ON UNIFORM BOUNDEDNESS OF DYADIC AVERAGING
OPERATORS IN SPACES OF HARDY-SOBOLEV TYPE
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ABSTRACT. We give an alternative proof of recent results by the authors
of uniform boundedness of dyadic averaging operators in (quasi-)Banach
spaces of Hardy-Sobolev and Triebel-Lizorkin type in the largest possible
range of parameters. The proof here is based on characterizations of the
respective spaces in terms of compactly supported Daubechies wavelets.

1. INTRODUCTION

Consider the dyadic averaging operators Ex on the real line given by

(1) Enfz) = Tiy,()2" ft)dt

HEZL INHLL

with Iy, = 27V, 27V (u +1)). Exf is the conditional expectation of f
with respect to the o-algebra generated by the dyadic intervals of length
2N The following theorem on uniform boundedness in Triebel-Lizorkin
spaces F), . was proved by the authors in [6], and the purpose of the present
note is to give an alternative proof.

Theorem 1.1. [6] Let 1/2 < p < 00, 0 < ¢ < 00, and 1/p—1 < s <
min{l/p,1}. Then there is a constant C := C(p,q,s) > 0 such that for all
[ Eer,,

(2) sup IEn fllEg, < CllfllE;,

This result served as the main tool to establish that suitably regular
enumerations of the Haar system form a Schauder basis for the spaces F
in the parameter ranges of the theorem, see §3. The relation to the Haar
system is via the martingale difference operators Dy = Exy1 — Ex which
are the orthogonal projections to the spaces generated by Haar functions
with fixed Haar frequency 2V .
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In previous works stronger notions of convergence have been examined,
such as the validity of unconditional convergence in the martingale difference
series, i.e. the inequality

3) | > bumns

S Mbllese oyl f 1l 5, -

‘F;’q

It follows from the results in Triebel [17] that inequality (3) holds when we
add the condition 1/¢ — 1 < s < 1/1 to the hypothesis in the theorem. For
the case ¢ = 2 this corresponds to the shaded region in Figure 1.
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FIGURE 1. Unconditional convergence in Hardy-Sobolev spaces

It was shown in [10], [11] that the additional restriction on the g-parameter
is necessary for (3) to hold. If we drop it then Theorem 1.1 implies that
(3) holds with the larger norm ||b|lo + ||b]|gy. It would be interesting to
show sharp results involving sequence spaces that are intermediate between
¢>*(N) and BV (N).

In §2 we give a proof of Theorem 1.1 using wavelet decompositions. In
§3 we apply these methods to get an additional result needed to obtain the
Schauder basis property of the Haar system.

2. PROOF OF THEOREMS 1.1

We start with some preliminaries on convolution kernels which are used
in Littlewood-Paley type decompositions. We use a characterization of the
Triebel-Lizorkin spaces via Littlewood-Paley operators defined by so-called
“local means”. Let g, ¢ be Schwartz functions on the real line, compactly
supported in (—1/2,1/2) such that |pg(§)| > 0on (—1/2,1/2) and |p(£)| > 0
on {£ € R:1/8 < [£| < 1}. Moreover ¢ has vanishing moments up to large
order M, i.e.,

/go(x):nn dv =0 for n=0,1,...,.M.
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Let pj := 2j90(2j') and L;f = ¢ x f. We then have

1l < H(izjsq’(% " f)(.)|q)1/qu.

J=0

This result is closely related to the classical theorem of Benedek, Calderén
and Panzone [1] on vector-valued singular integrals (at least for 1 < p,q <
00). For the quasi-Banach case and further refinements we refer to Triebel’s
book [15, §2.4.6], Rychkov [9] and the references therein.

In addition to the characterization via “local means” we will use a char-
acterization via compactly supported Daubechies wavelets [2], [18, Sect. 4].
Let 1y and v be the orthogonal scaling function and corresponding wavelet
of Daubechies type such that v, being sufficiently smooth (C*) and 1
having sufficiently many vanishing moments (L). We denote

I/Jj,u(') = \}5@&(2]_1 ' _V) ) .] € Na ve Za

and 1o, () == Yo(- —v) for v € Z. Let 0 <p < 00, 0 < ¢ < oo and s € R.
If K and L are large enough (depending on p,q and s) then we have the
equivalent characterization, see Triebel [16, Thm. 1.64] and the references
therein,

3 /\j,y(f)]lj,v<‘)’q) l/qu ’

VEZL

(4) 1, = || (D2
§=0

where 1, denotes the characteristic function of the interval

Ly = [2770,277 (v + 1)] and A\;,(f) := 29(f, ;). A corresponding char-
acterization also holds true for Besov spaces B, ,. Since we also deal with
distributions which are not locally integrable, the inner product (f,;,)
has to be interpreted in the usual way. Clearly, f can be decomposed into
wavelet building blocks, i.e.

