CRM NOTES ON SINGULAR INTEGRALS
AND A PROBLEM ON MIXING FLOWS

Acknowledgement. Sections 1-4 of these lecture notes rely on material from joint work with
Charles Smart and Brian Street [37], and work in progress with Mahir Hadzi¢, Charles Smart,
and Brian Street [24].

1. MIXING FLOWS AND BRESSAN’S PROBLEM

1.1. Mizing of subsets in T¢. Let r € (0,1/2), z € T¢ = R?/Z? the d-dimensional torus, and let
B, (x) denote the ball of radius r centered at x, with respect to the natural geodesic distance
on T¢. A measurable set E C T is mixed at scale r, with mixing constant x € (0,1/2) if

|E N By (z)]

(1) Kk < < 1 — & for all balls B,(x).
| By ()]

1.2. Vector fields on T¢. Let v be a time-dependent a priori smooth vector field, defined on
T? x [0, T] with values in the tangent bundle of the torus. The vector field can be considered a
vector field (x,t) — v(x,t) on R? which is periodic in z, i.e.

v(z + k,t) = v(z,t) for all (z,t) e RT xR, k € Z%.

We assume that v is divergence-free
d

v
Z avl. =0.
i1 9

Let ¢ be the flow generated by v, satisfying

D be.t) = w((a 1), 1),

ot
¢(z,0) = .
For every t the map x — ¢(z,t) is a diffeomorphism on R? satisfying
d)(x + kvt) —k= d)(x?t)a

for all 2 € R k € Z¢. In what follows we shall also use the notation ¢;(z) = ¢(,t). Since v
is divergence free the flow is incompressible, i.e. ¢; preserves the volume.

1.3. Bressan’s problem. Split T¢ as Qf, U Qp with Qp = QCL where
1 1
(2) QL:{$:0§5E1<§}, QR:{x:§§x1<1}.

Let 0 < & < 1/4. Consider a periodic flow generated by a smooth time dependent divergence
free vector field, and assume that at time t =T the flow mizes up Qp at scale €, i.e. the set
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E = &p(Qy) satisfies (1) with » = €. Bressan [5] asks (setting x = 1/3) whether there is a
ungversal constant ¢ > 0 (independent of €) such that

T
(3) /0 /[0,1)d |Dyv(x,t)|dxdt > clog(1l/e).

As noted in [5] it suffices to consider the case T' = 1, replacing v(z,t) by Tv(z,t/T). In [4],
Bressan formulated a more general conjecture for mildly compressible flows.

Bressan’s conjecture is still open, at the time of this writing. Therefore it is of interest to ask
for corresponding lower bounds if the L!'(T¢) norm is replaced by a larger norm (for example
an LP(T) norm). I.e. under the assumption that the flow generated by v mixes the set up at
scale € with mixing constant v, do we have a universal lower bound of the form

T
(@ L 10l = eyt tos(1/2) 7

for suitable function spaces ) C L'(T%) or even Y C M (T%) with M (T%) the space of bounded
Borel measures on T?. Crippa and DeLellis [15] showed this for J = LP(T9), 1 < p < oo and
also for the space ) consisting of functions for which the Hardy-Littlewood maximal function
M f belongs to L'(T9), i.e. for Y = Llog L(T¢). The norm in Llog L is given by
(5) ||f||L10gL:inf{t>o:/|f(f)|10g (e+|f(f)|)dxg1}.

Some model classes for which the conjecture is true and optimal are considered in [24]. It
should also be noted that the lower bound log(1/e) cannot be improved by working with LP
spaces, see recent results by Yao and Zlatos [43| and by Alberti, Crippa and Mazzucato [1].

1.4. On the result by Crippa and de Lellis. We formulate a slight extension of their result. It
involves the local Hardy space h'(T¢) which contains L log L(T?) as a proper subspace.

Theorem 1.1. Let v satisfy the hypothesis in Bressan’s conjecture. Then

T
(© [ IDe0 Dl oy e = clog1/e).
We follow the elegant method outlined in [29]. For
(7) <276/
let

Vie) ={(z,y) : 2 € Qu, y € g, |¢7(2) — dr(y)| < €}

4]
He) = ﬂ o8 ({7 ooy — e ay1) 0

Let Q4 be the d-dimensional volume of the unit ball in R% and

Ve(e) ={y: (z,y) € V(e)}, V() ={z:(z,y) €V(e)}-

and

Then for all x,y
- Vo (e)| < Qqe?
VY(e)] < Qe

by the incompressibility of the flow.
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‘//log<‘xiy‘)dxdy’ <ed,

V(e)

It is not hard to see that

On the other hand, by the mixing condition at time 7' and the incompressibility of the flow,

‘ /<[ 08 (1 gr) o] 2w a1/,
V(e

Hence for small ¢
(9) L(e) > Selog(1/e).

We write

T q 1
He) = ]Z/) / it ¢ (o =g A4

and use the differential equation to see that
g (L[ ¢ o0~ (et 0)
dt |pe(x) — de(y)| "1~ |pe(z) — de(y)| .

To handle this term one proves that for vector fields z +— b(x)

(10) W < Mb(x) + Mb(y)
where
(11) [90][ 21 S (VO -

with h' the local Hardy space.

It suffice to assume that |z —y| < 1072. Now let ¢ € C° supported on {y : |y| < 1/4} such
that [¢(y)dy =1, and [y;¢(y)dy =0 for i = 1,...,n. Let ¢pp(x) = 2kdp(2k ), and

Vi = k1 — Pk
so that for any ¢ > 0, b= ¢y *b+ >, _, 9 *b. Now assume 27l <z —y| < 27C

*b(x) — ¢y * L - '
|pe * b(x) — ¢y b(y)|:)<|x—z|’/o ¢€*Vb((1—8)x+sy)>ds‘

|z —y
< Mo(Vb)(z) + Mo(VD)(y)

where

Mog(x) =sup sup |¢g* gz + h)|.
>4 |p|<2-¢

By standard Hardy space theory,
[Mogllrr < llglln,

(which will be applied here to g = 0b/0x;).
Secondly, for k > ¢,
|thr * b(z) — Yp * b(y)| < ot+2
|z =yl

sup (Iow * b()| + [r * b(y)])

< Myb(x) + Myb(y)

with
Mb(z) = sup 2% |4y, * b(z)] .
k>0
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Now, by the cancellation property of ¥, [4(y)i(y)dy = 0 for all affine linear functions I, we
have

° 1/2
vl < ([ (oM b2) | S Il
k=1
which gives (10) with
Mb(z) = Mo(Vb) + My (b).

Now set b'(x) := . We have

// (900 (64(2)) + M (9u(y))) dr dy

gsd/o /Embt(gbt(x))dxdtgsd/o /Z)ﬁbt(a:) da dt

T
<l / V00, )l dt
0

We compare this to (9) and obtain for sufficiently small ¢
T
| 1900l de 2 10g1/2).
0

1.5. An approach to Bressan’s problem via the Bianchini semi-norm. For € < 1/8 we define the
truncated Bianchini semi-norm by

1/4 dr
Hf”B(e)ZL /lef(w)— ){3 " f(y)dy| do —

and the Bianchini space be consist of all L!(T¢) functions for which
1 fll8 = sup [|fllBe)-
e<1/4

is finite.

This space was proposed in [3| as a measure for mixing in a one-dimensional shuffling problem.
There it was denoted B%!! in reference to Besov although this space does not actually belong
to the usual scale of Besov spaces.

Observation: If E is mixed at scale € > 0 then
’ILE(a:)— ){ 1g(y)dy| > Kk ae. 1r>e.
r(z)

Hence integrating in r and = we get

1Eels Z log(1/e) .
Also by straightforward computation

Taolls S 1

for Ap as in (2). Thus the following result gives an alternative proof of the Crippa-de Lellis
Llog L lower bound.

Theorem 1.2. Let v, ¢ be as above. Then for any measurable subset A C T¢

T
1Lornlls < 1Lalls + Cy /0 | Do)y dt

for Y = LP(T%), 1 < p < o0, or Y = Llog L(T%).
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Given A C T? we define
fa(@) = 1a(x) — 1 4c(2).

Since constants (and thus 14 + 1 ,¢) have semi-norm equal to 0 in B(e) we have
1
(12) [ Lallpe) = §||fAHB(e)
Finally given for a periodic vector field b and a gunction g on T¢ we define

(13) R I O
<|z—y|<

Proposition 1.3. Let v, ¢ be as above. Then

1 T
B. — 2Vd/0 /Qf¢t(A)(x)6€[f¢t(A)’U("t)](x) dz dt

Proof. We compute using the incompressibility of the flow,

Be — H]lA

Lo (a)

14007 5e) — Il fallse)

= /:/4 [/T | falo7! () — ){ar(z) fa(o7' (y)dy| dx
- /’fA(fE) - ){9 . fA(y)dy\d:n} %
1/4
— /E [/T ‘fA(Z) - X@‘);lBT(qﬁT(z)) fA(w)dw‘ dz
- /\Mx)— ){W Fato)dy| da] T

Now fa(z) =1 for x € A and fa(z) = —1 for x € A®. Thus from the above we obtain
Ifa 0 &7 ey — 1fallse) =

/:/4 AR S AL
- @
/A“ XﬁTlBT(qu(x W)y = fa(@)] de

dr
= [, s fa@lan )
and this implies

1fa 0 &7 ) — 1fallse)

- /:/4/fA(m) )Q;IBM)T(I)) Faly)dy — )[ " Faly)dy| dm%

(14) = /fA(IE)/O i /1/4}[ 15 ¢t(I)) )dy%} dtdz
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Now let V; denote the measure of the unit ball in R%. Then

1/4 dr
/ )[ (y)dy —
Br(¢t x)

1/4
=V, / rdt / fa(y)dy dr
€ y:| bt (x)— e ()| <7

_ / Ho(¢4(z) — ¢u(y)) fa(y) dy

where
AWV e = (1/4)7Y)  if ju[ <e
Ho(u) = d WV (Jul~4 = (1/4)79)  ife<|ul<1/4
0 if |u| >1/4
Now H. is a Lipschitz function, thus has a bounded gradient given by

_ u
VH(u) = -V, 1WXA(E,1/4) (u)

where A(e, 1/4)( ={ucR%: e <|ul <1/4}. Thus

1/4 dr
dt / Xl )dy—]
Br ¢t

= [ 0@~ ), V(01(2) — 60 al0)

v(Pe(x),t) —v(Pe(y), 1), pe(x) — P¢
- et e v

e<|¢e(x)— e (v)|<3

Using this in (14) and changing variables we obtain

1 forallse) = I1fallse)
<,U($’t) B U(yvt)a$ — y>
/ / f¢t f¢t ( ) Vd|$—y|d+2 dy dz dt.
(z,y):
e<|z— y\<1

0

In order to complete the proof of Theorem 1.2 it suffices to prove, for divergence free vector
fields b, the inequality

(15) | [, St 15(a) da| S DB

for measurable subsets A, B C T and apply Proposition 1.3. Without loss of generality (after
localization) one can assume that the diameters of A and B are small. We can then transfer
the problem to R? and look at the analogous singular integral form on R?. One then needs to
prove for cubes ) of side length 1, measurable sets A, B C ) and for divergence free vector
fields b the inequality

(16) ] e st e < Db

with X = LP or X = Llog L(Q).
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1.6. Reduction to Christ-Journé operators. There is a close relation with a special case of the
Christ-Journé operators considered in [9]. For a € L{  we can defined for almost every pair
(z,y) € RY x RY

1
(17) my yla] = /0 a(sx+ (1 —s)y)ds,

the mean of a over the line segment connecting the points z and y. Given a Calderén-Zygmund

convolution kernel K in R?, d > 2, and a € L= (R%) (or LI(R%)) the so called d-commutator of
first order is defined by

loc

(18) Cralfoal(e) = pov. | Ko = yhmaylal F) dy.

