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1. Introduction

Suppose that X and Y are C'*° manifolds of dimension dx and dy, respectively,
and that
CCT*X\0xT*Y\O0

is a homogeneous canonical relation. By I**(X,Y;C’) we denote the class of Fourier
integral operators of order u associated to C. Here as usual C' = {(z,&;y,n) :
(z,&y,—n) € C}; if ox, oy are the canonical two forms on 7*X and T*Y, respec-
tively, then C is Lagrangian with respect to o, — oy and C’ contains the wavefront
sets of the kernels.

We shall be concerned with L2 — Lqﬁ mapping properties of operators in I*(X,Y;C’)
(here L% denotes the LY Sobolev space). These are well known in case that C
is locally the graph of a canonical transformation; this means that the projec-
tions 7, : C — T*X, mp : C — T*Y are locally diffeomorphisms. In particular
dx =dy :=d. Then F € I"(X,Y,C") maps L7, .o, (Y) into L3 ,.(X) if 3 < a—p.
This was shown by Hormander as a consequence of the calculus in [7]. By com-
posing F with a fractional integral operator it is easy to see that F € I*(X,Y,(’)
maps Li’comp into Lqﬁ,loc> 2<g<oo,if f<a—pu—d/2+d/q. More general if
dx < dy and dry has maximal rank 2dx then the same mapping properties hold
for Fourier integral operators in the class F € [#+dx—dv)/4(X Y, C").

If one of the projections 7y, mr becomes singular it follows that the other is
singular as well, see [7]. However the nature of the singularities of 7, and mr may
be quite different and this is reflected in the estimates one gets. Sharp L? estimates
are known if C is a folding canonical relation; one assumes that both projections
are either nondegenerate or Whitney folds (again dx = dy = d). Then there is a
loss of 1/6 derivatives in the L? estimates; namely F € I*(X,Y,C’) maps Licomp
into L3 1, if 8 < a —p+1/6 (see [10], and [15] for a nonhomogeneous version).

In this paper we mainly consider the case of one-sided fold singularities; in the
case dx = dy we require that one projection (say 7) is either nondegenerate or a
Whitney fold but we do not impose any condition on the other projection. If dx <
dy then we require that 7y, is a submersion with folds. We recall the definition: Let
M and N be C*° manifolds of dimensions m, n, respectively, where m > n. Then
a C*® map F : M — N is a submersion with fold at zo € M if rank F'(z¢) =n—1
(and therefore dimKer F'(zg) = m — n + 1 and dim Coker F'(xy) = 1) and if

the Hessian of F' at x( is nondegenerate. The Hessian is invariantly defined as a
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quadratic form on Ker F'(xo) with values in Coker F'(z(). One can always choose
local coordinates x in M vanishing at x¢ and local coordinates y in N vanishing at
1o such that in the new coordinates

F(zy,...,2m) = (21, .., Tn—1,Q(Tn, ..., Tm))

where @ is a nondegenerate quadratic form in R™~"*1 (see [4, ch. II1.4]) and also
[9, III, p.493]). We note that the variety £ where F' is degenerate is a smooth
surface in M of codimension m — n + 1. Another way of defining a submersion
with folds is identifying £ and saying that F' drops rank simply by one (at least
one n x n minor of dF vanishes of only first order) and that F'|. is an immersion.
In particular F'(£) is a smooth hypersurface of N. In the case m = n a submersion
with folds is simply a Whitney fold.

Theorem 1.1. Suppose that dx < dy and that C C T*X \0x T*Y \ 0 is a homo-
geneous canonical relation such that the projection wp, : C — T*X 1is a submersion
with folds. Suppose that F € I#+Hdx=dv)/4(X Y C"). Then F maps L2 comp(Y)
into L%,loC(X) provided that

(1) B<a—p—1/4 ifdy = dx,

(2) b<a—pu—¢c,any €>0,ifdy =dx +1,

(3) B< a—pifdy > dx +2.

These results had been conjectured in [2], [3] where they are proved for the
special case of fibered folding canonical relations (this corresponds to an assumption
of maximal degeneracy on mg). In this case there is a composition calculus which
is not available in the general situation.

For averaging operators in R? and some model cases in higher dimensions the
L? estimates are already in [17]. We remark that in the case dx = dy Theorem 1.1
is sharp without further assumption; however it can be improved if one imposes an
additional finite type condition on wgr (cf. [18], [19]). It is also sharp if dy > dx;
see [3] for an example in the case dy = dx + 1 where € has to be positive.

Our next result concerns L2 — Lqﬂ estimates.

Theorem 1.2. Suppose that dx < dy and that C C T*X \0x T*Y \ 0 is a homo-
geneous canonical relation such that the projection wp, : C — T*X 1is a submersion
with folds. Moreover suppose that the projection 7~ : C — X is a submersion.
Let F € I#Hdx=dv)/4(X YV C"). Then F maps L2, comp(Y) into LY 100 (X) provided
that B < a—p—dx(3 — %) and

(1) 4 <g<ooifdy =dx,

(2) 2<g<ifdy =dx +1,

(3) 2<g<ifdy >dx +2.

We note that sharp L? — L* estimates for averaging operators in the plane are in
[17], [19]. There is always a range of ¢'s (4 < ¢ < oo if dx = dy) where the L — Lj
estimates are sharp and in fact the same as in the nondegenerate case. The range
[4,00) is sharp if one does not impose additional assumptions. One considers on
R?x R%x R4~1 the phase function ®¢(z,y,0) = (1 —y1+ %xdyg)Hl +Z?:_21 (zi—vy:)0;
in the region {6 € R?~: || > |#] > 0}. It parametrizes the canonical relation

CO = {(yl_xdyg/Qayuvxd707y391/2; Y, 07 _:Udydgl) : (y7 97:6(1) € RdXRdilXRv ’91‘ Z C’9|,£Ud 7é O}
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where we write y = (y',yq) = (y1,¥”,ya). This is a model case for a fibered folding
canonical relation, considered in [2] (here 7y, is a fold and 7 is a blowdown). One
can check (arguing as in [2], [19]) that Theorem 1.2 is sharp in this case.

