

with [y (w, z3)| < 22! M55 + 22" Mosy <« 87 (6.26)
where for the error estimate we have used (6.12b). Clearly the main term on the
right-hand side is < |xo|67/2.

This finishes the analysis of the second term in (6.20). Finally consider the first
term in (6.20), again under the assumption (6.18). We get the estimates

(111 A1 + 12 A (G (w, 23), Ti(b))] < 10Mp2™" < &1, i=1,2

and
(181 + 1282)(S,,(w. 23), N ()]
< 27 er + z3e3, bey — e3)| + 107 M2 85 < 22748 < &7
The proof is completed by combining terms. O
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6.5 Proof of the Decoupling Step in the Model Case

Fix b and let my s, , be a multiplier that is equal to 1 on I124,,(81) and equal to 0 on
R3\ 113 A,b(81), and satisfies the natural differentiability properties

|<T1 (D), VY {Tr(b), V)2 (N (D), V)"“mk,al,h(é)l
<o 272k )2 2k 57y,

Let Py s, » be defined by me = mk,(gl,bf. Let I be an interval of length §; and
let f1(y) = f(y)1;(y3). The Schwartz kernel of

f=U—=PesplseoTref]

is given as a sum of oscillatory integrals Y >, K, k¢ where for n > 0

Knsatw,) = 22 [[[ dtmmrarmtvsuarog, o)
< (1= me s, b ENNE27) xr e, 2. 2 1)dv dEdT 1/(23),
with
Xee(v, 2, 257) == n(2%a(w, (AT (w, 23) + AT (w, 23))) ¢ (w. 2, 7, k) dT
and the family ¢ (-, -, -, k) is bounded uniformly in C2°. If |n — k| > 10, then repeated
integration by parts in the v-variables (followed by subsequent integration by parts in
the &-variables) shows that

|Kn k. e(w, 2)| < min{2710 271% () 4 jw — 27N}, |k —n| > C.

For |k — n| < C a similar argument applies to the assumption that on the support of
(1 — my s5,,p) we have 2_1‘5 ¢ I134 5(81). That means

| Vol—{v, §) + (27, S (v, 23))]1 | > 252

Differentiating the amplitude gives a factor of 2¢ with each differentiation. Thus for
|k —n| < C an N-fold integration by parts in the v variables followed by integration
by parts in the £-variables shows that

IKnpew, D) Sy (2637279 +w—2hp™, |k—nl<C.
Notice that by £ < k/3 and §; > p—(1—ee we have
2k§2pt > oke’/3,
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Thus a [40/¢? |-fold integration by parts in v (again followed by multiple integration
by parts in &) yields

|Kn e (w, 2)] S 27150+ jw — 2~

Let by be the left endpoint of the interval /. We decompose the left-hand side of (6.13)
as

Z Pr.sy b lseoTregrl|| + Z (I — Prsy p)se,07k,e81] (6.27)

1€Zy I1€Zy

p p

By Lemma 6.3 we can apply the decoupling inequality (6.6) (with € replaced by €2)
to bound the first term in (6.27) by
l/p

C@e, A~ | Y | PesyailseoTieer]|”
1€y
1/p

< C(e2, A)5* Z lse.0Tx.eq1 Hi
IEIJ

For the second term in (6.27) we use the above error estimates, apply Minkowski’s
inequality and get the bound (6.27) by

271y (/ ‘/(1 +w —z|>*N|g(z)11(Z3>|dz\pdw>l/p S27 gl

1€y

This finishes the proof of Proposition 6.1. O

7 Families of Changes of Variables
Let P° = (a°, y°) € M, with y° = S!(a°, b°), §%(a°, b°), b°). For r > 0 let
O(r) =={(x,y3) : |x —a°loc <r}and I(r) :={y3: |y3 = b°| < r}.
Let S’ be smooth functions in a neighborhood of Q (2ry) x I (2rp), for some rg > 0.

