IMPROVEMENTS IN WOLFF’S INEQUALITY FOR
DECOMPOSITIONS OF CONE MULTIPLIERS

GUSTAVO GARRIGOS, WILHELM SCHLAG, ANDREAS SEEGER

ABSTRACT. We prove, for suitable values of p > 2, new mixed norm ¢°(LP) versions
of an inequality introduced by Wolff in the context of local smoothing for the wave
equation. Moreover, we improve on their range of p, both in the original ¢¢(L?) and
also in the stronger ¢2(LP) formulation, in all dimensions d > 2. As a consequence
progress is made on a number of problems, including an L* bound for the cone
multiplier operator in R3, as well as new inequalities on boundedness of Bergman

projections in tubes over light-cones.

1. INTRODUCTION

Wolft’s inequality for cone multipliers and its variants involve projection opera-
tors to spaces of functions which are frequency-supported in boxes adapted to thin
neighborhoods of light cones.

Let n € C®(R) be supported in (—2,2) and, for w € S define a convolution
operator Ty, on the Schwartz space S(R*™!) by

~

L) Tend (@ ) = (V= 02 ) Fie ).
e ]

Note that the Fourier multiplier n(/NV (1 — 5/'2 )) localizes the Fourier transform of f
d+1

to a neighborhood of the light cone which is of angular width CN~!. The multiplier

n(NY 2(% — w)) localizes the Fourier transform to a sector in RY, of angular width

~ N2 with trivial wedge extension to R*!. It is easy to see, by a nonisotropic
scaling and standard Calderén-Zygmund theory, that the operators T, are bounded

on LP, 1 < p < 0o, with operator norm independent of w and N. Let § be an N~/

separated subset of S%"!. We are interested in efficiently bounding the L? norm of
> wea TN fu by the £5(LP) norm of {f,, }ueq-
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The mixed norm variant of Wolff’s inequality, for suitably p < oo, and suitable
€ > ( states that

1/s
(1.2) | S mnh| < conteas= (31l
we P we
holds with the exponent
d—1 d+1
1. = _ -
(1.3 Blps) = 5 =

Here 1/s’ =1 —1/s. It is also possible to formulate this inequality in an equivalent

integral version, namely as

(1.4) H/ T fodw
gd—1

_dt1 s 1/s
<C NN / Ifollpd)
p gd—1

Here dw is the normalized rotation-invariant measure on the sphere. If in (1.4) we
replace N~(4+1D/2P with the larger N~(4=1/2P then the resulting inequality is certainly
true for p = 2 and s = 2, and then, by standard arguments, also for 2 < p < o©
and s = p’. However the corresponding inequality with the improved constant seems
quite deep.

For s = p, and functions whose Fourier transforms are supported in an annulus,
(1.2) was introduced by T. Wolff in his fundamental article [22]. He showed that in

this case the inequality can hold for for all € > 0 only when p > 2 + ﬁ which is
the conjectured range. The optimal exponent 3(p,p) = d(% — ]13) — % is the standard

Bochner-Riesz critical index in d dimensions. In [22], Wolff developed an induction
on scales method to prove such inequalities for large values of p, and obtained a
positive answer for s = p > 74 when d = 2. This method was extended to higher
dimensions in the paper by Laba and Wolff [12], establishing the s = p case for
p > 2+min{%, %3}. In both papers the authors state that improvements over these
indices should be possible, although perhaps still far from the conjectured exponents.
In fact, slightly better ranges for all d > 2 were already presented by the first and third
authors in [7], based on the use of bilinear Fourier extension theorems in conjunction
with the original proofs.

The purpose of this paper is to (i) improve the range of Wolff’s original inequality,
and (ii) to further strengthen these results by proving better ¢°(LP) results for the
same range of p but certain s < p. Note that, for given p, the validity of (1.2) for
some sg and all € > 0 implies the validity for sy < s < oo, by Holder’s inequality. We

note that the main motivation to consider these mixed norm improvements comes
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from complex analysis, namely from questions on the Bergman projection for tube

domains over light cones [2], [1]. See Corollary 1.6 below.

Our contribution to this problem is restricted to the case s > 2. The main result
is in two dimensions. It implies that the original Wolff inequality in R?>™! holds for

p > 20, and the sharp ¢2(LP) inequality holds in a slightly smaller range.

Theorem 1.1. Let d =2, s > 2 and

20 if s >3 — 13,
(1'5) p2(8) — 5(11s—6+6\/(fisl2)_763+36) Zf2 <s < 3 _ 137
23+ 3 if s=2.

Then, for all N > 10 and all N~'/?-separated sets Q2 € S 1,

1o [ rar], <. Nﬁps)(ZwaH) - pals) <p<oo

where
(1.7) log C,.o(N) < C(p,s)(log N)*®*) with a(p,s) < 1.

It is noteworthy that for 2 < s < 36/13 the range of p is better than what could
be obtained by interpolation between s = 2 and s = 36/13 (¢f. the figure). Also note
that (1.7) implies that

Cps(N) < Ccp N7,

for any € > 0.
In higher dimensions we obtain the sharp ¢?(LP)-result in the same p-range as the

weaker (P(LP)-result.

Theorem 1.2. Let d > 3, s > 2, and pg < p < 0o, where

8 1
(1.8) pw_2+d_2u—2d+ﬂ.
Then, for all N > 10 and all N~'/?-separated sets Q € S,

(19) | Y nnt
we

/
< e (S ILl)
we

where

(1.10) log C,(N) < Cy,(log N)*EP) with a(d,p) <
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FIGURE 1.1. New regions for the (p, s)-inequality for d =2 and d > 3

Remark 1.3. The argument also shows that a(d, p) > c(pid — %)3 as p \( pq- Choosing

1 _ Clog loglog N

; oglog v Ol€ may interpolate this L? estimate with a trivial L?

p so that pid —
estimate. As a consequence one finds that that the inequality (1.9) holds for p = py,
with

log N

O8N = g g N

for some b > 0 (and N > €). A similar statement applies to Theorem 1.1 for
p = pa(s).

As mentioned before, Theorems 1.1 and 1.2 can be proved by following the method
[22, 12]. Our contribution lies on three points: first, a packet decomposition adapted
to the ¢*(LP) formulation of the problem. Secondly, a suitable iteration of the in-
duction on scales method from the original proof, leading in particular to a unified
exponent for all dimensions d > 3. Third, in the special (and more difficult) case
d = 2 we additionally refine one of the combinatorial lemmas of Wolff, which in turn
improves and also somewhat simplifies the results in [22].

These methods, together with the use of bilinear restriction estimates as described
in [7], give the improved exponents in Theorems 1.1 and 1.2. We emphasize that the
main combinatorial arguments (and specially the very deep ones for d = 2 involving
circle tangencies) remain untouched and have been quoted from [22, 12].

We recall that the validity of (1.2) for p = s implies progress on various important

problems in harmonic analysis. The main original application concerns some (almost)
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sharp space time estimates for wave operators,

1/p
(1.11) / €™ =2 fI|7 gy @ ) S A lzz @y,
where L? (R?) is the standard Sobolev space. One aims to prove (1.11) in the range
1 1 1
1.12 a>ap)=d-1)(z—-)— -
(112) 0)=d-1G-7) -

which is sharp (with the possible exception of the endpoint). Theorem 1.1 implies

improvements over known results on (1.11) in low dimensions.

Corollary 1.4. Suppose o > a(p). The inequality (1.11) holds for p > 20 if d = 2

and p > %(1 m) if d >

We remark that a better result in higher dimensions was recently obtained in [9],
using different methods. There it is shown that (1.11) holds even with the endpoint
a = a(p) provided that d > 4 and p > ===; this improves the p-range implied by
Corollary 1.4 in dimension d > 5.

It turns out that the Wolff estimates can also be used to sharpen the known estimate
for the cone multiplier in R!™ on the endpoint L*(R?) space. Recall that for d = 2,

= 4 the inequality (1.11) is conjectured to hold for all @ > 0 but this is very
much open. A number of substantial papers have been written to obtain nontrivial
ranges for the L* bounds, with incremental improvements. The initial cone multiplier
result o > 1/8 by Mockenhaupt [14] and its extension [15] on (1.11) had been first
improved by Bourgain [4], using entirely new methods. Bourgain’s bounds were
further improved by Tao and Vargas, using bilinear Fourier extension theorems for
the cone [20]. In fact combining [20] with Wolff’s optimal L? bilinear Fourier extension
results [23] one obtains L* boundedness for a > 5/44. In [7] it was observed that the
use of the Wolff inequality in the method of Tao and Vargas yields a better range;

more precisely from Theorem 1.5 in [7] one gets o > 2 (—22-9_) if (1.2) is known

14\ py—a1/11
for s = p > po. Usmg Theorem 1.1 for p > 20 the range o > ;9%354 from [7] is thus

improved to o > However it is more efficient to use a mixed norm bound, namely

179
Theorem 1.1 for p near 20 and s = 4. This yields:

Corollary 1.5. Let a > 1/9. Then (1.11) holds for d =2 and p = 4.

We shall now describe progress on a complex analysis problem, namely the LP

boundedness of Bergman projections in tube domains over full light cones, see e.g.
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2], [1]. Denote by Q(Y) = y2 — |¢/|* the Lorentz form in R*"! and consider the
forward light cone on which @) is positive;
AT ={Y = (yo,9) ERx RY: 2 — |y/|* > 0,90 > 0}
Let 79! C C%! be the tube domain over A1 i.e.
A+l _ RAHL 4 A+

Let w,(Y) = Q(Y)” and consider the weighted space LP(T*" w,) with norm

) 1/p
|thm=([LMH%X+WWAWOﬂ%X).

Let P, be the orthogonal projection mapping the weighted space LZ(Td+1,w7) to
its subspace A? consisting of the holomorphic functions. Only the case v > —1 is
relevant since AP = {0} for v < —1. One is interested in the boundedness of P, in
LP(T w,). A known and trivial necessary condition is

d—1 2y +d+1
(1.13) 1+a715175<p<1+—ggj7—l
(see e.g. [2]). In fact it has been conjectured that boundedness should hold in this
range (1.13), except d = 2 and v € (—1,—1/2), in which case there are additional

counterexamples for p > 8 + 4 (see [1]). Here we obtain

Corollary 1.6. Let d > 2 and let ps = 20 and pg = 2+ %(M) if d > 3. Then for

2d+2
all
(1.14) 7 2 max{~1+ S (pa — ), G (e — *EF D}

the Bergman projection P, is a bounded operator in LP(T% w.) in the sharp range

(1.13).
This will be a consequence of a more general mixed norm estimates stated in §7.

Remark. We point out that the range in Corollary 1.6 is a consequence of the stronger
(5(LP) inequalities in Theorem 1.1 and 1.2, with s — 2 if d > 3 and s = 3 with d = 2.
The weaker ¢P(LP) estimates only imply a solution to the problem in the smaller range

> %(pd — 227:”) (see Corollary 1.4. in [7]).

