ON RADIAL AND CONICAL FOURIER MULTIPLIERS

YARYONG HEO FEDOR NAZAROV ANDREAS SEEGER

ABSTRACT. We investigate connections between radial Fourier multi-
pliers on R? and certain conical Fourier multipliers on R?*!. As an
application we obtain a new weak type endpoint bound for the Bochner-
Riesz multipliers associated to the light cone in R4*!, where d > 4, and
results on characterizations of L? — LP'Y inequalities for convolutions
with radial kernels.

INTRODUCTION

This paper is a sequel to [9] in which the authors obtained a character-
ization of radial multipliers of FLP(R?) provided that 1 < p < 2 and the
dimension d is large enough. The main estimate in [9] was concerned with
a convolution inequality for surface measure on spheres which in this paper
we state as Hypothesis Sph(p1,d) for some p; > 1. Under this hypothesis
we shall prove several equivalent statements on cone multipliers and radial
Fourier multipliers.

In what follows we fix a radial C°>°(R¢) function 1), supported in a small
ball centered at the origin (say, of radius < (100d)~!) whose Fourier trans-
form vanishes at the origin to high order (say 100d). We assume that

Uo(€) # 0 for 1/8 < |¢] < 8. Set
(01) ¢=¢o*¢o

and, for y € R? and for r > 1, let o, be surface measure on the sphere of
radius r centered at the origin, i.e.

02) (o, £y =7 | | Fr)don(y).
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Hypothesis Sph(p,d). There is a constant C so that for every h € LP(R%x
R*: dyr?=1dr) the inequality

©03) | [, [ v i,

1/
< C’(// |h(y,r)|pdyrd_1dr) .
RAxR+
holds.

Theorem 0.1. (]9]) Hypothesis Sph(p,d) holds for d >4, 1 <p < 2214:11)'

1. STATEMENT OF RESULTS

In what follows LP"¥ denotes the standard Lorentz space, and we shall
usually assume that p < v < cc. We denote by Fyf the R? Fourier transform
of f, defined by Fuf (&) = [ f(y —iw:) dy. We shall also write Ff or f if

the dimension is clear from the context

Let v = {7k }xez be a sequence of bounded functions supported in (—1/4,1/4).
Define

(1.1) m(&, 1) = my(€,7) Z’Yk |£|_T) Liok or+1)(7)

keZ

where 1 denotes the characteristic function of E. Let T denote the operator
acting on Schwartz functions in R4*! by

(12) fd+1[Tf](§, T) = m’Y(& T)fd+1f(§, T)'

Moreover, for each fixed 7 € (0,00), define an operator 77 on functions in
R? by

(1.3) FalTf1(€) = (=5
Theorem 1.1. Let T, T7 be as in (1.2), (1.3).

€l - )ff(g) if 7 e [2F, 2k 1),

Suppose that 1 < p1 < % and suppose that Hypothesis Sph(pi,d) holds.
Let 1 <p<py, p<v<oo. Then the following statements are equivalent.

(i) T maps LP(R*Y) boundedly to LPV(RH),

(i1) There is a constant C), so that for all sequences {1 }3 _ . satisfying
e € [2F,251)and for all f € LP(R?)

[

keZ

Lpwv (R4) < C Sup |ak| Hf”Lp(Rd
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(iii) For every k € Z there is a 13, € [2F, 281 such that T™ maps LP(R?)
boundedly to LP*(R?), and such that supy, | T7¢|| 1o — v < 0.

(iv) The functions s +— qk(s) (1 + \s\)_% belong to the weighted Lorentz
space LPY(R, (1 + |- )4=1Y), with the uniform bound

Vi

(1.4) sup || —————
A TR

keZ

< 0.
LPV(R,(1+|r|)4=tdr)

(v) The functions F; ' [yi(|-|)] belong to LP¥(R?), with the uniform bound

sup |75 (]~ Dll| ooy < o0

From Theorem 0.1 we get

Corollary 1.2. Statements (i)-(v) in Theorem 1.1 are equivalent if d > 4,

1<p<2(j;11),p§1/§oo.

The equivalence of (iv) <= (v) and the implication (iii) = (iv) are in
[5]. The implication (ii) = (iii) is trivial. The implication (i) = (iii)
follows from a version of de Leeuw’s theorem, see Lemma 2.3. It is not
presently clear how to deduce the global statement (ii) directly from (i),
without going through (iv) or (v). The proofs of the main implications
(iv) = (i) and (iv) = (ii) are given in §4, §5; they rely on Hypothesis
Sph(p1,d).