In order to improve Theorem 1.2 one imposes additional curvature assumptions.
Let us suppose that dxy = dy and let £ be the fold hypersurface. We assume that
the projection 7% : £ — X is a submersion. Then for each # € X the image of the
projection 77=X of £ to the fiber TyX is a d — 1 dimensional conic hypersurface
I',. For the above example these hypersurfaces are hyperplanes.

Theorem 1.3. Letdx = dy = d and suppose that C is as in Theorem 1.2. Suppose
that X : L — X is a submersion and suppose that for each v € X and each
¢ eTl, =a%X(L) at least ¢ principal curvatures do not vanish. Suppose (20 +
4)/(l+1) < g<ooand f < a—p—d(i - %) Then F € I*(X,Y;C") maps L2 .omp
into Lqﬁ,loc.

The additional curvature condition on the fibers is close to the cone condition in
[12], formulated for a class of Fourier integral operators that comes up in the study
of wave equations.

We now consider averaging operators in three dimensions. Suppose that X
and Y are three dimensional manifolds and suppose that M C X x Y is a four
dimensional manifold such that the projections onto X and Y are submersions;
furthermore assume that

N MCT*X\0xTY\0

where N* M is the normal bundle of M. Then M, = {y: (z,y) € M} is a curve
in Y for each z € X; similarly for each y define MY which is a curve in X. Let
do, be a smooth density on M, depending smoothly on x. Then the averaging
operator defined by

Af(x) = f(y)do(y)

Ma

belongs to the class I-%/2(X,Y; N*M) (see e.g. [6]). Therefore Theorem 1.3 and
interpolation yield

Corollary 1.4. Suppose that dim X = dimY = 3 and M is as above. Suppose
that the projection wp, : N*M — T*X s either nondegenerate or a Whitney fold
with fold hypersurface L, such that the projection of L onto X is a submersion.
Suppose that for each x € X and at each ( € I', = TI'T;X<£) a principal curvature
does not vanish. Then A is bounded from LP  (Y) into L4 (X) if (1/p,1/q)

comp comp

belongs to the closed triangle with corners (0,0), (1,1), (1/2,1/3).

Clearly by applying this to A* we get a similar result involving assumptions on
mr. The typical example that demonstrates the sharpness of Corollary 1.4 is the
X-ray transform for the family of light rays in R? (considered in [2], [5], [11], [16]).
The light rays are parametrized by their intersection with the (x1,z2)-plane and
an angle «, and the averaging operator (taking the role of A*) is given by

Rf(z1,2z2,0) = /f(xl—i-scosa,xz—i—ssina,s)x(s)ds
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with an appropriate cutoff function x. (IN*M)’ is a fibered canonical relation (now
7R is a fold and 7y, is a blowdown) and the fold hypersurface for g is

L = {(z1, 22,0, pcos a, psina, 0;x1 + scos o, o + ssina, s, (cos o, psin oy, p) }.

The sharpness of Corollary 1.4 can be seen by testing R on characteristic functions
of balls (to get the restriction ¢ < 2p/(3 — p)) and on characteristic functions of
rectangles with dimensions 1,§,% (to get the restriction ¢ < 4p/3); see [2]. The
operator R is an example of a more general class of restricted X-ray transforms
where one averages over lines in a well-curved hypersurface of M; 4 (the space of
lines in R%). This will be taken up below.

In the case of folding canonical relations one may apply Corollary 1.4 to A and
A* to get

Corollary 1.5. Let M be as in Corollary 1.4 and suppose that (N* M)’ is a folding

canonical relation. Moreover suppose that the cones TL = 77X (L) and the cones
Ff = WTJY(E) are curved in the sense that at every point one principal curvature

does not vanish. Then A is bounded from L2, (Y) to L (X) if (1/p,1/q) belongs

comp

to the closed trapezoid with corners (0,0), (1,1), (2/3,1/2) and (1/2,2/3).

In particular suppose that t — ~(t) defines a curve in R® with nonvanishing cur-
vature £(t) and nonvanishing torsion 7(¢). Then the translation invariant operator

Af(z) = / F (@ — (1) x(t)dt

falls under the scope of Corollary 1.5. In this case M = {(z,z+~(t))} and (N* M)’
is a folding canonical relation with fold hypersurface

L = {(z,uB(t),y, —uB(t)) :x —y = (1), p € R}

here B(t) denotes the binormal vector. The principal curvatures of the cone
I' = {(uB(t))} at uB(t) are 0 and —ux(t)7(t). So Corollary 1.5 extends Ober-
lin’s result [13] on translation invariant curves with nonvanishing curvature and
torsion (proved in full generality by Pan [14]). It is sharp as one can see by testing
A on characteristic functions of rectangles with dimensions d, §2, 6°.

We shall consider more general oscillatory integral and Fourier integral operators
with not necessarily homogeneous phase functions. §2 contains the main estimates
for oscillatory integral operators. In §3 we apply these results to Fourier integral
operators with general phase functions; the homogeneous case arises as a special
case if one uses Littlewood-Paley theory. In §4 we apply our theorems to obtain
new estimates for restricted X-ray transforms. Throughout the paper ¢, C will
denote positive constants which may assume different values in different lines.

2. Estimates for oscillatory integrals

Suppose X and Z are open sets in R? and R4, respectively. We consider
oscillatory integral operators of the form

(2.1) Thf(x) = /eikq’(x’z)a(x,z)f(z) dz
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where the phase function & € C*°(X x Z) is not necessarily homogeneous and
a€ CP(X xZ). Let

(2.2) Co = {(z, 052, —2L)}

be the associated canonical relation.

It is well known ([8]) that the L? — L7 operator norm of Ty is O(A~%/?) provided
the differentials of the projections 7, : C — T*(X), g : C — T*(Z) have maximal
rank d. This hypothesis is equivalent with the condition rank &/, = d.

In this section we prove L? — L9 bounds for Ty, under the assumption that the
only singularities of the projection 7y are fold singularities; no assumption on wg
is made.

