ON SQUARE FUNCTIONS WITH INDEPENDENT
INCREMENTS AND SOBOLEV SPACES ON THE LINE
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ABSTRACT. We prove a characterization of some LP-Sobolev spaces in-
volving the quadratic symmetrization of the Calderén commutator ker-
nel, which is related to a square function with differences of difference
quotients. An endpoint weak type estimate is established for functions
in homogeneous Hardy-Sobolev spaces H.. We also use a local ver-
sion of this square function to characterize pointwise differentiability for
functions in the Zygmund class.

1. INTRODUCTION

In this paper we give a characterization of Sobolev spaces on the real line
by a square function which appears in some proofs of the L?-boundedness of
the first Calder6n commutator [22] and the Cauchy integral on a Lipschitz
or chord arc curve [10], [22]. Moreover, a local version of this square function
can be used to describe the set of points where a given function is pointwise
differentiable.

Our square function acts on functions on the real line and involves the
difference of two difference quotients with increments s and ¢. Define

flx+s)— fz flx+t)— f(x)2 dsdt \1/2
O R A e e e I
RxR s t |s — t|
This square function is a rough relative of the more standard Marcinkiewicz
square function associated with second differences,

(2) Gaf(x):(/o |f(z+2t) = 2f (x +t) + f(2)] dt)1/2’

t1+2a

which was introduced for a = 1 by Marcinkiewicz to investigate questions
about pointwise differentiability (see [17]). In §3 we prove that for & > 0
and f € L?(R) there is a pointwise majorization

3) Gaf(z) < C(a)Saf(z).

We shall prove sharp results on mapping properties of S, when acting
in LP-Sobolev spaces. Our starting point is the identity ||S1f|2 = ¢||f']|2,
proved in [10] by an application of Plancherel’s theorem. We aim for an
analogous characterizations of other homogeneous Sobolev spaces HE, with
p # 2 and suitable a. It is proved in §4 that such a characterization is limited

to the range 1/2 < a < 3/2. Recall that, for 1 < p < oo, the (semi)-norm
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on HY is given by ||D%f||,, where D* denotes the Riesz derivative operator
of order «; it is defined by 7539(5) = [£|*g(€), at least for Schwartz functions
whose Fourier transform is compactly supported in R\ {0}. Of course D
is the inverse of the Riesz potential operator I* = D™, given for 0 < o < 1
by I°f = v(a) - (f * |z|*~1), with y(a) a constant, and defined for other «
by analytic continuation. The space H% consists of all distributions which
are Riesz potentials of order v of LP functions. See [15], [16], [20], [21] for
more on these spaces.

Theorem 1.1. Let 1 <p < oo, 1/2 < a < 3/2. Then
IDf |l e () = [|Safllr(r) -

Here the implicit constants depend only on p and .

In contrast we have the larger range max{1/p —1/2,0} < o < 2 in the
known equivalence ||Df||, ~ |G f||, for the Marcinkiewicz square function,
see [19].

The proof of Theorem 1.1 is immediately reduced to the equivalence

[fllze @) = 15a(D™f ) e (w) -

It is natural to ask whether this result extends to p = 1 in the sense of a
characterization for the homogeneous Hardy-Sobolev spaces H%. The vector-
valued operator associated with f — S, (Df) can be viewed as a rough
singular integral in the spirit of [4]. It turns out that the upper H' — L!
bounds fail; this is in contrast to a positive result for the Marcinkiewicz
square function, namely ||Go(D~*f)|1 S || fllgr for 1/2 < a < 2. See e.g.
[20, §3.5.3]. The following H' — L'*° endpoint result for f + S*(D~f) is
optimal in the sense that L cannot be replaced by a Lorentz space L4

with ¢ < 0o, see §4.3.

Theorem 1.2. Let 1/2 < a < 3/2. Then for all f in the homogeneous
Hardy-Sobolev space H. and all X > 0,

meas({x : Sof(x) > A}) < C A DY g1

The statement above for &« = 1 can be restated in terms of the first
derivative, using the Hilbert transform.

Corollary 1.3. (i) For f € LP, 1 <p < oo, [|Sifllp = |||l
(ii) If ' € H' then meas({z : S1f(z) > A\}) < CA7Y|f/|| -
In §4.4 we show that the condition f’ € H' in the second part of Corollary

1.3 cannot be replaced by f' € L', and formulate a related open question
for the Riesz derivatives.

We shall also consider a local version of the square function 57 in order to
study pointwise differentiability. Recall that a bounded function f: R — R
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is in the Zygmund class A, (also known as the homogeneous Besov space
B{?%) if there exists a constant ¢ = ¢(f) > 0 such that

[f(z+h)+ flz—h)=2f(x)] < clh], z,h € R.

The infimum of the constants c satisfying the above inequality is denoted by
|| fllA,. Functions in the Zygmund class may be nowhere differentiable. For
example, the Weierstrass function f(z) = > -2 ;b " cos(b"x), where b > 1,
is nowhere differentiable and belongs to A,. It turns out that a local version
of Sy characterizes the almost everywhere differentiability of functions in
the Zygmund class, very much in the spirit of a classical theorem of Stein
and Zygmund [18] which uses a local version of the Marcinkiewicz square
function Gy. Our result reads as follows.

Theorem 1.4. Let f : R — R belong to the Zygmund class A.. Then the
set of points x € R such that

// ’f(:x—i-s)—f(a;)_f(a:—i-t)—f(a;)2 dsdt
jt]+]s<1 8 t s —tf?

< 00

coincides, except possibly for a set of Lebesque measure zero, with the set of
points where f is differentiable.

In view of the pointwise inequality G1 f < S1f the main point of Theorem
1.4 is that almost everywhere the pointwise differentiability for functions in
the Zygmund class implies the finiteness of the rough square function. For
general functions in L%OC this implication fails, see §9.1.2. Theorem 1.4 will
be obtained as a simple consequence of a more general result formulated as
Theorem 9.3.

This paper. In §2 we discuss the connection with quadratic symmetriza-
tions of Calderén commutators and with the Cauchy integral. In §3 we prove
a generalization of the pointwise majorization result (3). In §4 we briefly
discuss necessary conditions for Theorems 1.1 and 1.2. In §5 we prove the
lower bound in Theorem 1.1, namely, || D% |, < [[Safllp, 1 < p < co. In
§6 we discuss basic decompositions of our operators and prove some refined
L? bounds that are crucial for the proofs of Theorems 1.1 and 1.2. In §7
we prove the endpoint Theorem 1.2. In §8 we quickly discuss various ap-
proaches to Theorem 1.1 via interpolation arguments. In §9 we state and

prove the results on pointwise differentiability.

2. RELATION WITH CALDERON COMMUTATORS

For suitable functions A : R — C consider the first Calderén commutator
C4 whose Schwartz kernel K4 is given by

Aly) — Ax)

(x—y)?
Calderén [2] proved the L?(R) boundedness of C4 for Lipschitz functions A;
subsequently many other proofs were discovered. Here we are motivated by

K:A(xv y) =p.v.
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the proof in [22] which uses a symmetrization technique based on the three
term quadratic symmetrization

(4)  Sym[Kal(z,y,2)
= Kalz,y)Ka(z, 2)) + Kaly, 2)Kaly, z) + Kalz, 2)Ka(z,y),
which is well defined as a function on
G={(z,y,2) eERxRXxR:zx#y,x+#zy+# =z}
We have the following elementary but crucial identity ([22]).
Lemma 2.1. For (z,y,z2) € G,

L (A= Alw) _ AG) = Ala)y:
G-\ y-a cmw )

Proof. We use the notation Dy, := A(a) — A(b). For all (z,y, z) we compute
(z = y)*(x — 2)*(y — 2)* Sym[Ka] (2, y, 2)
=(y — 2)?DyyDys + (2 — 2)* Dy Dy + (. — y)* D10 Dy

:xszz(Dya: - sz) + y2chL‘(D2y - Da}y) + Z2ny(Da:z - Dyz)
—2y2D gy Dy, — 220Dy, Dy — 22yD Dy,

