ON POINTWISE CONVERGENCE OF SCHRODINGER MEANS

EVANGELOS DIMOU AND ANDREAS SEEGER

ABSTRACT. For functions in the Sobolev space H® and decreasing sequences
tn — 0 we examine convergence almost everywhere of the generalized Schréodinger
means on the real line, given by

S f (@, tn) = exp(itn(—0sz)"/?) f(2);
here a > 0, a # 1. For decreasing convex sequences we obtain a simple
characterization of convergence a.e. for all functions in H® when 0 < s <
min{a/4,1/4} and a # 1. We prove sharp quantitative local and global esti-
mates for the associated maximal functions. We also obtain sharp results for
the case a = 1.

1. INTRODUCTION

For Schwartz functions f defined on the real line consider the initial value prob-
lem

iOpu(x,t) + (—0pe) *u(z,t) =0, u(z,0) = f(z);

so that for a = 2 we recover the Schrodinger equation. The solutions are given by
5°fant) = [ e e &,
R

and, for fixed time, the solution operator extends to all f € H®, where H® is the
Sobolev space of all distributions f with || f||z, := (J(1+ 1£12)%] £ (€)[2d€)Y/? < oo.

One refers to the operators f — S%f(-,t) as generalized Schrodinger means.
For Schwartz functions f it is clear that lim;0 S®f(z,t) = f(z) and that the
convergence is uniform in . One is interested in almost everywhere convergence
for functions in H*® for suitable s > 0. Following the fundamental result by Carleson
[2], many authors have considered this question. It was shown in [2], [15] that

lim S°f(x,t) = f(z) ae., feHY4,
t—0

when a > 1 and this result fails for some f € H®, if s < 1/4 ([5], [15]). If 0 < a < 1,
pointwise convergence for f € H® holds when s > a/4 and may fail for f € H®
when s < a/4, see [21]. We remark that the problem in higher dimensions is much
harder and not considered here. For the Schrodinger equation in higher dimensions
a complete solution up to endpoints has been recently found in [8], [9] and relies
on sophisticated methods from Fourier restriction theory. We refer to these papers
for more references and a historical prospective.
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2 EVANGELOS DIMOU AND ANDREAS SEEGER

In this paper, we consider, in one spatial dimension, the question of the solution
converging to the initial data when the limit is taken over a decreasing sequence
{tn}22,, converging to zero. Here we always use the term ‘decreasing’ as synony-
mous with ‘nonincreasing’. Given such a sequence we seek to find the precise range
of s such that lim, o S*f(z,t,) = f(z) a.e. holds for every f € H®. This is par-
tially motivated by the work [3] on approach regions for pointwise convergence for
solutions of the Schrodinger equation, and also by the work [13] on the pointwise
convergence of spherical means of LP functions (although the mathematical issues
and expected outcomes for the latter problem are different).

For the class of convex decreasing sequences and any s € (0,min{a/4,1/4})
we obtain a complete characterization of when pointwise convergence holds for all
f € H*. This characterization involves the Lorentz space ¢™*°(N). By definition,
for 0 < r < oo,

{th} €L <=  supb'#{neN:|t,| > b} < oco.
b>0
Note that ¢7°°(N) C £"2(N) C £">°(N) C ¢*°(N) if r; < 72 < oo and all inclusions
are strict. A model example is given by ¢, = n~" which belongs to ¢"**° if and only
if » > 1/~. Another example is {n~7logn} which belongs to ¢ if and only if
r>1/7.

Theorem 1.1. Let a > 0, a # 1, and assume 0 < s < min{a/4,1/4}. Let {t,}72,
be a decreasing sequence with lim, . t, = 0 and assume that t, — t,4+1 s also
decreasing. Then the following four statements are equivalent.

(a) The sequence {t,} belongs to £7(*):>°(N), where r(s) = —25

a—4s "
(b) There is a constant Cy such that for all f € H® and for all sets B of diameter
at most 1 we have

I Sug\S“f(%tn)llle(B) < Cull £l
ne

(c) There is a constant Co such that for oll f € H*, for all sets B of diameter
at most 1, and for all a > 0,

meas({z € B :sup|S®f(z,t,)] > a}) < Cy a2 f11%-
neN

(d) For every f € H® we have
lim S°f(x,t,) = f(x) a.e.

n—oo
Here and in what follows we write meas(A) for the Lebesgue measure of A C R.
The equivalence of (b) and (c¢) seems nontrivial, and we do not have a direct proof for
it, without going through condition (a). In Theorem 1.1 the convexity assumption
can be dropped for the sufficiency, i.e. statements (b), (c), (d) hold whenever ¢,, is
decreasing and belongs to éﬁ’m(NL see Proposition 2.3 below.
Regarding the maximal function inequalities we also have a global version:

Theorem 1.2. Let a > 0, a # 1, and assume 0 < s < a/4. Let {t,}2, be a de-
creasing sequence with lim,, .o t, = 0, and assume that t, —t,4+1 s also decreasing.
Then the following statements (a), (b), (c) are equivalent.

