REGULARITY PROPERTIES OF WAVE PROPAGATION ON CONIC MANIFOLDS AND APPLICATIONS TO SPECTRAL MULTIPLIERS

Detlef Müller Andreas Seeger

1. Introduction

Let n ≥ 2 and N be a compact Riemannian manifold of dimension n − 1, possibly with boundary. Following [9], we define the metric cone Γ(N ) over N to be the space R^+ ×N , together with the Riemannian metric dr^2 + r^2g_N ,

where g_N is the Riemannian metric on N . Let Δ_N denote the Laplacian on N , where we assume Dirichlet or Neumann boundary conditions for Δ_N , if the boundary ∂N of N is non-empty. The Laplacian on Γ(N ) is then given by

(1.1) Δ :=

∂^2 ∂r^2 + n − 1 r ∂ ∂r + 1 r^2

Δ_N

(here, to conform with the standard definition in R^n we have taken Δ_N and Δ to be nonpositive). It has been shown in [9] that Δ is selfadjoint on L^2(Γ(N )), when endowed with the appropriate domain adapted to the Dirichlet or Neumann conditions for Δ_N , if ∂N ≠ ∅. Thus the squareroot √ −Δ is well defined, as are the multiplier operators m( √ −Δ) for continuous bounded m.

An important special case arises where N = S^{n−1} is the unit sphere in R^n . Then Δ is the Euclidean Laplacian on R^n , written in polar coordinates.

In this paper we are interested in deriving smoothing properties for solutions of the wave equation u_{tt} = Δu on Γ(N ); so we are concerned with the wave operator U defined by Uf(t, r, θ) := cos(t √ −Δ)f(r, θ). Recall that (1.2) u(t, r, θ) = Uf(t, r, θ) + ∫_t 0 Ug(τ, r, θ)dτ solves u_{tt} = Δu with initial conditions u|_{t=0} = f, u_t|_{t=0} = g.

The main purpose of this paper is to find suitable extensions of a previously known regularity theorem for radial solutions in R^n to more general solutions. In [25] the authors proved that for radial f ∈ L^p(R^n )

(1.3) ( 1 T ∫_T 0 ‖ cos(t √ −Δ)f‖^p_{Lp(Rn)}dt )_{1/p} ≲ ‖f‖_L^p_{rad(R}n_) 2 ≤ p < p_0 := 2n n − 1 . The second author was supported in part by the National Science Foundation.

Typeset by AMS-TEX 1

The range of exponents p for which (1.3) holds is sharp, and various endpoint results can be proved for the case p = p_0, see [25], [10]. In particular the weak type analogue of (1.3), for radial functions in L^{2n/(n−1)}(R^n ), was proved by Colzani, Cominardi and Stempak [10].

As pointed out in [25], the analogue of (1.3) for general L^p functions does not hold (in view of C. Fefferman’s theorem [15] concerning the ball multiplier); however it is conceivable that (1.3) holds for functions in the Sobolev space L^p_ϵ for ϵ > 0. This had been stated as a conjecture by Sogge [30]. A positive answer would imply the Bochner-Riesz conjecture in n dimensions; however even in two dimensions (where the Bochner-Riesz problem is well understood, [8]) only partial results are known for the corresponding smoothing estimate ([24], [3], [36]), [41]) and most of those partial results are not known in the more general context of conic manifolds.

It seems natural to ask for an analogue of (1.3) on other spaces which are left invariant by the Laplacian, such as spaces of functions of the type f_k(|x|)Y_k (x/|x|) where Y_k is any spherical harmonic of degree k, normalized in L^2(S^{n−1}); here one is seeking estimates which are independent of the degree. More generally one would like to replace the L^p(R^n ) norm in (1.3) by a mixed L^p_{rad}(L^2_{sph}) norm. The motivation for this partially came from previous work on the corresponding problem on spherical summation of the Fourier integral ([27], [11], [23], [39], [5]) and partially from mixed norm estimates derived in [21] in connection with a problem in semilinear wave equations.

We define these spaces for general conic manifolds Γ(N ). Let dθ denote the Riemannian volume on N ; then r^{n−1}drdθ is the Riemannian volume on Γ(N ). For 1 ≤ p < ∞, denote by L^p(R^+ , L^2) the space of all measurable functions on Γ(N ) such that ‖f‖_{p,2} := ( ∫ ∞ 0 ‖f(r, ·)‖^p_{L2(N )}r^{n−1}dr )_{1/p}

is finite. Here, R^+ is endowed with the measure r^{n−1}dr.

We first formulate an L^p inequality for p < 2n/(n − 1); here we need a tiny bit of regularity in the “spherical” variable but no regularity in the radial variable. To describe this we use the (pseudo-)differential operator

(1.4) L^ε_Tf(ρ, θ) := ( I −^{T 2}_{ρ2} Δ_N )_{ε/2} f(ρ, θ). We also prove a restricted weak type estimate for the endpoint p_0 = 2n/(n − 1). This is formulated using L^{p,1}(R^+ , L^2) which is the space of all measurable functions on Γ(N ) such that r → ‖f(r, ·)‖_L2_{(N )} belongs to the Lorentz-space L^{p,1}, with respect to the measure r^{n−1}dr. All estimates below will be uniform in T > 0.

Our main result is:

Theorem 1.1. Suppose that ε > 0 and 2 ≤ p < 2n/(n − 1). Then

(1.5) ( 1 T ∫_T 0 ‖ ‖ cos(t √ −Δ)f ‖ ‖^p_{,2}dt )_{1/p} ≤ C_{p,ε}‖L^ε_T f‖_{p,2} for all T > 0.

In the complementary range p > 2n/(n − 1) we can prove analogous L^p(L^2) smoothing estimates for an analytic family of smooth multipliers s^{−α+1/2}J_{α−1/2}(s) (cf. (2.5), (2.6) below); here J_{α−1/2} denotes the Bessel function of order α − 1/2. This family can be used to derive estimates for (1 − t^2Δ)^{−α/2} cos(t √ −Δ), in view of the asymptotics [13], [33]

Γ(α + 1/2) J_{α−1/2}(s) s^{α−1/2} = { 1 + o(1), s → 0, (2/π)^{1/2}s^{−α} cos(s − πα/2), s → ∞.

We now state L^p(L^2) estimates for the family of operators

(1.6) U^α_t := J_{α−1/2}(t √ −Δ) (t √ −Δ)^{α−1/2} . The necessary regularization determined by α is partly mitigated by the appearance of L^{−γ}_T on the right hand side of (1.7.1/2) below. This indicates some smoothing effect in the spherical variables. We are mainly interested in the case γ = 0, though.

Theorem 1.2. Let 0 < α < (n + 1)/2. Suppose that^{2n}_{n−1} ≤ p < ∞, α > n(^1_2 −^1_p ) −^1_2 , γ ≤ (n − 1)/p^′ and assume that γ < α if 2 ≤ p ≤ 4, and γ ≤ α − 1/2 + 2/p if 4 < p < ∞.

Then (i)

(1.7.1) ( 1 T ∫_{2T} T ‖ ‖U^α_t f ‖ ‖^p_{,2}dt )_{1/p} ≤ C_{p,α,γ} ‖ ‖L^{−γ}_T f ‖ ‖_{p,2}

(ii) Moreover if α ≥ (n − 1)/2 and γ ≤ α − 1/2 then

(1.7.2) sup_{T ≤|t|≤2T} sup_{r>0} ‖ ‖U^α_t f(t, r, ·)‖_{L2(N )} ≤ C_α sup ρ>0 ‖ ‖L^{−γ}_T f(ρ, ·) ‖ ‖_{L2(N )}.

When γ = 0 we obtain

Corollary 1.3. Suppose that 2 ≤ p < ∞, α > max{0, n(^1_2 −^1_p ) −^1_2 }.

Then ( 1 2T ∫_T −T ‖ U^α_t f ‖_p p,2dt )_{1/p} ≤ C_{p,α} ‖ f ‖ p,2 and, for α ≥ (n − 1)/2 sup_{|t|≤T} sup_{r>0} ‖ U^α_t f(t, r, ·)‖_L2_{(N )} ≤ C_α sup_{ρ>0} ‖ f(ρ, ·)‖_L2_{(N )}.

The corollary is a straightforward consequence of Theorem 1.2; to remove the restriction α < (n + 1)/2 one uses formula (2.14) below. We note that using (2.14) one can also obtain refined versions in the spirit of Theorem 1.2 in the range α ≥ (n + 1)/2 but these are of less interest.

Corollary 1.3 can be applied to solutions of the wave equation; this is done in §6. One obtains

Corollary 1.4. Suppose that 2 ≤ p < ∞, and u and v belong to L^p(R^+ , L^2(N )). Suppose that α > max{0, n(^1_2 −^1_p ) −^1_2 }.

(i) If u_{tt} = Δu and u(0, ·) = f, u_t(0, ·) = 0 then ( 1 2T ∫_T −T ‖ ‖(I − t^2Δ)^{−α/2}u(t, ·) ‖ ‖^p_{,2}dt )_{1/p} ≤ C_{p,α} ‖ ‖f ‖ ‖_{p,2}.

(ii) If v_{tt} = Δv and v(0, ·) = 0, v_t(0, ·) = g then ( 1 2T ∫_T −T ‖ (I − t^2Δ)^{−(α−2)/2}v(t, ·) ‖_p p,2dt )_{1/p} ≤ C_{p,α} ‖ g ‖ p,2. We now state some endpoint (restricted weak type and weak type) estimates for the case α = n(1/2 − 1/p) − 1/2, 2n/(n − 1) ≤ p < ∞. Denote by μ_n the measure dt r^{n−1}dr on [0, T ] × R^+ .

Theorem 1.5. Let 2n/(n − 1) ≤ p < ∞ and let α(p) = n(1/2 − 1/p) − 1/2. Let Ω^p_{β,T} (f) = {(t, r) ∈ [T/2, T ] × R^+ : ‖U^{α(p)}_t f(r, ·)‖_L2_{(N )} > β}. (i) Suppose that either one of the following cases applies.

(a) p = 2n/(n − 1), γ < 0; (b) 2n/(n − 1) < p ≤ 4, γ < α(p); (c) 4 < p < ∞, γ ≤ α(p) + 2/p − 1/2. Then the restricted weak type inequality

(1.8) sup_{β>0} β^p T^{−1}μ_n(Ω^p_{β,T} (f)) ≤ C^p_γ ‖L^{−γ}_T f‖^p_{Lp,1(R+,L2)}.

holds.

(ii) Suppose 2n/(n − 1) ≤ p < ∞ and γ ≤ α(p) − 1/2. Then the weak type inequality

(1.9) sup_{β>0} β^p T^{−1}μ_n(Ω^p_{β,T} (f)) ≤ C^p_γ ‖L^{−γ}_T f‖^p_{Lp(R+,L2)}

holds.

If in (1.8) or (1.9) one assumes in addition γ ≤ 0 then the interval [T/2, T ] can be replaced by [−T, T ]. In particular this yields endpoint versions of Corollary 1.3 where γ = 0; namely a restricted weak type inequality in the case p > 2n/(n − 1) and a weak type inequality in the case n ≥ 3 and p > 2n/(n − 2). For the better weak type estimate in the more restrictive range γ ≤ α(p) − 1/2 the subtle Carleson-Sjölin type estimates in §3 and §5 are not needed. We do not presently know whether the Lorentz space L^{p,1} in (1.8) can be replaced by L^p if max{0, 1/2 − 2/p} < α(p) − γ < 1/2.

Since L^p functions are locally square integrable if p ≥ 2, the estimate in Theorem 1.2 implies an estimate for a less singular square function; namely ‖ ‖ ‖ ( 1 T ∫_T 0 |U^α_t f|^2dt )_{1/2}‖ ‖_{p,2} ≲ ‖f‖p,2 holds for p >^{2n}_{n−1} , and α > n(^1_2 −^1_p ) −^1_2 . As it is well known such square functions can be used to derive various theorems for spectral multipliers; the connection is via the Fourier inversion formula

(1.10) m( √ −Δ) = (2π)^{−1} ∫ ^m(τ) cos(τ √ −Δ)dτ for even m. The estimates here are related to work on the disc multipliers on R^n by Rubio de Francia [27], Mockenhaupt [23], Córdoba [11] and Carbery, Romera and Soria [5]; these authors proved sharp L^p_{rad}L^2_{sph} estimates. The methods in these papers does not seem to apply to the above mixed norm space-time estimates for the wave equation in R^n , in fact they do not seem to yield the analogous bound for the above square function. We have been informed by A. Carbery that he and F. Soria [7] have recently and independently obtained a direct proof of an L^p_{rad}L^2_{sph} estimate for a related square function, without first proving the stronger L^p_{time,rad}(L^2_{sph}) estimate.

A variant of Corollaries 1.3 and 1.4 can be used to derive stronger inequalities for multiplier transformations than those that would follow from square function estimates. We state such a theorem for the model case N = S^{n−1} and refer for more general statements to §6.

Theorem 1.6. Let K ∈ S^′(R^n ) be a radial convolution kernel whose Fourier transform has compact support in {ξ : R^{−1} ≤ |ξ| ≤ R} for some R > 1. Suppose that 1 ≤ p ≤^{2n}_{n+1} and ε > 0. Then the inequality

(1.11) ‖ ‖K ∗ f‖_{Lprad(L2sph)} ≤ C_{ε,R} ( ∫ [ (1 + |x|)^ε|K(x)| ]_p dx )_{1/p} ‖f‖_L^p_{rad(L}2_{sph)}

holds for all L^p_{rad}(L^2_{sph}) functions.

This theorem is essentially sharp. Since K is radial the L^p(L^2) boundedness of the convolution operator implies as a necessary condition the L^p_{rad} boundedness. One can test on radial Schwartz functions whose Fourier transform equals 1 on the support of ^K, and obtains as a necessary condition that K ∈ L^p(R^n ).

The assumption that ^K is compactly supported in R^n \ {0} can be relaxed by combining our methods with Calderón-Zygmund techniques. We hope to return to this point in a subsequent paper.

Organization of the paper: In §2 we shall discuss the expansion of the wave operator in terms of the eigenfunctions of the Laplacian on N and state the relevant formulas, asymptotics and estimates for the kernels. The kernels will be split into an oscillatory and a nonoscillatory part; the precise properties are proved in the Appendix A1-4. In §2 we also reduce the statement of Theorems 1.1, 1.2 and 1.5 to L^p(ℓ^2) estimates (cf. Theorems 2.3 and 2.5). The main idea is to use a vector-valued version of the Carleson-Sjölin theorem on oscillatory integral operators; an endpoint version of this is proved in §3. In §4 we give the estimates for the nonoscillatory contributions, and also prove estimates for the oscillatory terms for which the oscillation is not essential, such as the L^∞ estimates and the weak-type estimates (1.9). In §5 we use the Carleson-Sjölin estimates together with various scaling arguments to obtain improved bounds for the oscillatory kernels. In §6 various estimates for functions of the Laplacian on a conic manifold are proved, in particular §6 contains the proofs of Corollary 1.4 and of Theorem 1.6.

Notation: In sections 1 and 2 the L^p norms in the radial variable on Γ(N ) will be taken with respect to the measure ρ^{n−1}dρ, as in the definition of ‖f‖_{p,2} above. However, in the various proofs in sections 3,4 and 5 we shall work with the standard L^p norm on R, unless indicated otherwise. Given two quantities a and b we write a ≲ b if there is a positive constant C, such that a ≤ Cb. We write a ≈ b if a ≲ b and b ≲ a. The notation ≲_ε indicates that in an estimate the constants are allowed to depend on a parameter (here ε). In estimates for families of operators which depend analytically on a parameter z in a vertical strip the constants in the inequalities are allowed to be O(e^{A|Im(z)|}) for suitable positive A. We take ^f(ξ) = ∫ f(y)e−i⟨y,ξ⟩dy as our definition for the Fourier transform.

Acknowledgement: The authors would like to thank Professor Walter Trebels for useful comments on a preliminary draft of this paper.

2. Preliminaries on the wave operator and a related analytic family

Let {φ_j }^∞_{j=1} be an orthonormal basis of eigenfunctions of −Δ_N on N , with corresponding eigenvalues α_j , and set

(2.1) λ_j := (α_j + (^{n−2}_2 )^2)^{1/2}.

If f is smooth and compactly supported away from the boundary we may expand f as

(2.2) f(r, θ) = ∑ j φ_j (θ)f_j (r).

Thus, if m is a bounded continuous function on R^+ , we have (see e.g. [9])

(2.3) (m( √ −Δ)f)(r, θ) = ∑ j φ_j (θ) ∫_∞ 0 K_{[m]}(r, ϱ, λ_j )f_j (ϱ)dϱ , where the kernel K_{[m]} is given by

(2.4) K_{[m]}(r, ϱ, λ) := r^{2−n2} ρ^{n2} ∫_∞ 0 m(s)J_λ(sr)J_λ(sϱ)sds. The expression for K_{[m]} becomes particularly simple for the analytic family of multipliers

(2.5.1) m_z (s) := s^{−z}J_z(s)

so that

(2.5.2) U^α_t f = m_{α−} 1_2 (t √ −Δ) if U^α_t is as in (1.6). The cases z = −1/2 and z = 1/2 are relevant for the wave equation since s^{1/2}J_{−1/2}(s) = (2/π)^{1/2} cos(s) and s^{−1/2}J_{1/2}(s) = (2/π)^{1/2}s^{−1} sin s. In particular the solution (1.2) is given by (2.6) u(t, r, θ) = √ π 2 [ m_{−1/2}(t √ −Δ)f(r, θ) + tm_{1/2}(t √ −Δ)g(r, θ) ] . We shall use the notation (2.7) K_{z,λ}(t, r, ρ) := K_{[mz (t·)]}(r, ϱ, λ) = r^{2−n2} ρ^{n2} t^{−z} ∫_∞ 0 J_z(ts)J_λ(sr)J_λ(sϱ)s^{1−z} ds.

Explicit formulas for the expressions (2.7) are due to H.M. Macdonald [22]. Using his results the formula for K_{z,λ}, for the values of 0 < Re(z) < λ + 1, becomes then (2.8) K_{z,λ}(t, r, ρ) = π^{−1}r^{z− n2} ρ^{n2 +z−1}t^{−2z}H_{z,λ}(μ(t, r, ρ)) where

(2.9) μ(t, r, ϱ) := r^2 + ϱ^2 − t^2 2rϱ and

(2.10) H_{z,λ}(μ) :=

0 if μ > 1, 1 Γ(z)

∫_{arccos μ} 0 (cos θ − μ)^{z−1} cos(λθ)dθ if − 1 < μ < 1, sin(zπ−λπ) Γ(z) ∫_∞ arcosh(−μ)(cosh s + μ) z−1e^{−λs}ds if μ < −1. One obtains (2.10) from [22] by using the Mehler-Dirichlet integral for the Legendre function P^{−z+1/2}_{λ−1/2} , and an analogous formula for Q^{−z+1/2}_{λ−1/2} , see formula (A4.5) below. We note that in the special relevant case z = 1/2 Cheeger and Taylor [9] derive the formula (2.10) using the Lipschitz-Hankel integral and analytic continuation.

The formulas (2.8/10) are valid for the range 0 < Re(z) < λ + 1, but one can extend them to values Re(z) ≤ 0 by analytic continuation. To understand in particular the relevant case z = −1/2 we use the recursion formulas for Bessel functions (cf. [13, 7.2.8, (50)-(54)]); in particular

J_z(s) = J^′_{z+1}(s) + z + 1 s J_{z+1}(s).

Since^d_{dt} [t^{z+1}m_{z+1}(ts)] = J^′_{z+1}(ts)s^{−z} we see that m_z (t·) = t^{−z d}_{dt} [t^{z+1}m_{z+1}(t·)] + (z + 1)m_{z+1}(t·) and hence

(2.11) K_{z,λ} = t^{−z} ∂ ∂t [ t^{z+1}K_{z+1,λ} ] + (z + 1)K_{z+1,λ}.

If we take into account that μ_t = −t/(rρ) we obtain for Re(z) > −1 (2.12) K_{z,λ}(t, r, ρ) = −π^{−1}t^{−2z}r^{z− n2} ρ^{n2 +z−1}H^′_{z+1,λ}(μ(t, r, ρ)) where the derivative is taken in the sense of distributions. Note that from (2.12) and (2.8)

(2.13) H^′_{z+1,λ} = −H_{z,λ}

which can also be checked directly from (2.10)

We shall also have to consider the case Re(z) ≥ λ + 1 and then (2.10) is no longer available. However we may use the subordination formula 2^ν Γ(ν + 1)J_{μ+ν+1}(t) = t^{ν+1}

∫_1 0 J_μ(ts)s^{μ+1}(1 − s^2)^ν ds, ν > −1; see Stein and Weiss [33, p. 170]. Applying this for μ = α − 1/2 one obtains

(2.14) U^{α+ν+1}_t = 1 2^ν Γ(ν + 1)

∫_1 0 s^{2α}(1 − s^2)^ν U^α_{st} ds

and of course an analogous formula replacing the operator U^α_τ by the kernels K_{α−1/2,λ}(τ, r, ρ).

In order to understand the behavior of the kernels K_{z,λ} it is useful to observe that

1 − μ(t, r, ρ) = t^2 − (r − ρ)^2 2rρ (2.15.1) 1 + μ(t, r, ρ) = (r + ρ)^2 − t^2 2rρ (2.15.2)

In particular, if we assume that t > 0 then the various restrictions on μ translate to μ(t, r, ρ) > 1 ⇐⇒ t < |r − ϱ|, (2.16.1) − 1 < μ(t, r, ρ) < 1 ⇐⇒ |r − ϱ| < t < r + ϱ, (2.16.2) μ(t, r, ρ) < −1 ⇐⇒ t > r + ϱ. (2.16.3)

The fact that H_{z,λ}(μ) = 0 for μ > 1 is a reflection of finite propagation speed (for the cases z = ±1/2). Notice that if N = S^{n−1} and n is odd, then cos λ_j π = 0 for every j [9, Cor. 2.3.], so that in this case there is no contribution in the region where t > r + ϱ. This is a reflection of the strong Huyghen’s principle.

In the following two theorems we will state the basic asymptotics for the kernels K_{z,λ}. For the proof of Theorem 1.1 it is crucial to understand precisely the oscillatory nature of H_{z,λ}(μ) if −1+λ^{−1} ≤ μ ≤ 1−λ^{−1}. We remark that asymptotics for Legendre functions are given in [13]; however we shall need more precise statements on the remainder terms which are uniform in λ. We note that some estimates in this spirit, for the main terms, are proved in the paper by Lindblad and Sogge [21]. Details about estimates and asymptotics are derived in the Appendix (§A1-4) to this paper.

Our first result deals with the wave operator cos(t √ −Δ) (which after a normalization corresponds to the case z = −1/2).

Theorem 2.1. Suppose λ ≥ (n − 2)/2, and 1 ≤ t ≤ 2 and let K_λ(t, r, ρ) = r^{2−n2} ρ^{n2} ∫_∞ 0 cos(ts)J_λ(sr)J_λ(sϱ)sds so that K_λ = (π/2)^{1/2}K_{−1/2,λ}. Let ζ ∈ C^∞_0 (R) be even so that ζ(s) = 1 for |s| ≤ 1/2 and ζ(s) = 0 for |s| ≥ 3/4. In what follows μ = μ(t, r, ρ) as in (2.9). Then

(2.17) K_λ = O_λ + R_{λ,1} + R_{λ,2} + R_{λ,3} + R_{λ,4}

where all distributions on the right hand side vanish if μ(t, r, ρ) > 1. The function O_λ is supported where −1 + (λ + 1)^{−1} < μ < 1 − (λ + 1)^{−1} and is defined by

(2.18) O_λ(t, r, ρ) = (2π)^{−1/2}(1 − ζ((λ + 1) √ 1 − μ^2))χ_{(−1,1)}(μ) ρ^{(n−3)/2}t r^{(n+1)/2} λ^{1/2} (1 − μ^2)^{3/4} cos(λ arccos μ +^π_4 ).

The distributions R_{λ,1} and R_{λ,2} are measures and principal value distributions, respectively, given for t > 0 by (2.19) R_{λ,1}(t, ρ, r) = 1 2 (ρ r )_{(n−1)/2}[ δ(ρ − r − t) + δ(ρ − r + t) + sin(λπ)δ(ρ + r − t) ]

and (2.20) R_{λ,2}(t, r, ρ) = cos(λπ) π t t + r + ρ (ρ r )_{(n−1)/2} p.v. 1 ρ − t + r ζ(λ √ |1 − μ^2|)χ_{(−2,0)}(μ).

The remainder term R_{λ,3} is locally integrable and supported where −2 ≤ μ ≤ 1; it satisfies the estimate (2.21) |R_{λ,3}(t, r, ρ)| ≤ C ρ^{(n−3)/2} r^{(n+1)/2}

(1 + λ)^{1/2} |1 − μ^2|^{3/4} 1 1 + λ √ |1 − μ^2| Finally R_{λ,4} is supported where μ(t, r, ρ) ≤ −2; it satisfies the estimate (2.22) |R_{λ,4}(t, r, ρ)| ≤ C(1 + λ)^{1/2}ρ^{(n−3)/2}r^{−(n+1)/2}|μ(t, r, ρ)|^{−λ−3/2}. Theorem 2.2. Suppose that ε > 0, z = b + iτ, b > −1/2, A ≥ π(|b| + 1/2) and λ ≥ 0. Let K_{z,λ}(t, r, ρ) as in (2.8/12) and μ = μ(t, r, ρ) as in (2.9). Suppose that 1 ≤ t ≤ 2. Then (2.23) K_{z,λ} = O_{z,λ} + V_{z,λ} + W_{z,λ} where O_{z,λ} is supported in {(t, r, ρ) : (λ + 1) √ 1 − μ^2 ≥ 1, |μ| < 1} and

(2.24) O_{z,λ}(t, r, ρ) = π^{−1}t^{−2z}r^{z− n2} ρ^{n2 +z−1}(1 − μ^2)^{z−12} λ^{−z} cos(λ arccos μ − z^π_2 ).

The function V_{z,λ} is supported where −2 ≤ μ(t, r, ρ) ≤ 1. If λ √ |1 − μ^2| ≤ 1 it satisfies the estimates

|V_{z,λ}(t, r, ρ)| ≤ C_Ae^{A|τ |}ρ^{n2 +b−1}r^{b− n2} (1 − μ^2)^{2b−12} if 0 ≤ μ ≤ 1, (2.25.1)

|V_{z,λ}(t, r, ρ)| ≤ C_Ae^{A|τ |}ρ^{n2 +b−1}r^{b− n2} × |1 − μ^2|^{2b−12} if − 1/2 < b < 1/2, −2 ≤ μ ≤ 0, log(^1

(1+λ) √_{|1−μ2 |} ) if b = 1/2, −2 ≤ μ ≤ 0, (1 + λ)^{1−2b} if b > 1/2, −2 ≤ μ ≤ 0.

