ON X-RAY TRANSFORMS FOR RIGID LINE COMPLEXES
AND INTEGRALS OVER CURVES IN R*

ALLAN GREENLEAF, ANDREAS SEEGER AND STEPHEN WAINGER

ABSTRACT. Endpoint estimates are proved for model cases of restricted X-ray transforms and singular
fractional integral operators in R%.

1. Introduction. Let G} 4 be the Grassmannian of all lines in R? passing through the origin. Let
H be a hyperplane in R? and let T be a compact one-dimensional submanifold of G1,q consisting
of lines which do not lie in H. Let € be the d-dimensional line complex of all lines of the form
2’ + ¢, where 2’ € H and £ € I". We refer to € as a rigid line complex; it serves as a model case for
more general classes of line complexes, considered in [5], [8], [6], [7].

The restricted X-ray transform associated to € is defined by

(1.1) Re f(2',0) —/

fds, tel, 2 € H.
x!+/4

We shall consider line complexes satisfying a curvature assumption. If I' is parametrized by a —
I'() then € is defined to be well-curved if T'(a), T”(a), ..., T(?~D(q) are linearly independent.
Note that this well-curvedness assumption does not depend on the specific parametrization of T'.

We are interested in the LP(RY) — L4(¢) mapping properties of the X-ray transform; in
defining the space L9(€) we use the measure dz’do on € = H x I, where dz’ is Lebesgue measure
on H and do may be any positive smooth density on I'. Homogeneity considerations show that
the relation d/p — (d — 1)/q = 1 is necessary for LP — L7 boundedness. Assuming this restriction
it is conjectured that LP — L9 boundedness holds for 1 < p < d(d +1)/(d®> — d + 2). The latter
restriction on p is necessary as can be seen by testing R on characteristic functions of rectangles
with dimensions (§,d2,...,8971,6) (see [7]). The conjecture has been proved for not necessarily
rigid line complexes in R? (see [6]); moreover partial results in higher dimensions, in the rigid case
for some local versions, have been obtained in [7], for the range p > 2(d? — d)/(d?> — d + 2). During
the final stage of preparation of this paper we received the preprint [16] by Oberlin where another
partial result, namely a restricted weak type estimate for p = d/(d — 1), ¢ = (d — 1)/(d — 2) is
proved.

Theorem 1.1. Let ¢ = H x I' be a rigid well-curved line complex in R*. Then the operator Re
is bounded from LP(R*) to L(€) if4/p—3/q=1 and 1 < p < 10/7. Moreover Ry is of restricted
weak type (10/7,5/3), i.e. it maps the space L'/T1(R*) to the space L%/3>(¢).

Here LP? is the familiar Lorentz space (see e.g. [1], [19]). A consequence of Theorem 1.1 is of
course that Re maps L2 into L{ _ if and only if (1/p,1/q) belongs to the triangle with vertices

comp loc

(0,0), (1,1) and (10/7,5/3), with the possible exception of the point (10/7,5/3).
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We shall also consider a model case of translation invariant operators, namely integrals along
the curve
Ly(t) = (t,1%,...,t%).

For any Schwartz-function f on R? and 0 < 8 < 1 define
(1.2) Aaf(@)= [ flo—Tae)e

where the case § = 1 is of particular interest. Homogeneity considerations, with respect to the
dilations 6 — (4,62, ...,%), show that the relation

1 1 23
1.3 I =_F
(13) p q dd+1)
is necessary for LP(R?) — L49(R?) boundedness. It is conjectured that Az maps LP to L7 if and
only (1.3) is satisfied and (1/p, 1/q) belongs to the closed trapezoid 7; = hull{ A, B, Cy, D4} where

A=(0,0), B=(1,1), Cy = (Lzht2 d-by p, = (2 222y Note that Cy = Dy <= d = 2.

M. Christ [4] found an argument (partially based on ideas in [12]) showing how LP — L4
estimates for the operator Ag can be deduced from a local version, namely

(1.4) Tof(z) = /1<|t|<2 Fz— Ta(t))dt.

