EMBEDDINGS FOR SPACES OF
LORENTZ-SOBOLEV TYPE

ANDREAS SEEGER AND WALTER TREBELS

ABSTRACT. The purpose of this paper is to characterize all embeddings
for versions of Besov and Triebel-Lizorkin spaces where the underlying
Lebesgue space metric is replaced by a Lorentz space metric. We include
two appendices, one on the relation between classes of endpoint Mikhlin-
Hormander type Fourier multipliers, and one on the constant in the
triangle inequality for the spaces LP"" when p < 1.

1. INTRODUCTION

We consider Lorentz space variants of the classical function space scales
of Sobolev, Besov and Triebel-Lizorkin spaces for distributions on R?. We
use the traditional Fourier analytical definition (cf. [27]) and work with an
inhomogeneous Littlewood-Paley decomposition {A;}22, which is defined
as follows. Pick a C'*° function Sy such that 5p(§) = 1 for || < 3/2 and
Bo(€) = 0 for |¢] > 7/4. For k > 1 let Bi(€) = Bo(27F€) — Bo(2'7%€). Define
Ay via the Fourier transform by Kk\f = Bkﬁ k=0,1,2,....

Let Y be a rearrangement invariant quasi-Banach space of functions on
R?, and define

1/q
2
(1) Il = (D2 lans 1)
k
1/q
(2) £l = || (2 125w f1e) |
k
When the functors By and Fy] are applied to the Lebesgue spaces J = LP one
gets the usual classes of Besov spaces Bj[LF] = B, , and Triebel-Lizorkin
spaces Fy [LP] = F; .. Here we take for J a Lorentz space L', see §2
for definitions and a review of basic facts. Of course LPP = LP. 1t is
also customary to write Bg[LP"] = Bi, o Fo [LPT] = FG, 1),q0 although for

better readability we prefer the functorial notation. For ¢ = 2 one obtains

the Lorentz versions of the Hardy-Sobolev spaces, also denoted by H (Sp ")
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For the range 1 < p < oo the space H(Sp ) = F5[LP"] can be identified with
a variant of Bessel-potential spaces (c¢f. [21],ch.V), namely we have

(3) £l 5oy = (T = A)*fllpr, 1 <p < oo,

These spaces have been used repeatedly in the literature (see e.g. [22], [5],
[14], [9]), although our original motivation came from a result about em-
beddings in [8]. Applications suggest natural questions about the relation
between these spaces, in particular the relation between Besov and Lorentz-
Sobolev spaces. We formulate our results for nonhomogeneous versions of
the above spaces, but the proofs can be extended to cover homogeneous ver-
sions (F', B) versions as well (cf. [29]). Our two main theorems characterize
all embeddings which involve a space in the B;[LP"] family and a space in
the F;[LP"] family.

Theorem 1.1. Let sp,s1 € R, 0 < pg,p1 < o0, 0 < qo,q1,70,71 < 00. The
embedding
(4) B;(()) [LPOJ"O] [SEEN F;11 [Lpl 7T1:|
holds if and only if one of the following siz conditions is satisfied.

(i) so —s1>d/po — d/p1 > 0.

(i3) so > s1, po = p1, T0 < 71

(iii) so — s1 =d/po —d/p1 > 0, qo < 71.

(iv) so = 51, po = p1 # q1, 7o < 71, qo < min{p1,q1,71}.

(v) so = s1, po =p1 =q1 > 10, 70 < 11, qo < min{py,r1}.

(vi) so =81, p0o =p1=q1 <710, T0 <71, g0 < P1-
Theorem 1.2. Let sg,s1 € R, 0 < pp,p1 < 00, 0 < qo,q1,70,71 < 00. The
embedding
(5) FO[LPOT0] s Bt [LPY"]
holds if and only if one of the following siz conditions is satisfied.

(i) so —s1>d/po — d/p1 > 0.

(i3) so > s1, po = p1, o < 71

(iii) so — s1 =d/po —d/p1 > 0, 1o < q1.

(iv) so = 81, Po = P1 # o, To < 71, q1 > max{po,qo, 70}

(v) so =81, po =p1 =qo <71, 7o < 71, q1 > max{po,ro}

(vi) so = s1, po =Pp1=qo > 71, 7o < T1, ¢1 > Po-
Remark 1.3. The interesting cases deal with the critical relation
(6) so — 81 =d/po — d/pu,
when py < p1, and when py = p;. The case pg < pp in (iii) of the two
theorems sheds some light on the sharp embedding theorems by Jawerth
[12] and Franke [7]. Part (iii) of Theorem 1.2 extends and improves Jaw-
erth’s theorem stating that F°[LP°] — Bjl[LP'] for any gy < oo, under
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the assumption (6), pg < pi. Part (iii) of Theorem 1.1 extends the dual
version of Franke stating that By?[LF°] — F 1[LPt], for any q1 > 0, again
under the assumption (6), po < p1. For the Hardy-Sobolev case, ¢ = 2, a
partial result of Theorem 1.1, (iii) can be found in [8], under the additional
assumption rg < ry.

Remark 1.4. We shall see in Appendix A that an application of parts (iii)
of Theorems 1.1 and 1.2 in tandem is useful to compare sharp versions of
the Hormander multiplier theorem in [17] and [9].

Parts (iv), (v), (vi) of both theorems deal with the endpoint case sy = s1,
po = p1 in (6). The conditions on the ¢; and r; are now more restrictive.
The sufficiency of the conditions in (iv), (v), (vi) for (4), (5), resp., follow
from corresponding embedding results for the spaces ¢2(LP") and LP"(£?)
for sequences of functions f = {fi}32,. It turns out that these results can
be reduced to two types of triangle inequalities for Lorentz spaces. We note
that the two strict inequalities in parts (vi) of both theorems can be traced
to the failure of a triangle inequality in L' for p > 1. While considering the
results in parts (iv), (v) of the two theorems we came across the question
on how the constants in a generalized triangle inequality for quasi-norms
in LP”? depend on p when p < 1 and p < p < co. This dependence is not
crucial to our results but may be interesting in its own right, and we include
a result as Appendix B.

The above theorems are complemented by more straightforward results
about embeddings within the By [LP"] and F;[LP"] scales of spaces.

Theorem 1.5. Let sp,s51 € R, 0 < pp,p1 < 00, 0 < qo,q1,70,71 < 00. The
embedding
(7) B [LPOT0] — Byt [LP]
holds if and only if one of the following four conditions is satisfied.
(@) Sp — 81 > d/p() — d/p1 > 0.
(i) so > s1, po = p1, 1o < T1.
(’L’L’L) So — S1 = d/p() — d/pl >0, q0 < q1.
() so = s1, po = p1, ro <71, Qo < q1-
Theorem 1.6. Let sp,s1 € R, 0 < pg,p1 < o0, 0 < qo,q1,70,71 < 00. The
embedding
(8) F;OO [LPO»TO:I [SEEN F;11 [Lplﬂ’l]
holds if and only if one of the following four conditions is satisfied.
(Z) Sp — 81 > d/po — d/pl > 0.
(i4) so > s1, po = p1, To < 71
(iii) Sop— 81 = d/pO — d/pl >0, r9 <7r1.
() so =51, po =p1, 70 <71, Qo < q1-
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It is noteworthy that in statements (iii) of Theorem 1.5, for the critical
relation (6) and py < p; the parameters rg, r; in the Besov-Lorentz embed-
dings can be chosen arbitrary. Likewise in Theorem 1.6, (iii), the parameters
qo,q1 are arbitrary. This result can be quickly derived from Theorems 1.1
and 1.2 (see §6) and extends results by Jawerth [12] for the Lebesgue space
cases pop = 1o, Pp1 = T1-

This paper. In §2 we shall review basic facts on Lorentz spaces and related
spaces (9(LP") and LP"(¢?) for sequences of functions f = {fi}72, In
§3 we also discuss various examples demonstrating the sharpness of the
results; see in particular the overview in §3.1 for a guide where to find
the proof of each necessary condition. In §4 we prove embedding relations
between (2(LP") and LP" (£7), for fixed p, r, which imply the sufficiency of the
conditions in parts (iv)-(vi) of Theorems 1.1 and 1.2. In §5 we give the proofs
of the Lorentz improvements of the embedding theorems by Franke and
Jawerth (i.e. parts (iii) of Theorems 1.1 and 1.2). The proofs of sufficiency
are concluded in §6. In Appendix A we discuss some classes of Fourier
multipliers and state some open problems. In Appendix B we prove the
above mentioned result on the constant for the triangle inequality for LP"
when p < 1, r < o0.