(5) F=> 0= XulHjw,

JEZ JEZ vETL
where we simply put f = 0 if j < 0. Note, that the f; represent K times

continuously differentiable functions due to the regularity assumption on the
wavelet.

2.1. Proof in the case 1/2<p<1. Now 1/p—1<s< 1.
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Step 1. Let {¢;}jen denote the local mean kernels from above. Using the
decomposition (5) we can write with 6 := min{1,p, ¢}

IEx(Dllrs, = H(i2jSEN<f>*soj<~>rq)”qu
=0
s (S rEnta=eom )"
ez j=0
) < (T prEstsa o)
teZ ' jHI<N
) X st seor) )

JH>N

Let us estimate the p-norms in (6) and (7) via distinguishing several cases.
Step 2. Here we restrict to j + ¢ > N. We deal with (7) and use that

0

® (a0 @0 | < X 1 B = il
J J

We continue estimating ||27°En (fj1¢) * ¢;|p- Note first that due to p < 1

. , 1/p
) 12 En(fi+0 * 0ills < (32 Wrew (P I27En (sres) < 05lE) -

VEZ

So it remains to deal with ||27°En (¢;10,)*¢j|lp. Note, that due to j+£ > N

the function Ex(1)j4¢, ) is a step function consisting of O(1) non-vanishing

steps. These steps have length 27" and magnitude bounded by O (2" Y H)).
Case 2.1 Assume j > N.

Due to the cancellation of ¢; and j > N we have that [Ex(1j1¢,) * ¢;(2)]

is supported on a union of intervals of total measure O(277) and bounded

from above by O(2N=U+0). This gives

eqit| (10) 1299 B (1 400) % 0jllp S 27527 9/PN =040

Case 2.2. Assume j < N.
Clearly, we have £ > 0 since 7 + ¢ > N. Since j < N we can not make
use of the cancellation properties of ;. We still have that |En(1j1e,) *
¢j(z)] is supported on an interval of size O(277). However, due to the fact
that En(¢4¢,) consists of O(1) steps of length 27V each and N > j the
convolution produces an additional factor O(2/="). Hence,

eqi2] (I1) 127 BN ($5100) * @5llp S 27°273/P2N =007 =N

Step 3. Let us consider j + ¢ < N. In fact, we need a different strategy
to estimate (6).
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Case 3.1. Let us first deal with the case j < N. We estimate as follows
js q a9
|(ZEntsn sestm) ™|
J

0

p

(12) < H(Z 27BN (fire) = five] * @j(‘)|q>1/qH

(S s

Similar as in (8) we estimate the first term on the right-hand side of (12)
via

[(S 1 Entrie0 - g o)
(13) g
< DI EN (i) = e+ 5l

Again, analogously to (9) we have
127°[En (five) = Fivel * 05l

. 1/
< (32 Pt DPIZPEn (By400) — yveal # 05l15) -

vEZ

(14)

Using the mean value theorem of calculus together with (1) we see for all
x € R that
(EN (Wjen) = Pjaen)(@)] < 27N

Due to j + £ < N, its support has length O(2-U*9) around v2-U+0. We
continue distinguishing two more cases.

Case 3.1.1. Let £ > 0. Since j + £ > j the convolution with ¢; gives an
additional factor 27 and increases the support to an interval of size O(277).
Hence, we get

(15) 127°[En ($j4e0) = Yjven] ¥ 05l S 2027 Na—bami/p,
Case 3.1.2. Assume ¢ < 0. This time the convolution with ¢; does not

give an extra factor and the support of [En(1j1¢) —9j10.] * ¢ has length
2-0+0 Thus, we have in this case

(16) 1275 [En (hj100) — Djen] * pjllp S 20520 H-No=U+0/p

It remains to deal with the second term on the right-hand side of (12). Since
Yjte, and @; are sufficiently smooth and have sufficiently many vanishing
moments well-known convolution inequalities, see for instance [7, p. 466] for
the most general version or Frazier, Jawerth [4, Lem. 3.3], [5, Lem. B.1, B.2],
yield

(A7) [(Fiere) @) S 277 N ()| (142000000 o= G0 ) =R
VvEZ
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where M depends on the number of vanishing moments of the wavelet ¢ and
R can be chosen arbitrary large due to the compact support of ¥, and ¢.
Next we apply [8, Lem. 7.1] to (17) which yields that for any 0 < r < 1 and
R>1/r

™ Wi DI+ 278 g — yg=(i+0])
vEZ

S 2=l [MHL‘ D A (N Ljyew
VEZ

(18)

T]W(x) . zeR.