Finally, in [17] Wolff’s ¢?(LP) inequalities in R were employed to prove regularity

of averages

Af(z) = / F( — ty(s))ds
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and L9 boundedness for associated maximal functions. Here I is compact, v is a
smooth parametrization smooth of a curve in R3, and  is of type m > 3. The result

in [17] in combination with Theorem 1.1 yields

Corollary 1.7. The operator A; maps LY(R?) to the optimal Sobolev-space L‘{/q(RS)
for ¢ > max{m,11}. Moreover, the mazimal function M f(x) = sup,.q|Af(x)|

defines an operator bounded on LY(R?) for ¢ > max{m,11}.

Structure of the paper.

2. NOTATION AND BASIC DEFINITIONS

2.1. Plates and plate families. We recall the basic notation concerning plates
and tubes in [22, 12], which we write with the same scaling as in [11]. For N >
107 1 and w € S9!, an (N,w)-plate will be a rectangular box in R*! of size
1 x VN x (dil) x /N x N, whose longest axis is parallel to (—w, 1), whose shortest
axis is parallel to n, := (w,1); the midlength axes are parallel to (e;.,0), where
t=1,...,d — 1 and the unit-vecors e;,, are mutually orthogonal and orthogonal to
w. We shall typically denote plates in xz-space by m and families of plates by P.

{2}

An (N,w)-tube 7 is a rectangular box of size VN x (d ti_r_l_les) x VN x N, whose
longest axis is parallel to (—w, 1). For any (/V,w) plate we denote by 7(7) the (5V,w)
tube whose axes are parallel to the axes of m and which has the same center as 7.

Separated plate families and tube densities.

Definition 2.1. A separated (N,w) plate family is a family of parallel (N, w) plates
with the following properties.

(i) The 10d-fold dilates of the plates are disjoint.

(i) For each pair of plates (m, ") we have that either both 7 € 7(7’) and 7’ € 7(m)
hold or the 10d-fold dilates of the tubes 7(m), 7(7') are disjoint.

For each 7 we also define u(m) be the largest integer p for which
p<log, (#{n' € P: 7' C7(m)}).

{1}modify
{2}paralle1 or point in v/d-separated directions. We shall also assume that families 7 consist only
of separated plates, meaning that for each m € P at most C; plates from P can be contained in a

fixed dilate Com, where Cq and Cy are fixed universal constants.
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We note that if P is a separated (IV,w) then then pu(m) = p(n’).

Definition 2.2. A separated (IV,w) plate family P is said to have tube constant tube
density if u(7) = p for all # € P. We then refer to p as the tube density of P.

Definition 2.3. (i) Given an N-cube Q and w € S* ! an (N,w, Q) plate family is
an (N, w) plate family consisting only of plates 7 with Q N7 # 0.

(ii) Let E C S?! be an N~1/2d-separated set of directions and let @ be an N-cube.
We say that P is an (N, E, Q) plate family if P = UgepP, where each P, is an
(N,w, Q) plate family. We say that P has tube density p if P, has tube density p
for every w € E. We say that P is a stable (N, E, Q) plate family if in addition

(2.1) Po| <2|Puy|, Vw,uw €E.

Condition (2.1) will be crucial when dealing with’ || - ||,.s.s norms, as it implies that

the cardinalities of the P,’s are comparable, for all w € F.

Lemma 2.4. (i) If P is a separated (N,w) plate family P then one can find a family
T of disjoint (N,w)-tubes so that each m € P is contained in exactly one tube T € (.
(ii) Let P be a family of (N,w) plates with the property that each point in R
belongs to at most A plates in P. Then P is a union of no more than A(10d)> 13}
separated plate families.
(i1i) P is the union of no more than Cqlog N separated (w, N) plate families with

constant tube density.

We omit the proof.

An N-plate family with direction set Q C S¢~! is the union of plate families U,cq P,
where each P, consists of (N,w) plates. We say that P is separated if P = U,eqP.,
and (i) the direction set is 104N ~'/2 separated, and (ii) each P, is a separated (N, w)

plate family.
{4}

BICHECK

4} Tube families 7 will also be assumed to be separated. Finally, a o-cube A is a cube of
sidelength o centered at some point of the grid oZ4**. By {A} we denote the tiling of R¥*! formed
by all such cubes. In general, given a rectangular box R (e.g., a cube, tube or plate), we denote by

cR the box obtained from R by dilating it by a factor ¢ > 0 about its center.
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2.2. Bump functions. Set
(2.2) w(z) = (1+ Ja]) 7,

and given a rectangle R we define wg = w o agl, where ag is an affine map taking
the unit cube centered at 0 to the rectangle R. The function wg behaves ‘roughly’
like the characteristic function of R, with a fast decaying tail off R,

=================== We fix an even nonnegative Schwartz-function
1, on the real line whose Fourier transform is supported {[1\0 s supported in [—1,1],
satisfies [ Jo(a)da = 1. By [], Lemma , we can choose v, so that

We shall also use a fixed non-negative Schwartz function ¢, which is defined as a
tensor product ¥ (&) = Hf;l o(&;) with an even Schwartz function v.irc, with the ad-
ditional property that the Fourier transform irc is supported in [—(10d)~, (10d) ],
moreover v is even and [ |¢o(0)|*do = 1.

We can also arrange that We apply the Poisson summation formula ) _, g(z+v) =
> pez 9(2mk)e*™ kT with g = |4|* (or use [?], p. 50) and obtain

(23) D |elw+ )P =) e’ with ¢, = / D27k — y)bo(—y)dy
VEL keZ

and by our assumption on @/D\o we see that ¢ = 1 and ¢, = 0 for k # 0. Thus the right

hand side of (2.3) equals 1 everywhere and after taking tensor products we also get

Z Y(€+n)? =1, for all £ € R

nezZd+1

whose Fourier transform is supported in strictly positive in B(0), with Fourier
transform supported in {¢ : |¢] < (10d)72}, and so that

Again we set

(2.4) Yr=1hoag.

In particular, if {R} is a tiling of R¥! by rectangles (generally cubes, plates, or
tubes), then

(2.5) d k=1
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2.3. The norms ||-||psn. Let no € C2°(R) be supported in (—2,2) so that n.(s) =1
for |s| < 3/2. For w € S ! define Py, by
5/
i
Let Q be a mazimal N~/? separated subset of S?~!. It is easy to see that then
Y wen 7]3(]\71/2(‘2—,‘ —w)) > ¢ > 0. Define Qy,, by
n(N'2(g —w)

7
S e (N2 —w)) f(e).

By a nonisotropic rescaling and standard singular integral theory it is easy to see that
Py, Qn.w are bounded operators on LP(R¥™) for 1 < p < oco. We also have the

(2.6) Praf (€ €arn) = 1o (NYV2 (2 — ) F(€, €arn).

(2.7) Qual(€) =

reproducing formula
(2.8) > QunPoy=1d
weN

For 1 < p < 0o we define a norm on L? by setting

s\ /s
(29) e = (S 1Pwf )

weQ
It is easy to check that (2.9) defines a norm on the space LP, for 1 < p < co. The
definition depends on the choice of 2 and on the choice of the particular function 7.
However different choices of €2 and 7, produce equivalent norms where the constants
in the equivalences do not depend on N. This is easy to see using (2.8). Indeed if

1/2_geparated set on the sphere, and if Qy,, is defined as in

is another maximal N~
(2.7) but with respect to Q then the operators PNMQV N are uniformly bounded on L?

provided that |w—w'| < CN~Y2. Also notice that Py, Py = 0if jw—w'| > 8N~1/2,

Thus
s\ 1/s
)

(Pt ) = (S lPve S GvaPrws

weN weN w'eqY
s\ 1/s
|p ’

lw—w'|<8N—1/2
and the opposite inequality follows by reversing the roles of 2 and €2’. We also note

(X X Pdl) (X s

w’' e’ weN w' eV
| —w|<8N—1/2

that the multiplier transformations defined for A > 1, by

€1 7

Twaf(€) = n(AN(1 — )f(€)
|Eav1]
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behave nicely with respect to the (p, s; V)-norms; i.e., for 1 < p < oo,

(210) ||TNAf p,s;IN < Cd,p(l + A) ||f||P75N

Here is the exponent of 14 A is not sharp but this is irrelevant. For the proof of (2.10)
one notes that Ty Py, is bounded on LP(R*"! with operator norm < (1+ A)%) and
thus

Y
ITvaflsn S (31 > TPvuQuurPrull)

weN w'eN
|w—w'|<8N—1/2

<1+A)TF (Zupmfu) (1+ A) F || f o
w'eN

2.4. Reformulation of the theorems. For each s the (p,s; N) norms are equiva-

lent to the LP norm, with dependence on N in the sense that

||pr,S;N SJ ||pr 5 CNHfHP,S;N‘

Our task is to prove nontrivial bounds for Cy under the additional assumption that

the Fourier transforms of the functions are supported in

(2.11) D(N) = {€ e R [|€'] = €apa| < N7l }-

By the considerations in the previous subsection it is now easy to see that Theorems

1.1 and 1.2 follow from the following statement using the (p, s; N)-norms.
Theorem 2.5. Suppose that supp fC [(N). Then

(2.12) 1£llp < CANINP| £l s
holds with C(N) as in (1.7) if

either (i) d > 2, s > 2 and let p be is as in (1.5),

or (ii) d >3, s > 2, pg < p < oo with pg as in (1.8).

2.5. Elementary properties of the (p,s; N)-norms. In what follows we shall
often consider functions whose Fourier transform is supported in the truncated conical
set

Lp(N) ={§ € D(N) : h/2 < |€asa| < 2R},
and by scaling arguments we shall usually reduce to the case h = 1. We also notice
that for distributions f whose Fourier transforms are supported in a compact set

away from the origin it makes sense to extend the definition of the (p, s; N) norms to
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p = oo. Note that the operators Py, are uniformly bounded on the subspace of L*>
functions whose Fourier transform is supported in {£ : h/4 < |¢| < 4h}.

For w € S471 let u, = (1,w), which determines a line on the forward light cone.
Also let n, = (w,—1)/v/2 the outer unit normal vector at u, and let g, be the
projection to the (d — 1)-dimensional plane orthogonal to u, and n,, ie. p,(n) =
n— (n,ngn, —n — (n,u,)u, /2. We note that that the intersection of I';(N) with
the support of ﬁv_:f is contained in a “Fourier-plate” consisting of all & € R ! for
which

(71% f;<§7uw> 522(7 ‘@w(f'— uw)|f;(ij71/a |<€ _.uw,nw>|f§(7pJ71.

This is a slightly expanded versions of the region ITYY which we define as the set of all
€= (¢,€41) € R satisfying the inequalities
i 1 ¢

2.13 (1—— < ——w‘g
(2.13) §dt1 10N 14

1 9 <¢ < 11
10VN’ 10 =~ =107

The following elementary observation will be frequently used.

