OSCILLATORY AND FOURIER INTEGRAL OPERATORS
WITH DEGENERATE CANONICAL RELATIONS

ALLAN GREENLEAF ANDREAS SEEGER

We shall mostly survey results concerning the L? boundedness of oscillatory
and Fourier integral operators. Many mathematicians have contributed important
results to this subject. This article does not intend to give a broad overview; it
mainly focusses on a few topics directly related to the work of the authors.

1. The nondegenerate situation

1.1. Oscillatory integral operators. The main subject of the article concerns
oscillatory integral operators given by

(L1) Ty f(x) = / @2, ) £ (y)dy.

In (1.1) it is assumed that the real-valued phase function ® is smooth in 0 x Qg
where Q,Qp are open subsets of R and amplitude o € C5° (2, x Qg). (The
assumption that dim(Q2z) = dim(Qg) is only for convenience; many of the defi-
nitions, techniques and results described below have some analogues in the non-
equidimensional setting.)

The L? boundedness properties of Ty are determined by the geometry of the
canonical relation

C= {(xvq)xayv _q)y) : (xvy) € supp U} - T*QL X T*QR

The best possible situation occurs when C' is locally the graph of a canonical trans-
formation; i.e., the projections 7y, mg to T*Qp, T*Qg, resp.,

C
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2 A. GREENLEAF AND A. SEEGER

are locally diffeomorphisms. In this case Hérmander [37],[38] proved that the norm
of T\ as a bounded operator on L?(R?) satisfies

(1.2) ||T)\HL2~>L2 = O()\_d/2).

The proof consists in applying Schur’s test to the kernel of T\T}; see the argument
following (1.6) below.

It is also useful to study a more general class of oscillatory integrals which natu-
rally arises when composing two different operators T, T,\ and which is also closely
related to the concept of Fourier integral operator. We consider the oscillatory
integral kernel with frequency variable 9 € © (an open subset of RY), defined by

(13) Kalwg) = [ X0 afa,y,0)d0

where U € C®(Qr x Qr x 0) is real-valued and a € C§°(Qr x Qr x O). Let T,
be the associated integral operator,

(1.4) zmwz/mev@@

Again the L? mapping properties of Ty are determined by the geometric prop-
erties of the canonical relation

C = {(,T,‘I’m,y, —\Ify) Wy = 0} C T*QL X T*QR

It is always assumed that C is an immersed manifold, which is a consequence of
the linear independence of the vectors V(, , 9)Wy,, i = 1,...,N at {¥y = 0}. In
other words, ¥ is a nondegenerate phase in the sense of Hérmander [37], although
¥ is not assumed to be homogeneous.

As before, the best possible situation for L? estimates arises when C' is locally
the graph of a canonical transformation. Analytically this means that

Y V.9
1.5 det Yy v 0
(1.5) Q(Ww WW)#

Under this assumption the L? result becomes
(1.6) ITallp2—pe S AT/

so that we discover (1.2) when N = 0. The proof of (1.6) could be given by using
methods in [37] or alternatively by a straightforward modification of the argument
in [38]. Indeed consider the Schwartz kernel H) of the operator 3% which is given
by

Hy(u,y) = /// 67Z)‘[\I’(z’"’w)fkp(x’y’ﬁ)]’y(:zr,u,w,y,ﬁ)dwdﬁdz

where v is smooth and compactly supported. By using partitions of unity we
may assume that o in (1.1) has small support; thus v has small support. Change
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variables w = ¥ + h, and, after interchanging the order of integration, integrate
parts with respect to the variables (¥, z). Since

V., Y, —
Vool 0+ ) = g 0] = (7 ) (MY ) O ol + 4P

this yields, in view of the small support of ~,

K o) [ (L4 Au =yl + M)~ an
A
(14 Alw =y
if M > d. Tt follows that | T5Tallz2—r2 S AV~ and hence (1.6).

1.2 Reduction of frequency variables.

Alternatively, as in the theory of Fourier integral operators, one may compose T’
with unitary operators associated to canonical transformations, and together with
stationary phase calculations, deduce estimates for operators of the form (1.3-4)
from operators of the form (1.1), which involve no frequency variables; in fact this
procedure turns out to be very useful when estimating operators with degenerate
canonical relations.

We briefly describe the idea based on [37], for details see [25].

Consider the operator T, with kernel fRN e @2 gz, y, 2)dz. Let Ay, i = 1,2,
be symmetric d x d matrices and define

AN\Y2 .
S’>\7ig(x) = ( > /6—1)\[<1,w>+§Aiw»w]g(w)dw;

2

S Afod

clearly Sy ; are unitary operators on L?(R%). A computation yields that the oper-
ator )FdSA_,lfASj\‘z can be written as the sum of an oscillatory integral operator
with kernel Oy (x,y) plus an operator with L? norm O(A~™) for any M. The oscil-

latory kernel Oy (z,y) is again of the form (1.3) where the phase function is given
by

Wi, ,9) = (g, @) — oy ) + 5 (Axio - — Ay w) + 9w, 2)

with frequency variables ¥ = (w,z,w) € R? x RV x R? and the amplitude is
compactly supported.

One can choose A1, As so that for tangent vectors dz, dy € R? at a reference point
the vector (0, A1z, §y, A20y) is tangent to the canonical relation C associated with
S’,\JE,\S’;)Q. Let mgpace be the projection C — Qp x Qr which with our choice of
A1, Ay has invertible differential. Since the number of frequency variables (N + 2d)
minus the rank of ¢yy is equal to 2d — rank dmgpace, we deduce that det pgg # 0.

In the integral defining the kernel of S\ 1%555 , we can now apply the method
of stationary phase to reduce the number of frequency variables to zero, and gain
a factor of A\™(24+N)/2 Thus we may write

SAJf)\S;’z = )\7N/2T)\ + Ry

where T) is an oscillatory integral operator (without frequency variables) and Ry
is an operator with L? norm O(A~") for any large M. Since S ; are unitary the
L? bounds for A\N/2%, and T are equivalent.
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1.3 Fourier integral operators. The kernel of a Fourier integral operators F :
C§°(Qr) — D'(r) of order p, F € I*(Qr,QR;C) is locally given as a finite sum
of oscillatory integrals

(1.7) /el‘p(m’y"g)a(m, y,0)do,

where now ¥ is nondegenerate in the sense of Hormander [37], satisfies the ho-
mogeneity condition ¥(z,y,t0) = tU(x,y,0) for || = 1 and ¢ > 1, and a is a
symbol of order p + (d — N)/2. We assume in what follows that a(x,y, ) vanishes
for (z,y) outside a fixed compact set. The canonical relation is locally given by
C={(z,V,,y,-7,), ¥y =0} and we assume that

CcC (T*QL\OL) X (T*QR\OR)v

where 0, 0g denote the zero-sections in 7%y, and T*Qg. Staying away from the
zero sections implies

for large 6 (when Wy is small). Let 8 € C§°(1/2,2) and

ak(xvya 9) = 6(27k|9|)a(x7ya 9)

and let Fy be the dyadic localization of F; i.e. (1.7) but with a replaced by aj. The
assumptions ¥, # 0 and ¥, # 0 can be used to show that for k,! > 1 the operators
Fi are almost orthogonal, in the sense that F}/F; and F,F; have operator norms
O(min{27FM 2-IM1) for any M, provided that |k —1| > C for some large but fixed
constant C. This follows from a straightforward integration by parts argument
based on (1.8) and the assumption of compact (z,y) support. Using a change of
variable § = A9 the study of the L? boundedness (and L2-Sobolev boundedness)
properties is reduced to the study of oscillatory integral operators (1.3-4) and, in
the nondegenerate case, an application of estimate (1.2) above. The result is that
if F is of order p and if the associated homogeneous canonical transformation is a
local canonical graph, then F maps the Sobolev space L7, to L3 _,

An important subclass is the class of conormal operators associated to phase
functions linear in the frequency variables (see [37,§2.4]). The generalized Radon
transforms

(1.9) Rf(x) = F)x(z,y)do.(y)
My

arise as model cases. Here M, are codimension ¢ submanifolds in R¢, and do,, is a

smooth density on M, varying smoothly in x, and x € C§°(2 xQgr). One assumes

that the M, are sections of a manifold M C Qj x Qg, so that the projections to

Q;, and to Qg have surjective differential; this assumption insures the L' and L>

boundedness of the operator R. We refer to M as the associated incidence relation.
Assuming that M is given by an R’ valued defining function ®,

(1.10) M= {(z,y) : ®(z,y) = 0},
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then the distribution kernel of R is xo(z,y)d(®(z,y)) where xo € C§°(2r, x Qr)
and § is the Dirac measure in R at the origin. The assumptions on the projections
to Qr, Qg imply that rank ®, = rank ®, = £ in a neighborhood of M = {® = 0}.
The Fourier integral description is then obtained by writing out ¢ by means of the
Fourier inversion formula in R¢,

(111) X0 8@ (9) = vl (en) ! [ e
this has been used in [35] where R is identified as a Fourier integral operator of
order —(d — ¢)/2, see also [55]. More general conormal operators are obtained by
composing Radon transforms with pseudo-differential operators (see [37]).

The canonical relation associated to the generalized Radon transform is the
twisted conormal bundle of the incidence relation,

(1.12) C=NM ={(x,7- ¥y, —7- ) : &(z,y) = 0}.

We can locally (after possibly a change of coordinates) parametrize M as a graph
so that

(113) (I)(:Zj, y) = S(xvyl) - y”

with y = (y1,...,y4-¢) € R 4" = (Ya—r41,---,9a) € R, S = (S',...,589.
Using (1.5) with ¥(z,y,7) = 7 - ®(z,y) one verifies that the condition for N* M’
being a local canonical graph is equivalent to the nonvanishing of the determinant

T"I)zy D, _ ¢ T'Sx/y' S
(114) det( t@y 0 ) - (_1) det (T-Sm//y/ SIN

for all 7 € S*~'. Under this condition R maps L? to Lfd_é)/?

We note that the determinant in (1.14) vanishes for some 7 if £ < d/2. In
particular if £ = d — 1 then the expression (1.14) is a linear functional of 7 and
thus, if (z,y) is fixed, it vanishes for all 7 in a hyperplane. Therefore degeneracies
always occur for averaging over manifolds with high codimension, in particular for
curves in three or more dimensions.