More generally, for ai,...,a, € L™(R?) we call

(19) Cxnlf,a1,...,an](x) =p.v. K (x — Hm%y ai| f(y)dy

a Christ-Journé operator of order n. If a1 = --- = a, we get a d-commutator of order n. The

case n = 1 is relevant for (16). Answering a question by Yves Meyer, Christ and Journé 9]
established that Ck ,, (under suitable conditions on K) maps LP(R?) x (L>°(R%))" to LP(R?) for
1 < p < o0, and with bound C,, , [} ||ai|loc Where C), is polynomial in n. In one dimension,
d =1, one gets the more regular Calderén commutators [6].

Back to (16). Now we set a;; = g L and thus

d 1
i) — bily) = 3 (a5 — yj)/o aiy (1= 8)z + sy) ds.

j=1

The assumption that div(b) = 0 means that the trace of (a;;) is zero, i.e.,

add § au

Hence
(@ —y,blx) —b(y)) 1
po g = 2 Kiw =) [ a1 = ) 4 sy)ds
=1
1
+ Z Kij / aij((1 — s)xz + sy)ds
1<4,5<d
i#]
where
(i —yi)* — (za — ya)®
(20) Ki(z) = —EE
and
(@i — i) (my — )
(21) Kij(z) = PR

Thus we have reduced our problem to a question on Christ-Journé operators (with n = 1).
Note that K;(x) and Kj;j(x) above are of the form
Q)

(22a) 2l
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where Q € C>®(S971) is an even function with
(22b) / Q(0)do = 0.
Sd—1

Let h € LP(R?). Let A, B be measurable subsets of [—%, %]d and let K be a homogeneous

Calderén-Zygmund convolution operator with kernel satisfying (22). Then for the LP question
we need to prove

1
@) | [ K@= [ 0090+ s 1a@)1s0) dedy] < Al

for 1 < p < 0.

Since

1/2
/ / K(z ) / B((1— )z + sy)ds La(2)Lp(y) dz dy
(24) ’

1
://K(y—x) /1/2 h((1 —s)x + sy)ds 1p(x)1 A(y) dx dy.

it suffices to establish
1
(25) x| M=+ 59)ds La@) L) ey S e
1/2
We rewrite the form on the left hand side of (25). Interchange first the y and s integration and
then, for fixed z, s, change variables z = (1 — s)x + sy.

Let s - 7(s) be defined on (0, 00) (above 7(s) = x{1/2.1(s)) and write with g = 14, a = L
J[ K@) [ 1= 92+ vt dedy
_ ///K(x _ Oy (220250 gy (6 ds g (o) da
_ ///adK(a(x — ))h(2) /a((l — o)z + 02) 0 (0 V)do dz g(x) dx

where we have changed variables o = s~ !

v(s) = X[1/2,1(8) we see that this equals

. If we use the homogeneity property of K and set

/Tah(m‘) g(z)dx
with

(26) Toh(z) = / K(z — 2)h(2) / o((1 = o)a +02) 0~y y (0~ )dordz.

For o € L the operator T, can be considered as a variant of the d-commutator used in the
paper by Christ and Journé. One can check that their proof applies to give

| [ Tuht@)gta) da] < Collnlbllglpllal, 1<p <,

and since o = 14, and g = 1p with |B| < 1, this yields the desired bound for (25). Moreover
one can check that the arguments in [36] apply to prove that T}, is of weak type (1,1) and thus
map compactly supported functions in Llog L to L!.
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The above discussion led the authors of [37] to the question whether there is a symmetric
estimate of the form

(27) ICkulf ars - anlly < Con(E)f Ipn T T Nasl,

with 77 i1 pj q~!. This had been an open problem, formulated explicitly e.g. in [17], and
it was answered recently in [37]. Some ideas will be discussed in §2 below.

1.7. A discouraging result regarding Bressan’s problem. Deviating slightly from our previous
notation let Q7 = (—1,0) x (—1,1), Qr = (0,1) x (—1,1). For a resolution of Bressan’s problem
on T? it would be relevant if

(28) [ () de | < D8]

IfE - yl4

held for subsets A C Qr, B C Qg and divergence free vector fields b. In particular we could
consider smoothed versions of

b(z) = (0,1) for 1 <0,
~1(0,-1) for z; > 0.

Notice that

Db(x) = (—250(:1,-1) 8)

where § is the Dirac measure in one dimension, and thus div(b)=0. For this choice of b the
above expression becomes |Z(A, B)| with

(20a) (A B) = / / Koy (2 — o) dz dy
z,y)€EAXB
where
1d 1
(29b) Ko(s)= =

(r2 4+ s2)2 2dsr? 4 82

Charlie Smart had asked whether Z(A, B) is bounded independently of A and B as long as
A C Qp, B C Qpr. Unfortunately this turns out to be not true, and one gets a precise upper
and lower bound in terms of some separation condition on A and B.

Proposition 1.4. Let
M(e) =sup {|Z(A, B)| : dist(A,B) > ¢, AC Q, BC Qg}.
Then for 0 < € < 1/2 we have
M(e) ~ log(1/e).

Upper bounds. Suppose g satisfies sup,(1 + |s|)°*!|g(s)] < oo, for some § > 0. Note that
K. (s) = r~2r~1g(s/r) if we take g(s) = s(1 + s?)72, and thus the following estimate gives the
upper bound in the proposition.

Lemma 1.5. Suppose A C Qr, B C Qr and dist(A, B) > ¢. Then, with g(s) = s(1 4 s2)72,

T e =l Sl @2 )xale)de dy < log(1/2).
QL XQR




10 CRM NOTES 2016

Proof. Observe that for z € Qp, y € Qr we have |x1 — y1| = |x1| + |y1].

We consider separately the regions with (i) |xg — y2| < |z1 — y1| (which for x € A, y € B
implies |71 —y1| > ¢/2) and (i) 2™ Yoy — 1| < |22 — y2| < 2™|21 — y1| for some m > 1 (which
for x € A, y € B implies |z1 — y1| > 27" %¢).

First,

1 — 1| 192222 [xB(y) xa (@) der dy

(z,y)€QL xR
[z2—y2|<|z1—y1]

S ] e [ e e dody

(z1,y1)€[~1,0]x[0,1]
|z1—y1]>e/2

1
< ——dxidy <log(l/e
~NN r1ay: 5 1og
Il <R)//e/2<|x1|+yl|gg (erl & gy oo < log(1/e)

Next, when |xo — 2| ~ 2™|x1 — y1| we have |g(|ﬁf:gﬁl)| < 2749 and thus

I o=l e et)xa)dsdy

,y GQLXQR
\xz y2|~2™ 1 —y1 |

<2 // |21 — 1| " 2dzidy

(z1,y1)€[—1,0]x[0,1]
\xl y1|>2 m= 26

1
< 9—mo // g dridyr S 27 md log(2™ /e).
9-m=2c<|a; |1y |<2 ([21] + [y1])?

Now sum in m to finish the proof. (|

Lower bounds. We now take g(s) = [(FE and construct a specific pair A, B for which

1+
dist(A,B) > ¢ and |Z(A, B)| 2 log(1/e). It suffices to take ¢ = 275M for some integer L
(and M be a sufficiently large fixed integer, M > 10).

Define
I;f [ 2~ kM kaMfl] ’
IR = [p~kM-1 g—kM]
T = [(Mn +2)27"M (Mn 4 3)27 M)
T, = [Mn27*M (Mn + 1)27%)
and

A= U < J.,

1<k<L-1 ok M
0<n< ST

B= |J U FxJf.

1<k<L-1 2k M
- 0<n< 377

Clearly A € Qp, B € Qg and dist(A, B) > 275M,
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Let
Z(kr,kr,nr,nR) —/
xGIL xJL

kr.ng,

/ K|11,y1‘(.7?2 _yQ) dy dx
yelé2 xJL

kr:ngr

and split Z(A, B) = & + & + & where

& = Z Z Z(k,k,n,n)

1<k<L-1 0<n < 2kM

NS 37T
82 - E E (kvkunL)nR)
IsksL—1 0<nL,nR<Mi/[1
NnL#ENR

53 = Z Z (kLakRanLanR) :

1<kr kr<L—1
kr#kr

We prove a lower bound for & and upper bounds for &, &3.
For the lower bound observe

kM
O<nL,nR< T

27RM < o — Yo < 227FM for 4 € JkL,n, Yo € J,ﬁn.

Thus
/ / Ky g (02 — y2)dx dy
I,fokLm foj,ﬁn
T2 — Y2
— dyg d(L‘Q dy1 dCl?1
//// (1 +y1)? + (22 — y2)?)?
(ml’yl)e[Q—kal’Q—kM]
(Mn+2)2~FM <gy<(Mn+3)2~*FM
Mn2~FM <yo <(Mn41)2-FM
2—kM
>
— 1000
and thus

Y L-1
-3 —kM
& >10 E g 2 2103( 1

k=1 ok M
0<np<<2— T

If ny, # ng we have

2—kM
K drdy S ———
/]LxJL /[RxJL | |x1 y1|( y2)| £r y ~ M3’nL _ nR|3

k.np

and thus

2—kM L
El< D> > > A5 <Cqia

3
np —NR
1<k<L 0<n SQkM nRF#ENL | ’

Next, set g(s) = |s|(1 + s%)72,

z2—ys|
Gla1, 1) |9([ 2221 dyadzrs
lz1— y1| lz1—y1]
—1<z2,y2<1

so that G(x1,y1) is nonnegative and uniformly bounded. We have |€3] < £31 + €32 where

E31 = > // |$1 — 1| G, m1) dyrdas
><]

1<kp<kr<L—1

11
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and &39 is the corresponding term with the (kz, kr) summation extended over 1 < kg < ky, <
L — 1. The two terms are symmetric and it suffices to estimate &3 ;.