(5)  Sym[Kal(z,y,2) =

and using Dy.— Dy = Dy, we see that (z—y)?(z—2)%(y—2)? Sym[K a](z, y, 2)
is equal to

(6a) a°Dy, +y>D2, + 2°D3, — 22yDy. Dy, — 202Dgy Dy — 2y2Dys Dy
Now it turns out that this expression is also equal to
(6b) ((z = 2)Dyy — (y — 2) D).
Indeed the last display equals
(2 =)’ Dy, + (y — 2)°D2, = 2(2 — 2)(y — ) DyuDa
=2°D;. +y°D?, —22yDy.D.p + R

where R = —222(D}, — DyyD.,) — 2xy(D?, — DyyD.p) — 2*(Dys — D2z)*.
Now use Dy, — D, = D,. and conclude that (6a) and (6b) coincide. This
yields the asserted formula. O

Using Lemma 2.1 the result of Theorem 1.1 can now be written in terms
of the quadratic symmetrization:

Corollary 2.2. For1 <p< oo, 1/2 < a < 3/2,

AP A |Sym([K 4] (2, y, 2)| p/2
peaiy~ [ ([ PR i)
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As mentioned before, for o = 1, p = 2 the equivalence of norms becomes
an identity (noted in [10]). Indeed (5) and a Fourier transform calculation
using Plancherel’s theorem yield

@[] smia ey = e [ (4@ P

This argument can also be applied to the cases 1/2 < o < 3/2. In [22] it
is explained how (7) can be used to prove the L? boundedness of C4 when
A is Lipschitz: one checks the assumptions of the T'(1) theorem of David
and Journé. In fact, the T'(1) can be bypassed by a simple argument, which
reduces matters to the H' — BMO duality.

Moreover, in [22] it is shown that the action of the Cauchy-integral op-
erator for the Lipschitz graph on characteristic functions of intervals is ma-
jorized by the action of the first Calderén commutator. The argument uses
crucially the concept of Menger curvature which is controlled by Sym[K 4].
To be specific, the Menger curvature function associated to the graph 3(z) =
(z, A(z)) is defined by (R(z,y,2)) ! where R(z,y, z) is the radius of the cir-
cle through the points 3(x), 3(y), 3(2) (the Menger curvature is zero if the
three points lie on a straight line). The crucial identity is

1 _ 4 area (T (z,y,2))
R(z,y,z)  |3(y) —3(0)ll5(z) —3(w)ll3(z) —3(2)]

where T (z,y, z) is the triangle with vertices 3(x), 3(y), 3(z). The identity
implies, after using |3(a) — 3(b)| > |a — b| and (5), the inequality

1
See [10], [22] for more on the proof of the L? boundedness of the Cauchy
integral operator based on Menger curvature. We do not emphasize Menger
curvature in this paper since, while the inequality (8) is efficient when A is
a Lipschitz function (as then [3(a) — 3(b) ~ |a — b|), it may be wasteful for
the Sobolev classes of functions we are interested here.

< 2|Sym[K a](x, y. 2)| />,

3. COMPARISON WITH MARCINKIEWICZ TYPE SQUARE FUNCTIONS

Given f € L?(R) and m € R, consider the following square functions
defined for z € R by

fle+mt)— f(x) flz+t)— f(z))2 dt \1/2
9) ga,mf(x) = </]R) mit - n WQa—l) :

The square function S, can be recovered from the G, ,,, using the identity
dm

(10) Saf(x)? = 2/ Qa,mf(x)zm

|m|>1 |

which follows by the change of variables s = mt for |s| > |t|, and symmetry
considerations. Conversely, the next lemma shows a pointwise domination
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of Gom f in terms of S, f, for every m > 1. For m = 2 we have

Gopf () = G2

for the Marcinkiewicz square function G, f and thus recover the pointwise
inequality (3) stated in the introduction.

Lemma 3.1. Let o > 0. Then for m > 1, there exists a constant Cq m such
that for all f € L*(R)

ga,mf(ﬂf) < Coz,msaf(ﬂf), z € R.
Proof. Fix s € R and m > 1. We have
Gamfap <2 [ |FEHMI 1) Sty =)z i

mit/s |t]2a—1

flx+mt/s)— f(x) flz+t)— f(z)2 dt
+2/ mt/s a t |t[20-1"

The change of variable mt/s = u shows that the first term is equal to
2(s/m)*722G, s f(x)%. Hence

Gamf (@) < 2(s/m)*2Go s f(2)? + 2G g s f ()2

Observe that the interval [1,m] is invariant under the change of variable
s +— m/s. Integrating with respect to the measure ds/s yields

Gonf (x)? logm = /gamf)

pds

ds
s

<:g/m[@ﬂnﬁ—mgag1) + Ganysf (2)2] =

2 2« ds

_2/ gasf 220(—'_1)?
ds

(s —1)2

where Aqm = Supjc e, ((s/m)?2* 4+ 1)s7 (s — 1)@ is clearly finite for
a > 0. Now by the identity (10) we obtain

Go () < (22m) 5, 4 (). -

ogm

< 2Aum / Govsf (2)?
1

4. NECESSARY CONDITIONS

We show that our characterization fails to extend to the Hardy-Sobolev
spaces (corresponding to p = 1) and that the condition 1/2 < o < 3/2 in
Theorem 1.1 is necessary. In what follows we use the notation

(11) Asf(x) = flz+s) = f(z)

for the difference operator with increment s.
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4.1. The condition o > 1/2. Suppose that 0 < a < 1/2. Consider f € C°
with vanishing moments up to order 2, with the property that f(z) =1 for
x € [0,1] and f is supported in (—3/2,3/2). Then f € HS for p > 1. Notice
that

sTINf(2) =t A f(z) = —s +t 7 Hfor 2 € [0,1], t € [3,2], s > 4,

and thus, for z € [0, 1],

o0 1/2
Saf(x)z(/ ]s—2|*2ads> / =00, ifa<1/2.

=4

Thus we need to have a > 1/2.

4.2. The condition o < 3/2. Let f € C2° with vanishing moments up to
order 2 and satisfying f(x) = 22 for |x| < 4. As above, f € HS for p > 1.
Now

sTIAGf(z) =t 1A f(z) = /1 (x4 us) — f'(x +ut)du
0

so that sT'Af(z) —t 7 A f(x) = s —tif 2] <1, |s+t| <1, |s—t| <1,
and we get

1/2
Saf(x) > ( /s—t<1 |s — t|>72 dsdt) , for |z| < 1.
ls+t]<1

Hence, if a > 3/2 then S, f(x) = oo for |z| < 1 which shows the necessity
of the condition o < 3/2.

4.3. Failure of the strong type Hardy space bound. We show that for func-
tions in the homogeneous Hardy-Sobolev spaces H. the square-function S, f
may fail to be in L', or even in any Lorentz space L7 with ¢ < cc.

Let f be an odd smooth function with compact support in (—2,2) such
that f(y) = 1 for y € [1/2,1]. Using dyadic frequency decompositions one
can show that D*f € H'(R) for a > 0. Let > 2. We then have

Agf(z)=1 if —x+1/2<s<—-z+1,
Af(e)==1 if —z—-1<t<—x—1/2.

Hence, by (1) we get for z > 2,

—z+1 —z—1/2 ‘871 _|_t71‘2 1/2 1
> - > -
s> ([ o) 2 e

=—x—1

and thus S, f ¢ LY(R) for ¢ < oo.
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4.4. Failure of a weak type (1,1) bound. We prove the statement given after
Corollary 1.3 and show that there is a sequence of functions f; such that
Ifjlli = O(1) and the S, f; are unbounded in L"°.

Define f;(z) = 0 for < 0, fj(z) = jx, for 0 <z < j~' and fj(z) = 1
for z > j~! so that f; is a regularized version of the Heaviside function. We
have f; = jlj ;-1 so that || f[[1 = 1.