After possibly permuting the variables y;, y» we may assume, by Lemma 3.1 that
Ai(x, y3) = det(S), §2, 8! ) £ 00on Q(2rg) x 1(2rp)). Choose M so that

x> Px Pxys

M=>2+|S + max Ar(x, -1
l ||C5(Q(2r0)><1(2r0)) (X’yS)GQ(er)| 1(x, y3)]

We now consider (a, b) close to (a°, b°) and construct changes of variables so that
in the new coordinates the constant coefficient decoupling theorem in Proposition 6.1
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can be applied at suitable scales. The idea of applying a constant coefficient decoupling
theorem in a variable coefficient situation also appears in [3].

Fora € Q(2rg), b € I(2rg) let 'y, ', be asin (3.4), and let p = p(a, b) € R3 be
defined by

(o1, p2, p3) = —TI'a(a, b),Ti(a, b), Aa(a, b)). (7.1)

L
Ai(a, b)

For (x, y3), (a, y3) € Q(ro) and (a, y3) € I (2ry) consider the function

(x,a,y3) = w(x,a,y3)
0(ro) x Q(ro) x 1(2rg) — R?

defined by
| S'(x,b) — Sl(a, b),
wy | = | $2(x,b) — p3(a, b)S'(x, b) — S%(a, b) + p3(a, b)S'(a,b) | . (7.2)
103 S),(x,b) — S} (a, b)
We have

det(Dvo(x, a,b)/Dx) = det (S}, S; — p3S1. S} )y = A1(x.b).  (1.3)

By the implicit function theorem there exists r; > 0 with r; < ro such that for

lw|eo < 2r1, la —a®| < 2r1, b — b,| < 2r; the equation to(x, a, b) = w is solved by
a unique C* function

x =r(w,a,b). (7.4)

Note the estimate
|pi(a, b)| < 6M*, fora 0Q2rg), b € I(2rp). (7.5)

By the definition of tv and the mean value theorem for the coordinate functions, this
implies [0 (x, a, b)|co < 3M (1 +6M4)|x —d|eo forx,a € Q(rg), b € I(2rg). Hence
if rp < rpandif |[x —a®leo < 12 and |a — a°|s < 12, then |t0(x, a, b)|co < 2M3r,
and if we define

r = (50M>)"'ry (7.6)

we get [w(x, a, b)|e < ry for x,a € Q(r2), b € 1(2r1). By the uniqueness of the
function r, we thus see that x(to(x, a, b)) = x for x,a € Q(r) for x,a € Q(r),
be [(2}’1).

We will also need to change variables in the y-variables, in a more explicit form.
Define

3= G1,32,3) : R? x 0Q2ro) x 1(2rg) — R? (7.7)
by

510v,a,b) = y1 — S'a, y3),  33(y,a,b) =y3 — b,
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and
32(y,a,b) = y2 — p3(a, b)y1 — S*(a, y3) + p3(a, b)S'(a, y3)
2
— (3 —=b) Y pi(yi — S (@, y3)).
i=1

We have
det(D3/Dy) = (1 — p2(y3 — b)). (7.8)
By (7.5) this quantity lies in (1/2, 3/2) provided that y3, b € I1(2r3) with

r3 < min{ry, 24M*H 1. (7.9)

The inverse z — 1(z, a, b), defined for |z3] < r3, |b — b°| < r3,|a —a®| < 2ry, is
given by

n1(z,a,b) =z1 + S'(a, b+ z3),

2
0 (2. a. b) = 22 +z1(p3(a, b) + p1(a, b)z3) + (1 — z3)5°(a, b+z3) (7.10)
1 — p2(a, b)z3

n3(z,a,b) =b+z3.

Lemma 7.1 The functions t, vy defined above have the following properties.