Now |z; —y1| = kLM if 1) € ILL, Y| € I,fR, and k;, < kgr. Therefore
&1 S > 22K MI I | |1 ) S > p(hr—kr)M < o= M
1<kp<kr<L-1 1<k <kr<L-1
and similarly we also get £32 < L2=M . Combining the estimates we get

L—1
AA@’LM);zgl—\&ﬂ—ﬂ&ﬂziHY3A1+J_—CALA4*3—CEL2*M

and the assertion follows by choosing M sufficiently large.

2. CLASSES OF SINGULAR MULTILINEAR FORMS OF CHRIST-JOURNE TYPE
2.1. Christ-Journé multilinear forms. Let 0 < € < 1 and let K € &'(R?) N LL _(R%\ {0}) be a
regular Calderén-Zygmund convolution kernel on R, satisfying the standard size and regularity

assumptions,

(30a) |K ()] < Cla|™,  «#0,
h|¢ x
(30Db) |K(x—|—h)—K(a:)\§C‘a|:|d|+€, x #0, ]h\§|2|,

and the L2 boundedness condition
(30¢) 1K]lo < C < o0.

Let || K|[¢z(c) be the smallest constant C' for which the three inequalities (30) hold.
Define the Christ-Journé multilinear form by

(31) Acs(fsesfun) = [ [ K@ =) ([T maf) Fu (0) () dwdy
=1

where K is a regular Calderén-Zygmund convolution operator and my, is as in (17). Inequality
(27), for ¢ > 1 is equivalent with

n+2
(32) IACI(frr - Fr2)| < Con(E) TT I fillp: -

i=1

Theorem 2.1. Suppose thatd > 1,1 <p; <oo,i=1,...,n+2, and Z?pri_l =1. Lete >0
and min{p1,...,pn+2} > 1+ 8. Then inequality (33) holds with

(33) Con(K) < C(O)|IK |l czen®log* (24 n).

2.2. Previous results. We list some previous results on the n + 2-linear form Acj, including
many in dimension d = 1, covering the classical Calderéon commutators.

(i) Christ and Journé [9] who established (33) for p; = --+ = p, = 0o and C(n) = O(n?*%).
Several ideas in our proof can be traced back to their work.

(ii) The first estimates of the form (33), for the case d = 1 and n = 1 were proved in the
seminal paper by A.P. Calderén [6].

(iii) More generally, still in dimension d = 1, Coifman, McIntosh and Meyer [13] proved
estimates of the form (33) for arbitrary n, with p; = --- = p, = oo and polynomial bounds
C(n) = O(n*) as n — oo. This allowed them to establish the L? boundedness of the Cauchy
integral operator on general Lipschitz curves. See also [11]| for other applications to related
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problems of Calderon. Christ and Journé [9] were able to improve the Coifman-McIntosh-Meyer
bounds to C(n) = O(n?*¢) (and to O(n'*¢) for odd kernels x).

(iv) Duong, Grafakos and Yan [17] developed a rough version of the multisingular integral
theory in [23] to cover the estimates (33) with general exponents for d = 1, however their
arguments yield constants C'(n) which are of exponential growth in n.

One should note that [17] also treats the higher Calderén commutators C[f1,. .., fn], with
target space LP where p > 1/2. For the bilinear version this had been first done by C.P. Calderon
[7]. It would be interesting to obtain appropriate similar results for the d-commutators.

(v) Muscalu [33] recently developed a new approach for proving (33) in dimension d = 1, see
also [34, Theorem 4.11]. An explicit bound for the constant as A(n,¢) where ¢ is the number
of indices j such that p; # oo and, for fixed ¢, n — A(n,!) is of polynomial growth. However,
by using complex interpolation (as in §15) to the case when p; = oo for all but two j, one
may remove the dependance of A on £. This yields polynomial bounds for all admissible sets of
exponents, as in our results.

(vi) Some results for d > 2, when K is a homogeneous odd convolution kernel can be obtained
by the method of rotation, cf. the discussion in §2.3.

(vii) Hofmann [26]| obtained estimates (33) for operators with less regular kernels K, and
an extension to weighted norm inequalities; however the induction argument in [26] only gives
exponential bounds as n — oo.

2.3. An simple special case: Application of the method of rotations. The existence of estimates
such as (27) is plausible by an easy proof for a special case. In [17], Duong, Grafakos and Yan
consider the case of odd K, i.e.

K(r) = -K(-z)

and derive LP estimates for the first order commutator. They prove that the inequality

ICxalfsalllg S ([Nl lallg,
holds for 1/q; + 1/g2 = 1/q under the additional restriction that (1/q1,1/g2,1/q3) lies in
the interior of the convex hull of the points (0,1/2,1/2), (0,0,0), (1,0,1), (1/2,1/2,1) and
(1/6,4/6,5,6). They use the classical method of rotation to reduce the estimates for the Christ-
Journé operators to uniform estimates for the bilinear Hilbert transforms

Half o) = [ fa+atgle—0F

on the real line. The known range of uniform estimates, under some side conditions, [41],
[22], [32], is smaller then the one for each fixed a in [30], [31]. This yields the result for
(1/q1,1/g2,1/q) in the above restricted range. Here we are interested in bounds for choices of
(1/q1,1/g2,1/q) near (0,1,1), and observe that the method of rotation can be used to get a
better range, and also an estimate for higher order commutators can be achieved.

Proposition 2.2. Let Kqo(z) = |z|79Q(x/|z|) where Q € L'(S%1) and
Q(0) = —Q(-9).
Define

S|
Cralfiv-osfutl@) = po [ Kalw =) fun@) ] [ 0= 52+ spdsidy
=1
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Then for 1 < q < oo, 1 < p; < oo with Z”H 1/pi =1/q
n+1

ICxaf15- -+ fasilllg S Cn Hlllelpz

Proof. There is little (if anything) new here. It is just the observation that instead of reducing
to the hard estimates for bilinear Hilbert transforms (or their even harder analogues in the
multilinear case for which nothing is known) one can reduce to the more classical estimates on
the Calderén commutator € on R. It is defined, with A} = a;, by

elfannvane) = [ =D ZR0) 1) 4,

1 [
:/Rf@)x—yg/o ai((1 = si)z + siy) dsi dy

and it is known (see [6], [12], [7], [9], [17]) that for 1 < 1/¢ = 377 1/g; and 1 < ¢; < oo the
operator € maps L% (R) x --- x Li+1(R) to L4(R). There are also estimates for ¢ < 1, see
[7], [17] (but these cannot be used for the method of rotation). By [17] the operator € maps
L9 (R) x --- x LI+1(R) to L%®(R) provided that 0 < 1/g = 7' 1/¢; and 1 < ¢; < co. The
estimates are polynomial in m.

Now for the Christ-Journé operators with odd  we write!

Crolfis- oy fari](z /KQ & —y) fas1(y H/ Fi((1 = s))x + siy)ds; dy
~ [ Ka(@ itz - ) H / il — sqw)ds: dy

dr
/Sdl / fro+i1(z —10) H/ fzac—szré?alsz

and the right hand side is equal to

/ QH/ fn_,_lx—rG /f, Sr¢9dszd
Sd 1
1 dr
w5 [ oo [ fn+1(fc+7"9)H [ e+ siroyas
2 Sd—1 0 i1 0 T

:% /Sd_l Q(0) /OOO |:fn+1($ — r&)ili[lfol filx — s;rf)ds;

nooa1
+ for1(z + 1) 1_[1/0 filx + sirﬁ)dsi} %

:% /Sd_l QO)Colf1,. .-, fatr1](z)db

where

d
Colfis- s frsri](z / fuate = r0)] /fz ~ surt)ds;

n order to make these computations rigorous we should replace the convolution kernel K (w) with K (w)x: (w)
where x. is the characteristic function of the annulus w : € < |w| < €' and then let £ — 0.
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Now if Ry is a rotation with Rye; = 6 we have

eg[fla ce. af?’H*l](l‘) = e61 [floRea “ee 7fn+1oR9](R;1$)
and thus the operator norms of Cy are independent of 8. Hence
ICkamllrrx...on+ispa S €U Ly (sa-1)[[Cey [l Lrr ... Lonr1 o s
here we used Minkowski’s inequality which restricts the range to ¢ > 1. Finally observe after
changing variables y; = 1 —r

eel[.fl?' . 'afn-‘rl](x) =

00 n 1
1
/ fnJrl(ylny,--';:En)H/ fi((l—87;)33'1+Siy1,$2,...,l‘d)dsi
—oo =170

1 — U1

dy1

and we have ||Ce, || 11 x...Pn+1 p < Cp, by the known results for the Calderén commutator. [

Remark. Unlike in the classical case for convolution operators the method of rotation does
not seem to be of any use if  is not odd. Note that the functions Q of interest in (20), (21)
have cancellation but they are even. While Proposition 2.2 strongly suggests a more general
result the proof above does not give us a clue how such a result should be proved.

2.4. Towards a more general result for Christ-Journé operators. In order to prove Theorem 2.1
it suffices to prove estimate (33) for the cases where two of the exponents, say p;,p;, 1 <1i <
j < n+ 2 belong to (1,00) and the other n exponents are equal to co. Equivalently, if w is a
permutation of {1,...,n + 2} and

ZgJ(fb .- '7fn+2) = ACJ(fw(l)a . '7fw(n+2))

one needs to show the inequalities

(34) A&Lf1s- - aval] < Copn®(ogn)? 1Koz (L] I filloo) | faallpll fasally
i=1

for 1 < p < oo, with Cs, independent of n,w. The general case is then proved by complex
interpolation for multilinear forms, see [2, Theorem 4.4.1].
AE; takes the form

n
(59 A () = [[ [ 260 =) hua@) s [[ e - sl ) dsdady
" i=1
with a suitable kernel k% depending also on s € R™. This expression Acy(fi,..., fnt+2) is not
symmetric, but there are partial symmetries. By the symmetry in {1,...,n} and essential

symmetry in {n+1,n 42} (with a change of variable s; — (1 —s;)) two cases are of particular
interest:

(1) If = is the permutation that interchanges 7 and n+ 1 and leaves all k& ¢ {i,n + 1} fixed
then k¥ is given by

K% (s,v) =

i i/ R (sv) i s > 1, 0< 85 < 84, 5 # 1,
0 otherwise.
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(2) If 1 <i,j <n,i+#jand @w" is the permutation with @" (i) = n+1, @’ (j) = n+ 2
and w (k) = k for k ¢ {4,7,n + 1,n + 2} then the kernel " is given by

K77 (5,0) = |si — 55" R((s0 = 55) (x — y))
either if s; <0, s; > 1, 5; < s, < 55 for k # 4, J;
orifs; <0,s;>1,5; <s, <s;for k#1,7;
/fwij(s,v) = 0 otherwise.