It is conjectured that Ty maps LP — L9 if and only if (1/p,1/q) € 73. The necessity of this
condition is known and attributed to A. Carbery and M. Christ in [10]; one tests A on small
balls and on small rectangles with dimensions 6 x --- x §¢. The conjecture is known in dimensions
d = 2,3, see Strichartz [20], Littman [9] for the case d = 2, and Oberlin [13] for the case d = 3. The
latter case is accessible by T*T-arguments because of the critical exponent ¢ = 2 for the vertex Cs
of 73. Based on Oberlin’s result and the method in [4], S. Secco [18] established the conjectured
bounds for Ag in three dimensions. Recently, Oberlin [15] showed that in four dimensions T maps
LP — L9 whenever (1/p,1/q) belongs to the interior of 7y, or to the line joining E4 = (1/2,2/5)
and Fy = (3/5,1/2), a proper closed subset of the edge (Cy, D4). Combining this result with
the method in [4] yields that the operator Ag is LP — L9 bounded if 1/p — 1/¢ = (/10 and if
105)% <p<%,O<ﬁ<1,01‘5/3§p§2,621.1

Theorem 1.2. Suppose d =4 and Ag is as in (1.2).
(i) Let 0 < 8 < 1. Then Ag maps LP(R*) boundedly to LY(R*) if and only if 1/p—1/q = (/10

and ﬁ <p< %; in fact Ag maps then LP(R*) to L9P(R*Y).

(ii) Let 8 = 1. The operator A; is of restricted weak type (10/7,5/3) and of restricted weak
type (5/2,10/3). It maps LP(R*) boundedly to L¥P(R*) if 1/p —1/q = 1/10 and 10/7 < p < 5/2.

For (1/p,1/q) in any open line segment of the boundedness set, the LP — L4 estimate implies
the sharper LP — L%P C L9 estimate by real interpolation.

We use the following notation. A < B means that there is a constant C' depending only on the
underlying geometry such that A < C'B. LP? norms will be denoted by || - ||, and L%" norms will
be denoted by || - ||q,r-

L After this paper had been submitted the authors received a preprint by Michael Christ entitled ‘Convolution,
Curvature and Combinatorics — A Case Study’ in which he shows by different methods that the operator Ty is of
restricted weak type at the endpoints Cy, Dg4. This result, in conjunction with Proposition 4.1 can be used to prove
the analogue of Theorem 1.2 in higher dimensions.



2. Restricted X-ray transforms. In this section we give a proof of Theorem 1.1. By a change
of variable we may assume that H = {(z/,0) : 2’ € R3}. The assumption of rigidity means that the
set €, is a translate of a fixed €y; €,/ is given as a family of lines £,/ o, where £,/ o = {(2'+tv(a),1) :
t € R}; here « is restricted to a compact interval I and v : I — R? satisfies

(2.1) Afa) i=det (v(@) 7"(a) 7"(a)) #0.

Without loss of generality we may assume that -y is a parametrization by arclength, i.e. |y/'(a)| = 1.

We consider the operator

RF) = xte) [ 5 = ().t

where x is a nonnegative smooth function supported in the interior of I. In view of the compactness
of I' the LP — L4 estimates for R immediately imply the same LP — L? estimates for Ry as defined
n (1.1). We shall show that the adjoint R* maps L% %(R3 x I') to L'%/3:°°(R%), here

RYf(a! ) = / f(@' + t7(0), a)x(0)da

and we may assume that y has small support in I. The full result of Theorem 1.1 follows by duality
and interpolation.