1) (O, 6;)1?) =% (0, a, b) (8'(a, b), S*(a, b), b), n3(z,a,b) = b+ z3.
w,a

(i) det (Z557) = A](;(wab) By

(iii) Let p = p(a, b) be as in (7.1) and let

B(zz,a,b)z( : 0 ) (7.11)

—p3 — p123 1 — p2z3

Then for |z3] < r3, la —a®|lec <12, W] <12

B(z3,a,b) S'(w,a,b),b+z3) =z, a, b)) _ (6w, z3,a,0) — 21
OS2 (w, a, b), b+ 23) — 02(z.a. b) & (w, z3,a,b) — 2o
(7.12)
where &' are C™ with
&' w.0) =wi, &w.0)=wy SLw.0)=wyz (113
moreover
&;,.,(0,0,a,b) =0. (7.14)
(iv) Let

AS(x, y3) = det(S), S, S .y

X2 Pxo xy3

AP (w, 23) = det(8),, &3, &) |(w.zy)-
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Then, for (t1, ©2) = (11, n2)B(z3,a, b),

2

s
21w, a,b),b) D AP (w,z3). (7.15)

2
Do uAiww, a,b),b+23) =

i=1 1—paa bz =
(v) Let k be as in (3.8b). Then
2 «(a,b)
Glsza23(0,0,a,b) = W- (7.16)

Proof We write fori = 1,2

S'(x,y3) — yi = S'(a, b) + S'(x,b) — S'(a, b)
+ §'(x, y3) — S'(a, y3) — S'(x, b) + S'(a, b)
+ S'(a, y3) — S'(a, b) — y;

and set
% =8(x,b)—S(a,b), i=1,2,
X3 =58),(x,b) — S (a, b)
so that
det (g—D = AS(x, b).
Also let

Jyi=vi—S(ay), i=12
y3=y3—b

Note that T = (x —a)TAT + O(|x —a|?) where AT is the matrix with column vectors
(s, 82, S;y3)|(a,b). We then expand

S'x, y3) — y1 = &1 — §1 + %353 + R (R, §3,a, b)
3

SPoys) =y =T =+ 5 ) pEi+ Roi(F, 53,4, b)
i=1

where
p, =(A""e;, 57 (a, b)), (7.17)

and where R 1, Ry,1 vanish to third order with no pure X or pure y3 terms; moreover
05, R1,1 has no pure X terms. We label Ry, an error term of zype I and Ry 1 an error
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term of rype I1. Precisely, an error term of type [ is of the form
3
72 %iBi(F. 3.4, b) (7.182)
i=1
with ; smooth, and a term of type /7 is of the form
3 3
y3 Y Y X%Bjk(E. §3. a.b) + term of type 1. (7.18b)
j=1k=1

with Bjk smooth. Note that (Ql Py 33) satisfies

p,5¢(a,b)+ p,Si(a,b) + p,S\, (a,b) = 3, (a,b)

X3

and hence, by Cramer’s rule, we see that Al(Bl, Py Bz) = (—T, T'1, Ap), ie.,

P. = Pi

—1

where p; is as in (7.1).
Given ¢y, 2, c3 € R we compute

(c3 4 c133)(S(x, y3) — y1) 4+ (1 + 293) (S (x, y3) — ¥2)
= (X2 + c3x1) — (2 + ¢c3)1)
3
— 530 _Xilpi + ) — 15153 — 2233 + Roa(E, 53, @, b)
i=1

where R; 7 is an error term of type /. We choose ¢; = —p;(a, b) so that the mixed
quadratic terms drop out.
We now change variable in X and in y separately, setting

21 =Y, 22=Y2—P3Y1 — P1Y1Y3 — P2Y2V3, 23 =3

and
wp =X, wy=X2— p3X], W3 =1X3.
Define
&' (w,z3,a,b) = S (x(w,a,b), b +z3), i=1,2.
Setting

1 0
B(z3,b) = (_p3 —p1zz 1 — pzZ3>
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we obtain

