RIESZ MEANS OF FOURIER SERIES AND INTEGRALS:
STRONG SUMMABILITY AT THE CRITICAL INDEX

JONGCHON KIM ANDREAS SEEGER

ABSTRACT. We consider spherical Riesz means of multiple Fourier series and some general-
izations. While almost everywhere convergence of Riesz means at the critical index (d — 1)/2
may fail for functions in the Hardy space hl(']I‘d), we prove sharp positive results for strong
summability almost everywhere. For functions in L? (']I‘d)7 1 < p < 2, we consider Riesz means
at the critical index d(1/p —1/2) —1/2 and prove an almost sharp theorem on strong summa-
bility. The results follow via transference from corresponding results for Fourier integrals. We
include an endpoint bound on maximal operators associated with generalized Riesz means on
Hardy spaces HP(R?) for 0 < p < 1.

1. INTRODUCTION

We consider multiple Fourier series of functions on T = Rd/Zd For ¢ 6 7% let ey(z) =
e>®:0) and define the Fourier coefficients of f € LY(T%) by (f,es) = Jpa f( —2mi{y:0) gy, We
shall examine the pointwise behavior of (generalized) Riesz means of the Fourler series. Fix a
homogeneous distance function p, continuous on R?, positive and C°> on R%\ {0}, and satisfying,
for some b > 0, p(t°¢) = tp(¢) for all £ € RY. For f € L'(T¢) define the Riesz means of index A
with respect to p, by

A
(1.1) RAf= D (1=p/t)(f edes
Le74:
p(L/t)<1
The classical Riesz means are recovered for p(§) = [£|, and when in addition A = 1 we obtain
the Fejér means. The Bochner-Riesz means are covered with b = 1/2 by taking p(¢) = |¢[2.

It is well known via classical results for Fourier integrals ([34], [40], [31]) and transference

(125], [20], [1]) that for for A > % and f € LY(T%) we have limy_,oo Ri‘f = f both with

respect to the L' norm and also almost everywhere. For the critical index A = 2 , it is known
that the Riesz means are of weak type (1,1) and one has convergence in measure (|8, [10])
but Stein [35] showed early that a.e. convergence may fail (see also [40]). Indeed, extending
ideas of Bochner he proved the existence of an L'(T?) function for which the Bochner-Riesz
means at index & ? diverge almost everywhere, as ¢ — co. Stein’s theorem can be seen as an
analogue of the theorem by Kolmogorov [23] on the failure of a.e. convergence for Fourier series
in L1(T), see [48, ch. VIII-4]. Later, Stein [37] proved a stronger result showing that even for
some functions in the subspace h'(T¢) (the local Hardy space) the Bochner-Riesz means at the
critical index may diverge almost everywhere. It is then natural to ask what happens if we
replace almost everywhere convergence with the weaker notion of strong convergence a.e. (also
known as strong summability a.e.) which goes back to Hardy and Littlewood [18].
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2 JONGCHON KIM ANDREAS SEEGER

Definition. Let 0 < ¢ < co. Given a measurable function g : (0,00) — C we say that g(t)
converges q-strongly to a, as t — oo, if

I 1/q
1 ey _
i (7 )t = arar) ™ <o

If g(t) refers to the partial sum of a series then one also says that the series is strongly Hy
summable. Clearly if lim;_,~ g(t) = a then ¢(t) converges g-strongly to a for all ¢ < co. Vice
versa if ¢(t) converges g-strongly to a for some ¢ > 0 then g¢(t) is almost convergent to a as
t — oo. That is, there is a (density one) subset E C [0, 00) satisfying

L BN

T—oo

(1.2) =1 and tlggog(t) = a.

tek

See [48, ch.XIII, (7.2)] and also Corollary 6.3 below.

For the classical case of a Fourier series of an L!(T) function, Zygmund [47] proved that
the partial sum Z|l|§t<f7 ee)e(x) converges g-strongly to f(x) as t — oo a.e. for all ¢ < oo,
extending an earlier result by Marcinkiewicz [28] for ¢ = 2. Zygmund used complex methods,
but in more recent papers one can find alternative approaches with stronger results and some
weaker extensions to rectangular partial sums of multiple Fourier series; see, e.g., [30] and [46]
and references therein. See also [24] for an overview of recent developments on topics related
to the convergence of Fourier series.

Regarding spherical partial sums of multiple Fourier series, g-strong convergence results have
been available for LP(T?) functions for the Bochner-Riesz means of index A > \(p) when p < 2,
q = 2, where \(p) = d(% — 3) — 3 is the critical index (cf. [34], [42]). The question of strong
convergence a.e. for the Bochner-Riesz means at the critical index A(1) = %, for either
f € LYT9) or f € h'(T?) had been left open and was posed by S. Lu in the survey article [27].
We answer this question in the affirmative for f € h'(T%) for generalized Riesz means with any

distance function p under consideration.

Theorem 1.1. Let g < oo and A(1) = %. Then, for all f € h'(T9) the following statements
hold.

(i) There is a constant C' such that for all o > 0,

meas({a: : sup (% /OT ‘R;\(l)f(x)‘th) i > a}) < Ca Y| fllpr-

>0

(i)

1 [T 1/
lim (/ |R?(1)f(:c) - f(:n)|th> =0 for almost every x € T,
T—o00 T 0

We remark that for the classical Riesz means (or generalized Riesz means assuming finite
type conditions on the cosphere ¥, = {{ : p(§) = 1}), Theorem 1.1 for the range ¢ < 2 could
have been extracted from [32], although that result is not explicitly stated there. The full range
q < oo obtained here seems to be new. Regarding the question posed for f € L'(T%), in Section
6, we derive some weaker results including g-strong convergence up to passing to a subsequence.

We now address the question of strong convergence of Riesz means for LP(T¢) functions at

the critical index A = A(p). In this case, ¢-strong convergence results may fail for large g. Our

next result identifies nearly sharp range of g for which R?(p )f (z) converges g-strongly to f(z)

almost everywhere for any f € LP(T¢). We denote by p’ = 1% the exponent dual to p.
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Theorem 1.2. Let 1 <p <2, ¢ <p' and A\(p) = d(% — Yy — 1 Then, for all f € LP(T?) the
following statements hold.

(i) There is a constant C' such that for all o > 0,

1T 1/q
d . Ap) q < -Pp
meas({:n eT: ;1;% <T/0 IR f ()] dt) > a}) < Ca™|[ f[l Lp(ray-
(i)
1/q

=0 Imost €T
Jim (o for almost every x

(iii) For suitable f € LP(T?) statements (i), (ii) fail when q > p'.

T
lim (% /0 RV (2) — £ ()t

Part (ii) in both theorems follow by a standard argument from the respective part (i), using
the fact that pointwise (in fact uniform) convergence holds for Schwartz functions. We note
that Theorem 1.1 is sharp in view of the above mentioned example by Stein. Moreover, part
(iii) of Theorem 1.2 shows that the result is essentially sharp for all p € (1,2), but the case
g = p’ remains open.

We state a special case of Theorem 1.2 for A(p) = 0, i.e., for the case of generalized spherical
partial sums of Fourier series as a corollary.

Corollary 1.3. Letd > 2, ¢ < dQle and f € L%(Td). Then

T
lim (1/0 ‘ Z (f,ee)ee(z) — f(x)‘th> Ve =0 for almost every x € T%
p

T—oo 1
(e/t)<1

In particular, for almost every x € T?, the partial sums Zp(Z/t)<1<f7 er)er(x) are almost con-
vergent to f(x) ast — oo, in the sense of (1.2).

We remark that there are analogues of above results for generalized Riesz means of Fourier
integral in R? :

) Rif(@) = /(s/t><1 (1= p(&/6) F(€) ™" de.

See §2. Indeed, we derive Theorems 1.1 and 1.2 from corresponding theorems for Fourier
integrals in R¢ using transference arguments. Our proof uses somewhat technical arguments on
atomic decomposition and Calderén-Zygmund theory. Unlike the proofs of the LP boundedness
of Bochner-Riesz means (such as, say, in [38], [5] and the references therein), our proof does
not rely on Fourier restriction theory thanks to the averaging over the dilation parameter t.
In particular, the curvature of the cosphere ¥, = {£ : p(§) = 1} does not play a role in the
argument (cf. [10], [11]), which allows us to work with generalized Riesz means with respect to
any smooth homogeneous distance function.

This paper. In §2 we formulate Theorems 2.1 and 2.2 on strong convergence for Riesz means
of critical index in R? and reduce their proof to the main weak type inequality stated in Theorem
2.3. Some preliminary estimates are contained in §3. The proof of the main Theorem 2.3 is
given in §4. In §5 we use transference arguments to prove the positive results in Theorems 1.1
and 1.2. In §6 we discuss a weaker result for L' functions. In §7 we show the essential sharpness
of our LP results, namely that Theorems 1.2 and 2.2 require the condition ¢ < p’ (the failure of
the maximal theorems for h! already follows from Stein’s example [37]). In §8 we include the
proof of an extension of a theorem by Stein, Taibleson and Weiss (|39]), namely an HP — LP->°

estimate for the maximal function sup,- g |Rt)‘ @) f(x)| associated with generalized Riesz means
in Hardy spaces HP with p < 1. Finally, we discuss some open problems in §9.
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2. THE MAIN WEAK TYPE ESTIMATE

We first state results on R? which are analogous to Theorems 1.1 and 1.2. Let p be as in the
introduction and we recall the definition of Riesz means R} for Fourier integrals from (1.3).

Theorem 2.1. Let ¢ < oo and A(1) = %51, Then, for all f € HY(R?), for all a > 0,

meas({x eRY: 31;1()) (% /OT |R2\(1)f(x)\th) Y > a}) < C'04_1||J£||H1(]Rd)'

Theorem 2.2. Let 1 <p <2, q<p and \(p) = d(% - - % Then, for all f € LP(R?), for
all a > 0,

meas(({o € R sup (7 /0 RO@pa) " > a}) < CaP e,

As a consequence of these estimates we obtain

1 [T 1/
im (7 [ IRVf@) = r@lrar) <o

T—0

for almost every = € R?, for every f € LP(R?) when 1 < p < 2 and f € h'(R?%) or H'(R?%) when
p=1.