(2.25.2)

If (1 + λ) √ |1 − μ^2| ≥ 1 then (2.26) |V_{z,λ}(t, r, ρ)| ≤ C_Ae^{A|τ |}ρ^{n2 +b−1}r^{b− n2} (1 + λ)^{−b−1}|1 − μ^2|^{(b−2)/2} The function W_{z,λ} is supported where μ(t, r, ρ) ≤ −2 and if λ > b − 1 + ε it satisfies the estimate (2.27) |W_{z,λ}(t, r, ρ)| ≤ C_{b,ε}e^{A|τ |}ρ^{n2 +b−1}r^{b− n2} (1 + λ)^{−b}|μ|^{−(λ−b+1)} if μ ≤ −2. We now formulate our main technical result which will be proved in sections 4 and 5. Define (2.28) S_{z,j} g(t, r) := ⟨K_{z,λj} (t, r, ·), g⟩ where the pairing ⟨·, ·⟩ is the standard pairing on R, with respect to Lebesgue measure dρ and g is smooth and compactly supported in (0, ∞). L^p norms on R_+ in the following theorem are taken with respect to the measure r^{n−1}dr.

Theorem 2.3. Let I be a compact interval contained in (1, 2) and let z = b + iτ, with −1/2 < b < n/2, τ ∈ R or b = −1/2 and τ = 0, and assume γ < (n − 1)/p^′. Let A > π(|b| + 1/2). Then the following inequalities hold.

(i) Suppose that 2 ≤ p <^{2n}_{n−1} and ε > 0. Then

(2.29) ( ∫ I ‖ ‖ ( ∑ j |S_{−1/2,j} f_j |^2 )_{1/2}‖ ‖^pdt )_{1/p} ≤ C_{p,ε} ( ∫ ∞ 0 ( ∑ j |(1 + λ_j /ρ)^εf_j (ρ)|^2 )_{p/2} ρ^{n−1}dρ )_{1/p} .

(ii) Suppose that^{2n}_{n−1} < p ≤ 4, n(^1_2 −^1_p ) −^1_2 < b +^1_2 and γ < b +^1_2 . Then

(2.30) ( ∫ I ‖ ‖ ( ∑ j |S_{z,j} f_j |^2 )_{1/2}‖ ‖^pdt )_{1/p} ≤ C_{p,γ} e^{A|τ |} ( ∫ ∞ 0 ( ∑ j |(1 + λ_j /ρ)^{−γ} f_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} .

(iii) Suppose that 4 < p < ∞ and n(^1_2 −^1_p ) −^1_2 < b +^1_2 . Then

(2.31) ( ∫ I ‖ ‖ ‖ ( ∑ j |S_{z,j} f_j |^2 )_{1/2}‖ ‖^pdt )_{1/p} ≤ C_{p,γ} e^{A|τ |} ( ∫ ∞ 0 ( ∑ j |(1 + λ_j /ρ)^{−b− 2p} f_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} .

(iv) Suppose that b ≥^{n−2}_2 . Then

(2.32) sup_{t∈I} sup_{r>0} ( ∑ j |S_{z,j} f_j (t, r)|^2 )_{1/2} ≤ Ce^{A|τ |} sup_{ρ>0} ( ∑ j |(1 + λ_j /ρ)^{−b}f_j (ρ)|^2 )_{1/2} .

We apply Parseval’s identity with respect to the spectral decomposition of −Δ_N and obtain the following consequence

Corollary 2.4. Theorem 2.3 implies the strong type estimates of Theorem 1.1 and 1.2 for the case where T = 2 and integration over [T, 2T ] is replaced by integration over a compact subinterval of (1, 2).

The (restricted) weak type inequalities (1.8), (1.9) for the endpoint b + 1/2 = n(1/2 − 1/p) − 1/2 in Theorem 1.5 will follow from

Theorem 2.5. Let I be a compact interval contained in (1, 2) and μ_n denote the measure dt r^{n−1}dr. Let G^{−γ}_j (f_j )(ρ) = (1 + λ_j /ρ)^{−γ} f_j (ρ) and let z = b + iτ, −1/2 < b < n/2, τ ∈ R or b = −1/2 and τ = 0.

Then the restricted weak type estimate

(2.33) μ_n ( {(t, r) : χ_I (t) ( ∑ j |S_{z,j} f_j (t, r)|^2 )_{1/2} > β} ) ≤ C^p_γ β^{−p}‖{G^{−γ}_j f_j }‖^p_{Lp,1(ℓ2 ,ρn−1dρ)} holds in the following cases:

(a) b = −1/2, τ = 0, p = 2n/(n − 1), γ < 0;

(b) 0 < b + 1/2 = n(1/2 − 1/p) − 1/2, 2n/(n − 1) < p ≤ 4, γ < b + 1/2; (c) 0 < b + 1/2 = n(1/2 − 1/p) − 1/2, 4 < p < ∞, γ ≤ b + 2/p.

The weak type estimate

(2.34) μ_n ( {(t, r) : t ∈ I, ( ∑ j |S_{z,j} f_j (t, r)|^2 )_{1/2} > β} ) ≤ C^p_γ β^{−p}‖{G^{−γ}_j f_j }‖^p_{Lp(ℓ2,ρn−1dρ)} holds in the following cases:

(e) b = −1/2, τ = 0, p = 2n/(n − 1), γ ≤ −1/2;

(f) 0 < b + 1/2 = n(1/2 − 1/p) − 1/2, 2n/(n − 1) < p < ∞, γ ≤ b.

To obtain the results of Theorems 1.1, 1.2 and 1.5 from Theorems 2.3 and 2.5 one can use the conical structure and employ

Scaling arguments. For a multiplier m let M_j g(t, r) = ⟨K_{[m(t·)]}(r, ·, λ_j ), g⟩ where the pairing ⟨·, ·⟩ is the standard pairing on R, with respect to Lebesgue measure dρ and g is smooth and compactly supported in (0, ∞).

A change of variable in formula (2.4) shows that

(2.35) K_{[m(T ·)]}(r, ρ, λ) = 1 T K_{[m]}( r T , ρ T , λ) and, consequently,

(2.36) M_j g(t, r) = M_j [g(T ·)]( t T , r T ). Let us now assume that

(2.37) ( ∫ 2 1 ∫_∞ 0 ( ∑ j |M_j f_j (t, r)|^2 )_{p/2} r^{n−1}dr dt )_{1/p} ≤ A ( ∫ ∞ 0 ( ∑ j |( 1 +^{λj}_ρ )_{−γ} f_j (ρ) |_2)p/2 ρ^{n−1}dρ )_{1/p} . holds. Then ( 1 T ∫_{2T} T ∫_∞ 0 ( ∑ j |M_j f_j (t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p}

= T^{n/p} ( ∫ 2 1 ∫_∞ 0 ( ∑ j |M_j [f_j (T ·)](t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p}

≤ AT^{n/p} ( ∫ ∞ 0 ( ∑ j | |(1 +^{λj}_ρ )^{−γ} f_j (T ρ) | |^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

= A ( ∫ ∞ 0 ( ∑ j | |(1 + T λ^j ρ )_{−γ} f_j (ρ) | |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} . (2.38)

Now we wish to replace the intervals [T/2, T ] by [0, T ] to obtain the assertions in Theorem 1.1 and Corollary 1.3. We can apply the previous estimate to the time intervals [2^{−k−1}T, 2^{−k}T ], and summing a geometrical series we obtain

(2.39) ( 1 T ∫_T 0 ∫_∞ 0 ( ∑ j |M_j f_j (t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ A ( ∫ ∞ 0 ( ∑ j | |(1 + T λ_j /ρ)^{−γ} f_j (ρ) | |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} . (2.39) and Parseval’s identity with respect to the spectral decomposition of Δ_N show that in Theorems 1.1 and 1.2 it suffices to prove the asserted statement for T = 1. An analogous reduction applies to weak type inequalities. Thus we have reduced the proof of the results in the introduction to the proofs of Theorems 2.3/5.

3. A variant of the Carleson-Sjölin theorem

Let ϕ ∈ C^∞(R^2 × R) be a smooth, real phase function and let a ∈ C^∞_0 (R^2 × R) be a compactly supported amplitude. Define the oscillatory integral operator T_λ : L^1_{loc}(R) → L^∞(R^2 ) by

(3.1) T_λf(z) = ∫ e^{iλϕ(z,y)}a(z, y)f(y)dy. A main tool in the proof of Theorem 1.1 will be a vector-valued variant of the Carleson-Sjölin theorem ([8]). It is assumed that the Carleson-Sjölin determinant

(3.2) CS[ϕ] := det ( ϕ_{z1y} ϕ_{z2 y} ϕ_{z1 yy} ϕ_{z2 yy} )

does not vanish on the support of a; the geometric interpretation is that for fixed z the curve y → d_zϕ(y) in T^∗_z R^2 has nonvanishing curvature (cf. [24] for a general discussion).

Theorem 3.1. Suppose that |CS[ϕ]| ≥ c_0 > 0 on the support of a.

(i) Suppose that 2 ≤ p ≤ 4 and let

w_p(λ) = log^{1/2−1/p}(2 + |λ|) (1 + |λ|)^{1/2} . Then

(3.3) ‖ ‖ ‖ ( ∑ j |T_{λj} f_j |^2 )_{1/2}‖ ‖_{Lp(R2)} ≤ C ‖ ‖ ‖ ( ∑ j w^2_p(|λ_j |) | |f_j | |^2 )_{1/2}‖ ‖_{Lp(R)}. (ii) Suppose that 4 < q ≤ ∞ and p ≥ q/(q − 3). Then

(3.4) ‖ ‖ ‖ ( ∑ j |T_{λj} f_j |^2 )_{1/2}‖ ‖_{Lq (R2)} ≤ C(q/(q − 4))^{1/4} ‖ ‖ ‖ ( ∑ j (1 + λ_j )^{− 4q} | |f_j | |^2 )_{1/2}‖ ‖_{Lp(R)}. Moreover, there is some N ∈ N such that C in (3.3), (3.4) depends only on c^{−1}_0 , the C^N -norm of ϕ on the support of a, the C^N -norm of a and the diameter of the support of a.

Remark. The scalar version of this theorem is due to Carleson and Sjölin [8]; see also Hörmander [17] for a slightly improved version and a simpler proof. We follow the idea of Fefferman-Stein and Carleson-Sjölin according to which one should examine the L^{q/2} norm of ∑ j,j^′ |Tλj fj Tλj^′ fj^′ | 2. Because of the occurence of mixed terms with j ≠ j^′ the vector-valued case can apparently not be proved by a straightforward adaptation of the proofs in the scalar situation. Moreover we did not find a vector-valued analogue of Hörmander’s argument to deduce the estimate for 2 ≤ p ≤ 4 from the estimate for p > 4.

We shall first deduce Theorem 3.1 from the following Proposition 3.2 and then give the proof of the proposition.

Proposition 3.2. Let λ > 2, let ϕ satisfy | |CS[ϕ] | | ≥ c_0 > 0 on the support of a and let λ−1 ≤ κ ≤ 4. Let b ∈ C^∞_0 (R^2 × R × R). For g ∈ L^1_{loc}(R × R) define

S^{λ,κ}g(z) = ∫∫ e^{iλ(ϕ(z,y)+κϕ(z,ỹ))}b(z, y, ỹ)g(y, ỹ)dydỹ.

Then

(3.5) ‖S^{λ,κ}g‖^2_L2_{(R}2_) ≤ Cλ^{−2}κ^{−1} ∫∫ |g(y, ỹ)|^2 λκ 1 + λκ|y − ỹ| dy dỹ

where the constant C is independent of λ and κ. Moreover, there is some N ∈ N such that C depends only on c^{−1}_0 , the C^N -norm of ϕ on the support of b, the C^N -norm of b and the diameter of the support of b.

Proof of Theorem 3.1. The estimates for the terms with |λ_j | < 2 is trivial, so we assume that λ_j ≥ 2.

We begin by deriving (3.4). Since the Schwartz kernels of all operators involved are supported in a compact set we may assume that q = 3p^′, by Hölder’s inequality. For 1 ≤ r ≤ 2 we have the inequality ‖ ‖ ‖ ( ∑ j,k |S^{λj ,} λk λj g_{jk}|^2 ) 1_2 ‖ ‖_{r′} ≲ ( ∫∫ ( ∑ j,k | |(λ_j λ_k )^1r^{−1}g_{jk} (y, ỹ) | |^2 ) r_2 |y − ỹ|^{− rr′} dydỹ ) 1_r .

Indeed for r = 2 this follows from Proposition 3.2 and Fubini’s theorem. For r = 1 this inequality follows by applying Minkowski’s inequality. The general case follows by analytic interpolation for weighted L^p spaces of ℓ^2 valued functions. Now let G_r(y) = ( ∑ j |λ^{−1+1/r} j f_j (y)|^2)^{1/2}. We apply the previous inequality with g_{jk}(y, ỹ) = f_j (y)f_k(ỹ). This yields the estimate ( ∫ ( ∑ j |T_{λj} f_j (x)|^2 )_r′ dx ) 1_{r′} ≲ ( ∫∫ |G_r(y)|^r|G_r(ỹ)|^r|y − ỹ|^{1−r}dydỹ ) 1_r ,

If q = 2r^′ = 3p^′ then p = 2r/(3−r). Now we proceed exactly as in Hörmander [17] and an application of the standard L^s → L^{s′} inequality for the fractional integration operator, with s = p/r, yields the assertion.

We now assume 2 ≤ p ≤ 4 and prove (3.3). We write the left hand side of (3.3) as a sum of two terms one involving only positive and one involving only negative λ_j ’s. In order to show the inequality for the case p = 2, we shall just use the assumption that ∇_zΦ^′_y ≠ 0; without loss of generality we may assume that ϕ^{′′}_{z1y} ≠ 0. We can then apply Hörmander’s L^2-estimate ([17], cf. also [32, p. 377]), to see that the oscillatory integral operator T_{λ,z2} defined by T_{λ,z2} h(z_1) = T_λh(z_1, z_2) is bounded on L^2(R) with norm O(λ^{−1/2}), uniformly in z_2. This implies that T_λ is bounded from L^2(R) to L^2(R^2 ) with norm O(λ^{−1/2}) and the inequality ‖ ‖ ( ∑ λ_j ≥1 |T_{λj} f_j |^2 )_{1/2}‖ ‖_{L2(R2)} ≲ ‖ ‖ ( ∑ j |λ^{−1/2}_j f_j |^2 )_{1/2}‖ ‖_{L2(R)}

is an immediate consequence. We now show the case p = 4 of Theorem 3.1, the case 2 < p < 4 follows then by interpolation.

Let for m = 1, 2, . . .

F_m(y) = χ_I (y)2^{−m/2} ( ∑ 2^m≤λ_j <2^{m+1} |f_j (y)|^2 )_{1/2} where χ_I is the characteristic function of the interval I and I contains the support of a(x, ·) for every x. Then ‖ ‖ ‖ ( ∑ j |T_{λj} f_j |^2 )_{1/2}‖ ‖^4 ≤ 2 ∫ ∑ j,k j≤k |T_{λj} f_j T_{λk} f_k|^2dx

≲ ∑ m,n≥0 m≤n ∑ 2^m≤λ_j <2^{m+1} 2^n≤λ_k <2^{n+1} ‖ ‖S^{λk , λj}λ_k (f_j ⊗ f_k) ‖ ‖^2

≲ ∑ m,n≥0 m≤n

∫ 2^m|F_m(ỹ)F_n(y)|^2 1 + 2^m|y − ỹ| dydỹ (3.6)

by Proposition 3.2. Next, (3.6) is equal to ∫∫ y∈I |h|≤|I| ∑ n |F_n(y)|^2 ∑ m≤n 2^m|F_m(y + h)|^2 1 + 2^m|h| dy dh ≤ E_1 + E_2

where

E_1 = ∫∫ y∈I |h|≤|I| ∑ n |F_n(y)|^2 ∑ m≤n 2^m≤|h|^{−1} 2^m|F_m(y + h)|^2dydh,

E_2 = ∫∫ y∈I |h|≤|I| ∑ n |F_n(y)|^2 ∑ m≤n 2^m≥|h|^{−1} |F_m(y + h)|^2dy|h|^{−1}dh.

We first estimate E_1 which is slightly better behaved than E_2. Let α > 1/8. Then

E_1 ≤ ∑ m ∫ |h|≤2^{−m} ∫ |F_m(y + h)|^22^mm^{−2α} ∑ n≥m n^{2α}|F_n(y)|^2dy dh

≤ ∑ m ∫ |h|≤2^{−m} 2^mm^{−2α} ( ∫ |F_m(y)|^4dy )_{1/2}( ∫ ( ∑ n n^{2α}|F_n(z)|^2 )_2 dz )_{1/2} dh ≤ ∑ m m^{−4α} ( ∫ |m^αF_m(y)|^4dy )_{1/2}( ∫ ( ∑ n |n^αF_n(z)|^2 )_2 dz )_{1/2}

and, since 8α > 1, we apply the Cauchy-Schwarz inequality and obtain ∑ m m^{−4α} ( ∫ |m^αF_m(y)|^4dy )_{1/2} ≤ C_α ( ∑ m ∫ |m^αF_m(y)|^4dy )_{1/2}

≤ C_α ( ∫ ( ∑ m |m^αF_m(y)|^2)^2dy )_{1/2} .

This yields the estimate

(3.7) E_1 ≤ C_α ∫ [ ∑ n |n^αF_n(y)|^2 ]_2 dy, α > 1/8, which we need for the exponent α = 1/4.

Next we estimate E_2. Hölder’s inequality yields

E_2 ≤ ∫ |h|≤|I| ∫ ∑ m 2^m≥|h|^{−1} |F_m(y + h)|^2 ∑ n 2^n≥|h|^{−1} |F_n(y)|^2dy dh |h| ≤ ∫ |h|≤|I| ( ∫ [ ∑ m 2^m ≥|h|^{−1} |F_m(z)|^2 ]_2 dz )_{1/2}( ∫ [ ∑ n 2^n≥|h|^{−1} |F_m(y)|^2 ]_2 dy )_{1/2} dh |h| ≤ ∫ |h|≤|I| ∫ [ ∑ m 2^m≥|h|^{−1} |F_m(y)|^2 ]_2 dy dh |h| .

We interchange the order of integration and apply Minkowski’s inequality to obtain

E_2 ≤ ∫ I ∫ |h|≤|I| [ ∑ m 2^m≥|h|^{−1} |F_m(y)|^2 ]_2 dh |h| dy

≤ ∫ I [ ∑ n ( ∫ 2^{−n}≤|h|≤|I| dh |h| )_{1/2} |F_n(y)|^2 ]_2 dy ≲ ∫ [ ∑ n |n^{1/4}F_n(y)|^2

]_2 dy (3.8)

and (3.7), (3.8) imply the desired estimate for p = 4. □

Proof of Proposition 3.2. We may replace λ by λc_0 and ϕ by ϕ/c_0 and assume that c_0 ≥ 1. Introducing a partition of unity, we may assume that b is supported in a set of positive diameter, which will be chosen appropriately small. As in the standard proof of the Carleson-Sjölin theorem we shall split the integral defining S into the region where y > ỹ and the region where y < ỹ. More precisely, we introduce a dyadic partition of unity {χ_ℓ}_{ℓ∈Z} on R^+ by choosing χ ∈ C^∞_0 (R) supported in [1/2, 2] such that ∑ ℓ∈Zχ(2^ℓs) = 1 for every s > 0; we then define χ_ℓ(s) = χ(2^ℓs). Let

S^±_ℓ (g)(z) = ∫ e^{iλ[ϕ(z,y)+κϕ(z,ỹ)]}χ_ℓ(±(y − ỹ))b(z, y, ỹ)g(y, ỹ)dydỹ . Then S = ∑ ℓ:2^ℓ≤λκ S^+_ℓ + ∑ ℓ:2^ℓ≤λκ S^−_ℓ + R.

Since ∇_zϕ_y(z, y) ≠ 0 we can use standard L^2 estimates for oscillatory integrals [17] on R and obtain that for 0 < κ ≤ 4 ‖Rg‖^2 ≲ λ^{−1} ∫ |y−ỹ|≤4(λκ)^{−1} |g(y, ỹ)|^2dydỹ and ‖Rg‖^2 is controlled by the right hand side of (3.5).

It remains to show

(3.9_±) ‖ ‖ ‖ ∑ ℓ:2^ℓ≤λκ S^±_ℓ g_ℓ ‖ ‖ ‖_2 ≲ ( ∑ ℓ [ 2^{ℓ/2}λ^{−1}κ^{−1/2}‖g_ℓ‖_2

]_2)_{1/2} .

The inequality claimed in the statement of the proposition is an easy consequence. Namely let η ∈ C^∞_0 ([1/4, 4]) be equal to 1 on [1/2, 2] and let η_ℓ = η(2^ℓ·). Then χ_ℓ = χ_ℓη_ℓ and therefore S^+_ℓ g = S^+_ℓ g_ℓ with g_ℓ(y, ỹ) = g(y, ỹ)η_ℓ(y − ỹ). (3.9_+) implies then ‖ ‖ ‖ ∑ 2^ℓ≤λκ S^+_ℓ g ‖ ‖ ‖_2 ≲ λ^{−1}κ^{−1/2} ( ∫ |g(y, ỹ)|^2 ∑ 2^ℓ≤λκ 2^ℓ|η^2(2^ℓ(y − ỹ))|dydỹ )_{1/2}

which is controlled by the right hand side of (3.5). The sum ∑ ℓ S^−_ℓ g is handled similarly.

In order to finish the proof, we have to establish the main inequality (3.9_+). The left hand side of (3.9_+) is dominated by C ( ∑ 2^ℓ≤λκ ‖S^+_ℓ g_ℓ‖^2 )_{1/2} + C ( ∑ 2^ℓ≤λκ ∑ m<ℓ−100 ‖(S^+_ℓ )^∗S^+_mg_m‖_2‖g_ℓ‖_2 )_{1/2}

and therefore (3.9_+) follows from the inequalities (3.10) ‖S^+_ℓ g‖_2 ≲ 2^{ℓ/2}κ^{−1/2}λ^{−1}‖g‖_2 and (3.11) ‖(S^+_ℓ )^∗S^+_mg‖_2 ≲ 2^mκ^{−1}λ^{−2}‖g‖_2 if m < ℓ − 20. Henceforth we shall write S_ℓ := S^+_ℓ .

The inequalities (3.10), (3.11) are proved by employing a technique of Phong and Stein [26] which was used to obtain L^p-Sobolev estimates for averaging operators with folding canonical relations. Moreover we have to use almost orthogonality arguments such as in [29, §4].

For the proof of (3.10) we fix some large positive integer M ≥ 10 and choose η ∈ C^∞_0 (R^2 ) supported in (−1, 1)^2 such that ∑ k∈Z^2 η(y−k1, y−k2) = 1 everywhere, and put ηℓ,n(y1, y2)) := η(2

ℓ+M y_1 −n_1, 2^{ℓ+M} y_2 − n_2). Then for each ℓ the family {η_{ℓ,n}}_{n∈Z}2 is a partition of unity such that each η_{ℓ,n} is supported on a square with sidelength 2^{−ℓ−M+1}. We define S_{ℓ,n} in the same way as S_ℓ, only with b_ℓ replaced by b_{ℓ,n}(z, y, ỹ) := χ_ℓ(y − ỹ)η_{ℓ,n}(y, ỹ)b(z, y, ỹ). Then S_ℓ = ∑ n S_{ℓ,n}, hence

(3.12) S^∗_ℓ S_ℓ = ∑ ν,n S^∗_{ℓ,ν} S_{ℓ,n}. The integral kernel K^ℓ_{ν,n} of S^∗_{ℓ,ν} S_{ℓ,n} is given by (3.13) K^ℓ_{ν,n}(x, x̃, y, ỹ) = χ_ℓ(y − ỹ)χ_ℓ(x − x̃)η_{ℓ,ν} (x, x̃)η_{ℓ,n}(y, ỹ) ∫ e^{iλψ(z,x,x̃,y,ỹ)}γ(z, x, x̃, y, ỹ)dz, where

(3.14) ψ(z, x, x̃, y, ỹ) := ϕ(z, y) + κϕ(z, ỹ) − ϕ(z, x) − κϕ(z, x̃), γ(z, x, x̃, y, ỹ) := b(z, y, ỹ)b(z, x, x̃). Similarly the integral kernel K^{ℓ,m} of (S_ℓ)^∗S_m is given by (3.15) K^{ℓ,m}(x, x̃, y, ỹ) = χ_m(y − ỹ)χ_ℓ(x − x̃) ∫ e^{iλψ(z,x,x̃,y,ỹ)}γ(z, x, x̃, y, ỹ)dz. In order to estimate K^ℓ_{n1,n2} , and K^{ℓ,m} we examine the Taylor expansion about the diagonal y = x, ỹ = x̃, of ψ^′_z and its higher order z-derivatives. To simplify the notation we shall consider (3.16) G(x, x̃, y, ỹ) = F (y) − F (x) + κ(F (ỹ) − F (x̃)) and use the following calculus lemma.

Lemma 3.3. Suppose that F = (F_1, F_2) : I → R^2 is of class C^4 on the compact interval I and suppose that 2^{−m−1} ≤ y − ỹ ≤ 2^{−m+1}, 2^{−ℓ−1} ≤ x − x̃ ≤ 2^{−ℓ+1} and that c_1 > 0. Then there are positive ε, A, C so that the following statements hold under the assumption that x, x̃, y, ỹ belong to a set of diameter < ε.

(i) If |m − ℓ| > 10 then

|G(x, x̃, y, ỹ)| ≤ C ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 − 2κ(x − x̃)(ỹ − x̃)| ) ; (3.17.1)

|G(x, x̃, y, ỹ)| ≤ C ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 + 2κ(y − ỹ)(ỹ − x̃)| ) ; (3.17.2)

moreover if also

(3.18) | | | det ( F^′_1 F^′_2 F^{′′}_1 F^{′′}_2 ) | | | ≥ c1 then

|G(x, x̃, y, ỹ)| ≥ A ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 − 2κ(x − x̃)(ỹ − x̃)| ) (3.19.1)

|G(x, x̃, y, ỹ)| ≥ A ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 + 2κ(y − ỹ)(ỹ − x̃)| ) . (3.19.2)

(ii) Let ℓ = m. There is a positive integer M such that (3.17.1) and (3.17.2) hold if either (3.20) |x − y| ≤ 2^{−ℓ−M} and |x̃ − ỹ| ≤ 2^{−ℓ−M} , or (3.21) |x − y| ≥ 2^{−ℓ+M} or |x̃ − ỹ| ≥ 2^{−ℓ+M} . Moreover in both cases (3.19.1) and (3.19.2) hold under the additional assumption (3.18).

Proof of Lemma 3.3. We shall only verify the inequalities (3.17.1) and (3.19.1); (3.17.2) and (3.19.2) follow then by symmetry considerations. Let

r_j (F ; x, y) = 1 (j − 1)!