2. REVIEW OF BASIC FACTS ON LORENTZ SPACES

We review some basic facts about Lorentz spaces, and refer the reader to
(3], [4], [11], [24] for more information.

2.1. Lorentz spaces via the distribution function. Let (X, u) be a measure
space. For a measurable function f we let

py(e) = p({z € X o |f(z)] > a}),
be the distribution function and f*(t) = inf{a : p¢(a) < t} be the nonin-
creasing rearrangement of |f|. We shall assume that p is non-atomic (i.e.
every set of positive measure has a subset of smaller positive measure).
For 0 < p,r < oo, the standard quasi-norm on the Lorentz space LP" is
given by

r . dt\1/r
©) 191 = (5 [l 00 F)
p t
moreover ||f||p.0o = sup; /P f*(t), 0 < p < co. There is also an alternative

description via the distribution function, namely
da\1/r
(10) 191 = ([ lngte)ea %)

and || ||p.co = supy Az (A)/P. One checks this for simple functions first, and
then applies the monotone convergence theorem. The analogue for the case
r = oo is done in Stein-Weiss [24, p.191], and the case r < oo, for simple
functions relies on similar summation by parts arguments.
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For later use we state the usual embedding for fixed p, namely LP" — [P4
for r < q. In fact there is the sharp inequality

(11) 1fllp.g < N fllpr, 0 <7 <g<o0.
A proof using rearrangements is in Stein-Weiss [24, p.192], but the proof of
(11) could also be based on (10), ¢f. Lemma B.2 in the appendix.

2.2. Sequences of functions. The study of function spaces crucially relies on
the study of the sequence spaces LP"(¢9) and ¢9(LP"). We shall work with
the quasi-norms

(120 hanrien = (S15) ],

/
(12b) Fllenney = (S Nle, )™
k

Throughout the paper the domains of the sequences will usually be N, but
it could be any finite or countable set with counting measure.

2.3. Powers. It will be convenient to use formulas for the distribution and
rearrangement functions of |f|?, for any o > 0, namely

(13) w1 (@) = pup(a/?)
and
(14) ([F17)(t) = (f*(1)°

These follow directly from the definition of distribution and rearrangement
functions. An immediate consequence is

(15) 1N Losorse = N FN o
Moreover, for sequences of functions f = {fx},

(16&) H{‘fk’g}HLp/o‘,r/a(Zq/a) = Hf”zp,r(gq)a
(16b) H{|fk|a}H£q/a‘(Lp/0',’r/o') = ||f||gq(Lp,r) .

2.4. Sums. The expression (9) is not a norm unless 1 < r < p. It is well
known that the spaces LP" are normable for p > 1 and r > 1; one replaces
f* by the maximal function f** in the definition of the Lorentz spaces to
get an equivalent expression which is a norm. We write

e = ([ e er )"

We also use || f|| .- ¢4y, | flla(zr.ry for the expressions corresponding to (12),
but with the **-functions. See [11] or [3]. The additivity property holds
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when the measure space is nonatomic, since in these cases we have a triangle
inequality for

(17) fes £ / Fps= s o / Fldu.

See [11] or [3, ch.2]. The true norms can be used to prove duality theorems;
one identifies the dual of LP9, 1 < p < 00, 1 < ¢ < oo with LP | This also
works on discrete spaces, with counting measure (see [3, ch.2.4]).

If we formulate the triangle inequality with the original quasi-norms in
(9) we get for nonatomic ,

(18) |34 <Gl 1<p<oor =1,
k ’ k

with Cp, = C, = (1 — p~!)~!. This is proved using the additivity of the
functional in (17) in combination with Minkowski’s and Hardy’s inequalities
([3, p- 124]). Lorentz [15] showed that one can take Cp,, =1 for 1 <r < p.
Barza, Kolyada and Soria [2] showed for 1 < p < r that the best constant
Cpr in (18) is given by (p/r)l/’”(p’/r’)l/”/.

One can use (16) and (18) for the space LP/“"/% to get

(19) H Z kapr Sporu (Z ka||z7r)1/u, u < min{p,r, 1}.
k ’ k

However this can be improved in some cases. The analogue of (18) fails for
LY r > 1, (c¢f. [25] for a weaker substitute) but there is a different kind of
triangle inequality for p < 1, for the pth power of || - ||, which gives

(20) HszH < Clp,r (anw ) <t e p

here C(p,r) < (l%g)l/ P This was proved for » = oo by Stein, Taibleson and
Weiss [23], (see also Kalton [13], and unpublished work of Pisier and Zinn
mentioned in [13]). It is easy to modify the proof in [23] to cover the cases
p < r < oo with the same constant. However for » = p one can put of course
put C(p,p) = 1 in (20) which suggests that the behavior of C(p,r) should
improve for r > p as r decreases. We shall prove such a result in Appendix
B and show that for 0 < p<1,p<r <o

1p( 1 )1/:0—1/7"( p L)l/p—l/f

(21) Clp,r) < A (1_ L+ o

and A does not depend on p and r. The precise behavior of C(p,r) is not
relevant for the results in this paper, but (21) should be interesting in its
own right. Note that the logarithmic term in (21) vanishes as r — p+
and as 7 — oco. It would be interesting to get more precise information on
C(p,r), in particular one would like to know whether the logarithmic term
is necessary for p < r < oo.



EMBEDDINGS FOR SPACES OF LORENTZ-SOBOLEV TYPE 7

2.4.1. Computations of some lower bounds. Suppose we are given b > 0 and
sets A;, indexed by j € Z C Z such that

(22a) wA) >0p), jeZ
for some p > 1. Assume that, for a nonnegative sequence § € (" (Z),
(22D) 1F@)] =D 867 PLa, (@) ace.
JjEZ

Then

i 1/r
(22¢) 1lr 2 (D 18GI7)

JEZ

-
To see this observe that the distribution function satisfies ¢ (3(j) pJT) >

. 4 +1
w(A4;) > bp'~! and therefore f*(bp?~1) > 6(]')/)_]7 by definition of the
rearrangement function. This easily implies (22c), under the assumption
(22b).

2.4.2. Computations of some upper bounds. We now replace Z by Z and
add the assumption that n — B(n)2*”/p is monincreasing. Assume that
{Fn}nez is a sequence of measurable sets such that

(23a) w(EFy) < Bp", neZ,
for some p > 1, B > 0 and assume that,
(23b) [f(@)] <) Bn)2PLp, () ae.
nez
Then
, 1/r
(23¢) 1l 5 (D 1817
nez

To see this observe that
n—1

pr(Bn)27 7 ) < pUjenFy) < BY 0 < B(p—1)""p"!

i<n

n—1
and therefore f *(p—]fl p" ) < B(n)p~ » . This easily implies (23c).

3. NECESSARY CONDITIONS

3.1. Guide through this section. Many examples for embedding relations of
spaces of Hardy-Sobolev type have been discussed in the literature (e.g [26],
[20]), and most of our examples are at least related to those earlier examples.

The necessity of the condition py < pi1, and the necessity of the condition
ro < rp in the case whenever py = p1, in all four Theorems 1.1, 1.2, 1.5, 1.6,
is proved in §3.3. The necessity of the condition sy — s; > d/pg —d/p1 >0
in all four theorems is proved in §3.4.
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Consider the case so — s1 = d/pyo — d/p1 > 0 which is case (iii) in all four
theorems. The necessity of the condition gy < 71 in Theorem 1.1 (iii), the
necessity of the condition 79 < g1 in Theorem 1.2 (iii), the necessity of the
condition ro < 71 in Theorem 1.5 (iii), and the necessity of the condition
qo < ¢1 in Theorem 1.6 (iii), are all proved in §3.5.