2. Finite type conditions

2.1. Finite type. Different notions of finite type are useful in different situations.
Here we shall restrict ourselves to maps (or pairs of maps) which have corank < 1.
Let M, N be n-dimensional manifolds, P € M and Q € N, and let f: M — N
be a C* map with f(Py) = Qo. A vector field V' is a kernel field for the map f on a
neighborhood U of Py if V' is smooth on U and if there exists a smooth vector field
W on f(U) so that DfpV = det(D fp)Wy(p) for all P € U. If rank Dfp, > n —1
then it is easy to see that there is a neighborhood of P and a nonvanishing kernel
vector field V for f on U. Moreover if V is another kernel field on U then V =
aV —det(Df)W in some neighborhood of Py, for some vector field W and smooth
. A b
function a.. If Df = (ct d

det Df = det A(d — ¢! A='b) and a choice for the kernel vector field is

0 1
(2.1) V=g AT Ve

with A an invertible (n — 1) x (n — 1) matrix, then
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Definition. Suppose that M and N are smooth n-dimensional manifolds and that
f: M — N is a smooth map with dimker(Df) <1 on M. We say that f is of type
k at P if there is a nonvanishing kernel field V near P so that V7 (det Df)p = 0 for
j < kbut VF(det Df)p # 0.

This definition was proposed by Comech [13], [15] who assumes in addition that
Df drops rank simply on the singular variety {det Df = 0}.

The finite type condition is satisfied for the class of Morin singularities (folds,
cusps, swallowtails, ...) which we shall now discuss.

2.2 Morin singularities. We consider as above maps f : M — N of corank < 1.
We say that f drops rank simply at P if rank D fp, = n—1 and if d(det Df)p # 0.
Then near Py the variety S1(f) = {« : rank Df =n — 1} is a hypersurface and we
say that f has an S; singularity at P with singularity manifold S1(f).

Next let & be a hypersurface in a manifold ¢/ and let V' be a vector field defined
on & with values in TU (meaning that vp € Tpl for P € &). We say that v is
transversalto & at P € G if vp ¢ TpGS. We say that v is simply tangent to & at Py
if there is a one-form w annihilating vectors tangent to & so that (w, ’U>‘ o vanishes
of exactly first order at Fy. This condition does not depend on the particular choice
of w. Next let P — £(P) C Tp(V) be a smooth field of lines defined on &. Let v be
a nonvanishing vector field so that ¢(P) = Rup. The definitions of transversality
and simple tangency carry over to field of lines (and the notions do not depend on
the particular choice of the vector field).

Next consider F' : U/ — N where dimUf = k > 2 and dim N = n > k and assume
that rank DF > k—1. Suppose that G is a hypersurface in ¢/ such that rank DF =
k—1on &. Suppose that Ker DF is simply tangent to G at P € &. Then there is

a neighborhood U of P in & such that the variety {Q € U : rank DF . k—2}
Q

is a smooth hypersurface in S.
With these notions we can now recall the definition of Morin singularities ([78],
[47]).

Definition. Let 1 <r < n. Let G&4,..., &, be submanifolds of an open set Y C M
so that Gy, is of dimension n—kin V and &1 D &5 D -+ D G,.; we also set &g := U.

We say that f has an S;, singularity in U, with a descending flag of singularity
manifolds (&4, ..., &,) if the following conditions hold in U.

(i) For P € U, either D fp is bijective or f drops rank simply at P.
(ii) For 1 <i <r, rank D(f|6_71)]3 =n—i+1lforall Pe&,_1\ 6,
(i) For2<i<r—1, Ker D(f}e-,l) is simply tangent to &; at points in S;41.

Definition. We say that f has an S, o singularity at P, if the following conditions
hold.

(i) There exists a neighborhood U of P submanifolds &, of dimension n — k in
Usothat Pe 6, C G,_; C--- C 6&; and so that f : U/ — N has an 5,
singularity in U, with singularity manifolds (&4,...,&,).

(11) Ker DfpnN TP(GT) = {0}

The singularity manifolds &, are denoted by S1, (f) in singularity theory (if the
neighborhood is understood). An S ¢ (or Sy, ,0) singularity is a Whitney fold; an
S11,0 (or S1,,0) singularity is referred to as a Whitney or simple cusp.
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If f is given in adapted coordinates vanishing at P, i.e.
(2.2) fit— (t',h(t))
then f has an 57, singularity in a neighborhood of P = 0 if and only if
(2.3) (0/0t,)kh(0) =0, 1<k<r,
and the gradients

okh

(2.4) Vt(W)

Jk=1,...r—1

PR 3

are linearly independent at 0. Moreover f has an S, o singularity at P if in addition
(2.5) (0/0t,) T h(0) # 0.
The singularity manifolds are then given by

S (f) = {t: (0/0ta) f(t) =0, 1 < j < k}.

In these coordinates the kernel field for f is 8/0t,, and the map f is of type r at P.
Normal forms of S, singularities are due to Morin [47], who showed that there
exists adapted coordinate systems so that (2.2) holds with

(2.6) h(t) = tity +tot? + - 4t gttt g7

Finally we mention the situation of maximal degeneracy for Sy singularities which
occurs when the kernel of Df is everywhere tangential to the singularity surface
S1(f). In this case we say that f is a blowdown; see example 2.3.3 below.

2.3. Examples. We now discuss some model examples. The first set of examples

concern translation invariant averages over curves, the second set restricted X-ray

transforms for rigid line complexes. The map f above will always be one of the

projections mp, : C — T*Qp, or g : C — T*Qp. Note that Sy(71) = S1(7R).
2.3.1. Consider the operator on functions in R¢

(2.7) Af(@) = [ o+ T(@)a)da

where a — T'(a) is a curve in R? so that I'(a),T"(a),..., [ (a) are linearly
independent. Then the canonical relation is given by

C={(z, &z +T(),8) : (§T'()) = 0}.

Consider the projection 7y, then it is not hard to see that Sy, (71,) is the submanifold
of C where in addition (¢, T1)(a)) = 0} for 2 < j < k+1. Clearly then Sy, | (77) =
0 so that we have an S1, ,, singularity. The behavior of 7 is of course exactly
the same; moreover for small perturbations the projections 7z, and g still have at
most S1,_,, singularities. Note that in the translation invariant setting we have
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S, (7)) = S1,(mR), but for for small variable perturbations the manifolds Sy, (7r),
S, (mRr) are typically different if k& > 2.

By Fourier transform arguments and van der Corput’s lemma it is easy to see
that A maps L*(R?) to the Sobolev-space L7 ,;(R?) and it is conjectured that
this estimate remains true for variable coefficient perturbations. This is known in
dimensions d < 4 (cf. §5 below).

2.3.2. Consider the example (2.7) with d = 3 and

am an
T(a) = (o, 2, &
(@) = (0, 2 2
where m, n are integers with 1 <m < n.
The canonical relation C is given as the set of (x,&,y,£) where o — yo — (21 —

y1)"/m =0, x5 —ys — (z1 —y1)"/n =0, and § = (&(A, 1), A, p) so that
&=—(x1—y)" A= (21 —y)" a

with (A, p) # (0,0).
C' is thus parametrized by (x1, 22,23, A, 41, y1) and the singular variety Si(wp) is
given by the equation

(m — 1)1 — )™ A+ (0 — D(ar — )" 20 = 0.

Note that 9/0y; is a kernel vector field and hence 7, is of type at most n — 2
everywhere. Note that Si(7z) is a smooth submanifold only if m = 2. The case
m = 2, n = 3 corresponds to the situation considered above (now mr is a fold).
If m = 2, n = 4 we have a simple cusp (S1,1,0) singularity and Sy 1(nz) is the
submanifold of Sy (7z) on which 23 = y;. If m > 3, n > m then the singular
variety is not a smooth manifold but the union of the two transverse hypersurfaces
{m=1DA+ (n—=1)(z1 —y1)" "p =0} and {z1 = y1 }.

2.3.3. For an example for a one-sided behavior we consider the restricted X-ray
transform

(2.8) RF(' 24) = yolza) / F(a' + ty(za), DX (1)t

where 7 is now the regular parametrization of a curve in R?~! and yg, x are smooth
and compactly supported. We say that R is associated to a d dimensional line
complex which is referred to as rigid because of the translation invariance in the z’
variables.

The canonical relation is now given by

C= {(xlu Ta,T,YdT - Wl(xd)v .’I]/ + yd’y(xd)u Yd, T, T * W(CEd))}

and the singular set Sy(wr) = Si(ngr) is the submanifold on which 7 -+'(z4) = 0.
One computes that Vi, = 9/0yq is a kernel vector field for 77, and Vg = 9/0x4 is a
kernel vector field for 7r . Clearly V7, is tangential to Si(7r) everywhere so that
77, is a blowdown. The behavior of the projection mr depends on assumptions on
7. The best case occurs when 7/ (x4),...,74 Y (xy) are linearly independent ev-
erywhere. The singularity manifolds & = Sy, (7r) are then given by the equations

77D (24) =0, j=1,...,k,
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and thus S1, ,(7gr) = 0 and mg has (at most) S1,_, 0 singularities.
For the model case given here it is easy to derive the sharp L?-Sobolev estimates.
Observe that

R*Rf (w) = x(wg) / / £+ sv(a), wa + )| x0 ()P x(s)ds da

defines (modulo the cutoff function) a translation invariant operator. By van der
Corput’s Lemma it is easy to see that

| [ e epg@Pasdsdal £ 1+ 1)

and one deduces that R maps L? to L%/(zdfz)'
It is conjectured that the X-ray transform for general well-curved line complexes

(2.9) Rf(z',a) = x(x’,a)/f(:v’ + sy(2', @), s)x(s)ds

satisfies locally the same estimate; here the support of x is supported in (—¢, ) for
small £ and it is assumed that for each fixed 2’ the vectors (9/0a)’v,j =1,...,d—1
are linearly independent. The sharp L? — L7 /(2d—2) estimate is currently known

in dimension d < 5 (¢f. §4-5 below).

2.4 Strong Morin singularities.

We now discuss the notion of a strong Morin singularities, or Sf: singularities for
maps into a fiber bundle W over a base manifold B, with projection wp. Here it
is assumed that dim W = n and dim(B) = ¢ < n —r, so that the fibers W}, = 7r§1b
are n — ¢ dimensional manifolds (see [26]). The relevant W is T*(Qg, the cotangent
bundle of the base B = Q.