∫_1 0 (1 − s)^{j−1}F^{(j)}(x + s(y − x))ds, the integral occuring in the integral remainder of Taylor’s formula. Consider the Taylor expansion of F about the diagonal y = x, ỹ = x̃. Then G(x, x̃, y, ỹ) = F^′(x)(y − x) + 1 2 F^{′′}(x)(y − x)^2 + r_3(F ; x, y)(y − x)^3 + κ [ F^′(x̃)(ỹ − x̃) + 1 2 F^{′′}(x̃)(ỹ − x̃)^2 + r_3(F ; x̃, ỹ)(y − x)^3 ] . Moreover

F^′(x̃) = F^′(x) + F^{′′}(x)(x̃ − x) + r_2(F^′; x, x̃)(x̃ − x)^2 F^{′′}(x̃) = F^{′′}(x) + r_1(F^{′′}; x, x̃)(x̃ − x)

so that

(3.22) G(x, x̃, y, ỹ) =[y − x + κ(ỹ − x̃)]F^′(x) + [ 1 2 (y − x)^2 + κ 2 (ỹ − x̃)^2 + κ(x̃ − x)(ỹ − x̃)]F^{′′}(x) + R(x, x̃, y, ỹ) where

(3.23)

R(x, x̃, y, ỹ) = r_3(F ; x, y)(y − x)^3 + κr_2(F^′; x, x̃)(x̃ − x)^2(ỹ − x̃) + κ 2 r_1(F^{′′}; x, x̃)(x̃ − x)(ỹ − x̃)^2 + κr_3(F ; x̃, ỹ)(ỹ − x̃)^3.

We shall now show that under our assumptions the remainder can be considered as an error term. To this end, let us write (3.24) v := y − x, ṽ := ỹ − x̃, δ := x − x̃, and u = (u_1, u_2), where

(3.25) u_1 := y − x + κ(ỹ − x̃) = v + κṽ, u_2 := (y − x)^2 + κ(ỹ − x̃)^2 + 2κ(x̃ − x)(ỹ − x̃) = v^2 + κṽ^2 − 2κδṽ.

Notice that 2^{−ℓ−1} ≤ δ ≤ 2^{−ℓ+1} and consequently (3.26) |R| ≤ C_1(|v|^3 + 2^{−2ℓ}κ|ṽ| + 2^{−ℓ}κ|ṽ|^2 + κ|ṽ|^3).

Given A ≥ 2 we shall show that the integer M > 0 in (3.20), (3.21) and the number ε can be chosen so that (3.27) |u_1| + |u_2| ≥ A|R| provided that x, y, x̃, ỹ belong to a set of diameter ε and either |m − ℓ| > 10 or m = ℓ with either (3.20) or (3.21) holds. We may assume that (3.28) max{2^{−m−2}, 2^{−ℓ−2}} + |v| + |ṽ| ≤ ε where ε is small (ε < 10^{−100}(1 + C_1)^2A^{−1} is an acceptable choice).

If either |v| ≤^κ_2 |ṽ|, or |v| ≥ 2κ|ṽ|, then |u_1| ≫ |R|, so (3.27) is clear. Likewise if^κ_2 |ṽ| < |v| < 2κ|ṽ| and if v and ṽ have the same sign then |u_1| = |v| + κ|ṽ|, and again |u_1| ≫ |R|. Therefore we may now assume that (3.29) κ 2 |ṽ| < |v| < 2κ|ṽ| and sign (v) = −sign (ṽ). We discuss the cases |m − ℓ| > 10 and m = ℓ separately. Assume first that |m − ℓ| > 10 and set r = min{m, ℓ}. In this case |v − ṽ| = |x − x̃ + ỹ − y| ∈ (2^{−r−2}, 2^{−r+2}). In view of the sign condition max{|v|, |ṽ|} ≥ 2^{−r−2} and since |v| and κ|ṽ| are comparable (by (3.29)) we see that |v| ≤ 2^{−r+2} and (3.30) 2^{−r−4} ≤ |ṽ| < 2^{−r+2}. Therefore also (3.31) |R| ≤ 100C_12^{−2m}κ|ṽ|. Now if |u_1| ≥ 200C_1A2^{−2r}κ|ṽ| then (3.27) is immediate. Therefore assume |u_1| ≤ 200C_1A2^{−2r}κ|ṽ|.

Expanding u_2 about v = −κṽ we find u_2 = (κ^2 + κ)ṽ^2 − 2κu_1ṽ + u^2_1 − 2κδṽ = κṽ((1 + κ)ṽ − 2δ) − 2κu_1ṽ + u^2_1.

(3.32)

By (3.30) |κṽ((1 + κ)ṽ − 2δ)| ≥ max{2^{−m−4} − 2^{−ℓ+2}, 2^{−ℓ−2} − 2^{−m+2}}κ|ṽ| ≥ 2^{−r−6}κ|ṽ| while the last two terms in (3.32) are O(2^{−3r}κṽ), an expression which is small since 2^{−m−2} ≤ ε. We obtain the lower bound |u_2| ≥ 2^{−r−8}κṽ which implies (3.27), in the present case, by our choice of ε.

We finally discuss the last case m = ℓ, still assuming (3.29). Now |v − ṽ| ≤ 2^{−ℓ+2}, and therefore κ|ṽ| ≈ |v| ≤ 2^{−ℓ+2} and also |v| ≤ 2^{−ℓ+2}. Therefore (3.31) holds with m = ℓ, and again we are done in the case where |u_1| ≥ 200C_1A2^{−2ℓ}κ|ṽ|. If |u_1| ≤ 200C_1A2^{−2ℓ}κ|ṽ| we use again (3.32). Note that since 2^{−ℓ−1} ≤ |x − x̃|, |y − ỹ| ≤ 2^{−ℓ+1} the condition |x − y| ≥ 2^{−ℓ+M} implies |x̃ − ỹ| ≥ 2^{−ℓ+M−2} and, vica versa |x̃ − ỹ| ≥ 2^{−ℓ+M} implies |x − y| ≥ 2^{−ℓ+M−2}. Observe that now

(3.33) |κṽ((1 + κ)ṽ − 2δ)| ≥ { (2^{−ℓ−1} − 2^{−ℓ−M+4})κ|ṽ| if (3.20) holds, (2^{−ℓ+M} − 2^{−ℓ+2})κ|ṽ| if (3.21) holds.

The last two terms in (3.32) are O(2^{−3ℓ}κ|ṽ|) while R = O(2^{−2ℓ}κ|ṽ|) which shows that after a suitable choice of M we have |u_2| ≥ 2^{−ℓ−2}κ|ṽ| and (3.27) is then proved also in this last case.

We note that (3.17.1) is in immediate consequence of (3.27). Moreover if (3.18) holds we have |G| ≥ A^{−1}(|u_1| + |u_2|) − |R| for suitable A > 0. Choosing in the above proof M suitably large, depending on A, we again obtain (3.19.1) from (3.27). □

Proofs of (3.10) and (3.11). Let χ^{ℓm}(x, x̃, y, ỹ) = χ_m(y − ỹ)χ_ℓ(x − x̃) χ^ℓ_{ν,n}(x, x̃, y, ỹ) = χ_ℓ(y − ỹ)χ_ℓ(x − x̃)η_{ℓ,ν} (x̃)η_{ℓ,n}(ỹ). Suppose that (x, x̃, y, ỹ) are either in supp χ^{ℓm} for |m − ℓ| > 10 or in supp χ^ℓ_{ν,n} for either ν = n or |ν − n| ≥ 2^{2M+10}. According to Lemma 3.3 we then have, with a suitable choice of C, ε, A, M, the estimates

(3.34) |∂^α_z ψ(x, x̃, y, ỹ)| ≤ C ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 − 2κ(x − x̃)(ỹ − x̃)| ) ; |∂^α_z ψ(x, x̃, y, ỹ)| ≤ C ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 + 2κ(y − ỹ)(ỹ − x̃)| ) ; for, say, |α| ≤ 6; moreover by the Carleson-Sjölin condition

|ψ^′_z (x, x̃, y, ỹ)| ≥ A^{−1} ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 − 2κ(x − x̃)(ỹ − x̃)| ) ; |ψ^′_z (x, x̃, y, ỹ)| ≥ A^{−1} ( |y − x + κ(ỹ − x̃)| + |(y − x)^2 + κ(ỹ − x̃)^2 + 2κ(y − ỹ)(ỹ − x̃)| ) ; Using integrations by parts with respect to z we therefore obtain that for |m − ℓ| ≤ 10 |K^{ℓ,m}(x, x̃, y, ỹ)| ≲ |χ_ℓ(x − x̃)χ_m(y − ỹ)|(1 + λ(|U_1| + |U_2|))^{−4} (3.35.1) |K^{ℓ,m}(x, x̃, y, ỹ)| ≲ |χ_ℓ(x − x̃)χ_m(y − ỹ)|(1 + λ(|V_1| + |V_2|))^{−4} (3.35.2)

where

(3.36) U_1(x, x̃, y, ỹ) = y − x + κ(ỹ − x̃) U_2(x, x̃, y, ỹ) = (y − x)^2 + κ(ỹ − x̃)^2 − 2κ(x − x̃)(ỹ − x̃).

and V_i(x, x̃, y, ỹ) = U_i(y, ỹ, x, x̃) i = 1, 2. Keeping either (x, x̃) or (y, ỹ) fixed we may change variables and observe that det ∂(U_1, U_2) ∂(y, ỹ) = 2κ(ỹ − y), (3.37.1) det ∂(V_1, V_2) ∂(x, x̃) = 2κ(x̃ − x). (3.37.2)

We shall now check that for m ≤ ℓ − 20, ∫ |K^{ℓm}(x, x̃, y, ỹ)|dydỹ ≲ 2^mκ^{−1}λ^{−2}, (3.38.1) ∫ |K^{ℓm}(x, x̃, y, ỹ)|dxdx̃ ≲ 2^mκ^{−1}λ^{−2}. (3.38.2)

By Schur’s test this implies (3.11).

Inequality (3.38.1) follows quickly by changing variables and using (3.35.1). The same argument applied to the integral in (3.38.2) only gives the weaker bound 2^ℓκ^{−1}λ^{−2}. Instead we split the region of integration as a union of Ω_1(y) = {(x, x̃) : |U_1(x, x̃, y, ỹ)| ≤ 2^{−m−10}} and the complementary region Ω_2(y).

If (x, x̃) ∈ Ω_1(y) and K^{ℓm}(x, x̃, y, ỹ) ≠ 0 then U_1 = (1 + κ)(ỹ − x̃) + y − ỹ − (x − x̃) and from |y − ỹ − (x − x̃)| ≥ 2^{−m−2} we see that (3.39) |ỹ − x̃| ≥ 2^{−m−5} ≥ 2^5|U_1(x, x̃, y, ỹ)|. Now U_2 = (κ + κ^2)(ỹ − x̃)^2 − 2κU_1(ỹ − x̃) + U^2_1 − 2κ(x − x̃)(ỹ − x̃).

Since |x − x̃| ≤ 2^{−ℓ+1} ≤ 2^{−m−19} ≤ 2^{−9}|ỹ − x̃| the assumption on U_1 also yields |U_2| ≥ κ 2 (ỹ − x̃)^2

and one computes ∫ Ω_1 (y) |K^{ℓm}(x, x̃, y, ỹ)|dxdx̃ ≲ ∫ |ỹ−x̃|≥2^{−m−10} (1 + λ|U_1|)^{−2}(1 + λκ(ỹ − x̃)^2)^{−2}dU_1dx̃ ≲ 2^m(λ^2κ)^{−1};

in fact one gets the better bound C2^m(λ^2κ)^{−1}a_m where a_m = 2^{2m}(λκ)^{−1} if 2^m ≤ √ λκ and a_m = 2^{−m} √ λκ if 2^m ≥ √ λκ. In order to evaluate the integral over Ω_2(y) we change variables (x, x̃) → (U_1, U_2); this map is at most two-to-one in the regions U_1 > 0 and U_1 < 0. We compute

(3.40) det

∂(U_1, U_2) ∂(x, x̃) = 2κ(x̃ − x − U_1). Now |U_1| ≥ 2^{−m−10}.

if (x, x̃) ∈ Ω_2(y). Since ℓ − m > 20 we see that the absolute value of the determinant in (3.40) is bounded below by cκ2^{−m}, for the relevant region of integration, and one deduces that ∫ Ω_2 (y) |K^{ℓm}(x, x̃, y, ỹ)|dxdx̃ ≲ 2^mκ^{−1} ∫ (1 + λ|U_1| + λ|U_2|)^{−4}dU_1dU_2 ≲ 2^m(λ^2κ)^{−1}.

(3.41)

This yields (3.38.2).

The inequalities (3.35.1) and (3.35.2) are satisfied with K^{ℓ,m} replaced by K^ℓ_{ν,n}, provided that either |ν − n| ≥ 2^{2M+10} or ν = n. By the change of variables (y, ỹ) → (U_1, U_2), (x, x̃) → (V_1, V_2) (cf. (3.37)) one obtains the analogue of 3.38 (for ℓ − m). Since, for fixed ℓ, the functions χ^ℓ_{ν,n} have only finite overlap, we obtain that ∑ ν,n |ν−n|>2^{2M +10}

∫ |K^ℓ_{ν,n}(x, x̃, y, ỹ)|dydỹ ≲ 2^ℓκ^{−1}λ^{−2}, ∑ ν,n |ν−n|>2^{2M +10}

∫ |K^ℓ_{ν,n}(x, x̃, y, ỹ)|dxdx̃ ≲ 2^ℓκ^{−1}λ^{−2},

and similarly ∑ n ∫ |K^ℓ_{n,n}(x, x̃, y, ỹ)|dydỹ ≲ 2^ℓκ^{−1}λ^{−2}, ∑ n ∫ |K^ℓ_{n,n}(x, x̃, y, ỹ)|dxdx̃ ≲ 2^ℓκ^{−1}λ^{−2}.

Therefore

(3.42) ‖ ‖ ‖ ∑ |nu−n|>2^{2M +10} S^∗_{ℓ,ν} S_{ℓ,n} ‖ ‖ ‖_{L2→L2} ≲ 2^ℓκ^{−1}λ^{−2}

and (3.43) ‖ ‖ ‖ ∑ n S^∗_{ℓ,n}S_{ℓ,n} ‖ ‖ ‖_{L2→L2} ≲ 2^ℓκ^{−1}λ^{−2};

hence, for |j| ≤ 2^{2M+10}, | |⟨ ∑ n S^∗_{ℓ,n}S_{ℓ,n+j} g, g⟩ | | ≤ ∑ n ‖S_{ℓ,n+j} g‖_2‖S_{ℓ,n}g‖_2 ≤ ( ∑ n ‖S_{ℓ,n+j} g‖^2 )_{1/2}( ∑ n ‖S_{ℓ,n}g‖^2 )_{1/2}

≲ 2^ℓκ^{−1}λ^{−2}‖g‖^2.

This, together with (3.42), yields (3.10). □

Remark. Concerning sharpness, consider the example Φ(z_1, z_2, y) = |(z_1, z_2) − (y, c)|, for fixed c. Then Φ is the phase function, which comes up in connection with restriction of Fourier transforms to circles. The sharp L^4 operator norm was proved by Hörmander; and from the work by Beckner, Carbery, Semmes and Soria [1] it follows that for 2 < p ≤ 4 and large λ, one has the lower bound

‖T_λ‖_Lp_{→L}p ≳ λ^{−1/2}[log λ/ log log λ]^{1/2−1/p}. This lower bound is deduced in [1] using a construction which proves a lower bound for the Besicovich maximal operator; the latter has been recently improved by Keich [18]. It seems likely that the factor (log log λ)^{1/2−1/p} can be removed. For general Carleson-Sjölin phase functions one has the lower bound λ^{−1/2}[log λ]^{1/4} for p = 4, by an elementary argument. To the best of our knowledge the lower bounds for ‖T_λ‖_Lp_{→L}p are presently open in the general case when 2 < p < 4. It seems reasonable to expect that counterexamples in this range will involve the constructions of Kakeya sets with respect to suitable families of curves.

We shall now discuss the relevant example

(3.44) ψ(t, r, ρ) = arccos μ(t, r, ρ) = arccos r^2 + ρ^2 − t^2 2rρ which relates to the general setting by putting z = (t, r) and y = ρ.

Proposition 3.4. Let ψ be as in (3.44). Then the following hold: (i) (3.45) μ_t = − t rϱ ; μ_r = r^2 + t^2 − ϱ^2 2r^2ϱ = − μ r + 1 ϱ ; μ_ρ = t^2 + ϱ^2 − r^2 2rϱ^2 = − μ ϱ + 1 r . (ii)

(3.46) ψ_{tϱ} = (1 − μ^2)^{−3/2} t rϱ ( μ r − 1 ϱ ), ψ_{rϱ} = (1 − μ^2)^{−3/2} t^2 r^2ϱ^2 . (iii)

(3.47) CS[ψ] = det ( ψ_{tϱ} ψ_{rϱ} ψ_{tϱϱ} ψ_{rϱϱ} ) = − t^3 r^5ϱ^3(1 − μ^2)^3 .

Proof. (i) is immediate from the definition μ = (r^2 + ϱ^2 − t^2)/(2rϱ).

(ii) Put h(μ) = arccos μ. Then ψ_{tϱ} = (h^{′′} ∘ μ)μ_tμ_ϱ + (h^′ ∘ μ)μ_{tϱ}. We have

(3.48) h^′ = −(1 − μ^2)^{−1/2}, h^{′′} = −μ(1 − μ^2)^{−3/2}.

Moreover, by (i), μ_{tϱ} =^t_{rϱ2} , hence, together again with (i), we get

ψ_{tϱ} = −μ(1 − μ^2)^{−3/2}(− t rϱ )(− μ ϱ + 1 r ) − (1 − μ^2)^{−1/2} t rϱ^2 = (1 − μ^2)^{−3/2} t rϱ [− μ^2 ϱ + μ r − 1 − μ^2 ϱ ] = (1 − μ^2)^{−3/2} t rϱ ( μ r − 1 ϱ ). Similarly, ψ_{rϱ} = (h^{′′} ∘ μ)μ_rμ_ϱ + (h^′ ∘ μ)μ_{rϱ}, where, by (i), μ_{rϱ} = − μ_r ϱ − 1 r^2 = μ rϱ − 1 ϱ^2 − 1 r^2 . Hence

ψ_{rϱ} = −μ(1 − μ^2)^{−3/2}(− μ r + 1 ϱ )(− μ ϱ + 1 r ) − (1 − μ^2)^{−1/2}( μ rϱ − 1 ϱ^2 − 1 r^2 ) = (1 − μ^2)^{−3/2}[ −μ^3 rϱ + μ^2( 1 r^2 + 1 ϱ^2 ) − μ rϱ + μ^3 rϱ − μ^2( 1 r^2 + 1 ϱ^2 ) − μ rϱ + 1 r^2 + 1 ϱ^2 ] = (1 − μ^2)^{−3/2} t^2 r^2ϱ^2 .

For (iii) write ψ_{tϱ} = (ϱμ − r)w, ψ_{rϱ} = tw where w := (1 − μ^2)^{−3/2 t}_{r2ϱ2} . Then, in combination with (i), we get

CS[ψ] = det ( (ϱμ − r)w tw ∂(ϱμ−r) ∂ϱ w + (ϱμ − r)w_ϱ tw_ϱ ) = −tw^{2 ∂(ϱμ−r)}_{∂ϱ} = −tw^2(μ + ϱμ_ϱ) = −tw^2 ϱ r = −(1 − μ^2)^{−3} t^3 r^5ϱ^3 . □

Remark 3.5. The phase function in (3.44) does not satisfy the assumption of Theorem 3.1 because of the lack of uniform C^∞ bounds. However one can use rescaling arguments to reduce matters to the situation covered in Theorem 3.1. For this we note the following property of the Carleson-Sjölin determinant under changes of variables. If z = (z_1, z_2) = Z(w), y = Y (u) and if Φ(w_1, w_2, u) = Ψ(Z(w), Y (u)) then

(3.49) CS[Φ](w, u) = det ( ∂Z ∂w )[ dY du ]_3 CS[Ψ](Z(w), Y (u)).

4. Estimation of the nonoscillatory terms

In this section we shall consider the nonoscillatory terms R_{λ,i}, i = 1, 2, 3, 4, and V_{λ,z}, W_{λ,z} in the decompositions (2.17) and (2.23), respectively. Moreover we shall provide size estimates for the oscillatory terms (2.24) to obtain the appropriate L^∞ bounds in Theorem 2.3. These terms can be controlled by positive operators (such as maximal operators) or by maximal Hilbert transforms.

Convention. The constants in all estimates are allowed to be O(e^{A|Im(z)|}) for some fixed A. This dependence will not be explicitely indicated.

In the first Lemma we summarize elementary properties of localizations in terms of the quantities 1 ± μ where μ ≡ μ(t, r, ρ) as in (2.9), cf. also (2.15.1/2).

Lemma 4.1. Suppose that 1 ≤ t ≤ 2.

(a) If 0 ≤ μ(t, r, ρ) ≤ 1 then |r − ρ| ≤ 2. Moreover, the following holds:

(i) If r ≥ 4 then ρ ≥ 2 and r ≤ 2|1 − μ|^{−1/2}. (ii) If r ≤ 1/2 then 1/2 < ρ < 3. (iii) If 1/2 < r < 4 then ρ < 6.

(b) If −2 ≤ μ(t, r, ρ) ≤ 0 then r ≤ 2, ρ ≤ 2 and r + ρ > 1/2.

(c) If μ ≤ −2 then r ≤ 2, ρ ≤ 2 and t ≥ r.

Proof. Note that

0 ≤ μ < 1 ⇐⇒ (r − ρ)^2 < t^2 ≤ r^2 + ρ^2

(4.1.1) −2 ≤ μ ≤ 0 ⇐⇒ r^2 + ρ^2 < t^2 < (r + ρ)^2 + 2rρ

(4.1.2) μ ≤ −2 ⇐⇒ r^2 + ρ^2 + 4rρ ≤ t^2.

(4.1.3)

The assertions easily follow. □

Let χ_0 be the characteristic function of [1/2, ∞] and, for ℓ ≥ 1, let χ_ℓ be the characteristic function of [2^{−ℓ−1}, 2^{−ℓ}]. It will be convenient to study operators A_ℓ, B_ℓ with kernels

A_ℓ(t, r, ρ) = 1 2rρ(1 − μ) χ_ℓ(1 − μ)χ_{[0,1]}(μ)

(4.2) B_ℓ(t, r, ρ) = 1 2rρ|1 + μ| χ_ℓ(|1 + μ|)χ_{[−2,0]}(μ). (4.3)

Let M denote the standard Hardy-Littlewood maximal operator on the real line.

Lemma 4.2. Let p > 2 and suppose that 1 ≤ t ≤ 2. Then

r^{− n−12} |A_ℓ[ρ^{n−12} f](t, r)| ≲^p_{p−2} r^{− n−12} ∑ ± M [ ρ^{n−1p} χ_{[0,6]}f ] (r ± t), if r ≤ 4, (4.4.1) r^{− n−12} |A_ℓ[ρ^{n−12} f](t, r)| ≲^p_{p−2} r^{− n−1p} ∑ ± M [ ρ^{n−1p} f ] (r ± t), if r ≥ 4, (4.4.2) and (4.5) r^{− n−12} |B_ℓ[ρ^{n−12} f](t, r)| ≲^p_{p−2} r^{− n−12} ∑ ± M [ ρ^{n−1p} χ_{[0,2]}f ] (t − r).

Proof. Note that

(4.6) 1 2rρ(1 − μ) = 1 t^2 − (r − ρ)^2 = 1 (t − r + ρ)(t + r − ρ) , and that A_ℓ(t, r, ρ) ≈ 2^ℓ rρ . Assume first that 0 ≤ μ ≤ 1, so that in particular |r − ρ| ≤ 2, and that 1 − μ ≈ 2^{−ℓ}. If |r − ρ| ≤ 1/4 then, by (4.6), A_ℓ(t, r, ρ) ≈ 1. Moreover, from Lemma 4.1 and (2.15.1) one derives that r ≈ ρ ≈ 2^{ℓ/2} if r ≥ 4. It is then immediate that ∫ |r−ρ|≤1/4(ρ/r) (n−1)/2A ℓ(t, r, ρ)|f(ρ)|dρ is controlled by the right hand side of either (4.4.1) or (4.4.2), depending on whether r ≥ 4 or r ≤ 4, respectively.

Next, if |r − ρ| ≥ 1/4, then 1/4 ≤ |r − ρ| ≤ 2. By (4.6), we have |r − t − ρ| ≈ 2^{−ℓ}rρ in the case 1/4 ≤ r − ρ ≤ 2, and |r + t − ρ| ≈ 2^{−ℓ}rρ in the case −2 ≤ r − ρ ≤ −1/4. Now, if r ≤ 1/8, then ρ ≈ 1, and ∫ |r−ρ|≥1/4(ρ/r) (n−1)/2A ℓ(t, r, ρ)|f(ρ)|dρ is dominated by r^{−(n−1)/2} times an average of |f(ρ)|ρ^{(n−1)/p} ≈ |f(ρ)|ρ^{(n−1)/2} over an interval of length C2^{−ℓ}r centered at either r − t or r + t, depending on the sign of r − ρ. Hence we obtain the bound ∑ ± r^{−(n−1)/2}M [ ρ^{(n−1)/2}χ_{[0,6]}f ] (r ± t), thus (4.4.1) for the case r ≤ 1/8.

If 1/8 ≤ r ≤ 4 then

(4.7) r^{− n−12} |A_ℓ[ρ^{n−12} f](t, r)| ≲ ∑ ± ∞∑ k=−2 2^{ℓ+k} ∫ |r±t−ρ|≈2^{−ℓ−k} ρ≈2^{−k} |f(ρ)|ρ^{n−12} dρ

≲ ∑ ± ∞∑ k=−2 2^{−k(n−1)( 12 − 1p )}M[ρ^{n−1p} χ_{[0,6]}f](r ± t)

and since now r ≈ 1 and p > 2 this implies the asserted estimate (4.4.1).

We still have to consider the case 1/4 ≤ |r − ρ| ≤ 2 and r ≥ 4. Then r ≈ ρ, hence r^{− n−12} |A_ℓ[ρ^{n−12} f](t, r)| ≲ r^{− n−1p} A_ℓ[ρ^{n−1p} |f|](t, r) and the latter term is estimated by r^{−(n−1)/p} times an average of |f(ρ)|ρ^{(n−1)/p} over an interval of length ≈ 2^{−ℓ}r^2 centered at either r − t or r + t; this implies (4.4.2).

Finally, if μ ∈ [−2, 0] we write

(4.8) ( 2rρ(1 + μ) )_{−1} = (ρ − t + r)^{−1}(ρ + t + r)^{−1} ≈ (ρ − t + r)^{−1}.

and obtain in the same way (4.5). Note that there is no contribution to B_ℓ if r > 2 or ρ > 2 by Lemma 4.1 (b). □

The next two lemmas provide estimates for the remainder terms in Theorem 2.2.