Necessary conditions in the case so = s1 and pg = p1. In Theorem 1.1 (iv),
(v) the necessity of the condition gp < p; is shown in §3.6.1, the necessity of
the condition ¢g < ¢ is shown in §3.6.2, and the necessity of the condition
go < rq1 is shown in §3.5. In addition, for the case p1 = ¢1 < 19 in part
(vi), we must have the strict inequality in gy < p1; this follows from (37) in
83.6.3.

In Theorem 1.2 (iv), (v) the necessity of the condition ¢; > pg is shown
in §3.6.1, the necessity of the condition gg > ¢1 is shown in §3.6.2, and the
necessity of the condition ¢ > rg is shown in §3.5. Moreover, for the case
Po = qo > 71 in part (vi), we must have the strict inequality in g1 > po; this
follows from (38) in §3.6.3.

The necessity of the conditions ro < 71 in Theorems 1.5, (iv), and 1.6, (iv),
is shown in §3.3 (as already pointed out). The necessity of the conditions
¢o < q1 in Theorems 1.5, (iv), and 1.6, (iv), is shown in §3.6.2.

3.2. Preliminaries. In what fgllows we let 1 be a C'°° function supported
on {x : |x| < 1/8} such that ¢y(&) # 0 for || < 2 and such that

d
for multiindices v with v; > 0, 0 < Z v; < M.
i=1

/wo(:r)dac =1, /wo(ac):rll’l catde =0,
(24)

Here we assume that M is large, specifically given p, q, s, the condition
M > |s| + 100d max{1,1/p,1/q}
will certainly be sufficient for our purposes. Let

(25a) Py = 2Ry (2F.) — 2Dy (21 > 1,
(25b) Lipf=vp*f

We can arrange vy so that v, satisfies
(26) Yy * Py (z) > cfor x € I = (—¢,¢)?

for some fixed ¢ > 0. We have (using Littlewood-Paley decompositions
generated by dilates of compactly supported functions, aka local means in
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[28])

N ks 1/q
1 Usgizeny ~ (30 21LksNE,)
k=0

11l o) H (i2k5q|£kf|q)1/Q‘
k=0

These equivalences follow from the standard corresponding statements for
p =r (cf. [28]) by real interpolation arguments.

p?r

We will repeatedly need the following straightforward lemma.

Lemma 3.1. Let W be a finite collection of points in R?, with mutual
distance at least 27". Define h(xz) = > oy ¥(2"(x — w)). Then

n—j)(M+1 y
(1) £ hle < {;Eji§EM+l)d) e
Moreover,
(282) |L5hllpr < 2PN @ g WP, if j > .
and for j = n we have the equivalence
(28D) | Lnhllps = (274 W)P.

For j <n let W(j) be any mazimal 277 -separated subset of W. Then
(28c)  Lihlpy S 20TMEDQTIEEW ()P, if j <.

Proof. Note that the upper bounds need to be proved only for p = r as
they follow then for all » by real interpolation. Let h, = ¥ (2"(- — w)).
The derivation is straightforward; we use the moment condition on the con-
volution kernel 1/; for the operator £; to bound |L£;h,(z)| < 2(=)(M+1)
for j > n. The corresponding L” bound follows as the supports of L;h,,
are essentially disjoint. When j < n we use the moment condition on h,, to
bound | £k, ()| < 207+ The bound for £;h follows since £ jhq(x) is
nonzero for at most 0(2(”*]' )d) terms (and one gets improvements for sparse
W). The corresponding LP bound is then an immediate consequence.

In order to obtain the lower bound for ||L,h||,, we use the assumption
(26) to see that |L,h| > c on a set of measure 27" #WV. O

In what follows we shall denote by B(z, p) the ball of radius p centered
at x.

3.3. Necessity of po < p1, and of ro < r1 in the case pyp = p1. Let 11 be as
in §3.2, e; = (1,0,...,0}, and let

= Z ap1(x —neyp).
n=1



10 ANDREAS SEEGER AND WALTER TREBELS

It is easy to see by (27) and Minkowski’s inequality that for any M

Lif (@)] S 27 7 Jan|Lpgnes 1) (2)-

n=1

This implies ||Lxflpr < 27%M]a)|p. We also have

e |—]Zan¢1*w1x—ne1( Z|an\ﬂBnela z)

which implies the lower bound ||Li f|l,» 2 ||CLH€p,r. It follows that po < p;
in all cases.

The same calculation proves the necessary condition rg < r; in the case
Pbo = p1-

3.4. Necessity of so — s1 > d(1/po — 1/p1). Let x € C=°(R?) be supported
in the ball of radius 1072 centered at 1. Let 8 be as in the definition of
Ay, in the introduction, so that for k > 1 we have £;(¢) = 0 when 27%|¢| ¢
[3,%] and By(&) = 1 when 27%¢| € [£,3]. Let wy = 2*MF~1[y](2¥z) and
notice that Ajwy = wi and Ajwr, = 0 when j # k. We have by scaling
| Awg|lpr = 2F@=4/P)|| F=1[x]||p.» and thus any of the embeddings in the four
theorems in the introduction requires 2k(51-4/p1) < 9k(so—d/po) for k > 0.

Hence sg — s1 > d(1/po — 1/p1).

3.5. Necessary conditions for the case sy — s1 = d(1/po — 1/p1) > 0. Let
R > 8 be large and let {n;}7°, be an increasing sequence of integers which
is sufficiently separated, i.e. such that n; > 1> R, nj;1 —n; > R. Let 9 :=
{n; : 1 € N}. Let {a;}°, be a decreasing sequence for which [ - 21%/P|q,|
is increasing. Define ¥,,(z) := 91 (2"(z — 27 "e1)), with ¢ as in §3.2 and

(29) hy(2) =) a2y, (x)
=1

Lemma 3.2. Let s € R. If the separation constant R in the definition of N
is sufficiently large then

(30) 17—ssap]
(31) Hh—s-i—d/p|

As an immediate consequence we get

Bg[LP70] ~ HCL”M,

Fs[Lrr] ~ HG’HZT'

Corollary 3.3. Suppose so — s1 = d/po — d/p1 > 0. Then we have the
following z'mplications

LPO,TO] B51 Lp177’1] — g0 < q1,

Byl [
FSO [LpO, 0] s F51 [Lpl, 1] _— 70 S r1,
BSO [LPO, O] s FSI[LPI 7’1] _— qo S ri,
FSO [LPOK'"O] s BSI[LPI 7’1] _— 0 S qi-
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Proof of Lemma 3.2. Let v < min{p, ¢, r0}. By (19) we have

u N\ q/uy 1/
) )

We use Lemma 3.1 for a singleton W to estimate for v = —s+d/p, the right
hand side in the last display by a constant times

(Z 9759 ( Z ’al‘u2m(’Y—d/P)u2—\j_nl‘(M_2d)u> q/u> 1/q

=1
<(

(2_; |‘”'u2_‘j_"l‘(M—2d—|s|>U)Q/u> "

=

= li—nalq\ 1/a - 1/a
S ey 5 (Sl

=1

oo

HthB;[LWo] S (22]Sq<z |ai2™7 LWy,

7=0 =1

981M8

.
Il
o

in this calculation we have used M —2d— |s| > 1. We have proved the upper
bound in (30).

For the lower bound we estimate

Nk S 1/q
I srasplBgzero) 2 (30 2| Cnhosrapllhy,) = el = CII
k

where

1/q
1= (Y lanl2m 7 Lo, I, )
k

= (5

> a2 memdlvg, W,

I>1:
12k

q )1/q
P70

We have (using (26)) 2%/?||L,,, U,y |lpre > ¢ > 0 uniformly in k and there-
fore I Z |laljlea. The above computation for the upper bound also gives
IT < 27F||al| and the lower bound in (30) follows if R is chosen sufficiently
large.