Definition. Let b = ng(f(P)) and let W, = 75'b be the fiber through f(P). The
map f has an Slt o singularity at P if

(i) f intersects W}, transversally, so that there is a neighborhood U of P such
that the preimages f~'W}, N U are smooth manifolds of dimension n — g,

and if

(ii) f|f*1(Wb)ﬁU has an S;, o singularity at P.

Now let C C T*Qp x T*Qpr be a canonical relation, consider 7y, : C — T*Qp
and use the natural fibration nq, : T*Qp, — Qp. If 7y : C — T*Qp has an
Sit,o singularity at ¢ € C, ¢ = (x0,&0, Y0, 70) then near ¢ we can restrict 77, to
wéz({yo}) and define 7y, as the restriction of 7z, to wgi ({yo}) and 7 4, has an
S1,,0 singularity at c.

We remark that for the examples in 2.3.1 both 7y, and wg have strong Morin
singularities while for the example in 2.3.3 mr has strong Morin singularities. This
remains true for small perturbations of these examples.

In order to verify the occurence of strong Morin singularities for canonical rela-
tions which come up in studying averages on curves the following simple lemma is
useful.
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Lemma. Let I be an open interval, let ¢ : I — R™ be a smooth parametrization of
a reqular curve not passing through 0 and let

M={(t,n) eI xR":n-9((t)=0, somet e I}.

Let m: M — R"™ be defined by w(t,n) = .
Then w has singularities at most S1,_, o if and only if {(t),¥(t), ..., =D (1)}
is a linearly independent set for allt € I.

For the proof assume first the linear independence of 1)) (). We may work near
t = 0 and by a linear change of variables, we may assume that ) (to) = ej4+1,0 <
J <n—1, where {e;}"_; is the standard basis of R". Thus

n—1
n: an-i-l T (1+0(]t])
j=0 J:
=mu+owm+§jm§;ﬁu+ow»
=2 '

with n = (m1,7’). We can solve n - ¥(t) = 0 for n; = (1, 1),

n j—1

t
m = —me(l + O(Jt]))-

Jj=2

Hence, (1/,t) and (£',&1) form adapted coordinates (c¢f. (2.2)) for the map m, and
in these coordinates

w0y = (', 60, 1)) = (', = > mj—=—= (1 + O(|t]))
pec A VARl
where ¢ satisfies
) o 1
2900 =0 1<j<n-2 220020

and the differentials
8¢ -1 n
{d( a7 (0 0)} s G

are linearly independent. Thus 7 has at most Sy, _, ¢ singularities.

Conversely, assume that 7 has at most Sy, _, ¢ singularities. Since ¢ does not
pass through the origin, we may assume that v, (t) # 0 locally. Then the map 7 is
given in adapted coordinates by

n—1

/ / %‘t
1) = 0f = )

j=1

and the linear independence follows easily from (2.3-5).
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2.5 Mixed finite type conditions. We briefly discuss mixed conditions for pairs
of maps (fr, fr) where fr, : M — N, fr : M — Ng where M, N, Ny are all d
dimensional and fr, fr are volume equivalent, i.e., there is a nonvanishing function
a so that det Dfr, = adet D fr in the domain under consideration.

Let Vi, Vi be nonvanishing kernel fields on M for the maps fr,, fr. Let U be a
neighborhood of P in M. We define D, ;(U) to be the linear space of differential
operators generated spanned by operators of the form

a1V1 e aj+ij+k

where V; are kernel fields for the maps fr or fr in U, and k of them are kernel
fields for fr, and j of them are kernel fields for fr. Let h be a real valued function
defined in a neighborhood of P € M; we say that h vanishes of order (j,k) at P
if Lhp = 0 for all L € DI~LF U DIk=1 We say that (fz, fr) is of type (j, k) if
h = det D f, vanishes of order (j, k) at P € M and if there is an operator L € D7F
so that Lhp # 0. Because of the assumption of volume equivalence det D f7, in this
definition can be replaced by det D fr. In the canonical example of interest here
we have M = C C T*Q x T*Qpg, a canonical relation, and f; = np, fr = 7 are
the projections to T%Qy and T*Qg, respectively.

3. Fourier integral operators in two dimensions

In this section we examine the regularity of Fourier integral operators in two
dimensions, in which case one can get the sharp L? regularity properties with the
possible exception of endpoint estimates. We shall assume that 2y, Q0 are open
subsets of R?, C C (T*Q\0L) x T*Qr\Og) is a homogeneous canonical relation and
F € I7'V2(Qp, QR,C), with compactly supported distribution kernels; we assume
that the rank of the projection mgpace : C — 0 X Qg is > 2 everywhere. The
generalized Radon transform (1.11) (with £ = 1, d = 2) is a model case in which
rank (dmspace) = 3.

In order to formulate the L? results we shall work with the Newton polygon, as
in [58] where oscillatory integral operators in one dimension are considered. We
recall that for a set E of pairs (a,b) of nonnegative numbers the Newton polygon
associated to E is the closed convex hull of all quadrants Qqp = {(z,y) : > a,y >
b} where (a,b) is taken from E.

Definition. For ¢ € C let N'(c) be the Newton polygon associated to the set
(3.1) E(c)={( +1,k+1):C is of type (j, k) at c}.

Let (t.,t.) the point of intersection of the boundary OAN(c) with the diagonal
{(a,a)}.

Using the notion of type (4, k) in §2.5 we can now formulate

3.1. Theorem. Let Q,Qr C R? and C as above and let F € I-Y2(Qp, Qr;C),
with compactly supported distribution kernel. Let o = min.(2t.)~".
Then the operator F maps L* boundedly to L?__ for alle >0 .

In the present two-dimensional situation one can reduce matters to operators
with phase functions that are linear in the frequency variables (i.e., the conormal
situation). We briefly describe this reduction.
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First, our operator can be written modulo smoothing operators as a finite sum
of operators of the form

~

(3.2) Ff(@) = / e 0, €)F(€)de

where a is of order —1/2, and has compact = support. We may also assume that
a(x,€) has &-support in an annulus {& : |{| & A} for large A\. By scaling we
can reduce matters to show that the L? operator norm for the oscillatory integral
operator T defined by

Thg(z) = / NEE (1 €)g(E)de

is O()\’l/ 2= here y has compact support and vanishes for £ near 0. We introduce
polar coordinates in the last integral, £ = o(cosyi,siny;) and put

S(xz,y1) = ¢(x1, x2, cOSY1, sinY1).

Then the asserted bound for ||Ty| is equivalent to the same bound for the L? norm
of T defined by

Trh(z) = / e S@YIT () o) dy do

for suitable ; here we have used the homogeneity of . Now we rescale again
and apply a Fourier transform in o and see that the bound ||Ty| = O(A~Y/279)
follows from the L? — L2 bound for the conormal Fourier integral operator with
distribution kernel

(3.3) /e”‘b(w’y)b(:v, T)dT

where ®(z,y) = S(x,y1) — y2, and b is a symbol of order 0, supported in {|7| ~ A}
and compactly supported in z.

Thus it suffices to discuss conormal operators of this form; in fact for them one
can prove almost sharp LP — LP estimates. Before stating these results we shall
first reformulate the mixed finite type assumption from §2.5 in the present situation.

3.2. Mixed finite type conditions in the conormal situation. We now look
at operators with distribution kernels of the form (3.3). The singular support of
such operators is given by

M= {(z,y) : ®(z,y) = 0}

and it is assumed that ®, # 0, &, # 0. The canonical relation is the twisted
conormal bundle N* M’ as in (1.12). In view of the homogeneity the type con-
dition at ¢g = (x0,y0,%0,m0) € N*M'’ is equivalent with the type condition at
(0, Yo, €0, 7M0) for any r > 0 and since the fibers in N* M’ are one-dimensional it
seems natural to formulate finite type conditions in terms of vector fields tangent to
M, and their commutators. We now describe these conditions but refer for a more
detailed discussion to [67]. Related ideas have been used in the study of subelliptic
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operators ([36], [63]), in complex analysis ([41], [2]) and, more recently, in the study
of singular Radon transforms ([11]).

Two types of vector fields play a special role: We say that a vector field V' on
M is of type (1,0) if V' is tangent to M N (Q x {0}); likewise we define V' to be
of type (0,1) if V' is tangent to M N ({0} x Q). The notation is suggested by an
analogous situation in several complex variables ([41], [55]).

Note that at every point P € M the vector fields of type (1,0) and (0,1) span a
two-dimensional subspace of the three-dimensional tangent space Tp M. Thus we
can pick a nonvanishing 1—form w which annihilates vector fields of type (1,0) and
(0, 1); we may choose w = d; ®—dy® and X = @,,0,, — Dy, 0p,, Y = 04,0, — Dy, 0y,
are (1,0) and (0, 1) vector fields, respectively. With this choice

(3.4) @¢xypz4mﬁ(%z<%>

which is (1.14) in the situation £ = 1, § = 1 and relates (w,[X,Y]) to detdry g.
Thus N* M’ is a local canonical graph iff (w, [X,Y]) does not vanish. The quantity
(3.4) is often referred to as “rotational curvature” (cf. [55]).

Now let 1 and v be two positive integers. For a neighborhood U of P let WH¥(U)
be the module generated by vector fields adWradWs ... adW,4p—1(W),4.) where
u of these vector fields are of type (1,0) and v are of type (0,1). The finite type
condition in (2.4) can be reformulated as follows. Let P € M and let ¢ € N* M’
with base point P. Then C is of type (j, k) at c if there is a neighborhood U of P
so that for all vector fields W € WItLk () U WHk+L(U) we have (w, W)p = 0 but

there is a vector field W in WiT1#+1 for which (w,W)p # 0.1 Now coordinates can
be chosen so that ®(z,y) = —y2 + S(x, y1) and the generalized Radon transform is
given by

(3.5) Rf(x) = / x(@ 91, (@, y2) (s (@ 91))dn

where S;, # 0 and x € C§°(Q, x Q). If

— Sﬂﬁlyl Sﬂﬁl
A(z,y1) = det (S Sa, >

T2y1
then at P = (x,y1,5(x,y1)) the mixed finite type condition amounts to

(36)  XIY¥ A(z,y1) = 0 whenever j < jand k' < kor j/ < j and k' < k
but

(3.7) XIYFEA(z,91) #0

for X = 53,0, — 52,02, and Y = 0y, + Sy,0y,. For the equivalence of these
conditions see [67].