Lemma 2.6. Let f € LP with f supported in [1(N), N > 10'°. Then there is a set
G; consisting of no more than 100% functions, for which the following properties hold.

(i) For each function g € G there is a 10N ~Y/2-separated subset Q, of S4=* so that
g is supported in |J,cq ey,

(i) Nl < [ Fllpne for cvery g € G,

(iii) For every g € Gy there are 114, T2y in (1/2,2) so that for all x € R

F(@ xarn) = Y Ty Togg(T gt TagTar)-
9€Gy

(#i) so that
Proof. Let n be supported in (—1,1) so that Y, ,n*(s +n) =1 for all s € R. Split

=3 fuwhere fi(€) = n(20N(1 = &EL) — ko)n(2060:1 — ko) f.
k=(k1,k2)EZXZ

Since supp fC [y (V) we see that only terms with |k1| < 40 and with 1/4 < k9/20 < 3
contribute to the sum. We scale and see that for suitable (715, 72x) € (1/2,2) the
function gx(§) = ﬁ(ri,ié“’,qklgdﬂ) is supported in the region where |1 — %\ <
(10N)~" and =% < €441 < 15. Moreover f(x) = >, 71 Tonge (1102, TopTat) -
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We now make a further spherical decomposition and let {2 be a maximal 10~2N~1/2-

separated set. Define operators P, Q,, similarly as in (2.6), (2.7) (except that N is
replaced with 10*N and the definition involves Q).

Now split € into O(101%9) disjoint families €, of 10N~2 separated vectors and
define gr, = > cq, lgw@vwgk. Then f(z) = Zkh,@ >, Tfl’k727kgk7y(717ka7’, TokTd+1) and
the family G, consists of the functions gy, with |[k| < 40 and 1/4 < ky/20 < 3.
The inequality || gk |lp.sn S || fllp.s:nv follows quickly using the various separatedness
conditions, and the fact that the operators Ty Aﬁw@w are uniformly bounded on L?

(cf. also (2.10)). O

We first state an elementary Sobolev embedding result for the (p, s; N) norms.

Lemma 2.7. Letp > 2,1 < s <00 and let f be supported in I'y(N). Then

_d+1

(2.14) [ flloosiv S N2 || fllpsin
and

(2.15) 1 fllsc S NP fllpsin-

Proof. Observe that, by Young’s inequality,
(2.16) lglle < N~ |lgll,, when supp § C ITY.

This yields (2.14). If f = > __q, fo with . supported in 1Y, and Q is N~'/2 separated,
then, using (2.14),

1 s \1/s —1_ dy1 s\ 1/s
17l £ Xl SN (T NLIL) T S 855 (X L1)

weN

which gives (2.15). O

Lemma 2.8. Let p > 2, s > 2 and let J? be supported in T'y(N). Then

(2.17) 1 lpon S NIBPIAIL SR
Moreover, for every p € (2,00), s € [2,p], we have

2 1-2
(2.18) s S WFISPIAIS 2R

where r = r(p, s) is defined by

i - (-0/6-D)
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Proof. We fix 2 < r < oo. Then by convexity of £*(LP) norms

(%w;) (ZwaH) (Zufwuoo)

where 0 <9 <1and (1/p,1/s) = (1 —19)(1/2,1/2) +9(0,1/r). Thus ¥ =1 —2/p.
If we let Q to be an N~/2 separated subset of S* ! and apply the last inequality

sl

with f, = Py.f we have of course Yo [[Pvwfll2 S || f]13 and therefore we get

2 1-2
1l S ISR
for s7' = p~t +r71(1 —2p~'). For r = 2 this yields (2.17). For p > 2 the relation
between r and s is equivalent with (2.19) and thus (2.18) is proven. U

We shall also use the following localization estimate.

Lemma 2.9. Let 1 < s <p < oo andlet f € LP so that fbe supported in {£ : 1/4 <
€] < 4}. Let Q@ = {Q} be a grid of N-cubes and g be as in (2.4) (so that JQ is
supported in {|£| < 1072N~1}. Then

(220) (X el un) " 2 1l

QeQ

Proof. Let F,, = Qn . Pnu f then by the support property of % and f

IPro@o)l, < Y. || PvwltoF.] =
|w7w’¢\2€C§§V_1/2

Thus by Minkowski’s inequality (since p/s > 1) we obtain with Gy, == ., F.

(SIXIPatvanly)*) < (SIS IPeatecal) )
S (Z@w@mngﬁf < (Thel)”

Note that the cardinality of Z, = {w’ € Q: |w — «'| < CN~Y2} is bounded above
independent of N. Thus the last expression is bounded by
1
‘p) ’

= 1) 5 (i

which yields the assertion. 0

1

) ) = (

w' €Ly, w' wiw' €L,
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2.6. Packets. We shall define the concept of packets which are special cases of
“N-functions”, as defined in [22, 12] (however with the scaling used in [11].

Definition 2.10. (i) Let w € S% ! and let P = P, be a finite separated (N,w)
plate family. f is called an (N,w)-packet associated with P if it can be written as

f=>".cp [~ with functions f, satisfying
(2.21) fel <w, and  supp fr c IV,

If P, is an (N,w, Q) plate family then we refer to f as an (IV,w, Q)-packet.

(ii) Let £ be an N~/2d separated set of directions and let @ be an N-cube. We say
that f is an (N, E, Q)-packet if for every w € £ there is a finite separated (N, w) plate
family P,, consisting of plates intersecting () so that f can be written as
(2.22) f=>f
weE

where each f, is an (V,w, Q)-packet.

If for every w € E the family P, is of constant tube density u then we refer to f
as an (N, E, @Q)-packet with tube density p. We also say that f is a stable (N, E, Q)-
packet if P is a stable (N, E, Q) plate family.

(iii) Let f be an (N, E, @Q)-packet with plate family P = UgcgP,, and with the repre-
sentation (2.22). A subpacket of f is a function f of the form

where each 75w is a subset of P,,.

Observe that every subpacket of an (IV, F, Q))-packet is again an (N, F, Q))-packet.
However, subpackets of stable (N, E, QQ)-packets are not necessarily stable. Moreover
subpackets of [ackets with constant tube density do not necessarily have constant

tube density.

Lemma 2.11. Let f be an (N, E, Q)-packet with plate family P = UyepP,. Then
(2:24) |flloor S 1EI7, 1<7 < o0,

(2.25) 1fllee S |E| S N7,

(2.26) If]13 < NP,

~Y
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Moreover, if p> 2 and 1 < s < p we also have

1_1
s p,

(2.27) 1fllps S (NF|P)7 B

If in addition f is a stable (N, E,Q)-packet, then (2.27) holds for all p,s > 1.

Proof. (2.24) and (2.25) are immediate. We next prove (2.27) and estimate
s\ 1/s s\ 1/s a4l s/ 1/p
e s (X #) = (] w]) s (S vsma) ™
weE 7wePy, P weE weP, P welk
If s < p we have

1/ 1/
() < mpeie () = B,
welE w

by Hélder’s inequality. If P is stable then the last inequality remains true (up to a
constant) for all p, s > 1 since |P,| = |P|/|E| by (2.1).

Finally, to obtain (2.27) for general packets when p > 2 and 1 < s < p, one uses
the interpolation estimate in (2.18), together with the previous (2.24) and (2.26):

1—

5 > il 1/ _2y1
1fllps S A3 ek S (N5 (PO 7 B0,

where 7 = r(p, s) is defined in (2.19). However, from the definition of (p, s) one sees

that (1 —2) =1 — %, which establishes (2.27). O

p’r

2.7. Decomposing functions into packets. The main lemma in this section con-
cerns decompositions of functions with Fourier support in I's(c) into stable N-packets.
The stability condition on the packets is crucial to obtain the inequality in (2.31) be-
low, which is a sort of converse to the inequality in (2.27). This estimate will be
strongly used in the proof of Proposition 3.3 and in the iteration process which starts

with Lemma 5.2.
Lemma 2.12. Let f = fi, with ﬁ supported in 1IN and assume that

(2.28) sup | felloo < A.

Then, for every N-cube ), we may decompose

(2.20) i@ = Y SS9 o). reQ

AN-10d<2i <A 1=1

for some constant integers n; < log N, and where
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(i) for each j,{, the functions fU9 are stable (N, E; 0, Q)-packets, for certain sets
of directions E;y C Q. The corresponding plate families PUA consist only of plates
m™ C 2N®°Q. Also, we can write

=% > fo

KEE; ¢ nepli]

for plate families P,EM] consisting of plates || k, and so that PV = UkeEj,ZP,[gj’g].

(i) The function g(x) satisfies

(2-30) lgllz=(@) S N™*A.

(iii) For every s,p > 1 and every j, ¢

d+1

(2.31) i <NT |7>[m|>5 B,

1
s

_1
P S I llpss -

Proof. Fix k, and consider a tiling {7} of R by plates 7 || k. Write
(2.32) e =D Rt = > KU+
||k m||k: TN(N0Q)#D

For each j € Z, let
Pl ={r: 7|k, nn(N°Q)#0 and 2 < |fithlloo < 277! }.

Observe that || fxtr|lco S [ frllee < A, and therefore these plate sets are non-empty

~

only for 27 < A. Next, fix j, and for every positive integer ¢ define
Bjo={k : 27 <#pPl <2t}

Since #P,[f] <H#{m : wC2N*°Q} < N(dH)(HEO)/N%, the sets Ej, are non-empty
only for ¢ < log N.
Call f, := 277 fi1h2, when 7 € P,Ej]. Clearly, these are N-packets associated with

1Y, Define the functions
S

KEE; ¢ pepll]

so that from (2.32) we see that

Clog N

(2.33) f@) =3 2 S @)+ Y a).

2i<A =1



18 G. GARRIGOS, W. SCHLAG AND A. SEEGER

By construction it is easy to see that, for each j and ¢, the function fU4 is an
(N, Ej s, Q)-packet. The stability condition in (2.1) is immediate since

PO < 2 < 2/PY)), ko Ky € | Byl
To pass from (2.33) to the decomposition in (2.29), define the function
RIS WD Wl
k 2/ <AN—10d L
Observe that, from (2.32) and the Schwartz decay of 1,

HzngLw(Q) < Z Z kal/}?fHL“(Q)
%

k  7||k: mN(N0Q)=

~Y Y

< NZ sup||fillee CL N8 < N7%4,
k

if we choose L sufficiently large (depending on €y). On the other hand, using (2.25),
>, ¥ Z 179 S (logN) 3" 2N < AN
21 <AN—10d 2j < AN—10d

Putting the last two estimates together we obtain (2.30).
Finally, we must verify (2.31), for every j, /. Fix ky € E;,, and use that |73,£ﬂ| ~
|73,£JO}\ ~ 2, for all k € E;,, which implies

27 N5 [PU) < o NP B |2 S (Bl Y 27 In

WGP,LJS
S Bl Y ot |7l
WGP,LJS
S 1B Y0 Mfwealll S 1Bl I1folI2
ﬂEP,[CJg

where in the last two inequalities we have used (2.16) and ), ¥(- +n)” S 1.

