RADIAL FOURIER MULTIPLIERS IN HIGH DIMENSIONS

FEDOR NAZAROV AND ANDREAS SEEGER

ABSTRACT. Given a fixed p # 2 we prove a simple and effective charac-
terization of all radial multipliers of FLP(R%) provided that the dimen-
sion d is sufficiently large. The method also yields new L9 space-time
regularity results for solutions of the wave equation in high dimensions.

INTRODUCTION

In this paper we study convolution operators with radial kernels acting on
functions defined in R?. These can also be described as Fourier multiplier
transformations 7;,, defined by

Tmf = mf,
with radial m. The main question we will be interested in is when the
operator T, is bounded in LP (Rd), 1 < p < 0. By duality, the boundedness

of T, in LP is equivalent to its boundedness in L¥ where % + 1&% =1, so we
may restrict ourselves to the range 1 < p < 2.

A simple characterization of convolution operators bounded in LP (whether
radial or not) is known only in two cases: p = 1 and p = 2; namely, bound-
edness in L' holds if and only if the convolution kernel is a bounded Borel
measure and boundedness in L? holds if and only if the multiplier is an
essentially bounded function (see [12]). It is currently widely believed that
for 1 < p < 2, a full characterization of all LP-multipliers in reasonable
terms is impossible. For the class of radial multipliers we deal with in this
paper, numerous sufficient conditions for boundedness in LP have been ob-
tained in the literature. Many of them are in some or another sense close
to being necessary (cf. [3], [1], [14], [2], [26], [16], and references in those
papers) but no nice necessary and sufficient conditions have been known.
However, recently, Garrigés and the second author [9] obtained a perhaps
surprising characterization of the radial multiplier transformations that are
bounded on the invariant subspace L? , of radial L? functions in the range
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l<p< % (which is optimal for their result). This raised the question
whether the necessary and sufficient conditions in [9] actually give a char-
acterization of the radial multiplier transformations bounded on the entire
space LP(R?). The main result of the present paper is to show that this is

indeed the case in dimensions d > 5 for 1 < p < pg where pg — 2 as d — oc.

1. STATEMENT OF RESULTS

L 2(d®—2d—3) .
Theorem 1.1. Let d > 5, 1 < p < pg := =—p—=—, and let m be radial.

Fiz an arbitrary Schwartz function n that is not identically 0. Then

- d/ .
(1.1) IZall ., = sup ¢ P Tl @], -

The finiteness of the right hand side is, obviously, necessary for the LP
boundedness, and the main result here is that it is also sufficient. The
constants implicit in this characterization depend (of course) on the choice
of 7. The condition in (1.1) is equivalent to sup,sg |[|[F 1 [m(t)7]|l, < oo.
If one chooses 1 to be radial and such that 77 is compactly supported away
from the origin, then one recovers one of the characterizations for Lfad—
boundedness in [9]. Consequently, in the given range LP-boundedness is
equivalent to Lfad—boundedness. For other equivalent formulations, we refer

the reader to [9].

One special situation is worth mentioning here. Namely when m is com-
pactly supported away from the origin, the convolution operator is bounded
in L? if and only if the (radial) convolution kernel belongs to LP.

We have no reason to believe that the range for p in Theorem 1.1 is even
close to the optimal one. It is conceivable that the characterization holds
in low dimensions or even in the optimal range p < dQ—Jfl, but proving that
will certainly require new ideas. We also emphasize that the theorem gives
no improvements for the Bochner-Riesz multiplier problem that is by now
understood in the range p < %, d > 2 ([3], [14]). Our result just goes
in a different direction: it applies to all, however irregular, radial kernels
and it is to be expected that, using some additional structural or regularity
conditions, one may get some better range of p for each particular case.
Nevertheless, our technique does yield some improvements upon the existing
results in the so-called local smoothing problem for the wave equation in high

dimensions. This concerns inequalities of the form
= 1/q
(12) ([1e™=sigar) ™ < cilsi,.

for ¢ > 2; here I is compact interval and LE(R?) denotes the usual Sobolev
(or potential) space where ¢ is the Lebesgue exponent and « is the number
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of derivatives. Sharp L?-Sobolev inequalities for fixed time were obtained
by Miyachi [15] and Peral [18]; they showed that the operator etV=A maps
L%(Rd) into LI(R?) provided that 3 > (d —1)|1/2 —1/q|, 1 < ¢ < co. In
[21] Sogge raised the question whether the averaged inequality (1.2) could
hold with a gain of almost 1/¢ derivatives compared to the fixed time esti-
mate, i.e., with o > a(q) = d(1/2 —1/q) — 1/2, in the best possible range
q > 2d/(d — 1) for such an estimate. This conjecture is at the top of a tree
of other conjectures in harmonic analysis (including the cone multiplier,
Bochner-Riesz, Fourier-restriction and Kakeya conjectures) and the relation
between the different questions is discussed for example in [23]. The current
techniques seem to be insufficient to settle this problem, as well as many
of its consequences, in the full range of ¢’s. Some evidence for the smooth-
ing conjecture can be found in [16] where the analogous question for the
Lfad(Lgph) scale of spaces is settled. For the L? spaces even partial results
proved to be rather hard and the first result was obtained by Wolff [26];
he established, in a deep and fundamental paper, the validity of Sogge’s
conjecture in two dimension for the range q > 74. Versions of this result
for the higher dimensional cases were obtained by Laba and Wolff [13] and
further improvements on the range of ¢’s are in [8], [10]; it is now known
that Wolff’s main ¢9(L9) — L7 inequality for plate decompositions of cone
multipliers, which implies (1.2) for a > «a(q), holds with ¢ > 20 if d = 2 and

q>2+4 22550 if d > 3, ¢f. [10].

We improve the current results on the smoothing problem in two ways.
First we widen the range in dimensions d > 6 to ¢ > gq where ¢q = p);, =
2+4d=' +0O(d™?) as d — co. Secondly, we strengthen Sogge’s conjecture
to obtain the endpoint result in (1.2), in dimensions d > 5, for g > gq.

2(d?>—2d—3)

=r—ia—1_- Then there is a

Theorem 1.2. Suppose d > 5 and q > qq =
constant Cy so that for all L > 0

I
o [ et < g - ayeg)
2L L q q

holds for a = a(q) =d(1/2 —1/q) — 1/2.

(1.3)

We remark that this result can be strengthened further by using suitable
Triebel-Lizorkin spaces, see §9. A similar phenomenon occurs for solutions
of Schrédinger type equations, see [19].

A downside of our method is of course that it currently does not yield
results in low dimensions. However when it does apply it is somewhat sim-
pler than the induction on scales methods introduced by Wolff. We also
remark that we do not improve on the current range of the abovementioned
Wolff inequality for plate decompositions which has other applications and
is interesting in its own right.
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Structure of the paper. In §2 we explain the basic idea in the paper, which
is that weak orthogonality properties may be combined with support size
estimates to prove satisfactory LP bounds. Here we also state a basic in-
terpolation lemma which is related to the Marcinkiewicz theorem and will
be used throughout the paper. The main section is §3 where we outline the
proof of a discretized version of Theorem 1.1 for a fixed scale. A crucial
L? estimate needed for this proof is done in §4. The characterization of LP
boundedness for radial multipliers that are compactly supported away from
the origin is proved in §5. In §6 we give an important refinement of the ear-
lier estimates, which is crucial for putting scales together. This is completed
in §7 where the relevant atomic decomposition techniques are introduced
and applied. The proof of Theorem 1.1 is concluded in §8. The last section
§9 contains the proof of (a somewhat strengthened version of) Theorem 1.2.

Notation. For two quantities A and B we shall write A < B if A < CB for
some absolute positive constant C' (depending on the dimension). We write
A=xBif A< B and B < A. The cardinality of a finite set £ is denoted by
#E. The Lebesgue measure on R? of a subset E will be denoted by meas(E)
or by |E|.