Theorem 2.1. Suppose that dim X = d, dim Z = d + r and that the projection
7wy Co — T*X is a submersion with folds. Then if r = 0 we have for A > 2

d—1
1T fllg < C)\_T_%Hsz, if2<q<4

_d .
ITaflly < CA7 ]| f]2, if4<q< oo
If r =1 then
ITafll2 < CA% (log \) 2| ]2,
_a
IT5fllg < CATa|flley  2<g< oo
If r > 2 then

_4d
[T fllg < CATa[[fll2,  2<g< o0

Phong and Stein [17] noticed that the case dim X = dim Z = 1 already follows
if one applies van der Corput’s Lemma to the kernel of TT*. An improvement in
higher dimension may be obtained under some additional curvature assumption.
Suppose r = 0 and denote by L the fold hypersurface for the projection 7. Again
if 7% : £ — X is a submersion then for each x the projection of £ onto the fiber,
¥, = 71X (L), is a hypersurface in T*X.

Theorem 2.2. Suppose that dim X = dimY = d and that the projection wp :
Coe — T*X is either nondegenerate or a Whitney fold. Suppose in addition that for
each x € X, for each ( € ¥, at least ¢ principal curvatures do not vanish. Then

forA>1

1 20 + 4
ITflly < CATF =845 fl,, if2<q<
{+1
_d 244
1T fllg < CA™E(I]l2, o <<

We shall use a general result on nondegenerate Fourier integral operators with
not necessarily homogeneous phase functions. We consider operators of the form

(2.3) Sif(x) = [ [ eV @vDb(z,y, 2)dz fy)dy
Jf e



where b € C°(R™ x R™ x RY) and ¥ is a C°°-function defined in a neighborhood
of supp b satisfying

\I’// \I’//>
2.4 det | —zv =) £
24 (v vt )7

This says that the associated canonical relation (see (3.2) below) is locally the graph
of a canonical transformation.

The following lemma is well known; it is contained in [8] for the case N = 0
which corresponds to operators of type (2.1). We sketch a proof for the reader’s
convenience.

Lemma 2.3. Suppose that VU satisfies (2.4). Then Sy is a bounded operator on
L?(R™) and the operator norm is O(|\|~(+N)/2) "|x] > 1.

Proof. We may assume that the support of b is small. We prove that S)57 is a
bounded on L?(R™) with norm O(A~""¥). The kernel K of S,S5 is

Ky(v,w) = /// eM[‘I’(”’%Z*h)*'I'(w’y’Z”b(v,y,z+ h)b(w,y, z) dy dz dh.
Observe that

Vy[U(v,y, 24 h) = U(wy,2)1 ) (Ve s ‘ v—w 2 2
<Vz[w<vvy,z+h>—ww,y,z>] S LA A P G R

Therefore an integration by parts shows that

Ki(v,w) < Cu /(1+>\|v—w\ + MA)"Mdn

< OUANNA A+ Mo —w]) MY

where M > N + n. It follows that
sup/\K(v,w)]dw+sup/\K(v,w)]dv < ox N

which implies [|SxS:|| = O(A~"~N). O

Remark 2.4. Suppose X,Y are open sets in R” and Z is an open set in R¥.
Suppose there is a family of phase functions and symbols {(¥,,a,)} such that the
U, belong to a bounded family of C*°(X x Y x Z) and the a, belong to a bounded
family of C§°(X x Y x Z). Suppose that the determinant (2.4) is bounded away
from 0, uniformly in v. Then the associated oscillatory integral operators S are
L?-bounded with norm O(A~("+N)/2) yniformly in v. This is a consequence of the
above proof. [J

We now turn to the proofs of Theorem 2.1 and 2.2. We split coordinates z =
(', 24) € R x R and z = (2/,2") € R! x R"*! and claim that without loss of
generality we can assume that (0,0) € X x Y and

(2.5) det @7, ,(0,0) # 0
(2.6) det @g,dz//z//(07 0) # 0;
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moreover

(27) @ZC//Z// (O, O) = O
(2.8) @ (0,0) = 0
(29) (p/m/;z’z” (0, 0) - 0

In fact if C = {u, ¢, (u,v),v, ¢! (u,v)} and 7, is a submersion with fold at (u,v) =
(z0,Yo) then assume that 0 # a € Coker ¢! (xo,y0) and that {bi,...,by41} is
a basis of Ker ¢! (zo,y0). Set ®(z,y) = ¢(zo + Bix,yo + Bay) where we re-
quire that B; € GL(d,R), By € GL(d + r,R) with the following properties. First
Bieq = a (here {e1,ea,...} is the standard orthonormal vectors in R¢ or R¥+7).
Next Boeq—14+i = b; and for j = 1,...,d — 1, Bse; is orthogonal to (a,¢.,)" b;,
fori = 1,...,7 4+ 1. The fold condition which is the nondegeneracy of the qua-
dratic form n — ((a, ¢,)/,n,n) on Ker dry, implies that By can be made invertible.
Clearly e; € Coker ®/.(0,0) and e4_14+; € Ker ®”,(0,0) for ¢ = 1,...,r + 1; this
is (2.7), (2.8) and the fold condition implies (2.5), (2.6). Since ®!”

TdZjZd—1+k ‘(0,0) =
(Baej){a, qb;);’v‘(xmyo)bk we get (2.9) as well.
We shall always assume that a is supported in a ball of radius € and center (0, 0)
and we shall choose € small (independent of A). Observe that

(bglzu, " (b/,/ It = 0(6)

xqz’ xrgz'z
in the support of a.
In order to prove our results we use an argument due to Tomas [22] according
to which for p < 2

1/2
Tl 2 < |ITNTEIY,

Le—Lp'"
We write
TT; f(a! ) = / Ko palf (o 30) (') dya
where
Ko@) = / K@, 24,9, y2)9(y') dyf
with

K)\(a:./vxd7y,7yd) = /ei)\[@(wl’wd’Z)_(}(y/7yd’z)]a(l’,Z)a(y,Z) dz.