As a consequence of the implication (iv) == (i) we shall derive a new end-
point result for the so-called Bochner-Riesz multipliers for the cone, defined
by

(15) pier = (1- S5

) 7_2 n
It is conjectured that py is a multiplier of FLP(R¥1) if A > d(1/p—1/2)—1/2
and 1 < p < dz—fl; this condition is necessary. This conjecture is open in the
full p-range. The first sharp L? results for some range of p were proved by
T. Wolff [19] in two dimensions, with extensions and improvements in [13],
[4], [6], [7], [9]. For the endpoint A = d(1/p — 1/2) — 1/2 one conjectures a
weak type (p,p) inequality for p < %. This endpoint inequality cannot be
replaced by a stronger statement such as LP — LP¥ boundedness for v < oc.
In §6 we prove

Corollary 1.3. Letd > 2 and p1 > 1, and suppose that Hypothesis Sph(p1, d)
holds. Let py be as in (1.5). If \=d(1/p—1/2) —1/2 and 1 < p < p; then

(1.6) Hf_l[ﬂAﬂHLp,oo(RdH) < Cpll fll oty
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for all f € LP(RHY). In particular, (1.6) holds ford >4 and 1 < p < 2%2:11).

Remark. Sharp bounds in HP, p < 1 and sharp bounds for the operator
acting on functions of the form f(z,t) = fo(|z|,t) can be found in Hong’s
articles [10], [11]. More recently, Heo, Hong and Yang [8] proved a weak
type (1,1) inequality for a localized cone multiplier x(7)p(g—1y/2(§,7), in
dimension d > 4. As a corresponding result for the global cone multiplier
one can prove that for Re(\) = (d — 1)/2 the operator f — .7-"d_+11 (o7 f]
is bounded from the Hardy space H' to L1'*>, under the assumption that
Sph(p1,d) holds for some p; > 1. This can be obtained by an analytic
interpolation argument using the analytic family of multipliers A — p), the
HP — LP* bounds in [10] for p < 1 and Re (A\) = d(1/p—1/2)—1/2, and the
LP result of Corollary 1.3. For the justification of the analytic interpolation
one uses an adaptation of arguments in [15]. We shall not give details here.

The equivalence of condition (ii) in the theorem with conditions (iv) or
(v) immediately yields a generalization of the main result in [9] to LP — LPV
inequalities.

Corollary 1.4. Let m = mg(| - |) be a bounded radial function on R* and
define T, by

FalTnf] = mFaf.
2d

Let 1 <p1 < 775 and assume that Hypothesis Sph(p1,d) holds. Let 1 <p <
p1, p < v <oo. Then, for any Schwartz function n # 0

N d
(1.7) HTmHLMW A i‘;%’t /PHTm[n(t.)]HLw :
Moreover, if ¢ € CZ° is compactly supported in (0,00) (and not identically

zero) and k¢ denotes the Fourier transform on R of the function ¢my(t-)

then
(1.8)  ||Tu ~sup [ —"
' "lpp— e Nt>g (1+’.‘)d%1

Lo (Ry(1+|r])4~1dr)

The equivalence of the two conditions on the right hand sides of (1.7) and

(1.8) with L . — LP boundedness (i.e. on radial functions, for p < f—fl)
was proved in [5]. The LP case (p = v) for 1 < p < 2%2:11) was proved

in [9], moreover that article has already LP — LP" inequalities for radial
multipliers which are compactly supported away from the origin.

Acknowledgement: The authors thank the referee for a careful reading of
the manuscript and the resulting suggestions.
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2. PRELIMINARIES

The following dyadic interpolation lemma is convenient in dealing with
the short range estimation in §4; it is proved in §2 of [9].

Lemma 2.1. Let 0 < py < p1 < oo. Let {F}}jcz be a sequence of mea-
surable functions on a measure space {2, u}, and let {s;} be a sequence of
nonnegative numbers. Assume that, for all j, the inequality

||Fj||£z < ZjPVMpqu

holds for v =0 and v = 1. Then for every p € (po,p1), there is a constant
C = C(po,p1,p) such that

IS B <ommr S,
X p X
J J

We need a simple fact about Lorentz spaces.

Lemma 2.2. Let (X1, 1), (Xo, no) be o-finite measure spaces, and let yu =
11 X g be the product measure on X1 xXo. Then, for1 < p < oo, p < v < 00,
and any p-measurable function G,

1/p
(2.1) |Gl Lo () x o) < Cpﬂ/(/HG(xlv’)H]ip»lf(é\?z,m)dﬂl) :

The proof is a Fubini-type argument (in conjunction with Minkowski’s
inequality in ¢*/P), we refer to §9 of [9].

Finally we need a version of a restriction theorem for multipliers due to
de Leeuw.