Acknowledgement. The authors would like to thank Gustavo Garrigds and
Keith Rogers for useful comments on preliminary versions of this paper.

2. L2 BOUNDS VERSUS SUPPORT: A SIMPLE MODEL CASE

Since we do not know how to exploit cancellations in LP directly, we
use the strategy of controlling the L? norm and the size of the support
simultaneously to get our LP bounds. We describe a simple model case
for which we have some limited orthogonality, but not enough to prove a
favorable L? bound.

Lemma 2.1. Suppose we are given finite number of complex-valued L?-
functions {f,} indexed by z € Z¢ so that each function f, is supported on a
cube Q. of sidelength 1. Suppose also that the family {f.} satisfies

(2.1) [(fos f) < (L4 |2 =277,
for some 3 € (0,d). Then

(2.2) | > a.r. <Gy (> yaz‘p)l/p, < 2d2ii 5

We remark that if (2.1) were assumed for some 5 > d, then inequality
(2.2) would be true for p = 2 and the result would follow for 1 < p < 2
by interpolation with the trivial /! — L' bound. The assumption (2.1) for
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B < d is too weak to yield the 2 — L? bound. Instead we have to use some
improved support properties when several of the intervals I, overlap.

Proof of Lemma 2.1. We shall first prove a weaker (so-called restricted strong
type) inequality that includes the endpoint; namely

(2.3) | > .
zelE

We may assume that sup, |a.| = 1. Let 2, € R? be the center of the cube
Q. of sidelength 1 supporting f.. Split R? into nonoverlapping cubes J of
sidelength 1, put E; = {z € E : z, € J} and define uy = #F; so that
#E =) juy. Define Fy =3 p a.f, so that we have to bound the L”
norm of ) ; F.

2d
2 — 5

p = Cﬁ(#E)l/p sup |az|, p <

Now observe that at each point € R, at most 3¢ of the functions F; can
be non-zero simultaneously. Therefore

p
I m <83 Im.
J P J

Now, according to our weak orthogonality assumption about the functions

f», we have
IFA2< > Y (+]z—2)7F

z€E72’€Ey

<> Y Q-

z€E; z’:\z—z’\gx/auyd

al®

The measure of the support of F; is at most 2¢ and therefore, by Holder’s
inequality, ||Fy|l, < || Fy|2. Hence

H ZF"Hp S (Z IIFJHQ)W < (Zuff—ﬁ/dmm)l/p
J 7 -

and if (2—(3/d)p/2 < 1 then the last expression is bounded by (3, u)/? <
(#E)Y/P. This yields (2.3).

The improved bound (2.2) can be deduced by using interpolation theorems
for Lorentz spaces (see [22], ch. V): Consider the operator on sequences
a = {az},cpd, given by Tla] = >, a.f.. Then (2.3) states that 7" maps
the Lorentz space (P! to LP, for p < 2d/(2d — 3) and, by interpolation, one
deduces the inequality (2.2) in the open range p < 2d/(2d — [3) O

We wish to give a direct proof of the last interpolation result based on
a dyadic interpolation lemma, which will be frequently used in this paper.
For closely related considerations see also the expository note [24] by Tao.
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Lemma 2.2. Let 0 < py < p1 < co. Let {F}} be a sequence of measurable
functions on a measure space {Q, u}, and let {s;} be a sequence of nonneg-
ative numbers. Assume that, for all j, the inequality

(2.4) 1E |5y < 277 MP»s;

holds for v = 0 and v = 1. Then for all p € (po,p1) there is a constant
C = C(po,p1,p) so that

(2.5) H ZFJHZ < crmr Y 2irs
j j

There is an analogous statement for the case py = 0 where the assumption
(2.4) for v = 0 is replaced with meas({z : |Fj(x)| # 0}) < s;, and the
conclusion (2.5) holds for 0 < p < p;.

To see how this is used to derive (2.2) from (2.3) we consider the sets of
indices Fj = {2 € Z : 277! < |a,| < 27} and define F; = ZZeEj a.f.. Then
IE5[2, < 2/P4#E; for all p € (0,2d/(2d — B)], by (2.3). Thus Lemma 2.2
immediately yields || >, azszz = 1>, Fng Sp 2 2P H#E; S ) er|P for
all p < 2d/(2d — f3).

Proof of Lemma 2.2. First, replacing F; by M _1Fj, we can reduce the state-
ment to the case M = 1. Now let, for n € Z, denote by Ej,, the set where
2 < |Fy| < 277 and put Fypn = xp  Fj. Then Fj =37, 7 Fjn. Ob-
serve that if a; is any numerical sequence such that for every j, the absolute
value of a; either is 0 or belongs to [27,27F1), then 122057 < 525 la;/P.
Applying this observation to 27" ) j Fjn, we see that for fixed n and z

1/p
Y Fa@)| 5 (I
J J

and therefore

|2 i
J
By Chebyshev’s inequality,

meas({z : |Fj| > 27*"}) < min{2770", 277"} s; .

p ' |
S DIl S 302 Pmeas ({a + [F| > 277},
J i

Thus,

. 1/p
HZ Fin ) < 2—o|n|/p(22yp5j>
J J

where 0 = min{p; — p,p — pp}. We sum in n to get the statement of the
lemma for the case pg > 0. The case py = 0 is very similar and left to the
reader. O
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3. THE MAIN INEQUALITY

In this section we shall prove the main inequality of this paper, which
turns out to be the key estimate for the case that our multiplier has compact
support away from the origin; this application is discussed at the end of this
section.

In what follows, we denote by o, the surface measure on the (d — 1)-
dimensional sphere of radius r centered at the origin. We shall denote by ),
a fixed radial C'*° function that is compactly supported in a ball of radius

(2d)~! centered at the origin, and whose Fourier transform 120 vanishes to
high order (say 20d) at the origin. We set 1) = 1), * 1.

Consider a 1-separated set ) of points in R% and a 1-separated set R of
radii > 1. Also set
Ri=RnN[28 28N k>o.
For y € Y and r € R define
(3.1) Fyr=orx(-—y).

Proposition 3.1. Let € be a finite subset of Y xR and let & = EN(Y X Ry).
Let ¢ : € — C be a function satisfying |c(y,r)| < 1 for all (y,r) € E. Then

for p < pgq

(3:2) | > ctwnm,

(y,r)EE

p
< 2k(d—1) E :

) Zk: #E,

here the implied constant depends only on p, d and 1.

Proposition 3.1 implies a stronger estimate, namely

Corollary 3.2. For F,, asin (3.1), (y,r) € Y X R, and p < pqg,

(33 |3 nei], < (;rwy,mw—l)” g

Indeed let, for j € Z, denote by &7 the set of all (y,7) € Y x R for which
291 < |y(y,r)| < 27. By Proposition 3.1 we see that || > yryesi VY, r)Fy b
is dominated by Ch27/P Z(y,r) cei r4=1 for all p < pg, and the assertion follows
from the proposition by the dyadic interpolation Lemma 2.2.

If v has a tensor product structure, namely v(y,r) = «a(y)3(r) then the
expression Z(W)E ¢ c(y,r)Fy, can be interpreted as the convolution opera-

tor with kernel 3 3,0, 1) acting on f = > a(y)d(- —y). Here ¢ is the
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Dirac measure at the origin. In §5 we shall show how by a simple averag-
ing argument this model case implies the version of our theorem for radial
multipliers compactly supported away from the origin.

We shall now outline the proof of Proposition 3.1 (leaving one part to the
next section).

Estimates for scalar products. We are aiming at a good L? estimate
for Y ¢, »Fy » and make use of some (albeit weak) orthogonality property of
the summands. This property is expressed by

Lemma 3.3. For any choice of ,7' > 1 and y,y’ € R?