The basic L? estimate is

Proposition 2.5. For fized x4,1yq there is the estimate
| Kz gya9llL2ma-1y < CA™D (1 + Nag — yd|)_(r+1)/2HQHLZ(Rdﬂ)-
Proof. Define
Ty,.vh(z') = /e”“b(wl’“’z/’zn)a(x’,xd,z’,z”) dz'.
Then

(210) deydg — /TIdZ”T;dz”gdZN'
7



By (2.5) it follows from Lemma 2.3 (with N = 0) that T}~ is bounded on L?(R%~1)
with norm O(A(=9/2) uniformly in 24. Then we see from (2.10) that K, is
bounded on L2(R4~1) with norm O(A'~9). This is the desired estimate in the case
|$d — yd| < cx L

Henceforth assume |r4 — y4) > A~1. Note that in view of (2.5) and (2.8)

\Vz/ [‘I’(J«“’vﬂ?d,z) - ‘I)(yla Yd, Z)] ‘ > CW' - y’| — Coelrg — yd”-
Therefore an integration by parts argument shows that

(2.11) |Kx(z,y)| < Cn(14+Nz' —3/|)~N if |2" —y'| > 2Co€e|zg — yal-

Let , ,
) = 3G =
and let
H(2",y') = Huyya(2',y') = Xe(@, y) K (2, 9)
and

Rz 4y, (CC/, y/) = (1 = xe(m,y)) K (7, y).
From (2.11) we obtain

50p [ |/ )ld’ 50 [ 1R’y < O (1 Nara = )™+
Y 2!

Choosing N > d + (r —1)/2 we see that the operator with kernel R, is bounded
on L? with the desired bound.

In view of the support properties of the kernel H it is appropriate to intro-
duce another localization. Let 8 € C§°(R4™!) be supported in [—1,1]"1 with

Y mezi1 B(-—n) =1. We split

H('y)= Y H"@y)

nezd—1
where
H™(',y') = B(|za —ya|'2' —n)H(z',y/).

Note that H™(2,y') = 0if |2’ —n|xg—yal| > 2/ d — 1|zg—ya| or if |y —n|za—ya|| >
Cilzg — yaq| (with C; = 2¢/d —1 + (3Che)~1). Let H"™ denote the operator with
kernel H™; then H"(H™ )* = 0, (H")*H" = 0 if |n — n/| > C, for suitable C, and
therefore it suffices to prove the required bound for an individual H"™. We define
rescaled operators H" with kernels

H"™(u,v) = H"(|2q — ya|(n + u), |24 — yal(n + v)).

Then

/

(2.12) Hg(2') = |vg — yal ™ "H"[f(Jza — yal - +1))(
8
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Let

(I)((u + n)|xd - yd|7xd7 Z) - (I)((U + n)|$d — yd|7yd7 Z)
|Tq — yal .

\Ijn,ld,yd (u7 v, Z) =

Then ¥ = W, ..., is a C° phase function which satisfies the assumptions of
Lemma 2.3, uniformly in x4, yq and n. In fact we have

v (u,v,2) = 0

V. (u,v,2) = @ (u+n|zg — yal, 24, 2)

07, (u,v,2) = —(23.)" (v +nlza — yal, ya, 2)

o7, ((u 4+ n)|xa — yal, #a, z) — L. ((v + n)|wa — yal, ya 2)

U (u,v,2) =

In view of (2.5), (2.6) and the support properties of x. (|u—v| < |xg — ya|) we see
that |7, | > ¢ > 0. Taking also into account (2.7) and (2.9) we obtain

\I/H \I/” )
det uv uz

£0

(u7IU7Z)

in the support of x. if € is chosen sufficiently small. Observe that
' (u,0) = [ om0 ,,2) d

where by, ;, 4, is a C°°-function with bounds independent of n, x4 and y4. Hence
we may apply Lemma 2.3 and it follows from Remark 2.4 that

IH || 2mr2 < C(Nzg — yal) ¢ "/2H1/2
where C' does not depend on x4, yq or n. Therefore by (2.12)

11" gll2 = 24 = al [ H g(|xa — yal(n + )lza = val ],
< O Nz = yal) =gl

This is the desired estimate since we assume |24 — yq| > A7t O

In order to complete the proof of the L? — L9 estimates for Ty we need an
L' — L™ estimate for K,

Proposition 2.6. Let Cy be as in Theorem 2.1 and assume v = 0. Then
(2.13) 1Kz ayadll o @a-1y < C(L+ Maa = yal) " 2llgll L1 ga-1).

Suppose that Ce satisfies the additional curvature assumption of Theorem 2.2. Then

(2.14) 1K aya9ll L @a-ry < CL+ Alza —yal) =TV lgl] 1 a1,

Proof. We first prove (2.13). Split K,,y, = Hy,y, + Re,y, as in the proof of
Proposition 2.5. The appropriate inequality for the operator with kernel R,
9



follows at once from (2.11). An application of the method of stationary phase
which uses only the fold condition (2.6) (and (2.8)) yields

| Haaya(us0)| < C(1+ Azg —yal) ™2

and (2.13).

If Cg is as in Theorem 2.2 then ¥, can be parametrized by 2’ — @/ (z, 2’ g(2))
for suitable smooth g and ey is a normal vector for ¥y at 2’ = 0. The curvature
condition on Xg at 2z’ =0 is

rank & =/

xqz' 2!

In order to see this one uses (2.8) and (2.9). By (2.6) and (2.9) it follows that

= /41

"
rank ®;. ..

In this case the application of the method of stationary phase yields
‘Hmdyd(U/?v)’ < C(l + )“xd _ yd’)*(€+1)/2

and therefore (2.14). O

Proof of Theorems 2.1 and 2.2. We first assume that r = 0. Using complex
interpolation we deduce from Propositions 2.5 and 2.6 that for 1 < p < 2

1K zayadll o a1y < CAT2ED (14 N — yal) /P =D g o gamy

where ¢ = 0 in Theorem 2.1 and 0 < ¢ < d — 1 in Theorem 2.2. Of course
Kg,y, = 0if |[zg — yq| > 1. By the theorem on fractional integration we know that
for 0 < a < 1 the integral operator |zq — ya|* 'x(za — ya) (where x is a cutoff
function) maps LP(R) into L? (R) if 2/(a+1) < p < 2. We want to apply this with
a—1=1/p" — (£ +1)/2 which yields the limitation 2 < p’ < (20+4)/(¢ + 1). For
this range we obtain (using an idea by Oberlin [13])

HTAT;JCHLP’ (R4)

= </ [/HK%‘W G wallll o (Rd—l)dyd] ' dxd> "

1 1
< OA~20d=1)/p = (E+1)/2+/p (/ [/
-1

Hf(Jyd)HLP(Rdfl) d :|p d >l/p/
1 ’xd - yd|(€+1)(1/2—1/p)—1/p+1 Yd T

< OA20d=1)/p' = (E+1)/2+¢/p [fll e (rey-

Consequently 7% is bounded from L? into L?’ with operator norm O(A~(d=1)/p"=(t4+1)/4+/(2p")
This settles the case r = 0.

