
PROBLEMS ON SPHERICAL MAXIMAL FUNCTIONS

JORIS ROOS AND ANDREAS SEEGER

Abstract. We survey old and new conjectures and results on various
types of spherical maximal functions, emphasizing problems with a frac-
tal dilation set.

1. Introduction

For a locally integrable function f on Rd with d ≥ 2 we let σ denote the
rotation invariant measure on Sd−1 = {x ∈ Rd : |x| = 1}, i.e. the normalized
surface measure on Sd−1. Let

Atf(x) =

∫
f(x− ty) dσ(y),

the average of f over the sphere of radius t centered at x. We may write
Atf = f ∗ σt where the dilate σt is given by ⟨σt, f⟩ = ⟨σ, f(t·)⟩. One is
interested in the pointwise behavior of Atf(x) as t → 0. It is clear that for
continuous f the averages Atf converge to f as t→ 0, uniformly on compact
sets. For larger classes (such as Lploc classes and weighted analogues) one is
interested in proving almost everywhere convergence. Such results can be
seen as a singular version of the classical Lebesgue differentiation result in
which spheres are replaced by solid balls; many other singular variants are
discussed in the 1978 survey by Stein and Wainger [118].

The proof of the a.e. convergence results requires quantitative bounds on
the maximal operator f 7→ supt>0 |Atf |. The known results are due to Stein
[116], for d ≥ 3, and to Bourgain [17], for d = 2. They showed that the
maximal operator is bounded on Lp(Rd) if and only if for p > d

d−1 . The case

d = 2 is harder than the higher-dimensional cases, since a crucial L2 estimate
fails for the maximal operator (see also [79]). The bounds for the maximal
operator imply a.e. convergence for all functions in Lploc(R

d) for p > d
d−1 .

This result is sharp also by probabilistic arguments in Nikishin–Stein theory
(see [115], and [44, Ch. VI], [117, Ch. X.2]).

In this survey we concentrate on the situation where the allowable radii
are restricted to a given set E ⊂ R+ = (0,∞). It is then natural to ask
whether for all f ∈ Lploc we have Atf(x) → f(x) for almost every x ∈ Rd as
t tends to 0 within E (for this statement we implicitly assume that 0 is an
accumulation point of E). Such a result can be proved using quantitative
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bounds for the maximal function

(1.1) MEf(x) = sup
t∈E

|Atf(x)|,

which is a priori well defined as a measurable function at least for continuous
f . One needs to show that ME satisfies a weak type (p, p) inequality, i.e.

meas({x ∈ Rd : MEf(x) > λ}) ≲ λ−p∥f∥pp.

This means Lp → Lp,∞ boundedness where Lp,∞ is the familiar Marcinkiewicz
space (the largest in the Lorentz-scale Lp,r for 0 < r ≤ ∞). By interpolation
with the L∞ bound this implies that ME is bounded on Lp̃ for p < p̃ ≤ ∞.
We are also interested in weighted analogues, where for suitable positive
weight functions w the weak type estimate takes the form

(1.2)

∫
{MEf(x)>λ}

w(x) dx ≲ λ−p∥f∥pLp(w),

and ∥f∥Lp(w) = (
∫
|f(x)|pw(x) dx)1/p is a weighted Lp norm.

Structure of this survey. In §2 we consider lacunary dilation sets and asso-
ciated problems on the lacunary spherical maximal function, in particular
their behavior in spaces near L1. In §3 we cover the Lp → Lp and Lp → Lp,∞

boundedness problem for the operators ME , and formulate conjectures for
various endpoint cases. Weighted analogues and the relation to sparse dom-
ination are briefly discussed in §4. The sparse domination problem for ME
is closely related to Lp improving bounds for a local maximal operator ME

with dilation set E ⊂ [1, 2] in §5. There we discuss known results involving
sufficient conditions and necessary conditions and state the main conjecture
on Lp → Lq inequalities for ME . This conjecture involves the Legendre–

Assouad function ν♯E which plays a central role in several problems on op-
erators in Fourier analysis associated with restricted dilation sets. Another
such instance, the problem weighted norm inequalities forME in spaces with
power weights, is covered in §6. In §7 we discuss further directions on mul-
tiparameter analogues, on helical maximal functions and Nevo–Thangavelu
maximal functions on step two nilpotent Lie groups. We conclude in §8 with
a fractal Lp local smoothing conjecture for the wave equation. We also state
a related Lp → Lq version of this conjecture which is closely related to the
above mentioned problem on Lp improving properties for the local maximal
operators. Again the Legendre–Assouad function plays a central role.