Let now —3/4 < z < —1/2. Then fj(z) = 0 and fj(x +s) = 1 if
—x+1/j < s <1, moreover f;(z+t) =0 for j~! <t < —x. We thus get,
for j > 100,

iz ([ f o)

1
= c(/ ((s+a)t=(s—57H)7) d5>1/2 > ¢ (logj — C)"*.

,m+j—1

Hence for large j and small ¢

meas{z : S1fj(x) > c\/logj} > 1/4
which shows \|Slfj||L1,oo/Hfj’»||1 2 log j.

Open problem: It would be interesting to explore what happens if the or-
dinary derivative f’ is replaced by the Riesz-derivative D'f. More gener-
ally, does the weak type (1,1) inequality ||Saf|lz1 < ||D?f|1 hold for
1/2 <a<3/2?

5. LOWER BOUNDS

It is our objective to prove the converse estimate

(12) 1£llp < Capll Sa(P™Hll

for 1 < p < oo. There is no restriction on « in this part of the proof.

First consider the function p(s) = s~!(e? — 1) and observe that

1
p(s) — plt) = 3 (¢~ 5) + E(s.1)
where |E(s,t)] < C(|s| + |t|)|s — t] for |s],|t| < 1. Let
R. ={(s,t) :e <s<2e,¢/10 <|s—t] <e/b};

then for sufficiently small € > 0 the function

itf_l
— t|7*dsdt
IRI//E 7 )lstlds

is smooth on [—4, —1/4] U [1/4, 4] and moreover

m(&) > Cea >0, 1/4< ¢ <4
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Let ¢ be supported in (1/2,2) such that Y., @(27%(|¢])) = 1 for all
€ # 0. Let ¢ € C* be supported in (1/4,4) such that ¢ = 1 on [1/2,2].
Then & — &(|¢])/m(§) is a C2° function with support in {£ : 1/4 < |£] < 4}.

Define three operators Ly, My, E,m by

Lif(€) = (27 *IENF (),

T Pl 4

My f(€ 3

(€)= 2 e 1),

Liaf(€) = 827 ED@FIENF(©).

These convolution operators make sense for Hilbert-space valued functions.
Below we shall use the following

Lemma 5.1. Let 1 < p < o0.
(i) For {fx} € LP(£?)

[ S e, <a (Sine) ™),
(i) For {fi} € /()

(3 ) ™, < all (1) ™,

(iii) Let H be a Hilbert space. For F' € LP(H) we have

H(Z |Ek7aF|§{)1/2Hp < CpallFll Loy

keZ

Proof. These are straightforward applications of the standard theory of
singular convolution operators for Hilbert-space valued functions, see [1],
[16]. O

Proof of (12). Define Ly as above and Ly similarly, with ¢ replaced by ¢.
We then have

F=> Lif =Y LilpLif =Y LMLy F ' m(2 %) f.
kez ke kez
By (i), (ii) of Lemma (5.1) we have
~ ~ /
11 s || (32 ML F () I 2H

kEZ

V(S [, mrwaf) ",

p
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where T ,f’t is defined by

—— o is(27R¢) _ 4 27k _q PN
T (€) = p2 e (———— - ) Is =t F(¢)
o - 278 1 GTRE g\ Daf(¢)
_ o—k k Elepna( € €
= 2B MDD (g~ ) e 1

We apply the Cauchy-Schwarz inequality on R. and get

I£1lp < H ’R‘// T3 Pdsdt) Hp

Change variables s = 2Fv, t = 2¥w so that the last inequality becomes

1£1l
— —ar) _ ,,—1 -«
<IN |Rg\//2 . et U(Dv{)w; = o aw)

We replace for each k the domain of integration 2 ¥R, by the entire R x R
and then apply part (iii) of Lemma 5.1 (with the Hilbert space H = L?(R x
R)). We thus see that || f||, is bounded by (a constant times)

o —an|2
| z//m Erale 0D ) 2O )7
o a2
//RXR £w|2a w(D f)‘ dvdw)1/2Hp

which completes the proof of (12). O

<C7p7

6. L2 BOUNDS

As mentioned before the equivalence

(13) 1Sa(P™)ll2 = call Fl2

has been proved for a = 1 in [10]; a straightforward modification of the proof
also applies to the case o € (1/2,3/2). In this section we further break up
Sa(D™*f) and obtain improved bounds for the pieces, which are useful for
the proof of Theorems 1.1 and 1.2.

Let H be the Hilbert space of square-integrable functions on R x R. Fix
a € (1/2,3/2). We define a convolution operator 7" mapping Schwartz
functions on R to H-valued functions on the real line, by

sTIAD Y () — tT1ADTf ()
|s =t

(1) Tfa,st) = for |s| > |,

and
Tf(x,s,t) =0 for |s| < |¢|.
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The inequality ||So(D~*f)|l, S ||fllp holds for all Schwartz functions f if
and only if 7" maps LP(R) to LP(R;H). For the estimates below we may
assume that f is a Schwartz function whose Fourier transform is compactly
supported in R\ {0}.

We introduce finer decompositions by dividing up the (s, ¢) parameter set.
Forn,l € Z,1 <n — 2, set

ay R A0l ok okt <
2R |5 — ] < 27R Y
and note that
(16) vl =@ for I > n+3.

Alsofor £ € Z, £ < n — 2, let
A7) Wt ={(s,t) : 275 < |s| < 7Rt gl g < 97k,
Then, for every k € Z,

= = 1 if |t < s

7% <IZ_:OO ]lv:,z(s,t) + ZZ_:OO HWIZL‘z(s,t)) = {0 ” ;t; ; :S:’

We also observe
(18) Vel =27kt wt = 2Rt

In what follows we denote by ¢ a real valued Schwartz function so that
( ) # 0 for - <[] <4 and ¢ vanishes to order 100 at the origin. We may
choose 9 so that

(19) supp(¢) C {z : |z < 1/2},

We remark that this assumption is not needed in the present section, nor in
the proof of Theorem 1.1 discussed in §8.2. However it is quite convenient
in the proof of the endpoint bound of Theorem 1.2.

Set 1), = 2F1)(2%.). Define an operator P by

(20) Pof =i = [
We introduce a decomposition of the operator 7. Let ¢ € C2° supported

in {€:1/2 < [¢] < 2} so that > ;5 ¢(27%¢) = 1 for all £ # 0. We then
decompose

Tf(& s,1)
_ gk p(2 7]“5) 1 et —1 e 1y
ICEZZ¢ 3 2-k|e])e (h(27¢))? 2ka!8—t!“( s t )f(g)
and hence
(21) Tf(ﬂi‘, S,t) = ZPkaka(aj, 5715)

kEZ
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where

p(275¢)

22 Lef (&) = _ i
2 O = e
and
(23)

1 Pef(z+s) — Pof(x)  DPuf(x+1t) — Pf(x)
T t) = _
kf(@,s,t) 2ka|s—t|a< s t )
when |t| < |s| (and Tk f(x,s,t) = 0 otherwise). We also set, for || < |s],
1 Pi.f(x +s) — P.f(x)
2ka|g — t|a

S
1 Pf(x+t) — Puf()
Qk:a’ ’a t

(24a) Ty f(x,s,t) =

9

(24b) Tk Qf(x S t)
so that T}, = Tk,l — Tk’g.
We shall repeatedly use the following scaling lemma.

Lemma 6.1. Let g be a Schwartz function on R. For k € Z and Q C R?,
(25)

£ ) 1/2
/ Thg(x, s,1))? dsdt // |Tolg(27%)]) (2%, v, w)| dvdw)
2kQ)

Proof. The left hand side is equal to
// ‘Pkg(fv +5) — Prg(x)  Prglx+1t) — Prg(z) 2 dsdt )1/2
t|2a

t 22ka|g —
B / Prg(z+27Fv) — Ppg(x)  Prg(z+27%w) — Prg(x) 2 dvdw )1/2
2k () w v — w[?
and the assertion follows from Pyg(z) = Py[g(27%-)](2¥2). O

Our proof of L? boundedness involves the following elementary estimates.