Let ) be an even Schwartz function on the real line with the property that 7(7) = 1 for |7] < 1/2
and 7(7) = 0 for |7| > 1. For L € Z define

BLf(s 1) = / / £+ t9(0) + uy' (), 0)x ()25 (2 u)dadu:

note that limy,_. By, = R*f. Our main estimates are

Proposition 2.1. Forall L € Z

IR*f = Brfll 2y S 2752 fll 2 moxry.-

Proposition 2.2. Forall L € Z
IBLfllLo@sy S 25| fllLaeexr)-

The idea of using an L3 — LS estimate for averages over two-dimensional surfaces is due
to Oberlin, and the proof of Proposition 2.2 will follow an analogous argument in [15, II], using
multilinear operators. Given Proposition 2.1 and 2.2 one can use an argument by Bourgain [2] to
complete the

Proof of Theorem 1.1. Let E be a measurable set in of finite measure in R3 x I'. Choose L such
that 2= < (|E|A~*)Y/3 < 27LF1. Then by Tshebyshev’s inequality and Propositions 2.1 and 2.2

|Buxelld  IIR*e — Brxel3
(A/2)0 (A/2)?

< C(2PH| BN +27EA2|B) < C/[B[Y2AT10/3 = O x| 304721072,

o+ |Roe(@) > A}| < |



This is saying that R* is of restricted weak type (5/2,10/3) which by duality implies the asser-
tion. O

Proof of Proposition 2.1. As pointed out above we may assume that x is supported in the
interior of a small interval Iy C I. Let By = By41 — By; since Rgf — Brf = Z;’;L By f for
Schwartz-functions f it is sufficient to show that B; is bounded on L? with norm O(27%/2).

Following [11] we apply the partial Fourier transform of f with respect to the z’ variables,

~ o~

denoted here by f. Then define ¢ by ((7) = n(7) — 2n(27); ¢ is even and supported in +[1/2,2].
Then

By f(€,a) = f(&,a)x(a) / / et (1@ +ur (@09l C(20y) dudt

and therefore with yo(a) = x(a)x(@)

17113 = 20 [ / / / Fle 0T (€ 1) —00@0 ¢ (274 (), €))[2 di'dt xo () darde
Let
22) ma(0,6) = [ xo(@IC(27( (@), ) Pei” 9 da

We shall show that

(2.3) Ime(0,8)] S 27 Kpe(o)  where seugp | Keellm) < oo

5

The estimate (2.3) implies the asserted inequality since

1B 712 < 2 / / FETE 1) Kot — ') di'de de < 27 |12

Let
Y ={¢:(y(5),&) = (v'(s),£) =0 for some s € Iy}

which is the cone of binormal lines. Let dx (&) denote the distance of £ to . (2.3) is a consequence
of the following inequality expressing the behavior of my ¢ in terms of ds(§).

Lemma 2.3. For £ € R3

—¢ ar(§) 22

Tra@2 0= e ae)

im0, 8)| S 2

Proof. Denote by b = (7' x~") /|7 x+"| the unit binormal vector (recall that we parametrized ~ by
arclength). A conic neighborhood of the cone of binormal vectors is parametrized by ¥(p, s, w) =
p(b(s) + wy'(s)), here p > 0, |w| small and s belongs to a small neighborhood of supp x. One
computes | det¢)'| = p?|7 — wk|, where & is the curvature and 7 the torsion of the curve. This is a
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regular parametrization of the conic neighborhood of ¥; in this neighborhood pw ~ ds;. We chose
e > 0 so that the set {£ : d,(§) < 2¢|{|} is contained in this neighborhood.

In what follows choose the integer k so that 2¢ < [¢| < 281, Note that then my(c, &) = 0 if
£ > k 4 C for suitable C independent of k.

We shall first assume that ds(§) > €|£|. Note that for fixed £ the support of the cutoff
(274 (), €)) is contained in an interval of length ~ 2°~*. This gives the bound

[me(o,€)] S 2°7F = 27 ()
which is sufficient if |o| < 227k, If |o| > 22~F we integrate by parts twice and obtain the estimate
me(o,6)] < 2075 (2%0)

and the two previous estimates yield the assertion if dx (&) > €[¢].