Lemma 2.3. Let 1 < p < oo and 1 < vy, < 00 and let m be a bounded
continuous function in R, Suppose that the operator f — Fy +11 [mFai1f]
is bounded from LP¥' to LPV2 with operator norm B. Let, for ¢ € RY,
mo(§) = m(§,0). Then there is a constant C independent of m and f such
that

175 o Faflll s < CB£]| o

[

Proof. This is just a modification of the proof given in [12] for p = 11 = vs.
By the hypothesis

@) | [[mienBie @ ndcr| < BIFl 1G] g

Now let x be a Schwartz function on R whose Fourier transform is supported
in (—1,1). so that xX(0) # 0. Given a small parameter ¢ we let x5(t) = x(0t),
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and, for f € LPY (R?), g € LP'*2(RY) we define Fs(x,t) = dxs(t)f(x) and
Gs(z,t) = xs5(t)g(z). Observe that the inequality

1h ® X5l par a1y < COO)6™ B par matry

is immediate for ¢ = r, by Fubini, and then holds for arbitrary r by real inter-
polation. Thus ||Fs||rrea < 8" VP(|f[zewn and (|Gl pruy < 57 (|9l Ly -
Apply (2.2) with Fy5, G5 and let § — 0. This yields

ROP| [ mie0fenes
— tim| [ [ mie. ) Fea@5 76 Pagar

§—0
< CB||fllrwllgll

i
LP Vo

which implies the assertion. U

3. INEQUALITIES FOR SPHERICAL MEASURES

We shall now derive a consequence of Hypothesis Sph(p;, d) which will be
used in conjunctions with atomic decompositions. Similar inequalities have
been used in [9] but they were derived using the proof of (0.3) rather than
(0.3) itself.

In what follows let ¢ be a nonnegative integer and, for 3 = (21,...,24) €
74, let
(3.1) Ryy={x eR: 2% <a; <2 +2%i=1,...,d}

so that the R;, form a tiling of R? with dyadic cubes of sidelength 2¢. We
denote by x , the characteristic function of R;,. We denote variables in
3

ZH1 by 2z = (3, 2441) with 3 € Z%. Let L= (202441, 2 2441 + 2%) and let
(32) XZ,Z($7 t) = XR:,,Z ($)X1Zd+1 ) (t)

For each r > 0, z € Z4*! we are given an L?(R%*1) function g, , depending
continuously on r such that

(3.3) 1920 lL2matry <1, for all z,7.

Moreover, for each positive integer n we are given an L' function w, sup-
ported in [1/2,2] so that

2
(3.4) sup / wn(p)ldp < 1.
1/2

n
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Let ¢ > 0. Given |b] < 2 we define an operator Sy acting on functions F
on ZT1 x RT by

(35) Sg bF(l’ t) =

>y [ or

z n={

2n+1

2
/ wn(p) / w*apr (:E_y)[Xz,é gz,r] (y, t—bT‘) dy dp dr.
1/2 R4

On the set Z4! x Rt we define the measure g by
o0
B = [ e
0 2€7Z411:(2,r)EE
for a measurable set E C Z4! x R,

Proposition 3.1. Suppose d > 2 and Hypothesis Sph(p1,d) holds for some
p1 € (1,2). Let gzr, wy be as in (3.3), (3.4), £ >0, |b| <2, and define Sy,
by (3.5). Then the inequality

/[(d L_1y_4
36) (ISPl o marsy < Couw 21 VT2 P s gair gy

holds for (i) for p =1 = v, with a = %, (ii) for p = p1 = v, with « =0
and, (iii), for

d—1 73— o
l<p<p, O0<v<oo wztha<T’1)7’?.
1

Proof. Statement (iii) follows by real interpolation from the cases p = v = p;
and p=v = 1.

We consider the case p = p; = v. In order to apply Hypothesis Sph(p1, d)
we interchange the p- and the r-integrals and change variables s = rp. This
yields

2n+1p

SepF(x,t) ZZ/ 1/2/3 F(2, 2)wn(p) x

z n=L"P= 2"p
s dp
1)[) * O-S($ - y)[XZ,f gz,é](yvt - b;) dy ds— )

R4 ’ P
and thus
61 SuFen= [ [ viole- VPt dyds

2¢—1 JRd

where

(3.8) VipF(y,s,t) :=

/ 1/22“)" p,2n+1p)] ZF Xzégz—](yat_b ) dp.
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For fixed t we apply Hypothesis Sph(py,d) and then integrate in t. This
yields

1/p
1820 Fllm sy = ([ 16667 (0 oyt

> /
<(f] /Mwmmwwwwa“,
2571

We observe that if 2V < s < 2¥T! then only the terms with v —1 <n < v+1
contribute to the n-sum in (3.8). Thus, for fixed (y,1),

0o 1/
(39) (/ﬁ VesFly. s, s=as) < Y
2¢—1

i=—1,0,1

dp
‘/ 1/2wu+z ZF Xzfgz—](yat b> )p

Now we have for fixed v

2u+1
/ ‘/ 1/2Wu+2 ZF ’p Xngz _](y, —b2 ) 1dp
21/+1

g/wwz (/. |3 e e ot = 03)
2 4 ovt2

< [ ol an( [
1/2

2u+2

(/.