St y3) — v\ _ (6w, z3,a,b) — z
Blys=b.b) (Sz(x,ya)—yz T \&*(w.z3,a.b) — 2 (.19

if w = w(x,a,b) and y = y(z,a, b) and 1w and y are as in (7.2) and (7.10). Now

(7.19) implies (7.12).
The functions &', &2 satisfy

Gl(w, z3,a,b) = wy + w3z3 + Ri3(w, 23, a, b)

&2(w, z3,a, b) = wy + Ra3(w, 23, a, b)

where R; 3 is an error term of type I (with (X, y3) replaced by (w, z3), cf. (7.18a))
and R 3 is a term of type I/ (again in the (w, z3)-variables, cf. (7.18b)). We see that
(7.12) and (7.13), (7.14) hold.

In order to obtain (7.15) we calculate

2
> (BT A (x(w. a.b). b+ z3)
i=1

= det (Vi (8" (&, 33)), Vu (S* (@ ¥3)), Vi ((BT 11, Sy, (x, ¥3)))) det %(r)
with r = r(w) = r(w, a, b). We have
V&' (x(w), 23) = Vi (S (x(w). b + 23)),
and, with b2(z3) = 1 — 0223,
V&> (W), 23) = b2 (23) Va (S* (2 (w). b + 23)) — b21(23) Vo (S' (x(w), b + 23));
moreover
V&L (@), b+ 23) = Vi (S, (). b + 23)).
and

VwSZ x(w), b+ 23) = — p1 Vi (S' (x(w), b +23)) — p2Vu (S*(x(w), b + 23))
+b21(23) Va (S), (¢(w), b + 23))
+b22(23) Va (S, (x(w). b + 23)).

A quick calculation with determinants and (7.3) yields the asserted identity (7.15).
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For the curvature calculation we start with the equation (7.12) for the second com-
ponent and differentiate with respect to w3. This yields

&y, (w, 23)

Dy Dy 2
= (—p3 — P123) D’ S & b+z3)+ (1 —p2z3) D’ Sx(p,b+z3).

Here the Jacobian Dy/Duw is evaluated at (w, b). We differentiate twice with respect
to z3 to obtain

Dy Dy \T »
Gpyees (0. 23) = —2p) D—w€3 “3 (r.b+2z3) —2p2 D’ Siy; (@ b+ 23)

Dy
— (03 + p123) (D_we3> yays (8 b+ 23)
Dy
+ (1 - ,0223)(%63) yy; (& D+ 23)

where ¢ = r(w, a, b). Using Cramer’s rule we find that

Dy 1 1,2
Duleen = K ap. 5 " SHlawans

We evaluate the previous identity at zz3 = 0, and w = 0 to obtain

1 1 2 Q2
Shneren 00 = (= 20181 A 82 81,) = 2a(81 A 87 82,
— P3SEA ST SE) (S A ST S| )

Using (7.1) we see that &2 (0, 0) equals

w327323
1( 201A; — 29 A (A )+ (A r))‘
A P1A1 P2A2 P3 1,y3 1 2,y3 2 (@.b)
1
— —_(2T2A; — 2T As — (A1, — TDAs + (A —FA(
A%( 27 182 — (Aly; DA2 + (A y, 2)AY) @b
which equals k (a, b)/ A1 (a, b)? so that (7.16) is proved. ]

8 Decoupling in the General Case
We consider the operator Ry ¢ as in (5.2). With x is as in (5.1a) we assume that y is

zero if x ¢ [—rp/2,r2/2] orif y3 ¢ [r3/2, r3/2] (see the paragraph leading to (7.4)
and (7.6), (7.9)).

@ Springer



M. Pramanik, A. Seeger

Proposition 8.1 Let 0 < € < 1/2, £ < [k/3]. Let 89, 81 € (2~10=¢), 2=t%) such
that
max {(2780)"/2, 577} < 81 < o 8.1

Let J be an interval of length &y, near b°, and let T; be a collection of intervals of
length §1 which have disjoint interior and which intersect J. For each I, let f; be
defined by fi1(y) = f(y)1;(y3). Leta € R3, g0 = (10M)™ ¥ € C2° supported in
(—r, r2)3 and ¥y 4(x) = 19(2[861()6 —a)). Then for2 < p <6,

1/2

Dea D Riefi| <Ce@o/60 [ D [PeaRuicfill ]  +Cne2Miflp.