From now on we assume that dx (&) < €[¢[; then & = p(b(s) + wy'(s)) where p ~ 2k, |w| < 1
and that ¢ < k. Observe that (7/(s),£) = 0 and expand

(2.4) (Y (a),&) = (7/(5),€) + (a — 5)>G(s,¢)
where G(a, s,€) = (€, fol(l —7)y" (s + 7(ar — 8))d7); hence |G(s,€)| = |¢] and
(7" (@), )] = [€(a = )]

We first consider the case where ds(¢) < C2% then a,(¢) ~ 2B3=%)/2 Assuming that
|(7/ (), €)| ~ 2¢ we find that this can only occur on an interval of length < 2(¢~¥)/2 and that
on this interval |(y(a),&)| < 20+K)/2 (To see this let g(a) = £(7'(a),£/|¢|) and expand
g(a) = g(s) + ¢"(&)(a — 5)2/2 with |¢”(&)| ~ 1 and |g(s)| =~ 2~.) We have to show that

9(3¢—k)/2

< o9—¢
Ime(o,&)| < 2 (1 + 2066-k)/24)2

or, equivalently, that |my(c,&)| < 2¢=R/2 if |o| < 2B6-0)/2 and |my(o,€)| < 20=50/25=2 if
lo| > 2(3¢=k)/2 " The first estimate is immediate from the observation on the support, while the
second is obtained using integration by parts, taking into account the bounds for the second and
third derivatives.

Finally we consider the case dx(£) ~ 2*™ where 0 < n < k — [ — c¢. We change variables

a=(a—s)y/|G(s,&/[€])| and use that the inequality

‘dTT(f) _ &2‘ < ot—k+1

can only hold for & on a set of measure < C2(¢=5=7)/2: the same restriction applies then to the
set where |(y/ (), €)| ~ 2. On this set we have the estimate [(7"(c), &)| < 20+k+7)/2 Integration
by parts yields

o(3t—k—n)/2

< o=t
Ime(o,§)] < 2 (1 + 2Bt=k=—n)/24)2

and since now ag(&) ~ 23~%~" this is the desired estimate. [
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Proof of Proposition 2.2. As in [15] we use the multilinear trick of [3]. Define

6
Brlfi,..., fel(@,t) = H/I Rfi(:v' + ty(a) + uy' (a), @)28n(2Fw) du x (o) de;

then ||BLf||¢ < |BLlf.-.-,f]li- We have to show that ||BL[f1,...,fs][l1 is dominated by
C22LTT11£:1S. By symmetry and interpolation (see [3]) this follows from

6
IBL(frs- - )l S 225 (1Al T T Ifills
=2

and it suffices to show this for f; replaced by a Dirac measure §,0 at z° € R%. By translation
invariance in the x’ variables we may assume that 2% = (0,0,0, 3) where 3 € supp x. Now

||§BL(5mO7f27"' 7f6)||1

6
< //H [//IXR | fi(=ty(B) — wv’(ﬁ) + ty(a) +“7'(04)’O‘)2L77(2LU)|dux(a)da 2L|77(2LZU)|dwdt
: 1/5
= H (/ |Br fi(—tv(8) — wv’(ﬁ),t)|52L|n(2Lw)|dwdt)

Define an operator By, 5 mapping functions defined in R* to functions defined in R? by
By s f(t,w) = 28/|n(25w) | BL f (—t1(8) — wy(8). t)

In order to show the required estimate for 28 we have to show that

(2.5) IBL,sf| 15wz < C227%|| f[| o s

where C does not depend on 3. To prove (2.5) we use duality; let g € L>/4(R?), so that ||g||5/4 < 1.
Then

‘/BL,ﬁf(t,w)g(t,w)dtdw‘
< [[ []_15t6teamun2aetolal@idalot )l e e o)t

where
o(t, a,u,w) = (=ty(B8) — wy'(B) + ty(a) + uy'(a), ).