We now turn to the proof of (31). For the upper bound we may assume
without loss of generality that p < min{1,r,p}. Then by Lemma 3.1

(Z\zﬂszm VLW, (x )‘ )1/’)351(:,;)%2(@
Jj=0
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where
- S n($—s —(j—n 1/p
E(x) = (22’ PN a2 om0 z><M+1>PnB(O,217nZ)(x)) :
=0 leN
’ n<
S (4 S\ o (1 _ 1/p
E(z) = (ZQJsp Z |72 1(5=8)Pg—(m—5) (M +1 d)pﬂB(O,zl—J)(w)) .
=0 1EN
’ n>

Interchanging the n;, j summations and summing a geometric series (where
M +1 > |s|) yields

d 1/p
&1(2) < (3 lal 2" 5 1 0-ny () )
l
and, with the parameter m = n; — j,

© 1
(33) Ex(x) < ( > 2*m<M“*d+3*%>p52,m(a;)P> ’

m=0
where

ny—m)d 1/p
Eam(z) = ( 3 Jagle2t™ >pp]13(07217nl+m)(x)) .

l:
n;>m

We use (15), and §2.4.2 with the parameter p = 2~ and with exponents
(p/p,7/p) in place of (p,r), to get

1
&l = IELIE ) S Naller.

Similarly (|€2.m|lp.r < |laller uniformly in m, and then from (33) we also get
1€2]lp.r < llaller-
For the lower bound

<§: ‘st i al2nl(%_8)ﬁj‘1’nl (aj)‘P) 1/p

§=0 =1

where

E(z) = (i ‘aank%‘an\Pnk(x)‘p> 1/97
k=1

&) = (Y- ‘2@5 S a2 L, 0, () ‘p) e

k=1 14k
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Note that L, ¥, (x) = ¢ * 91 (2" 2 — e1) and thus |L,, ¥, ()] > c >0
on B(27™e,2 " ¢). Hence

> ned N\ 1/p
Es(x) > C(Z ‘akQ kp 13(2*"1@@1,2*%5)(37)’ ) ,
k=1

which by §2.4.1 implies ||&3||p» 2 |laller. Analyzing the proof of the upper
bound and taking into account the R-separation of the numbers n; yields
|E4llpr < 27F|aller and for large R we get the lower bound in (31). O

3.6. The case sp = s1 = s, pg = p1 = P.

3.6.1. Necessary conditions on (p,qo) and (p,q1) in Theorems 1.1, 1.2. Let
R > 8 be large and Mt = {n; : | € N} be as in §3.5, i.e. [ — n; is increasing
and R-separated.

Lemma 3.4. Let a = {a};°, be a sequence such that | — |a;| is nonincreas-
ing. Let, forv € Z4, g, (z) = ¥(2"(z — (ley + 27™v)) and let

ga@) =Y. g
23§l/i§2nl_3
i=1,...,d

Define f(x) =>12, 2 ™ aigi(x). Then

/
(34) 1l ~ (Z )",

(35) 1l rgpen ~ (Zr‘lraz\ )"

provided that the separation constant R is large enough.

Note that the expression of the right hand side of (35) is equivalent to
the /7" norm of a (if a is nonincreasing).

The lemma implies the following corollary relevant for Theorems 1.1 and
1.2.

Corollary 3.5.
By, [LP™] < Fy [LP"] = qo <p.
F[LP™] < B [LP"] = p < qu.
Proof of Lemma 3.4. By Lemma 3.1
(36a) 1£591llpr < 271D,

~

(36b) 1£n,91llpr ~ 1.
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We first establish the upper bound in (34) and let v < min{p, ¢, r}. Estimate
using (19), (36a) and then Holder’s inequality

. Ju\ 1/
g (S 2 latz e 2sal, ) )
j l

J

S (Z (Zz: ’al|“2_(M—d—IS\)lj—nl|u> ‘1/“) 1/q

(szlq? = n”q) (Zlaﬂq)l/q

where we used M —d — |s| > 1.
For the lower bound in (34) we have

HfHB;[L;D,r} Z (Zansq

CLkQ Snkﬁnkgnk + Z al2 st ﬁnkgnl

)1/q

k=1 leN
£k
>cil —CrIl
where
s 1/q
T= (3 lawl?l1 £, 9n I3, )
k=1
II< <Z2nk8qHZal2 Snlﬁ g )1/q
nE9n; o
k=1 leN
1#k

By (36b) we get I 2 ||al/sa. Using the argument for the upper bound given
above and taking account (36a) with j = ng # n; yields IT < 27%||al|s.
Thus if R is large enough we obtain the lower bound in (34).

We now prove the upper bound in (35). By the L® bounds in Lemma
3.1 we have

(i 2‘j5"\£jf(w)lq)l/q < CG(x)
=0

where G(z) = 372, |aj|1g,(x), with Q; = I + [~1/4,1/4]%. The rearrange-
ment of G satisfies

< anlTg1ya-ago-a(t)
=

and we obtain

||f”Fqs[Lp,r] < <;/0 [tl/PG*( ) <Zl |a1] )
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For the lower bound we estimate
/q
||f||F9[L(pr)] = H(ZQmSQ|£ f|Q> H . ZCI/_CII/

where

)

/ . g\ /4
- H(;\azﬁmw I,
N
1= (] 3w

k>1:
k£l

)

Let J; . = {z: |x —le; —v27™| < 27™e} and let J; . be the union of the
Jive over all v € Z¢ with 8 <wv; < 2m=3 for i = 1,...,d. Notice that Jie is
contained in a cube of sidelength 1/2 centered at le;. By the condition (26)
we have |Ly, gn, v (2)] > ¢ for z € J;, .. We have

a 1/q
(3 lrLugn @) 2 Giow(a)
=1

p?r

where
ony— -3

Glow Z|al’ Z ]lJl,,E

v=23

Note that the measure of J;. is at least coe? for some fixed positive c.
Hence

o
Glow Z al‘]l (coe(I—1),coel] (t)
and thus

! / al £ r 1/T
1> |Gyl = ¢ (305 al")
=1

For II' we get a better upper bound. By the argument for the upper
bound above we obtain due to separateness condition of the n;

I <2 R(Z l“l\a,r“)l/r.

=1

Thus if R in our definition of the n; is chosen large enough we get the lower
bound

N
1l Epgper) = (> 15 a7

provided that the right hand side is finite. O
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3.6.2. Conditions on qo, q1 when py = p1, so = s1. Let x € C*(RY) be
supported in {¢ : |¢] < 274} such that x(0) = 1, and X(0) = 1. Let, given
N e N, f(z) = fiVNH 27 aqm () with m = F~x(- — 2'e1)]. Using the
support properties of Sy (c¢f. §3.4) we have, for I > 1, Aym; = my and Ay = 0
for k # [. Hence for large N

2N 1/q0
Il oy = (D2 ™) ™

I=N+1

<l /¢
HfHF;I[LW]%( Z \al!“) .

I=N+1

This immediately yields that every of the embeddings By [LP"°] < F [LP*"],
F3 [LP70] — B3 [LPv71], By [LP70] < Bg [LPY™1], Bg [LPT0] < B [LP1]
implies that gy < q;.

3.6.3. Necessary conditions on (p,ro) and (p,r1) in Theorems 1.1, 1.2, (vi).
We now show

(37) Bp[LP"°] — FJ[LP"] = 1o < p.

(38) F[IP7] < BI[IP™] — p<r1.

Proof of (37). Let R, N € N be large. Consider

2N 4N
(39) flx)= Y 27" (14|Rk—RI|)"» (log(2+|Rk—RI|)) ™ fr(x),
k=N+1 =0

where
fra(@) = FHx(- — 2%e1)](z — Rley)
and  is as in §3.6.2. Let € > 0 such that |F~![x](x)| > ¢ > 0 on [—¢,¢e]d.
We have Arg fri = fii, and Ajfr; = 0 when j # RE.
Let n = F~1[x] then fi (z) =n(z — Rleq)e?™2™ %1 Hence

1
25 BRI A pp f ()| = ‘ > (1 +|Rk — RI|)"#(log(2 + Rk — 1])) °n(x — Rle;)
lEZ
if N+1<Il<2N
and 2%7|A;f(z)| =01if j ¢ RN or if j ¢ [N +1,2N].