]EIJ P ]EIJ

8.2)
The constants do not depend on the choice of J and L.

Proof. Fix a near a° and b € J. We apply (7.12) and then the changes of variables
y = y(z,a,b) in (7.10) and T = BT_I(zg,a,b)),u. Note from (7.8), (7.11) that

det(Dy/Dz)det B = 1.Let f(y) = Zlej, f1;(y3) and g(z,a,b) = f(y(z,a,b)).

Let
2

Miz=14% " sup I8 Cab)les (8.3)

i—1 (a.b)e[—ro.rol*

which is just the uniform version of the condition (6.8). By applications of Holder’s
inequality it suffices to prove (8.2) under a slightly more restrictive assumptions on
80, 81, namely

80,81 € (M]2220—Z(l—62)’ 2—@52—20M1—2)
210037, max {(2—550)1/2, 53/2] <8 <.

These are the uniform versions of (6.12) which will allow us to apply Proposition 6.1.
We have

Rief () =2 // 2 Swah) )= g (x 2w a, bg(z, a, bydudz
with

e,z a,b) = x(x,0(z a, k)i (BT (23, a, bu))
xn(2 A AT (0, 73,0, b) + 1245 (w, 23, 0,b) ).

Hence we get, with ¢/ 4(w) := V¢ 4 (x(w, a, b)),

90w, a, b)Y R f1@xw, a,b) = seow) Y Tre.abgr(w)
1 1€J;
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where g/(z,a,b) = g(z,a,b)1_p11(z3) and Ty ¢ = Tg g,a.p is as in (6.11).
We can now write the left-hand side of (5.6) as

([ |peatetw.aon 3 Reesristw.a.on|1de ($Eiaw) "

1€y

Slseo D Tueer

IEIJ P

where we used uniform upper bounds on | det(g—zi) |. By Proposition 6.1 we can bound

1/2

G0 Y Teegr| < Ceo/on [ D JseoTiear] ] +C27% gl

= » 1€y

Undoing the above change of variable (and using uniform lower bounds on | det(%) D
we may bound this, using Proposition 6.1, by
1/2

CL@o/on® | Y- [eaRuce il ] + €271, ©
IGI]

Proof of Theorem 5.2 We may assume ¢ < 1/10. Let & € C>(R?) supported in
(=1, 1)3 such that & > 0 everywhere and ), ;5 0 (- —n) = 1.
Let, forn € Z3, ¢4 (x) = U(x)§(2£80_1x —n). Thus

1/p
WReeflp S| D0 19" Reefl | - (8.4)

neZ3

Now let Z(m) be the family of dyadic intervals with length 2=™. Let I’ be a dyadic
interval of length > 27" ; then we denote by Z (m, I”) the collection of dyadic intervals
which are of length 27 and are contained in /’. For any dyadic interval define f;(y) =
() 11(y3). Let mg = |£e?|. By Holder’s inequality,

1/p

Hﬁe’anlf”p < omo(1=5) Z 19" R 5 ”ﬁ _ (8.5)
JeZ(mp)

It is not hard to see that we can pick a sequence of integers
mi, ..., MN ()
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suchthatm; <mjy; < £for j=0,..., N(¢) — 1, and such that

mj < min {L352], 255 ); (8.62)
moreover
my > [£(1 — 82)J, and N (¢) < C.log,(£). (8.6b)

We claim that for j =0,..., N¥) — 1

1/p
[ptrRecf], < cham(=psommG=3) [ 5 pgengy, g2
1€L(m;)
j—1
+27K Y Ch ISl (8.7)
v=0