=1
(3.4) ‘< yra ,> 5 (TT) 2 _
A+ly—y|+r—7|)2

Proof. Note that o, =701 (r~1.), in the sense of measures, and that 7,(¢) =

r?151(r€). Next 71(€) = Bq(|¢]) where Bqy(s) = CS_(d_2)/2J(d72)/2(3) (the
usual Bessel function). Thus [By(s)| < (1 + |s]) (=172 (see [22], ch. TV).
Now Y/J is radial and we can write 1[)( ) = a(|¢]) where a is rapidly decaying
and a vanishes to high order at the origin. By Plancherel’s theorem the
scalar product (Fy ., Fy ) is equal to a constant times

J GGG

=)™ / Ba(rp) Ba(r'p)Bally — o' 1p)la(p)|*0*2dp

The decay properties of By and the behavior of a imply that
()5

or o S =™

which gives the claimed bound for the range |r — /| < C(1+ |y — ¢/|]). But
if [r —r'| > (14 |y — ¢/|) then F,, and F,,» have disjoint supports. Thus
in this case (Fy,, Fyy ) = 0. The lemma is proved. O

d—1

Remark 3.4. Taking into account the oscillation of the Bessel functions one
can obtain the improved bound

(Fyr Fy )| < On(r) T Lty —y/ )7 S (U4 et £y —y/1) 7"
+,+

We shall not use it in our proof.

The exponent (d — 1)/2 in the denominator in (3.4) is too small to use
orthogonality in a straightforward way; this is analogous to the weak ortho-
gonality assumption in Lemma 2.1. However if we impose a suitable density
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assumption on the sets &, then we can prove a satisfactory L? bound. To
quantify this we give a definition.

Definition 3.5. Fix a parameter h € (1,d), and fix R > 1and u > 1. Let E
be a finite 1-separated subset of R? x [R, 2R). We say that E is of h-density
type (u, R) if

#(BNE) <2(u+p")
for any ball B of radius p < 2°R.

We shall prove in section §4 the following L? inequality involving sets of
h-density type with h < (d — 1)/2. The proof will be based on Lemma 3.3.

Lemma 3.6. Suppose h < % and let uw > 1. For each k >0, let &, C Y X
Ry be a set of h-density type (u,2F). Assume |c(y,r)| < 1 for (y,r) € YxR.
Then

@5 X X cwnh.
k

(y,r) egk

2 2
<p, w1 log(2 § SR
, Sh U 0g(2 + u) g #Ek

In order to use this estimate efficiently we shall need to decompose the
sets & into subsets of h-density type (u,2F) for various values of w.

Density decompositions of sets. Fix h < d. Assume that £ C Y x R is
a l-separated set and let & = €N (Y x Ry) (i.e. only radii in [2¥, 251) are
involved). We consider u € Y = {2¥,v =0,1,2,...}. For u € U, let

Rp = min{26+2 4/}

and let By, (y,7) be the ball (in R¥1) of radius 2Ry, centered at (y,7) €
R4+

For k € N and v € U, consider a maximal Ry, ,-separated set Ay(u) C
R? x [2F, 2F1). Let
Ag(u, &) = {(y,r) € Ag(u) : #(E N Bruly,r)) > u}.
Let
Gwy=&n | Brulyr)
(y,r) €Ak (u,E)
and
Er(u) = E(uw)\ | &),

u' eU
u' >u

Finally set £(u) = U, Ex(u).
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Lemma 3.7. The sets E(u) have the following properties.
(1) € = Upers E) = Uy Uiso Ek(u) and the unions are disjoint.
(i3) Ex(u) can be covered by Sq uL(#E) balls of radius 2Ry, ,, each.

(111) If B is any ball of radius Ry, containing at least u points of &, then
BnNé&, C U Sk(u) = gk(u)

ueU
u'>u

(iv) Ex(u) is a set of h-density type (u,2%) (i.e., for every (y,r) € R x
[2F, 28 1) and every p < 285 the ball of radius p centered at (y,r) contains
no more than 2(u + p") points in E(u).)

Proof. In order to prove (i), it suffices to observe that &;(2°) = & and
Ek(u) = @ when wu is sufficiently large.

To prove (ii), first note that & (u) is empty if u > #E&;. Observe that
the family of balls By, ,(y,r) (with (y,r) € Ax(u)) has the covering number
<a 1. This implies that

#Ak(u, E) Sa u™ #E,
so we may just use the balls By, (y,r) with (y,7) € Ag(u,E).

(iii) immediately follows from the observation that every ball of radius
Ry, ,, is contained in one of the balls By, ,,(y,r) (of radius 2Ry, ,,) with (y,r) €

It remains to prove (iv). Let B be a ball of radius p centered at (y,r). If
#(BNE)<2u+ 2p", there is nothing to prove. Suppose that the opposite
inequality holds. Let @ be the smallest number in U that exceeds u + p".
Then p < @'/" and the ball B whose radius is p < Ry 7 = min{2¥F+> 7/"}
contains at least u points of £. Therefore, by (iii), BNE&, C gk(ﬂ) and (since
u > u) we conclude that in this case BN & (u) = 2. O

We now set
(3.6) Guk = Z c(y,r)Fy, and Gy = Z Guk-
(y,r)EEK(u) k

From the support properties of o, ¥ it follows immediately that G, j is sup-
ported in a set of measure < 2k(d_1)#5k7u, hence of measure < ok(d-1) e,
By the properties of &, we get the following improved bound.
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Lemma 3.8. Foru €U,

meas(supp(Gu i) S u 2= g,

Proof. Recall that &, can be covered by < u”1#E;, balls of radius 2Ry, <
2. ul/h. Let (Yo, 7o) be the center of one such ball. Then, for every pair
(y,r) contained in this ball, the support of ¢(y,r)o, * (- — y) is contained
in the annulus of width not exceeding 4Ry, ,, + 1 built on the sphere centered
at yo of radius r,. Note also that we can assume that r, < 2k+7 hecause
otherwise the ball centered at (y.,7.) of radius 2Ry, ,, does not intersect &
and we can just remove this ball from the covering. Also, note that the
estimate for the width of the annulus does not exceed the estimate for the
radius of the sphere it is built upon, so we can conclude that the volume of
this annulus is <4 25(@=1y1/? Consequently the measure of the support of
Gy 1 does not exceed C'u™ ul/h2k d-Dpg, . O

We now combine the L? bound of Lemma 3.6 and the support bound of
Lemma 3.8 to get an LP bound; for later reference in §6 this is formally
stated as

Lemma 3.9. Suppose d > 4. Let G, be as in (3.6) where the sets &, are
defined using the density decomposition of &, with a parameter h € (1, %)
Let

2(h—1)(d+1)
(h—1)(d+1)+2h

(3.7) Dhd :=

Let p < ppq and let § < %(% - Then

1
i)

Gl < CsuP > 2Md- Vg,
k

Proof. Since we assume h < (d—1)/2 we have by Lemma 3.6 that [|G,[|5 <,

log(2 + u)u 2/(d+1) Zk ok(d—1) e, Combining this with the support bound
of Lemma 3.8 we obtain

(38)  [|Gu]l% < (meas(supp(Gu))) ' (|Gl
1-p/2
< (Y- meas(supp(Gur))) Gl
k

h—1

<o w07 )(log(2+uud+1 Z2kd1

This implies the conclusion of the lemma. O
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In order to finish the proof of Proposition 3.1 we fix p < % = pg.
If we choose h < % sufficiently close to % then p > pp 4 and thus the

conclusion of Lemma 3.9 holds with a positive §. Consequently we can sum
the bounds for each |G|, in v € U and the proof of Proposition 3.1 is
complete.