We argue by contradiction and assume rg > p. Choose § so that 1/rg <
d < 1/p. We then have for fixed k that

H S (1 + |RE — RI) 7 (log(2 + Rlk — 1])) (- - Rlel)‘
leZ

<1
p,To

and hence

(40) 1£1l B3(Lrroy S NP,
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To derive a lower bound for || f{|gs(rr.] we let
U = {z : |z — koRe1| < e for some ko € [5N/4,7TN/4]}.
Fix x € U.. Then (3_; 1275 A f(2)[P)/P > c1I(z) — ol I(2) where
2N

Iw) = C(k:%:ﬂ(l +[Rker — a|)7! (log(2 + | Rker — m|))—5p)1/p

and I1(z) =

2N
C< Z ‘ Z(l + R|k — l|)—1/1’(log(2 + R|k — l|))_577(x B Rlel)’p> l/p'
k=N+1 l#ko

1-6p
Now I(x) 2 (R™1 2 2<I<N/4 I~ (log1)=%")1/P > R=Y/P(log N) 7 ,asdp < 1.
1—46p

Using the decay of n we also get II(z) < Cn,R M (logN) » for any
N; > 0. Hence for R large we see that the measure of the subset of U

1—6p

where (3, 1275, f(2)[P)}/P > c(log N) » is bounded below by times ce?N.
Hence

1-0p
(41) [fllEg oy 2N fllmsre) Ze N'P(log N) 7.
Comparing (40) and (41), and choosing N large, we get a contradiction.
Hence r¢ < p. O

Proof of (38). Again we argue by contradiction and assume r; < p. Let ¢
be such that 1/p < 6 < 1/r1. Let f be as in (39). Since 6 > 1/p we have,
for any M,

1/p 1 if —N<z<2N
<¥QRkSP‘Aka<m)’P> < Oy {(1 + |z|)~M otherwis_e. -
This gives
(42) H (Z 2R’“p!Aka\p>l/p‘ <NVP, > 0.
P’ piTo
On the other hand we claim that
(43) Al 2 (log N)-OHV™ 5N/A < k< TN/A.

Let Ve i j = Ugi—1<p_1<0i B(Rley, €), for j with 0 < 27 < N/4. We have

4N
2Rk N\ oy ()] = \ S (L + Rlk —1))"YPlog(2 + R|k — 1)) °n(x — Rley)
=0
> lek(x) — lefk(x), with
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I(z)= > (1+R2) Plog(2+ R2) 1y, (),

0<2I<N/4
log(2 + R|k —1[)~
hyz)= > Ogi( * k' z Bp RNz — Rley| ™™
oSy (L RIE=I)
|Rle1—z|>R/2

It is immediate that ||I1x||, < R~ for any Ny, and by interpolation also
T llpr, S RN

Notice that meas(V; ;) > ce?27. For the rearrangement of I, we have

Lt)y>c Y 279/PRTYP(log(R27)| ™ (£) g ez (t)

0<2/<N/8
and thus
ce2d
j ; r dt\1/r
HIk”p,rl Z( Z / . [(RQJ)’l/p(log(RQJ))*‘S] 1tr1/p7> 1
0<2i<N/g 72!
1—6ry

> R YP(log N) 71 .
The two estimates for ||Ii||pr, and |11, imply (43). Then also
(44) £l Bs(Lrmy 2 R™HYPNYP(log N) O+,

Comparing (42) and (44), and choosing N large, we get a contradiction
when 6 < 1/r;. This means we must have r; > p in (38). O

4. SEQUENCES OF VECTOR-VALUED FUNCTIONS

In order to prove the positive results in parts (iv)-(vi) of Theorems 1.1
and 1.2 we derive corresponding embeddings for spaces of sequences ¢4(LP")
and LP"(£7), for fixed p,r.

Proposition 4.1. Let 0 < p < o0, 0 < qo,q1,70,71 < 00 and assume
qo < min{p,q1,71}, ro < ri. The embedding

(0 (LPTO) —y [PTT(91)
holds in each of the following three cases:
(i) p # @1, (i) p=q1 > ro, (iii) go <p = q1 < ro.

Proposition 4.2. Let 0 < p < 00, 0 < qo,q1,70,71 < 00, 19 < 11 and
q1 > max{p, qo,mo}. The embedding

LPT0(¢90) <y 41 (L)
holds in each of the following three cases:
(i) p # qo, (i) p=qo <11, (i) 11 < g =p < q1.
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Remark 4.3. In both Proposition 4.1 and Proposition 4.2 the assumptions
(i), (ii), (iii) cannot be improved (unless one imposes very restrictive con-
ditions on the underlying measure spaces). This follows from the examples
for the spaces Bj[LP"], F7[LP"] discussed in §3, although one can give less
technical examples for the propositions.

We split the proof into several lemmata.
Lemma 4.4. Suppose ¢ <r <porqg<p<r. Then
(45) CI(LPT) — LP" (7).

Proof. The asserted inequality is trivial when p = ¢ = r. We may thus
assume p > q. Then

10y = HZW\WW<Zu|fk\q»|mqr/q S Al

Here we have used the triangle inequality in (18), for the space Lr/a7/4 and
twice the formula (15). O
Lemma 4.5. Suppose that either p <r < q orr <p<gq. Then

LP7(09) < (9(LPT).

Proof. We first consider the case r < oo and argue by duality. Recall that
if A is a Banach space, A’ its dual and 1 < u < oo then the dual of ¢*(A) is
ﬁ“/(A’), with the natural pairing. Let a < min{p,¢,r} and set (P,Q,R) =
(p/a,q/a,r/a) so that 1 < P,Q, R < oo. Since for 1 < P, R < oo the dual
of LR is LR we see that

Hf”?q(Lp,r) = <Z kaH%pm)a/q
k
= (S 013na) " < (SUAFIG0)

Ssup {3 [ 1@ gu(@)dn(e) s gl ) < 1}
k

where the implicit constants depend on p,q,r. Now, let [|g|| o/ iy < 1L
Then

S [irlaian < [ (S o)™ (Slaetr®) ™ aw
<J () (32 \gm)w .

H(ZrmaQ) b N 7 e ) A

LaP,aR
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here we have used for the second to last inequality that
’”9”|LP’,R’(4Q’) S HQH[,P’,R’(ZQ’) S HQHeQ’(LP/,R’)a

by Lemma 4.4 since Q' < R’ < P’ or Q' < P’ < R/. This completes the
proof for r < oo.
Next assume r = oo, then also ¢ = co. Clearly we have for any fixed kg

w{z: [fio @) > a}) < p{a : sup | fi(2)] > a}).

Hence supy, sup,q | f, (@)]"/P < sup,-q fsup, | 11| (a)]'/P which yields the
case 7 = q = 0Q. O

Next we state some weaker embedding properties for the case p < g <.
Lemma 4.6. (i) Letp<q<r orp=q=r. Then
P(LPT) — LPT(09).
(ii) Let v <p <r. Then
CO(LPT) — LPT(4P).

Proof. The statement is trivial for g = r = p. Let p < ¢ < r. We use the
modified p/g-triangle inequality in LP/9* for s = r/q > 1, as in (20), and
1/q

estimate
(i), = el
< ((Z H‘fk‘qH}ZJW/q)q/p)1/q _ (Z Hkaiw)l/p‘
k k

For (ii) we use the embedding ¢* C ¢P and then the triangle inequality in
LP/vT/v (cf. (18)) to obtain

IS, <l ).
<[ < (Sl ) < (S alEn) "
k k k

Lemma 4.7. (i) Let 0 <r < qg<porr=p=gq. Then
LPT(0) — P(LPT).
(ii) Let 0 <1 <p < w. Then
LPT(0P) — £v(LPT).