We insert this back into (3.9) and obtain

([ WiaFts.opst-ias) ™
2¢—1

< (-
fqélzhwmmmmw—m

We take LP' norms in (y, t) and, for fixed r, perform a shear transformation
to get

([ ][ Wskts.opsttasdeay) "™
2271

S (/:O > IF( ) // Xz,égz,r(:%t)‘pldtdyrd—ldr>1/iﬂ1‘
20-1 <

2u+1

P, 1/p1
5% 1ds) .

P1 =1 )l/pl

1/p1d
plSd_1d8> prdp
P

p1 -1, >1/p1

[Xz £ 9z, r](y7 t— b?")

P1 1/p1
rd_ldr) .

Z F(27 7") [XZ,Z gz,r] (ya t— b'r')

1/
P1 - 1d) P1

ZF z,T [Xzfgzr](yvt_br)

p1 1/p1
rd_ldr> .
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By Hélder’s inequality and our normalizing assumption (3.3) this is esti-
mated by

oo 1/
([ S pGnp iy, g, ge-tar)
2 z

—1

< QHd+)(1/p1=1/2) (/Z !F(z,r)!plrd‘ldr)l/pl.

This yields the assertion for p = p; = v, with a = 0.

For p = 1 we estimate

2n+1

00 2
CRE P ) B IR CEI I BN EICIE

n:f z

Hq/) * Opp % [XRM Gorl(t — br)HLl(Rd) dp X, (t — br)dtdr.

zq415¢

The function ¢ * orp * [x egzm](-, t — br) is supported in a set of measure
35
< €271 namely an annulus of width < 2¢ built on a sphere of radius

rp. Moreover we have H}"d[q/) * O'TP]HOO < Crs where C is independent of
p € [1/2,2]. Thus the last displayed expression can be estimated by

27r+1

> 2
ZZ/ IF(z,r)I// lwn (p)] 2¢/27 (@172 &
n t p:1/2

z n:f

H#J * Orp * [XRéyegz,r](H t— bT)HLZ(Rd) deIzd+1,Z (t - bT) dt dr

SS[ [ eolrcolx

2£/27’d_1H [XRa,Zgz’r](.’ t— br)HLz(Rd) X7, (t — br)dtdr.

d+1-4

Now we use (3.4), apply the Cauchy-Schwarz inequality in ¢ and then use
the normalizing assumption (3.3) to bound the last expression by

26/2Z/|F(z,r)|rd—124/2 x
(/H[XRéyegzm]('vt_bT)H2L2(]Rd)XI

< zfz/w(z,r)w—ldr.

This gives the assertion for p = v =1, when o = %. O

1/2
(t — br) dt) 2 ar

zd41.t
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4. THE MAIN ESTIMATE

In this section y; will be a C*° function supported in (5/8,5/2) and x
will be a C'* function supported in (—4, —1/4) U (1/4,4). We now consider
the convolution operator T' on R*t! with multiplier

(4.1) =3 ae et (T kka)

keZ
where Ty, is supported in (—4,4), and b, € (—2,2).

We formulate our main estimate which will, for suitable choices of I'i,
X, X1 and by, yield both the implications (iv) = (i) and (iv) = (ii) of
Theorem 1.1.

Theorem 4.1. Suppose that 1 < p; < #‘ll and that Hypothesis Sph(p1,d)
holds. Let m be as in (4.1), with by, € R and |bg| < 2. Let 1 < p < p1 and
p < v < oo and assume that

r
(4.2) ¢, i=sup 7]67 < 0.
BN+ ]) 72 e @@ )d-tdr)
Then
(4.3) Hj:_l[mf]HLp,u(Rd+l) S Coull flloe ety -

We apply the Fourier inversion formula on the real line to 'y, and get

= e e iy, - [ Buls)e s,

By standard singular integral theory the convolution operator with Fourier
multiplier

2
S X @) @l / By (s)e2 " el-0ums g
A 27T _92

is bounded on LP(R*1) for all p € (1,00). Therefore it suffices to consider
the Fourier multiplier

4y et | Ty expisz (il = s
and a simllar multiplier involving an integration over (—oo, —2).