(a) The sequence {t,} belongs to 6%’0‘3(1\1).
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(b) There is a constant Cy such that for all f € H® we have
H Su§|5“f($atn)\||L2(R> < Cullfllae-
ne

(¢) There is a constant Cy such that for all f € H® and all a > 0,

meas({z € R : sup |S°f(z,t,)| > a}) < Coa™ 2| f|/%-.
neN

We contrast the above results with the exceptional case a = 1 which covers

solutions of the wave equation. Now the critical r(s) = GQS < in Theorem 1.1 has to

—1
be replaced with the smaller 13“"25, for all s < 1/2. Notice that S! corresponds to a
family of translation operators, when acting on functions with spectrum in [0, co)
or (—o0,0]. The analysis is somewhat similar to the one for spherical means in [13],

see also [12]. For a = 1 we have

Theorem 1.3. Let 0 < s < 1/2 and let {t,}52, be a decreasing sequence with
lim, o t, = 0 such that t, — t,11 is also decreasing. Then the following four

statements are equivalent.
(a) The sequence {t,} belongs to £°(*):>°(N), where p(s) = 125-.
(b) There is a constant Cy such that for all f € H® we have

| Suglslf(x,tn)lllm(m) < Cullfllae-
ne

(c) There is a constant Co such that for all f € H®, for all sets B of diameter
at most 1, and for all a > 0,

meas({x € B :sup |S* f(z,t,)| > a}) < Coa™2||f||%--
neN

(d) For every f € H® we have
lim S'f(z,t,) = f(z) a.e.

n—o0
The convexity condition is satisfied for the model case ¢,, = n~7 with v > 0 and
thus Theorems 1.1, 1.3 and the known results for s = 1/4, when a > 1, yield

Corollary 1.4. Let 0 < v < c0.

(i) If a > 1, then lim, oo S*f(z,n™"7) = f(x) a.e. holds for every f € H*(R)
. . . 1
if and only if s > mln{ﬁ, it

(ii) If 0 < a < 1, then lim, o S*f(z,n™7) = f(x) a.e. holds for every [ €
H*(R) if and only if s > P

(iii) If a = 1, then lim,, o S'f(x,n~7) = f(x) a.e. holds for every f € H*(R)
if and only if s > ﬁ

This answer for the sequence {n~7} reveals a perhaps surprising phenomenon for
the case a > 1, namely that there is a gain over the general pointwise convergence
result when v > 2(a — 1), but not when 0 < v < 2(a —1). When 0 < a < 1,
we have for all v € (0,00) a gain over the general convergence result. The same
remarks apply to the local H® — L?(B) maximal inequality. In contrast we get for
the global maximal operator and a # 1:
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Corollary 1.5. Let 0 < v < 0o and a € (0,00) \ {1}. Then the global mazimal
function inequality

[[sup |S*f(z, ")l L2@y < Cll £l

holds for some C > 0 and all f € H® if and only if s > ﬁ.

Remarks. (i) Our results for the special case {n~7}, a # 1 as stated in Corollaries
1.4, 1.5 were already incorporated in the 2016 thesis [7] of the first named author.
Moreover sufficiency in Theorem 1.1, merely for decreasing sequences but under
the more restrictive assumption {t,} € ¢" for r < aﬁs, follows already from
Proposition 1.6 in [7].

(ii) The problem of convergence of Schrodinger means S%(f,t,) for a decreasing
sequence {t,,} was independently considered in recent papers by Sjolin [17] and by
Sjolin and Stromberg [18]. Their conditions are more restrictive, but apply in all
dimensions. In [17] it is proved for a > 1 that the condition {t,} € ¢?*/* is sufficient
for pointwise convergence. This is improved in [18] where for s < 1/2, a > 2s, the
condition {t,} € ¢" for r < —25- is shown to be sufficient for pointwise convergence.
Proposition 2.3 yields an improvement of these results and Theorem 1.1 gives the
optimal result for decreasing convex sequences.