IHere we deviate from the terminology in [67], where the incidence relation M is said to be of
type j +1,k+1) at P.
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We now relate the last condition to the finite type condition above. Notice that
C= {(Ilv'erTSl‘lvTSl‘z;ylv S(xvyl)a _TS’y17T)}

and using coordinates (z1,x2,y1,7) a kernel vector field for the projection mg is
given by Vg = 53,04, — Sz, 04,; this can be identified with the vector field X on
M. Moreover a kernel vector field for the projection 7z, is given by Vi, = /09, —
S:.S2,4,0/07 and for any function of the form F(z,y1) we see that (V, —Y)(TF)
equals F' multiplied by a C* function. Thus it is immediate that C' is of type (j, k)
at the point ¢ (with coordinates (z,y1,7)) if conditions (3.6), (3.7) are satisfied,
and this is just a condition at the base-point P.

We shall now return to the proof of Theorem 3.1 and formulate an L? version
for the conormal situation.

3.3. Theorem [67]. Let Qp,Qr C R2, let M C Qp x Qg so that the projections
to Qp, and Qp have surjective differential. Suppose that F € I-Y/2(Qp, Qr; N*M’)
with compactly supported distribution kernel.

For ¢ € N*M’ denote by N(c) the closure of the image of N(c) under the
map (z,y) — (ﬁy,z—}ry), i.e., the conver hull of the points (1,1), (0,0) and

(Ji%lﬁ, j+i+2) where N* M’ is of type (j,k) at c.

Suppose that (1/p,a) belongs to the interior of /\N/(c), for every c. Then F is
bounded from LP to LP.

The L? estimate of Theorem 3.1 for conormal operators follows as a special case,
and for the general situation we use the above reduction. Theorem 3.3 is sharp up
to the open endpoint cases (c¢f. also §3.5.1-3 below).

We now sketch the main ingredients of the proof of Theorem 3.3. We may assume
that S, is near 1 and |S;,| < 1. Suppose that Q = (2°,4°) € M and suppose that
the type (j', k") condition holds for some choice of (j/, k") with j' < j and k¥’ < k
at @, and suppose that this type assumption is still valid in a neighborhood on
the support of the cutoff function x in (3.5) (otherwise we work with partitions of
unity).

Our goal is then to prove that F maps LP to LE for p=(j+k+2)/(j +1) and
a<l1/(j+k+2).

Since we do not attempt to obtain an endpoint result, it is sufficient to prove
the required estimate for operators with the frequency variable localized to || = A
for large A\. We then make an additional dyadic decomposition in terms of the size
of |A| (i.e., the rotational curvature). Define a Fourier integral operator Fy ;, by

Prand@) = [ 1) [ erem = sia,y, Ty 018w, 1) ar dy

then by interpolation arguments our goal will be achieved by proving the following
crucial estimates:
1 Jj+k
(3.8) | Fxiollzr—rr < CL 27707, p= o 7 < TR
and

(3.9) H]:)\JOHLQ*,LQ < C€2l0(%+8))\_1/2.
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A variant of this interpolation argument goes back to investigations on maximal
operators in [18] and [71], [72], and (3.9) can be thought of a version of an estimate
for damped oscillatory integrals.

The type assumption is only used for the estimate (3.8). We note that by integra-
tion by parts with respect to the frequency variable the kernel of F) ;, is bounded
by

(3.10) AL+ Az — S(z,y1)) "V X(2hA(z, 1))

We can use a well known sublevel set estimate related to van der Corput’s lemma
(see [8]) to see that for each fixed x the set of all y; such that |A(z,y;)| < 27!
and |8’;;A(x,y1)| ~ 27™ has Lebesgue measure bounded by C.2¢lo2(m—lo)/k <
C.25l02(m=lo)/k if 1 < ly. Moreover, if &(y,x1) is implicitly defined by y, =
S(z1,S(y,x1),y1) then the assumption X7'Y*¥ A £ 0 for some (j', k), j/ < j,
k' < k implies that 0 [9% A(z1, &(y, 1), y1)] # 0, for some (§', k'), j' < j, k' < k.
Thus for fixed y the set of all z; for which |97 [0 A(z1,S(y, z1),51)]| < 27™ has
Lebesgue measure < 27/ 7’ < 27™/3. The two sublevel set estimates together with
(3.10) and straightforward applications of Hélder’s inequality yield (3.8), see [67].

We now turn to the harder L? estimate (3.9). We sketch the ideas of the proof
(see [66] and also [67] for some corrections).

Firstly, if 2% < X we consider as above the oscillatory integral operator T,
given by

(3.11) Thio9(x) = /GMT(S(I’yl)*yz)n(ylaT)x(2l°|A(way1)|)g(y1,T)deyl

with compactly supported 7; it suffices to show that
(3.12) ”T)\,ZOHL2HL2 < Ca2l°(1+€)/2)\_1.

If |A(z,y1)] < A~! we modify our definition by localizing to this set. We note
that it suffices to estimate the operator xq'F[xqf] where @ and Q' are squares
of sidelength 27%¢/10 since summing over all relevant pairs of squares will only
introduce an error O(24%/10) in the final estimate.

If we tried to use the standard 77" argument we would have to have good
lower bounds for Sy, (w,y1) — Sy, (z,y1) in the situation where S(w,y1) — S(z,y1)
is small, but the appropriate lower bounds fail to hold if the rotational curvature
is too small. Thus it is necessary to work with finer decompositions. Solve the
equation S(w,y1) — S(x,y1) = 0 by wy = u(w1, z,y1) and expand

(3.13) Sy, (w,y1) — Sy, (z,51) =
Sy, (w1, u(wr, x,y1),y1) — Sy, (z,91) + O(S(w,y1) — S(w,91))

and

(3.14)
M

Syl(wluu(w17x7y1)7yl) - Syl(x7yl) = Z%(%yl)(wl - xl)j-‘rl + 0(2_l0€/M)
7=0
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where M > 100/¢. In particular

A(Ia yl) .

r-)/o(x’yl) = Sylzl(z,yl) =+ Uy (Il,z,yl)syl,zQ(I;yl) = —S ((E yl)’
2 bl

thus |yo(z,v1)| &~ 27", For the coefficient v;(z, 1) we have

vi(,y1) = S5, VIA(z, 1) + Zak(% y)V* (2, y1) Az, y1)
k<j

where the ay, are smooth and V' is the (1,0) vector field 0y, — Sy, /Sz,05,. We intro-

duce an additional localization in terms the size of +;(x,y1). For [= (loy -y ln)s
with I; <l for j =1,..., M define

M
)\lg // WATS(z,y1) I Y1 H 21 |"YJ T y1)|) (y1, )dyldT

which describes a localization to the sets where |v;(z,v1)] &~ 27%. A modification
of the definition is required if |7y, < 27" for some j € {1,..., M}.

Since we consider at most O((1 + Ip)™) = O(25%) such operators it suffices to
bound any individual T)\ i» and the main estimate is

3.4. Proposition.
”T,\ f||L2ﬁL2 < 06210(1+5)/2)\,1/2.

In what follows we fix A and I and set
T = T/\7 P

The proof of the asserted L? bound for 7 relies on an orthogonality argument based
on the following result (a rudimentary version of the orthogonality argument in the
case of two-sided fold singularities is already in [56]).

Lemma. For [ = (lo,...,ln), with 0 < I; < ly for 1 < j < M, let Pp(l) be
the class of polynomials Eij\io a;ht with 275472 < |a;| < 275F2 if I; < 1y and
la;| < 270+2 if I, = ly. Then there is a constant C = C(M) and numbers vs, s,
s=1,...,10M so that
(i)
0<m Spu Sva<pe <---<wvy <pm <1:i=vyqg,
(it)

v; < pp < Cu;.

(iii)

N
‘ E CLihZ
i=1

Note that while p; and v; are close there may be ‘large’ gaps between p; and
v; 41 for which the favorable lower bound (iii) holds. The elementary but somewhat

> O~ max{jay|lhf; = 1. MY if hoe [0, 1\ (v, o).
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lengthy proof of the Lemma based on induction is in [66]. A shorter and more
elegant proof (of a closely related inequality) based on a compactness argument is
due to Rychkov [64].

In order to descibe the orthogonality argument we need some terminology. Let
I be a subinterval of [0, 1]. We say that ( is a normalized cutoff function associated
to I if 8 is supported in I and |3V (t)| < |I|~7, for j = 1,...,5 and denote by
A(I) the set of all normalized cutoff functions associated to I.

Fix I and § in 2(I); then we define another localization of 7 = T\ by

(3.15) T[Alg(x) = Blx1)T g(z).
It follows quickly from the definition and the property vy < us < Cvg that

(3.16) sup _sup || T(B)]| < sup sup [[T(5]].

T Beud) |I|£ BEA()
[T1=ps Vs

This is because for any interval I of length ps a function g € Ql(f ) can be written
as a sum of a bounded number of functions associated to subintervals of length v;.
We have to prove that also

(3.17) sup sup HT[B]H < sup osup ||TA)]] + 2lo(3 o)\~ 1,
T pex) III*I BeAI)
|I|:1/s =Hs—1
and
(3.18) sup sup ||T8]]| < 2lo(z3+e) \~1,
peA(I)
|1|7 1/8

By te above remark (3.17) is only obvious if This is obvious if ps—1 & vs. Thus

let us assume that pe_q < 27190My and fix 8 € A(D), || = ps_1.
One uses the Cotlar-Stein Lemma in the form

(3.19)

[Zals] 2 swiaan] [ 3 swianaar-] "

n=—oo

for a (finite) sum of operators }_; A; on a Hilbert space. (See [73, ch. VIL.2]; as
pointed out in [7] and elsewhere, the version (3.19) follows by a slight modification
of the standard proof).

Now if J is an interval of length vs/8 and 3e 2A(J) then we split 3= >0 Bn
where for a fixed absolute constant C' the function C~1(,, belongs to 2(I,,) and the
I,, are intervals of length ps_1; I, and I,/ are disjoint if [n — n’| > 3 and the sum
extends over no more than O(v,/us_1) terms and thus over no more than O(2')
terms.