We note that these multipliers define bounded functions. Their L>(R4*1)

norms are bounded by

Tk 2d
PN =y ’ p< =i
(L+[-)

4.5 sup/ Tk(s)|ds < sup
@5) s [ [Fulo) — P

k
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here v; denotes the measure
dvg(s) = (1 + |s|)? ds.

To See (4 5) note that the function s — (1 + |s|)_% belongs to L%!(vy) if
q > 577 Thus, for p < d+17 we have

|w(s)] 1 w
lw(s)|ds = rdvg(s) S || ———<
/ /<1+rsr>2 arlsh= H<1+H>2
which implies (4.5).

b
LP2(vgq)

Now let ¥ be a C*°-function on the real line supported in (1/8,8) so that
¥(s) =1 on (1/7,7) and observe that multiplication with 9¥(3|¢|) does not
affect x1(|¢]) as long as 1/2 < B < 2. Thus we have to prove that the
convolution operator with multiplier

2n+1

o) Tl (g Z / (27" L8))Tu(s) exp(is 52T ds
is bounded on LP(R*1).

One can express F; 'lexp(=£i| - [)9(27"| - |)] as an integral over spherical
means plus an error term:

Lemma 4.2. Forn > 1,
2 o~
@7 FpletoEn ()] = 22 / wE(p)o,dp + B
1/2

where W is smooth on (1/2,2)

(148) sup [ | ()ldp < .
and, for any N,
(4.9) B (2)| + 27| VE; (2)] < Cn2 "N (1 + Ja) N

This can be proven by an application of the stationary phase method; a
more direct argument is given in Lemma 10.2 in [9].

From the lemma we see that the convolution operator with multiplier
(4.6) can be split as

Z’Ck*f+222kd+l )*f

n=1keZ

where the main term is obtained by substituting the first term in (4.7) for
fgl[eii|'|19(2_"| -1)] (¢f (4.11) below) and thus the rescaled term FE, j is
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given by
(4.10) E,i(z,t) =

2n+1

Jo T

where E(S,T) = x(1)x1(l¢]).

/C x —y,t —bgs)s~ ~n(3_1y) dy ds

From (4.9) one gets

]Emk(x t)’ + ‘VEn k(m,t)] < CN]'Q_”N X
2n+1

/ Tk (s |/ 14 |z —y| + |t — brs|) ™21 + 27y ) NV 2dy ds.
s§=2m"

We use (1+ |z —y|+ |t —bys|) 79472 < (%)‘”2 and since |bg| < 2 this

implies (assuming N is chosen sufficiently large, say N > 10d)
| B (2, 8)] + [V B (@, )] S [ Tkllpr ey 27 (1 + || + [¢) 742
From this estimate it follows easily that the operator &, defined by
gnf — Z 2k(d+1)En,k(2k') * f
kEZ

is a Calderén-Zygmund operator which is bounded on LP(R*!) and the
sum of the operator norms » o> | [|€,||rr—r» is bounded by a constant only
depending on p.

We now consider the main term. This is the operator of convolution on
R4*1 with the kernel 3, Kj where

(4.11)  Fanl[K](€,7) = xa (27 F €)X (27 7) x

oo antl I
Fy(s)eioes2 ™7 / wn(p) Falo,)(27%5€) dpds.
1/2

> |

n
n=1

We now let 1o, 1 be Cg°-functions as defined in the introduction and
define 1, € S(R**1!) by

o (em) = 10D xalEhx()

(1o ()4 (())?
Define the dyadic Littlewood-Paley Operator Ly, by

fd—i—l[ka] (fa ) = 770( kfa )fd-l-l[f] (S,T) :

Then
K * f(2,t) = / / M, (2F(x — y)) PoLp f (y,t — 27" bys) dy ds
2
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where

(4.12) FalPegl(€) = 0(27F€) Fag(€)

and
e d—1~ 2

Hy o(w) =Y 2" Tr(s)xjn 2n1)(5) / wn(p) x5~ (s )]dp

n=1 p=1/2
5 d—1l 1-d ?

413 -7 gy (5)27 57 51 . Jdp:

413) =3 02T [ oo

in (4.13) the * is used for convolution in RY.

Atomic decompositions. As in [9] we use atomic decompositions con-
structed from a nontangential Peetre type maximal square function (cf. [14],
[18] and [16]),

E 1/2
Sf(x,t) = ( sup |ka($+y,t+s)|2> ‘
L |(y,8)|<100(d+1)-2—F

Then |G f|, < Cp||fllp for 1 < p < oo.