2.1. Contribution near the origin. Let vy € C*°(R) so that vg(p) = 1 for p < 4/5 and vo(p) = 0

for p > 9/10. It is then standard that the maximal function sup;s,q [F~* [Uo(p(~/t))(1—p(-/t))iﬂ
defines an operator of weak type (1,1) and bounded on LP for all p > 1. A small complication
occurs if p is not sufficiently smooth at the origin. Define, for N > 0, the functions u, uy with
domain (0,00) by u(r) = vo(7)(1 — 7)* and un(s) = u(s'/N). It is then straightforward to
check that for all M

/ sM\u(NMH)(s)ldS < 00
0
and we have the subordination formula ([45])

C\M+1 poo N
@) u(p(©) = un(eV(e) = T [ Sy g g

M! s + N
which is proved by integration by parts. Given any m > 0 one has |[F~1[(1—p™)M](z)| < (14

|z])~™ provided M and N are large enough. This is used to show that sup,sq |F t{uo p(-/t)f]
is dominated by a constant times the Hardy-Littlewood maximal function of f (see also Lemma
8.2).

We can now replace the operator Ri‘ in the first part of Theorems 2.1 and 2.2 by StA defined
by
(2.2) SPF(€) = (1= volp(&/0))(1 = p(&/))LF(©).

2.2. Further decompositions. We first recall standard dyadic decompositions on the frequency
side. Let € C2°(R%\ {0}) such that 7 is nonnegative,

(2.3) n(€) =1 on {&: p(¢/t) € [1/4,4], 1/2 <t < 2}
Define £1.f by Li.f(€) = n(27%¢) f(€).

We use the nontangential version of the Peetre maximal operators

Mif(x) = sup  [Lpf(z+h)

|h|§2_k+10d
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and the associated square function

1/2
(2.4) /() = (3 1Muf@)P) .
kEZ
Then
(2.5a) 1S fl[zr < Cfllans
and
(2.5b) 1S fllr < CpllfllLr, 1 <p < o0

see (Peetre [29]).
The inequalities in Theorems 2.1 and 2.2 follow now from

Jsw (3 [ 1ssea) ™| < 151,

for 1 <p<2 g<p'. Here LP* is the weak type Lorentz space and the expression ||g||pr.c =
SUP,~o a(meas({z : [g(x)| > a}))'/? is the standard quasi-norm on LP*®. We may, by Holder’s
inequality, assume that 2 < g < p/. We can then use

2k+1

1 [T 1/q B 1/q
(2.6) up (7 /0 5 Pp()jrar) < 2ok /2 1S ear)
kEZ

T>0

We now use the standard idea to decompose the multiplier (1 — vg o p)(1 — p)’ into pieces
supported where p(¢) € [1 —277,1 — ij —2]. Generalizing slightly we assume that we are given
C* functions ; supported in [I — 277, 1 — 27772] and satisfying

10" ¢jlloc < Cp27™.

formn=20,1,2,.... Let [ :=[1,2]. Fort € I, k € Z define

(2.7) TEF(E 1) = 0i(p(2Ft719) F(€)
We may decompose Sé\ktf =2 j>1 2*j/\7}kf(x,t), with T,z of the form in (2.7). The asserted

estimates for S? ®) follow now from weak type bounds for the expression on the right hand side
of (2.6). By (2.3) we have n(27%¢) = 1 whenever p(27%¢/t) € supp(p;) for any t € I. Thus
after changing variables the desired estimate can be recast as

H(Z/]‘iz—jx(mT]kckf(.,t)‘th)l/qHW <16 ],-
kEZ j=1

Since #2 C #4 for ¢ > 2 this follows from the following stronger statement, our main estimate.

Theorem 2.3. For 1 <p <2, XN(p)=d(1/p—1/2)—1/2, ¢ <Y,
H (k% </I ‘ i2_j>\(p)Tjk£kf(',t))th>2/q) 1/2‘

The theorem will be proved in §4. Some preparatory material is contained in §3.

Lo (R4) ’S HGfHLp(Rd).
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3. PRELIMINARY ESTIMATES
We gather elementary estimates for the operators Tf defined in (2.7).

Lemma 3.1. For 2 < q < oo,
2 1/q .
|( [ msreoma) ™|, sz
1

Proof. Use the convex1ty inequality, |v[lq < nyHQ/quyHl 2/a , for v € L9([1,2]), and for v € C*
we have [[7loo S 715 2(17l2 + 7/]2)2 and hence

30 ([ hora) " s ([ nwra) s ([roea) 0 [ rora)?

We obtain after some standard estimations

I( / tseopa) |+ 2 ( rtreopa) ] < 2R,

and then the assertion of the lemma follows from (3.1) applied to v(t) = Tf f(z,t), followed by
Holder’s inequality in x. O

To prove the L' estimate we rely on a spherical decomposition introduced in [12]. We use
a O partition of unity x;,, homogeneous of degree 0, so that the restriction of the support
of x, to {€ : |¢] = 1} is supported in a set of diameter 277/2, for fixed j each unit vector is
contained in O(1) of the supports of the x;, and the indices v belong to an index set Z; with
#Z; = O(Zj(d_l)/z). We may choose this index set so that for every v, there is a unit vector
& € supp(x;v) so that dist(&;,,&;,) > c279/2 for v # /. We assume that the Xj,v satisfy

the natural differential estimates, i.e. 8?)(]-’,,(5) = 0(2%(51+"'5d)). Define T]’fl, by

(32) TH F(€8) = X3 (©)ps (o271 €) T,

Let K; = F lpi(p(-))], and K;, = FHp;i(p())xj]. Let @9 € C°(R?) supported in {z :
lz| < 1} so that <I>0(x) =1 for |z| < 1/2 and, for n > 1, let ®,,(z) = ®o(27"z) — ®o(2'"x).
Define, forn =0,1,2,...,

K} (x) = K;(z)®n(2772)

K}, (x) = Kjo(2)®n(2772)
and
T f(,t) = (2K (25) « f,
T f,t) = (27K, (25) « f.
Then
(33) Tif=2 Thf= ZT” -3 S

VEZ; n=0veZzZ;

Lemma 3.2. Let ¥, = {£: p(§) = 1}. Then

[KP(E)] < Caonn, 27" M0 (1 + 27dist (€, 8,)) ™
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Sketch of Proof. Let U(z) = ®o(x/2)—®o(x). Then, for n > 1, we may use that ¥ has vanishing
moments and write

Kr(6) = / 3 (p(€ — )20+ 9F (2747 dy

(34) 1 (1 o S)N—l N ) PP )
[ (w90 oo e — sy iy dy ds
o (N=1)

by Taylor’s formula. The estimate is now straightforward. When n = 0 we just use the first
line in (3.4) with ¥ replaced by ®. O

For each v choose ¢;, such that p(¢;,) =1 and §;, € supp(x;,). Take e;, = éggg’zg‘ and
let P;, be the orthogonal projection to e]{,, ie.
(3.5) Pj,,/h =h-— <h, ej,,,>ej,,,.
Lemma 3.3. For every M > 0,
3.6 e oM 2 P

. sup |t"K; ,(tz)| < - - .
39 et = COD G o S+ 23721y ()

Proof. This is standard (and follows after integration by parts), see, e.g., [12], [11], or [31]. O
Lemma 3.4. (i) For k € Z,
d—1
[sup T30, 0)ll, < w2227 .
€

(ii) For 1 <p<2,q<p and k €Z,
n, 1/q (d(l_1y_1 .
H (/ ’T kf )|th) Hp S CN2J(d(p ) 2)2 NHpr
(11i) For 2 < q < oo,

H</12 |7}ﬁ’kf(‘,t)|th) 1/qH2 < 27i/ag=nN 1|1,

Proof. Lemma 3.3 easily implies || sup;¢; ]Tj" Fet ) < On2™ "N f|l1 and part (i) follows after
summing in v. Using Lemma 3.2 we see that the proof of Lemma 3.1 also gives

H(/12 |T;L’kf(-,t)|2c11t>1/2H2 <n 27N f]|,.

Part (ii) now follows by complex interpolation.

Part (iii) for ¢ = 2 is just the previous displayed inequality. For ¢ > 2 it follows by the
argument in Lemma 3.1 (¢f. (3.1)) applied to T;.l’k in place of Tf, in conjunction with Lemma
3.2. O

4. PROOF OF THEOREM 2.3

The proof combines ideas that were used in the proof of weak type inequalities for Bochner-
Riesz means and other radial multipliers, and elsewhere ([15], [8], [9], [10], [32]). It combines
atomic decompositions with Calderén-Zygmund estimates using L"-bounds for r» > p in the
complement of suitable exceptional sets together with analytic interpolation arguments inspired
by [9].

In this section we fix a Schwartz function f whose Fourier transform has compact support in
R9\ {0}. Observe that then L f = 0 for all but a finite number of indices k¥ (depending on f).
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This assumption together with the Schwartz bounds can be used to justify the a priori finiteness
of various expressions showing up in the arguments below, but they do not enter quantitatively
in the estimates.

We need to prove the inequality
S 2/qy 1/2
(4.1) meas{x €R?: (Z [/I ‘ ZZ*JA(p)@kﬁkf(w,t)’th] q) > a} Sa P|&fp,
k j=1

for arbitrary but fixed a > 0. The implicit constant does not depend on « and the choice of f.

4.1. Preliminaries on atomic decompositions. Let Ry be the set of dyadic cubes of side length
27% 50 that each R € Ry, is of the form Hf [ni27% (n; +1)27%) for some n € Z?. For p € 7Z
let

Q, = {a: |6f ()| > 2}
and let R’,: be the set of dyadic cubes of length 27% with the property that
IRN Q| > |R|/2 and |[RN Q41| < |R|/2.

Clearly if &f € LP then every dyadic cube in Ry belongs to exactly one of the sets RZ . We
then have (|7])

(42 S5 [ 1ease £ (@),
k€Z ReR},
For completeness we give the argument. Observe that
|Lif(x)] <Mif(z), forz,ze€R, ReRL.
Let B
Q. ={z: Myrlq, > 107"}
where My, denotes the Hardy-Littlewood maximal operator. Then

meas(ﬁu) < meas(§2,)

and we have Uy Ugepe R C §~2 . Now

D2 IRLefIE<)Y ) > / 1A () da

keZ ReR); keZ ReR);

< 2/~ Z My f () Pda < 22“+1meas(5~lu) < O2*meas(Q,)
i\t ey,

which yields (4.2).