4. PROOF OF LEMMA 3.6

We are working with sets & C Y x Ry, which have the property that
every ball of radius p < 25% contains < u + p” points in &,. Let

Gy = Z c(yvr)Fy,r

(yzr)egk

with [|¢[|ec < 1, and it is our task to estimate the L? norm of Y, G. We
may break up this sum into ten separate sums, each with the property that
k ranges over a 10-separated set of natural numbers. We shall assume this
separation property in all sums involving a k-summation.

It will be convenient to avoid scalar products of expressions of G involv-
ing k < log(2 + u). We therefore let N(u) be the smallest integer larger
than 101ogy(2 + u) and split the sum as -y () + 2 ks n(w) Gk, and then
apply the Cauchy-Schwarz inequality with respect to the first sum. We thus
obtain

ISl sosetw | X i+ X ol
| k<N (u) k>N (u)
(4.1) Slog(2+u) [ Y IGkIZ+2 > [(Gr, G|
|k k' >k>N (u)

We begin with estimating the double sum Zk’>k>N(u){<Gk'va>{' In this
sum we have various scalar products of F , with Fy g where r < R275. Let
us fix the pair (Y, R) and examine the sum of the absolute values of such
scalar products when (y, ) runs over & with 2¥ < R/4. The scalar product
(Fyr, Fy,r) can be different from 0 only if y lies in the annulus of width
2k+1 1 9 built upon the sphere of radius R centered at Y, moreover 2F <
r < 281 Now the set of all pairs (y,r) € Y x R satisfying these conditions
can be covered by < R4127F(d=1) halls (in R**!) of radius 2¥. Each such
ball can contain only O(u + 2**) pairs (y,r) € & by our assumption on
&x. For each such (y,r), the scalar product (F,,, Fy g) is O(2k(¢=1/2) by



RADIAL FOURIER MULTIPLIERS IN HIGH DIMENSIONS 13

Lemma 3.3. Consequently, for fixed (Y, R),

Z ‘<Fyra FY,RH < RA=To=k(d=1)/2(y 4 okh)
(y,r) €€
and therefore (as N(u) = 10logy(2 + u))

Z Z yraFYR ‘ <Rd 1 Z 2= k(d— 1)/2(u+2kh)<Rd 1.

2N(w) <2k < R/4 (y,r)EE k>N (u)

here we used h < (d — 1)/2 and summed a decaying geometric progression
whose maximal term corresponds to k = N(u) + 10. Since (d —1)/2 > 1/2,
we see that the geometric series cancels the large term « in the last displayed
formula. Now it remains to sum this estimate over pairs (Y, R) to get the
bound °, 2R~ 4, for the sum of scalar products in (4.1).

Now that we have dealt with the interaction of incomparable radii, we
can concentrate on estimating ||Gy||3 for each k separately. It is convenient
to arrange the radii in intervals of length u®, for some a € (0,1/h), and then
apply the estimates of Lemma 3.3 to scalar products arising from different
intervals; we shall see later that that the choice of a = 2/(d + 1) is optimal.

Now let I, = 128 4+ (p — 1)u®, 2F 4 pu® for p=1,2,..., and let Ek,p be
the set of all (y,7) € Y x I, that belong to &;. Set

Gk,u = Z C(y, T)Fy,r

(yv’r)egk,u

We need to estimate the L2 norm of Zu G}~ By splitting the p sum into
ten different sums we may assume that p ranges over a 10-separated set and

bound
HZka‘b ’SZHG’C#HQ—FQ § ‘ Gk,u, 7Gku ‘
“w

W'>p
Again, we shall first estlmate the sum of the various scalar products, using
strongly the assumption that the sets &, are of h density type (u,2F). We
claim that

(4.2) > (G, G| S ul=25 280 Dggy
W>p

To see this we pick again some pair (Y,R) € &,/ and examine how it
interacts with pairs in £ , where u < 1/ —10. Note that if (y,7) is such a pair
for which the scalar product is non-zero, then we must have |y — Y| < ok+3
and, since |r — R| < 2¥*1 we conclude that |(y,r) — (Y, R)| < 2k** in R+,
Moreover |r — R| > u® and thus the sum of the scalar products in which the
pair (Y, R) participates is

< 24D > (y,7) — (Y, R)|~ (=172

(y,T’)eng
u<|(y,r)—(Y,R)|<2FF5
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We split this sum into two parts, one involving the terms for which the
distance between (y,r) and (Y, R) is > u!'/" and one involving the terms for
which this distance is between u® and u'/". Note that if u!/h < T < 2k+5
then every ball of radius 7" centered at (Y, R) contains only O(T") points.
Since h < (d — 1)/2 we obtain the uniform bound

> (y,r) = (V,R)| 702 g, 1
(y,r)EE:
ul/h<|(y,r)—(Y,R)|<2KF5

We also know that the ball of radius u'/" centered at (Y, R) contains at
most O(u) points in &. This implies that

d—1

> (y,7) — (Y, R)|~@D/2 < oy . =05,

(yﬂn)egk:
u<|(y,r)—(Y,R)|<ul/"

We combine these two estimates, add over all (Y, R) € &, and then add
over all p/. Then the left hand side of (4.2) is

< ul—a%2k(d—1) Z HEp i
17

thus (4.2) follows.

We now estimate the L? norm of each G- Foreachr € Ry, = Ij, ,N'R
let

Gryur = Y cy,r)Fyr.
(va)egk
The conclusion of Lemma 3.3 is now too weak to give satisfactory results;

instead we apply the Cauchy-Schwarz inequality with respect to r and use
that the cardinality of Ry, is < u®. Thus

IGrull3 Su® D 1Gkurl3.
TERk,M

Now G, is the convolution of Zy:(yﬂ’)éfk,u c(y, ) (- — y) with o, * 1.
By the standard decay estimate for the Fourier transform of the surface
measure on the unit sphere we have

~ _ _d—1

[ (€)] < T+ rlg) T

and since 120 vanishes to high order at the origin we also have, for r > 1,
1Grdolloe S w12,

Since Y is 1-separated and the support of 1 is contained in a ball of radius
1/2, we conclude that

1Gryprll3 STy €V i (y,7) € Exp}
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and thus

H

u reRg m

Combining this bound with (4.2) yields
[Glly S (u 4wl 5) 2 Dy,

The two terms balance if a = 2/(d + 1) and with this choice the previous
bound becomes

Gl  urtra e,

Now we use this to estimate the first term in (4.1) and combine with the
earlier bound for the mixed terms in (4.1) to complete the proof of the
lemma. t

5. APPLICATION TO COMPACTLY SUPPORTED MULTIPLIERS

Now let m be a radial Fourier multiplier supported in {1/2 < [¢| < 2}
and let K = F~![m]; since K is radial we can also write K = (] - |) for
suitable k. We shall prove the estimate

(5.1) 1K fllp S Kl fllp, 1 <p < pa

Let 1, be a radial Schwartz function whose Fourier transform is supported
in {1/4 < [¢] < 3} so that 7,(§) = 1 on the support of m. Let 1, be a radial
C* function with compact support in {|z| < 107!}, with the property that
¥o and all its derivatives up to order 20d vanish at the origin, but 1;0(5 ) >0
on {1/4 < |£] <4} . This is easy to achieve (take a radial function x € C§°
so that X(0) = 1, then define 1, = A2A%[y(\.)], for a sufficiently large A;
here A denotes the Laplacian in RY.