Lemma 6.2. Leta >b> 0. Then

(i)
1.3, ‘
. azb2 ifa <1,
e — 112 dodr \1/2 1.3 ;
( 204) S 2b27 szglga,
T lo — 7| 11l
|o|~|T|~a T2bh2 Zf 1<b<a.
|o—7|~b

(it) Let a > v and Qo = {(0,7) : |7| < |0|/2, |7| = 7, |o| = a}. Then
fora>1

..
...

N

’y%a*a min{a% ) a*%} ,

e —112 dodr )1/2

|o — ]2

-

a? " min{y?,772}.

— 112 dodr )1/2

|o — 7|2

AN
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Moreover, if a < 1 then

e — 112 dodr
T lo — 7|2

1/2
) / <yZaive

Qa/*/

Proof. This follows readily from

o 1 T 1 o
(26) ¢ ¢ ’ _le=rl <0
o T 1+ |o|+ |7
and
1 . =
(27) ‘ < Cmin{l,r " }. O
Proposition 6.3. Let 1/2 < a < 3/2. Then the following estimates hold.
(i)
/2
(28a) //’ Z P Ty fr(- St)‘ det) H < cny (Z\fk\) ‘
kEZ:
(s, t)EV”l
25 9l(3-0) ifn<0,1<n+2,
with ey = 2 22 ifn>0,1<2,

9-n/29-U0=3)  ifpn>0,0<1<n+2,
0 ifl >n+2.

(ii) Let n >0 and £ <n —2. Then

o (]| T mannefaa) 7

(s)EW;"
<z (Sn) )
k
and
(28¢) //‘ Z PiTeaful- s t)‘ dsdt)l/2H2
(st)ew"‘Z

< 9—n(a—1%) min{2-4/2, 2@/2}H (Z |fk\2) 1/2H2 '
k
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Moreover, forn <0,

(284) H(//‘ 3 Pkafk(~,s,t)‘stdt)l/zuz
keZ:
(s,

stew’
crore (g,

Proof. Note that for fixed n,[ the sets V,? ’l, k € Z are disjoint and, similarly,

for fixed n,¢ the sets W,?’E, k € Z are disjoint. Hence [[|Y ", - [*dsdt =
J[ > |- -+ [?dsdt. Thus, if one then interchanges sums and integrals and
uses the uniform L? boundedness of the operators Pj one can reduce the
proofs to showing uniform estimates for the individual operators T}, (or T}, 1,

Ty.2), involving the sets V,:”’l, W,T’g. By Lemma 6.1 this is reduced to use
estimates for the operator Ty (or Tp 1, Tp2), involving localizations to the

sets Vg”l, ng’e. Let
m(€,s) = 0(€)s (e ~ 1),

All estimates in proposition 6.3 follow via Plancherel’s theorem from the
following set (29) of inequalities. First, with ¢, ; as in (28a),

(29a) P (//Vg’l Im(&;s) = m(g’t)’st dt)m < -

|s — t|2

Next,

1/2
(29D) sup // Imi& ) dt) 12 < gtrgna yinron/2 on/2y

n[ ‘S —t‘Qa

2 1/2
(29¢) sup // Im(&, ©) —=ds dt) / < 2*”(O‘*%)min{27f/2,2£/2},

n[ |S—t|2a ~

and (for£+2<n<0
(29d) sup // . (€, 5) = m(&, 1) ds d) < on(3-)g

\s—t|20‘

[SIEN

We want to deduce (2 ) from Lemma 6.2. In view of the crucial cancellation
property of ¢ we have
€I

(30) (O] < On iy

for all N. Now by a change of variables

(//Q ‘m(&Z):trr‘z§¢§7t?|2d8dt>l/2

—riden( ff S-S )

o T lo — 7|%
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Hence, by Lemma 6.2 and (30),

(J) e et

(271¢]) 12 (24)¢])3/2 if27)¢] <1,1<n+2,
(2r[e) /22! g3 fan|g > 1, 2l¢ < 1,
@me) 122 e mor? f2nje| > 1,0 <1< n+2,

<l
~ (14 1Dy

which implies (29a). The estimates (29b), (29¢), (29d) follow in a similar
way from Lemma 6.2 and (30). O

We finally note for further reference that summing the various estimates
in Proposition 6.3 together with an application of the Littlewood-Paley in-
equality (in L?) yields the bound [T F ||y < [|F || z2(3)-

7. THE H! — LY* BOUND

We shall follow the method outlined in [14] which has its root in work
by M. Christ [4]. We use a variant of the atomic decomposition which also
takes our operator 7' into account (by using the decomposition (21) and
incorporating the Riesz potential operator in the atoms). The approach here
is based on the square-function characterization by Chang and Fefferman [3]
(in the one-parameter dilation setting). See also [13] for an early application
to endpoint estimates, and [14] for many more references.

7.1. Preliminaries. Let Py, Ty, Ly as in (20), (23), (22). We plan to use
the decomposition (21). We consider the nontangential version of the Peetre
maximal operators

(31) My f(x) = sup |Lpf(x+ h)l
|h|<2-*

and the square function defined by
1/2
(32) /(@) = (Y Ims@)I?) "

kEZ
Then (Peetre [11])

(33) 1S £ < 1l

Let Jx be the set of dyadic intervals of length 27% (i.e. each interval is of
the form [n27% (n + 1)27F) for some n € Z). For u € Z let

O = {1 16f(z)| > 2}
and let S’kL be the set of dyadic intervals of length 2~* with the property that
|JNO, > |J]/2 and |J N Ouq1]| < |J]/2.
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Clearly if & f € L' then every dyadic interval belongs to exactly one of the
sets J}.. We then have ([3])

(34) > ILLeflfs S 2% meas(O,)

keZ Jegt

For completeness we include the argument for (34). The relevant fact is that
|Lif(z)| < My f(2) for all z,z € J, for each J € Jj. Let
={z: Myrlo, > 1071}
where My stands for the Hardy-Littlewood maximal operator. Then
meas(0),) < meas(O,,)

and we have Uy Ujeqe J C O),. Now

DD IILVAVIED D) DEY N OIS

1
kEZ Je3h keZ je3l: \or*

< 2/ Z D f () |2 < 22“+2meas((9;) < C2%meas(0,,)
OO ez
which establishes (34).
Now we assign to each dyadic interval J another dyadic interval I(J)
containing J. If J € Jj then clearly J C O}. Let I(J) be the maximal
dyadic interval containing J which is contained in Oj,. Set

Wl @)= Y Lif(z)Ls(x).
JEJg:
I(J)=I

We write L(I) = L if the length of a dyadic interval I is 2¥. Also we let
T be the collection of all dyadic intervwhich are maximal and contained in
O},- By the maximality condition the intervals in Z* have disjoint interior.
For future reference we note that if J € J and I(J) = I then L(I)+k > 0.

Set, for I € M,

(35) = (2 X wmsg)”

ke L(1)z0 S
We have
1/2 1/2
S < (2 0) (X ki)
Ielr IeTr Ielr
SOLV2(2%10,)) 2 < 2410,
and hence
(36) SO My £ 0240 SIS FIh S 1l

HEZ I€TH MEZL
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which is equivalent to

(37) S (1 1E) < 0

UEZ IETH keZ

7.2. Proof of the H' — LY inequality. Fix A\ > 0. We claim that

(38) meas({zx € R: |Tf(x,-,)|r2mre) > 10A}) S A1 Z Z R
pezZ 1Tk

which implies the desired bound, by (36).

The first step is the definition of an exceptional set £. Given any I, p
with p € Z, I € J*, we assign an integer x(u,I) (depending on \), defined
as

R, T) = max{L(I), 3(u, 1)}

where the ”stopping time” >(u, I) is given by
(39) 5(u, I) = inf{r € Z: 2" > XTIV %y, 1 }.