For fixed k, we tile R%! by the dyadic cubes of sidelength 27%. We write
L(Q) = —k if we want to indicate that the sidelength of a dyadic cube is
2=k For each integer j, we introduce the set

Q; = {(z,t) : &f(z,t) > 27}.

Let Q;? be the set of all dyadic cubes of sidelength 2% which have the
property that |Q N Q;| > |Q|/2 but |Q N Q1] < |Q]/2. We also set

Q) = {(a,1) : Mxg, (1) > 1007971}

where M is the Hardy-Littlewood maximal operator. €7 is an open set
containing ; and [Q7] < [€;].

Let W is the set of all dyadic cubes W for which the 20-fold dilate of W is
contained in (2% and W is maximal with respect to this property. Clearly the
interiors of these cubes are disjoint and we shall refer to them as Whitney
cubes for 7. For such a Whitney cube W € W; we denote by W* the
tenfold dilate of W, and observe that the family of dilates {W* : W € W;}
have bounded overlap.

Note that each Q € Q;? is contained in a unique W € W;. For each
W € Wj, set

Arws= Y (Lef)xg:

QeQk
QCwW
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note that only terms with L(W) 4+ k > 0 occur. Since any dyadic cube W
can be a Whitney cube for several Q27 we also define “cumulative atoms”,

Apw = Z Apwj
JWew;

Standard facts about these atoms are summarized in

Lemma 4.3. For each j € Z the following inequalities hold.

(i)
S S kw13 S 2% meas(€2;).

wew; k

(ii) There is a constant Cy such that for every assignment W — k(W) €
Z, defined for W € W;, and for 0 <p < 2,

> meas(W)|| Ay w1 < Ca2Pmeas(;).

wew;

For the proof see Lemma 7.1 in [9] (or related statements in [1], [16]).

With this notation it is now our task to show the inequality

(4.14) szz > KerAuws| S Gl

Jj £>0  Wew;
L(W)=—k+¢

Let
(4.15) By ow,j(x,t) = /2dek,s(2k(x — ) Arwi(y,t — 27 bys) dy,
with Hj, s in (4.13) and note that
Ki* Apwj = Py [/:O DU dS],
with Py in (4.12).

The estimate (4.14) follows then from a short range and a long range
inequality. The short range inequality is

o) [SXE ¥ Al s,

7 £>0 wew;
L(W):—k—l—f

S Sllip kaHLl(R) HGpr’ 1<p<y2
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and implies the analogous LP — LP¥ estimate Since by assumption v > p.
Recall that supy, HFkHLl(R) S oo S for p < d+1, cf. (4.5).

The long range inequality is

@ [EXE S Al L Beawas]],,, 5 enlesy.

j >0 Wew;
L(W)=——k+e

The short range estimate. Since > _; 29Pmeas(Q;) < ||S S5 it suffices by
Lemma 2.1 to show that for fixed j and 1 < p < 2

2¢ p
(4.18) HZZ Z Pk[/2 %k,S,W,jds]HLp

k >0 Wew;
L(W)=—k+¢

S supHFkHL1 2/Pmeas(Q;).

Here we estimate an expression which is supported in 7. Thus the left
hand side of (4.18) is dominated by

(4.19) meas(Q;)l_pmH Z Z Z Pk[/;z B s, w5 ds | ‘ "

L2
k £>0  Wew,
L(W)=—k+¢

which by the almost orthogonality of the operators Py is dominated by a
constant times

(4.20) meas(Q%)'~ p/Q(ZHZ Z / Vs W, ds” >p/2

>0  Wew,
L(W)=—h4

Now, for fixed W with L(W) = —k + ¢, and for every s < 2¢, the expression
U}, s,w,; is supported in the expanded cube W*. The cubes W* with W' € (),
have bounded overlap, and therefore the expression (4.20) is dominated by
a constant times

(421) meas@) (Y 2 H/ mhs,wjdsu )m

k(>0 Wew;
L(W)=—h4£
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Now we have for fixed W

2(
[ B
2
1/2

22
S /2 </ |28 Hy o (2) % A = Z_kbks)H;(Rd)dt) ds

L2 (Rd+1)

! 1/2
5/2 </Hfd[Hk’s]Hio”Aka,j(’vt_2_kka)HiZ(Rd)dt> ds

2[
= /2 | FalHps)|| o s | Akl L2 (mes)

and

9t
| I s
antl 2

1
Z/ ]Fk(s)\2”dTlsl_d/ wn(p)Hfd[l/J*aps]Hoodpds.
n=1"2" p=1/2
Since Fy[th * 0,5](€) = O(2M4=D/2) uniformly in p € (1/2,2) and s €
[27, 271, Since sup,, |wnll1 < 1 we get

2(
| 1 s < [ Feolas

and thus

2[
w) | [ s, S [ Eao)lds [ Anry
2

We use this estimate in (4.21). By Lemma (4.3) we have

> > Akl s X D lAkwll; S 2meas(2).

k >0 Wew; Wew; k
L(W)=—k+t

We combine this with (4.22). Since meas(Q}) < meas(§;) it follows that
the right hand side of (4.21) is dominated by a constant times

[Sllip/ Tk ()] dS]p meas(§2;)277

which then yields (4.18) and finishes the proof of the short range estimate.