Lemma 4.3. Let z = b + iτ with b > −1/2 and V_{z,λ} be the integral operator with kernel V_{z,λ} as in (2.23/26).

For a sequence of functions F = {f_j } and 2 ≤ p ≤ ∞ let (4.9) G_{p,γ} F (ρ) = ρ^{(n−1)/p} ( ∑ j |(1 + λ_j /ρ)^{−γ} f_j (ρ)|^2 )_{1/2} .

Suppose that 1 ≤ t ≤ 2 and 0 ≤ γ ≤ (2b + 1)/2. Then

(4.10) ( ∑ j |V_{z,λj} f_j (t, r)|^2 )_{1/2} ≲ r^{b+ 12 − n−12} ∑ ± M [ χ_{[0,6]}G_{p,γ} F ] (r ± t) if r ≤ 4

and (4.11) ( ∑ j |V_{z,λj} f_j (t, r)|^2 )_{1/2} ≲ r^{− n−1p} ∑ ± M [ G_{p,γ} F ] (r ± t) if r ≥ 4.

Proof. Let J_0 = [−1/2, 1/2] ∪ [−2, −3/2] and for ℓ ≥ 1 let

J_{+,ℓ} = [1 − 2^{−ℓ}, 1 − 2^{−ℓ−1}] J_{−,ℓ} = [−1 + 2^{−ℓ−1}, −1 + 2^{−ℓ}] ∪ [−1 − 2^{−ℓ}, −1 − 2^{−ℓ−1}]

Let V^0_{z,λ} = χ_{J0} (μ)V_{z,λ} and V^{ℓ,±}_{z,λ} = χ_{J±,ℓ} (μ)V_{z,λ}. Then

V_{z,λ} = V^0_{z,λ} + ∑ ℓ ∑ ± V^{ℓ,±}_{z,λ} . Now let ℓ ≥ 1. From Theorem 2.2 we derive the estimate

(4.12) |V^{ℓ,±}_{z,λ} | ≲ λ^{−b−1}2^{−ℓb/2}(ρr)^{b+ 12} (ρ/r)^{n−12} (A_ℓ + B_ℓ) if λ2^{−ℓ/2} ≥ 1, and (4.13) |V^{ℓ,±}_{z,λ} | ≲ α_±(ℓ, λ)(ρr)^{b+ 12} (ρ/r)^{n−12} (A_ℓ + B_ℓ) if λ2^{−ℓ/2} ≤ 1,

where

α_+(ℓ, λ) = 2^{−ℓ(2b+1)/2},

(4.14.1) α_−(ℓ, λ) = 2^{−ℓ(2b+1)/2} if − 1/2 < b < 1/2 2^{−ℓ} log((2 + λ)^{−1}2^{ℓ/2}) if b = 1/2 2^{−ℓ}(λ + 1)^{1−2b} if b > 1/2.

(4.14.2)

For ℓ = 0 the previous estimates remain valid with V^{ℓ,±}_{z,λ} replaced by V^0_{z,λ} and α_±(ℓ, λ) replaced by 1. In what follows we shall only discuss the case ℓ ≥ 1 and omit the obvious modifications (and simplifications) for the case ℓ = 0.

We shall frequently use that by Minkowski’s inequality and the positivity of A_ℓ and B_ℓ, we have the pointwise inequality ( ∑ j |(A_ℓ + B_ℓ)[g_j ]|^2 )_{1/2} ≤ (A_ℓ + B_ℓ) [ ( ∑ j |g_j |^2)^{1/2} ] . Let ε < min{(2b + 1)/4, 1/2}. We note that α_±(ℓ, λ) ≲ 2^{−ℓε}(λ + 1)^{−(2b+1)/2} if λ2^{−ℓ/2} ≤ 1. For r ≤ 4 we have ρ ≤ 6 and therefore (1 + λ_j /ρ) ≲ (1 + λ_j )/ρ, and we derive the estimate ( ∑ j |V_{z,λj} f_j (t, r)|^2 )_{1/2} ≲ r^{b+ 12 − n−12} ∑ ℓ≥0 2^{−ℓε} ( A_ℓ + B_ℓ )[( ∑ λ_j ≥2^{ℓ/2} |ρ^{n−12} (λ_j /ρ)^{−(b+ 12 )}f_j |^2 )_{1/2}] (t, r) + r^{b+ 12 − n−12} ∑ ℓ≥0 2^{−ℓε} ( A_ℓ + B_ℓ )[( ∑ λ_j ≤2^{ℓ/2} |ρ^{n−12} (1 + λ_j /ρ)^{−(b+ 12 )}f_j |^2 )_{1/2}] (t, r). (4.15)

Now (4.10) follows from Lemma 4.2.

Let now r ≥ 4; then V^{ℓ,−}_{z,λ} (t, r, ρ) = 0 and B_ℓ(t, r, ρ) = 0, by Lemma 4.1, and furthermore we may assume that r ≈ ρ, 4 ≤ r ≤ 2^{(ℓ+6)/2} and μ > 0 so that the estimate (4.13) holds with α_+(ℓ, λ) = 2^{−ℓ(2b+1)/2}.

We shall write down different estimates for the situations λ_j ≤ r ≤ 2^{(ℓ+6)/2}, r ≤ λ_j ≤ 2^{(ℓ+6)/2} and r ≤ 2^{(ℓ+6)/2} ≤ λ_j . First (4.16) |V^{ℓ,+}_{z,λ} f(t, r)| ≲ r^{−(n−1)/2}r^{2b+1}2^{−ℓ(2b+1)/2}A_ℓ[ρ^{(n−1)/2}|f|](t, r) if λ ≤ r ≤ 2^{(ℓ+6)/2}. We use Lemma 4.2 and Minkowski’s inequality to estimate for p > 2 ( ∑ λ_j ≤r [ ∑ 2^{(ℓ+6)/2} ≥r |V^{ℓ,+}_{z,λj} f_j (t, r)| ]_2)_{1/2} ≲ r^{− n−12} r^{2b+1} ∑ 2^{(ℓ+6)/2} ≥r

2^{−ℓ(2b+1)/2}A_ℓ [ ρ^{n−12} ( ∑ λ_j ≤r |χ_{ρ≈r}f_j |^2)^{1/2} ] (t, r) ≲ r^{− n−1p} ∑ ± M [ ρ^{n−1p} ( ∑ λ_j ≤r |χ_{ρ≈r}f_j |^2)^{1/2} ] (r ± t) ≲ r^{− n−1p} ∑ ± M [ ρ^{n−1p} ( ∑ λ_j ≤r |(1 + λ_j /ρ)^{−γ} f_j |^2)^{1/2} ] (r ± t), (4.17) for any γ.

Next we estimate the terms with 4 ≤ r ≤ λ_j ≤ 2^{(ℓ+6)/2} and we can still use the estimate (4.13) with α_+(ℓ, λ) = 2^{−ℓ(2b+1)/2}. We use the notation λ_j ∼ 2^m if 2^m ≤ λ_j ≤ 2^{m+1} and obtain by Minkowski’s inequality and summing geometric series ( ∑ λ_j ≥r [ ∑ 2^{(ℓ+6)/2} ≥λ_j |V^{ℓ,+}_{z,λj} f_j (t, r)| ]_2)_{1/2}

≲ ∞∑ s=0 ( ∑ 2^m≥r ∑ λ_j ∼2^m |V^{2m−6+s,+} z,λ_j fj (t, r)| 2 )_{1/2}

≲ r^{− n−12} ∞∑ s=0 2^{−s(2b+1)/2} ( ∑ 2^m≥r ∑ λ_j ∼2^m | |r^{2b+1}2^{−m(2b+1)}A_{2m−6+s}[ρ^{n−1}2 |f_j |](t, r) | |^2 )_{1/2}

≲ r^{− n−12} ∞∑ s=0 2^{−s(2b+1)/2} sup_{2m≥r} r^{(2b+1)/2}2^{−m(2b+1)/2}A_{2m−6+s} [ ρ^{n−12} ( ∑ λ_j ∼2^m |f_j |^2)^{1/2} ] (t, r) ≲ r^{− n−1p} ∑ ± M [ ρ^{n−1p} ( ∑ λ_j ≥r |(λ_j /ρ)^{−(2b+1)/2}f_j |^2)^{1/2} ] (r ± t). (4.18)

Finally we consider the terms with 4 ≤ r ≤ 2^{(ℓ+6)/2} ≤ λ_j and use the estimate (4.12). We obtain in a similar way ( ∑ j [ ∑ r≤2^{(ℓ+6)/2}≤λ_j |V^{ℓ,+}_{z,λj} f_j (t, r) | | ]_2)_{1/2}

≲ r^{− n−12} r^{2b+1} ∑ 2^{ℓ+6}≥r^2 ( ∑ λ_j ≥2^{ℓ/2} | |λ^{−b−1}_j 2^{−ℓb/2}A_ℓ[ρ^{n−1}2 |f_j |](t, r)|^2 )_{1/2}

≲ r^{− n−12} ∑ 2^{ℓ≥r2} (r2^{−ℓ/2})^{2b+12} A_ℓ [ ( ∑ λ_j ≥2^{ℓ/2} |(2^{ℓ/2}λ^{−1}_j )^{1/2}λ^{−(2b+1)/2} j ρ^{n−12 +b+ 12} f_j |^2 )_{1/2}] (t, r)

≲ r^{− n−1p} ∑ ± M [ ( ∑ j |(1 + λ_j /ρ)^{−(2b+1)/2}ρ^{n−1p} f_j |^2 )_{1/2}] (r ± t) (4.19)

and the estimates (4.17-19) yield (4.11). □

Lemma 4.4. Let ε > 0, z = b + iτ, b > −1/2 and assume that λ > b − 1 + ε and λ ≥ 0. Suppose also that p > 2 and γ ≤ (n − 1)(1/2 − 1/p) + min{(2b + 1)/2, (n − 1)/2}.

Let W_{z,λ} as in (2.23/27) and assume 1 ≤ t ≤ 2. Then (i) (4.20) W_{z,λ}f(t, r) = 0 if r ≥ t. (ii) Suppose that t^2 − r^2 ≥ 1/4. Then (4.21) |W_{z,λ}f(t, r)| ≲_ε ( ∫ 1/2 0 |f(ρ)|(1 + λ/ρ)^{−γ} ρ^{n−1p} dρ + w_b(r)M [ χ_{[1/8,2]}ρ^{n−1}f(1 + λ/ρ)^{−γ} ] ( √ t^2 − r^2) )

where w_b(r) = r^{b− n−22} if −1/2 ≤ b < (n − 2)/2, w_b(r) = log(4/r) if b = (n − 2)/2, and w_b(r) = 1 if b > (n − 2)/2.

(iii) Suppose that t^2 − r^2 ≤ 1/4. Then (4.22) |W_{z,λ}f(t, r)| ≲_ε 1 t^2 − r^2

∫_t2_{−r}2 0 |f(ρ)|(1 + λ/ρ)^{−γ} ρ^{n−1p} dρ. (iv) The case z = −1/2 of the preceding estimates holds if W_{−1/2,λ} is replaced by the operator R_{λ,4} with kernel R_{λ,4} as in (2.17).

Proof. Note that (4.20) follows from Lemma 4.1 (c). Moreover if |μ| ≥ 2 which is currently assumed we have by (2.9) ρ^{n2 +b−1}r^{b− n2} |μ(t, r, ρ)|^{−(λ−b+1)} ≤ ρ^{n2 +b−1}r^{b− n2} | | t^2 − r^2 − ρ^2 2rρ | |^{b−n/2}2^{n−2}_{2 −λ} = ρ^{n−1}2^{n/2−b}|t^2 − r^2 − ρ^2|^{b−n/2}2^{n−22 −λ} Thus setting

(4.23) E_bf(t, r) := ∫ r^2+ρ^2 +4rρ<t^2 (t^2 − r^2 − ρ^2)^{b−n/2}ρ^{n−1}|f(ρ)|dρ we have from (4.1.3) |W_{z,λ}f(t, r)| ≲ (1 + λ)^{−b}2^{−(λ− n−22 )}E_bf(t, r). First assume that 0 ≤ t^2 − r^2 ≤ 1/4; then r ≥ 1/2. One checks that

r^2 + ρ^2 + 4rρ < t^2 ⇐⇒ ρ r < 2 ( √ 1 + 1 4 t^2 − r^2

r^2 − 1 )

where the second relation implies that ρ ≤ (t^2 − r^2)/2r ≤ (t^2 − r^2) (since r ≥ 1/2). It follows that in this case

2^{−λ}E_bf(t, r) ≲ 2^{−λ}(t^2 − r^2)^{b− n2}

∫_t2_{−r}2 0 |f(ρ)|ρ^{n−1}dρ ≲ (t^2 − r^2)^{b− n2}

∫_t2_{−r}2 0 |f(ρ)|(1 + λ/ρ)^{−γ} ρ^{n−1−γ} dρ ≲ (t^2 − r^2)^{(n−1)( 12 − 1p )+ 2b+12 −γ} 1 t^2 − r^2

∫_t2_{−r}2 0 |f(ρ)|(1 + λ/ρ)^{−γ} ρ^{n−1p} dρ. (4.24)

For the second inequality observe that 2^{−λ}ρ^γ ≲ (1 + λ/ρ)^{−γ} uniformly for λ ≥ 0 and 0 < ρ ≤ 2. For the last inequality we use the assumption that γ ≤ (n − 1)/p^′ and the last term is controlled by the right hand side of (4.22) since we assume that γ ≤ (n − 1)(1/2 − 1/p) + (2b + 1)/2.

Finally assume that t^2 − r^2 ≥ 1/4. Clearly | |E_b[fχ_{[0,1/8]}](t, r) | | ≲ ∫_{1/8} 0 |f(ρ)|ρ^{n−1}dρ so that W_{z,λ}[fχ_{(0,1/8)}](t, r) can be estimated by the first term on the right hand side of (4.21).

Next, if ρ > 1/8 then t^2 −r^2 −ρ^2 ≈ √ t^2 − r^2 −ρ and also on the support of the integrand √ t^2 − r^2 −ρ ≥ (t^2 − r^2 − ρ^2)/6 ≥ 2rρ/3 ≥ r/12. Therefore E_b[fχ_{[1/8,2]}](t, r) ≲ ∫ √ t^2−r^2−ρ≥r/12 ( √ t^2 − r^2 − ρ)^{b− n2} |f(ρ)|ρ^{n−1}dρ, and since now ρ ≈ 1 the estimate

(4.25) 2^{−λ}E_b[fχ_{[1/8,2]}](t, r) ≲ w_b(r)M [ χ_{[1/8,2]}(1 + λ/ρ)^{−γ} ρ^{n−1}f ] ( √ t^2 − r^2)

follows by standard arguments. □

Now we estimate the operators R_{λ,i}, with kernels R_{λ,i}, i = 1, 2, 3 which occur in (2.17). Let H be the Hilbert transform on the real line; moreover define

(4.26) M^∗f := Mf + M[Hf].

Lemma 4.5. Suppose that p > 2. There is a constant C (independent of λ) so that the following pointwise inequalities hold for 1 ≤ t ≤ 2.

(i) Suppose that r ≤ 4. Then

|R_{λ,1}f(t, r)| ≲ Cr^{− n−12} ∑ ± [ |f(±r ± t)||(±r ± t)|^{n−1p} ] , (4.27) |R_{λ,3}f(t, r)| ≲ r^{− n−12} ∑ ± M [ χ_{[0,6]}f(·)(·)^{n−1p} ] (±r ± t). (4.28)

Let I_m = [2^{−m}, 2^{1−m}]. Then

(4.29) |R_{λ,2}f(t, r)| ≲ r^{− n−12} ∞∑ m=−1 | |M^∗[χ_{Im} f(·)(·)^{n−1}2 ](t − r) | |.

(ii) Suppose that r ≥ 4. Then R_{λ,2}f(t, r) = 0 and |R_{λ,1}f(t, r)| ≤ Cr^{− n−1p} ∑ ± [ |f(r ± t)||(r ± t)|^{n−1p} ] , (4.30) |R_{λ,3}f(t, r)| ≤ Cr^{− n−1p} ∑ ± M [ f(·)(·)^{n−1p} ] (r ± t). (4.31)

Proof. Estimates (4.27), (4.30) are immediate from the definition (2.19) of R_{λ,1}. By (2.21.1/2) we obtain the pointwise inequality χ_{(−2,1)}(μ)|R_{λ,3}(t, r, ρ)| ≲ ( ρ r ) n−1_2^∞∑ m=0 min{λ^{1/2}2^{−m/4}, λ^{−1/2}2^{m/4}}(A_m + B_m)

so that the estimates (4.28), (4.31) follow from Lemma 4.2.

From Lemma 4.1 it follows that R_{λ,2}f(t, r) = 0 if r > 2. For r ≤ 2 we use 1 t + r + ρ 1 ρ − t + r = 1 2t ( 1 ρ − t + r − 1 t + r + ρ ) .

Let F_mf(ρ) = χ_{Im} (ρ)ρ^{n−12} f(ρ).

The integral operator with kernel

(ρ/r)^{(n−1)/2}(2t)^{−1}(t + r + ρ)^{−1}ζ(λ √ |1 − μ^2(t, r, ρ)|)χ_{Im} (ρ), when applied to f, is easily seen to be bounded by r^{−(n−1)/2} ∫ I_m |f(ρ)|ρ (n−1)/2dρ which in turn is trivially

bounded by r^{−(n−1)/2}M [ F_mf](t − r). It remains to estimate the principal value operator T with kernel ( ρ r )_{(n−1)/2} p.v. 1 ρ − t + r ζ(λ √ |1 − μ^2(t, r, ρ)|)χ_{(−2,0)}(μ(t, r, ρ)). Observe that for −2 ≤ μ ≤ 0 we have

1 − μ^2 ≈ 1 + μ ≈ |r + ρ − t| rρ and also r, ρ ≤ 2, r + ρ > 1/2 by Lemma 4.1.

Introduce the dyadic cutoff β_k(s) = ζ(2^{−k−1}s) − ζ(2^{−k}s) where the even function ζ is defined as in the statement of Theorems 2.1 and 2.2. Let T_{k,m}f(t, r) = r^{−(n−1)/2}× p.v. ∫ 1 ρ − t + r ζ(λ √ |1 − μ^2(t, r, ρ)|)χ_{(−2,0)}(μ(t, r, ρ))β_k(r + ρ − t)χ_{Im} (ρ)ρ^{(n−1)/2}f(ρ)dρ and ~T_{k,m}f(t, r) = r^{−(n−1)/2}p.v. ∫ 1 ρ − t + r β_k(r + ρ − t)χ_{Im} (ρ)ρ^{(n−1)/2}f(ρ)dρ. We observe that T [χ_{Im} f](t, r) = ∑ k T_{k,m}f(t, r) where the sum is extended over those k with 2^k ≲ λ^{−2}2^{−m}r.

Suppose that |r + ρ − t| ≈ λ^{−2}2^{−m−s}r for s ≥ 0. Then |ζ(λ √ |1 − μ^2|) − 1| ≲ λ √ |1 − μ^2| ≤ λ(^{|r+ρ−t|}_{rρ} )^{1/2} ≤ 2^{−s/2} and from this one deduces that ∑ 2^k ≲λ^{−2}2^{−m}r |Tk,mf − ~Tk,mf| is dominated by r^{−(n−1)/2}M [ F_mf ] (t − r). By Cotlar’s inequality ∑ k ~T_{k,m} is dominated by M[F_mf] + M(H[F_mf]), where H is the Hilbert transform; see [32, §I.7.3]. Thus (4.29) follows. □

The previous estimates can also be applied to the main (oscillatory) term in (2.24) to prove L^∞ bounds; the oscillation is irrelevant here.

Lemma 4.6. Suppose p > 2, 1 ≤ t ≤ 2 and (4.32) P_{b,λ}(t, r, ρ) := { r^{b− n2} ρ^{n2 +b−1}λ^{−b}(1 − μ(t, r, ρ)^2)^{b−12} if |μ| ≤ 1 and λ √ 1 − μ^2 ≥ 1 0 otherwise.

Let P_{b,λ} be the associated integral operator and let G_{p,b}F be as in (4.9) (with γ = b).

(i) Suppose that b ≥ −1/2. Then

(4.33) ( ∑ j |P_{b,λj} f(t, r)|^2 )_{1/2} ≲ r^{b+ 12 − n−12} ∑ ± M[χ_{[0,6]}G_{p,b}F ](r ± t) if r ≤ 4, and (4.34) ( ∑ j |P_{b,λj} f_j (t, r)|^2 )_{1/2} ≲ r^{− n−1p} ∑ ± M [ G_{p,b}F ] (r ± t) if r ≥ 4.

(ii) Suppose that b ≥ (n − 2)/2. Then

(4.35) sup_{1≤t≤2} sup_{r>0} ( ∑ j |P_{b,λj} f_j (t, r)|^2 )_{1/2} ≲ sup_{ρ>0} ( ∑ j |(1 + λ_j /ρ)^{−b}f_j (ρ)|^2 )_{1/2} .

Proof. This follows from the pointwise estimate (4.36) |P_{b,λ}| ≲ λ^{−b} ∑ ℓ≥0 ρ^{n2 +b}r^{b+1− n2} 2^{− b+12 ℓ}(A_ℓ + B_ℓ), 1 ≤ t ≤ 2;

the proof is analogous to the proof of Lemma 4.3. (ii) follows from the obvious modification of (i) for the case p = ∞. □

In order to derive endpoint bounds for p = 2n/(n − 1) we need the following lemma, a variant of which has been used already by Colzani, Cominardi and Stempak [10].

Lemma 4.7. Let n ∈ R, n > 0 and r → u(r) be a measurable real-valued function on R^+ . Assume 1 ≤ p < ∞. For g ∈ L^p(R, dx) define Sg(t, r) = r^{−n/p}g(t + u(r)). Consider the measure dμ_n = dt r^{n−1}dr on R × R^+ and let E_α(f) := {(t, r) : |Sg(t, r)| > α}. Then for α > 0

(4.37) μ_n ( E_α(f) ) = n^{−1}α^{−p} ∫ |g(x)|^pdx

Proof. We perform the change of variable (x, r) = (t + u(r), r). Then

μ_n(E_α) = ∫ r^{n−1} ∫ x:|g(x)|>αr^{n/p} dx dr = ∫ ∫ r:r<[|g(x)|/α]^{p/n} r^{n−1}dr dx = n^{−1}α^{−p} ∫ |g(x)|^pdx. □

Remark. In our context u(r) = ±r. Colzani, Cominardi and Stempak [10] used a similar lemma to prove the weak type (p_0, p_0) space time estimate for the wave operator on radial functions; here p_0 = 2n/(n − 1). To relate this to the estimates in [25] we remark that the weak type inequality could also be obtained by applying Lemma 4.7 to the terms arising in formula (3.4) in [25].

We are now ready to give the

Applications to the operators arising in Theorems 2.1 and 2.2.

Denote by R_{λ,i}, i = 1, . . . , 4 the operators with kernels R_{λ,i} in (2.17), (2.19-22). We begin by verifying the analogue of the estimate (2.29) for these operators, as well as the corresponding weak type and restricted weak type estimates in Theorem 2.5; in fact for the operators {R_{λj ,i}} this distinction is irrelevant as we prove weak type inequalities. We remark that none of the estimates involves the factor (1 + λ_j /ρ)^ε in (2.29); again this is only needed for the estimation of the oscillatory terms.

Proposition 4.8.

(i) Let 2 < p < 2n/(n − 1) and i ∈ {1, 2, 3, 4}. Then

(4.38) ( ∫ 2 1 ∫_∞ 0 ( ∑ j |R_{λj ,i}f_j (t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p} ≲ ( ∫ ∞ 0 ( ∑ j |f_j (ρ)|^2 )_{p/2} ρ^{n−1}dρ )_{1/p} .

(ii) Denote by μ_n the measure dt r^{n−1}dr on [1/2] × R^+ . Let E^i_α be the set of all (t, r) ∈ [1, 2] × R^+

such that ( ∑ j |R_{λj ,i}f_j (t, r)|^2 )_{1/2} > α. Let p_0 = 2n/(n − 1). Then for i = 1, 2, 3, 4 and for all α > 0

(4.39) μ_n ( E^i_α ) ≤ Cα^{−p0} ( ∫ ∞ 0 ( ∑ j |f_j (ρ)|^2 )_{p0 /2} ρ^{n−1}dρ )_{1/p0} .

(iii) Let P_{−1/2,λ} be as in (4.32). Then statement (ii) holds with with R_{λj ,i} replaced by the operator (1 + λ_j /ρ)^{−1/2}P_{−1/2,λj} .

Proof. For i = 1, 2, 3 the statements (i) and (ii) are a consequence of Lemmas 4.5 and 4.7 and the vector valued maximal inequality of Fefferman and Stein (see [32]).

First for the region where r ≥ 4 estimates (4.30) and (4.31) yield strong type estimates for all p > 2. In order to prove the estimates (4.27-29) we observe that the function r^{(n−1)(1−p/2)} is integrable near the origin if p < 2n/(n − 1), and one considers for fixed r the maximal functions as functions of t.

The term r^{− n−12} M [ χ_{[1/8,2]}f(·)(·)^{n−1} ] ( √ t^2 − r^2) in the bound for R_{λ,4} can be reduced to the previous situation by changing variables t → r + √ t^2 − r^2. Note that in the present case √ t^2 − r^2 ≈ 1, r, ρ ≤ 2 so that there is no essential contribution from the Jacobian of the change of variable. This yields the asserted estimate for R_{λ,4}. The endpoint weak type estimate (ii) is deduced using Lemma 4.7. (iii) follows in the same way from Lemmas 4.6 and 4.7. □

We shall now prove the analogue of (2.30-32) for the remainder terms {V_{z,λj} }, {W_{z,λj} } as well as the appropriate endpoint estimates in the case z + 1/2 = n(1/2 − 1/p) − 1/2. Again the estimates are slightly better than what is stated in Theorems 2.3/2.5.

Proposition 4.9. (i) Let p > 2, z = b + iτ, b > −1/2, 0 ≤ γ ≤ (2b + 1)/2, and b + 1 > n(^1_2 −^1_p ). Then

(4.40) ( ∫ 2 1 ∫_∞ 0 ( ∑ j |V_{z,λj} f_j (t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p} ≲ ( ∫ ∞ 0 ( ∑ j |(1+λ_j /ρ)^{−γ} f_j (ρ)|^2 )_{p/2} ρ^{n−1}dρ )_{1/p} . If in addition b + 1/2 ≤ (n − 1)/p^′ then

(4.41) ( ∫ 2 1 ∫_∞ 0 ( ∑ λ_j >Re(z)−1 |W_{z,λj} f_j (t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ ( ∫ ∞ 0 ( ∑ j |(1 + λ_j /ρ)^{−γ} f_j (ρ)|^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

(ii) Denote by μ_n the measure dtr^{n−1}dr and assume p > 2, z = b + iτ, b + 1 = n(^1_2 −^1_p ), 0 ≤ γ ≤ (2b + 1)/2.