For any I, u satisfying L(I) < k(u,I) let £, be the interval of length
26D +5 - concentric with I and let

E= |J  éur

wl: 1€
L(1)<r(p.1)
For any I with #(u, I) > L(I), we have 2°(-)=1 < \=1|1|1/25 | Thus

(40) meas(6) < Y 27D SN AT A S AT e
I,p:L(I)<w(p,I) Ly

Hence in order to prove (38) we only need to show
(41) meas(z € X ¢ |Tf(x, ) r2ey > 100} S AT 1]V2, ).
w,d
By Minkowski’s inequality we have
1/2
Tf (2, ) 122 = // ’ % Pkab“’ (z, s t)‘ dsdt)
.l —k<L(I
(42)
x) + Ve(x) + Wae(x) + Vi(x) + Wou(x) + Wi(x)

IN
i
=~
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where

(43a) Ui(x //‘ Z Z Z PkabZJ(z,s,t)‘stdt)lh’

A
€<n+2 k:(s,t) EV IZ‘I“

—kt+n<L(I)

(43b) Us(x //‘ Z > Y AL @ st)‘ ds dt ) v

P2 ks(syewp ml €T
(st)e k<L(I)

43c)
( I 2 1/2
//‘ Z Z > BTy (w,s,t)} ds dt) ,
o nt I I€TH
>2 k DEW; llj:-&-ngL(])
43d)
( I 2 1/2
//‘ Z Z Z Pka,zbZ’ (x,s,t)’ dsdt)
” n,e I TeTr
>2 o Ki(sEW,” ;lﬁ:+€<eL(I)
and
44a)
( I 2 1/2
//‘ Z > > P T3.byy (:L‘,s,t)‘ dsdt) :
n>max{0 -2} (s, t)evsﬁl [lgj{'u
L(I)<—k4+n<w(u,I)
(44b) 2 .
Wae(a) = <//‘ Z Z Z Pka,QbZ’I(a:,s,t)‘ ds dt)
n>ma:b({€0 042} i(s 7t)€W;L,Z [lgéu
L(I)<—k+0<k(p,I)
Furthermore
(45a
2 1/2
//) Z Z Z Pkabfi’I(:C,s,t)’ dsdt) ,
n,l
n>max{0l oy K€V, ol I)€<Iuk+n
45b)
( w,I 2 1/2
Waslz //) Z Z Z PyTy 20y (x,s,t)) dsdt)
n,l: s n,0
anax{O,Z+2}k( HEW, IGI”

K< —h+t
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and finally
1/2
(/I L X% andeenfed
n,l
n>max{0€+2} ki(s,) €W, IGI“
L(I)<—k+n

The quantity on the left hand side of (41) is not greater than

Zmeas(a: c &l Ui(x) > A} + meas(z € L Wi(x) > A}
i=1

+ meas(z € e Vi(z) > A} 4+ meas(z € L Wo i (z) > A}
+ meas(z € e Ve(x) > A} + meas(z € L. Wae(z) > A}

The terms Vg and W ¢ are supported in £ and are thus irrelevant for the es-
timate (41). Thus (41) follows, by Tshebyshev’s inequality, from the bounds

4
(47) SO S S 120,
i=1 w,l
(48) VA3 S A 11y,
w, X
(49) W3 S A 1Yy,
I
(50) Wil S 3 113
v

Proof of (47). For (s,t) € V,?’l and —k + n < L(I) the function z —
Py T}, bl 1 (z, s,t) is supported in a tenfold expansion I* of I. We use Minkowski’s
inequality for the n,l, i, I sums, and then Cauchy-Schwarz on I* to get

Uil < ZZH(// Y nm s dsar) |

n k:(s,t EV"Z
1042 fe —k+n<L(])
Z Z yI|1/2 //H 3 Pkab“ s H dsdt)
l<n+2 IEI“ (s,t)eV)”

fk+n<L(I)
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Denote by ¢y the constants defined in (28a). Then > > 1o cny < 00.
Now we apply (28a) to get

/
i< 3 e (S 1)

k:i—k<L(I)

2

l<n+2 IEI“

/
s (X )"
I.

I ki—k<L(I)
IeTH

We apply a similar argument to estimate the L' norms of Us, Us, Uy. For Us
we get

HU2H1 Z Z |I‘1/2 //H Z Pkabu’ , 8,1 H dsdt> /2
£2§ 22 fezn fkg??;; !
1/2
s 3 )
k:—k<L(I)
IeIf‘

where we used (28d). By (28b)

< S S (ff] X Asastcsofaa)”

ETR = ko

1/2
ZW( S wlE)
IeZ“ k:—k<L(I)

and, by (28¢),

2 1/2
Uil < S |11/ (//H Pl oy (,) | ds t)
H4Hl_§;!! Z:? ktzwlkkz (,5,8)]| ds
VE n> S E n
ezt fsn=2 —ki<L(D)
< 1/2 w2 1/2
sz 3 )
w,I: k:—k<L(I)
IeTH
Finally we use ), Hb’,: IH2 = fy“) in all estimates above to complete the

proof of (47).
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Proof of (48). We have, by Minkowski integral inequality,

2 1/2
Vi(z) < / / N y Pkab’,:’[(:z,s,t)‘ dsdt)
n,l NE
n>max{Ol 2} St)ev e
w(p,I)<—k+n
; 2 1/2
< 3 (Z// l PT} b (x,s,t)’ dsdt)
n,l k Vi NE
n>max{0,/—2} Ie1*
k(p,I)<—k+n

and so, by Fubini,

s > (XS]

2 1/2
S BT (s, t)H2 ds dt) .

n,l: k Vi [ IETH
n>max{0,/—2} k(p,I)<—k+n
By (28a),
HV*HQ g Zmin{2fl(a71/2), 2l(3/27a)} Z 2771/2
l n>max{0,l—3}
Iz, wh”
k wl: 1€t 2
K(p,I)<—k+n
For fixed k,
[z > wl-lz ¥ X,
12 1eTH: JENN
K(ﬂ71)<7k+n Fu(,u, )< k+n I(J) I
=> > > vl
o Iezr Jejh

K, I)<—k+n I(J):k[

because each dyadic interval of length 27% is contained in exactly one fam-
ily J%, and for fixed p the intervals in Z* have disjoint interior. Now, since
1/2 < < 3/2, we can sum in [ and obtain

miEs (2 (X 3 > fuozf) ")

n>0 w, 1€t J€3H
s D)<—k+n p(n=1

DD I A D} #9757

k ,uI JGJk
IezH I(J)=1
< Z 9~ (r(p,1)=L(I)) Z 25 I)Jrk)H]lJL’fsz
JGJ

& (=1
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and hence
Vi3S Yo 2tmnlmha2 )
w I IeTnr
(51) < 2 L(I)—r(u,I) .2
~ Z |: Z ’y,u,l + Z 2 ’ ’}/'LL,I]'
1% IelH IeTr
(e, I)=L(I) #(p,I)>L(I)

If k(p,I) = L(I) then >(u,I) < L(I) and by definition of >(u,I) we then
have 2800 > 2%(D) > \=1|1|1/2y, ;. Thus v, ; < |I|'/?)\. Therefore

(52a) S RIS My
IeTH: Ielr
R D)=L(1)

If k(p, I) > L(I) then w(u, I) = 3(u, I) and thus 27%W10 < \I|~ 1/2%”,
again by the definition of >(u, I). Hence

(52b) Yo 2MOTEDAR SN Y P

Iezr Iezr
w(p,1)>L(I)

Now combining (51) with (52a), (52b) completes the proof of (48).

Proof of (49). This proof follows the lines of that of (48). Notice that the
conditions ¢ > k(u, ) +k > L(I) + k imply that £ > 0. Now

Wau(z) <
I 2 1/2
> Z / / l P Ty 20" (m,s,t)‘ dsdt)
¢ B u I Iezm
n2max{0.£+2} D) <—k+0
and so
”W2,*H2 S
I 2 1/2
SR O) /D S TR e
m k Wi w I IETH 2
n>max{0,/+2} K, 1) <—k+L
By (28c)

LA IR RN DY e

n>0 >0 I I€TH
k(D) <—k+L
IO DD I (N
>0 wI:IETH  Jel

k(p,I)<— k-‘rfI(J) I
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which implies

Woul3 £ Y 27D Y L Lef|3 < D0 2807 DA,
k M7I: JGJﬁ /‘L»I:
IeTH T IeTH

and this expression has been already estimated by CA )", \I|1/2'yu71, by (51),
(52a) and (52b). This finishes the proof of (49).