We show this by induction. The case j = 0 is covered by (8.5). For the induction step

assume (8.7) for some j < N(£) — 1. Observe that for I € Z(m ) Proposition 8.1 and
Holder’s inequality give

o Rucsil, =0t 32 Reasrl,

]’EI(mJ'Jrl,[)

1/2

o 2
< 2t mie > I Rty
I/EI(mj+1,])

2 _
]+ ce2 s,

1/p

ema(L L2
SC822(Wl]+1 m/)(z p-'r&‘) Z +C5227]0k”f1”p'

19" Ree.e fr]

P
p
1'eZmjr.1)

We use the induction hypothesis (8.7) and by the last inequality we bound
90" Re o], by

1/p
C;'Z—I—lzmo(17%)+(mj+1*m0)(%7%+82) Z 195" Re.e frr

K

I/EI(m.H_])

1/p
+ C£22m0(1*%)+(’"j+1*mO)(%7%+62)27]0k Z ” fi Hi
1€Z(m;)

j—1
+27% > en | ifl.
v=0
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Since mo(1— )+ (mj1—=mo) (5 — 3 +&%) < kand (C ezin,y [ 1|17 < 1 f1lp,
we obtain the case for j + 1 of (8.7).

We consider the case j = N (£) of (8.7). Observe that each interval I € Z(mpy))
is the union of 26"~ dyadic intervals of length 2~¢. We also sum in n € Z* and
use the finite overlap of the supports of £¢". Observe that the cardinality of the index
set of n which give a nonzero contribution is 023 = 02%). We get

|Rees|,
1/p

S Z ||§Z’"Rk,zf||§

neZ3
1/p
; I mey(L—L _ 1
< Cejzzmo(F;)Jr(m] mo)(2 p+52)+(€ mN(l))(l ,,) Z Z ”Cz'anlfl ”2
1€Z(0) nez?
N()—1
+27% L 3 ch sl
v=0
Observe
1 1 1 ) 1
mo\l——)+mj—mo)|5——+e |+ U—-—mne)|]l——
p 2 p p
1 1 1
< 1(e?) (1 - —) +(1-2¢% (— S +s2> <t +1/2-1/p)
p 2. p
and (with N (£) as in (8.6b))
N(©)—1
Y CLS+0P@
1=0

for some large constant B(e). This yields the assertion of the theorem. O

9 LP-Sobolev Estimate

In order to prove our Sobolev estimate we have to combine the estimates for the
operators Ry. Here we use a special case of Theorem 1.1. in [22]. In what follows the
operators Py are defined by Py f(§) = d(27ke) f, where ¢ is supported in {£ : % <
1] < 2}
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Proposition 9.1 [22] Assume ¢ > 0, pgp < p < oo and . > 1. We are given operators
Ty, k > 0, with smooth Schwartz kernels Ky (acting on functions in R3) satisfying

sup 25 P || Tyl o r < A (9.1a)
k>0
sup 25/ 70| Tell Lro— 1ro < Bo. (9.1b)
k>0

Assume that for each cube Q there is a measurable exceptional set E o such that
meas(Eg) < Amax{diam(Q)z, |0} 9.1¢)

and such that for every k > 0 and every cube Q with deiam(Q) > 1 we have
/ |Ki(x, v)|dy < By max{(2¥diam(Q)~¢,27%¢} fora.e. x € Q.  (9.1d)
R3\EQ

Then for g > 0,

1/q
(Z 2kq/p|Pkafk|q>

k>0 »

1_1

ro Po q p

B (AMVP 4+ B)' ™

<A og 34 20 BE T SSIAIL) . ©2
k

S =

We claim that for £ > 0

1/q 1
P
> 2P PRy o fil? < Cp2tew (Z ||fk||5> . p>4
k:lk/3]>¢ k
p

9.3)

which can be used, together with (5.9) to deduce

. (RS s+1/p

R: (B.va)comp (Fl’»q )loc’ P> 41 q > 0. (9-4)
Since L;, =F, p for p > 2and F0 — F02_L1’ q < 2, this implies

the asserted LP- Sobolev est1mates In order to check (9.3) we need to verify the
assumptions of the proposition for the family {Rx ¢}r>3¢.