(iii) For a # 1 there are natural analogous open questions of necessary and
sufficient conditions in higher dimensions, given the recent groundbreaking results
for the full local Schrédinger maximal operator in [8], [9] which are sharp up to
endpoints.

(iv) For 0 < a < 1 there is still the open problem whether S®f(z,t) — f(z)
a.e. holds for all f € H**(R). Likewise there is the problem of a global bound
for the maximal function if s = a/4, and a > 1. One can show using a variant of

the arguments in [21], [16] that a.e. convergence holds in the Besov space Bgy/fl (R)

a

which is properly contained in B2é4 = H%* see Proposition 2.4. For the case

o . opl/2 N .
a = 1 we have pointwise convergence in 32/1 (R), but pointwise convergence fails

for some functions in H'/2(R), see Proposition 4.3.

This paper. In §2 we show for decreasing sequences that the ¢7(5):°° condition is
sufficient for pointwise convergence and the appropriate boundedness properties of
the maximal operators. The necessity for decreasing convex sequences (converging
to 0) is proved in §3. The case a = 1 is separately considered in §4. In §5 we include
a short appendix regarding the relevant application of Stein-Nikishin theory.

Acknowledgement. We would like to thank Per Sj6lin and Jan-Olov Stromberg for
their interest and for pointing out an error in a previous version, concerning the
term & in the proof of Proposition 2.3.

2. UPPER BOUNDS FOR MAXIMAL FUNCTIONS

In the present section we prove maximal function results which imply the positive
results of the theorems stated in the introduction. We already know the local
estimate

(2.1) sup [S°f(- 1)

tel0,1]

L2(B) < CHf||H1/47
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which was established by Kenig and Ruiz [11] when a = 2 and Sj6lin [15] for general
a > 1. In view of (2.1) it now suffices to give the proof of the L?(R) bound in part

(b) of Theorem 1.2, under the assumption of {t,} € (755 | whenever s < a/4.

Throughout this section we assume that {¢,} is decreasing but we drop the
convexity assumption in the introduction. Without loss of generality (dropping a
finite number of terms in the sequence) we can assume that ¢, € (0, 1) for all n € N.
We first restrict our attention to the frequency localized operator

S8 f(a,t) = / e Fle)x(6/0) &,

R
where x € C* is a real-valued, smooth function, supported in {1/2 < |¢] < 1}.
The following result is a variant of the inequality given in [11]:

Proposition 2.1. If J C [0,1] is an interval and 0 < a # 1, then
52 133,y < €L+ TN

Proof. We use the Kolmogorov-Seliverstov-Plessner method, by linearizing the max-
imal operator: let z — t(x) be a measurable function, with values in J. It will then
suffice to prove

([ 1886 ttaniar) ™ < s b g
R

where the constant C' is independent of ¢(-) and f. Notice that

o~

Sifart(e) = [ e Fie (/0 £ = AT )
where
Tig(a) = [ O ()9(6) .

Since || f(A)]l2 = eA=Y/2||f||> we need to show that

T8 2 e S AT 4 A2,
which in turn follows from
(2.2) TSI s pe S ACTD2T)2 4 A7
The kernel of T¢(T¢)* is

K(x,y) = / INE=DETA (1) b€ 2 ¢) dE.

and the derivative of the phase ®$(§) = A(z — y)€ + X(t(x) — t(y))|€|* is equal to

(@3)'(€) = Mz — y) + aX(t(z) — t(y)) (sign &) [¢]* 7.

Therefore, if |z — y| > X7 tt(z) — t(y)|, we have that [(®%)(£)] = Az — y| and
integration by parts gives

K5 (z,9)] Sn (Mo —y)) ™.

In the case where |z —y| < A\ 1|t(z) — t(y)| we use van der Corput’s lemma. The
second derivative of the phase is (®$)" (&) = caA*(t(z) — t(y))|€]*~2, hence

K (2, )] S A2 Jt(e) — )72 S Az —y) V2



6 EVANGELOS DIMOU AND ANDREAS SEEGER

Thus [, |[K§(z,y)| dy can be estimated by

/ﬁ A2 -y 2y + (/ (L+ e —y)~Ndy

|z—y|< |lz—y|>
AT t(@)—t(y)] AT (@) —t(y)]

</ Aoy Vg [ (1 N = gl) Ny
lz—y|SACTHJ| R
5 )\(a72)/2|J|1/2 + )\71.