Now let |I,| = | I | & ps—1 and dist(l,,, I,y) = |[n—n’||I] and assume [n—n’||I] <
vs/8. Let By, Bns be normalized cutoff functions associated to I,, I,,. Then

(3.20) ITIBJ TBul =0 iffn—n/|>3
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by the disjointness of the intervals I,, I)). The crucial estimate is
(3.21)

IT[BT ] | S In— /| 120 0HON2 i — /| >3, o — /| < —

8,“571 '

(3.20/21) allows us to apply (3.19) with § = 0 (the standard version does not
apply, as is erroneously quoted in [66]). This yields the bound

2o
IT(B]| < Ce[sup | T(Bu]l| + 20 F2A71 S "]

n=3

and thus (3.17).
To see (3.21) one examines the kernel K of 7[8,]7[3,/]* which is given by

(3.22) K(z,w) = Bn(x1)Bn (wl)/e‘”‘T(S(wxyl)—S(w’yl))b(a:,w,yl,r)dyldT

and by definition of us_1, vs, I, I,y and the above Lemma we have

(3.23) |Sus (2,91) = Sy (w,1)] 2 27" Jer = y1] = O(S(z, 1) — S(w, 1))

To analyze the kernel K and prove (3.21) by Schur’s test one integrates by parts
once in y; and then many times in 7, for the somewhat lengthy details see [66],
[67]. Analogous arguments also apply to the estimation of T[5]7[8]* when S is
associated to an interval of length < v, this gives (3.18).

Remarks.

3.5.1. Phong and Stein, in the remarkable paper [58], proved sharp L? decay
estimates for oscillatory integral operators with kernel e”‘s(w’y)x(x, y) in one dimen-
sions, where s is real analytic. From their result and standard arguments one gets an
improved result for the generalized Radon transform in the special semi-translation
invariant case where the curves in R? are given by

(3.24) Y2 = z2 + s(z1,51).

Namely, if Rf(z) = [ f(y1, 22 + s(x1,91))Xx (2, y1)dy: then the endpoint L? — L2
estimate in Theorem 3.1 holds true. An only slightly weaker result for the case
s € C™ has been obtained by Rychkov [64]. For related work see also some recent
papers by Greenblatt [23], [24].

3.5.2. It is not known exactly which endpoint bounds hold in the general case
of Theorem 3.3. As an easy case the LP — Lf/p estimate holds if p > n and a
type (0,n — 2) condition is satisfied (in the terminology of Theorem 3.3). A similar
statement for 1 < p < n/(n—1) is obtained for type (n—2,0) conditions by passing
to the adjoint operator.

The interpolation idea (3.8-9) is not limited to conormal operators. Using vari-
ants of this method, sharp LP estimates for Fourier integral operators in the non-
degenerate case ([68]) were extended to certain classes with one- or two-sided fold
singularities ([70], [16]). For other L? Sobolev endpoint bounds in special cases see
[74], [66], [57], [80].
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3.5.3. Some endpoint inequalities in Theorem 3.3 fail: M. Christ [9] showed
that the convolution with a compactly supported density on (¢,¢™) fails to map
L™ — L7, The best possible substitute is an L2 — L7, estimate in [69]; here
L™? is the Lorentz space.

3.5.4. Interpolation of the bounds in Theorem 3.3 with trivial L' — L® bounds
(with loss of one derivative) yields almost sharp LP — L7 bounds ([66], [67]).
Endpoint estimates for the case of two-sided finite type conditions are in [1]. For
endpoint LP? — LY estimates in the case (3.24), with real-analytic s, see [57], [79],
[42].

3.5.5. It would be desirable to obtain almost sharp L? versions such as Theorem
3.1 for more general oscillatory integral operators with a corank one assumption.
Sharp endpoint L? results where one projection is a Whitney fold (type 1) and the
other projection satisfies a finite type condition are due to Comech [15].

3.5.6. Interesting bounds for the semi-translation invariant case (3.24) where
only lower bounds on sz, (or higher derivatives) are assumed were obtained by
Carbery, Christ and Wright [6]. Related is the work by Phong, Stein and Sturm
([60], [62], [61]), with important contributions concerning the stability of estimates.

4. Operators with one-sided finite type conditions

We now discuss operators of the form (1.1) and assume that one of the projec-
tions, 7y, is of type < r but make no assumption on the other projection, mz. The
role of the projections can be interchanged by passing to the adjoint operator.

4.1.Theorem [25],[26],[28]. Suppose 7y, is of corank < 1 and type < r, and suppose
that det dr, vanishes simply. If r € {1,2,3} then

(4.1) Tl p2mpe < A(@1/2-1/(2r+2)

It is conjectured that this bound also holds for » > 3. The estimate (4.1) is
sharp in cases where the other projection exhibits maximal degeneracy. In fact if
7y, is a fold and 7R is a blowdown then more information is available such as a
rather precise description of the kernel of Th\TY, cf. Greenleaf and Uhlmann [32],
[33]. Applications include the restricted X-ray transform in three dimensions for
the case where the line complexes are admissible in the sense of Gelfand ([21], [30],
[34]); for an early construction and application of a Fourier integral operator with
this structure see also [43].

In the discussion that follows we shall replace the assumption that det dm van-
ishes simply (i.e., V. det 7, # 0) by the more restrictive assumption

(4.2) V. det 7y, # 0.

In the case r = 1 this is automatically satisfied, and it is shown in [26], [28] that in
the cases r = 2 and r = 3 one can apply canonical transformations to reduce matters
to this situation. For the oscillatory integral operators coming from the restricted
X-ray transform for well-curved line complexes, the condition (4.2) is certainly
satisfied. We shall show that for general r the estimate (4.1) is a consequence of
sharp estimates for oscillatory integral operators satisfying two-sided finite type
conditions of order r — 1, in d — 1 dimensions. The argument is closely related to
Strichartz estimates and can also be used to derive L? — L9 estimates (an early
version can be found in Oberlin [48]).
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We shall now outline this argument. After initial changes of variables in z and
z separately we may assume that

Dy (07 Z) =141, (I)I’Zd (07 Z) =0,

4.3.1
( ) (I)m/z/(I,O) :Idfla (I)zdz/(I,O) = Oa

moreover by our assumption on the type we may assume that

(4.3.2) q)mdzg+1 (0,0) #0

and that (I)mdzj (x,2) is small for j < r. We may assume that the amplitudes are
d

supported where |z| + |z]| < g9 < 1.
We form the operator T)\Ty and write

(4.4) T\T} f(a'za) = / KoV (£ (- ya) (o )y

where the kernel of K*4¥4 is given by

K Tdya (IE/, y/) _ /eu[@(w/vmd’z)_q}(y/7yd’z)]O'(:E, Z)O’(y, z)dz

We split K%a¥¢ = H¥aVd 4 R%aYd where H%4Y4(x' y') vanishes when |z —yq| < A1
and when |2/ — ¢'| 2 e|xg — yal, for some € with g9 < & < 1.
Notice that by (4.3.1)

(I)m/(‘rlv Ld, Z) — Dy (ylv Ya, Z) =a' - y/ + O(€0|Id - yd|)
and by an integration by parts argument we get
[R¥4 (2!, )| < On(1+ N2' —y/ )7

for any N, in the relevant range |2’ — 3’| 2 ¢|zq — ya|. Thus the corresponding
operator R¥%¢ is bounded on L?(R?~!) and satisfies

(4.5) IRT4¥4 12 pz < CNA™ (L + Nzg — yal) ¥,

for any N. For the main contribution H*4%¢ we are aiming for the estimate

(4.6) 1|2 pe S AT g — gl 7T

From (4.4), (4.5), (4.6) and the L?(R) boundedness of the operator with kernel

|zq — ya| /X1 1(za — ya) the bound (4.1) follows in a straightforward way.
Now observe that the operator H*4¥¢ is local on cubes of diameter ~ |xq — y4|

and we can use a trivial orthogonality argument to put the localizations to cubes

together. For a single cube we may then apply a rescaling argument. Specifically,

let ¢ € R? and define

flfdyd (u,v) = H*¥4(c+ ulzg — ya|, ¢ + v|zq — yal)-
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Then for the corresponding operators we have

(4.7) [HZa 2 pe S g — yal ™ sup [[HE4Y4]| 2 2.
C

Note that ﬁgdw does not vanish only for small ¢. A calculation shows that the
kernel of HZ4¥4 is given by an oscillatory integral

(4.8) /ezu\l/i(u,v,z;c,a,yd)b(%U7Z;C, xdayd)dz; a = |=Td _yd|7 = )\|xd _ydl7

with small parameters ¢, « = |4 — Y4, ya, and the phase function is given by
\I]i(ua v, 254, Yd, C) = <u — v, @y (07 Z)> + (I)Id(ov Z) + pi(uv U, 25, Yd,s C).

Here the choice of U is taken if x4 > y4 and ¥~ is taken if x4 < yq4; for the error
we have pt = O(a(|ya| + ¢)) in the C*° topology. Observe in particular that for
a = 0 we get essentially the localization of a translation invariant operator.

We now examine the canonical relation associated to the oscillatory integral,
when o = 0. In view of (4.3.1) the critical set {V,¥* = 0} for the phase function
at @ = 0 is given by {(u,v,2) : v = u+ g(z), P,,.,(0,z) = 0} for suitable g(z); in
view of (4.2) this defines a smooth manifold. Consequently the canonical relation

Cot| ={u, U5 0, : VT =0}
a=0
is a smooth manifold. By (4.2) we may assume (after performing a rotation) that
Dy ,z420 7 0 and then solve the equation ®,,.,(0, z) = 0 near the origin in terms of
a function z; = 21(2”, z4). The projection 7, is given by

(u, 2", 2q) — (u, @ (0, zf (2", 24), 2", 24)

and 0/0zq is a kernel field for 7. Implicit differentiation reveals that 8§dzfc —
(I)z_dlzdzl@1dzg+l belongs to the ideal generated by (I)mdzfl’ 7 < k and thus, by our
assumption (4.3.2) we see that mp is of type < r — 1. The same holds true for
TR, by symmetry considerations. Although we have verified these conditions for
a = 0 they remain true for small a since Morin singularities are stable under small
perturbations.