Let n = F~ [7’7\0(1;0)*2]. Then K * f = 1) * K * 1), * g where g = n % f
and clearly Hng | fllp- We split K = Ko+ Ko where K(z) = Ko(x) if
|| <1 and K(x ) Koo(z) if |x| > 1. Since Kj is a bounded compactly
supported function the operator of convolution with Ky is clearly bounded
on all LP, 1 < p < oo, and therefore it suffices to show that the LP norm of
o ¥ Koo * 1) * g is controlled by C||K||,|lgl[,. We now write

& 1
Ko = Z/ K(n 4 7)onyrdr,
n=1"0

and set ¢ = o *1bo. Let Qo = [0,1)%. Then ||tho * Koo %10 % g||,p is dominated
b

y
//Tw HZZ (z+w)k(n+ T)opir x (- — 2 —w H drdw

[0,1)xQo n=1zez4
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We set v(y,r) = g(y)r(r), withy € Y := w+Z%, r € R := 7 +N, and apply
Corollary 3.2. It follows that the last displayed expression is bounded by

I, & P P
C’/O (;M(n—f—ﬂ]f”(n—i—ﬂd_l)l/ dT/QO (Zz:lg(z—i—wﬂp)l/ dw,

which after applying Holder’s inequality with respect to 7 and w is bounded
by CllKecllpliglly S Il fll,- This establishes (5.1). O

6. A VARIANT OF COROLLARY 3.2 INVOLVING LARGE RADII

The following estimate for convolution operators with radial kernels will
be used in conjunction with atomic decompositions to extend the one scale
situation of §5 to the general case. The crucial feature is an exponential gain
for large radii, which will be useful when putting different scales together.
For v € Z, let WY be the tiling of R? with dyadic cubes of sidelength 27,
i.e., the set of cubes of the form

(212, (21 + 1)2") x -+« X [242", (za + 1)2Y), z=(21,...,24) € 7.

Proposition 6.1. For 1 < p < p, there ise = (p) > 0 so that the following
holds. Let K be a radial convolution kernel supported in {x : |z| > 2¢}. For
s €7 let Ky = 250K (25), 1 = 25%)(2°-). Let £ > 0. Then

1/
6.1) [ Koxgll, SIKL2 (D0 meas(W) gy, l)
Wewt—s

We shall base the proof on the arguments in §3 and first prove a discretized
version for the functions F, in (3.1); here (y,r) is taken from ) x R where
Y is a l-separated set of R? and R is a 1-separated set of RT. We prove a
variant of Corollary 3.2, which involves only radii r > 2¢. This corresponds
to the case s = 0 of the proposition.

Lemma 6.2. For p < pg, there is € = ¢(p) > 0 so that for £ >0,

/
| > swnn, s 2 (S S s hworet)”

(y,r)EVXR T wew VEYIW
7’22[

Proof. Let pp 4 be as in (3.7). Since pp g — pg as h — d—gl it suffices to
prove the inequality for p < py, 4, for a fixed h € (1, %) We choose § > 0
so that 0 < %(% - Iﬁ).

For j € Z, r € R, let Wf(j, ) be the set of all W € W’ for which
20 < supgew |[y(x,7)| < 271 For each y € Y let W(y) be the unique
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cube in W that contains y, and for each j € Z, let £,(j) be the set of all
(y,r) € ¥ x Ry with the property that W (y) € Wg(j, r).

We now apply the density decomposition of Lemma 3.7 to the sets E(j)
and write Ex(j) = > ,c Ek(J,u) as in this lemma. Lemma 3.9 applied to
the set Ug>¢ Ex(J, u) yields

(6.2) H Z Y(y, ) Fyr < u*5p2]pz Z rd=1,

(yr)€ k=€ (y,r)e€(ju)
Uk>eEx (J,u)

Now we use that (7, ) is of h-density type (u,2). Since k > £ this implies
that for every u € U, every j, every W € W and every r € [2F,2FF1) the
slice E(J,u, W,r) :={y € YNW : (y,r) € E(j,u)} contains no more than
2u+ 2 -2 points. Also, since ) is 1-separated, the cardinality of each slice
is < 24, Therefore the right hand side of (6.2) is controlled by

2jpu*5p Z Z rdil Z #Sk(j,u,r, W)

k>0 reRy Wewt

SOPC(u) Y Y T HW (),

k>0 reRy
with C(¢,u) := u~% min{u + 2", 24} By interpolation (Lemma 2.2),

H Z Z Yy, ) Fyr

(y,r)EUr> €k (j,u)

<p C(t,u) ZWZ > T HEW )

k>0 reRy

C(l,u) Z Zrdlsuphy, r)P.

WwewtreR

p

We sum geometric progressions to get >, ., C(¢, w)'/P <p 2~legld/p  with
e =min{(d — h)/p,0}. Hence

HZ > wr)Fy, ~p2 P W sup (v, )P

(y,r)e reR Wewt
Ur>eEx(5)

This proves the lemma. (I

Proof of Proposition (6.1). By rescaling we can immediately reduce to the
situation where s = 0. Then |[W| = 2 for all W involved. We can write

Z /n r)o,dr

n>2¢
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where f |k(r) ]prd_ldr = ¢|K|[5. As in §3 we have
1
w*K*f:/ / Zm(n+7)f(z+w)z/;*an+.r('—Z—w)dew.
weQo J7=0 ,

We fix w, 7 and apply Lemma 6.2 to bound

[ K = fl|, < 27f2//Px

//Qoxm (X sw Istntni+wltn+n) dwr

d
’VLZQZ Wemw? zeWNZ

The double integral is equal to the product of

/01 ( Z ’H(n + T)!p(n + T)dﬂ)l/pdT

n>2¢
and

/ (Z sup |f(z—|—w)]p)1/pdw.

Wewg zEWﬂZd

Now (6.1) for s = 0 follows quickly from applications of Holder’s inequality.
O

7. ATOMIC DECOMPOSITIONS AND THE PROOF OF THEOREM 1.1

The purpose of this chapter is to prove Theorem 1.1 for one particular
Schwartz-function 7 whose Fourier transform is compactly supported away
from the origin (for the extension to more general 1 see §8). We follow the
presentation in §3.1 and introduce a radial Schwartz function 7, such that
7o is supported in {£ : 1/2 < |€] < 2} and satisfies

(7.1) > 2P =1
SEL

for all £ # 0. Let ¢, be a C° function compactly supported in {z : |z| <
1/10} such that 1), does not vanish in {£ : 1/4 < |£] < 4} and such that v,
does vanish to order 10d at the origin. Let ¢ = 1, * ¥, and

(7.2) n=F"'[e/V]-
We shall use this particular n in the assumption of our theorem; in other
words, we shall assume that sup,~g || [t%Pn(t-)]||, < B < co. For s € Z,

let
Hy = F~H[i(-)m(2%)].

By our assumption,

(7.3) sup ||Hs|lp, < B.
SEZ
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Now let Ks = 28dH3(2s')7 s = 2Sd¢(28') = 2deo * ¢O(2s')> Ns = 2Sd77(28')'
By (7.1), and our definitions, we have the decomposition

Tmfzzws*ws*Ks*fs

where

(7.4) fs=ms* f.

We may assume that fs is a Schwartz function whose Fourier transform is
compactly supported away from the origin; this class is dense in L” (Rd),
1 < p < 00. For those functions the sum in s is finite.

We shall work with atomic decompositions constructed from Peetre’s max-
imal square-function (c¢f. [17], [25] and [20]), using ideas from work by Chang
and Fefferman [4]. The nontangential version of Peetre’s expression is

si@) = (Y s in@rnP)”

5 ly|<10d-2—s

Then the LP norm of Sf is controlled by | f||, if 1 < p < oo, and by the
Hardy space (quasi-)norm ||f||g» if p < 1. These statements follow for
example from the Fefferman-Stein inequalities for the vector-valued Hardy-
Littlewood maximal operator ([5]).

Put ¥y = 95 * ¢s. The proof of LP boundedness of T}, reduces to the
inequality

(7.5) HE:WS*Kg*ﬁ

pSBWﬂm 1 <p<pag

here we may assume that the sum in s is over a finite set of integers. In what
follows, we will make several decompositions of the Schwartz functions f;
(involving even rough cutoffs) and the a priori convergence of various sums
can be justified by using the rapid decay of the functions.