If the order of the Daubechies wavelet system (resulting in smoothness and
vanishing moments) is now chosen such that M in (17) is larger than 1/r+1
there is a positive § > 0 such that

[(S 2 fsee i) |

< 27l H ( Z [MHL‘2(j+€)S Z Nt () Ljren

J VEZL

(19) ra/r q
)",

p

Choosing r < min{p, ¢, 1} we can apply Fefferman-Stein maximal inequality
[3] which, together with (4), yields

(20) H (; 127° e % %‘(')!q>1/qu S22 fllgg, -

Case 3.2. Assume j > N > j+/£ which means implicitly that £ < 0. Using
(8) and (9) again we reduce everything to estimating [|27°En (¥j40.) * ;|-
Due to the step function Ex(%j4¢,) and the cancellation of the ¢; we have
the following identity

25| En (j400) * @5lp

(X [ Ex) @)

HEL g 9N <o

/ /
(21) S 20 ( Z / EN(Vj100) — Yjren] * @j(x)[P dm) e
)
+2j5<z / ‘ijr[’V *@j(e??)‘pdx)l/p

WLy 9N p|<2-i

< 2NN =GO/ |23y x o,
where we took into account that the p-sum consists of O(2V~U+0) sum-

mands. It remains to deal with the quantity ||275¢; s, * ¢;|, in (21). By
the same convolution inequality as used in (17) we obtain |27 10, *@j|lp S
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2719 if the wavelet system has enough smoothness and vanishing moments.
Hence,

(22) V3B (Vj100) * 0illp S 959iH=No[N=(j+)=jl/p | 9—dl¢|
Step 4. (Estimation of (7). Plugging (8), (9) and (10) into (7) yields
23
° 1/qp6y 1/6
(ZH( Y. 12PEn(five) x 95() ) H )

LeZ j>max{N—¢,N}

< (a0 » 294(1/13—1—5))1/98@(Zp(ﬂ“)% rea(FP270)

>N (>N—j > en

1/p

If 1/p—1 < s < 1/p then the sums are uniformly bounded (in N). Further-

more,
sup] (24)
sup (Z |2(j+€)s)‘j+€, (NP2~ (0 ) - SuP HQJS Z A ()L H
N en vez P
< H sup 27° Z/\j,u(f)]lj,u(')m
J vEZL P

S flleg, »

where we used (4) in the last estimate.
Plugging (8), (9) and (11) into (7) leads to a similar estimate as above,
only the sums over j and ¢ change to

Z Z 29[(1/10—1—5)

J<N £>N—j

which is uniformly bounded (in N) if s > 1/p—1.
Step 5. (Estimation of (6)). Replacing (6) by (12) we observe (using
(20)) that the second summand in (12) after summing over ¢ already yields

the desired bound. It remains to deal with the first summand in (12).
Combining (13), (14), (15) and (24) we find

N min{N—¢,N} . 1/q16
N0 X BN - fudeei)) |
{=—00 7=0

) N 1/0
< (ZQ(FN)(; 3 20@(1/1075)) IfllEs, -
<N {=—00 7

The sums are finite and uniformly bounded if 1/p — 1 < s < 1/p. Together
with (24) we obtain the desired bound in case £ > 0 (see Case 3.1.1).
Combining (13), (14) and (16) leads to a similar calculation where the
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sums over j and ¢ change to

Z o(i=N)0 Z 90l(1-s)

I<N <0

which is uniformly bounded if s < 1.
Finally, we combine (8), (9), (22) and (24) to obtain

<ZH<Z 22BN (fj+e) * 04(- )1/qH )1/9

<0 j=N
N—j N—j 1/6
< ( S oMo =/p § g0t L §T 2—@6%) £l s
~ D,q )
j>N {=—00 J>Nb=—c
which is uniformly bounded if s < 1. This concludes the proof. ([

2.2. Proof in the case 1 < p < oco. We use the method in the proof of
§2.1 and follow that proof until (8) and (13), respectively. Then we have to
proceed differently.