We now discuss estimates for the oscillatory integral operator Sljf whose kernel is
given by (4.8) (we suppress the dependence on ¢, @, y4.) The number of frequency
variables is N = d and thus we can expect the uniform bound

d—2 1 da

(4.9) I1SE e Spm = TR

for small o. Indeed, the case a = 0 of (4.9) is easy to verify; because of the
translation invariance we may apply Fourier transform arguments together with the
method of stationary phase and van der Corput’s lemma. Given (4.9) we obtain
from (4.7) and from (4.9) with u = A|zg — y4| that

[ 2o S fra = yal ™ DT AN g — |
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Of course the Fourier transform argument does not extend to the case where « is
merely small. However if » = 1 the estimate follows from (1.6) (with d replaced by
d—1 and N = d) since then Cy=+ is a local canonical graph. Similarly, if » = 2 then
the canonical relation Cg+ projects with two-sided fold singularities so that the
desired estimate follows from known estimates for this situation (see the pioneering
paper by Melrose and Taylor [44], and also [53], [19], [27]). For the case r = 3,
inequality (4.6) follows from a recent result by the authors [28] discussed in the
next section, plus the reduction outlined in §1.2. The case r > 4 is currently open.

Remarks.

4.2.1. The argument above can also be used to prove L? — L7 estimates (see
[48], [25], [26]). Assume r = 1 and thus assume that 7z, : C — T*Qp, projects with
Whitney folds. Then a stationary phase argument gives that
(4.10) I e S (14 Alza — yal) 7'/

and interpolation with (4.5-6) yields L9 — L7 estimates for K% and then L? —
L? bounds for Ty. The result [25] is

(4.11) IT5lp2pa S A9, 4 <qg<oo.

The estimate (4.10) may be improved under the presence of some curvature as-
sumption. Assume that the projection of the fold surface Si(7) to Qr is a submer-
sion, then for each x € Q, the projection of Si(7y) to the fibers is a hypersurface
Yz in TxQ. Suppose that for every x this hypersurface has [ nonvanishing princi-
pal curvatures (this assumption is reminiscent of the so-called cinematic curvature
hypothesis in [46]). Then (4.10) can be replaced by

K2V p1 oo S (1 + Azg — yal)~FH/2

and (4.11) holds true for a larger range of exponents, namely

2l1+4 <

l+1 =a4=00

(4.12) ||T)\HL2~>LQ 5 /\_d/q,

The version of this estimate for Fourier integral operators [25], with [ = 1, yields
Oberlin’s sharp LP — L9 estimates [48] for the averaging operator (2.7) in three
dimension (assuming that I" is nondegenerate), as well as variable coefficient pertur-
bations. It also yields sharp results for certain convolution operators associated to
curves on the Heisenberg group ([65], see §7.3 below) and for estimates for restricted
X-ray transforms associated to well curved line complexes in R? ([25]).

In dimensions d > 3 the method yields L? — L bounds ([26]) which should be
considered as partial results, since in most interesting cases the endpoint LP — L9
estimates do not involve the exponent 2.

4.2.2. The analogy with the cinematic curvature hypothesis has been exploited
by Oberlin, Smith and Sogge [52] to prove nontrivial L* — L% estimates for transla-
tion invariant operators associated to nondegenerate curves in R3. Here it is crucial
to apply a square function estimate due to Bourgain [3] that he used in proving
bounds for cone multipliers. The article [51] contains an interesting counterexample

for the failure of L? — L¥ Jp—c estimates when p < 4.
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4.2.3. Techniques of oscillatory integrals have been used by Oberlin [49] to
obtain essentially sharp L? — L7 estimates for the operator (2.7) in four dimen-
sion, see also [29] for a related argument for the restricted X-ray transform in four
dimensions, in the rigid case (2.8).

4.2.4. More recently, a powerful combinatorial method was developed by Christ
[10] who proved essentially sharp L? — L7 estimates for the translation invariant
model operator (2.7) in all dimensions (for nondegenerate I'). LP — L2 bounds
for the X-ray transform in higher dimensions, in the model case (2.8), have been
obtained by Burak-Erdogan and Christ ([4], [5]); these papers contain even stronger
mixed norm estimates. Christ’s combinatorial method has been further developed
by Tao and Wright [75] who obtained almost sharp L? — L7 estimates for variable
coefficient analogues.

5. Two-sided type two singularities

We consider again the operator (1.1) and discuss the proof of the following result
mentioned in the last section.

5.1. Theorem [28]. Suppose that both wy, and wg are of type < 2. Then for A > 1
T\ L2z = O(A~(@=1)/271/4y,

A slightly weaker version of this result is due to Comech and Cuccagna [17] who
obtained the bound ||T?|| < CcA™(d=1)/271/4%¢ for ¢ > 0.

The proof of the endpoint estimate is based on various localizations and almost
orthogonality arguments. As in §2 we start with localizing the determinant of dr,/r
and its derivatives with respect to a kernel vector field. The form (5.2) below of
this first decomposition can already be found in [15], [17].

We assume that the amplitude is supported near the origin and assume that
(4.3.1) holds. Let ®** = &_ !, ®*'* = ®_L,; then kernel vector fields for the
projections 7y, are given by

VR - aacd - (I)zdz’q)z,x,ax/v

(5.1) .
Vi = azd - q)zdw’q)m N 62’7
respectively. Also let h(z,z) = det ®,. and by the type two assumption we can
assume that |V7h|, [VZh| are bounded below. Emphasizing the amplitude in (1.1)
we write Ty [o] for the operator Ty and will introduce various decompositions of the
amplitude.

Let Bp € C*°(R) be an even function supported in (—1,1), and equal to one in
(—1/2,1/2) and for j > 1 let B;(s) = Bo(277s) — Bo(277T1s). Denote by ¢ that is
the largest integer £ so that 2¢ < \1/2 (we assume that ) is large). Define

o1z, 2) =0z, 2)0 (2lh(:1c, 2))5; (QZ/QVRh(x, 2)) Bk (2l/2VLh($, 2))

(5'2) U?-,k,lo (CL‘, Z) = 0’(.%‘, 2)50(260h(x7 Z))ﬁj(2€0/2VRh(x7 Z))ﬁk@fo/?VLh(x’ Z))v

thus if j,k > 0 then |h| ~ 27!, |Vph| ~ 2571/2 |Vgh| ~ 27-1/2 on the support of
Uj,k,l-
It is not hard to see that the estimate of Theorem 5.1 follows from
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5.2. Proposition. We have the following bounds:
(i) For 0 <1< £y = [logy (V)]

(5-3) I Ta[oj k)l 22 re S ATE@D/2min {21/2)71/2, 0= (Hi+R/23
(it)
(5.4) ITa[09 s o)l L2z S AT D271/ 4=GHR/2,

We shall only discuss (5.3) as (5.4) is proved similarly. In what follows 7, k,{ will
be fixed and we shall discuss the main case where 0 < k < j <1[/2, 2l < A\Y/2 Asin
the argument in §2 standard T*7T arguments do not work and further localizations
and almost orthogonality arguments are needed. These are less straightforward
in the higher dimensional situation considered here, and the amplitudes will be
localized to nonisotropic boxes of various sides depending on the geometry of the
kernel vector fields.

For P = (2,2°) € Q1 x Qg let ap = (— &% (P)®.,,(P),1) and bp =
(=@ % (P)®,.,(P),1) so that Vg = (ap,d,), Vi = (bp,d.). Let 72, m- be the
orthogonal projections to the orthogonal complement of Rap in T,,0€2;, and Rbp in
T,0QR, respectively. Suppose 0 <1 <7 < 1 and 0 < §; < dy < 1 and let

Bp(71,72,01,02)

denote the box of all (z,2) for which |y, (z — 2°)] < v, [(x — 2% ap)| < 72,
M, (2 — 29)] < 01, [(z — 2%, bp)| < 82. We always assume

(5.5) 71 < v2, 61 < 0o

We say that x € C§° is a normalized cutoff function associated to Bp(vy1,72,01,02)
if it is supported in Bp (71,72, 01, 02) and satisfies the (natural) estimates

|(Wj—v1)mL (a, Vi)™* (Wg_VZ)mR (0, V)" Ex(, 2)| < yq My MR G,

whenever my, +nyp < 10d, mg +ng < 10d.

We denote by 2Ap(71, 72,01, d2) the class of all normalized cutoff functions asso-
ciated to Bp(y1,72, 01, 02).

Suppose that (y1,72,01,02) = (€274, e27771/2 271 £2-F=1/2) Tt turns out that
h = det ®,, changes only by O(¢27!) in the box Bp(71,72,01,d2) but is in size
comparable to 27!, This enables one to apply a TT* argument and one obtains
the correct bound O(2Y/2A~4/2) for the operator norm of Ty[yo] assuming that
X € Ap(v1, 72,01, 02) for some fixed P. This step had already been carried out by
Comech and Cuccagna [17]. Let

Ap(71,72,61,82) :=sup { || Ta[xoje]|| : x € Ap(71,72,01,82) }
then, for 2! < \1/2

(5.6) sup Ap(271, 279712 97l 9=k=l/2y < 9l/2\=d/2,
P
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If one uses that |Vrh| ~ 27712 |V h| ~ 2¥=1/2 one also gets
(57) sup AP(2_l, 2—j—l/2, 2—l, 2—]€—l/2) < 2—(l+j+k)/2)\—(d—l)/2'
P
Initially one obtains these estimates for boxes of size (52_l, £27I71/2 g9l 52_’“_1/2)

but the e may be removed since we can decompose any Bp(7y1,72,d1,02) into no
more than O(e~24) boxes of dimensions (71, &72,€d1,d2). From this one deduces

(5.8) Ap(71,72,01,62) < Ce Sgp Aq(ev1, 72,601, €02).