The cancellation of the functions 5 is crucial for the estimation of the
left hand side in (7.5) and various similar expressions. A simple tool is the
inequality

(7.6) (DI

1/p
< C(Z;Hhsl,’;) L 1<p<2,

with a constant C' depending only on 1. This is immediate from Plancherel’s
theorem for p = 2, trivial for p = 1 and true by interpolation for 1 < p < 2.
Inequality (7.6) is not enough to put the estimates for the various scales
together, and in addition we have to use an “atomic decomposition” of each
fs which we now describe.
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For fixed s, we tile R? by the dyadic cubes of sidelength 27%; this family
of cubes is denoted by Q°, and we write L(Q) = —s if we want to indicate
that the sidelength of a dyadic cube is 27°. For each integer j, we introduce
the set 2 = {x : Sf(z) > 27}. Let Q7 be the set of all dyadic cubes in Q°
with the property that |Q N Q;| > |Q]/2 but |Q N Q1] < |Q|/2. We also
set

Q= {z: My, (z) > 100~%

where M is the Hardy-Littlewood maximal operator. 7 is an open set
containing €; and [Q}] < [€2;|. We work with a Whitney decomposition W;
of (7 into dyadic cubes W. Specifically W; is the set of all dyadic cubes W
for which the 20-fold dilate of I is contained in Q27 and W is maximal with
respect to this property. We note that each @) € Q7 is contained in a unique
W € Wj;. This is verified by showing that the 20-fold dilate Q* of @) belongs
to Q7. Indeed, |Q* NQ/|Q*] > 2074Q N Q|/|Q| > 40~%; hence Q* C Q7.

We now define some building blocks that are analogous to the usual atoms;
however they are not normalized, and, since we are mainly interested in LP
bounds for p > 1, we do not insist on cancellation. For each W € W, set

Aswyi= Y fXos

QeQ;
QCW

note that only terms with L(W) + s > 0 occur. We also need to consider
“cumulative atoms”, as any dyadic cube W can be a Whitney cube for
several (27. We set

As,W = Z As,W,j-
JWew;

fs = ZAS,W = Z Z As,VV,j-
w

i Wew,

Note that

The following observations about atomic decomposition are standard (see
e.g. [4]), but included here for completeness.

Lemma 7.1. For each j € Z the following inequalities hold.
(i |
3 < 2% meas(Q;).

> > lAswyl

WEWJ' S

(ii) There is a constant Cyq so that for every assignment W +— s(W)
defined on Wj, and 0 < p < 2,

> meas(W) || Ay wjllh < Ca2Pmeas(€).
Wew;
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Proof. Using the definitions of the atoms part (i) follows from the inequality

S 3 fixgl S 2 meas()).

s QEQ;

To see this observe that meas(Q \ ©;11) > meas(Q)/2 for each Q € Q7, and
we also have Q) C Q; We use this together with Fubini’s theorem and see
that the left hand side of the first inequality is bounded by

>y meas(Q) | fsxq 13 < > 2meas(Q\ Q1) 1 £sxq %

s QeQ; s QeQ;

< 2/ Z sup |fs(z +y)Pdr < 2- 22(j+1)meas(§2j-)
QN1 5 Jy|<vd2—s

which is < 2% meas($;).
Part (ii) of the lemma follows since

[Aswilloe S Sup [fxol < sup [Sf(z)] <27
cQs

;i Z‘EQ*\QjJrl

QCW
and Yy W < 193] < 191, 0

To establish (7.5) we need to verify the inequality

e XX Y s K Au| S BISSL

s j £>0 Wew;
L(W)=—s+¢

For each integer ¢ in this sum we split the convolution operator K into
a short range and a long-range piece, KSS,]% and Ki,gz. To define them we

first look at the rescaled kernels H; and set Hi}é(x) = Hy(x) if |z| < 2¢
and Hss}z(:c) =0 if |z| > 2¢. Also Hfg(x) = Hy(z) — Hfz Now set K;IZ =
QSdHSS}}(ZS-) and Kfz = QSdHfé(QS-). Finally, we split the sum in (7.7) into
two parts, replacing K, by Ks}z and ng, respectively.

Now consider W with L(W) = —s + ¢ and note that the short range
convolution g * K:hg * A w,; is supported in the quadruple dilate W* of W;
thus for fixed j, all these terms are supported in Q;‘ In order to prove the
short range inequality

3 XXX Y vkl du| <BISS,
s 3 ¢

Wew;
L(W)=—s+¢£
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for p < 2, it suffices to show that for fixed j, and for g < 2,

q .
(7.9) H Z Z Z U Kjlz * AS,W,qu < B%279meas(Q;).

Wew;
L(W)=—s+¢

Indeed, by Lemma 2.2, inequality (7.9) implies that the left hand side of
(7.8) is controlled for p < 2 by BP 37, 2/Pmeas(Q;) S BP||Sf||p-

Inequality (7.9) for ¢ < 2 follows from (7.9) for ¢ = 2 by Hoélder’s in-
equality. Here we use that the relevant expressions are supported in 27 and
1] < |9;]. To prove (7.9) for ¢ = 2 we use a standard estimate for the
Fourier transform of radial kernels K = fooo k(r)ordr, namely,

2d

~ & _ 1/p
110 Rl < Gl = [ Isrrtan) < 2

Indeed using Bessel functions as in the proof of Lemma 3.3 one can estimate
by Holder’s inequality

R() = /0 " R By(rleldr

0o 1 oo 1 1/p
< (/ |/ﬁ(r)\prd_1dr> /p</ rd_1(1+r\§|)_%p dr) v
0 0

and it is easy to see that the last L norm is O(|]¢|~%?") provided that
p < 2d/(d+ 1). The bound (7.10) follows since 1 is a Schwartz function
that vanishes to high order at 0.

We return to (7.9) for ¢ = 2. As U, x K} S0 * Asw,j is supported in W*
and the W* have bounded overlap, we can domlnate the left hand side of

the inequality by
2
Z H Z Vs * s * K:,hL(W)—i-s * As,W,jH2
< ZZ s % K2 ) g % Asws|ls
< sup K12 Y S I Aawl3

wew; s
Here we used (7.6) for p = 2. Now by (7.10) the Fourier transform of s K 51}/

has L norm < ||HSY ||, < ||H|lp, < B. Thus, by Lemma 7.1, (i), the last
displayed quantity is < B22%7|Q|. This finishes the proof of (7.9).

We now turn to the long range estimate, that is

(7.11) HZZZ > et K x Auws| < BISSI,

i Wew,
L(W)=—s+¢
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We use the j-sum to combine the atoms into the cumulative atoms A, w,
take out the ¢-sum by Minkowski’s inequality and use (7.6). Thus the left
hand side of the previous inequality is dominated by a constant times

2 Y (X feere Y aw])”

>0 W:L(W)=—s+¢

Now HHiin < |[Hs||p < B and therefore Proposition 6.1 implies that, for
fixed ¢,

1
(Y SR SR |
W:L(W)=—s+¢ b

1/p
b2 B( 3 meas(OW) Al
WiL(W)=—s+{

for p < pg, with some £ = ¢(p) > 0. Now also use that for fixed s, W the
functions Ay ; live on disjoint sets (since the dyadic cubes of sidelength
279 are disjoint and each is in exactly one family Q;) Thus it follows that
the expression (7.12) is

/
<BZQ &(Z Z meas(W) || Ap— Loy, w5 W)>1P

j Wew;

< BZQ éa(ZmeaS 2”’) v S BlISfps

by part (ii) of Lemma 7.1. Thus we obtain (7.11). Finally, (7.7) follows
from (7.8) and (7.11). This concludes the proof of the LP boundedness of
Tim, under the assumption (7.3). ]

8. CONCLUSION OF THE PROOF

We still have to show the equivalence (1.1) for arbitrary choices of 7. To
this end we fix the radial multiplier m and consider the family © of all C*°
functions compactly supported away from the origin such that the condition

(8.1) H]—"_l[cpm(t-)]Hp < 00

holds. Note that if ¢ € O, then p(\-) € © for every A > 0, moreover
¢(R-) € © for every rotation R of R? (here we use the fact that m is radial).
Also if y is any compactly supported C'*° function then x¢ € O, simply
because x is an FLP multiplier. Finally if @1, 2 € ©, then @1 + @2 € O.