The above formulas suggest that one should study multilinear forms of the type
n

(36 All(frsesfusn) = [[[ 0l = )hsala) s [] e = s ) ds oy

i=1
s where z € R, s € R", and (s, x) is a Calderon-Zygmund kernel in the x variable which
depends on a parameter s € R”. We note that if & € L'(R"™ x R?) the form A[x] is well defined
for (fi1,..., fat2) € LPY X - - x LPi+2 with Zf:f pi_1 = 1, by Holder’s inequality. In what follows
the reader might find it helpful to keep x € L' as an a priori assumption as long it is not used
in a substantial quantitative way.

We will impose some regularity conditions in the s variable. The basic example, corresponding
to the Christ-Journé multilinear forms, is

K(s,x) = (s)K(x)

Lo

where K is a regular Calderén convolution kernel satisfying the conditions (30).
Our task is to

e To introduce a reasonably general class K. of kernels K (s, ), for which linear forms of
type (36) are closed under adjoints. If w is a permutation of {1,...,n + 2}, then the
multilinear form A[K](fo1), - - fo(n+2)) should be written as A[KF](f1,..., fny2) for
a suitable K%, with appropriate bounds on K% in the class K.

e To prove estimates for this same class of kernels that cover the estimates for the d-
commutators in Theorem 2.1.

2.5. The classes K.. We first introduce certain classes of tempered distributions on R” x R¢
which satisfy integrability properties in the first (s-)variable and contain all kernels allowable
in (36).  For each N € Ny consider the normed space M S} (R™ x R?) consisting of tempered
distributions x on R™ x R? for which there is C' > 0 so that for all f € S(R" x R%)

(37) [(m Al <C sup > (L) VIO f (s, 2)].

R™ R4
se ,TE I,_YISN

Here (k, f) denotes the pairing between distributions and test functions and the minimal C'
in (37) is the norm in MS)(R™ x RY). The space MS’(R" x R?) is the space of tempered
distributions & on R™ x R? for which (37) holds for some N € N. The locally convex space
MS'(R™ x RY) is the inductive limit of the normed spaces MSh (R® x RY). A net {f,}icy is
Cauchy in this topology if there exists an N so that all f, belong to MSh (R™ x R?) for some
fixed N and so that f, is Cauchy in the norm topology of M Sk (R™ x R%). Since the normed
spaces M S (R™ x R?) are complete the space MS'(R"™ x R?) is also complete. Let M(R") be

2The reader may want to skip the functional analysis definitions that follow and continue with Definition 2.3
below.
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the space of bounded Borel measures on R™. A distribution x € MS'(R" x R%) gives rise to a
continuous linear operator B, : S(R%) — M (R") defined by

(Bu(2), 91) := (K, d1 @ @) for ¢1 € S(R™), ¢ € S(RY).
Let LS’ (R™ x RY) be the subspace of MS'(R™ x R?) consisting of those # for which B, (¢2) €
LY(R™), for all ¢ € S(R?). LS'(R™ x R?) is a closed subspace of MS'(R" x R%) and inherits
its complete locally convex topology.

We now define a Banach space K. consisting of kernels of singular integral operators. For
k€ LL (R" x RY), let

kO (s, ) = t¥k(s, tz).
This is extended to LS’'(R™ x R?) by continuity. Also, the convolution (s, -)*n with n € S(R?)

makes sense for k € LS'(R™ x R%); it yields an L' function in the s variable, which depends
smoothly on x.

Fix n € S(R?) satisfying

38 f 8)] > 0,
(38) p ot sup n(70)|

where 7 denotes the Fourier transform of 7.

Definition 2.3. Let 1 be as in (38), and 0 < € < 1. We define five seminorms by

(39a) Iz, += sup /(1 + Isil)*llm + O (s, ) L2 ey ds.

(39b) [Kllgn, == sup h‘a/lln*[n(t)(s+hei,~)—ff“)(s,-)]llLa(Rd) ds,
€ 1<3i

(39¢) l&llx. 5 == sup // 1+ |si])°|k(s, x)| dz ds,
R>OR<|z\<2R
(39d) lkllx., == sup h™¢ // k(s + hei, ) — k(s,x)| dz ds,

1<i<n
R>0 R<|z|<2R

(39e) %%, 5 == sup R® / |k(s,x —y) — k(s,x)| dz ds.

feﬁé |z|>Rly|
and denote by K. the subspace of LS'(R™ x R?) consisting of those x for which the norm
Il = 2, [I8llr, is fnite

The definition of ||-||%. depends on a choice of n € S(R?) satisfying (38). However, the equiv-
alence class of the norm does not depend on the choice, and the constants in the equivalences
of different choices of 1 will not depend on n.

Ezample 2.4. Let € € (0,1) and let K € S'(RY) N L _(R%\ {0}) be a convolution kernel in R?

satisfying oe

(40a) | K]l < ©

and

(40b) sup R sup / |K(z —y) — K(x)|dx < C.
R>2  yeRd J|z|>R]y|
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Let
K(x, 8) = Xpo,yn () K () -
Then x € Ks(R" x R?) for § < € and it is not hard to check that

15| acs 5575 C'(40)-

We can now state a preliminary version of our boundedness result (see Theorem 2.10 below
for a more definitive version).

Theorem 2.5. (i) There is a constant C = C(p,d,e,n) such that the following statement holds
a priori for all kernels in K. which also belong to L'(R™ x RY). The multilinear form A[x] as
defined in (36) satisfies for all f; € LPi(R?), 1 < p; < o0, ZZnJrlQ p;l 1,

n+2
(41) A[E)(f1, s fas2)] < CnPlog (L +n)|[lloc. T I illp:

i=1

(11) The multilinear form (k, f1,..., fax2) — Al&](f1, ..., fas2) uniquely extends to a bounded
multilinear form on K. x LPt X -+ x LPr+2 satisfying (41) for all k € XK..

Singular integral kernels can usually be understood as sums of dilates of more basic building
blocks satisfying some kind cancellation conditions. In this spirit the proof of Theorem 2.5
relies heavily rely on a decomposition theorem for the class K.. This decomposition will specify
further part (ii) of the theorem, i.e. describe how to extend the result from part (i) to all kernels

in XK.

2.6. Related spaces of Besov type. In the following definition ey, ..., e, will denote the standard
basis of R™.

Definition 2.6. For n,d € N and 0 < ¢ <1 we define four (semi-)norms

(420) Il = s [ [ (4 sl ds o

(42Db) lsllB... = sup h~ //|§ (s + hej,v) — <(s,v)| ds dv,
1<z<n

(42) Il i= sup (17 [ [lsts0 1) = o(s,0)] dsdo,
0<|hl<1

(424) lells. = // T [o])els(s, )] ds do.

Let B.(R™ xRY) be the space of those ¢ € L'(R™ x R?) such that the norm [[s||5, := Z?Zl s,
is finite.

For 0 < & < 1 the space B, is a type of weighted Besov space. In [37] it is also realized as a
kind of Besov space on differential forms in real projective space. The following result helps us
understand the behavior of our multilinear forms under adjoints.

Theorem 2.7. Let ¢ > 0. There exists ¢ > 0 (independent of n) such that for € > ce and any
permutation w of {1,...,n+ 2} there exists a bounded linear transformation

U : B(R™ x RY) — B (R™ x RY)
satisfying (Los)® = Lo (cW) for t > 0, and A®[¢] = A[lws], such that
(43) [eslls, < n2lslls,
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and
sl = llslizr-
Furthermore, if [¢(s,v) dv =0 a.e. then also [{5s(s,v) dv =0 a.e.

Every permutation of {1,...,n + 2} is a composition of at most four permutations of the
following three forms, with the permutation in (iii) occuring at most twice.

(i) A permutation of {1,...,n}, leaving n + 1 and n + 2 fixed.
(ii) The permutation which switches n + 1 and n + 2, leaving all other elements fixed.
(i) The permutation which switches n + 1 and 1, leaving all other elements fixed.

Case (i). If w is a permutation of {1,...,n}, leaving n+ 1 and n + 2 fixed, then ¢4¢(s,v) =

S(Sm-1(1)s -5 8-1(n)> ), and thus [[lec]5, = [l<|ls, and [[fos][rr = <] L1
Case (). If w is the permutation which switches n+ 1 and n + 2, leaving all other elements
fixed, then it is immediate to verify that £5¢(s,v) = ¢(1 —s1,...,1 = 8,,v). We have ¢z ||5, ~

Islls, and [lsz |1 = [ls]lzr-
In both of the above cases, if [¢(s,v) dv =0 Vs then [¢z(s,v)dv =0 Vs.
Case (iii). This is the only interesting situation. We have

fnaf?w- fnafl;fn—i—Q)
/// $,0) fny1(x — 81U)(Hfi($ - sw))fl(:n — V) fng2(z) dvdx ds
=2

— [[[ 15755 ) s = w) (Tl = sisi ) e = 57 0) vali) s s
=2

= [[[ 513 5 B B B ) [ [ i = ) (o = ) sl du d
=1

where we have first changed variables v = Sflu, then interchanged the order of integration,
and changed variables s; = 61_1, 8; = Blﬂl_l for i = 2,...,n. Hence if @ is the transposition
interchanging 1 and n + 1 and leaving 2,...,n,n + 2 fixed then A¥[¢] = A[l5s] with

(44) l6(S1y vy Sp,0) = g(sfl, 5{152, el sflsn, 510) .

Now if we define the inversion .J, with respect to the si-variable, and multiplicative shears
Mn—17 Md by

Jg(s1,.-.,8n,0) = SIQg(Sfl, 89,y ...y 8n,0)
Mp_19(s1,...,8n,v) =87~ 19(31, $182,...,815n,V)
Mag(s1,...,8n,0) = slg(sl, .evy Sn, S10)

then £ in (44) can be factorized as

(45) Ew:JonoJoMn_loJ.
It is shown in §4 of [37] that for &’ < e/3

(46a) 1J9llB., < llglls.
(46b) [Mp-19l5., < nllglls.,
(46¢) [Maglls,, < llglls.-

The proofs of these inequalities are somewhat lengthy but fairly straightforward. Hence one gets
Iwslzs < nllslis., in case (iii) at least when 6 < 37°¢. Finally if w is a general permutation



20 CRM NOTES 2016

than we can split w = @ o wq 0 w3 o wy, each w; of the form in (i), (ii) or (iii), with at most
two of the form in (iii). Hence we get A®[¢] = A[lws] where |[€xs||8; < n?|s||s., at least for

~

§ < 3710, This is clearly not the best § in terms of € but improvements of the J-range are
irrelevant for our purpose.