Proof. The statement is trivial for r =p=¢q. If 0 <7 < g < p < 00, set
(P,Q,R) = (p/a,q/a,r/a) for some a < min{p, q,r} and argue by duality
exactly as in the proof of Lemma 4.5, basing the argument on Lemma 4.6.

O
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Proof of Proposition 4.1. Let g9 < min{p,q1,r1}. We distinguish the three
cases according to whether p, q1, or r1 is the smallest exponent.

Case 1: qo < ¢1 < min{p,r;}. If either go < r; < por ¢o < p < ry then
(a0 (LP1) — LPT1(¢9) by Lemma 4.4 and hence
90 (LPT0Y) y g0 (LPT1) <y [PTIL(f90) <y LPT1(001),
In the remaining subcase we have gy = ¢1 = p < r1 and by assumption of
the proposition we also have rg < p. Thus (P(LP"0) — (P(LP) = LP({P) —
LPTL((P),
Case 2: qo < r1 < min{p,q1}. Note that "1 (LP") — LP"({™) for
r1 < p, again by Lemma 4.4. Thus we obtain
0 (LPT0Y) oy (11 (LPT) <y LPTL(LT1) ey LPTL(00),

In the third case g9 < p < min{q,r1}. The embedding is trivial when
p = q1 = r1. We distinguish three remaining subcases.

Case 3-1: p < q1 < r1. We apply Lemma 4.6, (i), to get
010 (LPT0) ey (P(LPT1) <y LPT1(Q),
Case 3-2: qo <p=q <ry. If go < p then by part (ii) of Lemma 4.6.
010 (LP70) ey f90(LPT1Y <y [P (P),
If go = p then we have by assumption also ry < p and therefore ¢P(LP"0) —
(P(LP) = LP(LP) — LP"1((P).
Case 3-3: qo < p <r; < ¢qi. Now observe that ¢P(LP") < LP"1({") by
Lemma 4.6, (i). Hence

KQO (LP:TO) s gp(Lp,ﬁ) (3N Lpﬂ"l (erl) QN Lp:rl (EQI) . OJ

Proof of Proposition 4.2. The proof is ‘dual’ to the proof of Proposition 4.1.
Formally the proof goes by reversing the arrows in the proof of Proposition
4.1 and replacing the subscripts (0,1) by (1,0). We now use Lemma 4.5 and
Lemma 4.7 in place of Lemma 4.4 and Lemma 4.6. We run through the
cases:

Case 1’: q1 > qo > max{p,ro}. If p < rg < q1, or ro < p < ¢ and the
second of the following embeddings holds by Lemma 4.5:

Lp7T0 (qu) [SEEN LP,V"O (géh) [SEEN gln (va'ro) (SN qu (va'rl)'
If ro < p = qo = q1 then also by assumption r; > p and hence LP"0({%0) —
LP((P) = (P(LP) < (P(LP™).
Case 2°: q1 > ro > max{p, qo}. First observe that Lemma 4.5 also implies
LPro(gro) — fro(LP70) for p > ro. Hence
LPT0(090) <y [PT0(g70) sy (TO(LPTO) y 01 (LPT1),
The third case ¢ > p > max{qo, 7o} is again split into three subcases
(ignoring the trivial case p = qo = rp).
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Case 3-1°: p > qo > ro. We apply Lemma 4.7 to obtain
LP7TO(f90) —y (P(LPTO) y 0 ([P,

Case 3-2’: q1 > p=qo > 1. If ¢ > p we get by part (ii) of Lemma 4.7,
LPTO((P) < 31 (LPT0) <y g4 (LPT1),

If g1 = p then by assumption r1 > p and therefore LP({™0) — LP({P) =
(P(LP) — (P(LPT1).

Case 3-37: q1 > p > 19 > qo. We use that LP"0({70) — (P(LP"0) by
Lemma 4.7. Hence

LPTO(090) <y [PTO(70) sy (P(LPTO) s (41 (L1, 0
We now get the statements (iv)-(vi) in Theorems 1.1 and 1.2.

Corollary 4.8. Let 0 < p < o0, 0 < qo,q1,70,71 < 00.
(i) Suppose that either p # q1 or that p = q1 > ro. Then the embedding

B [LP70] s F3 [LPM1]
holds if and only if qo < min{p,q1,m1} and ro < ry.
(ii) Let ro > p. Then the embedding
By [LP0] — FJ[LP™]
holds if and only if g9 < p and ro < ry.

Corollary 4.9. Let 0 < p < o0, 0 < qo,q1,70,71 < 00.
(i) Suppose either that p # qo or that p = qo < ri1. Then the embedding

F3 [LP7] s BS [LP™]
holds if and only if g1 > max{p, qo,70} and ro < ry.
(ii) Let r1 < p. Then the embedding
F3[LP™] < B [LP"]
holds if and only of g1 > p and ro < ry.
Proof of Corollary 4.8 and Corollary 4.9. The positive results follow imme-
diately from the corresponding results in Propositions 4.1 and 4.2 when

applied to {f}%2, with fi = 28 A, f. The necessity of the conditions was
proved in §3. O

5. EMBEDDINGS OF JAWERTH-FRANKE TYPE

Jawerth’s and Franke’s versions of the Sobolev embedding theorem were
reproved by Vybiral [30] using sequence spaces which are discrete variants
of Besov and Triebel-Lizorkin spaces. Here we do not introduce sequence
spaces but nevertheless the proofs are inspired by [30].
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Preliminary considerations. We first need a straightforward Lorentz space
version of Peetre’s maximal theorem.

Lemma 5.1. Let f, € S’ be such that fk is supported in {& : |€] < 2F}. Let

My fr.(x) = sup |[fe(z+h)|.
|h|<d2~

Then for 0 < p < oo, 0 < g, < 00,
H{mkfk}HLp,r(gq) 5 Cp,wH{fk}HLW(E‘Z)'

Proof. Let My, be the Hardy-Littlewood maximal operator. We have

(46) { My g1} £ro-ro 90y < C(Pos 05 0)[[{ gk }H| £p070 (420)

for 1 < po, 70, g0 < 00. The version for pg = rg was proved by Fefferman and
Stein [6] and the general version follows by real interpolation.

From [16] we have the inequality

1
M fi(z) < Cp(My,, (1f1l?)(2)) /p
for all p > 0. We choose p < min{p, ¢,r}, and apply (46) with (po, 70, q0) =
(p/pa T/P, Q/,O) Then

H{mkfk‘}HLp,r(gq) 5 H{(MHL(|fk|p))1/p}HLp,r(gq)

= 1M OHE s o SIS s o = Ik oy O

Theorem 5.2. Suppose 0 < d(1/po—1/p1) = so—s1, 0 < qo,q1,70,71 < 00.
Then the embedding Fy°[LPO™0] < BIL[LPY™] holds if and only if ro < qi.

Proof. The necessity of the condition ry < g; has been established in §3.5.

Let Qi (z) be the unique dyadic cube of sidelength 2% which contains ,
(the sides being half open intervals). Set

gi(z) =280 sup Agf(y),
YEQK(x)

G(x) = sup 2ksofmkAkf(x).
k
Clearly
gr(z) < okso MpArf(x) < G(z)
and therefore g;(t) < G*(t).

Since g, is constant on the dyadic cubes of sidelength 27% we see that 95
is constant on dyadic intervals of length 27%¢. In particular

r [ dt\1/m
Joullors = (22 [ g0 )
P1 Jo t
n 270 )1/7‘1

~ (Z [(27*n) /Prgi(27* (n — 1))] o—Fkdy,

n=1
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We now begin with the proof of the sufficiency of the condition ¢; > ryg.
Since the Bg(LP"), F7(LP") norms increase when r decreases or when ¢

decreases, it suffices to consider the case ¢ = rg =: p and to prove for
O0<p<oocandr <p
(47) Fsg [mep] N B;l[LPlﬂ"l]‘

We write the proof for p < oo but this is not essential as the case p = o
will only require notational changes.