Now assume that there exists at least one not identically zero function
©o € ©. Let V be a non-empty open subset of R“! such that |pg| > 0 on
V. Let ¢ be any other C*° function compactly supported away from the
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origin. For every ¢ € R?\ {0}, one can find a rotation R¢ and a number
A¢ > 0 such that A\¢R¢§ € V oor, equivalently, § € Aglelv. Then the open
sets )\gleIV, £ € supp @, form a cover of supp ¢. Choose a finite subcover
)\glengV, 7=1,...,n, and put

(=3 2ol T Joo(he, ey )
j=1

Note that ¢ € © and ¢ > 0 on [J;_, )\glegle D supp ¢ . Hence, the function

x defined as /¢ on supp and 0 on R? \ supp ¢ is a C* function with
compact support, so ¢ = x( € O.

Proof of Theorem 1.1, concluded. Let g be an arbitrary Schwartz function,
then the condition supysq || Tim[t%Pg(t-)]|l, < oo is clearly necessary for LP
boundedness. Conversely, suppose that this condition is satisfied; it is equiv-
alent to sup; || Fm(t)gl|l, < co. We may pick xy € C* with compact
support in R?\ {0} so that xg is not identically 0. Since x is a Fourier
multiplier we see that xg € ©. By the above consideration we also have
7 € O where 7 is as in (7.2). But for this n the characterization is already
proved and the LP boundedness of T, follows. O

9. THE REGULARITY RESULT FOR THE WAVE EQUATION

In this section we shall prove Theorem 1.2. We first note that by a
standard scaling argument it suffices to prove the inequality

2 q
(9.1) ( / e a) " < 10— Ayl

Indeed let us first show how (1.3) follows assuming (9.1) (here ¢ < c0). We
may assume by symmetry that in (1.3) we integrate over [0, L]. We then
write

277L+1L

(! /0L||e”mf\|gdt>l/q < i (L‘l/ He“mfllzdt)l/q

n=1 2L

_ iQ—n/q(A2 HeiLQ—”smegdS> 1/q _ i2—n/q(*)n
n=1 n=1

where

2 ' /
(*)n = (/1 /Rd |6Z5me7n(L_12"x)‘quds)1 ! and fon(y) = f(L27y).



RADIAL FOURIER MULTIPLIERS IN HIGH DIMENSIONS 25

We change variables in x, apply (9.1), and then change variables again to
see that

(#)n S LY 927N (T = D)2 frpllg = (T = 272" L2A) 2 f |-
Now, by standard L' Fourier multiplier results, we have for a > 0, n > 0,
(1 =272 L2 A)* 2 f ||y < C(T = L2A)*3 ],

where C' does not depend on L and n. Thus (x), is bounded by the right
hand side of (1.3), uniformly in n > 1, and therefore, as ¢ < oo, we can sum

Yoz 27 ().

Now we shall actually show an improvement of (9.1) where the Sobolev
space on the right hand side is replaced by the larger (Besov-Triebel-Lizorkin)
space Bi 4 = Fd , and the spatial L space on the left hand side is replaced
by the Triebel-Lizorkin space F&I which is imbedded in L9. We use argu-
ments that are very similar to those in the proof of Theorem 1.1.

Theorem 9.1. Suppose d > 5 and q > %. Then

2 LitV=A 1/q 11, 1
itv/—=A |4 e W
(J 1Sl ) Sy o 0= dz =05

If 7, is as in (7.1) and if Py is, say, defined by ng? = (’77\0(2’]“5))2]/"\ for
k>0and Ph =1 — Zk21 P, then the inequality of the theorem can be
expressed as

0 ([ S )" 5 (2 emz)
k>0 k>0

with a = d(% — %) — % We remark that we have chosen k as our index
for the dyadic frequency pieces instead of s, first, to distinguish it from the
homogeneous expression (s € Z) used earlier and secondly to match it with
the notation in §3; the term for large frequencies ~ 2* corresponds, after

a rescaling, to the situation of Corollary 3.2 when the radii are taken in
[2]6’ 2k+1] )

It will be convenient to dispose of the terms for k£ = 0,1. Let xo be
a radial C§°(R?) function so that yo(¢) = 1 for [¢] < 1 and xo(£) = 0
for |¢] > 3/2. One easily checks that xo(&/\)e?él is the Fourier transform
of an L' function for any A (with L' norm growing in A for A — o).
The contribution of the multiplier near the origin is handled by considering
me(€) = (x0(276) — x0(2°71€)) (el — 1). One bounds the derivatives of
my(277€) for kK > 0 to see that the L! norm of F~1[m,] is O(27%).

Next, we describe a further reduction to an inequality involving spherical
means (cf. (9.7), (9.6) below). This can be done in various ways. One way
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is to apply the method of stationary phase in conjunction with multiplier
theorems. We give a more direct approach based on the principle that every
radial function can be written as a superposition of spherical measures. As
before we let o, denote the surface measure of the sphere of radius p.

Let ¥ be a C*°-function on the real line supported in (1/8,8) so that
Y(s) =1 on (1/4,4). For k > 1 let the convolution kernel K} be defined by

Ky, (€) = elly(27k¢)).

Lemma 9.2. Fork > 1,

2

(9.3) Kj = 2k4=D/2 // wi(p)opdp + Ej
1/2

where

(9.4) sup [ fus(p)ldp < oc,

and, for any N,
HEkH1 < CNQ_kN.

Proof. Straightforward integration by parts arguments show that Ky, is rapidly
decreasing away from the unit sphere; in fact

|Ki(z)] < en27"N A+ |z))™N if |z] < 1/2 or |z| > 2.

Thus if with A = {z : 1/2 < |z| < 2} we set B := Ki(1 — x4), it is clear
that the error term Ej, has an L' norm that is rapidly decreasing as k — oo.
We now examine Kj(z) for 1/2 < |z| < 2. We use polar coordinates and
then write an integral over the sphere S?~! in terms of integrals over d — 2
dimensional spheres perpendicular to . We get

) Kele) = [ o Hie)ellee)ag
R4
= Qk(d—l) / 19(2—k8)(2—k8)d—16is / eis\m|<ﬁ,0)da(0) ds
0 gd—1
1
-1
where cg_5 is the surface measure of the unit sphere S%~2 and

@(U):/ D(s)s? et ds.
0

Clearly © € S(R). Since ¥ and therefore © is supported in (1/8,8) the
function © is the derivative of order M of a Schwartz function ©;;.
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From the above formula it is clear that (9.3) holds with

1

wi(p) = Cd2(27r)_d2k(d_1)/2/ k0 (2 (1 + 7p))(1 — 72) T dr.
-1

We now prove for 3 >1,1/2 < p <2,

g
(14 B = p)N

for any N > 1. This immediately yields the uniform bound (9.4).

1
(9.5) /_166(6(1 Frp)(1— ) dr < OnG T

For the proof of (9.5) one first considers the case where |1 — p| < 371
In this case the asserted bound O(3~(4=3)/2) follows from a straightforward
estimation using the rapid decay of ©.