Let4 < pp < p. By Theorem 5.1 we have (9.1a) with A = Cp2’€‘8 and 8 <
2/p—1/2if4 < p <6and B < 1/pif p > 6. Moreover we have (9.1b) with
By = Cp,2 %0 and By < 2/po — 1/2if4 < po <6and By < 1/p if py > 6.
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By integration by parts argument one has the bound
22k
(1 + 2874y = S(xg, y3) DV

[Re(x, y)| < Cn

for the Schwartz kernel of Ry ¢. For a cube Q with center x define

Eg:={y: |y — S(xg.y3)| < C2*'diam(Q))

if diam(Q) < 1. If diam(Q) > 1 we let E¢ be a ball of diameter C2%**diam(Q),
centered at x¢. Assumption (9.1c) is then satisfied with the choice of » = 22¢ and
(9.1d) holds with B} = 22t The logarithmic term in (9.2) gives us an additional factor
O (¢). Thus we have verified (9.3) with e(p) < B and (9.4) follows by summation in
£ > 0.

10 Further Results and Conjectures

In our analysis we heavily used the condition £ < |k/3] for the operators Ry ¢. If
one is interested to relax the assumption that 7 is a fold, one needs to explore finer
localizations of 71 A + 12 A» as used by Comech in [6]. There he proves sharp L2
Sobolev estimates under the assumption that 77, is a fold but g satisfies a finite-type
condition of order t, i.e., if Vg is a kernel field for w» then Zj‘:o |Vlé (detmg)| # 0.
The case t = 1 applies to the fold assumption on 7 g. In the general finite-type situation
we can show the Lfomp — Lf /p.loc estimate for p > 5, and in fact in a slightly larger
range.

Theorem 10.1 Let M C Q1 X Qp be a four-dimensional manifold such that the pro-
Jjections (1.3) are submersions. Assume that the only singularities of t; : (N* M) —
T*Q are Whitney folds and that g : (N* M) — T*Qp is of finite type < t, for
some t > 0. With L, w be as in Theorem 1.1 suppose that @w is a submersion. Then
‘R is extends to a continuous operator

. 1042
R: Lfomp(QR) — Lf/p,loc(QL)’ ZHJ_FI < p<o00.

Sketch of Proof By the L? estimates in [6] the operators R x the L? bound in (5.3)
is still valid, and all of our previous arguments apply. Hence we just need to consider
the case £ = |k/3].

The operator R |43,k for which [T1 A1 +12 A3| < 2"‘/3, satisfies the norm estimate

k 1

1R k31 llr2mr2 S 2772&%, a less satisfactory bound. One can show this estimate
as a consequence of more refined L2-estimates in [6]. This yields an analogue of (5.8)
in the finite-type case, namely for 2 < p < oo,
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Combining this with the decoupling estimate (5.6) (which remains true for £ = |k/3])
yields

1

| Recwsai f1l, < 2t Gty 5 =80-3) £y, 2 < p <6,

Le. [Ra,ksa) fllp S 27@PHP) with a(p) > 0 for [HHE < p < 6. Further

interpolation with the bound || R, k3l .00 > = O(1) gives a similar statement for
6 <p<oowithana(p) > 0for6 < p < oo. O

To improve on this result, one would have to employ finer localizations in terms
of det ry, (which would correspond to the assumption |[t1 A + 12 Ay | & 2t where a
range of £ > k/3 will depend on t). Our current arguments for the plate localization
in Lemma 6.3 are not effective in that situation. Nevertheless we conjecture that the
result of Theorem 10.1 remains true for all p > 4, and even that the assumptions on
g can be dropped altogether in Theorem 1.1. See the discussion of model examples
in Sects. 4.2 and 4.3.2.
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