Now

131 gy = (Zz’WHA i)
1

= (Clonlp, 2
k

Here we have used the relation d/py — d/p1 = so — s1. The last displayed
expression is dominated by

_ 1/
(2™ w7 gull, )
k
(22 %_H [iQ kd rl/plg;;(z—kd(n_1))T1;:|P/T1>1/P
n=1

(Z(Z” Mo i) IG*(T’“’(n—1))”(2*’€dn)m/po>p/m>1/p.

The last expression is comparable to

o) 2jT1(1/p1_1/p0)G* 2-kd+]‘_1 r1 2—kd+j 1/po p/ri\1/p
2. (X ( ) (27 ke)

k- j=0
< (ier1(1/P1—1/Po)(ZG*(Q—kd+j_1)p(2_kd+j)p/po)rl/p)1/7~1
7=0
9—kd+j dinr/ i
<Z2JT1 1/p1— 1/100 2/2 o 1tp/p0G*() tt) 1 p>1 1.

Here we have used the triangle inequality in L#/™ (as p/r; > 1). Now for
fixed j the intervals [27#4t7—1 27*d+j] have disjoint interior and therefore
the last expression is dominated by

<22J7‘1(1/p1 1/po) HG”po,p) L/m

7=0

S Gllpop < |l SQPkaolAkf!Hpo,p = £l ps0 (zro-0)

and (47) is proved. O



EMBEDDINGS FOR SPACES OF LORENTZ-SOBOLEV TYPE 25

Theorem 5.3. Suppose 0 < d(1/po—1/p1) = so—s1, 0 < qo, q1,70,71 < 00.
Then the embedding By [LPO"0] — F7L[LPY™] holds if and only if go < r1.

Proof. For the necessity of the condition gy < r1 see §3.5. It now suffices to
prove for any ¢ > 0 and for 0 < p < oo,

(48) BSO [LPOuOO] N Fjl[LPhP]_

Assume that f € B°[LP0>°]. Define

hi(z) =21 )" 1g(x) igfimk(Ak f)
Qe

where 9y, denotes the grid of dyadic cubes with side length 27%. Then

N H Z p1/a.p/q
(49) = ( sup Z/hk(x)qg(:c) daz) 1/q.

N9l py 70y, o7a) =1 &

HfHFsl Lpie) = H 22k81q|A f|q

P1/a,p/q

Note that the rearrangement function of hj is constant on the intervals
[27%d(n —1),27%p) for n = 1,2,.... Thus for fixed k

|/ hk<x>qg<x>dx) < / ") (0 e
:/0 (hi(t) Zh* (27 Hd n—1))/2_kdn g*(t)dt

2—kd(n—1)

< S (b2 — 1)1 g (2 )
n=1
We sum in k and get

ZZ h* 2—kd 1)))q2—kdg**(2—kdn)
k n=1

< Z Z(hz(2ldfkd71))qzldfkdg**(2ldfkd)

k 1=0

Z 2(ld—kd)q/po 2k(50—51)qh}; (2ld—kzd—l)q >
k

2

3

=0

Q(Zd*kd)(lfq/po)g** (Qld*kd)Q*kd(l/pOfl/m)q
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where we have used sp — s1 = d/py — d/p1. By Holder’s inequality the last
displayed expression is dominated by

i ( Z 2(ld—kzd)p/:l?02k(so—31)phz(2ld—kd—1)p) Q/px

=0k
(Z {2(ld*kd)(1*q/m)g**(Qdekd)kad(l/po,1/p1)q} (P/Q)'> 1—q/p
k
< ( Z ok(so—s1)p su>% 9(md—kd—1)p/po hZ(de_kd_l)P) Q/px
k m

i <Z { 9(ld—kd)(1—q/po) **(21d_kd)2_kd(1/il’0—1/pl)qr| (p/q)/)lfq/p.
1=0

Now we have

(sz S0—51)p sup 2(md kd— 1)p/p0h*(2md kd— 1) )q/p

m>0

< (S )" £ (S 20D x) "

s a/p
~ (Z2k OPHA pro, ) = ||f”qB;O[Lp0,oo]'

k

Finally we estimate, summing » ;% 9—ld(1/po—1/p1)a < 1,

i (Z {2(ld_kd)(1—Q/Po)g**(2ld—kd)2_kd(1/p0_1/p1)q} (P/Q)’>1fq/p
=0 &

I\ 1—
< Slgg (Z [z(ld—kd)(l—Q/PO)g**(21d—kd>2(ld—kd)(1/p0_1/pl)q] (p/q) ) a/p
= k

_ _ o _ N 1-p/q
= sup (7 210 almgr ) TS gl gy S 1
k

Going back to (49) we see that HfHqu[Lpl,p] S HfHBZO (Lro.0) and the proof
of (48) is complete. O

6. CONCLUSION OF THE PROOFS OF THEOREMS 1.1, 1.2, 1.5, 1.6

The necessity of all conditions was shown in §3. The proofs of the embed-
dings in parts (iv)-(vi) of Theorem 1.1 and Theorem 1.2 were shown in §4
(see Corollaries 4.8 and 4.9). The embeddings in part (iii) of Theorem 1.1
and Theorem 1.2 are covered by Theorem 5.3 and Theorem 5.2, respectively.

We consider part (ii) of Theorem 1.1. Let so > s1, 79 < 71, po = p1 = p.

Let £ > 0 such that s) —e > s1, and let v < min{qo, p1,¢q1,71}. By parts (iv)
or (v) of Theorem 1.1 we have Bj0~¢[LP"0] — F 0~ [LP"™1] and (ii) follows if



EMBEDDINGS FOR SPACES OF LORENTZ-SOBOLEV TYPE 27

we combine this with the trivial embeddings Bg0[LP™°] — Bj°~¢[LP"] and
Fgo=e[LP1] e FS1{LPM].

The proof of part (ii) of Theorem 1.2 is similar. Moreover if we use part
(iii) in Theorems 1.1 and 1.2 the proofs of part (i) in those theorems follows
the same pattern as above.

Finally we consider Theorems 1.5 and 1.6. Part (iv) of these theorems
are proved by using embeddings of LP" spaces and of ¢¢ spaces.

To see part (iii) of Theorem 1.5, assume gy < ¢; and let p and 5 be
such that pg < p < p1, 81 < § < sp and S — 81 = d/p — d/p; and thus
so — 8 =d/pg — d/p. Pick 7 such that g9 <7 < ¢ and then

BEO[LPo] — FE[LPT] — BSH[LPY]
for arbitrary ¢, by Theorem 5.3 for the first embedding and Theorem 5.2 for
the second.

To see part (iii) of Theorem 1.6 assume 79 < 7. Pick ¢ such that ry <
¢ < r1 and then

Fqsoo [Lpo,ro] N Bg[[fﬁ’?] SN Fqsll [Lphn]
for arbitrary 7, by Theorem 5.2 for the first embedding and Theorem 5.3 for
the second.

Given parts (iv), (iii) of Theorems 1.5 and 1.6 the parts (i), (ii) in the
noncritical ranges can be obtained by the argument above.

APPENDIX A. REMARKS ON MIKHLIN-HORMANDER MULTIPLIERS

Part (iii) of Theorems 1.1 and 1.2 (i.e. Theorems 5.3 and 5.2) can be ap-
plied to clarify the connection between certain sharp versions of the Mikhlin-
Hormander multiplier theorem ([10]). Set T;,,f = F _l[mA]. Let ¢ be a non-
trivial radial smooth functions which is compactly supported in R¢\ {0}.
We first recall the endpoint bound

(50) | Tulossoe S sup lom(®) gz s =d(1/p—1/2). 1<p <2
>

which was proved by one of the authors in [17]. Moreover one gets H' —
LY? boundedness under the condition sup, lem ()|l garz(;ay < 00, see [18].
1

Note that (50) immediately implies that
(51a) Tomllee—rr S sup llem(t)ll s par), - dll/p=1/2 <5 <d.
>

(2]

Indeed, by the standard Sobolev imbedding theorem for Besov spaces we
may assume that s < d/2. Define pg by d(1/po —1/2) = s, so that 1 < pg <
p < 2. Then (50) gives LP* — LP>2 boundedness, and by the Marcinkiewicz
interpolation theorem, and a subsequent duality argument we get (51a).