Proof of (50). We now take advantage of the fact that the L? bounds for
Tj,1 in (28b) are somewhat better then the corresponding bounds for T} o
n (28c). This allows us to invoque a straightforward L! estimate for W as
opposed to the L? arguments used for V, and Ws .. We have

Wil

A S S S matsofan))

(s,t)€ an wl: 1€t

anaXZ{(.),é+2} L(I)<—k+n
7 2 1/2
S Z > Z I( // BTt (s, asar) |
wt 1
n,t I k:L(I)—n<—k<L(I) k

anaX{O 042} [EI“

Now observe that the expression inside || - - - ||; is supported in an interval of
length 27%+7+5 concentric with I. Hence, by the Cauchy-Schwarz inequality
and Fubini

Whllr <
> T X (] It nlsa)
'S E LIfn<
n>max{0 {42} IEZ” —k<L
By (28b),
Willhs > 2 3T 3T 2%
n,L: wd: L(I)—n<
n>max{0,+2} Telr _k<I(I)
SR ED DD DL L
n>0 pI: —k<L(I)

Ie1H
and it follows easily that
WAl S0 11,
w IeZH

as claimed. O
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8. LP ESTIMATES

8.1. Proof of Theorem 1.1, via estimates on Hardy spaces. The lower bounds
have already been established in §5. For the upper bounds we need to distin-
guish the case 1 < p < 2 (for which the result is an immediate consequence
of what we have already proved) and the case 2 < p < oco.

8.1.1. The case 1 < p < 2. For the upper LP bounds we note that
(53) [Sa(D™ e < Cpllflee, 1<p <2,

follows by real interpolation ([7]) from the already proved bounds

150D Pllpree S 1f1m1s
150D~ Pl S 1£]12-

8.1.2. The case 2 < p < oco. Consider the operator T acting on the H =
L*(R x R) valued functions F by

-1 —a _ 41 —a
(54) TF(x)Z// s AP (@ s t) Z T ADR@ 80 4y
1<lsl

|s —t[*

and observe that (53) for 2 < p < oo follows by duality from
(55) ITFl[r < CpllFllopry, 1<p<2
This can be deduced by real interpolation from
(56) ITF2 S NF 22
(which is equivalent to the case p = 2 of (53)) and
Theorem 8.1.
ITFlpree S NE 1 30)-
This result follows from

(57) meas({z : |[TF(z)| > A})

1/2

<SI(Z sw [[imrcensopasa) ™|

X 3 1
kez |hl<2

where the L' norm on the right hand side involves a version of the maximal
square function G F in (32), but for H-valued functions F'. More precisely,
in (31) one should replace the absolute value by the norm in H. Then
Peetre’s estimate (33) holds in this context. The proof of (57) will be omitted
since it is essentially the same as the proof of Theorem 1.2, with appropriate
notational modifications.
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8.2. An alternative approach to Theorem 1.1. There is an alternative (more
straightforward and direct, but not less lengthy) approach to Theorem 1.1
which bypasses Theorem 1.2.

To be specific we let ¢ be a C*° function supported in {{ : 1/2 < |{| < 2}
and let ® = F~1[¢]. Let Ky(z,s,t) be defined by

6it§ _ 1)

R is€ __
Ri(6 1) = 2745 — 1|2 Hel) (o - ©

By Littlewood-Paley theory one reduces the proof of Theorem 1.1 to the
following LP inequalities for 1 < p < 2:

H<k€%//tl<ls /K’“(‘—y,s,t)fk(y)dy‘zdsdt)wup < CpH(%]fk‘Q)l/z
and
H<k%‘//|t|<s/K’“('_yvSJ)Fk(y,s,t)dydsdtf)l/QHp
<6|[(S [[1mcanpasa)”|
k

One decomposes, for each k, the half plane {|t| < |s|} as a union of V,?’l and

WZ’Z, as in §6. One then aims to prove, for 1 < p < 2, that there is (p) > 0,
such that

s (5]

)
p

/Kk< —v, s,t)fk(y)dyrds dt) 1/2Hp

< G- =0 (3 !ka)l/QHp,
k

/Kk(- ~Y,s, t)fk(y)dyrds dt) 1/2Hp

< G- =0 (3 ’f’f’2>1/2Hp’
k

and also the dual versions (with H = L?(R x R))

(59a) H(;Z(//W/Kk(._y,s,t)Fk(y,s,t)dydsdtf)lﬁ“p

< ¢, 2-(nl+I1)=(w) H (Z |F’“‘%*>1/2Hp’
k

(2],

kEZ
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(59b) H(Z‘//Wn’e/l(k(._y,s,t)Fk(y,s,t)dydsdt’z)l/zup

kEZ
< 0,2~ (nl+e) H (Z |F’“‘3*>1/2Hp'
k

For p = 2 such estimates follow from §6. For p = 1 one proves slightly weaker
L' — LY inequalities, with constants O(1 + |n| + |I|) and O(1 + |n| + |€]),
respectively. These follow if one checks the Hormander condition on the
kernel Ky, cf. [8] and [16], namely

1/2
(60a) / (Z// | Ki(2 + b, s,t) —Kk(:c,s,t)|2dsdt> dz
222 * ez V!

S 1A+ [nf 4[]

and
1/2
(60D) / (Z// e \Kk(x+h,s,t)—Kk(g;,s,t)ﬁdsdt) dz

|z[>2h kEZ
S1+|nl+ .

In fact slightly better bounds than (60a), (60b) can be proved, but they
are not good enough to sum in all the parameters (n,[), (n,¢), respectively.
Inequalities (60a), (60b) can be established by straightforward L' and L2
estimates used earlier; we shall not include the details. One can interpolate
the weak type (1,1) inequalities implied by (60a), (60b) and the improved
L? results to show the L? inequalities (58) and (59), and these yield a proof
of Theorem 1.1.

9. POINTWISE DIFFERENTIABILITY

Let f € L*(R). A classical result of Stein and Zygmund [18], [16, ch.
VIII] says that f is differentiable at almost every point x € R for which
there exists § = §(z) > 0 such that

flet2t) = flx)  fle+t) - flx)
(61) E‘ug o — " < o0
and
fle o)~ f@)  fetn) - f@)pd_
(62) /t|<5 ‘ 2t B ¢ i <o

Conversely, for almost every point * € R where f is differentiable there
exists 6 = 6(x) > 0 such that (62) holds. Notice that (61) is the Zygmund
condition at x in disguise.

The purpose of this section is to discuss analogous results when the inte-
gral in (62) is replaced by local versions of S, f for & = 1, the square function
of the previous sections. We drop the subscript and write Sf = 51 f.
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9.1. Preliminary considerations.

9.1.1. Marcinkiewicz integrals. The following classical result on Marcinkiewicz
integrals is a crucial tool in proving results on pointwise differentiation.

Let F be a closed set of positive measure, and fix A > 0. Let

L dist* (y, F)
A ,7 >
I )(x) = /x_l oy dy.

Then one proves [16, p.15] that

(63) I™(2) < oo for almost every z € F.

9.1.2. Pointwise comparison with a related square function. Given f € L?(R)
and m € R, consider the square functions @) f defined for x € R by

=], R S )

We shall use the identity

flat+mt) — flz)  [fla+1) - f(2)
mt t
:m—1<f(x+mt)—f(m+t) f(a:+t)—f(a:))

m

(64)

(m—1)t t
to show that Qf and Sf are equivalent.