Step 1. Assume N < j,j + ¢. We replace (9) by
127°En (fi1e) * @55

/[Zp] N () [EN (Vi) * @j(2)] pdaz

vEZ

S Z 1275 X i) P27
veZ

Indeed, since En(1j4¢,) = 0 if supp ;e C In,y the sum on the right-
hand side of (25) is lacunary and the appearing functions Ex(1j1¢,) *¢;(2)
have essentially disjoint support. Hence, we get

127°En (fj+e) * @5l

. . RS
(26) < Q—ESQ[N—(JM)]QE/p(Z |2(3+4)S>\j+€7y(f)|p2—(3+€)) w
VEZL

The sum over the respective range of j and ¢ is uniformly bounded if 1/p —
1<s<1/p.
Step 2. Let us now deal with j + ¢ > N > j. Here we estimate

27) 127°En(fize) *0illp S 11275 EN(fize) = fi+e) * 05llp + 127° five % 05l -

The second summand is estimated using (17) and (18). This results in

(28) 12 fice % 0ill, S 27 5e(z|2 J+0)s (f)lP2~ (J+Z))1/p.
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To estimate the first summand on the right-hand side of (27) we are going
to exploit the cancellation property

29 0=ExEx() D)= [ Ex(H) - f0)dy.
IN u)
We continue estimating the first summand on the right-hand side of (27).
Using (29) we obtain the pointwise estimate
2 [ esle = ENF00) ~ Fivelo)) dy
[ Y [ e EN W) - S ]
(30) -z Ve
= ‘23'3 > / (¢j(x —y) — @j(x))
pe|2 N p—| <23 7 N
X (Bx(f+0)(0) = Fyvew)) dy.
We continue estimating
st 3 [ e -0 - e@) Enfi)o)]dy
pe|2N p—a|<2—3 Y N
: 1
Hee Y e -n - e £ b
pl2=N p—a|<2=3 7 INom
: 2
1 S B O R
pil2 N p—a|g2=3 I
=: Fo(z) + Fi(x) + F(x),
where
R > Ajttw (Vg s
visupp Y40, NIN, . 70
1
]HJrg = Z )\j—l—é,u(f)wj-i-é,u s
1/:supp1[Jj+g,l,CIN,H
JM+2£ = fi, - fﬂlb and g]lH, = >, J“Jrlz The function Fy(z) can be
pointwise estimated from above by
D D 1 > (Ajsew (FEN($j400) ()] -
wi|2= N p—z| <2739 YEIN . visupp ¥j+e,0NIN, 70

Here En (10j4¢,,) is mostly vanishing, namely if supp ¢j1¢, C In . Ifit does
not vanish then Iy ,, is contained in its support and [En (¢;4¢,,)| < 2V ~0U+0,
This happens only boundedly many times (indep. of j, ¢) with respect to v.
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For a fixed y there are only finitely many coefficients contributing. Hence,
we have

Fy(z) <2752%—2NgN=(+0)

(31) X > sup INjren ()] -

M2|2_N,U‘7:L‘|§2_j visupp ijrZ,VmIN”u?éw

Taking the L,-norm and using Hélder’s inequality with 1/p+1 /p =1 yields
| Fpll, < 2-152%—2NgN=(+09(N=/P' 9t/p

32 , iy 1/p
(32) % (Z‘Q(J+£)S)\j+€’y(f)|p2 (J+€)) .

To estimate Fi(x) we observe

B =2 [ee-n( X £w)d| =127 gl

pe|2- N p—a| <2

With a similar reasoning as in (28) and a monotonicity argument we achieve

£, < 270 (90+0s Nivo,(f)[P2-0+0 l/p_
P~ .7+ )
VEZ

Finally, we deal with F»(x). Since to fj‘f[ only a uniformly bounded number
of coefficients \j;4, contribute to the sum and the integrals are taken over
an interval of length O(2-U*9) we obtain, similar as above, by Holder’s
inequality
33)  ||Fall, < 2—682—242(1\7—]')/;!)’2%/17(2 |2(j+4)3)\j+£7y(f)’PQ—(j-ﬁ-f)) 1/p'
14

Putting the estimates from (27) to (33) together we observe that the sum
over the respective range of j and ¢ (see (7)) is uniformly bounded with
respect to N if s > 1/p — 1.