Therefore sup,cp [ |K§¢(z,y)|dy < A@=2/2|J|1/2 4+ A~1 and by symmetry we get
the same bound for sup,cg [ |K§(x,y)|dz. Hence Schur’s test gives the required
bound (2.2). O

We now use Proposition 2.1 to prove a sharp result for the frequency-localized
operaors S¢.

Lemma 2.2. Let 0 <a# 1, 0<r < oo and let {t,} be a sequence in [0, 1] which
belongs to £">°. Then for A > 1

|supisgrc ], ) < OB e

Proof. We start by writing

| sup 85 1)

] <
2

sup_|S3/C )l +
n:ty, <b

sup |SSf(,

],
n:ty,>b

By Proposition 2.1 we can bound the first term by b/4\%4| f|ls. On the other
hand, by using Plancherel’s theorem and our assumption, we get

1/2
IS8 ta)l3)

n:ty>b

#({n:tn > 0NV fll2 S 6772 £l2-

sup 1S3/t

n:t,>b

v S (

We therefore have

| sup S8 G|, < @ X 4 677 1

and choosing b such that b'/4\%/* = p="/2 namely b = A\~ 197, finishes the proof.
O

We wish to apply the Lemma 2.2 for A = 2¥, k£ > 1. A more refined argument is
needed to combine the dyadic scales.

Proposition 2.3. Let 0 < a # 1, and assume that {t,} € £">°(N) is decreasing.
Then

(2:3) 50157 tall oy < CUSllre 5= 5

2+ 4r’

Moreover S°f(z,t,) — f(x) a.e. whenever f € H° for o > min{1, wrl s
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Proof. Define projection operators Py by
Pof(&) = 111/2,1/2()F(€)
Pif () = (Tpemr v + L_ae o) f(9), k=1

Clearly PP, = P, and >, o Prf = f.
Next, for each integer [ > 0 we set

={neN: 27w <, <o7'mw ),
By assumption {¢,} € £"°° there is C' > 0 so that
(2.4) #() < 027 = 2%,
We can then write

sup [S*f(z, tn)| < E1(x) + Ea(x) + Es(x)

where

&1(x) = sup sup | Z SPrf(x,tn))|

I necny koL
1+27‘
E(x)=supsup | Y S'Puf(x,ty)]
Loned <k<l
1+27
Es(x) = sup sup |ZS“Pkf (2,tn)]
I nemM, k>l

We first give the estimate for ||Es]|2. We make the change of variable k =1+ m

and and get
<3 (3 sw 18R Fat)?)

m>0  1>0 €M

From this,

sl < 32 (3 sup 15" Prenstal])

m>0  1>0 "€
)1/2

S (TS 5Pttt

m>0 1>0 neMy

<3 (S #o)Pansl?) "

m>0 >0

and using (2.4) this is further estimated by
S 1/2 —ms S m 1/2
> (2P IR = 32 27 (o 2| P f13) S N e
m>0 1>0 m>0 >0

In order to deal with the first and second terms we use that by definition of 9
the t,, with n € 91; lie in the interval

Jy = [0,27 "],
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For the term & we make the change of variables K = — j and estimate

Ex(z) < sup sup | Z SUPjf(x,tn)]
I nemn, .

0<i<t¥5

(X0 Y swisrsen)?)”

N
120 0<j< 25"

< Z( Z sup |S“Pz—jf(90atn)|2)1/2'

>0 1> 1_;_3T neMNy

We can now use Proposition 2.1, with J = J, amd A = 2* = 2!=7. Note that
1> j# implies that |Jl\%2%(l*j) = 9 lamiz 2§ (- > 1. Using PP, = P, we
&l <> (>

then get
2 )1/2
j20 >jiaer L2@®)

S Z ( Z [(1+ 2509 g7 lamizn )||Pl—jf\|2]2>1/2

720 iz

< Z ( Z [Q(lfj)%(lfﬁ) o~ Jarrten ||szjf||2]2)1/2

720 > i

_Y e (Y e as k) S 1l

j20 1> 152

sup |5 Py £ )|

Finally we consider the term & and estimate

€]z < |[sup sup Y |S“Prf (@, tn)lll2
1 nem,k<

1+2r

<SSO supsup [SURFC )]

kS0 >k(1+2r) ned

The t,, with n € Ui (142,90 lie in an interval of length O(27%2), namely in Ji(k)
with (k) = [k(1 + 2r)]. We use again Proposition 2.1, with J = Jy4;) and X = 2",
and observe that now 2¢%/4(.J;;y|'/4 < 1. Thus we can bound for each k > 0

sup  sup [S“Puf(,tn)l|l, S (1 + 254 T IV Pefllz S || Pefll2-
I>k(142r) n€M

We sum in k£ and deduce that

IEll2 S Y 1Pk ll2 < C) I fll, s> 0.