~

Thus, we have

e = (3 Ili)’

koEEj’g
i» N 1plid|qs 1 ) )
2 (X ") - v o e s
b | Bl

as we wished to prove. O
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3. EQUIVALENT FORMULATIONS OF THE PROBLEM

Definition 3.1. Given p > 2, s € [1,p] and v > 0, we say that hypothesis H*'"(p, s,7)
holds if there exists C., > 0 so that for any 6 = N~' < dp and any f = >, fi with

supp ]?k C H,(f)

1/s
(3.1) £l < C N (STNIAE)
k

d—1 _ d+1
2s’ 2p °

where [(p,s) =

It is our objective to prove H"(p,2,v) for all v > 0, in the asserted range of p’s in
(1.8) (and likewise for H*"(p, s,~y) when d = 2 in the range in (??)). We formulate a
slightly weaker condition which can be seen as an analogue of a restricted weak type

inequality.

Definition 3.2. Given p > 2, s € [1,p] and v > 0, we say that hypothesis H(p, s, )
holds if there exists C., > 0 so that for all § = N~ < &, for all N-cubes Q, all E C
and all stable (N, E, Q)-packets f with plate family P(f) the following estimate holds

d+1

(32)  HreQ:[f@)|>A} < C AP NEEIR NSP(f)| B
for all positive real number A > 0.
The main result in this section is the following.
Proposition 3.3. Let p > 2, s € [1,p] and 0 <y < y;. Then
(3.3) H(p,s,y) = Hip.s.7) = H(p,s, ).

The first implication follows by Cebysev’s inequality and the estimate (2.27) for
the (p,s)-norm of stable plates. The second implication is less trivial and will be

proved below. Observe that one always has the trivial bound H*"(p, s,y = d2ipl),

since | S filly < S lfelly S N5 Sl = N2OOTS | f]],.. Thus, assuming
Proposition 3.3, Theorem 1.1 is reduced to prove the following

d—1
2s’

Theorem 3.4. Let p and s be as in (1.8) and (??). Then, there exists €, = €,(p, s)
so that if hypothesis H*'" (p, s,v0) holds for some vy > 0, then hypothesis H(p, s,7)
holds for all v > (1 — €,)7o-

Indeed, if Theorem 3.4 holds, then Proposition 3.3 together with an iteration gives
the validity of the strong type estimate H*"(p, s, €) for all € > 0, thus establishing
Theorem 1.1.
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In the proof of Proposition 3.3 we shall also use the following localization lemma.

Lemma 3.5. Let 1 < s <p<oo and a> 0. Assume that for all N-cubes () and all
f =22 fr with fu C 1Y we have

(3.4) [fllzr@) < CN ([ flpsio-
Then,
(3.5) [fllzr@aery S C N[ fllpsio-

Proof. Write f =3 1o V. f, where Q is a tiling of R™" by N-cubes and ¢ is as in
(2.4). Then, using the Schwartz decay of 1),

|1z gy = ZHZ%H\Z( S 2 I8 e
> 5o

S ZuwaHLP(Q) 1+diSt (QvQ/)/N)
Q,Q’

—10d

Since each 1 fi has spectrum contained in H,(fé)

by ¢¥of (and § by 2§) to obtain

, we can apply (3.4) with f replaced

”fHLP RA+1) S CP NoP Z HwaHp 25 1 + dist (Q,Q/)/N)_wd’
Q,Q

which by Lemma 2.9 is controlled by [/ f[} ,.s-

Proof of Proposition 3.3. We show the proof of the main implication
(3.6) H(p,s,v) = H"(p,s,m), for v > 7.

By the previous lemma it suffices to show
(3.7) 1 fllzriq) < Ce NP@ITIFE| £ s

for all ¢ > 0, all N-cubes @ and all f = ), fi with fk C Y. To do so we may

assuime

(3.8) [ fllp.s:6 = 1.
Fix an N-cube (). Then
(3.9) 1100y S D 2™ meas ({x € Q:[f] >2"}).

meZ
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By Lemma 2.7 we have ||f]lcc < NP® and thus we may assume m < log N in
(3.9). Also, if 2™ < N=(@+1 then the right hand side of (3.9) is controlled by

Z 9mp |Q’ —(d+1)(p—1) < 1.
2m§N7(d+1)

Thus, only a logarithmic number of m’s are relevant in (3.9), so by a pigeonhole

argument we can find m, so that
(3.10) ||f||’2p < (log N) 2™P meas ({x €EQ:|f] > 2"“‘}) + 1.

Using supy, || felleo < supy N~ | fell, < N™ k2 , we can apply to f the packet decom-
position in Lemma 2.12, with A = N~ % and the N-cube @ fixed above. By (2.30),
the function g in (2.29) is then < N~8¢ which in turn is < 2™. By the pidgeonhole
principle applied to the O((log N)?) terms in the sum in (2.29), there are integers
J» and £, so that the set of directions E* = Ej, ,, and the stable (N, E*, Q))-packet
f* = flbtd satisfy

meas {z € Q : |f| > 2™} < (log N)?meas ({x cQ : 27 |f| > 1207;;\/ })
By Hypothesis H(p, s,7y) the right hand side of (3.10) is then estimated by

C, (log N )% NB@s)+p gdep N |73( 2| |E )P,

where the last inequality follows from the crucial estimate (2.31) and the assumption
| fllp.s:s = 1. Since the powers of log N are controlled by C.N¢, for any € > 0, this
finishes the proof of (3.7) and thus the proposition. O

There are some situations in which the inequality in (3.2) is trivial to verify, namely

when either |E| or A are sufficiently small.

Lemma 3.6. Let p > 2 and 1 < s < p. Then the inequality (3.2) is true for every
v > 0 and every (N, E, Q)-packet when either

B(p,s)p

(3.11) A< N w2 |B|E-D/0-2)
or when
(3.12) |E|v " < NOw»P,

Proof. By Cebysev’s inequality and Lemma 2.11

meas ({x :|f(x)| > A}) S AZFI5 S A2 NEDRIP(f),
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and therefore

(3.13) meas ({z : |f(z)] > A}) < AP NO@I» N5 | P(f)|| B[,

2_q
S

, which is easily seen to the same as (3.11). On the
other hand, for packets f we have [|fll < |E| (by (2.25)), so that (3.2) only
needs to be Veriﬁed when A < |E|. But in this range (3.11) always holds if |E| <
NAw@)p/(P=2) ~D/®=2) wyhich is the same as (3.12). O

The previous lemma can be slightly improved using the following known (although
probably non optimal) square function estimate: for all f =" fi, with supp fk c Iy
and for all € > 0 it holds

(3.14) 1Y filly < CoNTm= (30| f?)
k k

2(d+3)
d+1 -

o where ¢ =
This inequality follows from the bilinear methods of Tao and Vargas [20], combined
with Wolff’s bilinear restriction theorem for the cone [23]. See e.g. [7, Prop. 2.3] for
a detailed proof.

Lemma 3.7. Let ¢ = 2(d+3)/(d+ 1), p > q and 1 < s < p. Then the inequality
(3.2) is true for every v > 0 and every (N E Q)—packet when either

(3.15) A < N(B(ps)p 2(d+1) )

or when

(3.16) |E|7—% g NP@9rsiay,

Proof. Using Chebichev’s inequality and (3.14) we see that

meas ({:[ . |f(x)\ > )\}) < )\qung < C’E A4 N(4<dd113)+s)q H(Z ‘fk‘Z)%”Z
k

Since ¢ > 2, Minkowski’s inequality gives || (3}, [ f«[?) H < |Ifl4.2:6, while for (N, E, Q)-

d+1

packets we have || f[|7 s S N2 [P(f)] |E|z7!, by Lemma 2.11. Thus, choosing £ < 7,
(3.2) will hold for all A so that

y
s

N\~ N a9 |E|% < AP NB@s)p |E|*,

or equivalently when (3.15) holds. On the other hand, since we only consider A\ <
[ flleo S |E|, we see that (3.15) is always true when |E| < (Nﬁ(p )P 3 ]E|*")1/(p q),

which after easy arithmetics gives the condition in (3.16). O
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Remark 3.8. Thus, in the proof of Theorem 3.4 below we only need to consider
the validity of (3.2) for (N, E, Q)-packets f whose associated direction sets E have

cardinality
(317) N(ﬂ(l’ﬁ)P—%)/(%—%) (10gN)C < |E| 5 N 5
and for real numbers A in the range

(3.18) N(ﬁ(P:S)pfig(ddfn)/(p*q) |E (2—-3)/(p—0q) (log N)C <A< |E’

Y

where C' can be a suitably large constant.

4. SUFFICIENT CONDITIONS FOR THEOREM 3.4

The purpose of this section is identify properties of packets so that the improvement
in Theorem 3.4 holds. As in [22, 12] these can be phrased via localization of the
level sets {|f| > A} using grids of slightly smaller cubes. Also, such localization
assumptions will hold when the cardinality of the involved plate families is suitably

controlled in terms of \.
4.1. Localization. We begin with an easy (but crucial) localization estimate.

Lemma 4.1. Let f be supported in Us(c), let R be a cube of diameter tN, where
t <1. Then

(4.1) lorflle S 72 fl2

Proof. By Plancherel this is equivalent with a statement about the integral operator
TF() = [ Ks(&,n)F (n)dn with kernel

K5(€,1) = Yr(€ = 1)Xry0)(n)-

The L? operator norm is < y/A; A, where

A= sr;p/ |K5(€,m)|dn

Ay = Ks(€,m)|de.
) sgp/r (6, de

Now clearly Ay = O(1) while the smaller n-support yields A; = O(t). This implies
the assertion. O

We shall also use the following result.
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Lemma 4.2. Let f =Y, fi with supp fr, C TIN, t € [V/6,1] and R a tN-cube. Then
the function fivr has Fourier transform supported in I's;(C) and®

(4.2) 1Femll sy S 6 (flloomsr ¥r> 1.

Proof. Since @ is supported in Bj/100¢)(0), it follows immediately that f/@b\R = f * @Zf\g
is supported in I's;(C), for a sufficiently large constant C' > 0. Next, denote by
Pk(fs/ Y the projections adapted to the plates H,(j/ " as in (??), and for each k' let
Q= {k : (ng) + B(s/(logt)(())) N H%/t # (}. Observe that t € [v/d,1] implies

#Qp <t7@D2 0y k and #{k k€ Q) <1, VE. Also we have

[P0 enlle = 1P Sbmll S D2 Ikl
kGQk/ kGQk/
Then, (4.2) follows from the above observations and Hoélder’s inequality. UJ

We now state a definition of A-localization using tN-cubes. Below, Q(t) = {B}
denotes a fixed partition of R4 by tN-cubes{®).