Let E_α(V, z) be the set of all (t, r) ∈ [1, 2] × R^+ such that ( ∑ j |V_{z,λj} f_j (t, r)|^2)^{1/2} > α and similarly define E_α(W, z), replacing V_{z,λ} by W_{z,λ}. Define p_0(b) by b + 1 = n(1/2 − 1/p_0(b)). Then for all α > 0

(4.42) μ_n ( E_α(V, b + iτ) ) ≲ α^{−p0 (b)} ( ∫ ∞ 0 ( ∑ j |(1 + λ_j /ρ)^{−γ} f_j (ρ)|^2 )_{p0 (b)/2} ρ^{n−1}dρ )_{1/p0 (b)} .

The same inequality holds with E_α(V, b + iτ) replaced by E_α(W, b + iτ). (iii) Statement (ii) holds with V_{b+iτ,λj} replaced by P_{b,λj} (1 + λ_j /ρ)^{−1/2}.

Proof. Similar to the proof of Proposition 4.8; for (4.40) one uses Lemma 4.3 and for (4.41) one uses Lemma 4.4. Again for the endpoint estimates one uses Lemma 4.7. Finally for statement (iii) we use the estimate in Lemma 4.6. □

We also obtain the

Proof of the L^∞ estimate (2.32). The relevant estimates follow immediately from Theorem 2.2 and Lemmas 4.3, 4.4 and 4.6. Note that (2.1) and the assumption b < n/2 implies λ_j > b − 1, which is needed for Lemma 4.4. □

In a similar fashion we obtain the

Proof of the weak type endpoint inequality (2.34). We estimate the kernel of O_{z,λj} by P_{b,λj} and apply Proposition 4.8 (ii), (iii) in the case b = −1/2, τ = 0 and Proposition 4.9 (ii), (iii) in the case b > −1/2. The additional restriction γ ≤ n(1/2 − 1/p) − 1 for the weak type estimates comes from parts (iii) of these propositions. □

5. Estimation of the oscillatory terms

In this section we shall prove the vector valued L^p(ℓ^2) estimates for the oscillatory integral operator O_{z,λ} with kernel {O_{z,λ}}; i.e. O_{z,λ}f = ⟨O_{z,λ}(t, r, ·), f⟩. We keep the convention about the dependence of the constants on Im(z) stated in the previous section.

‖ · ‖_p will always denote an L^p norm on R with respect to the measure dρ.

We first introduce a decomposition in terms of the quantity √ 1 − μ^2. Let η ∈ C^∞(R) so that η(s) = 0 for |s| ≤ 1/2 and η(s) = 1 for |s| ≥ 9/16. Define

η_0(μ) := η(1 − μ^2)χ_{(−1,1)}(μ) η_ℓ(μ) := [ η(2^ℓ(1 − μ^2)) − η(2^{ℓ−1}(1 − μ^2)) ] χ_{(−1,1)}(μ) if ℓ ≥ 1.

Note that for ℓ ≥ 1 the function η_ℓ is supported where (1 − μ^2) ∈ (2^{−ℓ−1},^9_8 2^{−ℓ}). Now μ^2 ≥ 7/16 on its support and from this one easily sees that η_ℓ is supported in the union of the intervals (1 − 2^{−ℓ}, 1 − 2^{−ℓ−2}) and (−1 + 2^{−ℓ−2}, −1 + 2^{−ℓ}). Set O_{z,λ,ℓ}(t, r, ρ) := O_{z,λ}(t, r, ρ)η_ℓ(μ(t, r, ρ)). We thus localize for ℓ > 0 where 1 ± μ(t, r, ρ) is of the order of 2^{−ℓ}. For ℓ > 0 we also set O^+_{z,λ,ℓ}(t, r, ρ) := O_{z,λ,ℓ}(t, r, ρ)χ_{(0,1)}(μ) O^−_{z,λ,ℓ}(t, r, ρ) := O_{z,λ,ℓ}(t, r, ρ)χ_{(−1,0)}(μ). We denote by O_{z,λ,ℓ} and O^±_{z,λ,ℓ} the integral operators with kernels O_{z,λ,ℓ} and O^±_{z,λ,ℓ}, respectively.

The main purpose of this section is to prove the following

Proposition 5.0. Suppose 2 ≤ p < ∞, b = Re(z) ≥ −1/2 and 0 ≤ γ ≤ min{b + 1/2, b + 2/p}. Let I be a compact subinterval of (1, 2), and let

(5.0.1) ω_{γ,p}(λ, ρ) := { [ log(2 + λ/ρ) ]_{1/2−1/p} (1 + λ/ρ)^{−γ} if 2 ≤ p ≤ 4 (_p p−4 )_{1/4} (1 + λ/ρ)^{−γ} if p > 4 and, for F = {f_j }, G_{γ,p}(F, ρ) := ( ∑ j | |ω_{γ,p}(λ_j , ρ)f_j (ρ) | |^2 )_{1/2} . Then the following conclusions hold.

(i) O_{z,λj ,ℓ}f_j (t, r) = 0 if r ≥ 2^{(ℓ+6)/2}, and O^−_{z,λj ,ℓ}f_j (t, r) = 0 if r ≥ 4.

(ii) For 3 ≤ L ≤ (ℓ + 6)/2 let χ_L be the characteristic function of the interval [2^{L−1}, 2^{L+1}]. Then

(5.0.2) ( ∫ I ∫_2L+1

2^L ( ∑ λ_j ≥2^{ℓ/2} | |O_{z,λj ,ℓ}f_j (t, r) | |^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ ( ∫ [ G_{γ,p}(F χ_L, ρ) ]_p (2^{−ℓ}ρ^2)^{p 2b+14} min{1, (2^{−ℓ}ρ^2)^{14 − 1p} }^pρ^{n−1}dρ )_{1/p} .

(iii) Let χ ∈ C^∞(R^+ ) be supported in (10^{−4}, ∞). Then

(5.0.3) ( ∫ I ∫_8

10^{−3} ( ∑ λ_j ≥2^{ℓ/2} | |O_{z,λj ,ℓ}[χf_j ](t, r) | |^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ 2^{−ℓ 2b+14} min{1, 2^{−ℓ( 14 − 1p )}} ( ∫ 10 10^{−4} [ G_{γ,p}(F, ρ) ]_p ρ^{n−1}dρ )_{1/p} .

(iv) Let R ≤ 10^{−3}. Then

(5.0.4) ( ∫ I ∫_R R/2 ( ∑ λ_j ≥2^{ℓ/2} | |O_{z,λj ,ℓ}f_j (t, r) | |^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ 2^{−ℓ 2b+14} min{1, 2^{−ℓ( 14 − 1p )}}R^{np − n2 +b+1} ( ∫ ∞ 0 [ G_{γ,p}(F, ρ) ]_p ρ^{n−1}dρ )_{1/p} .

(v) Let R ≤ 10^{−3} and let χ_R be the characteristic function of the interval [R/2, R]. Then

(5.0.5) ( ∫ I ∫_∞ 0 ( ∑ λ_j ≥2^{ℓ/2} | |O_{z,λj ,ℓ}[χ_Rf_j ](t, r) | |^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ 2^{−ℓ 2b+14} min{1, 2^{−ℓ( 14 − 1p )}} min{R^{(n−2)( 12 − 1p )}, R^{n( 12 − 1p )− 2p} } ( ∫ ∞ 0 [ G_{γ,p}(F, ρ) ]_p ρ^{n−1}dρ )_{1/p} .

We shall split O_{z,λ,ℓ} into a finite number of pieces, where each one of them possesses a certain localization property which then suggests an appropriate rescaling.

5.1 Localization. We shall now prove localization properties refining those in Lemma 4.1; the finer localizations depend on the size of the quantities 1 ∓ μ(t, r, ρ), cf. (2.14.1/2). The results are stated separately for the cases μ ≥ 0 and μ < 0 in Lemma 5.1.1 and Lemma 5.1.2, respectively.

Lemma 5.1.1. Suppose that 1 ≤ t ≤ 2 and that 0 < δ/4 < 1 − μ(t, r, ρ) < δ < 2.

If (t, r, ρ) ∈ supp O_{z,λ}, then the following statements hold. (i) |r − ρ| ≤ 2. (ii) δr^2 ≤ 32.

(iii) Let R ≥ 8 and δR^2 ≤ 1/16. If R/2 ≤ r, ρ ≤ 2R, then we have |r − ρ| ≥ 1/2 and

ρ − 8δR^2 ≤ r − t ≤ ρ − δR^2 32 , if r − ρ ≥ 0, ρ + δR^2/32 < r + t < ρ + 8δR^2, if r − ρ ≤ 0.

(iv) If r ≤ 1/4 then 1/2 < ρ < 3. Moreover if also R/2 ≤ r ≤ 2R then r + t − 12δR ≤ ρ < r + t − δR/32. (v) If 1/8 ≤ r ≤ 4 and if R/2 ≤ ρ ≤ 2R, R ≤ 1/4 then δR/200 ≤ t − r + ρ ≤ 32δR. (vi) If 1/8 ≤ r ≤ 4 and if ρ ≤ 10^{−3} then |t − r| ≤ 1/5. (vii) Let 10^{−4} ≤ r, ρ ≤ 10 and δ ≤ 10^{−7}. Then ρ − 200δ ≤ r − t ≤ ρ − 10^{−7}δ if r − ρ ≥ 0 ρ + 10^{−7}δ < r + t < ρ + 200δ if r − ρ ≤ 0.

Proof. The assumption δ/4 < 1 − μ < δ is equivalent with

(5.1.1) t^2 − 2δrρ < (r − ρ)^2 < t^2 − δ 2 rρ. (i) follows immediately since t ≤ 2. We also have δrρ ≤ 8 and (ii) follows since δ < 2 and since ρ ≥ r/2 if r ≥ 4. If R/2 ≤ r, ρ ≤ 2R, then √ t^2 − 8δR^2 ≤ |r − ρ| ≤ √ t^2 − δR^2/8 by (5.1.1). We use the inequalities 1 − x ≤ √ 1 − x ≤ 1 − x/2 for 0 ≤ x ≤ 1 and the assumption 1 ≤ t ≤ 2 and arrive at t − 8δR^2 ≤ t √ 1 − 8t^{−2}δR^2 ≤ |r − ρ| ≤ t √ 1 − t^{−2}δR^2/8 ≤ t − δR^2/32;

hence (iii).

From (5.1.1) we see that t^2 − r^2 ≤ ρ^2 + 2rρ and if r ≤ 1/4 it follows that 15/16 ≤ t^2 − r^2 ≤ ρ^2 + ρ/2 which implies ρ > 1/2. Clearly also ρ < 3 by (i), and therefore if r/R ∈ [1/2, 2] then by (5.1.1) t^2 − 12δR ≤ (ρ − r)^2 ≤ t^2 − δR/8. Arguing as for (iii) we derive t − 12δR ≤ ρ − r ≤ t − δR/32; hence (iv).

Next, (5.1.1) implies_1 2 δrρ < (t − r + ρ)(t + r − ρ) < 2δrρ. Now if 1/8 ≤ r ≤ 4 and if R/2 ≤ ρ ≤ 2R, R ≤ 1/4 then t + r − ρ ∈ [^1_2 , 6] and (v) is a consequence.

(vi) follows from (v). For (vii) we have rρ ≥ 10^{−5} by (iv) and therefore t^2 − 200δ ≤ (r − ρ)^2 ≤ t^2 − δ10^{−5}/2. Arguing as for (iii) we obtain (vii). □

Lemma 5.1.2. Suppose that 1 ≤ t ≤ 2 and that 0 < δ/4 < 1 + μ(t, r, ρ) < δ ≤ 1/2.

If (t, r, ρ) ∈ supp O_{z,λ}, then the following statements hold. (i) 1 ≤ r + ρ ≤ 3.

(ii) If r < 3, 10^{−4} ≤ ρ ≤ 3, and R/2 ≤ r ≤ 2R, then t − r + 10^{−6}δR ≤ ρ ≤ t − r + 6δR. (iii) If 1/2 ≤ r ≤ 3 and ρ < 10^{−2}, R/2 ≤ ρ ≤ R then 10^{−2}δR ≤ r − t + ρ ≤ 3δR; in particular |t − r| ≤ 10^{−1}.

Remark. Under the hypotheses of Lemmas 5.1.1 and 5.1.2, the cases (iii)-(vii) in Lemma 5.1.1 and (ii)-(iii) in Lemma 5.1.2 exhaust all possibilities, see also Lemma 4.1. Proof. The assumption δ/4 < 1 + μ < δ is equivalent with (5.1.2) t^2 +^1_2 δrρ < (r + ρ)^2 < t^2 + 2δrρ. (i) follows since we assume 1 ≤ t ≤ 2 and δ ≤ 1/2.

If r < 3, 10^{−4} ≤ ρ ≤ 3, and R/2 ≤ r ≤ 2R, then t^2 + 10^{−4}δR/4 < (r + ρ)^2 < t^2 + 12δR.

Since 1 + x/4 ≤ (1 + x)^{1/2} for 0 ≤ x ≤ 3 and (1 + x)^{1/2} ≤ 1 + x/2 for x ≥ 0 we derive t + 10^{−4}δR/64 ≤ r + ρ ≤ t + 6δR and therefore (ii).

Next it follows from (5.1.2) that 1 2 δrρ ≤ (r + ρ − t)(r + ρ + t) ≤ 2δrρ ≤ 6δR. Moreover 2 ≤ r + ρ + t ≤ 5, by (i). Now one easily concludes (iii). □ 5.2 Estimates for localized operators. We shall now give estimates for various localizations of the operators O_{z,λ,ℓ}; the formal decomposition of O_{z,λ,ℓ} is then discussed in §5.8. below. The localized operators can be estimated using Theorem 3.1 once some rescaling, and, in some cases, some nonlinear change of variables is performed. We shall first describe the general argument; it is applied in the subsequent sections 5.3-7 to specific situations.

We fix 0 < δ < 3/2 and consider operators

(5.2.1) A_λf(t, r) = ∫ A_λ(t, r, ρ)f(ρ)dρ = ∫ a_λ(t, r, ρ)e^{iλ arccos μ(t,r,ρ)}f(ρ)dρ where the symbols a_λ have the property that

(5.2.2) μ ∈ (1 − δ, 1 − δ/4) ∪ (−1 + δ/4, −1 + δ) if (t, r, ρ) ∈ supp A_λ.

In all cases we shall use changes of variables

(5.2.3) (t, r) = (t(x)), r(x)), x = (x_1, x_2), and (5.2.4) ρ = ρ(y) = ρ_0 + γy

which depend on the particular case considered. In each case we shall have

(5.2.5) C_1M ≤ | | det ∂(t, r) ∂(x_1, x_2) | | ≤ C_2M for some positive M and some absolute positive constants C_1, C_2. The changes of variables will also have the property that the C_N norms of

μ̃(x, y) = μ(t(x), r(x), ρ(y)) (5.2.6) ϕ(x, y) = δ^{−1/2} arccos μ̃(x, y)

(5.2.7) ã_λ(x, y) = a_λ(t(x), r(x), ρ(y)) (5.2.8)

will be bounded by an absolute constant (here N is large, but fixed, as in Theorem 3.1), and ~a_λ will be supported in a fixed ball. Moreover we shall have the conditions | |CS[ϕ] | | ≥ C (5.2.9) | |ϕ_{x2y} | | ≥ C. (5.2.10)

for some absolute constant C > 0.

Using this setup one computes

(5.2.11) A_{λj} h_j (t(x), r(x)) = γ ~A_{λj}^√_δg_j (x) where g_j (y) = h_j (ρ_0 + γy)

and where ~A_λ^√_δ is defined by

(5.2.12) ~A_λ^√_δ g(x) = ∫ ã(x, y)e^{iλ√δϕ(x,y)}g(y)dy. Assuming that the C^N norms of (5.2.6-8) are bounded and that (5.2.9/10) holds we can then apply Theorem 3.1 to the operators ~A_{λj}^√_δ if λ^2_j δ ≥ 1. Let

(5.2.13) Ω_p(λ) = { λ^{−1/2}[log(2 + λ)]^{12 − 1p} if 2 ≤ p ≤ 4 (_p p−4 )_{1/4} λ^{−2/p} if 4 < p < ∞ ; we exclude the case p = ∞ just for notational reasons since it has already been dealt with in §4. By (5.2.4/5) we obtain

( ∫ ( ∑ λ^2_j δ≥1 |A_{λj} h_j (t, r)|^2 )_{p/2} dtdr )_{1/p} ≲ M^{1/p}γ ( ∫ ( ∑ λ^2_j δ≥1 | | ~A_{λj} √_δg_j (x) | |^2 )_{p/2} dx )_{1/p}

≲ M^{1/p}γ ( ∫ ( ∑ λ^2_j δ≥1 | Ω_p(λ_j √ δ)g_j (y) |_2)p/2 dy )_{1/p}

≲ M^{1/p}γ^{1−1/p} ( ∫ ( ∑ λ^2_j δ≥1 | Ω_p(λ_j √ δ)h_j (ρ) |_2)p/2 dρ )_{1/p} . (5.2.14)

Notation. In the following sections 5.3-7 we shall discuss different localizations. In each case we shall use the above notation, although the changes of variables (5.2.3/4) will differ. L^p norms will be taken with respect to Lebesgue measure in R^2 or R. N will be a fixed large number large (chosen so that Theorem 3.1 can be applied). B_N will be the class of C^N functions with support in (−1, 1) so that ‖χ‖_CN ≤ 1. We assume that χ_1, χ_2, χ_3, χ_4 ∈ B_N . The C^∞ function χ will be supported in (1, 2). We also assume that ζ ∈ C^∞_0 (−1, 1) so that ζ(s) = 1 if |s| ≤ 1/2 and that β ∈ C^∞_0 so that supp β ⊂ (1/4, 1).

5.3. The case ρ ≈ r ≥ 10^{−4}, μ > −1/2. Suppose that R ≥ 10^{−4} and

r_0, ρ_0 ∈ (10^{−4}, ∞), |r_0 − ρ_0| ≤ 4, R/2 ≤ r_0 ≤ 2R, δR^2 ≤ 10^2, |s_0 − ρ_0| ≤ 10^3δR^2.

We use the symbol ϵ = ±1 with a fixed choice of 1 or −1.

Let μ = μ(t, r, ρ) and define

(5.3.1) a_λ(t, r, ρ) = (1 − ζ((λ + 1) √ 1 − μ^2))β( 1 − μ δ )χ_1(10^{10} ρ − ρ_0 δR^2 )χ_2(10^{10}(r − r_0))χ_3( r − ϵt − s_0 δR^2 )χ_4(t).

Lemma 5.3.1. Let p ≥ 2 and let A_λ be defined by (5.2.1), (5.3.1). Then ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 |A_{λj} h_j |^2 )_{1/2}‖ ‖_p ≲ δR^2 ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 | |Ω_p(λ_j √ δ)h_j | |^2 )_{1/2}‖ ‖_p

where C does not depend on δ and R.

Proof. We introduce coordinates as in (5.2.3/4) with

(5.3.2)

(t(x), r(x)) = (x_1, ϵx_1 + s_0 + δR^2x_2),

ρ(y) = ρ_0 + δR^2y.

Then γ = M = δR^2 in (5.2.4/5), so that the assertion follows from (5.2.14) once the bounds on μ̃, ϕ and ã_λ are checked, as well as (5.2.9/10).

The assertion on the support of ã is easily verified. Concerning the lower bounds in (5.2.9-10) we use Proposition 3.4 observing that ϕ(x, y) = δ^{−1/2}ψ(t, r, ρ) where ψ is defined in (3.44). Then ψ_{rρ} ≈ δ^{−3/2}R^{−4} if 1 − μ ≈ δ. We compute ϕ_{x2 y} = δ^{−1/2}(δR^2)^2ψ_{rρ} ≈ 1.

Using also Remark 3.5 we obtain

CS[ϕ] = δ^{−1}(δR^2)^4CS[ψ] = t^3(R^8r^{−5}ρ^{−3})(δ/ √ 1 − μ^2)^3 ≈ 1.

Now let s = r − ϵt and define ν(t, s, ϱ) := μ(t, s + ϵt, ϱ) so that

(5.3.3) ~μ(x, y) = ν(x_1, s_0 + δR^2x_2, ρ_0 + δR^2y).

Then, by Proposition 3.4 ν_t = μ_t + ϵμ_r = ϵ s^2 − ϱ^2 2(s + ϵt)^2ϱ , hence ∂^k_t ν = c_k s^2 − ϱ^2 (s + ϵt)^{k+1}ϱ , k ≥ 1. Moreover,

ν_s = s^2 − ϱ^2 2(s + ϵt)^2ϱ + ϵt (s + ϵt)ϱ , ν_ϱ = ϱ^2 − s^2 2(s + ϵt)ϱ^2 − ϵts (s + ϵt)ϱ^2 and, since |s^2 − ϱ^2| = |(s − ϱ)(s + ϱ)| ≈ δR^2R, one finds by induction |∂^k_t ν| ≤ C_k(δR^2)R^{−k−1} |∂^k_t ∂^i_s∂^j_ρν| ≤ C_{k,i,j} R^{−2} if i + j > 0. Using (5.3.3) this implies (5.3.4) |∂^k_{x1} ∂^i_{x2} ∂^k_y μ̃| ≤ C_{k,i,j} δ, if k + i + j > 0. Moreover, one checks that for k = 0, 1, 2, . . .

(5.3.5) | (_d dμ )_k arccos(μ)| ≤ c_kδ^{1/2−k} if 1 − μ ≈ δ.

By the chain rule and induction one verifies that

(5.3.6) D^αϕ = δ^{−1/2} |α|∑ k=0 ∑ β^1,...,β^k ∑ |β^j |≤|α| C_{α,j,β}1_{,...,β}k arccos^{(k)} ∘μ̃ (D^{β1}μ̃) . . . (D^{βk} μ̃),

and it easily follows that the C_N norm of ϕ is bounded independently of δ and R.

Note that the derivatives of the function 1 − ζ((1 + λ) √ 1 − μ^2) vanish on the support of β((1 − μ)/δ) if δ ≳ (1 + λ)^{−2}. Moreover, for any κ ∈ R,

(5.3.7) | (_d dμ )_k (1 − μ^2)^κ| ≤ C_k δ^{κ−k}

on this support. From this and (5.3.4) one quickly deduces that the C^N norm of the amplitude ã_λ is bounded independently of λ, δ and R. □

5.4. The case r ≤ 1/4, μ > −1/2. We now assume that (5.4.1) 1/4 ≤ ρ_0 ≤ 4, R/2 ≤ r_0 ≤ 2R ≤ 10^{−2}, 10^{−2}δR ≤ s_0 − ρ_0 ≤ 10^2δR and define

(5.4.2) a_λ(t, r, ρ) = (1 − ζ((λ + 1) √ 1 − μ^2))β( 1 − μ δ )χ_1(10^4 t + r − s_0 δR )χ_2(10^4 ρ − ρ_0 δR )χ_3(4 r − r_0 R )χ_4(t).

Lemma 5.4.1. Let p ≥ 2 and let A_λ be defined by (5.2.1) with a_λ as in (5.4.2). Then ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 |A_{λj} h_j |^2 )_{1/2}‖ ‖_p ≲ δR^{1+1/p} ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 | |Ω_p(λ_j √ δ)h_j | |^2 )_{1/2}‖ ‖_p where C does not depend on δ and R.

Proof. We now introduce coordinates (5.4.3) t(x) = s_0 + δRx_1 − Rx_2, r(x) = Rx_2, ρ(y) = ρ_0 + δRy. Then γ = δR, M = δR^2 in (5.2.4/5) and (5.2.14) will hold once uniform bounds for the functions in (5.2.6-8) and the lower bounds (5.2.9/10) are verified.

First observe that by Proposition 3.4 ψ_{tρ} − ψ_{rρ} = 1 (1 − μ^2)^{3/2} t r^2ρ^2 ( ρμ − r − t) = 1 (1 − μ^2)^{3/2} t 2r^3ρ^2

(ρ^2 − (t + r)^2).

On the support of a_λ we have that (ρ^2 − (t + r)^2) ≈ δR. Therefore

δ^{1/2}ϕ_{x2 y} = R^2δ(ψ_{tρ} − ψ_{rρ}) ≈ δ^{1/2};

hence (5.2.10). Next CS[δ^{−1/2}ψ] ≈ δ^{−1}δ^{−3}R^{−5} on the support of a_λ and by Remark 3.5 we see that |CS[ϕ]| ≈ 1. To verify the upper bounds on ã_λ and ϕ we put s := t + r and define (5.4.4) ν(s, r, ϱ) = μ(s − r, r, ϱ). Then, by Proposition 3.4

(5.4.5) ν_s = μ_t = r − s rϱ , ν_ϱ = − ν ϱ + 1 r , and ν_r = μ_r − μ_t = s^2 − ϱ^2 2r^2ϱ , hence

(5.4.6) ∂^k_r ν = c_k s^2 − ϱ^2 r^{k+1}ϱ , k ≥ 1. Since s ≈ ϱ ≈ 1, r ≈ R and |s^2 − ϱ^2| ≈ δR, one uses induction to deduce the following estimates from (5.4.5/6).

(5.4.7) |∂^k_r ν| ≤ C_k(δR)R^{−k−1}, if k ≥ 1, |∂^i_s∂^k_r ∂^j_ϱν| ≤ C_{k,i,j} R^{−k−1}, if i + j > 0. Since μ̃(x, y) = ν(s_0 + δRx_1, Rx_2, s_0 + δRy) this implies (5.4.8) |∂^i_{x1} ∂^k_{x2} ∂^j_yμ̃| ≤ C_{k,i,j} δ, if k + i + j ≥ 1. From here on, we can argue as in the proof of Lemma 5.3.1 to finish the proof. □

5.5. The case ρ ≪ 1, r ≈ 1, μ > −1/2.

We now assume that

(5.5.1) R ≤ 10^{−3}, R/2 < ρ_0 < 2R, 1 500 δR ≤ ρ_0 − s_0 ≤ 50δR and define

(5.5.2) a_λ(t, r, ρ) = (1 − ζ((λ + 1) √ 1 − μ^2))β( 1 − μ δ )χ_1(10^4 ρ − ρ_0 δR )χ_2(10^4 t − r + s_0 δR )χ_4(t).

Note that if (r, t, λ) ∈ supp a_λ then r ∈ (1/2, 3).

Lemma 5.5.1. Let p ≥ 2 and let A_λ be defined by (5.2.1) with a_λ as in (5.5.2). Then

(5.5.3) ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 |A_{λj} h_j |^2 )_{1/2}‖ ‖_p ≲ δ min{R^{1/2+1/p}, R^{1−1/p}} ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 | |Ω_p(λ_j √ δ)h_j | |^2 )_{1/2}‖ ‖_p

where C does not depend on δ and R.

Proof. We prove this inequality for p ≥ 4 and p = 2; the general case follows by interpolation.