One computes that
(8 —a)*
6

for «, B € supp x and since we assume that x has small support we have

| det(¢")] = A(B) +0(8 - af)

| det(¢)| ~ |a = BI* := J(a).
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Since for fixed o the map (¢, u, w) — ¢(t, o, u, w) is linear it follows that ¢ is injective in the regions
a> (and a < 3 (here a, f € supp x).

Now following [15] write

| [ Brasttwgtewdus
(2.6) < // //\f(qﬁ(t,a,u,w))\Gg(t,w,u,a)J@(a)dudadtdw

where (£, w)
_ 96L/5| 9L W Y(25u)|.

Ja()
Note that || fod||Ls.1(r4,7,am) < 2|/ |11 (a) Where dm denotes Lebesgue measure in R*. Therefore
the expression in (2.6) is dominated by C||f||rs.)]|GpllLs/4.% R4, ,dm) and, in order to finish
the argument, one has to show that

Gﬁ(ta w,u, Oé)

(2.7) ||G5‘|L5/4»°°(R4,J5dm) S 22L/5||9HL5/4(R2)'

To see (2.7) let x1o be the characteristic function of the interval [-271,27%] and for n =
L,2,... let xpn(u) = 1if 2747771 < |y < 27277 and xp ,(u) = 0 otherwise. Then Gg <
>0 o Ga,n where

G ot 0,1, ) = cw”z“ﬁ(%\m,n(u).
B

But

a)|dtdadudw S 27 o — o dtdw
Js(a)|dtdadudw S 2~ Lt B|*da dtd
Gpn>X |a—BI<(Cn2- "N 26L/5g(taw) A= 1)1/4

sz / / (Cn27" N2 g (t, w) [N dtduw;

hence
1GgnllLs/t00me g ydm) S 22L/527n(N74/5)Hg||L5/4(R2)
which implies (2.7). O

3. Integrals along curves. We sketch a proof showing that the operator defined by

Af@) = [ s =Ty
maps L%21(R*) to L'0/3°°(R*). By duality it then maps L'%/71(R*) to L5/3°°(R*). This implies
the estimates asserted for A; in Theorem 2.2 as well as LP — L7 boundedness of Tj in (1.4), for

(1/p,1/q) € T4\ {C4, D4}. The estimates for Ag, 0 < 8 < 1 will follow from these local estimates
and Proposition 4.1 below.

The proof is quite close to the one in [15]; therefore we shall just sketch the argument. Define
Apf(x) = // flx—=Ty4(t) — uI‘Z(t))QLn@Lu)dtdu.
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A modification of the multilinear argument in [15] yields that Ay, is bounded from L3 to L% with
norm O(2%/3). Arguing as in the proof of Theorem 1.1 we have to show that Ay — Ay, is bounded
on L? with norm O(2%/?). This in turn follows from the estimate

(32) [me(€)] < 02742

where me(é') = // ei((ﬁ,l_‘(t)Jrul_‘”(t)))(2577(2Zu) _ 2e+1n(25+1u))dtdu_

The proof of (3.2) is easier than the proof of the corresponding estimate in Proposition 2.1
since it can be deduced from known estimates for damped oscillatory integrals. Namely if

T (&) = / ei<€,F(t))‘<§7F//(t)>‘1/2+irdt

then |7, (&)] < (14 |7))M, for some M > 0, the bound is independent of ¢ (see [14]). Now let

ev/2
then 6 € C§° and a short computation using that 7 is even yields
me(§) = /e“g’m” [T (0))) = 2~ (T (1)])] dt
= /ei(g’r(t)m(log(?Z|<€,F”(t)>|))2e/2\<§7f"(t)>\1/2dt

1 ~ .
— 2—6/22_ /9(7)6_17610g2j—r(f)d7.
s

Using the rapid decay of f we see that the known estimate for Jr yields the bound (3.1).

Remark. We note that one could also work with the operator
AL f(z) = / / @ — Ta(t) — ul, (£))25n(2  u)dtdu.

Then Ay, is bounded from L3 to L with norm O(22/3) and the operator A, — A, is bounded
on L? with norm O(27%).