In order to put the localized pieces together we need some orthogonality argu-
ments. For the sharp result we need to prove various inequalities of the form

(59) Sll];p Ap (Vl,largea V2,large> 61,1argea 52,large)

5 sup -AQ ("Yl,small; 72,sma11; 51,sma117 52,small) + E(.]7 k; l)
Q

where the error term satisfies
(5.10) E(, k1) < A~@-D/2 minfol/2\—1 9~ (+i+k)/2y

or a better estimate.
In the argument it is crucial that we assume

sme 6 sme
(511) . Y1,small 1,small

mln{ 'S } 2, max{’}?,largea 52,1arge}
Y2,small 2,small

since from (5.11) one can see that the orientation of small boxes Bg(Vsmall, Osmall)
does not significantly change if @) varies in the large box Bp(Viarge; Olarge)-

5.3 Proposition. Let k < j < l/2,2l < N2, There ise > 0 (chosen indepen-
dently of k, j,1,\) so that the inequality (5.9) holds with the choices of

(1)

(WIargea 5large) = (52j+k_lu 52k_l/27 52j+k_lu 52k_l/2)

5.12 _
( ) (F)/Smalh 55111311) = (27l7 27]7”27 27l; 27k7l/2)5
(i)
5.13 (Marge, Slarge) = (€2771/2,£2771/2 gok=1l/2 gok=1/2)
( . ) ('Ysmalla 6small) — (2j+k*l, 2k7l/2, 2j+k,l, 2k7l/2),
(i)
(5 14) ('YIargm(Slargc) = (E,E,E,E)

('Ysmall; 5small) - (2jil/27 2jil/27 2kil/27 2kil/2)-
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A combination of these estimates (with 5.8) yields the desired bound (5.3); here
the outline of the argument is similar to the one given in §3. For each instance we
are given a cutoff function ¢ € Ap(Viarge, diarge) and we decompose

¢= Z Cxz

(X,2)ezdxzd

where the (xz is, up to a constant, a normalized cutoff function associated to
a box of dimensions (Ysmall, Osman); the various boxes have bounded overlap, and
comparable orientation. More precisely if (P, Q) is a reference point in the big
box Bp(Varge; Olarge) then each of the small boxes is comparable to a box defined
by the conditions |75, (z — 2x)| < 1, [(z — zx,ap)| < 72, |7y, (2 — 22)| < 41,
|<Z —Z2z, bp>| S 52.

If T'x 7 denotes the operator Th[(xz0; k] then in each case we have to show that
for large N

1T\ [Cxz ) (TA[Cx 2 )" 2~ pe + (TN [Cx 2]) " Ta[Cx 2] |2 2
SN min{2IA T2 27 R (X - X 12 - Z)N

X -X'N+1Z-Z>1.

For the estimation in the case (5.12) it is crucial that in any fixed large box
Vi h does not change by more than 0(52’“_[/2) and thus is comparable to 2F1/2
in the entire box; similarly Vzh is comparable to 27=!/2 in the entire box. For the
orthogonality we use that ®,/,/ is close to the identity. In the other extreme case
(5.14) Vgrh and V1 h change significantly in the direction of kernel fields and this can
be exploited in the orthogonality argument. (5.13) is an intermediate case. This
description is an oversimplification and we refer the reader to [28] for the detailed
discussion of each case.

6. Geometrical conditions on families of curves

We illustrate some of the results mentioned before by relating conditions in-
volving strong Morin singularities to various conditions on vector fields and their
commutators.

6.1. Left and right commutator conditions and strong Morin singulari-
ties. projections We first look at an incidence relation M with canonical relation
C = N*M as in (1.12) and assume ¢ = d — 1 so that dimM = d+ 1. As in §3
[67], we have two distinguished classes of vector fields on M, namely vector fields
of type (1, 0) which are also tangent to M N (2, x 0) and vector fields of type (0,1)
which are tangent to M N ({0} x Qg). Note that for each point P the corresponding
distinguished tangent spaces T},’OM and Tg’lM are one-dimensional. If ® is the
R?~1_valued defining function for M = {®(z,y) = 0} then a nonvanishing (1,0)
vector field X and a nonvanishing (0, 1) vector field Y are given by

d

d
9] 9]
1 X = i — Y= b —
(6 ) jzzlaj(xvy) 8:10]’ ; k(xvy) ayk

where (—1)77!a;(z,y) is the determinant of the (d — 1) x (d — 1) matrix obtained
from the (d — 1) x d matrix ®/, by omitting the j** column, and (—1)*~1b,(z,y) is
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the determinant of the (d — 1) x (d — 1) matrix obtained from ®; by omitting the
4t column.

The canonical relation N* M’ in (1.12) can be identified with a subbundle 7%+ M
of T* M whose fiber at P € M is the {-dimensional space of all linear functionals
in TpM which annihilate vectors in T},’O./\/l and vectors in Tg’l./\/l,

Ty M = (Tp° M e Tp' M)*.

Concretely, if 1 : M — Qp x Qg denotes the inclusion map and ¢* the pullback of ¢
(or restriction operator) acting on forms in 7*(X x ), then

Tt M ={(P,ib)\): (P,)\) eC}

Finite type conditions can be formulated in terms of iterated commutators of
(1,0) and (0, 1) vector fields ([67]). Here they are used to characterize the situation
of strong Morin singularities (c¢f. §2.4). Let 2° € Qp, let Mo = {y € Qr : (2°,y) €
M} and let

Ny, o =1y ({2} x T2 Q) = {(, ) 1y € Myo, A€ Ty M.

(z%y

Let 7y ., the restriction of mp to Mg 4, as a map to T, 2, then 7y has strong
Morin singularities if for fixed 29 the map 7, , has Morin singularities.

Similarly, if 0 € Qp, let MY = {z € Qp : (2,4°) € M} then the adjoint
operator R* is an integral operator along the curves M¥; now we define Mg o0 as
the set of all (z,\) where x € Mo, A € T*’LO)M, and TR 4o @ Np o — T;OQR is

(zy
the restriction of the map 7g.

Proposition.
(a) Let 2° € Qp, and y° € Mo and let P = (2°,y°). The following statements
are equivalent.

(i) Near P, the only singularities of 7, zo are Sy, o singularities, for k < d—2.
(ii) The vectors (adY)™ X, m=1,...,d — 1 are linearly independent at P.

(b) Let 4° € Qr and 2° € MY and let P = (2°,1°). The following statements
are equivalent.
i) Near P, the only singularities of mr 0 are Sy, o singularities, for k < d—2.
Y s
(ii) The vectors (adX)™Y, m=1,...,d — 1 are linearly independent at P.

It suffices to verify statement (a). There are coordinate systems z = (z’,z4)

near z°, vanishing at 2° and y = (3, ya) near y°, vanishing at y° so that near P

the manifold M is given by y' = S(z, y4) with
S(x,ya) = 2’ + xag(ya) + O(|z|*)

where g(0) = 0.
In these coordinates we compute the vector fields X and Y in (6.1) and find

(_1)d71aJ:gj(yd)+O(|x|)7 jzla"'vd_la
(1) "aa = 14 O(|z)),
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and 5
by = 2g=2 + O(|2' )2 + |/ ||zal),  j=1,....d—1,
Y
bg = 1.
By induction one verifies that for m =1,2,...
oS 0
d—1 m _ m m
(=D HadY)"X = Zuj e +ij o
j=1 Jj=1
where om
m_ 9Gj o
Uj —W—FO(LID, j—l,...,d—l,
vy = O(|z)
and 5
m mgj .
wlit = — + O(|z]), i=1,...,d—1,
P ==t + 0l
wg' = O(|z])

Consequently we see that the linear independence of the vector fields (adY)™ X at
P is equivalent with the linear independence of 0™g;/(9y]") at yq = 0.
Next, the map 7y, 50 : Ny, ;o — T is in the above coordinates given by

d—1
(ydu T) =T Sw(oayd) = (Tlu vy Td—1, ZTlgl(yd))
i=1

and from (2.3-5) we see that the statement (i) is also equivalent with the linear
independence of the vectors 0" g;/(9y') at ya = 0.
This proves the proposition.

6.2. Families of curves defined by exponentials of vector fields. Let now
{7#(-) }+er be a one-parameter family of diffeomorphisms of R"” which we can also
consider as a family of parametrized curves,

t— v () = y(x,t).

We shall assume that x varies in an open set {2, the open parameter interval [ is
a small neighborhood of 0 and that v = Id and ¥ # 0, where 4 denotes %(%).
Thus for each z, t — ~(z,t) defines a regular curve passing through x. As in the
article by Christ, Nagel, Stein and Wainger [11], we may write such a family as

N
(6.2) () = y(z,t) = exp(>_#'X;)(z) mod OF"T1)
i=1
for some vector fields X;, Xo, ..., and N € N. The generalized Radon transform is

now defined by

Rﬂmz/EW@QM@w
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and incidence relation M is given by
(6.3) M ={(z,v(z,t)) : x € R",t € R} C R" x R".

Besides using the projections 7y, and 7g, there are other ways of describing what
it means for the family {y:(-)} to be maximally nondegenerate, in either a one- or
two-sided fashion. One is given in terms the structure of the pullback map with re-
spect to the diffeomorphisms v;(+), and another is given by the linear independence
of certain linear combinations of the vector fields X; and their iterated commuta-
tors. We formulate the conditions on the right, with the analogous conditions on
the left being easily obtained by symmetry.

6.3. Strong Morin singularities and pull-back conditions. We are working
with (6.2) and formulate the pullback condition (P)g. Form the curve

(64) FR(xvt) = j (’Yert o F)/t_l(x))‘s:o’

ds
so that Tp(z,-) : R — T,R™. Let T (,t) = (8/0t)*T r(x,t) for v =0,1,...
Definition. The family of curves {y(z, ) }.cq satisfies condition (P)g at « if the
vectors I‘%’) (x,0), v=0,...,n — 1 are linearly independent.

Let M be the incidence relation for our averaging operator.

Proposition. Let ¢y = (x0,&0,20,Mm0) € N*M’. Then condition (P)g is satisfied
at xo if and only if mr has only S£70 singularities at ¢, with k < d — 2.

To see this, note that M C R™ x R™ is the image of the immersion (z,t) —
(x,v(x,t)). Thus (z,&y,n) belongs to N* M’ if and only if y = ~(x,t) for some
t € R and (D®(, )" (&, —n) = (0,0) € T(*E_’t)R"‘H. This yields

N*M' = {(z, (Do) ()i (1), 1) - & € R" ¢ € R,y - H(z, 1) = 0.

For each fixed t, let y = (), so that x = 4; *(y) and 4 (x) = (v *(y)) =
L (yyqs 0 v Y(y)) = Tr(y,t). We thus have a parametrization of the canonical
relation,

65)  N'M = {0 W), (D) (niy.m) sy € Rt € Ron L Ta(y, 1) },

which is favorable for analyzing the projection mg. Indeed the equivalence of (P)g
with the strong cusp condition follows immediately from the Lemma in §2.4.