To settle the case p ≥ 4 we set

(5.5.4) t = t(x) = R 2x_1 − s_0 − δRx_2 r = r(x) = R 2x_1 and (5.5.5) ρ = ρ(y) = ρ_0 + δRy.

Note that det ∂(t, r) ∂(x_1, x_2) = δR^2 2x^2_1 and that |x_1| ≈ R if (t(x), r(x), ρ(y)) ∈ supp a_λ. We therefore observe that the constant M in (5.2.5) can be chosen to be equal to δ. Since γ = δR the asserted estimate follows once the uniform estimate for {A_{λj}^√_δ g_j } is checked. We have already noticed that 1/2 ≤ r ≤ 3 for (r, t, λ) ∈ supp a_λ, moreover of course 1 ≤ t ≤ 2 and R/2 ≤ ρ ≤ 2R. Note that the variables (x_1, x_2, y) live then in the region where x_1 ∈ (R/6, R), x_2 ∈ (10^{−3}, 50), y ∈ (−10^{−4}, 10^{−4}). We shall extend the change of variables (5.5.4/5) to the larger region where (x_1, x_2) ∈ (0, 10^{−3}) × [10^{−3}, 50] =: I;

then for (x_1, x_2) ∈ I we have r(x) ∈ (500R, ∞).

Introduce auxiliary coordinates w_1 = 1 2r = x_1 R w_2 = r − t = s_0 + δRx_2.

Define ν such that μ(t, r, ρ) = ν(w(t, r), ρ), i.e.

(5.5.6) ν(w, ρ) = w_1ρ + w_2 − w^2 w_1 ρ and (5.5.7) ~μ(x, y) = μ(t(x), r(x), ρ(y)) = ν( x_1 R , s_0 + δRx_2, ρ_0 + δRy).

Since det^{∂(w1,w2)}_{∂(t,r)} = (2r^2)^{−1} we see from Remark 3.5 that

(5.5.8) CS[δϕ] = 2r^2CS[ψ](δ^4R^3) = 2(1 − μ^2)^{−3} t^3 r^3ρ^3

(δ^4R^3).

Now for x ∈ I we have |x_1x_2| ≤ 1/20 and therefore

(5.5.9) | | t(x) r(x) − 1 | | = |s_0 + δRx_2||2x_1| R ≤ 1 500 + 2δ|x_1x_2| ≤ 1 4 ; therefore |CS[δϕ]| ≈ δ and |CS[ϕ]| ≈ 1. Next

ψ_{tρ}(t(x), r(x), ρ(y)) = (1 − μ̃^2)^{−3/2} t(x) r(x)ρ(y) ( μ̃ r(x) − 1 ρ(y) )

and since r(x) ≥ 500R we see from (5.5.1) that −ψ_{tρ}(t(x), r(x), ρ(y)) ≈ δ^{−3/2}R^{−2}. Hence ϕ_{x2y2} = −δ^{−1/2}(δR)^2ψ_{tρ} ≈ 1.

We have still have to bound the C^∞ norms of ã_λ and ϕ. Note that

ν_{w1} = ϱ^2 − w^2 ϱ = ϱ − w^2 ϱ , ν_{w1w1} = 0,

ν_{w2} =

1 − 2w_1w_2 ϱ , ν_{w2 w2} = −

2w_1 ϱ , ν_{w2w2 w2} = 0,

ν_ϱ = w_1 − w_2 − w^2 w_1

ϱ^2 . Note that if x ∈ I then w ∈ I_R = [0, 10^{−3}R^{−1}] × [s_0 + δR10^{−3}, s_0 + 50δR].

and therefore |ϱ^2 − w^2 | = O(δR^2) on I_R. Now the previous formulas easily imply that |∂_{w1} ν| ≤ CδR, |∂^k_{s1} ν| = 0, if k ≥ 2, |∂_{w1} ∂^α_{w2} ∂^β_ϱ ν| ≤ C_{α,β} R^{1−(α+β)}, if α + β ≥ 1, |∂^α_{w2} ∂^β_ϱ ν| ≤ C_{α,β} R^{−(α+β)}. As a consequence, we find that |∂^k_{x1} ∂^α_{x2} ∂^β_y ~μ| ≤ C_{k,α,β} δ, if k + α + β ≥ 1. From here on one can argue as in the proof of Lemma 5.3.1 and this leads to the inequality ‖ ‖( ∑ λ^2_j δ≥1 |A_{λj} h_j |^2 )_{1/2}‖ ‖_p ≤ CδR^{1−1/p} ‖ ‖( ∑ λ^2_j δ≥1 | Ω_p(λ_j √ δ)h_j |_2)1/2‖ ‖_p which coincides with (5.5.3) if p ≥ 4 (since R ≤ 1).

Next, we prove the case p = 2 of (5.5.3) and work with the changes of variables

(5.5.10)

(t(x), r(x)) = (x_1 − s_0 − δRx_2, x_1), ρ(y) = ρ_0 + δRy. Since now |ψ_{tρ}| ≈ R^{−2}δ^{−3/2} by (3.46) we note that ϕ_{x2y} = δ^{−1/2}(δR)^2ψ_{tρ} ≈ 1. Moreover γ = δR and M = δR in (5.2.4/5). One checks that the C^N norms of (5.2.6-8) are bounded and one can apply Hörmander’s basic L^2 estimate ([17]) to the operators ~A_λ^√_δ . Therefore the calculation (5.2.14) remains valid with our present change of variable and p = 2 with M^{1/2}γ^{1/2} = δR. This shows the validity of (5.5.3) in the case p = 2. □

5.6 The case ρ ≈ 1, r ≤ 3, μ < 0.

We now assume that

(5.6.1) 10^{−3} ≤ ρ_0 ≤ 3, R/2 ≤ r_0 ≤ 2R, r_0 ≤ 3, s_0 ∈ [−2, 2], 10^{−8}δR ≤ s_0 − ρ_0 ≤ 10δR

and define

(5.6.2) a_λ(t, r, ρ) = (1 − ζ((λ + 1) √ 1 − μ^2))β(

1 + μ δ )χ_1(10^{10} t − r − s_0 δR )χ_2(10^{10} ρ − ρ_0 δR )χ_3(4 r − r_0 R )χ_4(t).

Lemma 5.6.1. Let p ≥ 2 and let A_λ be defined by (5.2.1) with a_λ as in (5.6.2). Then ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 |A_{λj} h_j |^2 )_{1/2}‖ ‖_p ≲ δR^{1+1/p} ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 | |Ω_p(λ_j √ δ)h_j | |^2 )_{1/2}‖ ‖_p

where C does not depend on δ and R.

Sketch of Proof. Since both δ and R are bounded if μ < 0 (cf. Lemma 5.1.2) we may assume that δR is small, say δR ≤ 10^{−10}. Otherwise both δ and R are comparable to 1 and the statement of Lemma 5.6.1 follows directly from Theorem 3.1.

Assuming that δR ≤ 10^{−10} we use the changes of variables

(5.6.3) t(x) = s_0 + δRx_1 + Rx_2, r(x) = Rx_2, ρ(y) = ρ_0 + δRy.

We shall not give the details of the proof of Lemma 5.6.1 since it is analogous to the proof of Lemma 5.4.1. The only difference is that the analogue of the function arising in (5.4.4) is given by ν(s, r, ρ) = μ(s + r, r, ρ). One observes then that

ν_s = μ_t = − r + s rϱ , ν_ϱ = − ν ϱ + 1 r , ν_r = μ_r + μ_t = s^2 − ϱ^2 2r^2ϱ , so that one has an analogue of (5.4.5/6) in the present case. □

5.7. The case ρ ≪ 1, r ≈ 1, μ < 0.

In this final case we analyze the situation which comes up in Lemma 5.1.2 (iii). We assume that

(5.7.1) R ≤ 10^{−3}, R/2 < ρ_0 < 2R, 1 500 δR ≤ ρ_0 − s_0 ≤ 50δR and define

(5.7.2) a_λ(t, r, ρ) = (1 − ζ((λ + 1) √ 1 − μ^2))β(

1 + μ δ ) δ^{3/4} (1 − μ^2)^{3/4} χ_1(10^4 ρ − ρ_0 δR )χ_2(10^4 t − r − s_0 δR )χ_4(t).

Lemma 5.7.1. Let p ≥ 2 and let A_λ be defined by (5.2.1) with a_λ as in (5.7.2). Then ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 |A_{λj} h_j |^2 )_{1/2}‖ ‖_p ≲ δ min{R^{1/2+1/p}, R^{1−1/p}} ‖ ‖ ‖ ( ∑ λ^2_j δ≥1 | |Ω_p(λ_j √ δ)h_j | |^2 )_{1/2}‖ ‖_p

where C does not depend on δ and R.

To prove this one now introduces coordinates by setting t(x) =^R_{2x1} + s_0 + δRx_2, r(x) =^R_{2x1} , ρ(y) = ρ_0 + δRy. The crucial observation is that |t − r| is small and therefore one can directly adapt the proof of Lemma 5.5.1 to also prove the case p = 4 of Lemma 5.7.1. We omit the details.

For the case p = 2 we work with t(x) = x_1 + s_0 + δRx_2, r(x) = x_1, ρ(y) = ρ_0 + δRy. Again the argument of Lemma 5.5.1 applies.

5.8. Proof of Proposition 5.0. The first assertion (i) follows from Lemma 5.1.1 (ii) and Lemma 5.1.2 (i). We shall prove the assertions of Proposition 5.0 for large ℓ and O_{z,λ,ℓ} replaced with O^+_{z,λ,ℓ}. The straightforward notational modifications of the easier case r ≈ ρ ≈ 1 for small ℓ, and for the operator O^−_{z,λ,ℓ} are left to the reader.

In what follows we fix z = b + iτ, b ≥ −1/2 and let (5.8.1) B_{λ,ℓ}(t, r, ρ) = π^{−1}t^{−2z}(1 − ζ((λ + 1) √ 1 − μ^2))η_ℓ(μ(t, r, ρ))χ_{(0,1)}(μ)(2^ℓ(1 − μ^2))^{z−12} cos(λ arccos μ(t, r, ρ) −^π_2 z).

Let B_{λ,ℓ} be the integral operator with kernel B_{λ,ℓ}. Then (5.8.2) O^+_{z,λ,ℓ}f(t, r) = 2^{−ℓ z−12} r^{z−n/2}B_{λ,ℓ}g_{z,λ}(t, r) with (5.8.3) g_{z,λ}(ρ) = λ^{−z}f(ρ)ρ^{z+(n−2)/2}. Proof of (5.0.2/3). We give the proof of (5.0.2). Let m ≥ 6 and I_m = [m, m + 1], χ_m := χ_{Im} . We note that the function B_{λ,ℓ}[fχ_m] is supported in [m − 2, m + 3], by Lemma 5.1.1 (i).

Moreover if 2^{−ℓ}m^2 ≤ 2^{−10} and ρ ∈ [m, m + 1], r ∈ [m − 2, m + 3] and (t, r, ρ) ∈ supp B_{λ,ℓ} then |r − ρ| ≥ 1/2, by Lemma 5.1.1 (iii), and this lemma states a finer localization property. Split the interval I_m = [m, m + 1] into subintervals of length 2^{−ℓ−10}m^2,

I_{m,ν} = [m + 2^{−ℓ−10}νm^2, m + 2^{−ℓ−10}(ν + 1)m^2],

and put χ_{m,ν} := χ_{Im,ν} . Then B_{λ,ℓ}[fχ_{m,ν} ] will be supported in sets W^ϵ_{m,ν} , ϵ = ±1, in which r ≈ m and r − ϵt is restricted to an interval of length ≈ 2^{−ℓ}m^2 ≪ 1; specifically W^ϵ_{m,ν} = {(t, r) : r ∈ [m−2, m+3], m+2^{−ℓ−10}νm^2 −ϵ2^{−ℓ+5ϵ}m^2 ≤ r−ϵt ≤ m+2^{−ℓ−10}(ν+1)m^2 −ϵ2^{−ℓ−5ϵ}m^2}. Now it is crucial that every (t, r) is contained in at most a bounded number (< 2^{100}) of sets W^ϵ_{m,ν} . It therefore suffices to prove (5.0.2) under the assumption that all f_j are supported in a fixed I_{m,ν} (or I_m if 2^{−10} ≤ 2^{−ℓ}m^2 ≤ 2^6). We discuss the argument in the case 2^{−ℓ}m^2 ≤ 2^{−10} and leave the notational modifications in the slightly simpler case 2^{−ℓ}m^2 ≈ 1 to the reader.

One checks that

B_{λ,ℓ}[fχ_{Im,ν} ] = ∑ ±

N(m,ν,ℓ) ∑ s=1 c_{s,m,ν,ℓ}A_{±λ,ℓ,s,m,ν} [fχ_{Im,ν} ] where each A_{λ,ℓ,s,m,ν} is of the type treated in Lemma 5.3.1, with δR^2 ≲ 2^{−ℓ}m^2 and where N(m, ν, ℓ) and the coefficients c_{s,m,ν,ℓ} are bounded, with bounds independent of m, ν, ℓ, λ.

Therefore

( ∫ 2 1 ∫_2L+1

2^L ( ∑ λ^2_j 2^{−ℓ}≥1 | |O^+_{z,λj ,ℓ}[f_j χ_{Im,ν} ] | |^2 ) p_2 r^{n−1}dr dt ) 1_p

≲ 2^{ℓ 1−b2} m^{n−1p +b− n2} ( ∫ 2 1 ∑ ϵ=±1 ∫ W^ϵ_{m,ν} ( ∑ λ^2_j 2^{−ℓ}≥1 | |B_{λj ,ℓ}[g_{z,λj} χ_{Im,ν} ] | |^2 ) p_2 drdt ) 1_p

≲ 2^{ℓ 1−b2} m^{n−1p +b− n2} m^22^{−ℓ} ( ∫ ( ∑ λ^2_j 2^{−ℓ}≥1 | Ω_p(λ_j 2^{−ℓ/2})g_{z,λj} χ_{Im,ν} |_2)^p_2 dρ ) 1_p

≲ m^{n−1p} m^{2b+1}2^{−ℓ b+12} ( ∫ ( ∑ λ_j ≥2^{ℓ/2} | λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2})f_j χ_{Im,ν} χ_L(ρ)

|_2)^p_2 dρ ) 1_p

≲ 2^{L(2b+1)}2^{−ℓ b+12} ( ∫ ( ∑ λ_j ≥2^{ℓ/2} | |λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2})f_j χ_{Im,ν} χ_L(ρ) | |^2

)^p_2 ρ^{n−1}dρ ) 1_p .

Now

λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2})ρ^{2b+1}2^{−ℓ b+12} ≲ (_{λj} ρ )^{−b− 12} (2^{−ℓ/2}ρ)^{2b+12} [log(2 + λ_j 2^{−ℓ/2})]^{12 − 1p} if 2 ≤ p ≤ 4 (_p p−4 )_{1/4}(_{λj} ρ )_{−b−} 2_p (2^{−ℓ/2}ρ)^{b+1− 2p} if p > 4

and since here 2^{−ℓ/2}ρ ≈ 2^{L−ℓ/2} ≲ 1, 2^{−ℓ/2}λ_j ≳ 1 (hence λ_j ≳ ρ) we find using the assumptions on γ that the last quantity is estimated by ω_{γ,p}(λ_j , ρ) min{(2^{−ℓ/2}ρ)^{(2b+1)/2}, (2^{−ℓ/2}ρ)^{b+1−2/p}}; this implies the desired estimate with f_j replaced by f_j χ_{Im,ν} . As pointed out above we obtain the full inequality (5.0.2) as a consequence.

The proof of (5.0.3) is exactly analogous. Now r ≈ ρ ≈ 1 in Lemma 5.3.1 and we note that by 5.1.1 (i) we have O_{z,λj ,ℓ}[χf_j ](t, r) = O_{z,λj ,ℓ}[χ_{[10}−4_{,10]}f_j ](t, r) for r ≤ 8. We split the ρ-interval [10^{−4}, 10] into intervals of length 2^{−10−ℓ} (cf. the case (vii) of Lemma 5.1.1.) Then we continue as in the proof of (5.0.2). Further details are omitted. □

Proof of (5.0.4). Now we consider O^+_{z,λj ,ℓ}f_j (t, r) where R/2 ≤ r ≤ 2R and R ≤ 10^{−3}. We split the interval [1/2, 4] into subintervals

J_ν = [ 1 2 + 2^{−ℓ−10}νR, 1 2 + 2^{−ℓ−10}(ν + 1)R].

By Lemma 5.1.1, (iv), it suffices to assume that f is supported in [1/2, 4]; moreover, if f is supported in J_ν , then χ_{[1,2]×[R/2,2R]}O^+_{z,λj ,ℓ}f is supported in W_ν = {(t, r) : R/2 ≤ r ≤ 2R, 1 ≤ t ≤ 2, 1 2 + 1 32 R2^{−ℓ} + νR2^{−ℓ−10} ≤ r + t ≤ 1 2 + 12R2^{−ℓ} + (ν + 1)R2^{−ℓ−10}}.

If f is supported in J_ν then we can apply Lemma 5.4.1 to estimate the L^p norm of the square function associated to B_{λ,ℓ}f (using linear combinations of terms occuring there). We obtain with g_{λj ,z} as in (5.8.3) ( ∫∫ W_ν ( ∑ λ^2_j 2^{−ℓ}≥1 | O^+_{z,λj ,ℓ}[f_j χ_{Jν} ] |_2)p/2 r^{n−1}drdt )_{1/p}

≲ 2^{ℓ 1−b2} R^{n−1p +b− n2} ( ∫∫ W_ν ( ∑ λ^2_j 2^{−ℓ}≥1 | |B_{λj ,ℓ}[g_{z,λj} χ_{Jν} ] | |^2 )_{p/2} dr dt )_{1/p}

≲ 2^{ℓ 1−b2} R^{n−1p +b− n2} 2^{−ℓ}R^{1+1/p} ( ∫ ρ≈1 ( ∑ λ^2_j 2^{−ℓ}≥1 | |Ω_p(λ_j 2^{−ℓ/2})g_{λj ,z}χ_{Jν} (ρ) | |^2 )_{p/2} dρ )_{1/p}

≲ 2^{−ℓ b+12} R^{b+1−n( 12 − 1p )} ( ∫ ρ≈1 ( ∑ λ^2_j 2^{−ℓ}≥1 | |λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2})f_j (ρ)ρ^{b+ n−2}2 χ_{Jν} (ρ) | |^2 )_{p/2} dρ )_{1/p}

≲ 2^{−ℓ 2b+14} min{1, 2^{−ℓ( 14 − 1p )}}R^{b+1−n( 12 − 1p )} ( ∫ ( ∑ j | |ω_{γ,p}(λ_j , ρ)f_j (ρ)χ_{Jν} (ρ) | |^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

and this yields the desired inequality for f_j supported in J_ν (since ρ ≈ 1 there). Since every (t, r) ∈ [1, 2] × [R/2, 2R] is supported in only a bounded number of sets W_ν we obtain the inequality (5.0.3) for O_{z,λ,ℓ} replaced by O^+_{z,λ,ℓ}. The corresponding inequalities for O^−_{z,λ,ℓ} and for O_{z,λ,0} are derived analogously; here we have to use Lemma 5.6.1. □

Proof of (5.0.5). Let R ≤ 10^{−3} and for ν ≥ 0 let

I_ν = [ R 2 + 2^{−ℓ−10}νR, R 2 + 2^{−ℓ−10}(ν + 1)R].

If f is supported in I_ν (so that I_ν ∩ [R/2, 2R] is not empty) then, according to Lemma 5.1.1., part (v), χ_{[1,2]×[1/8,4]}O^+_{z,λ,ℓ}f is supported in a strip where t − r + ρ ≈ 2^{−ℓ}R, namely V_ν = {(t, r) : R 2 − 2^{−ℓ+6}R + 2^{−ℓ−10}νR ≤ r − t ≤ R 2 − 2^{−ℓ−8}R + 2^{−ℓ−10}(ν + 1)R} ∩ ([1, 2] × [1/8, 4]).

The terms B_{λ,ℓ}[fχ_{Iν} ] can be estimated using Lemma 5.5.1. We obtain ( ∫∫ V_ν ( ∑ λ^2_j 2^{−ℓ}≥1 | |O_{z,λj ,ℓ}[f_j χ_{Iν} ] | |^2 )_{p/2} r^{n−1}dr dt )_{1/p}

≲ 2^{−ℓ b−12} ( ∫ ∫ V_ν ( ∑ λ^2_j 2^{−ℓ}≥1 | |B_{λj ,ℓ}[g_{z,λj} χ_{Iν} ] | |^2 )_{p/2} dr dt )_{1/p}

≲ 2^{−ℓ b+12} min{R^{12 + 1p} , R^{1− 1p} } ( ∫ ( ∑ λ^2_j 2^{−ℓ}≥1 | |λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2})f_j (ρ)ρ^{b+(n−2)/2}χ_{Iν} (ρ) | |^2 )_{p/2} dρ )_{1/p}

≲ 2^{−ℓ b+12} min{R^{12 + 1p} , R^{1− 1p} }R^{b+ n−22 − n−1p} ( ∫ ( ∑ λ^2_j 2^{−ℓ}≥1 | |λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2})f_j (ρ)χ_{Iν} (ρ) | |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} . Here we used that ρ ≈ R in I_ν . We can further estimate

λ^{−b}_j Ω_p(λ_j 2^{−ℓ/2}) ≲ { 2^{ℓ4} R^{−b− 12} (λ_j /ρ)^{−b− 12} [log(2 + λ_j /ρ)]^{1/2−1/p} if 2 ≤ p ≤ 4 C_p2^{ℓp} R^{−b− 2p} (λ_j /ρ)^{−b− 2p} if p > 4 and the asserted inequality follows after a short computation for f replaced by fχ_{Iν} . Since every (t, r) ∈ [1, 2]×[1/8, 4] is supported in only a bounded number of the sets V_ν we obtain the full inequality (5.0.5), for O_{z,λ,ℓ} replaced by O^+_{z,λ,ℓ}. Again the derivation of the corresponding inequalities for O^−_{z,λ,ℓ} and for O_{z,λ,0} is similar, see Lemma 5.7.1. □.

5.9. Conclusion: Proofs of Theorems 2.3 and 2.5.

Proof of Theorem 2.3. The case p = 2 follows from the spectral theorem. We show estimates (2.29-31) with S_{z,j} replaced by O_{z,λj} . The assertion of Theorem 2.3 follows then by combining these estimates with the estimates for the nonoscillatory terms in (2.17) and (2.23) which were already carried out in §4. Moreover (2.32) was already proved in §4.

We first fix L ≥ 3 and consider O_{z,λj} f_j (t, r) where t ∈ I, r ∈ [2^L, 2^{L+1}]. Recall that because of the localization of the kernel the function f_j can be replaced by f_j χ_L where χ_L is the characteristic function of [2^{L−1}, 2^{L+2}]; Now O_{z,λj} = ∑ ℓ O_{z,λj ,ℓ} where according to the localization properties of O_{λ,z} and Proposition 5.0 we sum over all ℓ with λ_j ≥ 2^{ℓ/2} and 2^{(ℓ+10)/2} ≥ 2^{L−1}, thus we may link ℓ = 2L − 12 + s with s ≥ 0. We estimate with b = Re(z) ( ∫ I ∫_2L+1

2^L ( ∑ j |O_{z,λj} f_j |^2 )_{p/2} r^{n−1}drdt )_{1/p}

≤ ∞∑ s=0 ( ∫ I ∫_2L+1

2^L ( ∑ j |O_{z,λj ,2L−12+s}[f_j χ_L]|^2 )_{p/2} r^{n−1}drdt )_{1/p}

≲ ∞∑ s=0 2^{−s 2b+14} min{1, 2^{−s( 14 − 1p )}} ( ∫ ( ∑ j |ω_{γ,p}(λ_j , ρ)[f_j χ_L]|^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

under the restriction on γ in Proposition 5.0. We can sum in s if b > −1/2 and also if b = −1/2 and 2 ≤ p < 4. Combining these estimates and summing the pth powers in L we obtain

(5.9.1) ( ∫ I ∫_∞ 8 ( ∑ j |O_{z,λj} f_j |^2 )_{p/2} r^{n−1}drdt )_{1/p} ≲ ( ∫ ( ∑ j |ω_{γ,p}(λ_j , ρ)f_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

if b > −1/2 or b = −1/2 and 2 ≤ p < 4, and γ ≤ min{b + 1/2, b + 2/p}.

The estimate on [0, 8] is even more straightforward. Applying Minkowski’s inequality in (5.0.3) and summing ∑ ℓ≥0 2^{−ℓ(2b+1)/4} min{1, 2^{−ℓ(1/4−1/p)}} yields (5.9.2) ( ∫ I ∫_8

10^{−3} ( ∑ j |O_{z,λj} [χ_{[10}−4_{,∞)}f_j ]|^2 )_{p/2} r^{n−1}drdt )_{1/p} ≲ ( ∫ ( ∑ j |ω_{γ,p}(λ_j , ρ)f_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} .

Next we apply (5.0.5) with R = 2^{−k}. We may sum in k if p > 2 and n ≥ 3 and p > 4 and n = 2. Applying Minkowski’s inequality and summing in ℓ as in the previous case yields

(5.9.3) ( ∫ I ∫_8

10^{−3} ( ∑ j |O_{z,λj} [χ_{[0,10}−4_]f_j ]|^2 )_{p/2} r^{n−1}drdt )_{1/p} ≲ ( ∫ ( ∑ j |ω_{γ,p}(λ_j , ρ)f_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

if p > 2 and n ≥ 3 and p > 4 and n = 2. If n = 2 and p ≤ 4 we introduce an additional factor to insure convergence in k; note that for R ≈ ρ ≲ 1 and λ_j ≥ 1 we have 1 ≲ R^ε(1 + λ_j /ρ)^ε. Thus

(5.9.4) ( ∫ I ∫_8

10^{−3} ( ∑ j |O_{z,λj} [χ_{[0,10}−4_]f_j ]|^2 )_{p/2} r^{n−1}drdt )_{1/p}

≤ C_ε ( ∫ ( ∑ j |ω_{γ,p}(λ_j , ρ)(1 + λ_j /ρ)^εf_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p} if n = 2 and 2 ≤ p ≤ 4.

Finally we apply (5.0.4) with R = 10^{−3}2^{−k}. By the assumption b + 1/2 > n(1/2 − 1/p) − 1/2 we get convergence in k, and again we have convergence in ℓ from (5.0.4). This yields

(5.9.5) ( ∫ I ∫_{10}−3 0 ( ∑ j |O_{z,λj} f_j |^2 )_{p/2} r^{n−1}drdt )_{1/p} ≤ C ( ∫ ( ∑ j |ω_{γ,p}(λ_j , ρ)f_j |^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

if 2 ≤ p < 2n/(n − 1) and b ≥ −1/2 or p ≥ 2n/(n + 1) and b + 1/2 > n(1/2 − 1/p) − 1/2.