Lemma 9.1. There exists a constant C > 0 such that
C'Qf(z) < Sf(x) <CQf(x), z€eR, felL*R).
Proof. Fix u € R and N > 1. Since

flat+ut) — f(z)  flz+1) - f(o)
t

ulVt

_ i fla+wt) = flx)  fla+u~') = f(z)

ult wi—1t ’

. Ni Lot wt) — f(z)  flat+ud ™)~ f@)

wit w1t
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Hence, with G; ,, as in (9),

Gy v f <NZ/‘f‘”+uZt @) St w )~ @) pdt

w1t |t]
- N gl,uf(x) .
Fix 0 < € < 1. We perform the change of variable m = «!¥ and then estimate
2N 2 N-1
dm Nu

Gimf (@) 55 = g (@) g du
/(1+5)N (m—1)2 ! (ulV —1)2

2 1 du N3 2 du
<N 2 < uf(2)? .
= e gl,uNf(x) ulN—-1 (’LL — 1)2 > (1 i €>N—1 . gl, f(.%') ( — 1)2

A similar argument gives

—(1+e)N dm N3 —1-¢ du
2 2
/_2N gl,mf(w) (m — 1)2 < (1 + E)N_l /_2 gl,uf(x) u

Thus

dm dm
Ot @ T S [ P
/|m|22 1mf (@) (m—1)2 1<|m|<2 1mf (@) (m—1)2
By the identity (10) we get

dm
Sf(z)? ~ /1<|m<2 Ql,mf(x)zm

and the asserted equivalence follows immediately from the identity (64). O

9.1.3. An inequality for functions in the Zygmund class. For the proof of
Theorems 1.4 and 9.3 we need the following.

Lemma 9.2. Let f € A,. Then there is a constant C such that

(65) supsup |[LETM) ~F@) [z +1) - ()
z€eR [¢|<1 mt t

< C|Iflla.lm — 1|1 +log(Jm — 1]71)),

for1 < |m| <2.

Proof. We shall use that divided differences of functions in A* satisfy a mild

regularity property, namely

flx+t)— f(z fle+s)— f(z
wr0 =@  Jerd 2SO gy,

s

for z,t,s € R with [s|/2 < [t| < |s|, see [5, Lemma 2|. This implies in

particular the easier version of (73) where the sup is just taken over m €

[—2,—1].

(66)



29

Now if 1 < m < 2 we apply the crucial identity (64) to gain the factor
m — 1; we then see that it suffices to show, for any z,t € R and 1 <m < 2,

fle+mt) - flz+t)  fle+t)— flz)
(m —1)t ¢

1
<1l (1 + log ——).

Let N be the positive integer satisfying 1 < 2V (m — 1) < 2. Since

‘ﬂx+t+ﬂf%m—lﬁ»—f@H¢)_f@+¢+2Wm—1ﬁy<ﬂx+w
2k=1(m — 1)t 2k (m — 1)t

is bounded by C||f||a,, uniformly in z,t, k,m, we obtain, summing in k =
1,....N,

fatm) —fa+ fatt+ 2% m =00 = e+ o gy

(m — 1)t B ON(m — 1)t
This gives (67). O

9.2. Differentiability versus finiteness of a square-function: an example. We
shall consider for any § > 0 the local version Sjo s of S, defined by

(68) Slocéf
// fle+t)—flz) flz+s)— flzx)? dsdt )1/2‘
[t|+|s \<6

t s |s —t|?

We show that the finiteness of Sjoc 5 f(2) is generally not a necessary con-
dition for differentiability. Specifically we present an example of a function f
differentiable at almost every point of a set E of positive measure such that
for any § > 0,

Sioc,sf(x) = 00, for ae. z € E.

Hence an analogue of the result of Stein and Zygmund in this context does
not hold without additional assumptions on the function f (such as for
example the Zygmund class condition in Theorem 1.4).

Let E C R be a closed set of positive Lebesgue measure without interior
points. Write R\E = UI};, where I; = (¢; — bj, ¢c; + b;) are pairwise disjoint
open intervals. We denote by I]half = (¢j — b;j/2,¢j + b;/2) the inner half of
I;. Let f: R — R satisfying

(69) |f(z)| < dist(z,E), xze€R
and, for each j,

(70) /O '

fly+u) - f(y)

u

2
du = oo for all y € I]half.
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The change of variable s = mt and identity (70) gives
SIQOC,Jf T

()
%/tld/lm'M(f(Hm—f(wH) _f(af+t)—f<af)>2dmchf'

— 1)t t I
We apply now Stepanov’s Theorem ([16, VIII, Thm.3] or [9]). It says that f
is differentiable at almost every point in F if and only if f(zo+vy) — f(xo) =
O(ly|) as |y| — 0 for almost every zo € E. Hence condition (69) implies
that f is differentiable at almost every point of E. Moreover (69) and the
Marcinkiewicz inequality (63) for A = 2 imply

2

t dt

/ <f(:z:+)) — < oo, forae. xz€kFE.
It <5 t |t]

On the other hand, the change of variable (m — 1)t = u gives

Ja o () i

1 f(x+t+u)—f(a:+t)>2 dt
>l < u W

Now, for fixed § > 0, for almost every x € E the interval (z — d,z + §)
contains an interval I;. Here we use the assumption that E is a closed set
with no interior points. Hence there exists a set of points ¢ € (—d,d) of
positive measure such that x +t € Ijhalf and condition (70) shows that the
last integral diverges. Hence Sioc 5 f(2) = oo for almost every = € E.

9.3. The main result on pointwise differentiability. We shall now consider
functions that are locally in the Zygmund class, i.e. satisfy condition (71)
below. This condition clearly holds when f is differentiable at x, but it is
substantially weaker.

Theorem 9.3. Let f € L2 (R).

loc
a) The function f is differentiable at almost every point x € R where the
following two conditions hold

fle+2h) = f(z)  fle+h)—f(z)

71 lim sup — < 00
() h|—0 2h h
and there exists 6 = §(x) > 0 such that
2
R S GRS ETE C T
|s|+[t| <6 $ t |s —t

b) For almost every point x € R where f is differentiable and
fletmt)—f(z) f(r+t3:f(év)

mt

(73) limsup sup

150 1<jml<z  [m —1|(14|log |m1—1| )

< 00,
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there exists 0 = 6(x) > 0 such that

fla+s)— flz)  fla+t)— fla)|* dsdt
74 —
™) //|8+|t|<5

s t |s — t]?
Proof of Theorem 1.4. One direction is immediate by a) of Theorem 9.3.
For the other direction one needs to verify that condition (73) holds for any
f € A,. But this was proved in Lemma 9.2. O

Proof of Theorem 9.3. (a) Given 6 > 0, let E = E? be the set of points
z € R for which

M

2 dsdt
|s — |2

flat+t) = flx)  flz+s)— fz)

t S

<ot

and
p [F@ 20 = @) @+ = (@)
|n|<6 2h h

We show that for any fixed § > 0, the function f is differentiable at almost
every point of E%. We can assume that f vanishes outside an interval I
of length §. For z € E° NI we have Sf(x) < oo and Lemma 3.1 gives
Gif(z) = 2G12f(z) < co. Now, the Stein-Zygmund result gives that f is
differentiable at almost every point of E® N I. The assertion a) follows if we

consider the union Uj>1E1/j.

<o L

(b) Given ¢ > 0, let E(J) be the set of points z € R for which
[f(z+1t) = f(a)] <07,
holds for 0 < |¢| < ¢ and

flatmt) =) _ f@rO=F@)| g e 1|

mt t |m—1|
holds when 1 < |m| < 2, and 0 < [t| < 4. It suffices to show that condi-
tion (74) holds for almost every point x € E(d) for each given ¢ (then one
takes the union U;E(1/5)) Without loss of generality we can assume that

E(0) is compact and that f vanishes outside an interval I of length .

Given £ > 0, we prove that the set of all x € E(0) where (74) fails is of
measure less than e. We can find a compact set FF C E(§) with |[E(0)\F| < e
and a decomposition f = g+b where g is Lipschitz on R and b vanishes on F'
([16, p. 248]). Moreover we can also assume that g and b vanish outside I*,
the double interval with the same center. Applying the L? inequality for Sg
we get Sg(z) < oo for almost every x € R. Hence we need to show that

Sb(z) < oo for almost every x € F'N 1.