Next we work with a Whitney decomposition of the open set ﬁﬂ, which is a disjoint union
of dyadic cubes W, such that

diam(W) < dist(W, ) < 4 diam(W).

See [36, ch. VI.1]. We denote by 20# the collection of these Whitney cubes. Each R € R is
contained in a unique W (R) € 20*. For each W define

(4.3) RE(W)={ReR}: RCW}

and
VW = (|W|Z > /|£kf |dy

k RERE(W)
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Define
(4.4) U)=> > W, dw()
p Wer
Observe that
U =>" > IWht, =Y. > WP 2y, )
u Wepr w WedgH
—p/2 /2
<SSO W) S i)
iz W er Wepr

DNVREOIDINDY 1rcefl3)”

k WeWr ReRE (W)
SO IQuTPREIQPE S 27,

1 1
by (4.2), and thus
(4.6) Do > Whiy, =1Ulh < 1615,
o WegH
For a > 0 let
(4.7) Of ={z: MyrU > o}
and
(4.8) Op = {z: Mylo, (x) > (10d)~%}
so that O, C (5a and
(4.9) meas(O,) < meas(Q,) < a P&fIE.

Let 9, = {Q} be the collection of Whitney cubes for the set O, (cf. [36, ch. VI]) so that
diam(Q) < dist(Q, 65) < 4 diam(Q).

In analogy to the usual terminology of “good” and “bad" functions in Calderén-Zygmund
theory we split, for fixed «, the collection 20* into two subcollections Qﬁgood = 2" . (a) and

W, =W, () by setting

good

W = {W €Wy, > a},

Qﬂ’g‘ood = {W e Wy, < a}.

(4.10)

We relate the collection Qﬁgad with the collection of Whitney cubes 9, for the set 5a.

Lemma 4.1. Let W € 20}, ,. Then W C On. Moreover, there is a unique cube Q = Q(W) €
0 containing W.

Proof. For the first statement, assume otherwise that there is x € W N (’)g for some W € 20 ..
Then U(x) < o and therefore 7}, , < o, which is a contraction.

For the second statement, we first claim that W* C 5(1, where W* is the 10d%/2-dilate of
W (with same center). The claim follows because for all y € W* we have Myrlop,(y) >
|W|/|W*| = (10v/d)~¢ by the first statement. Let zy be the center of W. Then by the claim

diam(W™)

dist(zw, (Oa)’) > dist(zw, (W*)E) = i

= 5diam(W).
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Let Q € 9, such that zy € Q. Then the last displayed inequality implies

5diam (W) < dist (2, (0a)°) < diam(Q) + dist(Q, (0a)%) < 5 diam(Q)

and hence diam(Q) > diam(W). Since both W, @ are dyadic cubes containing zyy this implies
W C Q. Uniqueness of @ follows since the cubes in £, have disjoint interior. ([l

In light of Lemma 4.1, we also set, for a dyadic cube Q € Q,,
Lemma 4.2. Let Q € Q.. Then

> rwwa’v,u < 10%7|Q)|.

v WeWH(Q

Proof. There is & € OF c OF such that dist(Z, O%) < 4diam(Q). If Q. denotes the cube
centered at T with diameter equal to 10diam(Q) then @ C Q.. Since T € (95 we have
My U(Z) < oP. Hence fQ U< fQ* U < a?|Q.| = 10%P|Q| and the assertion follows. O

4.2. Outline of the proof of the weak type inequalities. For R € Ry let
(4.12) er(r) = Lp(z) Ly f(x)
and as in (4.10) split Lif = ¢* + b* where

(4.13) 9F=> > d o

r Wewy 4 RERL (W)

(4.14) => > Z

nowewh | RER(

In view of (4.9) it suffices to show, for 2 < ¢ < oo,
2/q\ 1/2
(4.15) meas /‘22 TG (o t)‘ dt) q) a/z} Sa e
and

(4.16) meas{x € @E : (Z </1 ’ izjA(p)Tkak(;p,t)’th)Q/q>1/2 > a/2} SaP|Sfb.
k j=1

Since A(p) > 1/p —1 > —1/q we can use Lemma 3.1 to bound

‘( (/’22 @) TE g )‘ d)Q/q>1/2H2

2—j>\(p)H<Z (/I‘lefgk@)‘th)yq)lﬂ‘t

100D (3 1y B)" < (S lst) "
K

Hence, by Tshebyshev’s inequality, the left hand side of (4.15) is bounded by

WA (SIS a)) [ <o S
k

A Py
Mg =

1

<.
Il

A
Mg

[
Il
—
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Now

>l ru-ZHZ >0 el ) VDI IR LT

B Wewy 4 RERY (W) B Wewy 4 RERY (W)
2— 2—
=3 D WhiSa®™Y > Whi, So* P |sfb
iz Wemﬂg‘ood n WeH

where we have used vy, < a for W e Qﬁgood (4.15) follows.

We turn to (4.16). We write L(Q) = m if the side length of @ is 2™. Define, for m > —k,

(41) XYY Y Yo

QEQa K WeWH(Q) RERL (W)
L(Q)=m

so that bF = D om>—k BE.
Note that for R € R} (W), we have L(W) > —k. Then
S T 3
m>—k m>—k o>0
where

(4.18) = > > > > e

QEQa K WeWH(Q) ReRL(W)
L(Q)=m L(W)=—k+o
We handle the case of the contributions T]kBﬁz’U with m < j — k differently from those with
m > j — k. Moreover we distinguish the cases where |j —k —m| > o and |j —k —m| < 0. If we
use Tshebyshev’s inequality and take into account (4.9) we see that in order to establish (4.16)
it suffices to show the following three inequalities, assuming 2 < ¢ < p’ (and hence p < ¢’ < 2):

(4.19) H(E}; [/[’gg—jk(p) Z | T]gngn’U("t)’th}q//qy/q/‘ q

/_
S PGS ff,

(m,0):m<j—k, Lo (RY) ™
0<o<j—m—k
w0 SIS S o) ], ., ste
k J=1 (m,0)m>j—k,
0<o<m+k—j
and
(4.21) H(Zk:[/l‘;g—mp) Z TF Bk, (,)‘dr/q>1/ H e SIS

0>|m+k Jl

The proofs will be given in Sections 4.4, 4.5, and 4.6. We shall handle the cases p = 1,
2<g<oo,and 1 <p<2 2<gqg<yp,in a unified way but will need an additional analytic
families interpolation argument for 1 < p < 2.

4.3. Analytic families. Fix p, a and consider for 0 < Re (z) < 1 the family of functions

(4.22) b= Y. wae Y. em,

B WeWH(Q) ReRL (W)
L(W)=—k+o
where for W € wbad

1 2
W,z = ’Yag“ */2)=
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and @ belongs to 9Q,. Observe that b . is supported in Q. Notice that z — v, . is an entire
function for W e 20}, ;. We also set

(4.23) BiE = > by
QEN
L(Q)=m
and, for 0 < Re(z) < 1, define p, and A(p,) by
1 z d(l—2z)—1
(4.24) p—zzl—z—i—i, /\(pz):(Q).
If 1 < p <2 then we set ¥ =2 —2/p so that

1 1 1
=p, A d(=—2)—= BrY — Bk
by =D, (pﬁ) (p 2 ) 9’ m,o m,o

For Re (z) = 1 we have
Lemma 4.3. For fized k, m > —k let Ny, C Z. Then

2| X B

2

SISfI5,  Re(z) = 1.
2

k€Zm>—k oeNgm

Proof. The left hand side is equal to

SYITEY Y At Yl

k m>—k Q€Qa K 0€NK, WeWH(Q ReR(W)
L(Q)=m L(W)= fk+a

Let for each W, Q(W) be the unique cube in 9, such that W C Q. We use that for fixed k
the supports of the functions er, R € Ry have disjoint interior and dominate for Re (z) = 1 the
last display by

SY Y Y o Y el

k m>—k QeQa © WeWH(Q ReRL (W)
L(Q)=m L(W)-i—ke/\/k m

ST ARE YT erlBd] Y WIS IsfE. O

woWwewh k:L(W)+k€ RERY (W) w Wenr
K, L(Q(W))

For Re (z) = 0 we have

Lemma 4.4. There exists a universal constant C dependent only on the dimension such that
for every Q € Q, and every N C NU {0}

/(;’Zb ‘) dz < CaP|Ql, if Re(z) =0.

Proof. For each W € 20# let W, its double. By Minkowski’s inequality the left hand side is

dominated by
1/2
S ol ] 2 entaf) e

"D k+L(W)eN RERM(W)
1/2
S A (X tenwp)
o WeaH k ReRi(W)

wcaQ
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which by the Cauchy-Schwarz inequality can be estimated by

/
DI T O DD DR 15 R LARCED DI DR A At 1o

B Wer k ReRM(W) B Wer
wcQ wcQ
Here we have used Lemma 4.2. O

4.4. Proof of (4.19). Let 1 <p <2 and 2 < ¢ < p’. The asserted inequality follows from

(4.25a) H / Z Z 92— JA(p)TkBk _SU(’ )‘th>q'/Q>1/q/

/!

q

71225 0<0<s
< (1+9)' 12N 6 0 e
and,
) ok ok ¢ N\d'/a\1/d
(4.25b) ) S 2 OIThBE M(,t)‘ dt> )
0<o<s ¢

S+ T GG e L<s<

[\)

If in addition p > 1 we use a complex interpolation argument, embedding Bfn’g in an analytic
family of functions, see (4.23).