The long range estimate. It is now advantageous to use the cumulative
atoms Ay . If we let

(4.23)  Vpsw(z,t) = /deHk,s(Qk(' — ) Apw (y, t — 27 by.s) dy
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then Uy s w = Zj V.s,w,; and we have to show

(4.24)

H Z Z Z / D.s, st o < Z meas(£2;)277 .

k £>0
L(W :—k—i—é

By Minkowski’s inequality this follows from estimates for fixed £ > 0, with
exponential decay:

(4.25) HZ Z Pk[/;o’lik,swds]‘

L(W):—k+£

Lpw

< ¢, 27t (Z meas(Qj)ij> v .

Here a(p) > 0 for p < p; (in fact o will be as in Proposition 3.1).

We interpolate an L' (/') — L' inequality and an L?(¢?) — L? inequality
for the operators P;. Let m denote the measure on R4 x Z defined as
the product measure of Lebesgue measure on R**! and counting measure
on Z. Define for (suitable) functions h on R x Z an operator P by
Ph(z,t) = S, Fy 'l Y(27%)Fyh(-,t,k))(z). Then P maps L}(R! x Z, m)
to L'(RH1) and by orthogonality L?(R*! x Z,m) to L?(R%1); thus for
1<p<?2

HPhHL”’”(RdH) 5 HhHLPvV(RdHXZ,m)'
Now by Lemma 2.2 this also implies, under the additional restriction v > p,

DL BRI A

Using this inequality we see that (4.25) follows from

(4.26) Z H Z / By, s wds H sab2 2~ tpa(p) Zmeas 2”

L(W) o,

We need to rewrite f;o U}, s,w ds and also scale it in order to apply Hy-
pothesis Sph(p1,d) (or rather its consequence stated as Proposition 3.1).
Note that

Vs w(x,t) = /Hk,s(Qkfﬂ —y) A w (2 Fy, 27 (2% — bys)) dy .

If we set
arw(y,u) = Apw(27%y,27Fu)
and

0w (T, ) = /Hk,s(x —y)ag,w(y,t — bis) dyds
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then Uy, s w(x,t) = Uk78,w(2kx, 2kt) and of course we have

(4.27)
H Z / Uy, s wds = 9~ kld+1)/p Z / 0k, wds
Lpw

LW~ kgt W)Lkt

Lo

Next (with * denoting convolution in R%)

(4.28) / 0w (z,t)dr =
2(
[ele] 2n+1

2
// Swnlo) [ a2 w0k (ot~ bir) drdp.
2=t

n

We are now in the position to apply Proposition 3.1, with the choice of
F(z,1) = Fry(z,7) =

SN —dend=t _
D Te(r)r' 2 X[2n,2n+1}(7’)H > Aw (@)
n=>~¢

W:L(W)=(—k

‘2'

The sum in W collapses as for given z = (3, z4+1) there is a unique dyadic
cube W of sidelength 2% so that the dyadic cube 28W = {2%(z,t) : (x,t) €
W} is equal to Ryox 1., 0 Also observe the pointwise estimate

et

STk 7125 X g gy (1) S =
(14 Jr]) >

We now proceed to finish the proof of (4.26). By Proposition 3.1 and the
Fubini-type Lemma 2.2 we get from (4.28)

Z /2‘Z UksWdS oy N 26((d+1)(%_%)_a)”FR,ZHLP’V(Zd“xR*,ud)
L(W):—k—i—é
(4.29)
< QD=3 [Tk y
(1+]-)% Lo R (1 )4=1dr)

(T JawelE)

W
L(W)="k+t
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where « is as in Proposition 3.1. Combining (4.27) and (4.29) we obtain
after a change of variables

(4.30) / Do s H

LW :—k+£

5t’:p,u2‘éa2“‘k)(d+l)(%_%)( Y HAKWH;’)W

w:
L(W)=—k+¢

Note that for fixed k& and W, the functions Ay ; live on disjoint sets
(since the dyadic cubes of sidelength 27% are disjoint and each such cube is
in exactly one family Q?) Thus |[Ap w5 S > | Ak.w;]/5- We now sum in
k and obtain from (4.30)

(Z H / mkswds I;pyy)l/P
$Ore(ET T wen )
j Wew;:
LW )Z—k"‘é

Finally, using part (ii) of Lemma 4.3, we get

p 1/p
<ZZ > meas(W)' 2 A uf5)

i Wew;:
L(W)=—k+¢

<Z > meas(W)|[ Ay w12 )W

j wew;
(Zmeas )27) " < el

This finishes the proof of (4.26).