k>0

We combine the estimates for ||&;]|, ¢ = 1,2,3 to finish the proof of the maxi-
mal inequality (2.3). Since lim;_0 S®f(z,t) = f(x) for all z € R whenever f is a
Schwartz function, and since Schwartz functions are dense in H? the stated point-
wise convergence result follows from (2.1), (2.3) by a standard argument (see e.g.
[15] or [18]). O
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Finally we mention an endpoint result involving the Besov space B3 ;(R) when
s = a/4. We do not know whether By )/14 can be replaced with H%/* in the following
proposition.

Proposition 2.4. Leta >0, a # 1. Then, for dall f € 32@7/14(]1%),
H sSup ‘Saf('7t)|HL2(R) < C||f||B“/4'
t€[0.1] 21

Proof. Write f =3, S*P Py f as in the proof of Proposition 2.3. By Proposition
2.1 we have B

| sup S°f]l, <D sup [S*PPeflfl, S D254 Pefll2
t€[0,1] k>0 t€01] k>0
and using Plancherel’s theorem and the definition of Besov spaces via dyadic fre-
quency decompositions we see that the last expression is dominated by C||f|| 5a/4-
2,1

O

3. NECESSARY CONDITIONS

In order to prove necessity in Theorem 1.1 we use arguments from Nikishin-Stein
theory. We include the standard argument for the proof of the following proposition
in Appendix §5.

Proposition 3.1. Assume that for every f € H?®, the limit lim, o S*f(z,t,)
ezists for almost every x € R. Then for any compact set K C R, there is a
constant C'i, such that for all a > 0,

meas({z € K :sup|S*f(z,t,)] > a}) < CK(W)Z.

We also need the following elementary lemma.

Lemma 3.2. Let {t,} be a sequence of positive numbers in [0,1], let 0 < r < o0
and assume that supyo b"#({n : b < t, < 2b}) < A. Then {t,} € £">.

Proof. For every 8 > 0,
Br#({n i tn > B =" #({n:2F8 <t, <2MpH <Y A27F <A O

k>0 k>0

We now turn to the proof of the necessity of the £™°°-condition in Theorems 1.1
and Theorem 1.2.

Proposition 3.3. Assume that {t,,} is a decreasing sequence such that t, — tn41
is also decreasing and lim, oo t,, = 0. For 0 < s < a/4, let

r(s) azszls'
(i) If s < min{a/4,1/4} and if
(3.1) meas({z € [0,1] : Sl?’le [Sf(x,tn)| >1/2}) < C’O||f\|%{

holds for all f € H®, then {t,} € £7(*):>,
(i) If s < a/4 and if the global weak type inequality
(3.2) meas({z € R:sup|S®f(z,t,)] > 1/2}) < ConH%IS
n
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holds for all f € H®, then {t,} € £7(*):>,

Proof. We argue by contradiction and assume that {t,} ¢ £7():> while (3.1) holds
if s <min{a/4,1/4} or (3.2) holds in the case ¢ > 1 and 1/4 < s < a/4. By Lemma
3.2, this means

sup " #({n b < t, < 2b}) = oco.
0<b<1/2

Hence there exists an increasing sequence {R;} with lim; ., R; = oo and a se-
quence of positive numbers b; with lim;_, b; = 0 so that

(3.3) #({n b <t, <2b;}) > ijj—r(s).
We take another sequence
M; < R; with lim M; = oo
J—00

such that in the case where s < 1/4

2(a—1) 1—4s

(3.4) aM; = b ¥ <1

In the case 1/4 < s < a/4 we simply take M; = R;.
We now show that

a=2s
(3.5) tn =t <2M707T, i t, < By

Indeed since n ~ t,, — t,41 is decreasing we get, for ¢, < b;,

ty —tnir Smin{t, —tmy1 i tm > b} < 20;
nom = memr e im TS (b <t < 205))