Define r by

(420 =G/ G

so that 1 < r < 2 and for ¥ = 2—2/p we have (1—9)(1, 2)+9(3,1) = (% 7)- Then by complex
interpolation (i.e. the three lines lemma and duality) we deduce (4.25a), (4.25b) from
2 \1/2
) (S [IX 3 erertscofa) ], s ey ree <1
7>250<0<s
(4.27Db)
B 2 \1/2 j ‘
I( Z/\ > oneortstnola)”| <iesp? << e =1
0<o<s
and
r’ 1/r'
(4.28) Z/ > > e Pearr | a) |
7>250<0<s

S (L s)r 2 NI S, Re (2) =0,

T’dt>l/r’

(4.28D) Z/‘ZW“’ZT’“MW(J

0<0<s

T

<O+ DD e, L <5< Re(z) =0,

We note that for the special case p = 1 inequalities (4.28a), (4.28b) with r = ¢/ and z = 0 imply
inequalities (4.25a), (4.25b) with p = 1.
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The proof of (4.27a), (4.27b) is straightforward, using orthogonality, i.e. the fact that for each
k, t, € there are at most five j for which ¢;(p(27%¢71¢)) # 0. Therefore we get for Re (2) = 1
(and Re (\(p;)) = —1/2)

HZ/DIZﬂﬂmwﬁiwmﬁﬁ

71225 0<0<s

<3 [ 22 fletetor] ¥ B e[

j>2s 0<o<s

=D D DI § =X ¥ | X

keZ j>2s 0<o<s m>—k+s 0<o<s

1/2H2
2

2
Sl

by Lemma 4.3. Similarly, for fixed j

(] S zromtmcofa) "< 3] X 8]

0<0<s 0<0<s

S 16115

This concludes the proof of (4.27a) and (4.27b).

We now come to the main part of the proof, namely the inequalities (4.28a), (4.28b) when
1 <p < 2and Re(z) = 0. We fix z with Re(z) = 0 and then use another interpolation
inequality based on

(L), 2P = I (0(L7)) for =2~

where Calderén’s complex interpolation method is applied to vector-valued LP spaces (see |2,
Theorem 5.1.2]. As a consequence we have

S H ’ ”zl_(él(Loo))H ’ HL;(;p(L%)-

Assuming 1 < p < 2, (4.28a), (4.28b) follow from

) (X[ 2 3 aremms ol a)

712>250<0<s

- er ey

<275 P& f|B/%, Re(z) =0,

aaw) |(S [ 5 zreomaincora)”],

0<o<s
20T o ef|p?, § <5< Re() =0,
and
k,z
(4302) | Yosup| 32 D0 2 eITBE (o] S (1 +9)I8SIE Re(z) =0,
k&1 j>250<0<s
(4.30b) “Zsup‘ Z 9= APITEBR: (. ]H (1+ ) S, %gsgj, Re () = 0.

tel

This proof of (4.29a), (4.29b) is inspired by the work of Christ and Sogge [10], [11]. We use
the decomposition (3.3) and orthogonality, first in the j-sum and then, for each j, also in the v
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sums, where v € Z;. We then see that

(I 3 wromtms ol @)™,

7>250<0<s
kz
<22223“/H S Th B H
k j>2sveZ; 0<0<s
g =Y Y Y e “/H S o Bl a0
m k>2s—mv€Zgym 0<o<s
We use
/1 gl = [ [ [ @)%, =~ p)awateidy de i
where h;,(z) = F Y |xjue;(p(:))?](x). The kernel h;, satisfies kernel estimates which are
analogous to the rlght hand side of (3.6), i
sup [t4h, , (t2)] < 2%
er N (U 2V (1 2752 Py (o) )Y
Using j = k 4+ m we can then estimate, for t €
2
2—(k+m)(d—1)H Z Tl§+m,uBS{Z—s,a(’at)H2 < Oy X
0<o<s
_ 9—md 1
2=k 1855wl dy 817 (@) d.
// (L4277 =y (1 4 2755 | Pz — ) DV ’
with
(4.32) = > By,

0<o<s

Consider a maximal set Z° of ¢27° separated unit vectors 7., and let P be the orthogonal pro-

jection to the orthogonal complement of V(7). Notice that for each ¢ there are ~ 2(d-1)(3-9)

of the vectors {V with v € Z; which are of distance < C27° to 7. For those v we then have
| Vp(év) Vp(ne) ‘ = 0(2
VpE)l V(o)

~#). Consequently, for those v, and j = k+m > 2s

2~md 1
(427" —yDN (1 4 27m+ 55" | P (2 — y) )N
2~md 1
Y2 — N (U 27 P — y) )Y
and there are 0(2(d_1)(k+2m =) indices v € Zj4, for which we may use this inequality. Then,

setting

g—md 1
(14272 — y[)N (1 +27mF3|Ps(x — y)])

(433)  Apme(e) = / g-s(d=1) 1852 (y)| dy |
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we get by the above considerations

s> > ¥ /Akmc )| Bis () de

GEZS m k>2s—m

(434 SES (X Hner) (ki)
k

seZs m k>2s—m

We first establish that
(4.35) sup Z H(

NV k>2s—m

2)1/2H < Oép2—s(d—1).
0o ~Y

For each dyadic cube @ let yg be the center of Q. Using (4.33) we estimate for fixed x € R4

1/2 s(d—
> k@) S 270 %

k>2s—m
2—md 1 / ( ‘ 1/2
o ] ) dy
; (14272 —yo ) (1 + 275 | P (2 — o)) Z o<Z.<s
L(Q)=m—s
and using Lemma 4.4 we bound this expression by
g—md 1
9—s(d—1) a?|@Q
2 Trr e Crer st
L(Q)=m~—s
< qpos(d-D) / 274 1 dw < oP9—2s(d—1)
~ ¢ 1+2 )z —w)N (I +2 Pz —w) )N "~ '

We sum over ¢ € Z° and use that #2° = 0(25(¢=1) to obtain (4.35).
Combining (4.35) and (4.34) we obtain

(4.31) S 275Dy Y H(Z( ST vk

m  QeEQq: 0<0<s
L(Q)=m—s

7,

Finally, by Lemma 4.4 again

2 2 H(Z\Zb

m QeQa 0<o<s
L(Q)=m

by (4.9). This finishes the proof of (4.29a).
The proof of (4.29b) uses the same idea. We estimate for fixed j € [s/2,s], Re(z) =0,

(4.36) H Z/‘ Z 9-AP)ThB ;fzk st ‘d)1/2Hz

0<0<s

52—]‘((1—1)2/[@&5;?72 t)]5 < 27960 3 Z/H 5B s (D)l dt

veZ; k

3(d—1) ZZ/A’WU ‘ x)‘dx

veZ; k

V£ Y @i < 0710l < 651,
QEQa
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where again Bﬁfs is as in (4.32) and
9okdoy— ]d+1 &
Angafa) = [ 8170 o
(1+ 287w —y )N (1 4+ 242 Py (w — )V 7
Now Ay ;. () S

~

2kd2 7 j a1

dw  sup /’ bkz ’dy
/<1+2k—j\x—w|)N(1+2’f—zypj7y(x_w)y)N Qea. QI 2

L(Q)=j—k—s 0<0<s

which is bounded by Co?. Consequently

CEOEERAnD ST SIND S DO '

VEZ; k QEN, 0<o<s
L(Q)=j—k~s

<2iFar Y H S b @

QeNy 0<0<s

e 3 (3
QREeQa k

2
bk7Z

), s el

by Lemma 4.4.

We now turn to the proof of (4.30a), (4.30b), here still Re (z) = 0. We estimate the left hand
side of (4.30a) using Lemma 3.4 by

ZZQ ] Z Hsup‘TkaZk so R ‘Hl ZZ Z H k saHl
k j>2s 0<o<s k 7j>250<0<s
and the right hand side is dominated by

YYEYY Y Y o X e

0<o<s k j>2s 1 QEQ: WeWH(Q) ReRL (W)
L(Q)=j—k—5 L(W)=—k+o

SYSY Y Y (Y enl?)”

0<o<s k j>2s p QeQa: WewH(Q) ReR}(W)
L(Q)=j—k—s L(W)=—k+o

S DD D MW +s)lsfll

0<o<s p WeH+

The left hand side of (4.30b) is estimated for fixed j € [s, 2s] by

Z Z Hbup‘Tk ks (5 |H Z Z”B Ths.ol

k 0<0<s 0<o<s k

and the subsequent estimation is as for (4.30a). This concludes the proof of (4.19). O

4.5. Proof of (4.20). It suffices to show, assuming 1 < p < 2, ¢ = p/ that for some a(p,q) > 0
and s >0

/’22 A Z TEBE . (- )‘ dt]p/q>1/p‘

< 2-alp.a)s .
o 1671
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When p > 1 we use the analytic family of functions in (4.23). It suffices to prove the inequalities
(4.37)

(2 / \22 P00 3 T cofa)”]

and

(4.33) HZsup\ZW” 2 T8l

tel

L2(RN\Dq) SISFIE?, Re(z) =1

S 27761 1p Re(z) =0,

LY (RND) ~

for some € > 0.

To show (4.37) we replace the L2(R%\ O,) norm by the L2(R?) norm and argue exactly as
in the proof of (4.27a), using Lemma 4.3.

To show (4.38) it suffices to prove, after Minkowski’s inequality for the o-summation (involv-
ing O(1 + s) terms),
(4.39)

HZsup\Z? POITEB o)

tel

—ES _
LRAB,) S2776f]5, Re(z) =0, 0<o<s.