If dmX = d, dimY = d+ r then we replace Proposition 2.6 by the trivial
estimate || Kz ,y,|l21— 1~ = O(1) and obtain

HKﬂcdydgHLP’(Rd*l) < CA—2d=1/p (1+ Azg — yd’)i(r+1)/p HgHLp(Rd—l).

Let wy p(t) = A2/2 (14 X))~ C+D/P x(t). It r > 1, p' > 20rif r > 1, p/ > 2 then
the convolution with wy ,, defines a bounded operator from LP(R) into L? (R), with
norm independent of \. If r = 1, p = 2 the L? operator norm is O(log \). This
together with the argument above settles the case dx < dy. O
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3. Application to Fourier integral operators

Let X, Y be open sets in R4 and R%, respectively. We consider operators of
the form

(3.1) Sy f(x) = / / AVEV (2, y, 2) d f(y)dy

where b € C5° (R x RY x RY) and ¥ is a not necessarily homogeneous nonde-
generate phase function in the sense that ¥ is C'*° in a neighborhood of supp b and
the gradients V., ¥’ ,i=1,..., N are linearly independent if N > 0. We allow
N =0 to include operators of type (2.1); in this case the nondegeneracy condition
is void. If N > 0 it implies that

(3.2) Co = {(z,9};y, V) : UL =0}

is an immersed Lagrangian submanifold of T*X x T*Y, i.e. a canonical relation.

We shall show that L? estimates for operators of type (2.1) can be reduced to
L? estimates for operators of type (3.1). The same is true for L? — L? estimates if
one assumes that the projection 7% : C — X is a submersion. We note that similar
arguments come up in the calculus for Fourier integral operators [7], [9, vol.IV], and
in fact one can develop a similar theory for operators with nonhomogeneous phase
functions of type (3.1). Since we are not attempting to develop a calculus we prefer
to give more elementary arguments using only linear canonical transformations. We
begin with some simple facts from symplectic linear algebra.

Lemma 3.1. Suppose that C CT*X xT*Y is a canonical relation. Then for each
p € C the subspace drr,(T,C) of T, , T X contains a Lagrangian subspace.

Proof. We have to show that V' = dm;(T,C) is coisotropic with respect to the
symplectic form ox = d§ A dx on T*X. Suppose ox((dz,dE), (d2',0¢")) = 0 for
all (d2’,d¢,) € V. This implies that if ¢’ = (d2’,0¢’,6y’,0n") is a tangent vector
in T,C and 0 = ox — oy then o((0z,d¢,0,0),t") = 0. Therefore the span of T,C
and (dz,6&,0,0) is isotropic and since T,C was already Lagrangian we see that
(6x,0€,0,0) € T,C and therefore (6x,0¢) € V. O

Lemma 3.2. Suppose that C C T*X x T*Y is a canonical relation and suppose
that the projection 7~ : C — X is a submersion. Then

C* ={(y,n) eT*Y : (x,&y,n) € C for some &}
1s an tmmersed Lagrangian submanifold of T*Y .

Proof. Since rank dr*X = dx we see that N¥ = ({a} x T/ X x T*Y)NC is an
isotropic dx-dimensional immersed submanifold of T*X x T*Y. We observe that
the projection of N'* to T*Y at a point p has injective differential. Indeed suppose
that (0,4¢,0,0) € T,N*. By our assumption on 7% we may find dx tangent vectors
t@) = (6x;,...) (with the éx; being a basis of the tangent space to X at 7% (p)). If
we apply ox — oy to the tangent vectors t() and to (0, 6¢,0,0) we find (6, 6) = 0
for i =1,...,dx and therefore 6§ = 0. We have shown that the intersection of the
tangent spaces of N'* with (the tangent space of) 0 x T X x 0 is {0} and therefore
C% is an immersed manifold of T*Y of dimension dy. oy vanishes on C* and hence
C* is Lagrangian. [

We now consider operators of type (3.1).
11



Lemma 3.3. Suppose that V' (xq,y0,20) # 0 and M € N. Then there is a neigh-
borhood W of (z0, Yo, z0) such that ||Sx||Lr—re = OAM) for all M and 1 < p < oo
provided that b is supported in W.

Proof. Let K be the kernel of Sy. Since ¥, # 0 near (xo,yo0,20) We may use
integration by parts to see that |K(z,y)| < CyyA™M provided that the support of
b is contained in a small neighborhood of (z¢, yo, 20). O

Proposition 3.4. Let U be nondegenerate and suppose that U’ (xo,yo,z0) = 0.
Then there is a neighborhood W of (xo, Yo, 20) such that if b is supported in W we
can write

(3.3) Sy = )\dX/QG)\V)\ + Ry

and Gy, Vy, and Ry are as follows: Gy is an unitary operator on L2(Rdx). The
kernel of Vy is given by

(3.4) Ky(z,y) = /eim(x’y’ﬁ)v(az,y,ﬁ) dv

where v € C°(RIx x R x RN*4x) and ¢ is nondegenerate in a neighborhood of
supp y; moreover the projection mx to X of the associated canonical relation Cy is
a submersion. Cy4 is given by

C¢> = {(xﬁd)x;ya _¢;J)§ ¢29 = 0}
(35) = {(33,5;21,77) : ($,£) = X(wag)a (w,C;y,n) S C\p},

here x is a linear canonical transformation. Finally Ry is bounded on LP, 1 < p <
oo with operator norm O(A~M).

Proof. Let po = (w0, &0; Y0, M0) = (w0, ¥7.(%0, Yo, 20); Yo, — V4, (0, Yo, 20))- By Lemma
3.1 there is a Lagrangian subspace Lo of dm;T,,Cy. Consider the fiber L; =
{(0,08)} as a Lagrangian subspace of T{4, ¢,)7*X. Then one can choose another
Lagrangian subspace Ly which is transversal to both Lo and Lq (see [9, p.289]).
Therefore Ly = {(0x, Adz)} for some symmetric A. Let By, B2 € Sp(dx,R) be

defined by
0 I I 0
n=(Ga) me ()

and consider B;(L;) = {v € Ty ¢0)T*X : By 'v € L;}. Then Bo(L2) = {(6z,0)}
and B1ByLg is transversal to B1Bo(Ly) = Ly; hence B1BaLg = {(0x, Agdx)} for
some Ap.