4. Estimates for fractional integral operators. Suppose in R? dilations d; are given by 6,z =
exp(Plogt) where P is a symmetric matrix so that all eigenvalues are positive. Let v = trace(P).

For a bounded Borel measure y define the dilate of u by

(4.1) (e f) = / F(6-r)dp(z).

Given the result of the previous section, the following proposition implies Theorem 1.2 concerning
the singular fractional integrals .Ag. The proof relies on an argument due to M. Christ [4]. In what
follows we denote by WF(u) € R x (R%\ {0}) the wavefront set of the measure .
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Proposition 4.1. Let u be a positive finite Borel measure with compact support such that for all
reRY E£0
(x,€) €e WF(u) = £ is not an eigenvector of P.

Let py be defined by (4.1). Suppose 1 < p < q < oo, p < r, and suppose the validity of the
inequality
i fllgr < Alfllp-

Then the inequality

| > 2 GO f| <o+,
k=—N )

holds with C independent of N.

Proof. The proof relies on the observation that for & € WF (i) the P-dilates of a suitable conic
meighborhood of & have finite overlap. Without loss of generality we may assume that P =
diag(ay,...,ay), so that v = Zle a; and dpx = (t" 2, ..., t%xy).

Note that if ¥ € L' and if K is a convolution kernel so that f — K x f is bounded from LP
to L?" (where 1 < p < q) then the operator f — (xK) * f is also bounded from LP to L?". This
follows from K * f = [Y(&)Me[K * (M_¢f)]d¢, where M f(z) = @8 f(z). Using nonnegative
cutoff functions y and the compactness of supp i we see that it is sufficient to prove that for every
20 € R? there is a neighborhood U,o with compact closure such that the theorem holds for the
measure xu, for all nonnegative C*° functions y supported in Ugo.

We may assume that WF(u) # 0, since otherwise p € C°°. Indeed in this case

2527 N 2~ kv/ Suy is pointwise dominated by cFs where the constant ¢ does not depend on N
and

(4.2) Fy(z) = (Zd:|$i|1/ai>_y+y/s'

Now F € L > and therefore the convolution operator f — Fy % f is bounded from LP — L%P if
l<p<g<oocandl/s=1/p—1/q.

Let € be the set of eigenvectors for P. Fix 2z then we can find U,, of X° and open conic
neighborhoods V', W of € such that the closure of V' N.S%! is contained in W N S9! and yu(¢) <
C(1+ |€])™N for € € W, for all x € C§°(Uyo). It suffices to prove the assertion for p replaced by
Xt

First observe that there is € > 0 such that for every u = (u1,...,ug) € S¥71\ V we have

(4.3) max{min(|u;|, |u;]) : a; # a;} > €.

Therefore we may introduce a finite partition of unity {n,, }*_; of S~ \ W where each 7,, is
smooth on the sphere, extended as a smooth homogeneous function of degree 0 in R¢\ {0} so that
Z%Zl nm (&) =1 for € in an open neighborhood of S4~! \ W and the following two properties are
satisfied.

(4.4)  There is u™ € S\ V such that the restriction of 7, to the unit sphere is supported in
By, = [€/|&] —u™| < e, with 0 < &,,, < £/4, here &, is chosen so that |£/|{| — u™| < 2¢,, implies

§¢V.

(4.5)  There are two indices i(m), j(m) such that a;,) > @) > 0 and \u’[(m)\ > €, \uﬁm)\ > €.
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Suppose that !{/\§| — um| < 2e,. Since 2, < /2 we have

€ - €i(m)l colte

2(1+¢) = & — €

(4.6)

Define 7, as a smooth homogeneous function of degree 0 so that 77,,,(§) = 1 for 0 # £ € supp 7,
and such that the restriction of 7, to the unit sphere is supported where |£/|£] — u™| < 2.