_2 2
- R.bﬁr(s) - ]\4}bir(5)7
777 773

by (3.3), and (3.5) follows since r(s) + 1 = 9=25,

For our construction of a counterexample we rely on the idea originally proposed
by Dahlberg and Kenig [5]. We introduce a family of Schwartz functions which is
used to test (3.1). Choose a C* function g with compact support in [—1/2,1/2]
such that g(§) > 0 and [ g(§)d¢ = 1 and consider a family of functions f) ,, with

large A and p < A, defined via the Fourier transform by

o) =p"tg((n+2)/p)-

Thus J?M) is supported in an interval of length p < A contained in [—2A; —\/2].
The assumption p < A clearly implies

(3.6) ol S X°p~ Y2,

We now examine the action of S® on fy ,. We have

|S“fA,p(x,tn)\ — ‘/ei(acn+tn|n|a)p—1g((n+/\)/p) ;LZ — ‘/eim,p(f;m,tn)g(g) ;Lfr

where
q)A,p(f; z,ty) = x2(p§ — X) + tn (X — p&)”.
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We shall use, for z in a suitable interval I; C I, and for suitable choices of A;, p;
and n(z,7), the estimate

1S fr s (T b)) = / g(€) dg — / |/ ®ses (G50 0ne) 1) g(€) &

(3.7) >1— max ’e@*rﬂj (&m b)) _ 1|
|€1<1/2

and we will have to show that the subtracted term is small for our choices of =z,
n(z,j) and (A}, pj).
By a standard Taylor expansion, we see that
(1= p&/A)" = 1 — ap/ A+ “H (p/A)? + Ea(pg /)

where E3(t) = —1a(a —1)(a fo (1 — st)*=3(1 — 5)%ds) t3. Hence

(3.8) Prp(&a,tn) =
(x — aX* 1, ) p€ + W) 20072 €2 4 N Ba(p€ /) + X, — Aa.

Since terms that are independent of £ do not affect the absolute value of our integral,
we only need to show an upper bound of the first three terms. We consider ¢,, with
tn, < b;/2 and let € be such that ¢ < 107! (a 4+ 2)~'. We chose (), p) = (N, pj) as

a1
(3.9) A= MY e VAN =
and we consider these choices for large j when b; < 1 and M; > 1. We then get
_2s
pj//\j = €Mj_1b;74s <c¢g;
hence for |£] < 1/2
(3.10a) et p2ra=2p, 2] < (at1)? 2 N2,

4s 2(a 2) _

2—
<(a+1)% 2M 'b “EM; b, “‘“‘b (a4 1)%?

and similarly
a a 3 a—
(3.10b) |AitnEs(pi&/A)| < (a+2)°A5b; i(z)" < (a+2)°eA]%p3b; < (a+2)%°
Next we consider x in the interval
I; :=[0,aX!"'b;/2].
Notice that in the case s < 1/4,

2(a—1) 1—4s

aX) ' /2 = fM by <1/2,
by (3.4) and hence I; C [0,1/2] in thls case. If @ > 1 and 1/4 < s < a/4, no
restriction on I; is required (as we are trying to disprove the global inequality (3.2)
in this case). Each x € I; is contained in an interval (a)\?_ltnﬂ,a)\?_ltn] for a

unique n, which we label n(z, j). By (3.5) we have that

a—2s

0 < tn(aj) = tn(eg+1 < 2M; 05T

Hence

(= aA] (e, pi€l < aX ' pi(tneyg) — tna ,j>+1)
2(a—1) _ a—1 2 1-2s

(3.10¢) < oM, T My T M b = 2ae.
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As e <107 (a +2)~! we obtain from (3.10a), (3.10b) and (3.10c)

max |6 5o (ETtn(o, ) _ 1‘ < 1/2
1€1<1/2
and thus from (3.7)
(3.11)
sup|S Ixgo0 (@ t)| > 1S f 0, (7, tr(a )| = %, forz e I; = [O,a)\?_lbj/2],

and, as noted before, I; C [0,1] if s < 1/4. The assumption of (3.1) (in the case
s < min{a/4,1/4}) or the assumption of (3.2), both yield

(3.12) meas(I;) < 4Cs | fr, ., 13- = CAZp; L.