Next define

FAg(x) _ /e—i)\[@,w}—i—%(Aw,w}}g(w) dw

Then the operator (\/27)?*/2F is a unitary operator on L?(R%x), by Plancherel’s
theorem.

Let x(w,() = (—Aw + ¢, —w); that is x = By Bs if we consider By, Bz as acting
on 7" X. Let

(%0,&0) = Xx(20,&0) = (—Awo + ¥, (20, Yo, 20), —T0)
12



and let 3 € C§(R4x) be equal to 1 in a neighborhood U of Fo. Let Gy =
(A/2m)~9x/2F1 and let

Vaf(@) = (2m)"X/23(x) FSx f(x)
Raf(z) = (2m)™/2(1 = B(z)) FASrf (x)

Then we have the decomposition (3.3) with Ry = )\dX/2G>\ﬁ,\.
The kernel of V) is (3.4) with ¥ = (w, z) and

By, (0,2) = —(,w) = 3 (Aw,w) + W(w,3,2)

(@, y, (w,2)) = (20)2G(x)b(w, y, )

Then
C¢ = {(l‘, _w;y>q/;(wvy7z)) t—x — Aw + \Ijiu(wvz% Z) = 07 \I/'Z(w,y,z) = O}

Hence Cy is given by (3.5) with x = B1Bs. Let py = (Zo, 50, Yo,Mo). Then the space
drp(T5,Cp) C T, (a“:o,éo)T*X contains the Lagrangian subspace B BsLgy and hence
the differential of the projection 7% : Cy — X is surjective at pg. Therefore X is
a submersion provided the support of b and ( are small.

In order to complete the proof we have to show that the LP-operator norm of
R, is O(A~M), provided that the support of b is sufficiently close to (g, %o, z0). In

order to see this we note that
= —(z — Zo) — To — Azo + ¥, (w0, Yo, 20) + O(|w — 0| + |y — yo| + |2 — 20])
= —(z — Zo) + O(Jw — wo| + |y — yo| + [2 — 20])-

In view of Lemma 3.3 and the support properties of 1 — 3 we get the required

estimate for the kernel of ﬁ,\ provided that the support of b is sufficiently close to
(70,90,20). O

Proposition 3.5. Let ¥ be nondegenerate and suppose that V', (xo,yo,20) = 0. Let

po = (0,805 Y0,M0) = (o, VY5 (70, Yo, 20); Yo, =¥, (T, Yo, 20)). Suppose that near po
the projection wx : Cy — X is a submersion. Then there is a neighborhood W of
(20, Y0, 20) such that if b is supported in W we can write

(3.6) Sy = )\7N/2T)\G)\ + Ry

where G is a unitary operator on L?(R¥X) and Ry is bounded on LP, 1 < p < oo
with operator norm O(A\~M). Ty is given by

(3.7) Ty f(z) = / eNYEN D, (2,1) f () dy

where by belongs to a bounded set of functions in C3°(X x Y). The canonical
relation (2.2) associated to T can be written as

C‘I’ = {(96‘75;%77) : (yﬂ?) = X(w>C)7 ($>£;w7C) € C‘I’}ﬂ
13



where x s a linear canonical transformation.

Proof. We use exactly the same reasoning as in the proof of Proposition 3.4 (this
time working in T*Y’). Again we want to choose a Lagrangian subspace Lo of
drrT,,C. By our assumption on 7% and Lemma 3.2 we may choose Ly to be
the tangent space of the Lagrangian manifold C;O. Arguing as in the proof of
Proposition 3.4 we may write

Sy = A/2VGy + Ry
where the kernel of Vy is given by (3.4) with ¥ = (w,z) € R?™ x RN and v €
Cs°(R4x x R x RN+4v) Moreover the projection of C; onto Y has surjective
differential at (o, 7o) = X(%0,70) = (Yo, @}, (%0, Yo, ¥o)) for x close to xg. This means

that that the projection C, — X X Y has surjective differential at (zo, &0, 9o, 70)-
Since ¢ is nondegenerate this implies

(3.8) det ¢l (o, yo, Vo) # 0;

cf. |7, p.137] (note that (3.8) can never happen if ¢ is a homogeneous phase
function). Now if the support of b is sufficiently small we may apply the method
of stationary phase with respect to the ¥-variables (analogous to the reduction of
frequency variables in [7]) and obtain

Vy = )\*(NerY)/?T)\ + R;\;

here T is as in (3.7) and R} is bounded on L with norm O(A=). The canonical
relations associated to T and V) coincide. [O

An immediate consequence of Theorems 2.1 and 2.2 and Propositions 3.4 and
3.5 is

Theorem 3.6. Let Sy be as in (3.1) and suppose dy > dx. Suppose that the
projection wrp, : Cy — T* X is a submersion with folds. Then for A > 2

N+d
I3 ey < CA™ 2 F4 | fllaary if dy = dx
_Ntdx 1/2 .
[S3fllz2xy < CAT 72 (log A) “| fllzzyy  ifdy =dx +1
N+d )
ISxfllrzxy < CA = (| £llr2vy if dy > dx +2.
Suppose in addition that the projection of Cy to X is a submersion. Then
_N_dx
(3.9) 1S3 fllLacxy < CAT=7 0 |[fllL2(vy

provided that 4 < g < oo ifdx =dy and2 < g < oo if dy > dx +1. If one imposes
the additional assumption that the projection of the fold hypersurface L to X is a
submersion and that at least ¢ principal curvatures of the surfaces X, = w'=XCy

do not vanish (here 1 < < dx —1) then (3.9) holds for (20+4)/({+1) < q < 0.