Theorem 2.3 follows by combining (5.9.1-5). □

Proof of Theorem 2.5. To prove the restricted weak type inequalities in Theorem 2.5 we assume that z = b + iτ and b + 1/2 ≥ 0, and define p_b by b + 1/2 = n(1/2 − 1/p_b) − 1/2. We observe that the above arguments yield favorable strong type estimates for the critical exponent p_b, for the terms in (5.0.1-3) and (5.0.5). However the estimates (5.0.4) for R ≈ 2^{−k} ≪ 1 do not yield a bounded sum in k.

Now let χ_k be the characteristic function of the interval [2^{−k−1}, 2^{−k}]. We define T^{z,γ}_{k,j} (f) = χ_k(r)O_{z,λ}[(1 + λ_j /ρ)^γ f]. Assume first 2n/(n − 1) < p_b ≤ 4. Then b + 1/2 = n(1/2 − 1/p_b) − 1/2 > 0. By Proposition 5.0 given ε > 0 there is p(ε) > p_b so that the inequality (5.9.6) ( ∫ I ∫_∞ 0 ( ∑ j |T^{z,γ}_{k,j} f_j (t, r)|^2 )_{p/2} r^{n−1}drdt )_{1/p} ≲ 2^{k(n( 12 − 1p )−b−1)} ( ∫ ∞ 0 ( ∑ j |f_j (ρ)|^2 )_{p/2} ρ^{n−1}dρ )_{1/p}

holds for 2 ≤ p ≤ p(ε) and γ < b+1/2−ε. The desired restricted weak type inequality for the vector-valued operator { ∑ k≥0 T^{z,γ}_{k,j} }_{j≥0} follows now from an interpolation lemma in §6 of [6] (see also [2] for a closely related argument).

If p_b > 4 we have (5.9.6) with γ = b + 2/p for some open interval of p’s containing p_b (by a similar argument). The same interpolation argument applies. All other operators involved are either of strong type (as a consequence of Theorem 5.0) or of weak type by the estimates of §4 (here we have to assume Im(z) = 0 if b = −1/2). □

6. Applications to spectral multipliers

Lemma 6.1. Let N be the smallest integer > (n − 1)/2. Suppose that m is even and κ = ^m satisfies

(6.1) ∫ |t^j κ^{(j)}(t)|dt < ∞ for 0 ≤ j ≤ N Then m( √ −Δ) is bounded on L^p(R_+ , L^2(N )), for 1 ≤ p ≤ ∞.

Proof. We use the formula

(6.2) d dt ( t^{z+1}J_{z+1}(tλ) ) = λJ_z (tλ)t^{z+1}, which follows from [13, 7.2.8(50)].

Therefore integration by parts yields ∫ κ(t)J_z (tλ)t^{z+1}dt = −λ^{−1} ∫ κ^′(t) t J_{z+1}(tλ)t^{z+2}dt, and if we define Λκ(t) = t^{−1}κ^′(t) and iterate we obtain m(λ) = 1 2π ∫ κ(t) cos(tλ)dt = √ π 2 λ^{1/2} ∫ κ(t)J_{−1/2}(tλ)t^{− 12 +1}dt = (−1)^ℓ √ π 2 λ^{1/2−ℓ} ∫ Λ^ℓκ(t)J_{ℓ−1/2}(tλ)t^{ℓ− 12 +1}dt. (6.3)

We use (6.3) for ℓ = N. Since (t √ −Δ)^{12 −N} J_{N−} 1_2 (t √ −Δ) is uniformly bounded on L^∞(L^2) by Theorem 1.2 and therefore on all L^p(L^2), 1 ≤ p ≤ ∞, we see that the condition

(6.4) ∫ |t^{2N} Λ^N κ(t)|dt < ∞ implies that m( √ −Δ) is bounded on L^p(L^2). By induction one checks that

t^{2ℓ}Λ^ℓκ(t) = ℓ∑ j=1 c_{j,ℓ}t^j κ^{(j)}(t)

for suitable constants c_{j,ℓ}. This completes the proof. □

Let L^2_α denote the standard L^2 Sobolev space. Applying the Cauchy-Schwarz inequality and Plancherel’s theorem we see that ∫ |t^j κ^{(j)}(t)| ≤ C_α‖s^j m‖_L2_{α(R)}, if α > j + 1/2. By scaling we obtain

Corollary 6.2. Suppose that m is even and supported in [−a, a]. Let α > N + 1/2, where N is as in Lemma 6.1 and assume m ∈ L^2_α. Then m( √ −Δ/t) is bounded on L^p(R^+ , L^2(N )), 1 ≤ p ≤ ∞, with operator norm ≤ C(a)‖m‖_L2_α .

This result is convenient but far from being sharp (compare Theorem 6.4 below). As mentioned in the introduction one can prove local smoothing results for the wave operator in the range p ≥ 2n/(n − 1). To deduce this from Theorem 1.2 we have to use the standard asymptotic expansion for the Bessel functions ([13, 7.13.1(3)]), namely for x > 1

(6.5) (π/2)^{1/2}J_{γ−1/2}(x) = M−1∑ j=0 c_{j,γ} cos(x − γπ/2)x^{−2j−1/2} + M−1∑ j=0 d_{j,γ} sin(x − γπ/2)x^{−2j−3/2} + x^{−M} R_γ (x)

where c_0 = 1 and the derivatives of R_γ are bounded functions in [1, ∞].

Corollary 1.4 in the introduction follows from (i) and (ii) of the following

Proposition 6.3. Suppose p ≥ 2n/(n − 1) and α > n(1/2 − 1/p) − 1/2.

(i) Let m_{α,t}(λ) be one of the multipliers (1 + t^2λ^2)^{−α/2} cos(tλ) or (1 + t^2λ^2)^{−(α−1)/2} sin(tλ)/(tλ). Then ( 1 2T ∫_T −T ‖m_{α,t}( √ −Δ)f‖^p_{,2}dt )_{1/p} ≲ ‖f‖_{p,2}.

(ii) Let β be an even C^∞ function with compact support in R \ {0}. Let R ≥ 1. Then for ε > 0 and 2n/(n − 1) ≤ p ≤ ∞ (6.6) ( 1 2T ∫_T −T ‖β( √ −Δ) cos τ √ −Δf‖^p_{,2}dτ )_{1/p} ≤ C_εT^{n( 12 − 1p )− 12 +ε}‖f‖_{p,2}.

Proof. (i) Choose γ, η so that n(1/2 − 1/p) − 1/2 < γ < η < α. We write out the asymptotic expansion for J_{η−1/2} and J_{γ−1/2} simultaneously. Then for large σ

(6.7) √ π 2 σ^{1/2} ( J_{η−1/2}(σ) J_{γ−1/2}(σ) ) = ( cos(ηπ/2) sin(ηπ/2) cos(γπ/2) sin(γπ/2) ) (I − Q(η, γ, σ^{−1})) ( cos σ sin σ ) + ~R(σ) where the entries of the matrix Q(η, γ, σ^{−1}) are polynomials of σ^{−1} with no constant terms; moreover ~R(σ) = O(|σ|−N ) for large N and the same holds for its derivatives of order ≤ N. Clearly I − Q(η, γ, σ−1) is invertible for large σ and there is σ_0 = σ_0(η, γ) > 1 so that for σ > σ_0 each entry a_{ij} (σ) of the inverse satisfies |a_{ij} (σ)| ≤ C and |a^{(k)}_{ij} (σ)| ≤ C_kσ^{−1−k}, for k ≥ 1.

Let ω be an even smooth function on R, so that ω(σ) = 1 if |σ| ≤ 2σ_0 and ω(s) = 0 if |σ| ≥ 4σ_0. It follows from Corollary 6.2 that the operators ω( √ −Δ)(I − Δ)^{−α/2} cos( √ −Δ) and ω( √ −Δ)(I − Δ)^{−(α−2)/2} sin( √ −Δ)/ √ −Δ are bounded on all L^p(L^2) and the same applies to their dilates.

Inverting (6.7) we see that for large M > 0

(1 − ω(σ)) cos(σ) = (1 − ω(σ)) [ Φ_η (σ) J_{η−1/2}(σ) σ^{η−1/2} + Ψ_γ (σ) J_{γ−1/2}(σ) σ^{γ−1/2} + r(σ) ]

where Φ_η is a symbol of order η and Ψ_γ is a symbol of order γ, the bounds being depending on both η and γ, and r is a symbol of degree −M. Moreover (1 − ω( √ −Δ))r( √ −Δ) is bounded on all L^p, since it can be written as a converging sum of dilates of multipliers that fall under the scope of Corollary 6.2 (alternatively apply Lemma 6.1).

For k ≥ 1 let ω_k(σ) = ω(2^{−k}σ) − ω(2^{−k+1}σ). By Corollary 6.2 and scaling we see that the operators ω_k(t √ −Δ)Φ_η(t √ −Δ)(I − t^2Δ)^{−α/2} and ω_k(t √ −Δ)Ψ_γ (t √ −Δ)(I − t^2Δ)^{−α/2} are bounded on L^p(L^2) for all p ∈ [1, ∞] with operator norm bounded O(2^{−k(α−η)}) and O(2^{−k(α−γ)}), respectively. From this and Theorem 1.2 the assertion for (I − t^2Δ)^{−α/2} cos(t √ −Δ) follows immediately by summing over k.

The other assertions are proved analogously. In particular, (ii)/(6.6) follows by observing that, by Corollary 6.2, β( √ (−Δ)(1+τ^2(−Δ))^{α/2} is bounded on L^p(L^2), with operator norm of order (τ^α) ≤ O(T^α), with α = n(^1_2 −^1_p ) −^1_2 + ε. □

We now proceed to prove a version of Theorem 1.6 on general conic manifolds.

Theorem 6.4. Suppose that m is compactly supported in [R^{−1}, R], for some R > 0 and that^{2n}_{n−1} ≤ p ≤ ∞. Assume that

(6.8) ( ∫ [ | ^m(r)|(1 + r)^γ ]_p′ dr )_{1/p}′ ≤ A < ∞, γ > (n − 1)( 1 2 − 1 p ). Then there is a constant C_{γ,R} independent of A so that m( √ −Δ/t) is bounded on L^p(R_+ , L^2(N )) with operator norm ≤ C_{γ,R}A.

Proof. We extend m as an even function to R. By decomposing the multiplier and scaling we see that the theorem follows from the special case where t = 1 and supp m ⊂ [1, 2] ∪ [−2, −1]. Let β be a smooth even function with compact support so that β(s) = 1 if 1/8 ≤ |s| ≤ 8 and β(s) = 0 if |s| /∈ (1/16, 16).

Let I_0 = [−1, 1] and I_k = [2^k, 2^{k+1}]∪[2^{−k−1}, 2^{−k}] for k ≥ 0. Choose δ > 0 so that (n−1)(1/2−1/p)+δ < γ. Then ‖m( √ −Δ)f‖_{p,2} = ‖ ‖ 1 2π ∫ ^m(τ) cos(τ √ −Δ)β( √ −Δ)fdτ ‖ ‖ p,2 ≤ 1 2π ∫ | ^m(τ)| ‖ ‖ cos(τ √ −Δ)β( √ −Δ)f‖_{p,2}dτ ≤ ∞∑ k=0 ( ∫ I_k | ^m(τ)|^{p′} dτ )_{1/p}′ ( ∫ I_k ‖ ‖ cos(τ √ −Δ)β( √ −Δ)f ‖ ‖^p_{,2}dτ )_{1/p}

≲ ∞∑ k=0 2^{k(n( 12 − 1p )− 12 +δ+ 1p )} ( ∫ I_k | ^m(τ)|^{p′} dτ )_{1/p}′ ‖ ‖f ‖ ‖_{p,2} ≤ C_γ A‖f‖_{p,2} (6.9)

where the third inequality follows from Proposition 6.3, part (ii). □

Proof of Theorem 1.6. Assume that K is radial and ^K is supported in Ω, where Ω is a compact subset of R^n \ {0}. The Fourier transform of K is radial and we write ^K(ξ) = m(|ξ|).

The assertion of Theorem 1.6 follows from Theorem 6.4 and duality once the inequality

(6.13) ( ∫ ∞ R |r^{(n−1)( 1p − 12 )+ε} ^m(r)|^pdr )_{1/p} ≤ C_R ( ∫ |x|^{εp}|K(x)|^pdx )_{1/p}

is proved for 1 ≤ p ≤ 2.

We now prove (6.13). Choose χ ∈ C^∞_0 radial such that χ = 1 on the support of K̂ and 0 /∈ supp χ. Then ^m(r) = ∫ m(s)e^{−isr}ds = c_n ∫ ^K(ξ)χ(ξ)|ξ|^{1−n}e^{−i|ξ|r}dξ = c_n ∫ K(x) ∫ χ(ξ)|ξ|^{1−n}e^{−i(|ξ|r+⟨ξ,x⟩)}dξ dx = ∫ K(x) ∫_∞ 0 η(ϱ)e^{−iϱr} ∫ S^{n−1} e^{−iϱ⟨x,θ⟩}dθ dϱ dx, where c_n denotes the surface measure of the unit sphere in R^n and η ∈ C^∞_0 (R) is supported away from the origin.

Now, by the stationary phase method (or the asymptotics of Bessel functions), ∫ S^{n−1} e^{−iϱ⟨x,θ⟩}dθ = ∑ ± a_±(ϱ|x|)e^{±iϱ|x|},

where a_± is a symbol of order −^{n−1}_2 on R. Thus ^m(r) = ∑ ± ∫ K(x) ∫ η(ϱ)a_±(ϱ|x|)e^{−iϱ(r∓|x|)}dϱ dx.

Because of the support property of η and the estimates which symbols satisfy, the inner integral is bounded by |x|^{− n−12} w(r ∓ |x|), where w is even and satisfies w(s) = O(|s|^{−N} ) for every positive integer N. Thus, if |K(x)| = κ(|x|), then | ^m(r)| ≤ ∑ ± ∫ |K(x)| |x|^{− n−12} w(r ± |x|)dx ≲ ∑ ± ∫ κ(ϱ)ϱ^{n−12} w(r ± ϱ)dϱ = ∑ ± (κ · ϱ^{n−12} ) ∗ w(±r).

Now let a = (n − 1)(1/p − 1/2) + ε and estimate ( ∫ |(κ · ϱ^{n−12} ) ∗ w(±r)|^pr^{ap}dr )_{1/p}

≲ ∫ w(ρ) ( ∫ |κ(r − ρ)|r − ρ|^{(n−1)/2}dρ|^pr^{ap}dr )_{1/p}

≲ ∫ w(ρ) [( ∫ |κ(r)|^pr^{( n−12 +a)p}dr )_{1/p} + ρ^α ( ∫ 1 0 |κ(r)|^pr^{( n−12 )p}dr )_{1/p}] dρ ≲ ( ∫ |κ(r)|^pr^{( n−12 +a)p}dr )_{1/p} + ( ∫ 1 0 |κ(r)|^pdr )_{1/p}

since w is rapidly decreasing.

Now we use that ^κ(τ) is compactly supported in {τ : |τ| ≤ R} (see e.g.[38]) to deduce that ( ∫ 1 0 |κ(r)|^pdr )_{1/p} ≲ C_R ( ∫ |r|≥cR^{−1} |κ(r)|^pdr )_{1/p}

and the right hand side is dominated by C(R) ( ∫ |κ(r)|^pr^{(a+ n−12 )p}dr )_{1/p} = C^′(R) ( ∫ |K(x)|^p|x|^{εp}dx )_{1/p}

which yields (6.13). □

Remark. An alternative proof can be based on arguments in [28].

Appendix: Uniform estimates and asymptotics for Legendre functions

A1. Some asymptotics for oscillatory integrals. In this section we recall the asymptotic behavior of certain oscillatory integrals with fractional singularities. For a slight variant one may consult Erdelyi [12]. The result is based on formulas for the Fourier transforms of distributions χ^{z−1}_± defined for Re(z) > 0 as functions by χ^{z−1}_+ (x) = (Γ(z))^{−1}x^{z−1}_+ where x^{z−1}_+ equals x^{z−1} if x > 0 and equals 0 if x < 0; moreover χ^{z−1}_− (x) = (Γ(z))^{−1}x^{z−1}_− where x^{z−1}_− = (−x)^{z−1}_+ . The Fourier transform of χ^{z−1}_± is given by (A1.1) e^{∓iπz/2}(ξ ∓ i0)^{−z} = e^{∓iπz/2}ξ^{−z}_+ + e^{±iπz/2}ξ^{−z}_− , see [16]. We shall need to consider the Fourier transform of a localized version of χ^{z−1}_± and use its asymptotic behavior. Given a smooth function u with compact support we define F^z_±[u, a, X] = ⟨χ^{z−1}_+ (· − a), ue^{±iX·}⟩ = 1 Γ(z) ∫_∞ a u(s)(s − a)^{z−1}e^{±isX} ds (A1.2) G^z_±[u, a, X] = ⟨χ^{z−1}_− (· − a), ue^{±iX·}⟩ = 1 Γ(z) ∫_a −∞ u(s)(a − s)^{z−1}e^{±isX} ds. (A1.3)

The definition of χ^{z−1}_± can be extended by analytic continuation to all values of z (see e.g. [16, §3]). Likewise this yields the extension of F^z_± and G^z_± to entire functions of z. One obtains concrete formulas for these extensions by integration by parts. In fact, for Re(z) > 0, F^z_±[u, a, X] = ∫_∞ a (s − a)^{z+m−1} Γ(z + m)

(−1)^m ( d ds )_m[ u(s)e^{±isX} ] ds = m∑ ν=0 ( m ν ) e^{∓iπ m+ν2} X^{m−ν} F^{z+m}_± [u^{(ν)}, a, X] (A1.4)

and similarly G^z_±[u, a, X] = ∫_∞ a (a − s)^{z+m−1} Γ(z + m) ( d ds )_m[ u(s)e^{±isX} ] ds = m∑ ν=0 ( m ν ) e^{±iπ m−ν2} X^{m−ν} G^{z+m}_± [u^{(ν)}, a, X] (A1.5)

and, by analytic continuation, (A1.4), (A1.5) yield formulas valid for Re(z) > −m. Notation: In this appendix let ζ_0 be an even C^∞_0 (R) function so that ζ_0(s) = 1 for |s| ≤ 1/4 and ζ_0(s) = 0 for |s| ≥ 1/2, furthermore let ζ_k(s) = ζ_0(2^{−k}s)−ζ_0(2^{−k+1}s) for k ≥ 1, so that ∑_∞ k=0 ζ_k ≡ 1. The parameter b = Re(z) is always assumed to belong to a fixed compact interval [−b_0, b_0] for large b_0, and constants may depend on b_0.

Lemma A1.1. Let z = b + iτ and suppose that N > |b| + 3. Let u ∈ C^{N+1}, with compact support in an interval I of length 1. Then (A1.6) |F^z_±(u, a, X)| + |G^z_±(u, a, X)| ≤ C_N ‖u‖_CN +1 (1 + |τ|)^{N+4}e^{π2 |τ |}(1 + |X|)^{−b} For X ≥ 1, F^z_±(u, a, X) = u(a)e^{±i(aX+ π2 z)}X^{−z} + R_{±,1}(X, z, a) (A1.7.1) G^z_±(u, a, X) = u(a)e^{±i(aX− π2 z)}X^{−z} + R_{±,2}(X, z, a) (A1.7.2)

where for j = 1, 2 |R_{±,j} (X, b + iτ, a)| ≤ C_N ‖u‖_CN +1 (1 + |τ|)^{N−b+1/2}e^{π2 |τ |}X^{−b−1} Proof. The boundedness of F^z_± and G^z_± is clear for b > 0, we use the lower bound (A1.8) |Γ(b + iτ)| ≥ Ce^{−πτ /2}(|τ| + 1)^{b−1/2}. (see [19]). For b ≤ 0 the boundedness follows from formulas (A1.4), (A1.5); here we need the assumption N > |b| + 3 (as opposed to just N > b + 1 below).

We shall prove the asymptotic formulas (A1.7.1/2) under the assumption Re(z) > 0. Again the case where −m < b ≤ −m + 1 follows by applying the formulas (A1.4), (A1.5) and the case Re(z) > 0.

(A1.7.1) and (A1.7.2) are equivalent as one can see by performing the change of variable s = 2a − s^′. Moreover by performing a translation it is sufficient to consider the case a = 0. We now examine the function F^z_+; the term F^z_− is dealt with in the same way. Let ~u ∈ C^∞_0 be equal to 1 on the support of u. Let u_1(s) =

∫_1 0 u^′(σs)dσ. Since ~u(s) = 1 for s in the support of ζ_0(X·) = 1 − ∑_∞ k=1 ζ_k(X·) (with X ≥ 1) we may split

u(s) = (u(0) + su_1(s))~u(s)

= u(0) + su_1(s)ζ_0(Xs) − ∑ k≥1 ζ_k(Xs)u(0)(1 − ~u(s)) + ∑ k≥1 su_1(s)ζ_k(Xs)~u(s) (A1.9)

Replacing u(s) in (A1.9) by u(0) we can use (A1.1) to pick up the main term in (A1.7.1). If we replace u by any other term on the right hand side of (A1.9) we get a contribution to the remainder term. Specifically, ∫_∞ 0 |u_1(s)s^z ζ_0(Xs)|ds ≲ X^{−b−1} and if we integrate by parts N times we see that | | ∫_∞ 0 s^z u_1(s)ζ_k (Xs)e^{±isX} ds | | ≤ C‖u‖_CN +1 (1 + |z|)^N 2^{k(b−N+1)}X^{−b−1}. We may sum in k since N > b + 1, and also use the lower bound (A1.8). The other terms in (A1.9) are handled similarly. This finishes the proof. □

Remark. We did not attempt to optimize the bounds in τ and the dependence on N.

A2. Analytic continuation. We consider the function H_{z,λ} as defined in (2.10) for Re(z) > 0. We will discuss an analytic continuation, separately on the intervals (−1, 1) and (−∞, −1).

Assuming Re(z) > 0 it is clear that H_{z,λ} is a smooth function on (−1, 1). We use integration by parts to extend the definition of H_{z,λ} as a function on (−1, 1) to all values of z ∈ C . To accomplish this we rewrite the defining integral assuming Re(z) > 0.

We set μ = cos α, 0 < α < π, and split

(A2.1) H_{z,λ}(cos α) = A_{z,λ}(α) + B_{z,λ}(α)

where A_{z,λ}(α) = 1 Γ(z) ∫_α 0 ζ_0( α − θ sin α

)(cos θ − cos α)^{z−1} cos(λθ)dθ

(A2.2) B_{z,λ}(α) = 1 Γ(z) ∫_α 0 (1 − ζ_0( α − θ sin α

))(cos θ − cos α)^{z−1} cos(λθ)dθ.

(A2.3)

Clearly B_{z,λ}(α) is an entire function in z, and for each z the function B_{z,λ} is smooth for α ∈ (0, π).

Changing variables θ = α − u sin α we rewrite

A_{z,λ}(α) = (sin α)^{2z−1} 1 Γ(z) ∫_∞ 0 ζ_0(u)γ(α, u)^{z−1}u^{z−1} cos(λ(α − u sin α))du = 1 2 ∑ ± e^{±iλα}(sin α)^{2z−1}⟨χ^{z−1}_+ , ζ_0γ(α, ·)^{z−1}exp(∓iλ sin α·)⟩ (A2.4) where γ(α, u) = cos(α − u sin α) − cos α u sin^2 α = 1 − u 2 cos α − u^2 2 sin α

∫_1 0 (1 − s)^2 sin(α − su sin α)ds

(A2.5)

Now γ(α, 0)^{z−1} = 1 and the C^{N+1} norm of the function (u, α) → γ(α, u)^{z−1} for (u, α) ∈ [0, 1/2] × R is O(1 + |τ|)^{N+1}. By (A2.4) and §A1 the function A_{z,λ} can be extended to all values of z, as a smooth function on (−1, 1). This extends H_{z,λ} to all values of z and yields a smooth function on (−1, 1) which depends analytically on the parameter z.

Similarly we may also extend H_{z,λ} as a smooth function on (−∞, −1). We set −μ = cosh a and repeatedly integrate by parts using the adjoint of the operator (sinh s)^{−1}d/ds to obtain

H_{z,λ}(− cosh a) = (−1)^m sin((z − λ)π)

Γ(z + m) ∫_∞ a (cosh s − cosh a)^{z+m−1} ( 1 sinh s d ds − cosh s sinh^2 s )_m e^{−λs}ds. (A2.6)

This can be used to extend H_{z,λ} as a smooth function on (−∞, −1) for Re(z) > −m.

A3. Oscillatory behavior of H_{z,λ}.

In this section we examine the asymptotic behavior of H_{z,λ}(μ), for μ ∈ (−1, 1), under the assumption that λ √ 1 − μ^2 ≥ 1.

Lemma A3.1. Let z = b + iτ and assume λ sin α ≥ 1. In the open interval (−1, 1) the distributions H_{z,λ} and H^′_{z,λ}, defined in (2.10), can be identified with a smooth function whose asymptotic behavior is as follows. (i) (A3.1) H_{z,λ}(cos α) = cos(λα −^{zπ}_2 )λ^{−z} (sin α)^{z−1} + R_{z,λ}(α)

where (A3.2) |R_{z,λ}(α)| ≤ C_{b,τ} λ^{−b−1}(sin α)^{b−2}. (ii)

(A3.3) (sin α)^{2z−1} d dα [ (sin α)^{1−2z} H_{z,λ}(cos α) ] = − sin(λα −^{zπ}_2 )λ^{1−z} (sin α)^{z−1} + ~R_{z,λ}(α)

where (A3.4) | ~R_{z,λ}(α)| ≤ C_{b,τ} λ^{−b}(sin α)^{b−2}. Moreover

(A3.5) |H^′_{z,λ}(cos α) − sin(λα −^{zπ}_2 )λ^{1−z}(sin α)^{z−2}| ≤ C_{b,τ} λ^{−b}(sin α)^{b−3}.

In the above estimates the numbers C_{b,τ} satisfy the estimates |C_{b,τ} | ≤ A_{b,N} (1+|τ|)^{N+4}e^{π2 τ} where N ≥ |b|+3 is a positive integer and A_{b,N} stays bounded if b and N ≥ |b| + 3 are chosen in any compact interval.

Proof. We split H_{z,λ}(cos α) = A_{z,λ}(α) + B_{z,λ}(α) as in (A2.2-3). We pick up the main term in (A3.1) by considering A_{z,λ}. Splitting cos(λ(α − u sin α)) as the sum of two exponentials as in (A2.4) we may apply Lemma A1.1 to obtain the desired asymptotics (A3.1) for the expression A_{z,λ}(α) in place of H_{z,λ}(cos α).

To obtain an estimate for remainder term B_{z,λ} we use a further splitting and integrate by parts. The argument is slightly different depending on whether α ∈ (0, π/2] or α ∈ (π/4, π).