5. PROOF OF THEOREM 1.1

By the remarks in the introduction (following the statement of Corol-
lary 1.2) it only remains to be shown that (iv) implies (i) and (ii). These
implications quickly follow from Theorem 4.1.
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For the implication (iv) == (i) we show, for the choices b = 1 and b = /2
that the multiplier

(5.1) m(E,7) = 3 L ey (T (2751 - b7))
k

defines an operator which is bounded from LP(R%!) to LP¥(R%1). The
choice b = v/2 and scaling in 7 then also covers the multiplier

T) = Z Lok /30041y (T) Yk (271l = 7))
K

and the assertion follows.

For the proof of (5.1) pick a smooth function x2 which is equal to one
on [1,v/2] and supported in (9/10,3/2). Recall that -, is supported in
(—=1/4,1/4) and pick a smooth function y; which is equal to one on the
interval (19 b— }1, ;’b—k 7) and supported in (%b, 2b) (in particular, for b =1 or
V2, x1 is supported in (g, %) as in §4). Observe that, with these definitions

(5.2) m(¢ Zm T @€ (27 (€] - or))

where E = (J;cz[2",2 +5). By the Marcinkiewicz multiplier theorem the
convolution with multiplier x(7) is bounded on LP*(R¥1) for all 1 < p <
00, 0 < v < co. Therefore it suffices to prove that under condition (1.4) the
multiplier

(5.3) ka F(1g] = br))xa (@) xa (277 )

defines a convolution which maps LP(R%1) to LP¥(R4T1). But this follows
immediately from Theorem 4.1, with the choice of I'y =y, and by, = b (=1
or \/2) for all k € Z.

Next, for the implication (iv) = (ii) we first note that since 7, €
[2%, 2k+1] the term (27 (|¢| — 7)) vanishes for || & (32, 92%). Now choose
X1 so that x; is supported in (5/8 5/2) and equal to one on (3/4,9/4). Then

Fal)_ axT™1(€) = Y anme@7FIEl = 27 m)xa (27 €D Falf1(€)
k k

Now let x be smooth and compactly supported in (—4,4). We claim that
the multiplier transformation with Fourier muliplier

(5.4) Zam FEl = m))xa (27FIED) x (270 7)

maps LP(R1) to LPV (Rd+l). To see this we apply Theorem 4.1 with
I'y(s) = apye(s — 27F7,) and by, = 0 for all k € Z. The condition (1.4)
for 4}, is obviously equivalent with the condition (4.2) for T'.
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Now in (5.4) x(7) may be chosen so that x(0) = 1. With this choice it
follows by de Leeuw’s theorem (Lemma 2.3) that 3, a7 maps LP(R%) to
LP¥(RY). O

6. THE CONE MULTIPLIER

Proof of Corollary 1.3. It suffices to consider the multiplier px (&, 7)x(0,00) (T)-
We split for 7 > 0

kA + € A — € A
T):Z]l[Qk,zk+1)(T) (:_2)\| |) (T 2k| |>+

keZ

Now let 3, € C°(R) be supported in (—1/4,4) and satisfy G.(s) = 1 for
|s|] < 1/8. We can then write

PAENX(00)() = 03(6:) Y Lge iy (v (LT (e m)
where -
;Z]lmk“ ( (TTJQrIEI)) ﬂo(|5|227)
T>=;ank,m<f>(1 Y 0ty
and

—u)‘ou or u
,Y(u):{< PBo(w)  for u <0

0 foru>0"

The multipliers a) and a) are treated by the Marcinkiewicz multiplier
theorem. The associated convolution operators are thus bounded on LP*¥
forall 1 < p < o0, 0 < v < 0o. Therefore the corollary follows if we can
show that the convolution operator with multiplier

Z]lzk 2k+1 (\f’ - 7))

kEZ

maps LP(R%1) boundedly to LP°°(R%*!). By Theorem 1.1 this is the case
if

~

o

< oQ.
LP22 (R, (1)) 4~ dr)

But
A(s)| < C(1+ s

and it is easy to check that (14—|-|)_>‘_1—d%1 belongs to LP>°(R, (14|r|)4dr)
if and only if A\ > d/p— (d+1)/2. O
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