Remark. There is a more straightforward reduction to oscillatory integral operators
in the case of averaging operators, given by Af(z) = fMI f(y)doy(y). If M, is
parametrized by y” = S(x,y'), v’ € R¥ 4" € R?"* then one is led to consider S)
with ¥(z,y,2) = Zf:k+1(yi — Si(2,9'))zi, 2 € R¥7* and by an application of a
partial Fourier transform in the y”-variables one reduces the study of Sy to the
study of T with ®(x,y) = Z?:k—f—l Si(z,y"))y;; see Sogge and Stein [21].

We now apply Theorem 3.6 to the homogeneous case and use the following
Lemma.

14



Lemma 3.7. Let ¥ be a homogeneous nondegenerate phase function defined in
X xY x T where T is an open cone in RN \ 0 and suppose that ¥’ # 0, v, # 0 in
I'. Let U be an open subset of X XY with compact closure and let I'y be a subcone
of T' such that T\ 0 C I'. Let F be the Fourier integral operator

Ffz) = / / YD,y 0) 6 f(y)dy

where a(x,y,0) is a symbol of class S™(X x Y x RN) supported in U x Tg. Let
B € C°(R) be such that B(s) >0 if 1/v2 <|s| < /2 and B(s) = 0 if |s| & (1/2,2).
For A >0 let

a)\(-T,y, 9) = ﬁ(w’/)‘)a(w7y>0)

and let F* be similarly defined as F with a replaced by ay.
Suppose that 1 < p <2 < g < oo and that

||~7:>\f||Lq(Rdx) < AHfHLP(RdY)

for all f € LP(R™), for all A\ > Cy (where Cy is a fized positive constant). Then
F is bounded from LP(Y) to L9(X).

The proof is a well known application of Littlewood Paley theory and easy es-
timates for oscillatory integrals ([7, p.177]), based on the assumptions ¥/ # 0,
Wi, # 0. For details of this standard argument see [19].

Proof of Theorems 1.1-3. By conjugating F with pseudodifferential operators
(I — A)Y/2 and standard calculations we see that the estimates involving Sobolev
spaces follow from the L? or L? — L9 estimates. It suffices to consider Fy as in
Lemma 3.7. A change of variable shows that F* = ATV S, where Sy is as in
Theorem 3.6. Now the asserted estimates follow easily from Theorem 3.6.

4. Application to restricted X-ray transforms

We now show how the previous results can be applied to obtain local estimates
for restricted X-ray transforms on d-dimensional Riemannian or semi-Riemannian
manifolds. We shall be interested in hypersurfaces in the (2d — 2)-dimensional
space M of geodesics in (M,g). Recall the following description of M (c¢f. [1],
[3]). For (z,&) € T*M\0, let ¢ € T, M be the corresponding tangent vector
(so that g(&¥,v) = (&,v) for all v € T,M.) To (z,£) we associate the geodesic
s — Yz.e(s) = exp, (s€*). There are two redundancies in this parametrization of all
geodesics: dilation in & and translation along the geodesic flow; we take these into
account by noting the (locally defined) action of Ry x R on 7™ M\0,

Upry * (2,8) = exp(rH,)(, p§),

where H, is the Hamiltonian vector field of the metric g(x, ). If ~ is the resulting
equivalence relation, and (z/,£") ~ (z,€), then v, ¢ = 3¢ as sets. Thus, the
(locally defined) space of unparametrized geodesics is M = (T M\0)/ ~, which is
(2d — 2)-dimensional.
We consider a hypersurface € C M with the property that for each y € M
the family of all geodesics in € passing through y form a d — 2-dimensional smooth
15



submanifold €, of M 4. € can be locally specified by a defining function f(x,&) on
T* M, homogeneous of some degree and and invariant under the Hamiltonian flow:
flexpsHy(z,€)) = f(x,€). We may locally make a smooth choice of representative,
¢ 3>~ — (x,€); in the Riemannian case it is customary to normalize g(z,&) = 1,
but in the semi-Riemannian case this is not possible if there are null-geodesics in
¢. In any case for suitable cutoff-functions x1 € C3°(€), x2 € C5°(M) with small
support the restricted X-ray transform,

Red(7) = x1(7) / xaolexp, (s€))ds 7 € €,

is well defined. R¢ is a generalized Radon transform in the sense of [6]. The
Schwartz kernel of R¢ is supported on the point-geodesic relation

Ze={(r,y) €CxM:yeq}.

Z¢ is a smooth, (2d — 2)-dimensional submanifold of € x M; away from the critical
points of my : Z¢ — M, Kr,(7,y) is a smooth density on Z¢, and thus Re¢ is a
Fourier integral operator, Re € I~(4=1/4(¢, M; N*Z¢). It is assumed henceforth
that we have localized away from any critical points.

We are going to impose a curvature assumption on €. For each y € M let ¢,
be the cone in T M consisting of all lines tangent at y to a geodesic in €,. Then
¢y = {& : f(y,&) = 0}. Following [3] we say that € is well-curved if each cone ¢,
has d — 2 nonvanishing principal curvatures. In terms of the defining function f the
well-curvedness of € means that for all (x,¢) with f(z,€) = 0 we have

(4.1) rank dg, f(z,€) g = d—2.

Proposition 4.1. If M has no conjugate points and € C M is a well-curved
hypersurface then m : N*Zg — T*M is a submersion with folds. If L C N*Z¢ is
the fold surface, then the projection L — M is a submersion and for each y € M,
Ly = a(L)NT,;M\0O is an immersed conic hypersurface with d — 2 nonvanishing
principal curvatures.

Corollary 4.2. If € C My 4 is as in Proposition 4.1, then Re : L2, comp(M) —

Li“o,loc(Qﬁ) with so = 1/4 if d=3, so =1/2 —€if d=4 (any e >0) and sp = 1/2

if d > 5. Furthermore Re : LB, ,(M) — L (€) is bounded, provided 1 < p < %
dp—p

and q < i

Proof. Given Proposition 4.1, the first part follows immediately from Theorem 1.1
(by duality), and the second part follows from Theorem 1.2 if d > 4 and Theorem
1.3 if d = 3, and an interpolation with the easy L' — L' estimate. [

Remarks.

1) The first part of Corollary 4.2 was conjectured in [3] and proved for admissible
¢ C M 4 (the manifold of lines in R?). In this case the projection C — T*€ has
maximal degeneracy.