2.7. Decomposition of kernels in K.. We decompose distributions in X, via a Littlewood-Paley
decomposition. For what follows we use the notation ¢ (s, z) := t%(s, tx).

Definition 2.8. (i) Let ¢ € C5°(R?) such that [ ¢(z)dz = 1, let Q; denote the operator of
convolution with 279¢(27.) — 20~1d$(27=1.). When acting on x € LS'(R™ x R?), we define Q;x
by taking the convolution in R

(ii) Set

(47) Gl] = (Qr) 7).
(iii) For k € LS (R™ x RY) let

(48) 1%llse = sup [l5;[w] ]l 11 rn ety
JEZ

(iv) For £ > 0 let RS be the space of all K € LS’ (R™ x R™) such that

[kl e == sup ||5;[K]]l 5. mn xray
JEZ
is finite.

We now have the following decomposition theorem which also gives a relation between the
spaces K. and K., in particular it shows that (Jo...; Ke = Upcocr K3

Theorem 2.9. (i) A distribution k € LS'(R™ x R?) belongs to Jy..., K- if and only if there
exists an € > 0 and a bounded set {g; : j € Z} C B-(R" x R%) satisfying

/gj(s,v) dv =0
for all j, s and
R = Z g](2j),
JEZL
holds with convergence in the topology on LS'(R™ x R?) (and thus also in the sense of distribu-
tions). For given k € K. one can choose §j = g;[k] as in (47).
(i1) Let k € K. Then for d < e,

1#llss < Coeallilloc. -

(1ii) Let k € RS. Then for 6 < €/2

1%ll5cs < Coe.all~l

fe -

Theorem 2.9 suggests to define, for k € K., the expression A[s|(f1,..., fn+2) as the limit of
partial sums

N )
(49) STOAE NS far2)
j=—-N

as N — oo; here g(?j) = @j~r. A sharper version of Theorem 2.5 is

J
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Theorem 2.10. Let 0 < § < 1, let p1,...,pn+2 € [1 + §,00] with E?jﬁpl—l =1. Let k € K¢
so that K = 3 .y gj@]) in LS'(R™ x R™) with [ gj(s,z)dz = 0 for almost all s € R™. Let
sup; |ls;lls. < oo, fi € LPt, ..., fuy2 € LPn+2. Then Z;’;_OOA[%@J)] converges in the operator
topology of (n + 2)-linear functionals to a limit A[K] satisfying

n+2
Il T

B Fas2)| < Crpcan? [l Tog® (24 ny ™) TT il
=1

15180

We note that in this bound we may replace log(2+n(|| K || . /|| K| g, ) with log(24+n™ (|| K || . /|| K|l 2,)
for any fixed M and get an equivalent expression. It suffices to prove the estimate

%] 5. s
(50) AW Sar2)] < Coean®llslls, log3(2+n,;HHR e lpl 2l TT il
0 =1

Indeed we can use Theorem 2.7 (observing that the factor n? in (43) is now irrelevant) and get
the bounds

K Re i
ALty Fotora)] < Coean?lllg o6 (2-+ 1V ) Uiyl TT 1l
0 =1

for p,p’ > 1+ 4. Then complex interpolation for multilinear forms gives Theorem 2.10.

3. STRUCTURE OF THE PROOF OF BOUNDEDNESS

The structure of the proof of (50) is already anticipated in the paper by Christ and Journé
[9]. Let ¢ be an even C§° function supported in {|z| < 1} such that ¢ > 0 and [ ¢ = 1. For

j € Z define ¢(2j)(az) := 2/4¢(27z) and define the operator P;f = f * gb(gj). Furthermore, we
choose ¢ to be even so that P; is its adjoint and transpose. We have lim;_,, P; = I, and, by
the nonnegativity of ¢,
(51) [Pl —ree = 1.
In [9], [37] the property (51) is crucial for obtaining bounds which are polynomial in n.

In (50) we are given a family

$={sj: j€Z} CB,

bounded in B.. For some estimates we also need the cancellation condition satisfying the
cancellation condition

(52) /gj(a,v) dv =0 for all j € Z.

Of particular interest are the choices ¢; = (Qj/i)(ﬁ) in (47). Our estimates will involve the
following quantities depending on the family ¢, First

sup; ||
(53) I'. = Fs[q = ]7]887
sup; 51,
and then, forn > 1, v > 0,
(54) M= = Me[<] = sup [|gj[ , log” (1 +nT(<).
J

For

N )
) Miseoos o) = Jim, 32 AN o ),
j=—N
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we wish to establish the bound

n
st lpl farelly TT 1 filloc -

=1

(56) ’A(fla ) fn+2)| < C&,e,dnzm?s’

for p,p’ > 1+ §. We have not yet shown that the sum defining A converges in any reasonable
sense though this is not hard to see if all f; belong to C§° (R9). One first establishes a priori
estimates which are valid under the assumption that all but finitely many of the ¢; are zero and
then examines the convergence issues in the general case. Throughout we take n > 1, as the
result for n = 0 is classical.

We split A into various terms which are separately studied. For 1 < [} < ly < n+ 2, we
define

(57)
Alll,lg(f:L? tt fn+2)
= ZA[gj(zj)](fh cee fl1717 (I - ‘%)fllvpjfll+17 ceey ijlg*l) (I - -Pj)flza ijl2+17 ceey jjjfn—&—Z)-
JEZ
For 1 <1 <n+ 2, we define
(58)  AF(fises far2) = S AUP 1 Pifiot, (T = P fi Pifisns -, Pifasa).
JEL
Finally, we define
(59) N (fiyeoy far2) = ZA[%@J)](Plfla s Pogafni2)-
JEL

One verifies

(60) A(fh B 7fn+2)
= Z Alll,lg(fla--'afn+2)+ Z A%(fl?"'af?ﬂ»?)+A3(f17"'afn+2)'

1<l <la<n+2 1<I<n+-2
Theorem 3.1. Let p € (1,2] and p’ € [2,00) with % + :z% = 1. Assume that ¢; = 0 for all but
finitely many j. Then (with M, °[S] as in (54))
(1)
n
Ao (1 far2) | S OGERUTTIfill oo ) gl zoll Frgz Lo

i=1
(II) For1<ly <n,lp € {n+1,n+2},

AL g (frs s Far2)l S DS (LT I filloo) I fnt 1 ez
=1

(III) For1 <1l <ly <mn,

AL 1, (e far2) | S DGR (T Iilloo) st llpll szl

i=1
(IV) Under the additional cancellation condition (52) we have, for 1 <1 <n+2,

n

AP (1o Far2)] S n IS (T illoo) et | fre2 -
1=1
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(V) Suppose that (52) holds. Then

A% (frs s Far2)) S 0P DGR (T Iilloo) I Fs lpll Fez

i=1

In the above the implicit constants depend only on p € (1,2], d € N, and € > 0.

Summing up the estimates for the five parts yields (56).

The proof of Theorem 3.1 in [37] gives information about the convergence in (55). The sums
defining the above five functionals converge in the operator topology of multilinear functionals
and the limits satisfy the above estimates. Moreover for fixed by,...,b, € L>®(R%) fixed, we
can associate to the multilinear form A an operator T'= T'[by, ..., b,] via

/g(:z) T[b1,...,bn)f(z) dx := A(by, ..., by, f,9).

In this way we associate operators Tll1 Iy Tl2 and T° to the forms All1 Iy Al2 and A3. Then the

sums defining these operators converge, for fixed by,...,b, € L™ (Rd)), in the strong operator
topology as operators LP — LP.

The proof of Theorem 3.1 in [37] is rather technical and lengthy. We extend arguments in the
paper by Christ and Journé [9]. The estimation for the forms A? and A3 relies on arguments
related to the David-Journé theorem and generalizations. In order to estimate Al 41nt2, and

prove (I), one uses almost orthogonality arguments based on a crucial L? estimate for the forms
Al¢] with ¢ € B.. This estimate will be discussed in the next section. It also plays an important
role in the technical proofs of (II) and (III), for details see [37].

4. A BASIC L2 ESTIMATE FOR ROUGH KERNELS
The following is from §7 in [37].

Theorem 4.1. Let u be a continuous function supported in {y € R? : |y| < 1/4} such that

lu]loo <1 and
/u(y)dy =0.

Let 9y, be the operator of convolution with u®"). Let 0 < e <1, ¢ € B.(R" x R?) and assume
that supp( ) C {(s,v) : [v] < 1/4}. Then for all k € N, for byi1,bnra € L2(R?), b; € L®(RY),
1=1,...,n,

AL (b1, - Qibrsts bas2)| S 27O nl | [[bas [l2llbaallz T T 116]loc-
i=1

Write
(61) AlS](b1, - -+, Qrbnt1, buge) = / Fy[s](z,y) bnt1(y)bn2(z) dx dy,
where, using the cancellation of u, we have

Fils](z,y) =

// S, T — 2) b(m—si(x—z))—§(8,:L‘—y)Hb¢(:L'—si(x—y)) u(Qk)(z—y)dzds.

=1 i=1
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Here u(2") = 2kdy(2k.). Using a Leibniz rule for differences one can write

Fils] = ZFk,i[d
i=0
where

Fiolsl(z,y) :// [((s,x —2z)—g(s,z — y)] H bi(z — sj(x — 2)) u(2k)(z —y)dzds,

n
J=1

i—1

Fradl(e.) = [ [ (oo = )] [T bla = si6a = ) x
j=1
(bile = sitw = 2) = bi(a = si(z = y))) [ bilw—s;(@ = 2)u®)(z —y) dzds.
Jj=i+1
with the convention that the products H?Zl and H;l:n 41 stand for the number 1. We let Ty[c],

Tj.i[s] denote the operator with Schwartz kernels Fj[s]|, Fj;[s]. We thus must estimate the
L* — L? operator norms for the operators T} ;[s].

The case ¢ = 0 is straightforward; we use the standard Schur test and the estimation relies
just on the assumption ¢ € B,:

st;p/ | Frols)(z, y)| dy

- k
< sup [ [ 15;lls0 WP (R)] [ Is(s,2 —y —h) — <(s,x — y)| dy ds dh
Toi=1 |n|<2—F

n n
STTbjle sup /H<(87 - h) = (s, )lds S 275 [T IIbslloolls 5.
j=1 |h|<2-k j=1

Similarly
n
Sup/ B ols] (@, y)ldz < 275 T 11bjlloolls]ls.
y iy
7j=1
Hence the Schur test implies

(63) 1Twolclllz2 e S 27 T T I0sllocll< 5.
j=1

The Schur test applied to Ty ,[s], i =1,...,n gives

n
(64) Tkl zr—ze S Nslpagnsray [ ] 1Billso-
j=1
Now we need to get a nontrivial bound for of |7} ;[s]||z2_, 2, when i =1,...,n and k> 1.