This leads to

2(a—1) 1—4s 4s 2s a—2 1-2s

o a—4s NS a1 a—4s .—1lns o pa—4s
aM; © b < CM;ob; T M by

and hence to

a—4s

acC~t < M.* @

Since lim;_,, M; = oo the right hand side convergeb to 0 as j — oo and we obtain
a contradiction. This means that if {t,,} ¢ (755 then (3.1) (and therefore (3.2))
cannot hold with s < min{a/4,1/4} and (3.2) cannot hold with 1/4 < s < a/4.
Thus both parts of the proposition are proved. ([l

We are now able to combine previous results to give a proof of the theorems in
the introduction.

Proof of Theorem 1.1. The implications (a) = (b) and (a) = (d) follow from
Proposition 2.3. The implication (b) = (c) is immediate by Tshebyshev’s in-
equality. The implication (¢) = (a) follows from part (i) of Proposition 3.3.
Finally, the implication (d) = (c) follows from Proposition 3.1. O

Proof of Theorem 1.2. The implication (a) = (b) follows from Proposition 2.3.
The implication (b) = (c) is again immediate by Tshebyshev’s inequality. The
implication (c¢) = (a) follows from part (ii) of Proposition 3.3. O

4. THE CASE a =1

We now give the sketch of the proof of Theorem 1.3. We start with an analog to
Lemma 2.2, for the frequency-localized operator S}\.

Lemma 4.1. (i) Let b > A\~!. Then

| Sup 1S3, S )2 £l

(i1) Let 0 < r < 0o and let {tn} be a sequence in [0, 1] which belongs to £"°°. Then
for A>1

< OATT | f 2wy

| supisrc ] o,
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Proof. We use the elementary inequality

(4.1) | sup SN (D), SIS
c<t<c+A—1

which just follows from L? estimates for Sy f(-,t) and 9,5 f(-,t). Now
| s isiscol, < (X 1 sw o isiscoll)

0<t<b m>0: mA~1<t<(m+1)A 1
0<mA~'<b

which is bounded by a constant times (Ab)Y/2|f||z.
To prove part (ii) we write as in the proof of Lemma 2.2, for b > A~! to be
determined,

HSHP|S,\f |H sSup |S,\f |H Sup |S,\f |H
n:ty, <b n:ty,>b
For the first term we have
pyL/2
s (8Lt 0 S OO,

by part (i). For the second term we may estimate as in Lemma 2.2

S Jtn ‘ < b r/2
Sup 1SS Cotn) . 1£1l2-
Choosing b such that (Ab)'/2 = b~" yields the claimed result. O
Proposition 4.2. Let 0 < r < oo and assume that {t,} € £7>°(N) is decreasing.
Then
,
(42 [0 817t oy < CUfllres 5= 55

Proof. We set for [ > 0 we set

NI = {neN:2-HV7 <, <27imw ],
By assumption {t,} € £"°° there is C' > 0 so that
(4.3) #(N(1)) < C2't = 022,

Arguing as in the proof of Proposition 4.2 we can estimate || sup,, |S*f(+, tn)||l2 <
[I€1]l2 + [|E2|]2 where

E@) =Y (3 sup |8' A flat))

720 1> "N
1 9 1/2
@)= > (3 sw IS'Aynflata)l)
m>0  1>0 neN(l)
Again as in the proof of Proposition 2.3

1l < 3 (- #e0 \Pz+me2) TS (P fIR)

m>0  1>0 m>0 1>0

= 3 2 (2 Py f D) S e

m>0 1>0
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In order to deal with the first sum, we use that 9(1) C [0, b;] with b = 2-1/(1+7),
Hence by Lemma 4.1
2 1/2
L2(R))

e <> (3 sw | (S P (s ta)|
Pz—jf||2]2>1/2

20 1> nend

sy (X pwetes

j=0 1Z>j
—jti_ 1—5) 5= 2 1/2
<m0 200 P fle)) S 1 e
j=0 2]

O

3 J— T
with s = r¥2-

For completeness we state the case s = 1/2, a = 1 analog of Proposition 2.4
which is sharp in this case.

Proposition 4.3. For all f € B;{f(R),

1
| 5o 1S FC Ol aey < Ol

The space 3217/12 cannot be replaced by B;/Vz for any v > 1.