Step 3. Here we deal with j 4+ ¢,7 < N. We return to (12) and estimate
the first summand as done in (13). We continue similarly as after (29) and
obtain the pointwise estimate (30). Since j+¢ < N there is only a bounded

number of coefficients \ji,(f) contributing to fj4, on Iy,. Using the
mean value theorem in both factors of the integral in (30) we obtain

205y (fjae) — five] * pj()| S27522 2N i +E=N

X > sup (Njew (I
|<o—3 (V27 UTO—2Np|S1

w2~ Ny—z
which yields
127 (B (five) = Five) * 05l
. . N . , 1/p
< 9—{s9j+—N92j—2No(N—j)/p'9t/p < Z ‘2(J+f)5/\j+&y(f) |P2—(J+5)> )
VEZL
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The sum over the respective j and ¢ is uniformly bounded in N whenever
—1 < s <1+ 1/p. To estimate the second term on the right-hand side of
(12) we literally follow the arguments in (17) and below to end up with (20).

Step 4. Let us finally proceed with the case j + ¢ < N < j. Instead of
(21) we estimate as follows.

127°En (fj+) * @5l

<2 (X [ v - fdeapar)

final| (34) HEZ, 9-Ny|<o—i

s (X [ Uere@pdn)

Wy =Nyl <o)

The second summand on the right-hand side can be estimated by

B . s . 1/p
Jgea] (35) 2718 (37 126000 (P20 T
VEZL

whereas, similar to (21), the first summand in (34) is bounded by

4 . 4 4 1/p
() 2t N 20400 (40
VEZL
Altogether we encounter the condition 1/p—1 < s < 1/p for any 0 < ¢ < oo
for the uniform boundedness of Ey : Fj, — F, , in case 1 < p < oco. O
3. ON THE SCHAUDER BASIS PROPERTY FOR THE HAAR SYSTEM.

Let {hn,, : u € Z} be the set of Haar functions with Haar frequency 27
and define for N € N and sequences a € {*°(Z),

(37) TN[f7 a] = Za#2N<f7 hN,,u>hN,u-
MEZL

In particular for the choice of a = (1,1,1,...) one recovers the operator
Eni1 — En. It was shown in [6] that Theorem 1.1 together with the in-
equality

T_N| (38) sup sup [Tw[f,d]llBs, <CIfllB;s..
NeN J|aflo <1

1/2<p<o00,0<g<oo,and 1/p—1< s <min{l/p,1}.
implies Schauder basis properties for suitable enumerations of the Haar sys-

tem. We give a sketch of proof which relies on the arguments in the previous
section.

Proof of (38). The crucial modification of the proof of Theorem 1.1 is the
fact that, due to the cancellation properties of the Haar functions partici-
pating in (37), we do not need the splittings in (12), (21), (27), and (34) and
the subsequent considerations like (17) — (20). Therefore, we may start with
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a Besov norm || -||gs = on the left-hand side (see (6), (7), (8)) and always end
up with the Besov norm |- [|p;  on the right-hand side, see (23), (26), (32)
and the comments below. Cleérly, the described method allows for pulling
out the a, on the expense of ||a||oc.

Step 1. Suppose j + £,j > N. The estimates in (25), (26) apply almost
literally to ||275T N [¢j10.,a] *¢;) | pProducing the additional factor ||al/o on
the right-hand side. Note, that we did not yet need any cancellation of the
Haar functions.

Step 2. Suppose j+ ¢ > N > j. The splitting in (27) is not necessary
anymore, we can work directly with [|2/*Tn/[f;4¢, a]ll,- An analogous iden-
tity to (30) holds true with Ex(fj4s) — fj+e replaced by Tnx[fj1e,a] due to
the cancellation of the Haar functions hy . In what follows we only have
to care for a counterpart of Fy since F; and Fy do not show up. We end up
with a counterpart of (32) for ||275Tn|[fj+¢,a]|l, with an additional [al|« on
the right-hand side.

Step 3. Suppose N > j+ £, j. Again, due to the cancellation of the Haar
function, a splitting as in (12) is not necessary and we obtain a version of
(30) as in Step 2. The mean value theorem applied to the first factor in
the integral gives the factor 2% =2V, whereas the cancellation of h N, gives
TN (Yj400)(x)] < 277N, We continue as in the proof of Theorem 1.1.

Step 4. The remaining case j + ¢ < N < j goes analogously to Step 4 in
the proof of Theorem 1.1. Note, that also here the splitting in (34) and the
subsequent consideration for the second summand on the right-hand side is
not necessary. ([
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