A recent result by Grafakos and Slavikové [9] states that for 1 < p < 0o
(51b) [Tl 10 S sUD (7= 2)lom(t)][| aren, dI1/p—=1/2] <5 < d.
>
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For s < d the expression of the right hand side of the inequality is equivalent
to supysq ngm(t-)||F23[Ld/S,1], cf. (3). For fixed s the relation between the
norms on the right hand side in (51a) and (51b) is not immediately clear.
The spaces F5[L%*'] and B;[L%*] are not comparable; we have F5[L%*'] ¢
B;[LY*] by §3.6.2, and we get B{[LY*] ¢ F5[LY*!] by the necessity of the
condition rg < rq in §3.3. However we do have the embeddings

(52)  BPLY*] s FR2 (LYY o BPLY™, 51 < sp < s3, ¢ > 0.

The first inclusion in (52) follows from Theorem 1.1 (iii) and the second from
Theorem 1.2 (iii). Since both statements (51a), (51b) involve the same open
s-interval we may apply (52) for s; > d|1/p—1/2| and ¢ = 2 to see that they
cover LP boundedness for exactly the same set of multiplier transformations.

Open problems.

A.1. Is there an endpoint inequality such as (50) in terms of localized

E35[L4/%1] spaces, when s = d|1/p — 1/2|?

A.2. Tt was proved in [19] that |15, ||zr—rr < supssg ||g0m(t-)HBdu/Z,,l/g‘[Lq]
1

for 1/¢ > |1/p—1/2], 1 < p < oo (see also [1], [19] for corresponding results
on Hardy spaces). It would be interesting to know for which r (if any)

the space Bd‘l/p 1/2‘[Lq} in this result can be replaced with H(du/)p 12l =
d‘l/P 1/2‘[Lq, ]
F; .

APPENDIX B. ON THE CONSTANT IN THE
TRIANGLE INEQUALITY FOR LP" p <1

In what follows we work with the quasinorm || - ||, on LP" as defined in
(9) or (10). The following result was referenced in §2.

Proposition B.1. Let 0 <p <1, p<r < oo. Then

HkaH < Cp,r (Zr\fkn )
where

(53) C(p, )<A1/P<1i )l/p_l/r(“rfloglip)l/p_l/r

and A does not depend on p and r.

We shall need the following lemma. It can be used to proof the inequality
(11) when applied in combination with (10).

Lemma B.2. Let g : R™ — R be a Riemann integrable function and let
r<q. Then for0 < a< <00, 0<p< o0,

g do\1/4 L i do\1/T
swp alg(@)|'7 < (a [ otlg(o) )" < (v [ omlgor )T

a<o<p o g
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Proof. We prove the second inequality, as the first one follows by letting
g — oo. We may assume that g is a nonnegative step function on [a, ],
i.e. there is a partition @ = by < by < --- < by = f so that g(s) = ¢; if
bj_1 < s < bj; here ¢; > 0. The inequality then reduces to

<Zcq/p bq )1/‘7 (Zcr/p b — b ))

We set v; = c;/p, aj =07, and s = q/r so that s > 1, and see that the last

inequality follows from

s X
(54) (Zv (aj —aj_ 1) Z_: —aj_1)

Since s > 1 we may (by the triangle inequality for the s-norms) replace
(aj —aj_;) on the left hand side of (54) with (a; —a;_1)%, and (54) follows
from [} - fles <[ - [l u

1/r

Proof of Proposition B.1. The proof is based on ideas in [25], [23]. For given
a > 0 we split fi = gr.o + br o Where

1(x if |[frp(x)| <a
ralt) = {g el
and let by o = fr — gr,o- Let
Eo = {z : by o(z) # 0 for some k}.
Then
p({z 1> fel@)] > a}) < p(Ba) + p({z : Z!gka )| > a})

k
and therefore

(55) sz:fk Z < (T/O“’ o (B )r/pds)p/r

+<r/o oot X > )] ")
< ST hlfr  beale) £00) < 3 (@)
k k

Now

and hence

(T/OOO o (B )r/pd;>17/r ( / (Zufk (a))r/pci:ayl/?“
66 <3 (r [l @Y < ST,
k 0 k
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here we have used Minkowski’s inequality in L"/P (and thus our assumption
r>p).

We now further decompose gy o = li,o + Mk, into a low and a middle
part where for a suitable constant B > 1,

lhal) = {fk(m) iffu(@)| < o/B

0 if | fx(z)| > a/B
and
0 if |fx(x)| < a/B
mia(@) =< fu(@) fa/B<|fi(2) <a
0 if |fx(z)] > «

For a favorable choice for B see (60) below. Now

il s D lanalo)] > o
= 3 o)l > 0/2) % = 3 i ()] > /2)

and therefore by Minkowski’s inequality and a subsequent change of variable

(r/o [ ({a : Z‘gka )| > })] /Pda)P/r
(57a) < or (r /0 T [M({x ; Zk: o)) > a})}"/” cf)p/r
(57b) o (r /0 o u({ Z!mk (o |>a})]r/p(?>p/r.
Next, by Tshebyshev’s inequality
(r/o [ ({z: Zum |>O‘})T/pcij)p/r
Ll Y

(1o s )"

here we have used iy, ,,(3) = 0 when > B~'2a. We now use Minkowski’s
inequality in L'/P(da/a). Since |lyaq| < |fx| We see that the last displayed
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expression is dominated by

([ [ ey
[ e
k

We continue as in the proof of Hardy’s inequalities and estimate using the
integral Minkowski inequality

(e[ mas] ey

2B—1 0o 1—p pp—1
r 2 PP
< -p r—1 /o g5)”
< /O s (/0 By, (B) dﬁ) . | fullipr

Thus, combining estimates we get

2 _
(58) (57a) < HBP IZkaH;’ir
k

We now estimate the terms in (57b). We write [0, 00) as a union over the
intervals I, = [B", B""!], n € Z and apply Lemma B.2 to each interval.
Then (57b) is estimated by

Z /B"“ p({z Z|mk2a \>04})r/pd;)p/r
nez
C aqr/p\p/T
< 2p<§z[p/3n Pl ;ymm(m)y > a})%} / ) "

We now define

0 otherwise

Ten(z) = {fk@) if B" < |fu(z)| < B2

and observe

[k 20 (2)] < |fin(2)] if B" < a < B
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Hence we get

(T /OOO o [N({CE : Z [mp.2a(z)] > a})}r/misy/r

k

(3 [ o tutto: X bnt > apaa] )"
n=—00 k
(X [Z )™ < (2 [Saalt] )"

<SS haly)”

k n=-—o0o

IN

IN

Here we have used the triangle inequality in LP, p < 1 and Minkowski’s
inequality for the sequence space ¢"/?, r > p. Now

B" . pgn+2 dov
feally < [ par g (Brda+ [ patg ()
0 Bn o
Bn+2
da\p/r
= Bnpufk(B> (10g32)1 p/rrp/T (/ rar:ufk( )T/p o ) )

by Holder’s inequality, and

(S siaty)”™ < (3 57 T/P)p/’”

<1+ /2”/7“(10g32)1 p/r></0 ra” g (o )da)p/r.

Bn+2

pg(0)/7da) "

Consequently
P op/r 1 /r
(59) (57b) < 27(14 2" (210 B)' 7 )zkjufkuw.
We now make the choice
(60) B=(1-p) TP
so that
Br-1 P 1
= (1—p)~ =2/ log B = log
L—p 1-7) r(l—p) “p-1
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Combining the various estimates we obtain

61) | X5
k

p
Lo

2 p2rtl g Ly »
S (1 + (1 _p)l—[)/'f’ + ’I“p/r 7'(1 _p) log(l _p) ) g ”kaLPﬂ‘
which yields the lemma. O
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