Now assume |1 — p| > 37!, We make a dyadic decomposition of the
integral in terms of the distance to the boundary. Let v € C§°(R) so that
v(s) = 1if|s| <1/2 and v(s) = 0 for |s| > 3/4 and let vz (s) = v(B(1—72))
so that v is supported in a 3~! neighborhood of the boundary of [-1, 1]. For
£> 1setvg(s) =vp0(27(1-7%)) —vg,0(2 (1 —72)) and split the integral
as Y o If(p) where

1 d—3
12(p) = / BOB(1 + mp)usa(r)(1 = ) T

We note that vg, is supported where |7| < 1 and dist(, £1) ~ 2¢/3; in
particular for 2¢ > 3 the term I EB (p) is identically zero. To estimate IOB (p)
we only use the bound |(1 — 72)d2;3| < 37(4=3)/2 in the support of vg, and

the rapid decay of ©. It is then easy to see that Ig (p) is dominated by a
constant times the right hand side of (9.5). Next, we consider the terms for
¢ > 0, and we can integrate by parts to obtain

' d—3
I)(p) = (-)M /_l(ﬁp)_Mﬁ@M(ﬁ(l +7p)) [vpe(T)(1 — 72)7](M)d7.

The p~™ term is irrelevant as p ~ 1. We gain powers of 27 in this integra-
tion by parts but we also have to take into account the larger support of the
integrand. A straightforward computation shows that I @B (p) is bounded by
CM,NQ_Z(M_(d_l)/m times the right hand side of (9.5). Choosing M large
we may now sum in /. O

We continue with the proof of (9.2). Let K, = t~?K(t~!) with K}, as
in the lemma and observe that

Ple™=2f] = PulKi + f], 1/2<t<2.
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Now define
2

(9.6) . / wi()oedp,
1/2

with wy, satisfying (9.4). In view of Lemma 9.2 it suffices to prove, for ¢ > ¢q,
the estimate

(/12 322 vl [a) " (S Udgeso-b)
k=2 -

for all {fi}72, with . supported in Ay, := {¢€ : 2871 < |¢| < 281}, Here
1y are suitably chosen so that ¢ = 2% (2F.), ¢ = 1), * 15, 1o supported
in {|z] < 1071} with 10d vanishing moments (cf. the discussion leading to

(7.2)).
It suffices to prove this inequality for families { f } for which all but finitely

many of the f; are zero, with constant independent of the number of sum-
mands. By duality the desired bound then follows from

(9.7) (i ok P ) /12 Lo * Dp * g1 1) dtH:) v
k=2

2 1/
S ([ Iswlacollga) ", p<pa
1 k

for all {gx}72,, with the property that the (spatial) Fourier transform of
gk (+,t) is supported in Ay.

To prove (9.7) we need the following inequality for fixed k& (which will be
a straightforward consequence of Lemma 6.2). Let W% denote the set of
dyadic cubes of sidelength 2¢7%.

Proposition 9.3. For 1 < p < pg there is € = e(p) > 0 so that
2

©08) || [ vximaratoat],
1

, 2 1/p
< 9kd/p 2—€6< 3 |W|/ sup Ig(y,t)lpdt) :
Wewt—k Lovew

Proof. We first prove the inequality
2
©09) || [ vnrorsgto ar
1 P

’ 2 1/
s2he (S Wl [ sup oy par)
Wewt-k 1 yew
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We apply a rescaling and averaging argument to deduce it from Lemma 6.2.
Define Hy; by Hy.((€) = (€)1 (2%¢€). The expression on the left hand side
of (9.9) can be written as

2 2
H/ 2dek,t(2’f.)*g(-,t)td—ldtH :2"‘?‘”?“/ Hk7t*g(2_k-,t)td_1dtH
1 p 1 p

2k+1
= 2_kd/pH / Y« o x 27 Mg 27k 2_kr)drH .
2k p

We write out the convolution and discretize as in the proof of Proposition
6.1. Then the last expression is dominated by
2kt

I R
. p

T€[0,1] n=2k

and by Lemma 6.2 this is bounded by a constant times

27kd/p275525d/p><

ok+1_1

| p
[LOX % s ety 2 s s )

W'ewt n=2k yew’

which is dominated by

2k+l_1 1
245( >oowl Y] / sup |9(y,27k(“+T))\pzk(dflfdp)dT) "
Wewt—k n=gk 0 VEW
/ 2 1/p
sefer (N Wl | sup lg(y lFdt)
Wewt—k 1 yeWw

It remains to show how (9.9) implies the assertion of the proposition.
Since [ |wg(p)|dp is uniformly bounded it suffices, by averaging, to show the
uniform bound

(9.10) H /12 ) dth

, 2 1/p 1
S 2 kd/p 2‘&( ) IWI/ sup !g(y,t)l”dt) ,  =-<p<2
Wewe—k 1 yeWw 2
ew

This is a consequence of (9.9), by scaling. For the details assume p € (1, 2]
and after a change of variables we have to estimate the LP? norm of

dt

2 2p
-1 at
/p+/2 o1+ g0 @5
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We apply (9.9) with the function g(-,p‘lt)X[pJ] (t) to bound the first in-
tegral. The second integral is equal to

g/p [Ur, * 025 * g (-, 2)] (z)ds = 2—d ’ [Vrt1 x 05 % g(2-,2)] (E)ds

o )i S ’p p L k+1 S > p 9

and after conjugation with a dilation operator we may apply (9.9) (with
Yy replaced by ¥y11). Note that replacing W with WEFE=1 on the right
hand side of (9.10) yields an equivalent norm. The argument for p € [1/2,1)
is similar. O

We now use the arguments of §7 based on atomic decompositions for the
functions gx(+,t), for any fized t € [1,2]. We work with the ¢*° variant of
Peetre’s operator, namely

MG(z,t) =sup sup |gr(z+y,t)l,
k>0 |y|<10d-2—F

where it will always be understood that G' = {gx};2; and gi(-,t) has spec-
trum in the annulus Aj. Then with this specification Peetre’s inequality
says that

(9.11) MG )| gy Sp 1 |9k (- E)lllp, - 0 <p < oo

As before, denote by QF the family of dyadic cubes in R? of sidelength 2%,
Now for each t € [1,2] let Q;(t) = {z € R : Mf(x,t) > 27} and let Q?(t)
be the set of all dyadic cubes in QF with the property that |Q N Q;(t)| >
|Q[/2 but |Q NQj41()] < |Q[/2. Moreover let Q7 (t) = {z : MXQj(t)(x) >

10~} where M is the Hardy-Littlewood maximal operator. We work with
Whitney-cubes of Q;k(t) and the set of these Whitney-cubes is denoted by
W;(t). For each W, j, t define

Ak,VV,j(xvt): Z gk(xvt)XQ(x);

QEQ)(t)
Qcw

and for each dyadic cube W we combine those atoms for which the appro-
priate Whitney cube is W i.e., we set

Akyw(l',t) = Z Ak,W,j(x,t).
JWeW;(t)
By Lemma 7.1, (ii), we have, for all ¢ € [1, 2],
Yo WA D5 S 2719 ()],
Wew;(t)
for any assignment W — k(W). We can then decompose

gk Z, t Z Z Z AkWJ(CC t)

L>0 Wewt—k j:-WeW;(t)
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Using this decomposition and Minkowski’s inequality we estimate the left
hand side of (9.7) by

ZQ ”'pH/ k.t * Y * Z Z Akwj dH )1/p
0

> Wewt—k j:WeWw;(t

and by Proposition 9.3 the term correspondlng to a ﬁxed lis
P \1/p
<Y S W | Y Ay | dt)
k. Wewt—k L veW swew; )

For each fixed k, W, t the functions y — Ay w;(y,t), j € Z, live on disjoint
sets and therefore the last expression is

(X WAl

i WeW;(t)
S 2&(/ ZQ”’]Q ]dt) < 265(/ I sup./\/lkgk det) /p.
We sum in ¢ and use (9.11) to conclude the proof of (9.7). O
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