Definition 4.3. Let f be an (N, E, Q)-packet, let A > 0 and as beforet = §© = N—0.
We say that f localizes at height X if there are subpackets fB of f, where B

runs over tN-cubes in a grid Q(t), such that

(43) >_#P(7) & #P(f)
and
(4.4) meas ({z: |f(z)] > A}) Z meas (BN {z:|f?| 2 A}).

The next lemma gives, under the localization assumption, the crucial gain in the
exponent 7y asserted in Theorem 3.4. The statement is just a straightforward modifi-

cation of [12, Lemma 6.2], but we sketch the proof below for completeness.

Lemma 4.4. Let p > 2, s € [1,p] and suppose that H*"(p, s,vo) holds for a fized
Y > 0. Let A > 0 and suppose that f is an (N, E, Q)-packet which localizes at height

{5}One could prove here a more general inequality I frllpsse S t=B@)| £l p.s:6, for 2 < p < o0
and s € [p’,00]. However, this is not used later (except for a weaker version at the beginning of
Lemma 4.4).

{6}Below B will always denote a tN-cube, while we keep the notation ) for N-cubes, and A for

V/N-cubes.
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A (with respect to tN-cubes). Then, the estimate (3.2), i.e

’{x €qQ: \f(x)\ > )\}| < C7 AP NB@s)+)p N(d+1)/2’73(f)|

holds for such f, Q and A, and for all v > (1 — €0/2).

Proof. For each tN-cube B € Q(t), the function fPip has Fourier transform sup-
ported in I'5/,(C'). We claim that

1
s p

(4.5) 1 £50s|, 5 S PP IFPI57 1B

Indeed, using the convexity inequality in (2.18) (with r = r(s, p) asin (2.19)), followed

1

by Lemmas 4.1 and 4.2, we have

17508l s S 177081, Hfo/JBIOM/t
(4.6) ST

Y

’ooré

Now, ||fBlcr < |E|Y", while by the definition of © = r(s,p) in (2.19) we can write
”T;,Q =5 —1and ”%2 = £ — 1. Inserting these estimates in the right hand side of
(4.6), the claimed inequality (4.5) follows easily.

Thus, using the localization condition and the hypothesis H*"(p, s,vo) (with &

replaced by §/t) we obtain
K> 0 = DI sl A} (by (44))
B

S AT Y ()P | PPy
B

< AP Z N (B@:5)+70)p 0P ”fBH% ’Eyf—l’

where in the last step we have used (4.5). Since by (4.3
SIS N DS #PUT) S NP,
B
the lemma follows. 0

4.2. Sufficient conditions for A-localization. It is now important to identify sit-
uations in which the localization conditions of Definition 4.3 apply and thus the
improvement of Lemma 4.4 holds. In [22, 12] a number of sufficient conditions are
given, when the cardinality of P(f) is controlled by a power of A\. The simplest one
is the following.
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Proposition 4.5. [12, Lemma 5.2]. Let f be an (N, E,Q)-packet and X\ > 0 such
that

(4.7) #P(f) < t19)2,

Then f localizes at height \ with tN-cubes. In particular, if p > 2, s € [1,p| and we
assume H (p, s,70) for some vy > 0, then the inequality (3.2), i.e

{r e Q:|f(x)] > A} < CAP NECIP NG |p( 1)

holds for such f, A and Q, and for all v > (1 —€/2) Yo

We refer to [12] for details about the proof, which involves only simple combinatorial

arguments.

I have included the proof in small print, since it is already written,

but we do not need to include it in the last version.

The main geometrical argument behind Proposition 4.5 is in the following result which (in a
slightly more complicated version) will be applied to W = {|f| > A}. For a proof we refer to [12,
Lemma 4.2]. Below, Q(t) = {B} denotes a grid of tN-cubes, and for € R%*! we define B(z) as

the cube B in the grid containing x (which is well defined apart from a null set).

Lemma 4.6. Let W be a measurable subset of R4t and let P be a plate family, whose elements are
contained in a fized cube of diameter C N0, As before, let t = 6 = N=. Consider the following
relation “~” between plates m1 € P and3 cubes B € Q(t): we say that T ~ B if B intersects the
9-fold dilate of B, where By is a tN-cube in Q(t) for which the quantity |W N7 N By| is mazimal.
. Then

(4.8) #{B:7~ B} <10 for everym € P

and

(4.9) 7= / S e(@)ds 5 WP,
TEP,ml B(x)

Proof. The condition that all plates in P are contained in a fixed CN'*¢-cube, and the separation
property of the plates implies #P = O(t~¢"!N%). Note that (4.8) is trivial from the definition of
the relation. To prove (4.9) we first note that

IZZV?‘F

where

Z‘{IEWHFIB(I‘>747T}.
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There is the trivial estimate

| X s #pwINtS ot
TeEP:mXB(x
v(m)<|W|N~ d

Thus we only need to bound

7= Z v(m)
TeP:
N=WIp(m)< W]
As there are O(log N) dyadic intervals between N ~¢|W| and |W| we can use a pidgeonhole argument

to get a subfamily P’ C P and a value of v between N~¢|W| and |W| so that
(4.10) 1Z| < veard(P')
and

v<v(r)<2v foreach e P.

Since every plate can be covered with O(t~1) cubes, for each 7 € P’ there must be a cube B’(7) not

related to m so that
[Wn B (r)Nr| 2 tw.
By the maximality condition in the definition of B, we must then also have

|W N B, Nr| 2 tv for each T € P'.

Clearly the number of all possible pairs of tN cubes is O(t~4(?+1)). This means that we can find
two tN-cubes B, B’ in Q(t) and a subfamily P” of P’ which has cardinality > t*(+1) 4P’ so that
for all # € P” we have B, = B and B'(7) = B'.

We now fix these two tN-cubes B and B’ and consider the auxiliary expression

A=Y [WnBna||WnB nxl.
TeP!

Then we have the lower bound
A > (tv)2card(P") > t*¥FScard(P')v?.

We can also derive an upper bound by rewriting
A= / / Z X () Xr (2 )dad’
wnB JWnNB’ TEP!
If rNB # 0 and 7 N B’ # () for some 7w € P” then 7 is related to B but not to B’, thus the distance
of B to B’ is at least tN. This means that for each pair of points (z,2') € B x B’ there are < t~9+!

separated plates which go to both 2 and z’. This means that the integrand Y _p, xx(2)xx(2) is
O(t~9*1) and hence we get the upper bound

A<t WA B||IWn B <t 4w A
Comparing the upper and the lower bounds for A we find that

v S t*d*l(#Pl)fl/Q\/Z S t75(d+1)/2|W|(#Pl)71/2
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and thus using (4.10) (i.e. Z < vcard(P’)) and we obtain

T S50 2w |\ JHP
0

For technical reasons Lemma 4.6 is not quite enough for us since we wish to replace the charac-
teristic functions x, by the similar weights w, with “Schwartz-tails”. This is fairly straightforward
and requires adjustments in the definition of the relation ~ between plates and ¢t N-cubes and some
additional pidgeonholing. We state the required estimate and refer to Lemma 4.3 in the paper by
Laba and Wolff [12] for details of the proof.

Lemma 4.7. Let W be a measurable subset of R¥T! and let P be a plate family, whose elements are
contained in a fived cube of diameter CN'T€0 . Let My be a large constant, and assume the constant
M in the definition of w (see (2.2)) is so large that M > 10Myd. Let t = N~ and Q(t) = {B}
be a grid of tN cubes as before. Then, there is a relation “~” between plates in P and tN-cubes in
Q(t) so that

(4.11) #{B:m~B} 1, foreverymeP
and if
Wp(z) = Z wr ()
TeP
7 B(x)

then
/ Wo(z)de S W VH#P + N Mow).
w

Proof of Proposition 4.5. We wish to apply Lemma 4.4 and therefore have to show that with P =
P(f) under the assumption #P < t'4¢)\2 the localization condition in Definition 4.3 holds.

We proceed applying Lemma 4.7 to W = {x : |f| > A} and P, and let ~ be the relation between
N-plates and tN-cubes from Lemma 4.7. Recall that

F@)=> fx

TeP
with |fr| < wy. For every tN-cube B € Q(t) define
fB(x) = Z Ja-
T~B

By condition (4.11) we have > 5 [P(fB)| £ |P(f)|, i-e. (4.3). Moreover with P = P(f)
/ We(z)de S PHW VAP S PHWViElAd N2 < 24 W]\
w

This means that there is a subset W* of W so that |W*| > |[W|/2 on which we have the pointwise
bound

Wp(x) StA, zeW*
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Also if z € W* N B we have

@)= 1) = | Y fo@)| S Wpa) S A

Tl B
and hence

1FB(z)| > A2, xe€W*UB.

This implies the localization condition (4.4). O

A second sufficient condition, which also appears in [12] can be described as follows.
Following [12, §4], to every plate family P we can associate a (separated) N-tube
family 7 = T (P) of minimal cardinality so that each = € P is contained in a 10-fold
dilate of some 7 € T. For each 7 € T(P) we call

P(r)={meP : wCl07}
and for every positive integer 1 € N we define a subfamily of P by
(4.12) PW = |J {P(r) : 27" <#P(r) < 2"},
TET(P)

and a corresponding subfamily of tubes

(4.13) TPW) ={reT(P) : 2#7 ' <#P(r) < 2"}.

Observe that the families P*) are nonempty only for 2 < log N, since we always have
#{r - mc1or} < VN, Vr

It is also clear that

(4.14) #T(PW) S %.

Definition 4.8. Given an (N, E, Q))-packet f = > _ fr and a real number A > 0,
we define pu, = u.(f,\) as a positive integer at random among those for which the
subpacket f* = Y __.,. fr with plate family P* = [P(f)]#*) (defined as in (4.12)),
satisfies

A

Co logN}

for a fixed constant Cy > 0. Observe that by an elementary pigeonhole argument at

(4.15) {If] > A} < Colog N |{|f*| >

Y

least one such p, exists provided Cj is chosen large enough.

The second sufficient condition for A-localization can now be written as follows (see
[12, Lemma 5.3]).



30 G. GARRIGOS, W. SCHLAG AND A. SEEGER

Proposition 4.9. Let f be an (N, E,Q)-packet and X > 0, and assume that for
e = i (f, A) defined as above we have

POI _ 14d 2
(4.16) o < A
Then, f localizes at height X with tN-cubes. In particular, if p > 2, s € [1,p] and we

assume H (p, s,70) for some vy > 0, then the inequality (3.2), i.e
HIGQ f(x |>)\H < ON p NB@s)+Np NG |73( )||E|§_1

holds for such f, Q and A, and for all v > vo(1 — €/2).
Moreover, if (4.16) does not hold, then for every V' N-cube A the subpacket f* in
Definition 4.8 satisfies

R

Proof. The first part of Proposition 4.9 is precisely the statement of [12, Lemma 5.3,

(4.17)

Case 1], so we refer to this paper for a detailed proof.