2. Lacunary dilation sets

The lacunary case, e.g. E lac = {2k : k ∈ Z} was considered by C.P.
Calderón [19] who proved that ME lac is bounded on Lp for p > 1 (see
also Coifman–Weiss [28]). In order to use Calderón–Zygmund theory one
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employs the classical dyadic frequency decomposition

σ =

∞∑
j=0

σj ,

where the Fourier transform σ̂j(ξ) is supported on the annulus {|ξ| ≈ 2j}.
One then considers for each j the maximal function

M jf = sup
k∈Z

2−kd|σj(2−k·) ∗ f |.

It satisfies an L2-bound

∥M j∥L2→L2 = O(2−j(d−1)/2)

which follows from the stationary phase bound

∥σ̂j∥∞ = O(2−j(d−1)/2)

and Plancherel’s theorem. Indeed,

∥M jf∥2 ≤
∥∥∥(∑

k∈Z
|2−kdσj(2−k·) ∗ f |2

) 1
2
∥∥∥
2
=

(∑
k∈Z

∥∥σ̂j(2k·)f̂∥∥22)1/2

≲ 2−j
d−1
2 ∥f̂∥2 = 2−j

d−1
2 ∥f∥2.

For p = 1 the operator M j satisfies a weak type (1, 1) inequality with con-
stant O(1+j) as j → ∞. This can be shown by arguments from a Calderón–
Zygmund theory. Then the Marcinkiewicz interpolation theorem is used to
get ∥M j∥Lp→Lp = O(2−jε(p)) with ε(p) > 0 for 1 < p <∞, with the implicit
constant depending on p. This interpolation argument only provides limited
information at the endpoint p = 1 (except for functions locally in L logL,
see [25]).

Problem 2.1. For E lac = {2k : k ∈ Z}, is ME lac of weak type (1, 1)?

Christ [24] showed by more sophisticated arguments that a weak type
(1, 1) estimate for ME lac holds for functions in the Hardy space H1. The
proof relies on the atomic decomposition of H1 (see e.g. [27]) which breaks
down for the space L1. We note that a more standard L1 → L1 estimate fails
for the maximal operator. Since the Marcinkiewicz space is not normable
one cannot reduce to estimates on single atoms as in the standard theory of
singular integral operators. Instead one proves L2 estimates in the comple-
ment of a suitable exceptional set which is constructed based on the size of
the coefficients in the atomic decomposition.

The H1 → L1,∞ result of Christ can be extended to a much larger class
of lacunary maximal functions generated by compactly supported measures,
see [110]. One imposes a dimensional assumption (that the support of the
measure can be covered with O(δ−a) balls of radius δ) together with a cor-
responding sharp Lp → Lpa/p′ Sobolev type estimate for some p ∈ (1, 2],

for functions appropriately localized in frequency. Thus instead of having
to prove L2 estimates off an exceptional set it suffices to show certain Lp
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bounds off that set. This method applies to lacunary maximal functions for
averages over hypersurfaces where the Gaussian curvature does not vanish
to infinite order [112], and also for averages over finite type curves in R3 [92]
and in higher dimensions [60]. We emphasize that here we are considering
lacunary maximal operators generated by standard isotropic dilations.

Remark 2.2. Christ [24] also showed a more sophisticated result regarding
a maximal function for averages along the curve γ(t) = (t, t2), namely

sup
k∈Z

∣∣∣2k ∫ 2−k

0
f(x1 − s, x2 − s2)ds

∣∣∣.
Here the underlying dilation structure is nonisotropic, with the parabolic
dilations given by x 7→ (tx1, t

2x2), where t = 2−k. Christ proved an
H1

par(R2) → L1,∞(R2) bound for the maximal operator, where H1
par is the

Hardy space associated with the parabolic dilations. It is conjectured that
similar results hold for the moment curves in higher dimensions, with the
appropriate nonisotropic Hardy-space, but this is still open. As in Problem
2.1 one can also conjecture the more elusive weak type (1, 1) inequality for
all f ∈ L1.

The ideas by Christ have been refined to make progress towards the weak
type (1, 1) inequality in Problem 2.1. Indeed, Tao, Wright and the second
author [106] obtained a weak type L log logL inequality for the lacunary
spherical maximal operator, i.e.

meas
(
{x : ME lacf(x) > α}

)
≲

∫
|f(x)|
α

log log
(
10 +

|f(x)|
α

)
dx.

This implies almost everywhere convergence results for functions locally in
L log logL. In the proof one still works with L2 bounds off an exceptional
set. However instead of using an atomic decomposition one constructs an
exceptional set based on a geometric decomposition using notions of ‘length’
and ‘thickness’. Building on this decomposition, Cladek and Krause [26]
provided further refinements, and obtained a.e. convergence for functions
locally in L log log logL(log log log logL)1+ε, for all ε > 0.