For the proof observe that, for t € I, T B k+s »(+,t) is supported in O, when n < s and thus

does not contribute to the L'(R?\ (’)a) norm. We then use the simple L' estimate in Lemma
3.4, part (i), for n > s and Re (A(p;)) = (d — 1)/2 to estimate the left hand side of (4.39) by a
constant times

2_SN Z Z HB —k+s, O’HI

k J Qe o WeWwH(Q) ReRY (W)
L(Q)=j—k+s  L(W)=—k+o

We interchange the sums and note that each W is contained in a unique cube @ € 9, and
thus because of the disjointness of the cubes in 9, the (j, Q) sums corresponding to a fixed W
collaps to a single term. Hence we can bound the previous expression by Cy times

DIV AUCHIPD leal3)””

no Wewn RERI(W)
L(W)=—k+o
S22V D MWl s 2SS
H Wegk
This completes the proof of (4.20). O

4.6. Proof of (4.21). The estimate follows from the inequalities

o |I(] /1 oo S atshGla] ™) N ovpn, S 1670
b o>\1§£§%—jl7
and )
(1.41) H( [/\Zw“ > 1B e I Y I
7= o>lmik—

o<j
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4.6.1. Proof of (4.40). We use the decomposition Tk =D 0 T]" * and use Minkowski’s in-
equality for the j and n sums. When j+n < o the support of Tk an

O,, for all t € I. Thus in (4.40) we only need to consider the terms Wlth |m+k — j| < o and
j <o <j+n. Since A(p) + 1/q > 0 it suffices to show for fixed j > 1, that

(4.42) /‘ Z TnkBk G )‘ dt}Q/Q)l/Z‘

0>\m+k 7l
Jj<o<j+n

»(+,t) is contained in

< g noila
oy 671

This follows from

(4. 43)
/ > mrEieof ] ) ey STTENSA Re) =1,
U>IM+1€ Jl
j<o<j+n
and
(4.44) H /‘ Z TnkBk;z(, )‘ dt}z/q)l/z) (Rd)<2 "9~/ & f|E, Re(z)= 0.
0>|M+k Jl
j<o<jtn

By Lemma 3.4, part (iii), the left hand side of (4.43) is

(SN X mseofa) ) (S]] X o8

U>IM+k Jl 0>\m+k 7l
Jj<o<j+n Jj<o<j+n

>1/2

Recall that
supp( Bk ¥ U Q.

Q€Qq
L(@)=m

Therefore, for Re (z) = 1 we have
L 12\ 12 .
Sy DSl s

o>|m+k—j| - o>|m+k—j|
j<o<j+n Jj<o<j+n

by Lemma 4.3. Hence (4.43) follows.

We now turn to the proof of (4.44), where Re(z) = 0. For W € 200, let Q(W) be the
unique cube in £, containing W. We can split

k,z __ nk,z
Bm?a - Z Z Bm:UVIMW

KEZ  Weh |

2\1/2
< p
) s lesl

L(W)=—k+o
where
~k.z _ )Wz ZRERZ(W) er, if L(Q(W))=m and L(W) = —k + 0o,
M0, W 0 if either L(Q(W)) # m or L(W) # —k + o.

Observe that for j < o, L(W) = —k+o, the function T ~ k. w 1s supported in a 2n+3_dilate

mau

of W (with respect to its center). Hence, by the Mlnkowskl and Cauchy-Schwarz inequalities
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we estimate for fixed j,n

SIS sl

L1(R%)
a>\m+k 7l
o<j+n
MDY (D /TnkBkz W), LW )+ W <t>)qd42/q>1/21\2
nowew! k| L(Q(W))+k—j]

<L(W)+k<j+n
which by an application of Lemma 3.4 is bounded by

awrre ey S owrt( Y e )

HW e L(QUWY) +hf | <L(W) 4K RERLW)
L(W)+k<j+n
n—j/q 1/2.p 2 1/2
SRSV FOIDY Hezelb)
o WeH k ReR“
S22y N W, S22 ”q|!6fH£-

o WegH

4.6.2. Proof of (4.41). By Minkowski’s inequality (4.41) follows if we can prove for fixed o > 0,

(4.45) H /‘ZQ JA(P) Z TkBk (ot )‘d]p/q)l/p‘

0>\m+k Jl

Lr(R4)
< (1 +o)traoas

When p > 1 we use complex interpolation to deduce this from

(4.46) H(Zk:/l‘jg;fgﬂ(pz) ; TfBﬁfg(~,t)‘2dt>1/2‘

o>|m-+k—j|

L2(R4)

SA+)ISFIE, Re(z) =1,

and, with % = (% - %)/(%7 - 1),

(4.47) HZ /‘22 IA®P) Z TEBES (1)

0>|m+k Jl

qodt) 1/q0

LY (R%)

< (1+ J)Q—Ud/quGfHP Re(z) = 0.

Note that 1/g9 = 1 — 1/r where r is as in (4.26), and we have (1 —9)(1, qlo) +9(3,3) = (l é)
for 9 =2/p'.

We first consider the inequality for Re (z) = 1. We can use the orthogonality of the functions
@;(p(-/t)) to estimate

[(Zflz=re 3 mabcofa)”],

J>\m+k 7l

ST0 57 3c b ok 2 R KORETO 9 o I SR

a>|m+k 7l a>|m+k 7l

)1/2
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We use the disjointness of the cubes in £, and then interchange the m,j summations. Using
that for fixed m, k there are O(1 + o) terms in the j summation, we bound the last expression
by

(X S Il 0o (2 Y s

k j>0 m>—k: k m>—k
o>|m+k—j]

S 1 +0)2ef|p?

where in the last line we have applied Lemma 4.3 to conclude (4.46).
We now turn to (4.47). We split TF = 37 (T set

b]{/;[ﬂug = ’YW,/J‘,Z Z €R
RERY(W)
and estimate the left hand side of (4.47) by

CEURD 5 3D SERID SIND DID SND DN [ AC 2 L)

kE n>0j5>0 m:o . QEQ. H WeWH(Q)
o>|m+k—j| L(Q)=m L(W)=—kto

v
We bound for fixed W, with L(W) = —k + o,
n,k 1/q0
I( /|T bl (0| t) |

/ T bk t)\qodt>1/q0

5 2( k+]+n)d/QO2j( (1 _7)_1)2 nNH b

< o(—k+j+n)d/qo

/

9o

z”q(’)’
by Lemma 3.4, part (ii). Hence after summing in n

S LPDIED IR MDD DERE R L s

k j>o QeQy 1 WeWH(Q)
o>tk IL@=m  L(W)=——kqo

Observe that for L(W) + k = o,

2~ kd/qOHpr,

<2“d/%|wrl/2m( > lenlp) " <z,
RERM(W)

, <2 kd/Qo|w|1/qo*1/2Hb

,quQ

We interchange summations and use that, for fixed W € 20}, ,,
#{j 20 |[LQW))+0 - LW)—j|<o}=0(1+0).
We then obtain

(448) S 2701+ 0) 30 3T (Wi, S 27701+ o) S5
©w Wegr

This completes the proof of (4.41), and then (4.21) and finally the proof of Theorem 2.3.
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5. PROOFS OF THEOREMS 1.1 AND 1.2

In this section we use the Theorems proved in R% and transference argument to establish
the corresponding versions for periodic functions. Such transference arguments go back to De
Leeuw [25]. See also [20] for transference of maximal operators and [26], [14] inequalities in
Hardy spaces on T?. In our presentation we rely on the method in [14].

5.1. The h'(T9) — LY>°(T9) bound. We identify functions f on T? with functions on R? satis-
fying f(z +n) = f(x) for all n € Z%. Let Q° = [_%’ %]d
Let
ha(s) = (1 —vo(s))(1 — 8)3

and S} = 3,70 M(p(£/t))(f,ec)er. Let A(1) = %51, After a reduction analogous to the one
in §2.1 we need to prove the bound

H (kzo/l |S§‘]§2)f|<1dt> l/q’
>

By normalizing we may assume that || f||,1(ray = 1.

Lheo(Td) S 1l czey-

By the atomic decomposition for periodic functions ([17], [14]) we may assume that
f=fo+ ) cquq
QeQ
where fo € L?, ||foll2 < 1, where Q is a collection of cubes of sidelength at most 1/4 which

~

intersect the fundamental cube Q° and where aq is periodic and supported in @ +7¢, satisfying
lagllr2(goy < Q|72

(5.1) /QCLQ(QJ)P(w)dx =0

and

for all polynomials of degree at most 2d. Moreover

(5.2) 1£1lne = [l follz + D leql ~ 1.
QeQ
The contribution acting on fy is taken care of by standard L? estimates.
Now let v = (y1,...,74) € {— 2, ,2}d : T and let Q7 = v+ QY. We can then split the
family of cubes Q into 3% disjoint families Q, so that each cube @) € Q, has the property that

its double is contained in the cube @)7. By periodicity, and the monotone convergence theorem,
it suffices to prove for each finite subset A of N, and for each v € T,

(5.3) sup « meas({a: eQ: ( Z /I ‘S;,ftl)[ Z cQaQqut) Ha > a}) < 1.
keN QeQ

a>0

It suffices to show for every finite subset F7 of Q7

(5.4) sup « meas({x €Qy: Z/‘S2kt Z cgag)|’ dt) 1/a - a}) < Z Icol

a>0 QeFy QeFY
where the implicit constant is independent of F7. To see the reduction we split Q. = Up2F7"

where 7" is finite and ) gv.n [cq| < 27" By using the result of Stein and N. Weiss on adding

L% functions [41, Lemma 2.3] the left hand side in (5.3) is bounded by C' Y% ((14+n)2™" < 1,
as claimed.
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In order to prove (5.4) we can renormalize again, replacing cq with c(d_g/cqv leg])~! and
a with (Y greqy lcgr|) 1. Tt therefore remains to prove for every finite subset F7 of Q7, and

for > geqv leql = 1, that

(5.5) sup « meas({:u eQ: Z / ‘32)‘,9(2 cQaQqut> H > a}) <1.

a>0 QeFr

where the implicit constant is 1ndependent of F7.

Now fix @ > 0. Let ¢ € C* supported in {x : |z| < 1} such that [¢(z)dz = 1 and let
¢ = e~ %p(e71). Choose €g be small, less than one tenth of the sidelength of @ so that in
addition [|¢.(q) * ag —ag|l2 < ol/2. Let aQ = ¢¢(@) *aq. Then by Tshebyshev’s inequality and
standard L? estimates (such as in §3)

meas({a: €eQ: Z / ’82’% cQ(aQ —aq)] ‘th) Ve > a})

<O;2 Z/‘S;,ftl CQ(GQ—aQ)]‘th>l/qHz

QeF™
2 2
o 2( Y lealllag ~dqllz) S a7t Y leol) S
QeF QeF
here we have used the normalization ) [cq| < 1.
It suffices to show that

1/
(5.6) meas({x €eqQ": Z / ‘S;‘,S cQaQ]‘ dt) TS a}) <al.
We shall now follow the argument in [14] and set
d
(5.7) V()= [0 -2i/4)4, Vi) =¥z -7)).
i=1

As in [14] we use the following formula, valid for g in the Schwartz space of T?, and for z € R?,
(5.8) WX (2)Sph,9(x) — S5, [Wh9)(z) =
¢ l+ N1 T Ti{T— -1
S~ tgredera) [ [a(oloe) ~ ialo(= 5D B e

2kt 2kt
ezl

As the Fourier coefficients (g, ey) decay rapidly, U € L' and h, is Hélder continuous for A > 0
this implies

A
(5.9) i sup sup [3,(2)85, g(w) = S50, (¥l )] =0,

for k e N.