We begin with a regularization of ¢, in the x and the s; variables, depending on a parameter R
to be chosen later. Here 1 < R < 2% (we’ll see later that R = 2¥/(34+3) turns out to be a good
choice).

Let ¢ € C®(R?) supported in {z : |z| < 1/2} so that [¢(z)dz = 1. Let p € C*®°(R) be
supported in {u : |u| < 1/2} so that [ ¢(u)du = 1. Define

ch(s0) = [ [ Xionay(s = pea)s(s = pes,v = ) Re(Ro)RI9(R2) d .
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Lemma 4.2. Fori=1,...,n,
(i |
¢ = SrllL1@rxray S B°°
(ii)
1 Thils = <rlllz2—z2 S B <5, -

Proof. (ii) follows from (i) by the trivial bound (64) applied with ¢ — ¢%. We expand ¢ — ¢k =
I+ 11+ III where

I(s,v) = / [<(s,v) — <(s,v — z)]Rd(;S(Rz) dz,
II(s,v) = // [s(s,v = 2) — s(s — pes,v — 2)] Rp(Rp) R4p(R2) dz dp,

I1I(s,v) = // X[—R,R]B(S — pe;i)s(s — pei,v — 2)Rp(Rp)RAG(Rz) dz dp .
Then

kumwwgi/}WWG%N[/k@w)—d&v—@MB@UWMR@MZSRﬂWﬂ&K

For the second term,

\mhmwms/mwmyﬁ#@w—«ww%MMMW@Rﬂw&r
Finally
Wﬂhmwmﬁ// <(s,0)| ds dv < R||sl|s...
[-R,R]C

and part (i) follows. The second part follows from Lemma 64 applied to ¢ — g}é, and the first
part. ]

In order to estimate the term T} ;[c%] we shall need L? inequalities for k.

Lemma 4.3. Let 0 <e < 1,d > 2. Then

(i
[ ([ lsitsio)ao) " ds < mE<{e]..

(ii) Let 6 € S and let 0+ the orthogonal complement of Rf. Then

1
/sup (/ sup [sh(s, vt + 7‘«9)|2dv9¢) “ds < R%%HCHBE
0

0 1 reR
and )
/sup (/ sup ’agigfq(s,vL + 7'0)|2d1}9J_) ’ds < R¥_E||§||BE )
0 9+ TeR
Proof. Let By € S(RY) so that Bo(¢) = 1 for €] < 1/2 and f, is supported in {|¢| < 1}.
k—1 ~
Let 81 = B(()2) — By and B = B? ) o that B has support in an annulus {|{| ~ 2’“}, and
f = 3208k + f in the sense of distributions. Let By € S(R?) be such that its Fourier

transform equals 1 on the support of 30. Let 81 be a Schwartz function so that its Fourier
transform vanishes in a neighborhood of the origin and is compactly be supported, and equal

~ ~ ~(ok—1
to 1 on the support of 81. Let B = BEQ ),
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Let
5%@&)Z/nyam$—p@k@-kuwRﬂRmdp

so that 5}%(3, ) % op = gﬁz (the definition of ¢ was given right before the statement of Lemma
4.2). Then

§E(S, ) = Zﬁl * 6;2(5, ) * QR * /g)l
=0

By Young’s inequality

Ik (s,0) % B x Billa < ISk(s,-) * Billa ]| B * Prll2
and it is easy to see that

181 % ®rlla < Cpr2%? min{1, (R27HM} .

/(/k}é(s,v)‘zdv)éds

< imdm min{1, (R2~)*} //‘/gl(v—w)gﬁz(s,w)dw dv ds
=0

Thus

oo
< Y2 mind, (R27HM)27EGRlls. S B2l
1=0
The first inequality in (ii) is proved similarly, except that we first use the one-dimensional

version of Young’s inequality in the #-direction. Since the Fourier transform of §; is supported
on a set of diameter O(2!) we have, for fixed § and almost every s,

1 0o ) 1
(/ sup |ﬁl * gli;i(s, v+ 79)|2dvl) : < 21/2(/ / ’5; * qu(s,vL + 70)|2d7' de> 2
6L 7eR 0+ J—o0

Notice that the double integral on the right hand side is just the L?(R?) norm of ¢4(s,-) and
thus does not depend on 6. Take the sup over 6, then integrate in s, and sum in [. Arguing as
above we obtain:

1
/sup (/ sup | By * ch(s, vt + 7'9)\2de> *ds
0 0 R

1 re

< Z2l/2/ (|Bl *§E<S’v)|2dv>1/2d8

>0
Y2 w1, (R2 MY [ [ 1604 G(s.0) dvds
>0

. d+1
< 322 ming1, (R2H)M 27 |Gk 1. S RE o]l
>0

The second inequality in (ii) is proved in the same way. The differentiation in s; hitting the
mollifier Ry(R-) produces an additional factor of R. O

By the support assumptions on ¢ and u, we have

supp(Frilsg]) € {(z,y) : [z —y| < 1}.
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Thus by a trivial orthogonality argument we can reduce the estimation for T} ;[c%] to a Hilbert-
Schmidt estimate, namely

j 1/2
(65) Tealsidllare < (su [ [, IBualsilo ) dody)
ly—z|<1

Proposition 4.4. For k >0

(66) (500 [ [,y 1Bl d )" 5 2 (e

ly—yol<1 i=1

4.1. Proof of Proposition 4.4. Note that the class of operators is invariant under translations.
Le. if 7, f := f(x — a), then the kernel of 7,T} ;[sk]T_qa, i.e. Fj;[sh](z —a,y — a), is of the same
form of Fy, ;, with the functions b; replaced by 7,b;. Therefore we may take yo = 0 in Proposition
4.4. We may also assume

(67) [bjllc <1, 1<j<n.

We separate s as s = s;e; + sf- where sf = (.., 8i-1, 8i11, --) € R""L. Use the Cauchy-Schwarz
inequality in the z-variable, and then Minkowski’s inequality in the siL variables, as well as (67)
for j # i, to estimate

J[ 1Rt P @ )’

|z|<1
lyl<1
s / ( /// 2kd‘ /g}é(s,x — ) [bi(z — si(x — 2)) — bi(z — si(z — y))]dsirdz dx dy) 1/2dgii
|z, ly|<1
ly—z|<2=k

/// ‘/CR 5,0) |bi(z — siv) — bi(z — s;w )]‘dedwdx)l/zdsii

][], [w|<2
lv—w|<27F

The proof of Proposition 4.4 will be complete after the following lemma is proved.

Lemma 4.5. Let ¢% be as in Proposition 4.4. Then for g € L®(RY) and k > 0,

2 1
(2 /// \/ Shis.v) (9@ = siv) — glo — siw))ds| drdvdw)® £ B9 c] s g

|z|<2
Jv],|w[<2
l[v—w|<27F

[

Proof. We may and shall assume |[g|z~ = 1. Let gr(x) = g(x) if |z[ < 2R + 2 and gr(z) =0
if |x| > 2R+ 2. We first observe that since ¢j(s,v) = 0 for |s;| > R+ 1 we may replace g by gr
in the above expression. Note that

(68) lgrll2 < RY2.
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We interchange the (v, w) and z integrations and then apply Plancherel’s theorem, and inter-
change integrals again to get

N[

kd i e . 2 1
2 Sk(s,v)(gr(x — siv) — gr(z — siw))ds| dzdvdw)”ds;
|z|<2
Jvl,|w|<2
lo—w|<27F
i 2 1
:/</’§R(§)|22kd // ‘/(fz(s,1})(627r”i<”’*5> — e2msilw)) g, dudwdf)stf
[v],|w|<2
lv—w|<27F

For a constant U > 1 (to be determined) we split the &-integration into the parts for |{| < U
and || > 1.

For |¢| < U we bound [e275i(v:€) — 2msi{w8) | < R1T2F since |s;] < (R41) and |v —w| < 27F.
Hence we obtain

(69) /</|§§U (G (€) 2244 // ’/gﬁ(‘s’v)(gmsi(v,ﬁ) 2w g,

ol Jw|<2
|[v—w|<2~F

~ . 1/2
S RU2 gl [ ( [ Ich(s.0)Pav) as

d+2 _
< R 7 U2 |grll2 <],

where in the last inequality we have used part (i) of Lemma 4.3.

2 1
dv dw dg) 2 st

Next we consider the part when || > U. Using the symmetry in v, w we may estimate

D=

] 2
/</|§|>U |§R(§)‘22kd // ‘/g}%(s,v) (627r1<v,§>5i o e2wz<w,§>si)d5i‘ dv duw dé) dsli
B ol ool <2
lv—w|<27F
. 5 B
) 2/ (/ O // ’/ k(s 0)e 05 ds,| dvdw dg ) ds
>U
= |v],|w]<2
[v—w|<2~F

. 2 L
S [ ([ n@r [] [ shts.o@meonas| avae) ast
|€I>U

For fixed & = |£]6 (6 € S?~1) we separate the v-integral into two parts. Let 0 < b < 1 (which

will be optimally chosen later). For fixed § = £/|¢|, si we have v = myLv + s6 where myLv is

the projection of v to the orthogonal complement of Rf and 7 = (#,v). We split

. 2 . 2
/‘/g}%(s,v)e%’(“’@sidsi‘ dv ://‘/C;{(S,ﬂ'elv+T€))€2ﬂ-’”|£|sid$i) drduvgy
Io(s7, |€16) + TLy(si, €16)

where

. 2
(st |€]0) = / / ‘ / g}z(s,ﬂ'gu)—i-TH))eQ“”'g‘sidsi‘ drdug.
[7b’b]

. 2
[I,(st,|€]0) := / /[ bb]c] / g}%(s,ﬂglv—1—T(9))62mﬂ5|sidsi‘ drdug.
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J (L m@r [| [ its,mee=osvas i) bt

1
S [ ([ Bre)Pist o) + st o) dst
€=U
The expression I is estimated as

4 2
I(si, [€]0)] < Qb/ sup |:/‘§}L{(S,7T9L’U+7'9))|d$ii| dvg.

|7|<b

so that

and we get using part (ii) of Lemma 4.3

/</I£ZU |’9\1~2(€))I21ﬁ>(shf)dé)§dsL
5()1/2||9RH2/ (Slalp/slip [/|§§?(S’7Tew+Tc9))|dsirdv%)l/2dsi

d+1_
(70) SV2RTT 7 cllg.llgrll2 -

To estimate I1,(sy,&) we observe that the function s; — ¢h(s,v) is smooth and compactly
supported. We use integration by parts to write