We now establish the second part of the proposition, that is the inequality (4.17).
Write f* =", fi with supp f,j C Y. Since for each v/N-cube A the functions in
{fia}r are essentially orthogonal, by Plancherel we have

Be X fuivars [ 3 wes

TEP*

By Lemma 4.1 in [12], we can estimate

/Zw”%“’\/—/ > wow AS%J_”A’

mePp TET(P*)

Then, (4.17) follows using the upper bound for 2#* obtained when (4.16) does not
hold. U

4.3. Sufficient conditions for d = 2. One cannot expect the sufficient conditions
(4.7) or (4.16) to hold for general packets f, since |P(f)| can be as large as N while
A2 is at most N97!. As explained below, one can go over this difficulty localizing the
problem with /N-cubes, and reconsidering the above sufficient conditions at scale
V/N. As noticed in [12], this idea turns out to work well for dimensions d > 3,
but does not give anything when d = 2. Fortunately in the latter case much better
sufficient conditions hold, as was proved by Wolff in [22].
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Proposition 4.10. : [22, Lemma 3.1]. Let f be an (N, E,Q)-packet in R*™ and
A > 1 so that

(4.18) IP(f)] < 20N,

Then f localizes at \ with tN-cubes. In particular, if p > 2, s € [1,p] and we assume
H"(p, s,70) for some vo > 0, then the inequality (3.2) holds for such f, Q and X,
and for all v > vo(1 — €/2).

Proposition 4.11. Let f be an (N, E,Q)-packet in R**1 and X > 1, and assume
that for . = p.(f, A) as in Definition 4.8 we have

(419) |P(f>’ S t3000 51/4 )\3 ,
2
then f localizes at height \. In particular, if p > 2, s € [1,p|] and we assume
H" (p, s,70) for some vy > 0, then the inequality (3.2) holds for all v > (1 —€0/2).
Moreover, if (4.19) does not hold, then for every V/N-cube A we have

. 9 B N5/4

(4.20) |

We refer to [22] for the deep proof of Proposition 4.10, which among other things
relies on combinatorial methods of Clarkson et al [5] for counting tangencies in ar-
rangements of circles.

Proposition 4.11 is new, and improves over Lemma 3.2 in [22], which (essentially)
requires the stronger sufficient condition
(4.21) %(f) < 57N,

It is straightforward to verify that (4.21) implies (4.19) since A < Nz. We will give a
complete proof of Proposition 4.11 in §6.

5. THE PROOF OF THEOREM 3.4

5.1. A parabolic rescaling. The next lemma is an analogue and consequence of

Wolff’s inequality for Fourier plates contained in an angular sector of length /o >

V0.
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Lemma 5.1. Let § < o < 1 and consider a fived o-plate 1) contained in T',(C).
Suppose that Hypothesis H**" (p, s,7) holds for some p,s > 1 and v > 0. Then

H PO < 6/ (Znhkn) Y {lu} € DRI,
H(‘”CH(")

Proof. The lemma follows by rescaling the problem with a suitable Lorentz transfor-
mation and using hypothesis H*"(p, s,v) (see e.g. [12, p. 167]). For completeness,
we describe the argument here.

Let {n1,...,n4} be an orthonormal basis of R? where 7, is chosen so that (1,7)
is the center of the plate II¢®). Then {(1,7:), (=1,m),(0,72),...,(0,14)} is a basis of
R¥*1. Define a linear operator L € Glg,1(R) preserving the cone and acting on this

basis by
L(lﬂh) = (17771)’ L(_lanl) = %(_1’7]1) and L(O777€) = \/LE (07776)’ t=2,...d

Set f. = P,§5)(hk), so that the functions fj o L have now spectrum in (perhaps a
multiple) of the plates H,(f/ ?) corresponding to the y/J/o-separated centers { L(1, wy)}.
Thus, hypothesis H*"(p, s,v) can be applied at scale § /o giving

HkaoLH (6/0) 770" W(ZkaoLII )

which after a change of variables yields (5.1). O

5.2. The two main lemmas. To prove Theorem 3.4 we must show that for every
(N, E,Q)-packet f and A as in (3.18) the inequality (3.2) holds in the improved range
v > (1 — €,), under the assumption H*"(p, s,7y). This will be done by repeatedly
localizing at smaller scales, and then using the induction hypothesis at the lowest
scale. In this section we prove the main two lemmas which show how this process
works at each step. Proofs are similar to [12, Lemma 6.1].

Below, we let Ny = v/N (hence 6; = v/§) and denote by Q; = {A} a tiling of R
by Ni-cubes. Then, for every (N, E, Qy)-packet f we can write

(5.2) HzeQo : [f@)]>M] < D [{zed : [fpa(z)] > A}
ACQo

for some constant ¢ > 0. Observe that, for a fixed A, the function fio has Fourier

transform supported in I's, (C'), but in general is not a packet. However, by Lemma
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2.12, fia can be decomposed on A in terms of (Ny, £y, A) packets. Below we de-
note by Q; a v/d;-separated set in S¢°!, and by {H’(fl)}kegl the corresponding plate
decomposition of I's, (C).

Lemma 5.2. Let Qo be an N-cube, f be an (N, E,Qq)-packet, and let X > 1. Then
there exists Ay > 0 so that for every Ny-cube A C Qo there is a plate family Py a), a
set Eqay C 4, and a stable (N1, E1 ay, A)-packet f1,a) with plate set Py ay so that

(53)  HzeQo: [f@I>AY 2 D Hzed : [fon@)] =N}

ACQo

and

=
A2 Nl : A2

d+1
(5.4) Paal N, |E|

Moreover, for all p,s > 1 we have

571 < A_If ||f¢A||z,s;61
~ )\p d+1

N *

(5.5) Pa.ay| [ Eq,a)

Proof. Fix A C Qp and let ¢® = fia, which has Fourier transform supported in
[1(C) and satisfies

d—1
HgA”oo,oo;zsl < (N/Nl)(d—n/g ~ N

d—1
(by Lemma 4.2). Applying Lemma 2.12 with A = N;? and @ = A, we can write

nj,A

(56) Py = Y PN g @), wea,

Ny0dagicand £=1

where

(57) nj,A 5 10g Nl,

(5.8) sug lha(2)] < NI_BdA < Nl_m;
e

moreover, for each (j,¢,A) there is a subset EjA’g of Q1 so that gﬁa is a stable
(NVy, Eﬁ@,A)—paCket, with associated plate family Pffe, consisting only of Nj-plates
7 contained in 2N, T°A, and more importantly satisfying

PN pA AL—1 P
(5~9) 27PN, |Pj,€| |Ej,£|s ~ ||f¢A|| Vp,s=>1

P,8;01°
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As there are only O(log N) values of j and O(log V) values of ¢ a simple pidgeonhole
argument and (5.8) show that, for A > 1,

‘{J]GA : |gA| >C/\}‘ < ’{JZGA : ‘ZN 10dA<2]<NdA2 Zé 1gw] 2}‘

< C(log N)?

N \
|2jAg[jA,ZA}(I)| > C(logN)2}
for some fixed ja,la. Pigeonholing once again we can find, among the (ja,?a)’s, a
fixed pair j, ¢, € Z (independent of A) so that

Sl{zea >l 23 {rea 1276 @) > crivpl]
A A

Using (5.2) this means that (5.3) holds with \; = 277*X/(C'log N)* and fa1,.a) = g5}, 1.,
and hence that Fy Ay = EjA*,Z* and Py a) = P(g[i,e*])' Observe also that (5.5) follows
immediately from (5.9) and the definition of A;.

The first inequality in (5.4) follows from the case p = s = 2 of (5.9) in the
same fashlon For the second inequality in (5 4) we observe that if f =", fi with
supp fk C H ) then the Fourier transforms fmﬁA are supported in essentially disjoint

sets. Thus we have the crucial orthogonality estimate

(5.10) Lfeally S D Ifwals SIALY IfillZ S N{FHE,
k

keE
the last step following from the fact that || fi|lc < 1 for N-packets. This establishes
the second inequality in (5.4) and hence the lemma. O

Below we shall use the bound in (5.4) to argue that at least one of the sufficient con-
ditions, Proposition 4.5 or Proposition 4.9, can be applied to the triplet (f(1,a), A1, A).
The next lemma, shows how to conclude the theorem for the original packet f in such

case.

Lemma 5.3. Let p > 2, s € [1,p] and assume that H**" (p, s,70) holds for some
v > 0. Consider an (N, E,Qq)-packet f and a real number A > 1. Suppose we are
given a number Ay > 0 and a collection {fi1.a)}a, where A runs over a grid of Ni-
cubes contained in Qy, where each fu ay is an (N1, Eq a), A)-packet with plate family
Pa.ay satisfying (5.3), (5.4) and (5.5) (e.g., when fua)y are generated as in Lemma
5.2). Assume in addition that there is a real number o > 0 so that, for every A C Q,
the pairs (f1,a), A1) satisfy the inequality:

Nl(ﬁ(p,S)Jra)p di1

5.11)  Hzed : [fan@)| >N} 3 v Ny * | Paal [Baayl=
1
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Then, we also have

(5.12) {z€Qo : [f(z)] > A} S AP NEEIP N

d+1

= [P(f)

with v = (v + a)/2.
In particular, (5.12) holds with v = vo(1 — €9/4) at least when one of the following
conditions is satisfied for every Ni-cube A C Qq:

(5(1’»5)17*%)/(?*11) ‘ (ff%)/(p*q) .

()M SN Eaa

) p —d=1
(ii) |[Eqn|?7 g 8707250,
(iii) (f1,a), A1) satisfies any of the sufficient conditions (4.7) or (4.16);

(w) when d = 2, (fa,a), \1) satisfies any of the sufficient conditions (4.18) or (4.19).

Remark 5.4. We observe that the previous two lemmas already give Theorem 3.4 for
p and d sufficiently large. For instance, to verify that (5.11) holds, say with s = 2,
by Proposition 4.5 we only need to check that the plate families P(; o) satisfy

Pa,ay] ST

By the inequality (5.4) and the fact that we only consider A\ > 172 (by

Lemma 3.6 with s = 2), we obtain (after some arithmetics)

p—2 = Np-2 4

A2 — )
which is < ¢ = N0 if d > 3 and p > 2+ 75"
we can exhaust the range p > 2 + 8/(d — 3), which is one of the indices obtained in

]Vl(d-‘rl)/2 |E| _ Nd+1 2p B(p,2) 2 d-3

(5.13) APyl £

. Thus, choosing gy = g¢(p) small

[12] for the validity of (??). To improve over this index one must iterate the process

with successive N4 N1/8 . localizations, as described in the next subsection.
Proof of Lemma 5.3. By (5.3) and (5.11) we have
{zeQo : IfI>AY & D Hzed : [fanl>NM}

ACQo
d+1
< Z AP Nl(ﬁ(p,s)+a)19 NZ |Pan |E(1,A)|§_1-
ACQo
Thus, the result will be established if we can show

d+1 )\
1) S NEP !