Next we observe that ¥ (z) > (3/4)? for all z € m + @, when —N < m; < N for
i=1,...,d. Using periodicity we see that the left hand side of (5.6) is equal to

(2N +1)7¢ Z meas({x em+Q7: Z / ‘821% cQag] (x))th) Ve > a})

—N<m;<N QeF
i=1,...,d

< (2N +1)" meas({:v eR?: Z/}\Iﬂ ;\k(: Z cqag)( ’ ) H > (3/4)da}>.

keN QeTFY
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Consider the periodic C*° function g = ZQG% cgag and apply (5.9). Hence there is Ny =
No(g, o, N') such that for every z € R and N > Ny,

([ @SS cotiol@) - )P [9% 3 cot]@)f'dt) " < (3/4)%)2
keN QeFv QeFv

Assuming N > Ny in what follows we see that it suffices to bound

(5.10) (2N + 1)_dmeas<{$ e R?: (Z / ‘S;‘k(tl) (v, Z cqQag) (m)‘th)
ken /1 QETF

~y

e (3/4)%/2}).

Define for Q € ¥, m € Z¢,
aQm(y) = Im+ (1) ¥y (1)aq(y).

Then the support of ag p, is in the interior of m + Q7 and ¥}, coincides on the support of ag
with a bounded polynomial of degree 2d. Hence ag , is an L? function supported on the double

of @, such that [ ag.n(y)dy = 0 and such that [Jagm|l2 S |Q|7Y/2. Moreover ag, is nontrivial
only when |m;| < 2N for i =1,...,d. This implies

|90 3 cgia] e = XX leallagmlis < 4N + 1)

QeFr —2N<m;<2N QeFv
i=1,...d

We now apply Theorem 2.1 to see that the left hand side of (5.10) is bounded by

ca—l(zNH)—de\, 3 i QHHI gy S N H1)” d4N +1)da"l <ol
QeFY

which finishes the proof of the theorem. (|

5.2. The LP — LP* bound. The proof is similar (but more straightforward), therefore we will
be brief. Now A(p) can be negative, but we have A > —1/¢. The limiting relation (5.9) is now
replaced by

(5.11) lim sup (/ 07 ()80 g(2) — SoP [, g1 )!th)l/q =0, kel
I

2kt 2kt
N—o0 zERA

Here, we consider g € S(T¢). We sketch a proof of (5.11), based on (5.8).
We start by observing that

(5.12) /I Iha(pl(C/0) 7t < C,

uniformly in ¢ € R% To see this, note that p(¢/t) = p(¢)t~'/* and we may assume that
p(¢) ~ 1 due to the support of hy. Therefore, (5.12) follows by a change of variable. From this
observation, we may reduce (5.11) to

. 14 C+ N7 g N\Va
(513) Jim ([ o) = miog—nla) " =0
for fixed [, k, £ using (5.8), Minkowski’s inequality and the dominated convergence theorem.
For (5.13), we argue as follows. Let h € L9(J) for a compact subinterval J of (0,00). Then
for any a > 0

lim (/J Ih(as) — h((a + 5)s)yqu>1/q —0
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and the limit is uniform if a is taken from a compact subset of (0,00). This is easily seen for
smooth h and follows for general h € L?(J) by an approximation argument. Changing variables
s =t~/ we obtain that for any compact subinterval I C (0, 0)

(5.14) lim ( / h(at=") ~ h((a + ) Mprar) ' <.
- I

Then (5.13) follows from (5.14) with h = hy, 6 = p((£ + N=1£)/2%) — p(¢/2%) and a = p(£/2F)
using the homogeneity and continuity of p.
Finally, using (5.11) we get, for sufficiently large N,

meas({a:GQO Z/‘S;k(f ‘th >a})
<@N+1)" meas({xe]Rd Z/|52kt 1w, g] )]th)l/q>(3/4)da/2})

keN
and by Theorem 2.2 we bound the right hand side by

CE@N + 1)~ P URgll] ey S @ Pllgll] o ey

Remark. 1t is also possible to build a proof of Theorem 1.2 from Theorem 2.2 using modifications
of a duality argument by deLeeuw [25], see also [40] and [20].

6. AN L' RESULT

We currently do not have an analogue of Theorem 1.1 for general functions in L'(T¢). We
formulate a weaker result which is essentially a consequence of Theorem 1.1.

Theorem 6.1. (i) Let f € LY(T?). Then for all ¢ < co, and M(1) = 432,

pn (7 [ s = v
o0 0

(i) The analogous statement holds on L'(R®) with Ri‘(l)f in place of Rg\(l)f.

Ll,oo(T(i)

Proof. Since the convergence holds for Schwartz function one can by a standard approximation
argument reduce the proof of (ii) to the inequality

(6.1) 3158”@/ 7O joar /‘

Similarly the proof of (i) is reduced to a corresponding inequality on T¢, with the supremum
in T extended over T > 1. The weak type (1,1) inequality in the T¢ case follows from the R?
case by the transference arguments of §5. Therefore, it suffices to show (6.1).

Lo (i) S Il rey-

By the maximal estimate in §2.1 it remains to prove

(6.2) H (% /T |St’\(1)f]th>1/q‘
0

A(1)

where S}

L1eoRa) S 1z way

is as in (2.2). We may assume ¢ > 2. Now

L9 Wpyjaae) 7 < S 2 S0 pear)
(7 [ 1520 r )™ > (= [, 15O@rat)
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and we claim the inequality
124 o 1/q
. — Idt H < .
(63 sup [ (5 /18 Mrea) | < el

Assuming that (6.3) is verified we can deduce that the left hand side of (6.2) is bounded by
CyC o1+ D279 f|l1 Sq I f1l1, by the theorem of Stein and N. Weiss [41, Lemma 2.3| on
summing L functions.

Let 7 be as (2.3). Then our main result, Theorem 2.3, yields for all A >0

[CYNEVRON

Since 7 is C*° and compactly supported away from the origin we have

IF = (AT * Fllar ey S 11l ay
uniformly in A. This yields (6.3) and concludes the proof of (6.2). O

< Coll FH m(A)] * fll i (ray-

Ll,oo(Rd)

As an immediate consequence of Theorem 6.1 we get
Corollary 6.2. Let f € L*(T?). There is a subsequence T; — oo such that
I 1/
(6.4) lim (7 / RIVf(2) - f(a:)|th) =0 ae
J—00 ] 0
Arguing as in [48, ch. XIIL.7] or [46, §4] we get

Corollary 6.3. Let f € L'(T?). For almost every x € T there is a measurable set E = E(f,x)
of upper density one, i.e. satisfying

FE T
(6.5) limsupM =1
T—o0
such that A
. 1 B
lim RYVf(@) = f(2).
tek

For convenience of the reader we give a proof.

Proof. Fix x such that (6.4) in Corollary 6.2 holds and let g(t) = |7€2\(1)f(:v) — f(x)|. We may
assume that Tj is increasing in j. Form =1,2,... let E,, = {t : g(t) < 1/m}. By Tshebyshev’s

inequality we have
[EE, N[0, 7)) 1 /Tj
<mi— [ g(t)%dt
T; T; Jo
which by assumption tends to 0 as j — co. Hence lim;_,~ Tj_1|Em N[0,T;]| = 1. Thus we may
choose a strictly increasing sequence 7j,, of positive integers such that Tfl |Ep N[0, T5]| > 1-m™!
for j > jm. Let E = (0,75, U Uy (Em N [T}, Tj,..1]). Since the sets E,, are decreasing we

Im? - JIm+1
have
’E N [OaijH” > ‘Em N [O7ij+1” 2 (1 - m_l)ijH
and hence limsup;_,oo T EN[0,T]| = 1. Now EN [T},,,o0] C Ey, and thus g(t) < m~! on
this set. It follows that g(t) — 0 as ¢t — oo within E. O

It would be desirable to replace the limsup in (6.5) by the liminf. The proof of the corollary
shows that this would require the existence a.e. of the limit in (6.4) for all sequences T; — occ.
However this we can currently only prove for functions in h'.
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7. SHARPNESS

In this section we show that Theorems 1.2 and 2.2 fail for ¢ > p’. We shall first reduce
the argument for Fourier series to the one for Fourier integrals by a familiar transplantation
method and then modify an argument that was used by Tao to obtain necessary conditions for
the Bochner-Riesz maximal operator, see [43, sect.5], and also the work by Carbery and Soria
[6] where a related argument appears in the context of localization results for Fourier series.
Note that the almost everywhere convergence assertion in part (ii) of Theorem 1.2 also fails for
q > p/, by Stein-Nikishin theory ([35]).

7.1. Fourier series. We have for f € LP(T?)

1 [T 1/q T 1/q
7.1 H / R f|9dt ‘ H / R f|9dt ‘
0 s (g [ IRMa) L 2 s (7 [ 1R ppear)

and our necessary condition will follow from Proposition 7.2 below and the following result.