Proof. The first part is immediate from Lemma 4.1. For the second part one recalls
that there are unbounded functions in B21/V2 whose Fourier transform is supported
in (—o00,0], ¢f. [1]. For such functions S* f(z,t) = f(x —t) and thus, for v > 1 one
can easily find f € 321/1,2 such that sup,co 17 [S" f(2,t)] = oo on aset A C [0,1] with
meas(A) > 0. O

Proposition 4.4. Assume that {t,} is a decreasing sequence such that t, — t,41
is also decreasing and lim, oo t,, = 0. For s < 1/2 let

2s

Then the validity of the inequality
(4.4) meas({z € [0,1] : sup [S" f(x, tn)| > 1/2}) < Co|| f|1F,-

for all f € H®, implies that {t,} € £P(5):>,

Proof. Assume that {t,} ¢ ¢*(*)>°. Arguing as in the proof of Proposition 3.3
we find an increasing sequence M; with lim M; = oo and a sequence of positive
numbers b; with lim;_, b; = 0 so that

#({n by <ty < 2b;}) > M;b; P
As in the previous proof we also have
(4.5) ty — by < 2MUBPOTYE 1, < b,

Let g € C* be nonnegative, supported in (—1/2,1/2), such that [ g(¢)d¢ = 1.
Define fy, for large A, by

(&) =10A"Tg(10AH(E + ).
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Then || fall s < CoA*~1/2. We write
1S e t)] = | / 10T 0Eg(e) | > 1 — | / (107 —1)g(e) 55

and see that

(4.6) S a2 1/2, it o —t] < A7

1
We now set \; = M;b; '~*. Note that p(s) +1 = (1 —2s)~", and thus we have
tn — tnt1 < Mj)\j_l for ¢, <b;, by (4.5). Hence by (4.6) we see that

sup|Slf)\].(x)| >1/2, for 0 <z <b;/2.

Therefore the asserted weak type inequality implies
b; /2 < Al fx, 7 < 4CA ™1 = 4C, M 1h;

and thus SCOMJZS*1 is bounded below as 7 — co. This yields a contradiction as we
have lim;_,¢ MjQS*1 =0 for s < 1/2. O

Proof of Theorem 1.3. The implication (a) = (b) follows from Proposition 4.2.
The implication (b) = (c) follows from Tshebyshev’s inequality. The implication
(¢) = (a) follows from Proposition 4.4. The implication (¢) = (d) follows by
a standard argument using the weak type inequality and the density of Schwartz
functions. The implication (d) = (c) follows from Proposition 3.1. O

5. APPENDIX: PROOF OF PROPOSITION 3.1

We need to use a theorem by Nikishin, whose proof can be found, for example,
in [6] (Chapter VI, Corollary 2.7), see also [19]. Nikishin’s theorem asserts that
if M : L%(Y,p) — L°(R%,|-]) is a continuous sublinear operator (with (Y, u) an
arbitrary measure space), then there exists a measurable function w with w(z) > 0
a.e. such that

w(@) de < a2 f|172(,,)-
{z: M f(2)|>a}

To prove Proposition 3.1, let M f(x) = sup,, |S®f(x,t,)| and consider T)?g(z) =
(2m)~t [ el@Ettalél™ g (¢) de, so that Tef(x) = S*f(x,t,). Then T acts on func-
tions in the weighted L? space L?(jus), where dus(€) = (1 + |£]?)*d€¢. Define the

corresponding maximal operator, M®g = sup,, |T)?g|.
Now assuming that lim, S®f(z,t,) exists a.e. for every f € H®, we see that
M%g(x) < oo a.e. for every g € L?(us). Then by Proposition 1.4, p. 529 in [6],

this implies that the sublinear operator M® : L?(us) — L%(] - |) is continuous. By
the abovementioned Nikishin’s theorem,

/ B w(z)dr < @72”9”%2(115)
{z:|Mog(z)[>a}

for some weight w with w(z) > 0 a.e. As we can replace w with min{w, 1} we may
further assume that w is bounded. N
Next, for f e H®, M*f = M®f and | f|l2¢u.) = | f|lzs, so

/ w(@)do < o™ ffr..
{ws M@ ()| >a}
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After the change of variables x — x +y and using the translation invariance of M?,
we can replace the integrand w(z) by w(z —y) for any y. Arguing as in Chapter VI
of [6] multiply both sides of the resulting inequality by h(y), where h is a strictly
positive continuous function with [*h = 1, and then integrate in y, to arrive at

/ b w(e) dz < o~ 3.
{z:|Maf(z)|>a}

Since h *w is continuous it attains a minimum over any compact set. We therefore
conclude that

meas({z € K : [M*f(z)| > a}) < Cra™?| f|I-

must hold true for every compact set K, as desired. O
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