N D
ACQo )\

da+1

N(BPS'F“/OPN 5 ‘,P( )
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To do so, recall that fia are functions with spectrum in I's,(C'), and denote by
Pz(él) the projections as in (?7) associated with the usual partition of I's,(C') by
1 x 81 X /01 X ... x /3, plates: {H(él)}g. Then by (5.5) we have for each A,

g1 »
N2 Panyl [Eqals

||f2/JAHps<s1

¢
(S T w
¢

ko ceni®
(S S )

(6)CCH(51)
We sum in A and apply Minkowski’s inequality (since p > s) to obtain

)p/s

s>p/s
p

}:JV

s 1%}(%}\\wA( SR

H(‘s)ccn(él)

SE1031) > NG S| IS
LA ' cen
A s Ay

¢ g® conn
) comy™

Now, we apply Hypothesis H*"(p, s,70) in the rescaled version of Lemma 5.1 and

bound for each ¢

| S s sy 2 1)

Q) (1) (8 (1)
kI COTI k1L COTI,

>p/5 Nl(ﬁ(p,S)Jr’YO)p < Z Z ||fk ”;)p/

) ce H(él) ¢ on®cenl®

< Nl(ﬁ(p,s)ﬂo)p ”f”p

This yields

(] >

QN

S NP N P(f)| B

where the last inequality follows from (2.27). This proves (5.14) and establishes the

lemma. O
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5.3. Iteration. We are now ready to describe the iteration. Here we fix p > py as in
(??) and s € [1,p]. We let N; = NY? for j =0,1,2,... Starting with an (N, E, Qo)-
packet f = fp and A = Ao as in (3.18), at step j we shall define, for each N;_;-cube
Aj_y, a real number A\; > 0 and a collection of functions {f(;a)}aca where A

runs in a grid Q; of Nj-cubes and each f(; a) is an (NV;, E(ja), A)-packet with plate

-1

family P(; a), and so that the pair (f(;a),A;) satisfies

(@) Hzedin: fomanl>Nad S D Hrzed o [fual >N}

A€Q;
N

A? Hf(j—laAj—l)wAH%

(b) Puayl S 2 pEn) ;
i1 N2
J

N fi-1.0 0 allp.ss;

(¢) Pyl § o R S
>‘j71 N.?

j
It is clear from Lemma 5.2 that this is possible for j = 1. We next show how to pass
from step j to step j + 1.

Suppose we are at step j. Then we stop the process for the Nj-cubes A € Q;
for which the pair (f(;a), ;) already satisfies the improved inequality in (5.11); in
particular when at least one of the conditions (i)-(iv) in Lemma 5.3 holds (with
the subindex “1” replaced by “j”). Observe that when for all cubes A C A,
the inequality (5.11) is satisfied, then a direct application of Lemma 5.3 gives the

improved estimate at the next scale, i.e.

- p

_ (a+v0(1—50)) P_
‘{x SPAVEREE ‘f(j_laAj—l)’ > Aj }‘ é )‘jfl Nj—lwo PPN, 1 |P(j—17Aj—1) °

)

which after j — 1 more applications of the lemma leads to (5.12) with v = ~o(1 —
€0/21), hence establishing Theorem 3.4 with €, = ¢y/27T.

Assume therefore that we are dealing with cubes A € Q; for which (f(;a), ;)
does not satisfy any of the conditions (i)-(iv) in Lemma 5.3. That is, we are only

considering
(5.15) A > (log N)ONP@»=5an)/ -0 | g )| (5-8)/(k-0)
and

(5.16) |Ega)| > NB®:) p=5(am)/ (5=,
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Also, since (iii) fails, by Proposition 4.9, there must exist a subpacket f(*j7 A) of fj.a)
so that

(5.17) {1600 > M £ {1550 > A/ log N}

and moreover, for every N, i-cube A

d/2

N
" 2 _
f(j7A)¢Aj+lH2 5 ¢ ;\2 ’P(J}A)‘ ‘E(j,A)‘-
J

(5.18) |

Then, we can replace the original (f(;a), Pa), Aj) by (f(*jA), Pliay A = cAj/log N),

J
which also satisfies (a), (b), (¢) and (5.15), (5.16). Next, we apply Lemma 5.2 to each
pair (f(?,A)?A;> to obtain new quadruplets (f+1,a,,1), Pi+1.8,41)> EG+1,8,01)5 Aj+1)
with the required conditions, i.e.

{zed : [fGal >N} 2 Z {z € Djir  |fgraml > X 3|

Aj+1€9541
Aji1CA

>\?+1 ”.f(*j,Aj)wAjH H% )

2 dr1)/2
)\j NJ(Jrl )/

(5'19) ’P(j+1,Aj+1)’ é

Wil SVAVER | ~ P dr1)/2
! )‘j NJ(Jrl )/
Observe that, with this construction, if we combine (5.19) and (5.18) we obtain in

addition the inequality
1

g Ndyp et .
(d) Porvasl & =T N PGapllBuapl, 7=1.2...
J

The case d > 3 and s = 2.

Claim. Ifd > 3, p > pg and s = 2, then the above process will stop after a finite
number of iterations. More precisely, there exists { = £(p) € N so that the quadruplets
(fien), Puay: Ewny, Ae) satisfy the sufficient condition (4.7) in Lemma 4.5 for all
A e Qg.

For simplicity, denote A; = |P(a,)| and Ej = |E(a,)|. Then, from (d) above one
obtains

S ey Lo 2 (N1 - .. N1)% A

5.20 N2EA S
(5.20) R XA
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Now, to estimate A; we use (5.4), that is

)\
(5.21) A g L N R,
Inserting this into (5.20) leads to
E EE -1 1
(5.22) A2 A, S D H (Ne_y ... N N
-1 1

We need to show that the right hand side of this expression is smaller than t'4¢.
Observe that we can replace the symbol “S” in (5.22) by “< ¢~7, provided N >
No(€p). Thus it will suffice to prove the inequality

1 (4=l g4 A2 2
(5.23) O i e T

By (5.15) (with s = 2) we know that
N > NEC— stz -0 gi/2 _ N gl
- J J J
and therefore it is enough to show that

1

(5.24) NT NG < (N mn )T
Since t = N0, the previous is equivalent to

(5.25) 2(1 = ) (G — 5555) — § = 30dleo.

It is now easy to verify that this holds when p > pgy, for a sufficiently large integer

¢ = {(p), and a suitable choice of ¢y = ¢y(p). More precisely, condition p > p,; (for

d > 3) can be read as < d=2

“5~, which is equivalent to

_ 9
4(p—q)
€p3:2(d2 —2(%)—‘>0

Thus, we only need to choose ¢ = {(p) so that 277 (L1 — P q)) < €,/2, and next
choose ¢y = €y(,p) = €o(p) so that 30dley < €,/2. This will satisfy (5.25) and

establish the claim. Thus letting €, = €y/2°"!, one obtains Theorem 3.4 for d > 3.

Replace the previous argument by induction
We claim that for j =1,...,¢

P! < 1 1)N7’7Nd4 =)

A2 !

(5.26)

{7}
We first note that for j = 0,1, ...

{7}Since ¢ could also be allowed to change with j we do not need that much powers ...
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Notice that

(527) )\j > N(ﬁ(P,S)P—ﬁV(P—Q) Eﬂ/2 _ N%_‘l(pq—fn E;/Z. ifs=9

J J

For j =1 this says P e ) = N2=0~ "7 . To see this we have by (5.4)

Pa.ay] <

d+1
N7 |E|)\?
A

and since |E|A72 < N7&3 7 the assertion holds for j=1
Assuming (5.26) for a j > 1 we estimate

’P(j-HA' 1)| 14d |E Ay | ’PJA ‘
(5.28) el < t N. T
X R

by “(d)”. By (5.27) the right hand side of (5.28) is estimated by

t_14dN 4 N ;1 (quq) |P(j7Aj)|
22
J

By the induction hypothesis this is

d— d—1___q _
<t_14dN ra N =n 2(17 ) t—14d(J 1)Np q TQNjfl 2(p—q)

2

:t—14d]NﬂfT (Nj_l/Nj)%_ﬂpq*q)

< LR T T

~ J °
The case d = 2. In this case the previous scheme does not give anything. One must
use in (5.18) above Proposition 4.11, rather than the weaker Proposition 4.9. In such
case the inequality in (5.18) can be replaced with the improved version

5/4

t—C

2
(5'29) j+1 Hz ~ )\3 |P(J':A)| |E(J}Aj)|

(which follows from (4.20)). Thus (d) will take the form

o Ly .
(5.30) Pyl & 7° ; i Pasy EGapnl, 7=12,...
Then calling A; = [P apl, Ej = |Eja,| and iterating as in the proof of the claim

we are led to

_ Ejq...Eq
N2A < tc— AP
{4 )\? L )\3)\5 ( )
E B, E
(5.31) (by (5.21)) < ¢+ @=L L0 (N Ny) NE

)\Z) 1...7\;)?
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The lower bound for \; from (5.15) gives

E| _ |E[Edee g ()

A2 T N2Bs)-g)/(—a) » (:1/_%)

P o B

(5.32) < N N
Nt (-2

w |

where in the last inequality we have used that |E| < N'/2 (since we only consider
s > 2). On the other hand the same bound for A; from (5.15) gives

pC-De-) e (%)

J _ J

= ABB®s)-§)/(p—q)
NHO®)s

(5.33)

el

N?(sfq) (i_%)
J
To estimate further this quantity we must distinguish cases.

Case 1: s > 22—1} =3 - 3;%. Then the exponent of E; in (5.33) is positive and we

can use again the trivial bound E; S N jl/ 2, which leads to

3p (2p+q 1)

E; _ NSRS =
(5.34) o < oo T N, o)
J N'Z(P*Q) s’ p

j
Inserting (5.32) and (5.34) into (5.31) we obtain

>\22 Ay < t_C Niﬁ N*Q‘Z%Z) N1/2 N3/4,

Since by Lemma 4.5 it suffices to show ¥} that \;2A, < %8, we will be done when

5 4p—Tq p—2q __ 6p—1lq
1< () T 2(p—q) ~ Alp—aq)’
or equivalently when
p > 6g = 20.

This establishes Theorem 1.1 in this case.

Case 2: 2< s < % =3 3;%. Then the exponent of E; in (5.33) is negative and

{8}We could also require the weaker estimate A, < tc/)\?lEA% (by Lemma 4.10), but this makes

no difference at this point.
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: (Brs) p-1) /(B9 | .
we must use instead the lower bound Ej; 2 N; in (5.16), which after a

simple but tedious computation leads to
B _
(5.35) S <N
J
Inserting this expression together with (5.32) in (5.31) we obtain
)\22 A, < € N-E-0/(5-$) N~ 35 N1/2 N3/4

so that we will have \, %A, < t?® at least when

5 2p—2s'q p—2q
(5.36) 1< Spvq T 30

When s = 2 this is easily seen to be equivalent to
p>Tqg=1 = 23333..

as asserted in Theorem 1.1. When 2 < s < 3 — 3;%, then solving for p in (5.36) leads

to the range

(5.37) p>p(s) = (11s — 6 + V6552 — 765 + 36) ¢/ (4(s — 1)),
which therefore completes the proof of Theorem 1.1.