2) Corollary 4.2 applies in particular when (M, g) is a non-Riemannian, semi-
Riemannian manifold and € is the hypersurface of null geodesics in M. In this
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case we take f(z,&) to be the metric function g(x,§); since this is a nonsingular
quadratic form in &, it clearly satisfies the criterion of Proposition 4.1.

3) As shown in [2], [3] the L? estimates are sharp. The LP — L7 estimates are
sharp for p < 2d/(d + 1) as one can see by testing R on characteristic functions of
balls of small radius. However for p > 2d/(d + 1) the sharp LP — L7 estimates are
not known except for d = 3.

Proof of Proposition 4.1. It is convenient to work not with €, Z¢ and C =
(N*Z¢)', but rather ¢, Z = Zz and C, where

{(z,§) € T"M\O: f(z,&) =0}
{(z,&y) € CxM:ye Vo }
= (N*€) cT*€\ 0 x T*M\ 0.

As described above, ¢ has two redundant variables, since € = Eﬁ/ ~, where ~ is
the equivalence relation induced by the action U(, ). The projection ¢ Cisa
submersion (with two-dimensional fibers), and so is the projection Z — Ze. Letting
7y and 7« ps be the projections from Z and C into M and T*M , respectively, we
have that 7 o U, ) = T on Z and so T« © AUy = Tp=pr 0N C. Thus, to
show that the projection 7p<pr : € — T*M is a submersion with folds, it suffices
to show that 7r«)s is a submersion off a codimension d — 2 submanifold LC €
that 7p«ps drops rank simply at L (i.e., some 2d x 2d minor of dfps); vanishes to
first order at £); and 7pe | ~ is a submersion, with Ker(d#r-7) N TL equaling the
tangent space of the fibers of [
Now parametrize Z by

g = {(x,f;expm(sgﬁ)) : (.%,f) € 678 € 11,5}7
where I, ¢ C R is an open interval depending on (z,§). From [3; eqn. (2.15)], we
have that C is parametrized by (z,£) € €, s € I, ¢, and ) € & C TxM, with

1

Frem(z,€,5,m) = (exp, (s€*), (Dyexp)™ (1)),

where D,exp is the derivative of the exponential map in the tangent vector variable.
We now calculate the kernel of d7ip-pr at p = (x, &, s,n). Note first that for a tangent

vector (dx, &, ds,0m) € TPE, we have

(4.2) (1, 66%) + (€%, dm) = 0

since (¢,7) = 0. Via the metric, we convert the defining function for € to a function
on TM, which we denote by f* (since this involves a fiberwise linear change of
variables, it does not affect the criterion of Proposition 4.1). Since we assume that
f% is invariant under the geodesic flow, i.e.

FH(exp, (s€%), Dyexpy (s€¥)) = fH(x, &%)
we obtain by differentiation

(4.3) (dg: f* + Dyexp*Dyexp ™ dy f*,6%) =
17



Since f¥(z,£%) =0 on E, we have

(4.4) (dof*,02) + (des f*,0€%) = 0.

Now, if the tangent vector also belongs to Ker(d7r«s), then
(4.5) D exp(dz) + sDyexp(6€¥) 4+ Dyexp(£49s) = 0

and
(4.6)
—(Dyexp)” (D2, exp)*(Dyexp)*  (n,0z) + s(Dyexp) " (D2, exp) (Dyexp) ™" (n, 06F)

-1

+(Dyexp)* (D2, exp)* (Dyexp)* " (n,6%)ds + (Dyexp)* (dm) = 0.
Solving for dx in (4.5) and substituting in (4.4), we obtain
(4.7) (dgufti — sDyexp*Dyexp™ Y d, f1, 5ER) — (Dvexp*DweXp_l*dmfﬁ,£u>55 =0.

For n A (dexs f* — sDyexp*Dyexp~ " d, f1) # 0, the system of equations (4.2), (4.7),
(4.5), (4.6) has rank 2d + 2 (acting on the full tangent space T(y ¢ 5. (T*M X R x
TxM), dip«p has a (d — 1)-dimensional kernel, and thus 7p«js is a submersion
there. Now let £ be the submanifold of C given by the equation

nA (dgufli — sDyexp* Dyexp ™ dy f) = 0.

Since f* is homogeneous of some degree Euler’s relation yields (£*, des f “ =0 on ¢
and from (4.3) we see that d,gnfti — sDyexp*Dyexp 1 d, f belongs to fﬁl. Since
also n € fﬁL it follows that £ C C is a submanifold of codimension d — 2. Using

(4.1) one checks that d7p«p; drops rank simply at L.
It remains to show that dfir-ar|;7 has a two-dimensional kernel (which must

equal the tangent space of the fiber of C — C since that is two-dimensional and in
the kernel.) Again, since L is defined by a collineation, we have a redundant family
of defining functions: for each C*°-section 2 of /\2 TM we have

ha(z,&,5,m) == Qn A (des f* — sDypexp* Dyexp ™ d, f*)) = 0.

Then, at Land s =0 (which we can always assume : given z, we can pick all the
representatives of the geodesics through x to be of the form v, ¢), the derivative of
hq is given by

dho (0w, 668,85, 0m) =dZy, f*(n 10, 07) + s fH(n 19, 6¢F)
— (QUn A Dyexp* Dyexp ™ dy, f*))ds — (des f* 19, 0n);
As Q, ranges over /\2 T, M, v =nlQ ranges over n = (des f*)* (this last equality
holds since n A dg: f* = 0 at L£.) Using (4.3), (4.4), the equation dhg = 0 (all

evaluated at p = (x,&£,0,m)) and the H, invariance of f, one sees after a short
calculation that Ker(dar«pr) NT,L is given by the system of equations

(4.8) Ases fH(v, 66%) = 1(0s), all v e (dee fH)*,
18



where [ is a linear mapping. Since dggf has rank d — 2 on dgfL, dgwfﬁ has rank

d—2 on (dg: f*)*, and thus (4.8) has a two-dimensional space of solutions, finishing
the proof that wp«,s is a submersion with folds.

It is clear from the definition of £ that the projection £L — M is a submersion.

Finally, each cone I'y, = 7« (£) NT, M is parametrized by

€% F*(yo, &%) = 0} — {(yo, dex f* (30, €M)},

and thus has d — 2 nonvanishing principal curvatures. [
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