Lp:oo(Td)

Lemma 7.1. Let 1 < p < 2. Suppose that for some C' > 0

(7.2) sup H( /T mgf\th)”q]

HfHLp(Td>—1 T>0 LP,OO(’]I‘d) -
Then also
1 [T 1/
(7.3) sup sup H (/ ’Ri\f‘th) q‘ <C
11l 1p (may=1T>0 T Jo Lpoo(R4)

Proof. By scaling, density of C¢° functions in LP and the monotone convergence theorem it
suffices to show for all f € C®(R?), all compact sets K, all § € (0,1), all ¢ € (0,1) and all
a>0

! 1/q
meas({z € K : /|R’\fm)th >ab) < CP(1—e)Pa?|fP.
({ ([ 1B @) ™ > af) < cr(1 =) rarlfly
Fix such f, a, 9, € and K. For large L € N define

17— il
Vit = 3 LR - pl L e,
Lezd

Then VL)‘,t f(z) is a Riemann sum for the integral representing R} f (). Hence we have
lim V2, f(x) = B f(x)
with the limit uniform in ¢ € [, 1], x € K. We may therefore choose L such that
supp(f(L-)) C {z:|z| < 1/4} and K c LQ°
with Q° = [—1,2,1/2]¢, and

sup sup |R} f(z) — Vi f ()] < ae.
0<t<lzeK

It remains to show
1 1/
1) meas({oe i ([ WVAS@PIa) " > alt-}) < 07— e rarl i,
é

Observe that for w € Q°

([ Wiarwopa) = (1 [ S 14500 - e a) ",

LeZ4
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Let f1¥(w) = Y,.cz4 f(L(w + k). Then by the Poisson summation formula the Fourier coeffi-
cients of the periodic function f} are given by (7, eg> —df ( 1¢). Hence the expression

on the right hand side of the last display is equal to (L~! fgL IR} per|th)1/ 4, Replacing K by
the larger set LQ)y and then changing variables x = Lw we see that the expression on the left
hand side of (7.4) is dominated by

Ldmeas({w cQ: (2/ |Rt Py )|th>1/q > a1 _5)})

<ricra -2 [ | w)du
Qo

where the last inequality follows by assumption (7.2). Since the support of f(L-) is contained
in (g one immediately gets

P2 1 oy = I1F LT o guay = LA o gy

This shows (7.4) and concludes the proof. O

7.2. Fourier integrals. Using the R? analogue of (7.1) we reduce the sharpness claim in Theorem
2.2 to the following proposition.

Proposition 7.2. Let 1 <p <2, and A > —1/2. Assume that there is a constant C > 0 such
that

(7.5) sup | (7 /OT (R f|1dt) ”qHW(Rd) < Clfllirea)

for all Schwartz functions f. Then

1/1 1
> -=-=).
A_A(p”? (p’ q>

In particular, if (7.5) holds for A = X(p), then ¢ <p'.

Proof. We note that the inequality with a given p is equivalent to the inequality with po A
where A is any rotation.

Let £&° € ¥, such that |€°| is maximal. Then the Gaussian curvature does not vanish at £°.
Choose small neighborhoods Uy, Uy of £° in Y, such that U, C Uy, the Gauss map is injective
in a neighborhood of Uy and the curvature is bounded below on Uy. Let v be homogeneous of
degree zero, v(£) # 0 for £ € U with  supported on the closure of the cone generated by U.

Let n(&) = @Z%Z% the outer normal at &, let Ty = {z € R? : Mﬁ—' - n(ﬁo)‘ < 2¢}, with € so
small that I'; is contained in the cone generated by the normal vectors Vp(&) with £ € U;. Let,
for R> 1, . p = {z € I'c : |z| > R}. By the choice of ¢ there is, for each x € I';, a unique
E(x) € X,, so that y(E(x)) # 0 and so that « is normal to ¥, at Z(x). Clearly z — Z(x) is
homogeneous of degree zero on I', smooth away from the origin. By a rotation we may assume

(7.6) n(€) = (0,...,0,1).

By §2.1 inequality (7.5) also implies the similar inequality where Rg\ f is replaced with St’\ f
and S} is as in (2.2). Let hy(s) = (1 —vo(s))(1 — s)} and

K@) = t9F [y hyopl (t).
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Observe that Ky * f = S f~ with )?7 = ’yf. By the Hormander multiplier theorem ~ is a
Fourier multiplier of L” and we see that (7.5) implies that

(7.7) sup H (% /OT | Kyt % f‘%lt) Uq’

>0

<C
oy < O lzscey
We now derive an asymptotic expansion for K ;(x) when z € I'; p. Recall that p is homoge-
neous of degree 1/b, i.e. p(t°¢) = tp(&). We use generalized polar coordinates £ = p’¢(w) where
w — &(w) is a parametrization of ¥, in a neighborhood of Uy. Then

de = bp™dp (), m(E(w) (et G )T 9o) 2 gy
=p"7ldp [Vp(&)| "o (&), € =¢(w).

Here we have used Euler’s homogeneity relation b(¢, Vp(&)) = p(&) for vectors on ¥,. Then

(7.8) Kaa(z) = /Oo i (p) ! / (€2 e' ) do(£') dp
’ 0 P [Vp(&)]

We use the method of stationary phase and get forz eI'. g

(7.9) Ky ) + ZH +I1I(x)

where

V(E@)IVo(ER)|™!
((E(z), I>)% lcurv(Z(x))|1/2

where curv(Z(z)) is the Gaussian curvature at =(z) and ¢ # 0, and

o —1-2=1_ 5 omip(Z(z),x VJ(E('x))
11(x) :C‘/ ha(p)p" 17 et E@ ) g o
’ " Jo (B(x), )T H]curv(Z(z))| /2

Ia)=c [ ma(p)p 1= emneag,

where 7, is smooth. For the remainder term we get
[LII(x)] Sn [IBlh]e] ™, 2 €Ter.
In the resulting p integrals we use asymptotics for the one-dimensional Fourier transform of hj,
cf. |13, §2.8|, and see that for z € I'; g,
| i@ By — (B ), ) mED ) 4 O((2(a) )2,
0

with similar asymptotics for the p-integrals in the terms I1;.
Now set for z € I'c, H(z) = (E(z), ) and use Euler’s homogeneity relation to write
=\ Vp(E()) p(E(z)) |z
H(z) = |z|(B(z), 5= = |z| = .
E0) DG = VA EE] ~ IvE@)
If € is small we then have for t|z| > R,
K)\,t(x) :A)\(.I',t)—i-B)\(ZE‘,t), ’$/| < 52|xd|

where
Ax(a,t) =CONF G (@)
_ar1_y y(E(x))|Vp(E(z))| !
7.10 here G(z) = H 2
( ) where G(z) () lcurv(Z(x))|1/2
and

d+3

By(w,t) St 2 T H(x)”

d+3 _
2 )\
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Recall (7.6) and split y = (¢/,y4). We now let
P(T.e)={y:ly| <T e, lyal <T""%}

and define '
fr(y) = Lpere(y)e*™ e,

Then

(7.11) Ifrlly S TP

We examine the integrals Ky * fr(x) for |z| ~ 1 and R < t = ¢T. We may obtain a lower
bound for the absolute value of this integral if we can choose ¢ for given = such that

(7.12) o(eTyq + tH(x — y) — tH(z)) € (—Z, %
As the Gauss map is invertible near £° we observe that H is smooth and homogeneous of degree
1. We have VH (z) = £° 4+ O(¢) and thus 0,,H (z) > ¢ > 0. Now

) for all y € supp(fr).

(7.13) eTys+tH(x —y) —tH(z) =

d—1 d 1
¢ Z YiOg, H(z) + ya(eT — t0y, H(z)) + t Z YiYj / (1- s)@ixjH(x — sy)ds.
i=1 ij=1 0
The first and the third term on the right hand side are O(¢) when y € supp(fr). We choose t
in the interval

T T

— el
We assume that ¢ is chosen so small that I, 7 C [0,T]. If t € I, 7 the second term on the right
hand side of (7.13) will be O(¢e) as well so that (7.12) is satisfied.

We now split

+ ETI/Q]

Ky * fr(z) = d1(x,t) + J2(z, t) + 33(x, t)
with

31(1,715) _ C()\)G(x)eQTritH(:c)td;l—/\/eQWi(Tayd—i-tH(x—y)—tH(a:))RP(T7E)(y) dy,
d—1 .
Jo(z,t) = C(\)t2 / P Tevat =) (G — y) — G(x)) Lpire) () dy,

aat) = [ Bale = v.0)fr(w)dy.
We estimate these terms for
(7.15) r€Qi={x: || <ag|, 1/2< |zg| <1}, t€ILr.

Then by (7.12) the real part of the integrand in the definition of Ji(z,t) is bounded below by
2_1/2]]-P(T,5) (y) and therefore, for z € Q,

91, 1)] > CG(a)tss > / Lz () dy

Moreover,
Jo(m,t)| <t 2 AeT V2
| ) ~Y
ds(@ )] S 7 A7
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Hence for small € and t|z| > R, t € I, 1 the term |J;(x,t)] is significantly larger than the terms
|32(x,t)| and |J3(x,t)|. Consequently, by |I, 7| > eT'/2, and assuming (7.15) we get

1 [T 1/q 1 1/q
(T/ |KA,t*fT(x)\th> > <T/ \KA,t*fT(x)’th>
0 [z,T
> cel/a=12a(T) 5 ATY2d — o e
and thus
1 [T 1/q d 1 d_ 1
(7 ) 1nee srloan) P, 2o 78608 s

which for T' — oo implies A > A(p) + 3(1 — % — %) 0

8. MAXIMAL FUNCTIONS ON HP(R?) FoR p < 1

We now consider the maximal operator associated with the generalized Riesz means when
they act on functions or distributions in the Hardy space HP(R?) for p < 1. The following
result generalizes one by Stein, Taibleson and Weiss [39] for the standard Bochner-Riesz means.
Other generalizations for specific rough p were considered in [19] and the references therein.

Let R} as in (1.3).
Theorem 8.1. For 0 < p <1, A(p) =d(1/p —1/2) —1/2 we have for all f € HP(R?)
A(p)
500 1R ety S 1oy
We use the same reductions as in §2. Write, for ¢ > 0
R f(x) = F~H ulp(-/0) fl() + Y 27T f (1)
j=1

where u is as in §2.1 and 7/}7(5,75) = cpj(p(f/t))f(f) with ¢; as in §2.2. This is similar to (2.7)
(except that now t ranges over (0,00)). The functions u, ¢; depend on A but satisfy uniform
estimates as A is taken over a compact subset of R. Let

Mof (@) = sup IF ulp(-/1)) fl(=)
and for j > 1,
M, f(x) = sup |Tj f (z,1)].
t>0
We then have
(8.1) sup RYP ()] < Mof(x) + D 27 PIM; f(x)
t>

j=1
and we shall derive a weak type inequality on H” for the right hand side in (8.1). The ingredients
are H? — LP bounds for the maximal operators My and M.