Remark 5.5. We point out that the range of p obtained in (5.37) when 2 < s < 3— 22

T 3p+5
S : : 1 3 1 _ 1
and d = 2 is slightly better than the interpolated line between (; = 25,5 = 5) and
(}—17 = 55+ = 32) (see Figure 1.2).

Remark 5.6. One can do similar computations to establish a range for s < 2, however
the region that comes out corresponds precisely to interpolating the case s = 2 with
the trivial p = 0o, s = 1, and therefore no new result appears in this case (again, see
Figure 1.2).

6. PROOF OF PROPOSITION 4.11

The main result in this section is Lemma 6.2, which gives an improvement over
Lemma 2.5 in [22]. The rest of the proof of Proposition 4.11 follows from exactly
the same reasoning as in [22], replacing at each occurrence Wolff’s Lemma 2.5 by
its improved version; we sketch the argument in §6.2. Recall that throughout this

section d = 2.
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6.1. The combinatorial lemma. In this subsection it will be convenient to follow
the notation in [22, §2]. Namely, P = {r} will denote a collection of 1 x v/§ x §
plates, and 7 = {7} a collection of 1 x v/d x v/§ tubes. As usual the longest axes
of 7 and 7 point in v/d-separated light rays. We shall also use a collection P = {11}
of much larger plates with dimensions 1 X 51 x V0, and longest axes pointing in
) i—separated directions. All such families are assumed to consist of separated plates
or tubes, meaning that C7 contains less than Cy plates from P, and similarly with
T and P.

Fix t = 6 and consider a tiling {B} of R? by t-cubes. If w € R?, we denote by
B(w) the t-cube containing w. Given a finite set W consisting of V/d-separated points
in R? and a tube family 7, we wish to define relations “~” between tubes and ¢-cubes

which keep as small as possible the cardinality of the bad incidence set
LW, T) = {(w,1) eWXT : wer, 74 B(w)}.

These relations will be admissible if they satisfy the property

(6.1) for every 7€ 7 Card{B : 7~ B} S 1L

One defines likewise the concept of admissible relation between t-cubes and P-plates,
as well as the bad incidence set I,(W,P).

As a special example consider the relation 7 ~ B if B is equal or adjacent to a
fixed cube maximizing |[W N 7 N B|, and likewise for P-plates. Using this relation,
Wolff proves the following result.

Lemma 6.1. : (see [22, Lemma 2.3]). Let W be a V/§-separated set in R>.
(i) Given a plate family P, there exists an admissible relation ~ so that, for every

e>0

(6.2) Card I, W,P) < C.6~<t % |P|'2|W)|.

(ii) Given a tube family T, there exists an admissible relation ~ so that
(6.3) Card LW, T) S t=° [TV W).

The statement in (i) is by far much deeper than its counterpart in (ii), relying
on highly non trivial bounds for circle tangencies. In his paper, Wolff improves the
bound in (6.3) by combining it with (6.2) (see [22, Lemma 2.5]). It seems, though,
that both his statement and proof can be simplified. Below, given a set T, we denote
by P(7) a plate family of minimal cardinality so that each 7 € T is contained in
some II € P(7) (as in [22, p. 1255]).
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Lemma 6.2. Let W be a Vd-separated set in R?, and T a tube family so that every
IT € P(T) contains at most m tubes. Then, there exists an admissible relation ~ so

that, for every e > 0
(64) Card .[b(W, 7-) S Ca §5¢ t_ll m1/6 |7’|1/3 |W|

Proof. Assume first that every plate II € P(7) contains between m/2 and m tubes
from 7. Given 7 € T, let II be the plate in P(7) containing 7, and 7y the subset of
all tubes from T contained in II. Define the relation 7 ~ B when one of the following
holds:

(a) I ~ B, as in (i) of Lemma 6.1, with respect to the set W and the plate family
P(T);

(b) T ~ B, as in (ii) of Lemma 6.1, with respect to the set WNIIN[Up.nB] and the
tube family 7.

More precisely, if we denote by By the union of the t-cubes B which are equal or
adjacent to the cube maximizing (W N II N B|, and denote by B, the union of the
t-cubes B which are equal or adjacent to the cube maximizing |[W N Bg| N7 N B,
then

T~B iff BCBpUB,.

Clearly ~ is an admissible relation. Moreover,

Card LW, T) = > [Wnrn[UpeB]| = > > WnrnBinBe

eT MEn(T) €7
oyoa) S0 tOmAWnIn Byl
TIETI(T)
o) < C.oS w2 BTV W)
< CoéerH m23 |7"1/3 |W|7

since by assumption |[P(7)| =~ |T|/m. Finally, to remove the condition that each II
contains at least m/2 tubes, simply partition 7 into the subfamilies 7, = U{7T : 277! <
|Tr| < 27}, and apply the above reasoning to each 7;. O

Remark 6.3. Observe that m in the statement of the lemma is always m < Nz,
since each II may contain at most NV T parallel tubes pointing in each of N T different

directions. In fact, below we shall only use (6.4) with m = Nz.
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Remark 6.4. From Lemma 6.2 it is easy to derive a version with “Schwartz tails” as

in [22, Lemma 2.7|. Namely, letting

LT W) =) > wilw),

weW TET
T B(w)

then with the same conditions as in Lemma 6.2 there is an admissible relation ~ so
that for all e > 0

(6.5) (T, W) < Co5 =t " NV T3 W] + 5%,

Remark 6.5. We point out that, according to the scaling we have adopted in the
paper, we will use the results in this subsection with families 7 of N x vV N x v N-
tubes and sets W of v/ N-separated points. Of course, all the results remain valid

with this scaling, by a simple change of variables.

6.2. Proof of Proposition 4.11. We only sketch the proof of Proposition 4.11, since
it is essentially the same as in [22, Lemma 3.2] or [12, Lemma 5.3].

We are given an (N, E/, Q)-packet f, and consider the subpacket f* =3 .. fr in
Definition 4.8 and A > 1 so that (4.19) holds. Reasoning as in [22, p. 1267] one can
find a finite set of Nz-separated points W C {|f*| > ¢A\/log N} and a real number
a = a(N) > 0 so that the set

W= U Aw)n{lf> 25
wew

(with A(w) denoting the v/N-cube containing w) satisfies
meas {|f*] > cA\/log N} < meas (W)

and

(6.6) meas (A(w) N {|f*] > 2 )%aN%, VweW.

log N

Let ~ denote the equivalence relation relative to (W, T(P*)) obtained in Remark
6.4, and given 7 € P*, define m ~ B when the tube 7 € T (P*) whose 10-fold dilate
contains 7 satisfies 7 ~ B. Define the plate families Pg = {m € P* : 7 ~ B}, which
satisfy

> Pyl £ [P
B
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by property (6.1) from the previous subsection. By (4.15), to obtain the A-localization
of f as in Definition 4.3 it suffices to show that

(6.7) {1771 > eX1og N} 5 D [BA{IfF1 2 M,
B
where f% =37 ., fr. To prove (6.7) we use the crude estimate

(@) = @) S Y welx)
T B
and show that the right hand side is < A/log N when x € BN w. Indeed, by
Lemma 6.2 (in its version with Schwartz tails; see Remark 6.4) and the fact that w,

is essentially constant in v/ N-cubes we have

T
g
$
S
.
S
N

aN? Z Z wy(w) = aN%Ib(T(P*),W)

w T B(z) weW T B(w)

C. N*t7 ' N2 [T(P,)|* #(W)a N*

wl—

IN

< C.NtUNu [';ft—f‘]" W,

~

which is smaller than C|W|/\ /(4log N) if the sufficient condition (4.19) holds (choosing
e < €g and N > Ny(eg)). Thus, there exists a subset W* of W with proportional

measure so that
> we(r) <ch/(logN), z€W*
T4 B(x)
Therefore, if x € BN W* we have |f*(x) — fB(z)| < cA\/(4log N), which implies
|fP(x)] > c\/(41log N). Thus,

{IF7 > eMlog N} S |[W| < W < S [B{IFfI 2 A,
B

as we wished to prove. Finally, to obtain (4.20) when the condition (4.19) does not
hold, one repeats the same argument as at the end of the proof of Proposition 4.9.

We leave details to the reader.

7. BOUNDEDNESS OF BERGMAN PROJECTIONS

Corollary 1.6 follows from Theorem 1.1 and the arguments in [1, §5]. To be more

precise, one has the following (stronger) result:
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Proposition 7.1. Let 2 < s < w < oo and suppose that H*" (w, s,e) holds for all
e > 0. Let

(7.1) Y(w,s) = -1+ 2s6(w, s).

Then, for every v > —1, the Bergman projection P, is bounded in the mized-norm
space Lb(T*) = LY(AY(Y)dY; LP(dX)) in the optimal range 2 < u < Gy, =

(v + Ol)/(”éip,1 — 1) whenever

(1) P2 im0+ BT,
Proof. The result follows from [1, Prop. 5.5] by using a similar reasoning as in [1,
Corol. 5.11]. Namely, assuming first v > ~v(w, s), then H*"(w, s) implies [1, (5.6)]
for all p > w and all u > sB(p, s), which in turn by [1, Prop. 5.5] implies (after some
arithmetics) the boundedness of P, in LE*(7%"!) in the optimal range 2 < u < 1.
When v < y(w, s) one must find (p, o) so that H*"(p, o) holds and v = y(p, o).
By interpolation with the trivial (oo, 1)-estimate, H**"(p, o) holds when p > w and
o' = §'p/w. Since with this choice v(p,0) \, —1 as p — oo, one can always find a
(unique) p so that v = v(p, o). In fact, a simple computation shows that p = py s~
as in (7.2). Thus, by the first part of the proof P, is bounded in L2*(T%*!) in the
optimal range 2 < u < Uy, for all p > py, s+ 0

To obtain Corollary 1.6 from Proposition 7.1 one must specialize to the diagonal
case p = u. First, an easy computation shows that 2 < p < u,, is equivalent
to2 < p <1+ 2(y+d+1)/(d— 1), which gives the conjectured range of LE-
boundedness for P, in (1.13) (by duality); thus, it suffices to find all 4’s so that the
endpoint p = @, is > pys, as in (7.2). Straightforward arithmetics show that this

is the case for

N d—1 (w_ 21 _ | 4 w (v(w,S)—7)+>'

2 d—1 s ’Y‘|‘1

When d > 3, we let w = pg and s = 2, so that considering the two cases v > vy(w, s)
and v < y(w, s), one obtains the conditions in (1.14). When d = 2, one may use
w = py = 20 and s = 3, which leads to the same conditions on ~ (namely to
v > (w—17)/2 = 6.5). This establishes Corollary 1.6.
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