/gﬁ(s,’ﬂ'gLU + 79))62””|§‘5"dsi = —/8Si§f{(s,7rglv + 79))(27r2]§\)_17_162“”5id3i

and thus for |{| > U
1 > —2 —2 1 2
1 (st,1€10)] < [ €172 r "2 [ sup | [ 104 h(s morv + t6))|dsi] dvp
b t

. 2
S Uzbl/sup [/|35i§}%(5,7r9¢v+t9))|d3i] dvgi .
t

Hence, by the second inequality in part (ii) of Lemma 4.3,

/ ( /,OU |§R(§))|2Hb(8¢l,§)d€)édsi

, 2 1/2
,SU_lb_l/zHgRHg/(sgp/sgp [/‘asi§}'{(8,7TgLU+t0)’dSi:| d’UeL) ds;

da+3
(71) SUTVPR ol |, |lgrll2-
We combine (69), ) to deduce
1
/ de /// ‘/gRsv gr(z — s;jv) — gr(z — s;w ds‘ dxdvdw>2
|z|<2
(72) o Jw|<2
lv—w|<27F

d+3

S (R U27% + RT =62 4+ R U "2)|¢||5. | 9rll2 -

We choose b, U so that the three terms are comparable, i.e. b= RU™', U = 22%/3. The result
is that the left hand side of (72) is bounded by a constant times

d+2 _ —£o—
R 2273 q||g. lgrll2 S RH1527F/3q|5.,

by (68), and the proof is complete. d
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Proof of Theorem 4.1. By (63),

n
1 Tolclllze -2 S 27" lclis. [T oilloc-
=1

By Lemma 4.2 and Proposition 4.4 we have for i = 1,...,n,

1Tl 22 < W Thals = SRl pe e + 1 Thalsk) 22

SR+ 27 PRI ells. T T orlloo -
=1

Choosing R = 2¥/(3d+3) vields the bound

n n
DI Thilelllze e S (n+ 1275 S gl TT il
=0 =1

and thus the estimates for the multilinear forms claimed in Theorem 4.1. O

5. ON WEAK TYPE (1,1) BOUNDS

5.1. LlogL — L' from a weak type (1,1) inequality. The Llog L(T?) — L'(T%) bound in
(16) follows from a weak type inequality for Christ-Journé operators. We recall the standard
argument. Let the Llog L norm be defined as in (5). Clearly ||f|l1 < ||fllz10gL-

Lemma 5.1. Let ¢ > 1 and let T be an operator bounded on LI(RY), with ||T| pe—rqa < A. Let
T be of weak type (1,1), i.e.

meas({z : |Tf(x)] > A}) < BA7H f]s-
Then, for any compact set T maps Llog L to L*(K) such that

A
(73) I7flasa0 < (17 + (2Ameas(E) + B)| 11

Proof. We assume ¢ < oo and leave the proof for ¢ = 0o to the reader. Let

b:=2A]flL1og -

Write ,
IT Al i) = / +/ meas({z € K : |Tf(z)] > AP\ = I+ 1T
0 b

Obviously

|I| < bmeas(K).
Now let gx(z) = f(z) if |f(x)] < 24X and gx(x) = 0 otherwise. Let hy(z) = f(z) — gr(z).
Then

IT < /00 meas({x € K : [Tgx(z)| > \/2})d\ + /Oo meas({x € K : |[Thy(x)| > \/2})d\.
b b

By Tshebyshev’s inequality and the assumed L? boundedness we have
meas({zx € K : |Tgx(z)| > \/2}) < (2A)q)qug>\Hg
and thus

o

/boo meas({z € K : [Tgx(x)] > \/2})d\ < (QA)Q/ Al gallZdA

b
24
A)d ‘ AdNdr < da .
< (24) /If(x)\ /Asz(x” vs 1 | f@)lde
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Also
/ meas({z € K : |Thy(2)| >)\/2})d)\</ I By | 1dA
2415 @)1 g 24
<QB/ / dx<QB/|f |10g+(M)d:U
|>2b b
24/ ()]
< 2A *|f( )logy (— 5 )dz < Bl|fllz10g 2
by the definitions of b and || f||£10g - Now combine the various estimates. O

5.2. Weak type inequality. By the reduction in §1.6 the Llog L bound follows from the above
lemma and

Theorem 5.2. Let T, be as in (26), and let a € L*°. Then T, is of weak type (1,1).

The proof of this result is analogous to an estimate for the original Christ-Journé operators
with n = 1. It was shown in [36] that for a € L> the operator f — Cg1[f,al] is of weak
type (1,1) (in two dimensions that was already proved by Grafakos and Honzik [21]). These
arguments can be extended to cover the operators discussed in §2 when n = 1. Namely if
Kk € K¢, a € L* then the operator defined by

_ // k(x, s)a((1 — 8)z + sy) £ (y)dy

is of weak type (1,1).
The proof of these results uses methods that were previously developed to prove weak type
(1,1) inequality for rough singular convolution operator, of the form

Q(y/lyl)
/Wf(x —y)dy

where Q is homogeneous of degree 0, Q € Llog L(S%!) (or even just Q € L>®°(S%1) satisfying
Jga—1 Q(w)do(w) = 0. See Christ [8], Christ and Rubio de Francia [10], Hofmann [25], Seeger
[35] and Tao [40]. The ideas in [8], [25] and especially [10] have been used by Tao [40] also for
non-convolution operators, however they lead to substantial difficulties in higher dimensions.
The proof in [36] is built on an approach in [35] which uses the Fourier transform in an essential
way. This becomes less transparent for the non-convolution operators considered here but a
main idea, an almost orthogonality argument for a microlocal decomposition of the operator,
still applies.

For simplicity we will discuss only a model operator which captures the main features. Fix
a € L®(R?Y) with [Ja||ec < 1. Let let 9 be a C* function supported in [1/4,3/4] and define

Tf= /Kw— /19 (1= s)z+ sy)dsf(y)dy
where a € L®(R?) and K is a Calderon-Zygmund convolution kernel satisfying
K ()] + |2||VE ()] < [«
and || K||so < 1. We will outline the main steps necessary to prove the inequality

(74) Sl)\lp)\meas({x: |Tf(z)| > )\}) < fll-
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5.3. Calderdn-Zygmund decomposition. Let f € L*(R%). We use the standard Calderén-Zygmund
decomposition of f at height A and decompose

f=g+b=g+ ) bo
QEQX

where [|glloo < A, llglli < [|£]l1, each bg is supported in a dyadic cube @Q with sidelength 24(@)
and center yg, and Q) is a family of dyadic cubes with disjoint interiors. Also [[bg|l1 < M@
for each @ € Q) and Y g, Q] S A7 fll1. For each @ let Q* be the dilate of @ with same

center and L(Q*) = L(Q) + 10, and let £ = UQED Q*. Then meas(E) < A7 f||1. Finally, for
each @, the mean value of by vanishes: [ bg(y)dy = 0.

Since T is bounded on L? we may use the standard argument for the “good" function g

ITgl13 < 1Tz 2llgl3 < llgllllglise < Mgl

and by Tshebyshev’s inequality,
{z € R?: [Tg(x)| > A/10}| < 100A72|Tgll3 S A gl S A7 f]h-

~

We use a dyadic decomposition of the kernel. Let u be a radial C*° function, so that u(x) =1
for |x| <1 and ¢(z) =0 for |x| > 6/5. Let

Ki(z) = (u(27z) —u(2772)) K (2)
so that K = Y K; in D'(R?\ {0}) and K; is supported in the annulus {|z| ~ 27}. Let 7} be

the integral operator with Schwartz kernel

1
Kj(z — y)/o a(sz+ (1 —s)y)ds.

For m € Z let

> ba
Qe
L(Q)=m
Then T} B, € L' for each j, m, supp(TjBy,) C E, m > j. Also, for fixed n, 2 ITjBjnllt S
| £]l1. It thus suffices to show that for X < X
(75) meas ({xERd\E Z|ZTB] “n >)\}) _l”le-

n>0 g

We now need some finer decompositions of the operators 7. Let ® be a radial C§® function
supported in {|z| < 1}, and satisfying [ ®(z)dx = 1, set ®,,(x) = 2-™4P(27™x), and denote by
P,,, the operator of convolution with ®,,. Let Let £(n) = 2+ [2logy(n)]. We have the following
rather straightforward result.

Proposition 5.3. Forn=2,3,...,
1P nremyTiBi-nllt S n 2 logn||Bj—ul1 -

Proof. Fix ) € Q) with L(Q) = j —n. Then

[/<I>j_n+g(n) (z —w)K}' (w —y)a(sw + (1 — s)y) dw| dy ds..
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Change variables z = w + 1 =2y to get

P o) Tibo(z) = /ﬁ(s)/a(sz)/A;i’;’s(y)bQ(y) dy dzds

where
AT () = @ oy (7 — 2 + 52y) Kj(2 — 1),

S

Expand A7 (y) about the center yq of Q. Since [bg(y)dy = 0 we have

Prmsan D@ < [ [ 109a(s2)1| [ (A7) = A5 w0)boly) dydz ds.
Using
AT (y) — AT (yq) (v —y0, / VAT (yo + oy —yo))do)

one obtains

3/4
| P; n+€(n)T bo(z)|l1 < diam(Q / /\19(5) X

/|bQ y/\K — vatolyualy| g gy

+ Hq)j—n%(n)Hl/’bQ(y”/S‘VKj(z—yQJrU(sny)|dzdy} dsdo .

Now ||[VK;|1 <277 and since diam(Q) < 297" we obtain HPj_nM(n)Tj”bQHl <n~2logn||bgl
which implies the asserted bound. O

HV(I)J n+4(n ||1

As a consequence of the proposition we get by Tshebyshev’s inequality It yields

meas ({z € R\ E Z | Z -ijn+€(n)ierj—n($))| > \/10})

n>0 j
SIS NP ey T Bj -l
n>0 j
<A 1271_22!!3] alle S ATHIF Il
n>0

Thus we need to estimate

(76) meas({ Y | Y (I = Pj_pion)) T} Bj-n(x)| > A/2}).

n>0 g

We shall need to exploit the fact that the integral fol a(sz + (1 — s)y)ds has a regularizing
effect for the rough function a in the direction parallel to z — y. Based on this insight we use a
microlocal decomposition which we now describe.