Let M be a nonnegative integer. We recall that a function a supported on a ball B is a
(p, M) atom if ||a]|oe < vol(B)~/? and [ a(z)P(x)dx = 0 for all polynomials of degree at most
M. By the atomic decomposition it suffices to check the H? — L? bounds on (p, M) atoms for
every non-negative integer M > d(p~! — 1) — 1. The bound for Mya is straightforward:

Lemma 8.2. Let M +1 > d(p~' — 1) and let a be a (p, M)-atom. For 0 < p <1 we have
[Moall, S 1



32 JONGCHON KIM ANDREAS SEEGER

Proof. This follows by a variant of the argument in §2.1. Define

My, v, f = sup |F (L — p(- /7)) R f]].

7>0

Let Ni, N3 be large so that My, n, maps H? to LP. By the subordination formula (2.1) we
have

_ . I No+1
(52 sup |7 /)l @) S 9 )| 5 [ 5l )l
and the integral is finite. Hence we get the desired LP bound for Mya. O

8.1. The main HP — LP bound.

Proposition 8.3. Let 0 < p <1,j>1,ve Z;. Let M +1 > d(p~' — 1) and let a be a
(p, M)-atom. Then

1_1

| Myal, s G,

We further decompose Tj f(x,t) = Euezj T f(x,t) where we use the homogeneous partition
of unity as in (3.2). Let for v € Zj,

M, f(x) = sup [T, f(z,t)].
t>0

Then M;if(x) < 3 ez, Mjuvf (). Since #Z; = 0(27(4=1)/2) we can use the triangle inequality
in LP, p <1, to see that the proposition follows from

fdt11
(8.3) [Mjual, <275 G0
We proceed with the proof of (8.3).

By translation and scaling, we may assume that a is supported in the ball B of radius 1
centered at the origin, ||all < 1 and [a(z)P(z)dz = 0 for all polynomials of degree < M.
By a rotation we may also assume that Vp(&;,) is parallel to (1,0,...,0) and thus writing
x = (x1,2") we have

9—3(d+1)/2
(1427 |21 )N (1 + 279/2]2/ )N

(8.4) 10K, ()| < CNy Ny

for all multiindices o € N¢ and all Ny, Ny > 0. See e.g. [11] or [31]. Let
D={(x1,2") e RY: || <5-2,|2| <5- 2j/2}‘

In the following subsections, we estimates the LP-quasi-norm of M a(z) over D and DE,
respectively, using the cancellation condition for the atom when z € e

8.1.1. Estimation over D. Let
Do = {(z1,2) € R? : |ay| < 5,]2'| < 5}
Dy = {(z1,2') e R : &1 < 5-27/2,|2'| < 5}

(8.5) E={(z1,2) e R : |2/| > 279/2|2]}.
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We derive the following pointwise estimates
1 if x € Dy,
2Ej/2‘$1’7(1+6) if x € Dy \@0
8.6 M, < , ’
(8.6) WAl S 92t fr e (D\ D)) N E,
25 |y~ ifx e (D\Dy)nEL
If we use this for 0 < e < % — 1 then straightforward integrations give the desired bound

j21(1-1)

(8.7) [IM;all ey S22 -

To verify (8.6) first observe the pointwise bound M; ,a(x) < sup,~ 195K, (#)|1]lalleo < 1.
This gives (8.6) for x € Dy. Secondly for any € D1\Dy and y € B1(0), we have |x1—y1| = |z1].
Using (8.4) with Ny =14 € and No =d — 1 — ¢, we have

LK, (t) * a(@)] S td?j(d*””@”lﬂfl!)(1“)/ 2772t — o)~y
ly'|<1

S 26j/2‘x1’7(1+6)

for all z € Dy \ Dy.

Assume that 2z € (D\ D) N E. Then |2/| > 5 and thus |2’ — /| > ¢|2/] for some ¢ > 0 for all
|y'| < 1. Using (8.4) with N3 =0 and Ny = d, we have

[t () * a(a)| S 1927902270 2¢g/ )= = 279/2 || 74,
Finally, when = € (D \ D1) N EL, we have |z; — y1| > c|z1| and necessarily |z1]| > 279/2. If we
put N1 =d, Na =0in (8.4) we get
LK, (t) * a()] S 17277227 g )74 = 27 (@123,
This concludes the proof of the pointwise estimate (8.6) which implies (8.7).

8.1.2. Estimation over Db. When 2 € DC we use the cancellation of the atom and Taylor’s
formula to write

M n . z
) e ale) =10 [ (Kyutte - ) = 3 ST KD o) g
n=1
- (_1)M+1 1
— Vi td+M+1/0 (I_S)M/<y7

We now use (8.4) for the derivatives of order M + 1. Also notice that if E is as in (8.5) we have
|2/| > 5-20/2 for € D' N E and |z1| > 5- 27 for z € DP N EL. We obtain

2IM/2| g/ |~d=1-M if v € PPN E,
Mj#’a(x) S (M+|di|1) —d—M-—1 . C C
27 2| if x € D* N E".

VIMHLK,  (tr — sty)a(y)dy ds.

where for 2 € DL N E we took Ny =0, Ny = d + M + 1 in (8.4) and for z € D EL we took
Ni=d+ M +1 and Ny = 0. Hence

j _ 1/p
‘|M17Va||LP(®UmE) 5 QJM/2< / |:E/| (d+1+M)p / dl‘ldl',)

|2/|227/2 |21 <2772 ]|
and 1
(M 4L _ p
||Mj7Va||LP(DCﬂEC) S 20 M+ )( / |21 (d+1+M)p / dw,dl“l) .

11227 |2/| 279/ 21 |
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.d
Both integrals are < 97 =1 provided p > ﬁ, which is the hypothesis on p and M.
This concludes the proof of (8.3). 0

8.2. Proof of Theorem 8.1, conclusion. As a crucial ingredient we shall use the generalized
triangle inequality for LP*°° namely

(88) ||, s A (S sl) "
l l

which holds with A, = O((1 — p)~/?) as p — 1—. See either the paper by Kalton [21] or the
paper by Stein-Taibleson-Weiss [39]. By Lemma 8.2 it suffices to prove

(5.9) (DIE Y I T

j>1

and by (8.8) and the atomic decomposition we may assume that f is a (p, M)-atom a, with
M +1>d(p~' —1). By dilation and translation invariance we may assume that a is function
supported in {z : |z| < 1} such that |la]lc < 1 and such that [a(z)P(z)dz = 0 for all
polynomials of degree < M. Because of this normalization we notice that (up to a harmless
constant) the function a is also a (p1, M) and a (po, M) atom where p; < p < pp < 1 and we
pick p; is sufficiently close to p such that M +1 > d(pf1 —1).

We need to verify for all a > 0
(8.10) meas ({z : ZZ*j)‘(p)Mja >a}) Sal
j>1
By Proposition 8.3 we have for every j > 1

(8.11) ‘)Q—j)\(P) Mya| < 270@=2w),

i
We employ a variant of an interpolation argument in [4] to estimate
meas({x : Z2‘j)‘(p)/\/lja > a}) < I+1I
j>1
where I is the measure of the set on which Zziga*r’/d Q—jk(p)/\/lja > a/2 and I is the measure
of the set on which ) —pyd 2_7’\(p)/\/lja > /2. By Tshebyshev’s inequality

27 >q

; p1
I<(2/a) Z 2—J>\(P)Mja ’
jEN n

2i<q—P/d
; Po

IT < (2/a)P0 Z 27920 Ma

en Po

2/ >q~P/d

Apply (8.11) to obtain

I+II<a™ Z 2i(A(p1)=A(P)P1 4 o—Po Z 93 (A(po)—A(p))Po

21 <q~P/d 27 >q—p/d
- jd(1—-2L1 - jd(1—20 -
—a P 5:23( ») 4o PO §:2J( p)gap_
20d< P 2/d>q P

This yields (8.10) and concludes the proof. O
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Remark.  Versions of the Fan-Wu transference argument in §5.1 for maximal functions and
hP for p < 1 can be used to prove a theorem for Riesz means of Fourier series analogous to
Theorem 8.1.

9. OPEN PROBLEMS

9.1. Spaces near L'. For f € L'(T%) it remains open whether the Riesz means Ri‘(p)f(:c) con-
verge g¢-strongly a.e. for any ¢ < oo. In particular can one upgrade in Corollary 6.3 the
conclusion of upper density one of E(f,x) to density one?

It may also be interesting to investigate strong convergence a.e. for spaces intermediate
between L' and Llog L.

9.2. The case ¢ = p'. For f € LP(T9), 1 < p < 2, prove or disprove that Rz\(p)f(:c) converges
g-strongly a.e. when ¢ = p/. For f € h'(T%), is there a version of Rodin’s theorem [30] in one
dimension, that applies to Riesz means at the critical index A(1) = 4=1 where the Li-average

2
norm in t-variable is replaced by a BM O-average?

9.3. Problems involving nonisotropic dilations. One can ask the same questions for quasi-radial
Riesz means when the isotropic dilation group is replaced by a nonisotropic dilation group t
where P is a matrix with positive eigenvalues and p satisfies p(t7¢) = tp(¢). It turns out
that the results depend on the geometry of the surface in relation to the eigenvectors of P.
In the case that ¥, = {{ : p(§) = 1} has nonvanishing curvature everywhere one has almost
everywhere convergence for A > %, but there are other examples where a.e. convergence fails
for A < d/2, see [22] for details. Even in the case of nonvanishing curvature we have currently
no endpoint results for strong convergence of R} f, for the critical A = A(p) when the dilations
are nonisotropic.

9.4. Almost everywhere convergence. For 1 < p < 2 the problem of a.e. convergence, and the
critical ¢ for strong summability for A\ > A(p) is wide open. Optimal results for the maximal
operators are currently known only for the subspace Lfad of radial LP functions, see [16]. For
general LP functions results that improve on Stein’s classical theorem for a.e. convergence of
Riesz means of index > (d — 1)(1/p — 1/2) are currently only known in two dimensions, see
Tao’s paper [44].
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