Let ®y be smooth, compactly supported in {|£] < 2} so that ®o(£) = 1 if |¢] < 1. We define
operators Py, Sk, L}* by

Pof = ®9(0,+6) f(€)

Ly T = n(62-#6) F(€)

~

Sef = (1= @o(35-+E) (1= Y 1 (8,-1)) F(€)

1=

then I = P, + Sk + )_,,(I — Py)L}'. Define
Tyf(w) = 27 O/P=D o f

By assumption and scaling each operator T} is bounded from LP — L9%" with uniform operator
norm A.

If 1/s = 1/p—1/q then the convolution kernels of Ziv:_N T}, P, and Ziv:_N T, S), are pointwise
bounded by F; in (4.2), with 1/s = 1/p—1/g; therefore those operators map LP to L%? (and hence
to L9" since r > p).

We now estimate the main terms ij:7 N = Py) LT, It is clear a priori that these operators
map LP to L9P with operator norm O(N). In what follows let By denote the LP — L%" operator
norm of the operator Z]kvsz Ty. Following [4] we wish to show that By = O(1).

Define ZZL by EZ@f = N (09-%&). In view of (4.4), (4.6) we may use the Marcinkiewicz multiplier
theorem to see that ), by L} and >, kaZL are bounded operators on L?, 1 < p < oo, uniformly
for all sequences b with ||b]|;~ < 1. Using a familiar argument involving Rademacher functions and
real interpolation we see that the Littlewood-Paley inequalities

(SR
k
(48) |(1zer?) | £l
k

(47) | > Zen

P1;p2 P1,p2

1

hold for 1 < p; < 00, 1 < py < 0o. By (4.7) and E?L? = L] we have

N . N o 1/2
(4.9) H kZ_:N(I — POLY kaHw s <kZ_:N|(I ~ POTLLY 1)

q?r
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We shall use complex interpolation observing that [LP*(Ag), LP*(A1)]p = LP*([Ao, A1)]e) for a
couple (Ag, A1) of compatible Banach-spaces. In particular

(4.10) [LP5 (0P, P (£)]p = LPS(£2) if (1 — 0)/p = 1/2.

Since p < ¢, p < r, we may also use that

(a11) [(Z1ar) "] (S lanliz) ™
k ’ k

this is of course also true (with equality) if p = ¢ = r. To see (4.11) observe that

~ rday 1/
1Pl "“(/0 [ (measa : [h(2)] > ah) /7] =)
1 o) r/p dﬂ 1/
== : p p/q
(4.12) <P/0 {ﬁ (meas{z : |h(z)[P > 3}) ] 3 )
by a change of variable, hence [[h|¢,» ~ | ‘h‘pH;?Z rpe NOW L3/Pr/P is a normed space when ¢/p > 1

and 7/p > 1, see [19], and therefore (4.11) follows by applying (4.12) to h = (3, |gx[P)'/? and by
applying the triangle inequality in L/P7/P.
We use (4.11) with g = (I — Px)T fx to obtain

al 1/p 1/p
|( X 1 =romnr) ™| < (N - POz, )
k=—N ’ k

(4.13) < (S Imade,)” s a(Sinig) " = a| (s
k k k

In view of the positivity and uniform L?" boundedness of the operators and the L?" bound-
edness of the Hardy-Littlewood maximal operator M we also have that

1/p

p

I swp 1= PO)Tefilll,, S [MC swp  [TfiDl,, S s [Tifell],,
—N<k<N ’ —N<k<N —N<k<N ’
N
(4.14) S| X mewinn| s By|suwlal,
W lez ar I€Z
We interpolate (4.13) and (4.14) using (4.9) and obtain
N 1/2 1 p/2 1/2
(415 | X 1w-pomap) | s ame?| (k)
k=—N or k P

We use this for fp = L}'f and apply the Littlewood-Paley inequalities (4.9), (4.8). These,
together with (4.14) yield after summing the terms with m =1,..., M,

By < (Cy + CLAP2 B P/?)

and consequently By < C(1+ A4). O
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