We shall first assume that α ∈ (0, π/2). Let ζ_{0,α}(θ) = ζ_0(^{α−θ}_{sin α} )). We use integration by parts to see that B_{z,λ}(α) is a linear combination of terms (A3.6) B_{j,ℓ,ν} (α) = { λ^{−N} ∫_∞ 0 sin(λθ)∂^ν_θ [1 − ζ_{0,α}(θ)](sin θ)^j (cos θ)^ℓ(cos θ − cos α)^{z−1−j−ℓ}dθ if N is odd λ^{−N} ∫_∞ 0 cos(λθ)∂^ν_θ [1 − ζ_{0,α}(θ)](sin θ)^j (cos θ)^ℓ(cos θ − cos α)^{z−1−j−ℓ}dθ if N is even

with the additional specifications that j + 2ℓ + ν ≤ N and that j ≥ 1 if N is odd and ν = 0. The latter condition implies that no boundary terms are picked up at θ = 0. In the above integrals | cos θ − cos α| ≈ (sin α)^2 and therefore |B_{j,ℓ,ν} (α)| ≲ (1 + |z|)^N (1 + λ)^{−N} (sin α)^{2b−1−ν−j−2ℓ} where j + 2ℓ + ν ≤ N. Choosing N ≥ b + 1 shows that B_{j,ℓ,ν} = O((1 + λ)^{−b−1}(sin α)^{b−2}).

Let us now assume that α > π/4. Let ω be smooth so that ω(θ) = 1 if θ ≤ π/16, and ω(θ) = 0 if θ ≥ π/8. For k ≥ 1 let ζ_k(s) = ζ_0(2^{−k}s) − ζ_0(2^{1−k}s) and observe that ω(θ)ζ_0(^{α−θ}_{sin α} )) vanishes for all θ if α > π/4. We may therefore split

(A3.7) B_{z,λ}(α) = ∑ k≥1 I_k(α) + II(α)

where

Γ(z)I_k (α) = ∫_α 0 (1 − ω(θ))ζ_k ( α − θ sin α

)(cos θ − cos α)^{z−1} cos(λθ)dθ,

(A3.8.1) Γ(z)II(α) = ∫_α 0 ω(θ)(cos θ − cos α)^{z−1} cos(λθ)dθ.

(A3.8.2)

The term II(α) is handled by a straightforward integration by parts argument; as above one sees that no boundary terms are picked up at 0 and the result of the computation is

(A3.9) |II(α)| ≤ C_N (1 + |τ|)^N (1 + λ)^{−N}

which is a favorable estimate since λ sin α ≥ 1.

For the terms I_k we use integration by parts as well. Let ζ_{k,α}(θ) = ζ_k( α − θ sin α )(1 − ω(θ)). We then see that I_k is a linear combination of terms of the form I_{k,j,ℓ,ν} where (A3.10) I_{k,j,ℓ,ν} (α) = { (1 + λ)^{−N} ∫_∞ 0 sin(λθ)∂^ν_θ ζ_{k,α}(θ)(sin θ)^j (cos θ)^ℓ(cos θ − cos α)^{z−1−j−ℓ}dθ if N is odd, (1 + λ)^{−N} ∫_∞ 0 cos(λθ)∂^ν_θ ζ_{k,α}(θ)(sin θ)^j (cos θ)^ℓ(cos θ − cos α)^{z−1−j−ℓ}dθ if N is even,

and where j + 2ℓ + ν ≤ N.

For the integration by parts observe that the amplitudes of the integrals are supported away from the endpoints. One uses that | cos θ − cos α| ≈ (2^k sin α)^2 if |θ − α| ≈ 2^k sin α and obtains the estimate (A3.11) |I_{k,j,ℓ,ν} (α)| ≲ (1 + |z|)^N λ^{−N} (2^k sin α)^{2b−1−ν−j−2ℓ}. We sum and estimate using the restriction j + 2ℓ + ν ≤ N. The sum (1 + |τ|)^{−N} ∑ 0<2^k ≤8π/ sin α |Ik,j,ℓ,ν | is then controlled by either (1 + λ)^{−N} , or (1 + λ)^{−N} log(2 + (sin α)^{−1}) ≲ (1 + λ)^{−N} log(2 + λ), or (1 + λ)^{−N} (sin α)^{2b−1−N} , depending on the sign of the exponent 2b − 1 − ν − j − 2ℓ. If we choose N > b we obtain the bound ∑ 0<2^k ≤8π/ sin α

|I_k | ≲ (1 + |z|)^N (1 + λ)^{−b}(sin α)^{b−1}((1 + λ) sin α)^{b−N} .

This finishes the proof of (A3.1/2).

We now turn to the estimates for the derivatives. The derivative of the main term in (A3.3) is given by

(A3.12) d dα ( (sin α)^{1−2z} A_{z,α}(α) ) = − 1 Γ(z) ∫_∞ 0 ζ_0(u)γ(α, u)^{z−1}u^{z−1} sin(λ(α − u sin α))(λ − λu cos α)du + z − 1 Γ(z) ∫_∞ 0 ζ_0(u) ∂γ ∂α (α, u)γ(α, u)^{z−2}u^{z−1} cos(λ(α − u sin α))du := A_{z,λ,1}(α) + A_{z,λ,2}(α). We apply Lemma A1.1 to the term A_{z,λ,1} and pick up the main term in the asymptotic formula in (A3.3). Applying the same argument to the second term A_{z,λ,2} and using (A2.5) we see that A_{z,λ,2}(α) can be subsumed under the remainder term in (A3.3/4).

The derivatives of B_{z,λ} are estimated in the same way as B_{z,λ} itself; for the corresponding terms I^′_k the differentiation introduces factors which are all O((sin α)^{−1}), and this is acceptable for (A3.3). Using both the asymptotics (A3.1) and (A3.3) yields an asymptotic formula for ∂_α(H_{z,λ}(cos α)) from which the asserted formula (A3.5) follows. □

A4. Estimates for the nonoscillatory terms. We begin by recalling the asymptotic behavior of the Legendre functions near the singularities.

Lemma A4.1. (i) Suppose z = b+iτ and b > 1/2. Then H_{z,λ} extends to continuous function on (−∞, ∞); in particular

(A4.1) lim_{μ→−1} H_{z,λ}(μ) = √ π2^{z−1}Γ(z −^1_2 ) Γ(z − λ)Γ(z + λ) . (ii) H 1_{2 ,λ} has a jump discontinuity at μ = 1 and

(A4.2) lim_{μ→1−} H 1_{2 ,λ}(μ) = √ π 2 . (iii) H 1_{2 ,λ} has a logarithmic singularity at μ = −1; moreover

(A4.3) lim_{μ→−1±} [ H 1_{2 ,λ}(μ) + cos(λπ) √ 2π log(|1 + μ|) ] = γ^±_λ where

(A4.4) γ^+_λ − γ^−_λ = − √ π 2 sin(λπ)

and γ^−_λ = −(2π)^{−1/2} cos(λπ) ( Ψ(λ +^1_2 ) − Ψ(1) − log 2 ) ; here Ψ = Γ^′/Γ.

Proof. We use the description of H_{z,λ} in terms of Legendre functions of the first and second kind. Precisely, using the notation and fonts of [13], 3.7(27) and 3.7(4),

(A4.5) H_{z,λ}(μ) = √_π 2 (1 − μ^2)^{z2 − 14} P^{12 −z}_{λ− 12} (μ) if − 1 < μ < 1 √ 2π sin(zπ − λπ)(μ^2 − 1)^{z2 − 14} e^{(z− 12 )πi}Q^{12 −z}_{λ− 12} (−μ) if μ < −1.

This is derived in [22]; alternatively one may also consult Watson’s monograph ([40, §13·46, (4), (5)]) and use ([13, 3.7.4 (27), (4)]), keeping in mind that the definition of the second Legendre functions Q^{−z+1/2}_{λ−1/2} in [40, 5·71] differs from the definition in [13, 3.3.1 (4)].

The following references concern the limiting behavior of Legendre functions as μ → ±1 and refer to formulas in [13]. For (i) we use 3.9.2(14) and 3.9.2(6), for (ii) we use 3.9.2(8). For (iii), for the behavior as μ ↗ −1 we use 3.9.2(7). As pointed out in [13] the behavior as μ ↘ −1 can be derived from 3.4.14 and 3.9.2(8,11); the resulting formula 3.9.2(15) in [13] contains a misprint as the Euler constant there should be multiplied by 2. □

We shall need uniform estimates for H_{z,λ} and its derivatives near the points ±1.

Lemma A4.2. Suppose that −1 < μ < 1 and z = b + iτ. Fix A > 5/2. Then the following estimates hold if A > π|b| + 5/2. (i) Suppose that b > 1/2. Then

(A4.6) |H_{z,λ}(μ)| ≤ C_1(A, b)e^{Aτ} × (1 − μ^2)^{b− 12} if λ √ 1 − μ^2 ≤ 1, 0 ≤ μ < 1,

(1 + λ)^{−b}(1 − μ^2)^{b−12} if λ √ 1 − μ^2 ≥ 1, −1 < μ < 1, (1 + λ)^{1−2b} if λ √ 1 − μ^2 ≤ 1, −1 < μ ≤ 0. (ii) Suppose that b = 1/2. Then

(A4.7) |H_{z,λ}(μ)| ≤ C_2(A)e^{Aτ} × 1 if λ √ 1 − μ^2 ≤ 1, 0 ≤ μ < 1,

(1 + λ)^{−1/2}(1 − μ^2)^{− 14} if λ √ 1 − μ^2 ≥ 1, −1 < μ < 1, log((2 + λ)^{−1}(1 − μ^2)^{−1/2}) if λ √ 1 − μ^2 ≤ 1, −1 < μ ≤ 0. (iii) Suppose that b < 1/2 and −1 ≤ μ ≤ 1. Then

(A4.8) |H_{z,λ}(μ)| ≤ C_3(b, A)e^{Aτ} × { (1 − μ^2)^{b− 12} if λ √ 1 − μ^2 ≤ 1,

(1 + λ)^{−b}(1 − μ^2)^{b−12} if λ √ 1 − μ^2 ≥ 1.

Proof. The statements for λ √ 1 − μ^2 ≥ 1 follow from Lemma A3.1. Therefore, in what follows we assume λ √ 1 − μ^2 ≤ 1. We use the decomposition (A2.1).

We first consider the region −1/8 ≤ μ < 1, in which α := arccos μ satifies 0 ≤ α ≤ 3π/4. Then the bound A_{z,λ}(α) = O(sin α)^{2b−1} is immediate from (A2.2) and likewise we obtain the same estimate for B_{z,λ} from the definition.

Now assume that λ sin α ≤ 1 and α is near π, hence μ near −1. The bound for the term A_{z,λ} is as above. To estimate B_{z,λ} we have to examine the terms I_k, II in (A3.8). Notice that in the integrand of I_k we have cos θ − cos α ≈ 2^{2k}(sin α)^2 so that

(A4.9) |I_k| ≲ 2^{(2b−1)k}(sin α)^{2b−1}

We use this estimate only for 2^k ≤ ((λ + 1) sin α)^{−1} and see that the sum over these terms is bounded by C(1 + λ)^{1−2b} if b > 1/2, by C log(((2 + λ) sin α)^{−1}) if b = 1/2 and by C(sin α)^{2b−1} if b < 1/2. The sum over the terms I_k with 2^k > ((λ + 1) sin α)^{−1} is handled by integration by parts exactly as in the proof of Lemma A3.1. The same applies to the term II (if λ ≥ 1).

The bounds in τ follow from the lower bound for the Γ function stated in (A1.8). □

Lemma A4.3. Suppose that ε > 0, z = b + iτ, A > 2π(|b| + 1/2), and λ > b − 1 + ε.

(i) If μ < −2 then

(A4.10) |H_{z,λ}(μ)| ≤ C(ε, b, A)e^{Aτ} (1 + λ)^{−b}|μ|^{b−λ−1}. (ii) If −2 ≤ μ ≤ −1 − (λ + 1)^{−2} then

(A4.11) |H_{z,λ}(μ)| ≤ C(ε, b, A)e^{Aτ} (1 + λ)^{−b}(μ^2 − 1)^{b−12} e^{−λ} √_{μ2 −1} . (iii) If −1 − (λ + 1)^{−2} ≤ μ < −1 then

(A4.12) |H_{z,λ}(μ)| ≤ C(ε, b, A)e^{Aτ} × (1 + λ)^{1−2b} if b > 1/2, log((2 + λ) √ μ^2 − 1)^{−1}) if b = 1/2, (μ^2 − 1)^{b− 12} if 0 < b < 1/2.

Proof. We set μ = − cosh a, a > 0. Observe that for s ≥ a

cosh s − cosh a = sinh(^{s+a}_2 ) sinh(^{s−a}_2 ) ≈ s^2 − a^2 if a ≤ 1, s ≤ 2, e^{a+s2} (s − a) if a ≥ 1, s ≤ a + 1, e^s if s ≥ a + 1.

We assume that Re(z) > 0. We replace z by b and then have to estimate integrals with positive integrand. After some lengthy but straightforward estimates we see that H_{z,λ}(− cosh a) is O(λ^{−b}e^{−(λ−b+1)a}) if a ≥ 1 and O(λ^{−b}a^{b−1}e^{−λa}) if (λ+1)^{−1} ≤ a ≤ 1. If 0 < a < (λ+1)^{−1} one obtains that H_{z,λ}(− cosh a) is O(λ^{1−2b}), O(log((λ + 1)a)^{−1}) or a^{2b−1} in the cases b > 1/2, b = 1/2 and 0 < b < 1/2, respectively. These estimates imply (i), (ii) and (iii), for the case b > 0; the exponential bounds follow from (A1.8) and the obvious upper bound for the coefficient sin(zπ − λπ) in (2.10). The same argument applies to the case Re(z) > −m if we use instead the formula (A2.6). □

We remark that the estimate (A4.6) for λ √ 1 − μ^2 ≤ 1 and μ → 1− can be slightly improved, if b < 1/2.

Moreover the bounds for μ → −1± can be replaced by asymptotic expansions. Now these improvements are only needed in this paper for the case z = −1/2, and in this case the corresponding statements have already been proved by Lindblad and Sogge [21]. The estimates there are stated only for integer values of λ but the analysis can be carried out for general λ > 0.

We will therefore just quote the estimates from [21]. First

(A4.13) |H^′1_{2 ,λ}(μ)| ≲ (1 + λ)^2 if λ √ 1 − μ^2 ≤ 1, μ > −3/4. Next, for the asymptotic behavior at μ = −1 it is natural to define

(A4.14) ~H_λ(μ) = H 1_{2 ,λ}(μ) + cos(λπ) log(|1 + μ|) √ 2π . The function ~H_λ satisfies

(A4.15) | | d ~H_λ dμ (μ) | | ≤ Cλ^{1/2}|1 − μ^2|^{−3/4} if μ ∈ (−2, −1) ∪ (−1, −1/2); see §7 of [21]. Estimate (A2.17) can be complemented by a statement of uniformity in the limit (A4.3), namely

(A4.16) | ~H_λ(μ) + cos(λπ)(2/π)^{1/2} log(λ + 1)| ≤ C if λ √ |1 + μ| ≲ 1, μ ∈ (−2, −1) ∪ (−1, −1/2); here C is independent of λ and μ. We shall omit the proof of (A4.16) as this statement does not explicitely enter in our analysis.

A5. Proof of Theorems 2.1 and 2.2.

Proof of Theorem 2.1. By (2.12) K_λ(t, r, ρ) = (π/2)^{1/2}K_{−1/2,λ}(t, r, ρ) = −(2π)^{−1/2}tρ^{n−32} r^{− n+12} H^′_λ(μ) where H_λ := H_{1/2,λ} and H^′_λ denotes the derivative in the sense of distributions. Let ~H_λ be as in (A4.14) We denote by^{dHλ}_{dμ} ,^{d ~Hλ}_{dμ} the pointwise derivative of H_λ and ~H_λ in R \ {−1, 1}. Moreover let ~H_λ(−1±) denote the right and left limit at −1, respectively (cf. (A4.3/4)).

Set ζ^λ(μ) := ζ((1 + λ) √ |1 − μ^2|). We write with ϕ ∈ C^∞_0 (R) ⟨H^′_λ, ϕ⟩ = − [ ∫ 1 0 + ∫_0 −1 + ∫_{−1} −2 + ∫_{−2} −∞ ]( H_λ(μ)ζ^λ(μ) + H_λ(μ)(1 − ζ^λ(μ)) ) ϕ^′(μ)dμ. In the integrals over (−1, 0] and [−2, −1) we split H_λ = ~H_λ + c_λ log |1 + μ| where c_λ = (2π)^{−1/2} cos(λπ). Integration by parts yields

⟨H^′_λ, ϕ⟩ = − H_λ(1−)ζ^λ(1)ϕ(1) + H_λ(0)ζ^λ(0)ϕ(0) +

∫_1 0 [ dH_λ dμ ζ^λ + H_λ dζ^λ dμ ] ϕ(μ)dμ − ~H_λ(0)ζ^λ(0)ϕ(0) + ~H_λ(−1 +)ζ^λ(−1)ϕ(−1) +

∫_0 −1 [ d ~H_λ dμ ζ^λ + ~H_λ dζ^λ dμ ] ϕ(μ)dμ − ~H_λ(−1 −)ζ^λ(−1)ϕ(−1) + ~H_λ(−2)ζ^λ(−2)ϕ(−2) + ∫_{−1} −2 [ d ~H_λ dμ ζ^λ + ~H_λ dζ^λ dμ ] ϕ(μ)dμ − lim_{ε→0} ( c_λ log(|1 + μ|)ϕ(μ) | | | | 0 −1+ε −c_λ log(|1 + μ|)ϕ(μ) | | | | −1+ε −2 − ∫ [−2,0]\ [−1−ε,−1+ε] [ c_λζ^λ(μ) 1 + μ

+ c_λ log(|1 + μ|) dζ^λ dμ ] ϕ(μ)dμ )

− H_λ(−2)ζ^λ(−2)ϕ(−2) + ∫_{−2} −∞ [ dH_λ dμ ζ^λ + H_λ dζ^λ dμ ] ϕ(μ)dμ + ∫ [ dH_λ dμ (1 − ζ^λ) − H_λ dζ^λ dμ ] ϕ(μ)dμ. Observe that all terms involving a derivative of ζ^λ cancel; thus after clearing the boundary terms we obtain

(A5.1)

H^′_λ = dH_λ dμ (1 − ζ^λ) + dH_λ dμ ζ^λχ_{(0,1)} + d ~H_λ dμ ζ^λχ_{(−2,0)} + dH_λ dμ ζ^λχ_{(−∞,−2)} + c_λζ^λp.v.χ_{[−2,0)}(μ) 1 1 + μ

− H_λ(1 − 0)δ(1 − μ) + (γ^+_λ − γ^−_λ )δ(1 + μ).

Since H_λ(1 − 0) = (π/2)^{1/2} and γ^+_λ − γ^−_λ = −(π/2)^{1/2} sin(λπ) we pick up Dirac measures of the form

(A5.2) −

√_1 2π tρ^{(n−3)/2}r^{−(n+1)/2} √_π 2 [−δ(1 − μ) − sin(λπ)δ(1 + μ)]

for the term (2.19). To express these in the form desired for (2.19) we rewrite δ(1±μ(t, r, ρ)) as distributions acting in the ρ variable, for fixed r > 0, t > 0. It is straightforward exercise in distribution theory to verify that δ(1 − μ(t, r, ρ)) = δ (_t2_{−(r−ρ)}2 2rρ ) = 2rρδ ( (t − r + ρ)(t + r − ρ) ) = rρ t ( δ(t − r + ρ) + δ(t + r − ρ) ) (A5.3) and similarly δ(1 + μ(t, r, ρ)) = rρ t ( δ(ρ − t + r) + δ(ρ + r + t) ) = rρ t δ(ρ − t + r), (A5.4)

since we assume t > 0. Moreover

(A5.6) 1 1 + μ = 2rρ (r + ρ)^2 − t^2 = 2rρ (r + ρ + t)(ρ − t + r) .

Using (A5.4-6) we pick up the terms in (2.19/20). For the term^{dHλ}_{dμ} (1 − ζ^λ)χ_{(−1,1)} in (A5.1) we use (A3.5). The main term in the asymptotic in (A3.5) is sin(λ arccos μ − π/4)λ^{1/2}(1 − μ^2)^{−3/4} and since sin(θ − π/4) = − cos(θ + π/4) this yields the term (2.18). The remainder term in this asymptotic expansion is subsumed under (2.21). The term^{dHλ}_{dμ} (1 − ζ^λ)χ_{(−2,−1)} contributes to (2.21), the appropriate estimate follows from (A4.11) and (2.13). The terms^{dHλ}_{dμ} (1 − ζ^λ)χ_{(−∞,−2)} and^{dHλ}_{dμ} ζ^λχ_{(−∞,−2)} contribute to (2.22), here we use (A4.10) and (2.13).

For the term^{dHλ}_{dμ} ζ^λχ_{(0,1)} we use (A4.13), and for^{d ~Hλ}_{dμ} ζ^λχ_{(−2,0)} we use (A4.15), both terms contribute to (2.21). □ Proof of Theorem 2.2. This is analogous to the proof of Theorem 2.1; note that for the case b > −1/2 no singular terms occur at the boundary μ = ±1. We use Lemma A3.1 for the contribution of K_{z,λ}(1−ζ^λ)χ_{(−1,1)}, We use Lemma A4.2 for the contribution of K_{z,λ}ζ^λχ_{(−2,−1)} and Lemma A4.3 for the contribution of K_{z,λ}χ_{(−∞,−2]}. □ References

1. W. Beckner, A. Carbery, S. Semmes and F. Soria, A note on restriction of the Fourier transform to spheres, Bull. London Math. Soc. 21 (1989), 394–398.

2. J. Bourgain, Estimations de certaines fonctions maximales, C. R. Acad. Sc. Paris, 310 (1985), 499–502. 3. , Estimates for cone multipliers, Geometric aspects of Functional Analysis (Israel, 1992-1994), Oper. theory Adv.

Appl., 77, Birkhäuser, Basel, 1995, pp. 25–39.

4. A. Carbery, G. Gasper and W. Trebels, Radial Fourier multipliers of L^p(R^2), Proc. Natl. Acad. Sci. 81 (1984), 3254–3255. 5. A. Carbery, E. Romera and F. Soria, Radial weights and mixed norm inequalities for the disc multiplier, J. Funct. Anal.

109 (1992), 52–75.

6. A. Carbery, A. Seeger, S. Wainger and J. Wright, Classes of singular integral operators along variable lines, Journal of geometric analysis 9 (1999), 583-605.

7. A. Carbery and F. Soria, personal communication.

8. L. Carleson and P. Sjölin, Oscillatory integrals and a multiplier problem for the disc, Studia Math. 44 (1972), 287–299. 9. J. Cheeger and M. Taylor, On the diffraction of waves by conical singularities, I, Comm. Pure and Appl. Math. 25 (1982), 275-331.

10. L. Colzani, A. Cominardi and K. Stempak, Radial solutions of the wave equation, preprint (1997). 11. A. Córdoba, The disc multiplier, Duke Math. J. 58 (1989), 21–29. 12. A. Erdélyi, Asymptotic expansions, Dover, New York, 1956.

13. A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher transcendental functions, McGraw-Hill, New York, 1953.

14. C. Fefferman, Inequalities for strongly singular convolution operators, Acta Math. 124 (1970), 9–36. 15. , The multiplier problem for the ball, Annals of Math. 94 (1971), 331–336.

16. L. Hörmander, The analysis of linear partial differential operators Vol. I, Springer-Verlag, New York, Berlin, 1983. 17. , Oscillatory integrals and multipliers on F L^p, Ark. Mat. 11 (1971), 1–11.

18. U. Keich, On L^p bounds for Kakeya maximal functions and the Minkowski dimension in R^2, Bull. London Math. Soc.

31 (1999), 213–221.

19. N. N. Lebedev, Special functions and their applications, (1972), Dover, New York.

20. H. Li and N. Lohoué, Estimations L^p des solutions de l’équations des ondes sur certaines varietés coniques, preprint, 1999.

21. H. Lindblad and C. D. Sogge, Long-time existence for small amplitude semilinear wave equations, Amer. J. Math. 118 (1996), 1047–1135.

22. H. M. Macdonald, Note on the evaluation of a certain integral containing Bessel’s functions, Proc. London Math. Soc.

7 (1909), 142–149.

23. G. Mockenhaupt, On radial weights for the spherical summation operator, J. Funct. Anal. 91 (1990), 174–181. 24. G. Mockenhaupt, A. Seeger and C.D. Sogge, Local smoothing of Fourier integral operators and Carleson-Sjölin estimates, J. Amer. Math. Soc. 6 (1993), 65–131.

25. D. Müller and A. Seeger, Inequalities for spherically symmetric solutions of the wave equation, Math. Z. 218 (1995), 115–124.

26. D. H. Phong and E. M. Stein, Radon transforms and torsion, International Mathematics Research Notices (1991), 49–60. 27. J.L. Rubio de Francia, Transference principles for radial multipliers, Duke Math. J. 58 (1989), 1-19. 28. A. Seeger, Necessary conditions for quasiradial Fourier multipliers, Tôhoku Math. J. 39 (1986), 249–257. 29. , Degenerate Fourier integral operators in the plane, Duke Math. J. 71 (1993), 685–745. 30. C.D. Sogge, Propagation of singularities and maximal functions in the plane, Invent. Math. 104 (1991), 349–376. 31. E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ. Press, Princeton, N.J., 1971. 32. , Harmonic analysis: Real variable methods, orthogonality and oscillatory integrals, Princeton Univ. Press, 1993. 33. E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Univ. Press, Princeton, N.J., 1971.

34. R. Strichartz, Restrictions of Fourier transforms to quadratic surfaces and decay of solutions of wave equations, Duke Math. J. 44 (1977), 705–714.

35. T. Tao, Spherically averaged endpoint Strichartz estimates for the two-dimensional Schrödinger equation, preprint. 36. T. Tao and A. Vargas, Estimates for cone multipliers I, II, Geometric and Functional Analysis (to appear). 37. M. Taylor, Partial differential equations, II, Springer-Verlag, 1996. 38. H. Triebel, Theory of function spaces, Monographs Math. 78, Birkhäuser Verlag, 1983.

39. L. Vega, Restriction theorems and the Schrödinger multiplier on the torus, Partial differential equations with minimal smoothness (Chicago, IL, 1990), IMA Vol. Math. Appl. 42, Springer, New York, 1992, pp. 199-211.

40. G.N. Watson, A treatise on the theory of Bessel functions, 2nd ed., Cambridge Univ. Press, London and New York, 1966. 41. T. Wolff, Local smoothing type estimates on L^p for large p, preprint (2000).

Mathematisches Seminar, Christian-Albrechts-Universität zu Kiel, Ludewig-Meyn-Str. 4, 24098 Kiel, Germany

E-mail address: mueller@math.uni-kiel.de

Department of Mathematics, 480 Lincoln Drive, University of Wisconsin, Madison, WI 53706, USA E-mail address: seeger@math.wisc.edu