Since g is Lipschitz on R we get

z€R |t|<6 It]

SCL



32

and since the Lipschitz space is contained in the Zygmund class we also have
by Lemma 9.2

t)—b t)—b
(76) sup sup gz +mt) —b(x) g(z+t)—b(z) < Colm—1|(1+log )
z€R |t|<6 mt t
for 1 < |m| < 2.
Therefore the function b satisfies, for some positive constant A,

[b(z + ) = b(x)]

(77) <A,
It <6 t]
and

forallz € F and 1 < |m| < 2.

For the remainder of this proof implicit constants in inequalities of the
form < may depend on A.

Consider a Whitney decomposition of the open set I *\I N F, that is,
I"\I N F = U}, where {I;} are pairwise disjoint intervals with

1] < dist(I;, TN F) < 4]1].

Set I; = [a;j,bj] and let z; = (a; + bj)/2 denote the center of I;. We let
I7 = (xj — |I;],z; + |1;|) denote the open double interval. By (63)

|7 A
(79) Z‘x_$|1+AN](x)<oo
j

for almost every x € I N F. The plan of the proof is to show that there
exists A > 0 such that
2 ‘I ‘1+>\
< E _
’Sb ’ ’.’E T |1+)\’

for almost every x € F N I.
By part (a) of Lemma 9.1 we have Sb(x) ~ Qb(z). Write

L={meR:1<|m|<2}.
Then |Qb(z)|? < A(z) + B(x), where

b(z +t) — b(z)|? dt
Aw) = [ [PEED =R
a:+mt ) — bz +t)|* dt
dm
— 1)t [t]

We need to show that A ) < 00, B( ) < oo for almost every z € FFNI. In
what follows we will always assume x € FFN1.
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Since bjz = 0, condition (77) gives that sup |b(z)| < |I;| and hence
z€l;

(80) /m%mﬁ
I;

Therefore

by P
AxZ/ dy < I
@)= f P ¥ S 2 ap

which by (79) is finite for almost every x € FN 1.
Now B(z) = C(x) () where

// :U+mt 2dt
F—x
x+mt)—b(a:+t) 24t

(m—=1)t 1 |t
x‘/Apx m— 1)t [¢]

For each m € L and j =1,2,..., let I(m) = Ij;x. We have

2
/Z/ (x—i—mt) d
te(F—x)nli; (m ) ‘t‘

Since bjp = 0, condition (77) gives that sup{|b(z +mt)| : t € I;(m)} < [I;].

Hence it p
m
0 [ Sk [ Ay _dm
L ; ! ( te(F—z)n;(m) W?’) (m—1)2

Now for each t € F' — « we have t € I;(m) if and only if m € I;(t). Write
I = (aj,b;). Then I;(t) = ((aj — x)/t, (bj — x)/t) and

/ dm t t ‘ -
;) (m—1)2 t

aj—:L‘—t_ bj —x —
Since  +t € F we have that both |a; — (z + )| and |b; — (z + t)| are
comparable to |z; — (z +t)|. Then

m,

dm

;]
laj —z —t||b; — 2 —t|

/ dm [t][2;]
L@ (m—=12%" |z — (x+1)]*

Since x +t € F we have |z +t—x;| 2 |I;|. Moreover from m € I;(t), |m| < 2
and = € I we have |t| > |aj; — z|/2 =~ |x — z;|. Fubini’s Theorem gives

dt

< 13

) S Z |45l /tIZIfﬂ—%‘l |z — (x + t)[2t|?
J [z+t—=; 2| 1]

<Zﬁ dt <% |;[?
T -yl (@ + )P~ o o=z

|z+t—a;|2|1;] |5 —

which by (79) is finite a.e. z € F.
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Next we estimate D(z). By Fubini’s Theorem,

a:—I—mt —bx—l—t
:zjz/a /‘ ‘d|t| ZE

bj—z (
oL B
a;—x meL:z+mteF} (

/b'—x/ ’b(x+mt)—b(a:+t)‘2dm@
aj—x J{meL:x+mit¢F} (m - 1)t |t‘ '

Note that since {I;} are Whitney intervals, z+t € I; and z+mt € F implies
that |m — 1| 2 |I;|/|x — x;|. Hence

b b + 1) [ — ]
J
EJ(.%') 5/ ’t’3 |I| dt.
a;—x J

Since b = 0 condition (77) gives that |b(z+1t)| < |1;| for t € (a; —z,b; — ).
We have [t| = |z — ;| for any t € (a; —x,b; —x) because the I; are Whitney
intervals.

It follows that

where

I
Bjw) 5 4

™ e —

\f |
<
which by (79) is finite a.e. x € F.

and

Let us now estimate Fj(x). Split Fj(z) = G;(x) + H;(x) where
/ / b(x + mt) — b(x + t) ‘ dm@
aj—x meL:x+mtel;} ( - 1)t |t| 7
bj—x b(z +mt) — b(x +t)
Hf(”:/ N e e )
aj=T 2 {meLww+mtel\I}}

Recall that I7 denotes the interval of double length centered at z;. Now,
the assumption (73) and identity (64) give that

b(x +mt) — b(x +t) _b(a:+t)—b
‘ (m—1)t ’N‘l |m — 1|1

Hence Gj(x) is bounded by a fixed multiple of

bj—x bi—x
1 dt b t)—»b 2dt
/ / m2 L gt / 7z +t) —b(z) 2 dt
a;—x meL: x—i—mtEI* |m - 1’ ’t’ a;—T t ’t’
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Since {I;} are Whitney intervals, the fact that  +¢ € I; and x +mt € I
implies that |m — 1| < Ll g6

le—z;]

/ In? < |51 In2 |4
{mEL:a:—i—mteI]’.‘} ’m - 1‘ ~ ’33 — l‘j‘ ‘1’ — .%'j’

and we deduce that

(meLiatmter;) rm—l\ |t|~\ ey

Because {Ij} are Whitney intervals |I;| < |z — z;] and In?(|I;|/|z — 2;]) <
|z — x;]|*/|L;|* for any o > 0, we deduce

bj—x 2—a
1 dt I
/ In> ——— dm— < 7’ | 5o
aj—x J{meLw+miel;} ‘m - 1‘ |t| ‘.%' — Xy ’
As before
/bJ T bz 4t) — bz ’2dt 1,3

aj—x 13 ’t‘ ~ ‘.%' - .’13]’3

We obtain

ZG, <Z ’1‘2(1
- i |z — ;]2 |z — 22—

where 0 < a < 1, which by (79) is ﬁmte ae. x € F.

It remains to estimate H;(x) for x € F'N 1. Observe that |t| ~ |z — z;] if
t € (aj —x,b; —x). Since 1 < |m| < 2 if the set

Jp={meL:xz+mte\I;}

is nonempty we get that |z — x| ~ |z — 2;|. Now we have

[l ) ()]
Jk (m - 1)2 t t
_ [t1|bx — ax| ~ _ [tl1]
lap, —x —t||bp —x —t| (2 — ;)
Since b = 0, condition (77) gives |b(x +mt)| S |Ix| and |b(z + )| < [1;] for
any t € (a; —x,b; —x) and m € Ji. Now, Fubini’s Theorem gives

| 1| bi=T qt
Hj(z) < > (I + 1) 5 TR

_ . 2
R — (@k = 25)* Jaja |1l

Denote by A(j) the set of indices k # j such that |z — x| = |z — z;]|.
Since {I;} are Whitney intervals

(e + 151 |1
Hj(x) S ) .

2 (2
KEAU) (7 x]) (z x])

~

5"
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and since
S e ST

wensy @0 = 2)* L

we get
3 |15 k| < 5P
wenty (@ = 2 (@ = 25)? ™ (2 — 2y)?
We have
|| 15 ~ k|| 2|
25: EZ: 20 — )2 :ZEZ: 2:: V2 — )2
2 o= 2 2 (oo — )

and

ieate @ = 2) T ]
Therefore 5 )

Y Y e ar S G
2 T2 — a2 (o)
and so "
I

Zj:HJ’(ﬂ«“) S z]: @17
which by (79) is finite a.e. € F. This finishes the proof. O
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