Let 1/10 < ’y < 9/10 (say v = 1/2), and let O,, be set of unit vectors with the property
that if v # v/, v,/ € O, then |[v — /| > 2747 and assume that O, is mazimal with
respect to this property. Clearly card(0,) < 2m7(d=1)  For each v we may choose a function
Xnp on C®(S971) with the property that Xn.,(z) > 0, Xn,(0) = 1if |§ — v < 2737,
Xnw(0) = 0 if |0 — v| > 27277 and such that for each M € N the functions 27y, , form
a bounded family in CM(S9~1). For each 6 there is at least one v such that ¥, ,(0) = 1, by
the maximality assumption, moreover by the separatedness assumption the number of v € ©,,
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for which X, (0) # 0 is bounded above, uniformly in § and n. We now form a homogeneous
partition of unity, defining for v € ©,,

T ()
V€O, X,/ (|z|) '

Xn,u(a:) = Z

Then Y, cq, Xnv(z) = 1 for every z € R4\ {0}) and by homogeneity we have the following
estimates for multiindices o and x # 0,

|(<V’ v))MXn,u(fU)’ < CM|x‘_M’
|0 X (@)] < Ca2[z] 710

Let KJ""(x) = Kj(x)xny(2) and let T;" be the operator with Schwartz kernel

K (z —y) /19(5) a(sx + (1 —s)y)ds.

We then have T = _ g Tm’ Let p € C*°(R) so that p(y) = 1 for |y| < 1/2 and p(y) =0
for |y| > 1. Let
1/10 < v <7y <9/10

and define the singular convolution operator &,,, by

~

S f(€) = p(2"° (v, 7)) F(£).
We then have the following estimates for large n.

Proposition 5.4.

2
H Z Z(I_Pj—n-l-ﬂ(n))gn,uT;L’VBj,n )

veO®, jJ

S27OM Sl

Proposition 5.5. For fized v € O,

| S0 = Prse) U = 0T By 022D
J

Given the propositions it is easy to show that [(76)] < A71||f]|1 and thus to finish the proof
of the main inequality (75). Indeed by Tshebyshev’s inequality,

meas ({z : | Z Z (I = Pj_pyon)) ] Bj—n(z )| > A/2})

n>n(e) J
<o Z Z Z(I_ Pi o) (I = G5) T Bjn 1
n>0ve®, j
2
+C)‘_2H DD U= Piitn))Snn T Bjn )
n>0ved,, j

and by the propositions and Minkowski’s inequality this is bounded by a constant times

)\—IHle ( Z n—22—n’7(d—1)card(@n) + Z 2—n"fl) < )\—IHf”l )
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5.4. Proof of Proposition 5.4. ([35], [36]). The main observation is an orthogonality argument
based on the fact that for fixed n > 0, we have

(77) sup Z@ (27 (v, £))] < 27D,
1/6

To see this let [£] = 1 and assume p(2"n=5(v,£)) # 0 then the distance of v to the hyperplane
&L is at most C27™% and since the vectors in ©,, are c2~™-separated and vy < < there are
O(2"(d=1)=m0) such vectors, hence (77) holds. This implies

2
H > Gnv 2 = Picnss) T Byl

IZS(CY
<2n’yd 1)—nvo Z HZ I P —n+l(n )T;I’VBJ'—”‘E
veEB, j

which is a substantial improvement over what follows from Mmkowskl s inequality. Since #0,, <
277(d=1) the asserted inequality follows from

2
(75) | > = Prao) T By, S 272 @O )
J

for each v € ©,,.
For the proof of (78) the cancellation of Bj_, plays no role. Let

H (2) = 2—J’dx7;,y ().

where ] )

T = {a (2, v)| < 272, |z — (@, v)] < 272,
Then

(I = Pj o)) T} Bj—n ()| S H" % | Bj_n|().
Therefore

2
H Z(I = Pionstn) T} Bjn|,

<22/]B] @) ST HY s« B 5| By (2)] e

1<j
Observe that ||H;""[|; < 27 "meas(r;"") < 27™@=1 and thus
HY « B () £ 27000 2700 ()

where 7" is the double of T;Z’V. Hence, for each z € R%, j € Z,

j
ZH;L’” « H" % |Bi_p|(x)

1<j
<2n'yd 12jdz |dy
i<j £E+T v
<omNgdy 3 /‘bQ )| da
i<y QENy:
L(Q)=i—n
QN(a+77 )40

< g mm(d=1)g—jd meas(%?"/) < Q_Q"V(d_l))\;
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here we have used ||bg||1 S A|@|, and the disjointness of the interiors of the cubes @ in 9.
Thus we get the estimate

2
H 2 (0 = Pimne) T} Bl
j

S 272NN T Bjnlh
J
which gives (78). O

5.5. Sketch of proof of Proposition 5.5. The technical proof is lengthy; we give the main ideas
and refer the reader to [36] for details.

Let @ € Q) with center yg and with L(Q) = j — n. Fix a unit vector v, and let 7 be the
projection to the orthogonal complement of v. In view of the support properties of the kernel
it suffices to show that for large n

(79) [ = Piosem) U = 0)T3 b S n™227 D gy
under the additional assumption that the support of a is contained in

{v: 1y =y )| <C2 . |my (y —yo)| < CZ7" }.
Note that with this hypothesis
(80) [@]lo0 S 2744,

We need a frequency (Littlewood-Paley) decomposition of a. Let ¢ be a radial C*° function
defined in &-space, so that (&) = 1 for |{] < 1 and ¢(§) = 0 for || > 6/5. Define fi(£) =
©(2F€) —p(2FF1€); then By is supported where €] =~ 27F. Let Bbe similar but B3 = Bk. Define
convolution operators Vi, Ly, Lk with Fourier multipliers go( s By ﬁk, respectively. Then
LkLk = Ly, and, for every m € Z, the identity operator is decomposed as I = Vp, + >, .., L.

For fixed y € Q) we define an operator fKn’” acting on a by

X [a) () = K™ (3 /19 a(sz + (1 — s)y)ds

so that

(81) T b () / boly () dy.
We use the above frequency decompositions to split

(82) (I = Gn)I = Pjnyen))T;"bg =

S L= S0) L (1= Py i) [ bo0)] ol dy
k1

and then further decompose in (82)

(83) a= ijnJrE(n)a + Z Li,a

ko<j—n+L(n)

We state three lemmas with bounds for the terms in (82), (83).

Lemma 5.6.

| [ 0@V msamal ], n7227 @ Dbgll.
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Based on the cancellation of bg one may estimate the left-hand side by

[ b0l [ 55 Vi sl @) = Ky Vi amal @) e dy.

From here on the estimation is straightforward; we omit the proof (cf. [36]).

Next note that HfK?yy[a]Hl < 27(@=1|g||o, and the same bound holds for the L' norm of

~

LklfK ”[Ly,a] uniformly in ki, ko. The following Lemma contains an improvement when &, ko
are far apart and ko < j —n+{(n).

Lemma 5.7. Let y € Q and a be as in (80).
(1) Let k1 > ko + ¢(n) + 10. Then

1Lk KT [ Lyl |, < C2~"7@=D min{1, n2H2N gnyglke=i+ny)Ny,
(ii) Let k1 < ka — 10. Then

HLk?l Lk2 Hl + HLkl VkQ < CNQ_nV(d_l) min{l,2”72(k1_k2)d2(k1_j+n7)]v}.

alll,

We use the Fourier inversion formula for @ and for the convolution kernel of L, , and write
v 1 -~
LK asal(e) = g [ 965 [[ (@B

We may integrate by parts with respect to w and £ and the integral becomes

(2n 2d/ /ﬁkg /[/ei(<’”"”’5>+<Sw+(1—8)ym>)X

(I = 2721 A )M By, (€)I€ — sn|72M2] (= Au) M K™ (w — y)
1+ 2%~ W)
We use this for Ny = [d/2] + 1 and Ny large. Note that for s € supp(¥),

€ s > 27k2=t) if kg > ko + 4(n) + 10,
M= N oki—2 ifky < ky — 10,

w}dgdnds.

A straightforward evaluation leads to the assertion of Lemma 5.7.
More interesting is the analysis for ki = ko.
Lemma 5.8. Let ko — 10 < ky < ko + ¢(n) + 10. Then
L, (I = &™) K [Liyallly < Cy27"Y @™ min{1, 20 H3)mvglka=rnn)Ny
for every y € Q.
Proof. We may assume that (80) holds. Define the convolution operator S, , by
5mg(n) = p(2"n ™2 (v, i)G0n)
and split a = S™a + (I — S™")a. One establishes the following estimates:
(81) [ Liy (I — 6™)K [LyyS™a] |1 < C 1 (26 =) (N+d) gy (k1 —k2)dey (k1 —j+n7) N
and

(85) 1L, (I = ™)K [Liy (I = §™)a ||y < Oy n~5d2tmrglka=itnn.
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which imply the somewhat weaker estimate asserted in the lemma. The idea for (84) is that
the supports of the multipliers for I — &™" and S™" and we have a situation similar to the
one in the proof of Lemma 5.7. For (85) we observe that the Fourier supports are away from
the hyperplane perpendicular to v. Therefore, the s integration (which provides a microlocal
regularization effect averaging in directions close to v) can be used effectively.

For the proof of (84) set

bis o (€) = Bra (€) (1= p(2" 0 (v, 7))

and write
(2m)* Ly, (I — &™) XK [Li, ™ al (z) =
/ a(s / by 1 (€) B ()P (2T (v, 1)) ()
{/ iz —w, &)+ <sw+(1*8)y:77>)K]T,L’V(w—y) dw} d€dnds.

If (£, 7) is in the support of the amplitude then for large n

(2 o2y
> (]2 (n5 — § . 20102y > g—ki—nyp5

Now we can integrate by parts as in the proof of Lemma 5.7, except we use the directional
derivative (v, V,,) instead of A,. The above integral is then estimated by

][ 1smiaeoe 2w m)

(I — 2721 A )M [M]

S V) K ()| d d dy s

X
(1—272k1 |z —w|?)M

The above lower bound for (§ — sn,v) works in our favor and eventually leads to (84).
To see (85) set

bra,na (M) = Bra (M) (1= p(2" 02 (v, 1))

and write

(2m)* L, (I = &™) Ky [Liey (I = §™)a) ()

— [ K77 @ =0 [ [ s rsa) )

< | / 9(s)eimw &+t =) 4] de dn dw |

Now if w — y € supp(K;"") then ~™ and if n € supp Ek nv) We get
| 2,1,

[{w =y, m)| = |w—y] (<V, ) = n|27") > fw —y| |27 (3% — 1)
and hence

(86) [(w —y,m)| > 20 Fmr4p2,
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Integration by parts with respect to s yields
(2m) L, (I = &™) K5 [y (I — S™)a] () =

~ I =272 A)Nby 0 (€)

(1427 ]z —w)M

Ns gis(w—y.m)
(Na) gy "¢ 77
X [/19 ) 1=y s o] e dndw.

Now the lower bound for (w — y,n) works in our favor and a computation yields (85).

Finally the lemmas can be combined to prove Proposition 5.5 (cf. [36] for details). O

Remark. 1t is currently open whether similar weak type (1, 1) bounds hold for the case n > 2.
Other open problems may be discussed in the lectures.
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