6.4. Pullback and commutator conditions. The bracket condition (B)r for
families of curves (6.2) states the linear independence of vector fields X;, i =1,...,n
where X1 = X1, Xo =Xs and for k=2,...,n

k—1
(66) Xy = Xg + Z Z a],k[X’il’[Xi2)"')[Xim—17Xim]"']

m=2T=(i1,...,im)
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with universal coefficients ayj; which can be computed from the coefficients of

the Campbell-Hausdorff formula ([40,Ch.V.5], see also the exposition in [11]). In
particular

X=X, X=Xy,

PN 1
X3 =X3— E[X17X2]

ES 1 1
(6.7) X4=X4—Z[X17X3]+Q[X1,[X1,X2]]
ES 3 1
X5 = X5 — E[Xlale] - E[Xz,Xs] 15[X17 (X1, X3]]
1
+ %[Xm (X1, Xo]] — 120 — [ X1, [ X1, [ X1, X))

See [56], [26] for the computation of the vector fields X3, X, and their relevance
for folds and cusps.

Assuming (P)g we shall now show that (B)g holds and how one can determine
the coefficients in (6.6). By Taylor’s theorem in the s variable

(68) Vs+t O’Y;l = eXp(¢(t,X1,. "7X’n.;' --)+51/’(t7X17-- 'aXnv" )+O(82))5

and then, by an application of the Campbell-Hausdorff formula (essentially [26, Eq.
(6.4)]), we can rewrite this as

exp (0(52)) oexp (gb + 51/))
From this it follows that
FR(JJ,t) = ’lﬁ(t,Xl,...,Xn,...)

and thus condition (P)g becomes the linear independence of 1,7/, ...,("~ 1. We

will work modulo O(s?) 4+ O(st"™!) and so can assume that there are only n vector
fields, X1, ..., X,. Compute

n

Yoit 0 " :exp(Z(s—i—t ) o exp(— Zt X)
i=1

=exp(( ZtX —l—sZth 1X + O(s?)) oexp(— th

n

:exp(Z(t +is)t 1 X;) o exp(— Z t'X;) mod O(s?)

i=1 i=1
—exp(B) o cap(A)

with A= =" t'X; and B =Y. (t +is)t" ' X;. Now, the explicit Campbell-
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Hausdorff formula (see [40]) can be written as
exp(B) o exp(A)
1 o0
- exp(A +B+5[A, B+ crad(Ci, )...ad(Ci,.)(C; ))
m=3I=(iy,..., im)
(6.9)

- exp(A +B+ %[A, B+Y Y &ad(Cy)..ad(C, )4, B]))

M=3 J=(j1.-dm—2)

where C7, = A,Cy = B and

CJ = C(J1,2) — C(J,2,1)-
The first few terms are given by

1 1 1

A+ B+-[A,B]|+ —[A,[A,B]] - —|B,[A,B
+ B[4 B+ 4,14, B] - (B, [4, B]
1 1
1 — —|[A,[B,]A, B]]]| - —[B,[A,[A,B]]]....

(6.10) (A (B4, B = (B, 14,14, B])

For notational convenience, we let the sum start at m = 2 instead of m = 3
and set ¢g = 1/2, and for the higher coefficients we get ¢y = —¢2) = 1/12 and
€(1,2) = C2,1) = —1/48. These are enough to calculate the coefficients in (B)g in

dimensions less than or equal to five which is the situation corresponding to at most
51110 (strong swallowtail) singularities.

Returning to (P)g, since we have C; = A,Cy = B, we can use the Kronecker
delta notation to write C; = (=1)7 31" | (t + §;2is)t" 1 X;. Now

Yorrov; b= exp (A +B+Y Y éad(Cy).ad(C, L) (4, B])) +0(s%)
which modulo O(s?) is equal to
exp(— Z t'X; + Z(ti +ist 1) X
i=1 i=1

_ Z Z &yad((—1)" Z(t+5j12ils)ti1*1Xi ).

m=2 J=(j1,..., Jm—2) i1
e{1,2)m—2
ad((=1)7"2 Y (t+ 65, _p2im-28)t' 271X, )
7;77172

n n

(X X Y st TG, ]) ),

im—1=1 i =1
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which, again modulo O(s?), is equal to

exp(0(t, X1, ., Xn) + [Z iti1x; — Z Z (—)ZE 0,

6{1 z}m 2

Z Z —im71)~ad(Xi1)-.,,

»»»»» T —1<tm

, ad(Xl.m%)([XiMA,Xim])t*hrzyil u} )

From this we obtain

Tr(z,t) = Zztz X, — Z Z (—1)Zi7 78 ,) x

€{1 2}m 2

Z Z _im—l) ad(X“) e

csim—2 Im—1<im

cad (X, ) ([Xin s Xo )t 120 0
=> it !X,
=1

Since the ;s are known (cf. [40,Ch.V.5], [77]) this allows one to compute the X;’s
and this shows that the condition (P)g is equivalent with a bracket condition (B)g
for some coeflicients ar j.

To illustrate this, we restrict to n < 5 to get a manageable expression we work
mod O(t?) and use (6.10); the expression for I'g(z,t) becomes then

it~ L ) ) i1+4in—
Zzt lXi_E.Z (i — i1)[ X4, , Xyt 271
‘ 11 <12
. ) ; i1 4iotiz—
+EZ; (i3 — i) - [ X4y, [Xuy, X ]t T210 1
11 22<13

: ) ) i1 Fioizia—
__42 Z(24_13)'[Xi15[Xi2,[X13,X )i HizFistia=1

11,12 i3 <i4
which becomes

X1+ 2tXo + 32 X5 + 43X, + 5t* X5

1 1

- §[X1,X2]t2 — [X1, X]t® - g[Xl,X4]t4 - §[X27X3]t4
1 1 1

+ 51X (X, Xl 4 2K, (X, XJt! + 5[, (X0, Xt
1

24[X17 (X1, [X1, Xo]|Jt*

=X, +2Xy + 32 X5 + 43X, + 511X

where the X; are given in (6.7). Thus condition (B)g in dimension n < 5 is the
linear independence of the X; for 0 <¢<n —1.
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6.5. Curves on some nilpotent groups.
Let G be an n dimensional nilpotent Lie group with Lie algebra g. Let v : R — G
be a smooth curve and define

Gr(t) = (DRy)) " (v (1)),

where DR, denotes the differential of right-translation by g € G. Note that Gg :
R — ToG = g defines a curve in the Lie algebra g.

Lemma. The pullback condition (P)g for the family of curves t — x-~y(t)~! is sat-

isfied if and only if the vectors Gr(t), GR(t),. .., Gg_l)(t) are linearly independent
everywhere.

To prove this, compute

Pa(e. 1) =0 (goge(e-4(0) Yo

=L (o (0) A5+ ) lamo

=—z-y(t) ) A () )
=—a-(t) (1)
=—z- (DR;(lt)(wl(t)) = —xz-Gg(t),
from which the equivalence is obvious.
The condition that Gg,... Gg_l) be linearly independent came up in work of

Secco [65], who proved under this condition the sharp L3/?2 — L? boundedness
result for the convolution operator

Rf(x) = / f () Y)x (bt

on the Heisenberg group H (thus n = 3). For the model family of cubics ~(t) =
(t,12,at3), one easily computes that Gr(t) = (1,2t, (3 + £)t?), so that her condi-
tion is satisfied if and only if @ # —%.

We further illustrate the Lemma above by analyzing a two-parameter family of
quartics on a four-dimensional, three-step nilpotent group, which we denote M, due
to its relation with the Mizohata operator. The Lie algebra m of M is spanned by
Y;,1 < j <4, satisfying

[}/17}/2]:}/37 [}/17}/3]:}/47

with all other commutators equal zero. Thus, Y7 and Y5 satisfy the same commu-
2
tator relations as real and imaginary parts of the operator % + i%a%, cf. [45].
The group multiplication is given by

1
(Il,I27$37$4) “(Y1,92,Y3,¥a) = (T1 + Y1, T2 + Y2, 73 + Y3 + 5(351242 — ZTaY1),

1 1
Tq+Ys+ 5(3013/3 —x3y1) + E(ivl —y1)(T1y2 — 5623/1))-



34 A. GREENLEAF AND A. SEEGER

For o, 8 € R, we define curves v(t) = (t, 52, at?, 3t*) and ask for which values of
the parameters the vectors Gg(t),..., G5 (t) are linearly independent.

We derive this in two different ways: first by the above Lemma and then using
the bracket condition. To form Gr, we first calculate the derivative of R, (z) = z-y,
acting on a tangent vector X = (X1, X2, X3, X4) € m = Ty M :

Gy — 2
Y3 y1y2X1 4 y—1X2 _ ﬂXs)-

1 1
D X) = (X1, X5, X —y2 X1 — =11 X9, X
Ry(X) = (X1,X2, X3+ F¥2X1 — Sy X, 4+ B 1 5

Computing the inverse of this and applying it for y = () = (¢,t2, at?, 3t*), one
calculates

Gr(s) = (DRW(tO_l(ﬁ(t)) - (DRW))_ (1,2t, 3082, 45t%)
6a+1

1,2t
(1,28, (<

2, (o + 48 + %)t?’).

Thus, G%), t = 0,...,3 are linearly independent if and only if o + % # 0 and
a+43+ 3 #£0.

Alternatively we may quickly rederive by using the bracket condition (B)g for
n = 4. We have

Y(z,t) =z (1%, ot Bt") 7! = exp(t(—Y1) + *(—Y2) + t3(—aY3) + t1(— Y1) (2),

where Y71, ..., Yy is the above basis for m, so we have the representation as in (1.1)
with
Xl = _}/17 X2 = _}/25 X3 = _a}%; X4 = _6Y4

and thus condition (B)g says that the vector fields

1 1 1
_}/17 _}/25 —aYs — 6[_}/1; _}/2]5 _6Y - Z[_Yla _a}%] + ﬂ[_}/lv [_}/17 _}/2]]

are linearly independent, which is equivalent with the linear independence of the
vector fields Y1, Y2, (o + £)Y3 and (2 + 8+ 57)Ya.
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