3. General dilation sets: Lp bounds

We now consider general dilation sets E ⊂ R+. Our goal is to understand
how the Lp bounds for the spherical maximal operator ME depend on the
set E . One should expect results that are intermediate between those for
the lacunary case E lac and the unrestricted case E = R+. It is natural
to test intermediate dilation sets such as {n−α : n ∈ N} for α > 0, or

{2−
√
n : n ∈ N}. However, it turns out Lp bounds for these sets hold in

the same range as for the unrestricted case. This is due to the scaling
invariance of the operator: ∥MRE∥Lp→Lp = ∥ME∥Lp→Lp . This makes it
natural to endow R+ with the metric

(3.1) d×(s, t) = | log2(s/t)|.
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For J ⊂ R+, write |J |× for its diameter with respect to d×. Observe
that each dilation t 7→ λt, λ > 0, acts isometrically on R+; in particu-
lar, |[R, 2R]|× = 1 for every R > 0. If E ⊂ R+ has finite diameter, we
define N(E, δ) to be its entropy number: for δ > 0, this is the least num-
ber of intervals of diameter δ needed to cover E, with diameter understood
throughout in the metric d×.

It was proved in [108] that the Lp boundedness range of ME depends on
the following scale-invariant extension of the (upper) Minkowski dimension.
For fixed E ⊂ R+ define

(3.2) β = βE = lim sup
δ→0

sup|J |×=1 logN(E ∩ J, δ)
log(δ−1)

,

where the supremum ranges over all intervals J ⊂ R+ with d×-diameter
equal to one. One can equivalently express this as a condition on the rescaled
sets

(3.3) ER = 1
R

(
E ∩ [R, 2R]

)
⊂ [1, 2]

with R > 0. Then β is the infimum over all b > 0 such that there exists a
constant C ∈ (0,∞) such that

N(ER, δ) ≤ Cδ−b

for all δ ∈ (0, 1) and all R > 0. Note that if E has bounded diameter, then
βE is equal to the upper Minkowski dimension.

Theorem 3.1 ([108]). Let E ⊂ R+, β = βE and pcr(β) = 1 + β
d−1 . Then

ME is bounded on Lp for p > pcr(β) and unbounded on Lp for p < pcr(β).

Examples. For E ⊂ [1, 2] let

(3.4) E =
⋃
k∈Z

2kE.

Then βE equals the classical upper Minkowski dimension of E. With ER as
in (3.3) we have βE ≥ supR>0 βER and the inequality can be strict.

Interesting examples include the convex sequences E = {1+n−α : n ∈ N}
for α > 0, where β = 1

1+α and E being the middle-third Cantor set in [1, 2],
where β = log3 2. In both cases the corresponding maximal operators ME

and ME are bounded in an intermediate range with the critical exponent
given by pcr(β) = 1 + β

d−1 . Note that the convex sequences have Hausdorff
dimension zero, illustrating that Hausdorff dimension does not play a role
in this problem.

A necessary condition. Unboundedness for p ≤ d
d−1 for the full maximal

function was observed by Stein [116]: one tests At(x)f(x) for t(x) = |x| and

(3.5) f(x) = |x|1−d(log |x|)−1
1|x|<1/2.

To see the sharpness of Theorem 3.1 one can test the rescaled operator MER
for every R > 0 on characteristic functions of balls of small radius δ > 0.



6 J. ROOS AND A. SEEGER

The value of the maximal function is then ≳ δd−1 in a union of ≈ N(ER, δ)
annuli of width ≈ δ and radius ≈ 1. This yields the lower bound

(3.6) ∥ME∥Lp→Lp ≳ sup
R>0

sup
δ∈(0,1)

δ
(d−1)(1− 1

p
)
N(ER, δ)

1
p

and gives unboundedness for p < pcr(β).

Sketch of proof of upper bounds. In order to prove the Lp-boundedness for
p > pcr(β) one uses the dyadic frequency decomposition σ =

∑
j≥0 σj as in

§2 and derives for E = ER an estimate for the maximal function

(3.7) M j
Ef(x) = sup

t∈E
|σj,t ∗ f |

where σj,t = t−dσj(t
−1·). In view of the support of σ̂j one can use an

averaging argument to reduce to a uniform estimate for ME(j) where E(j) is

an arbitrary maximal 2−j-separated subset of E. Note #E(j) ≈ N(E, 2−j).
One then proves the estimate

(3.8)
∥∥M j

E(j)f
∥∥
p
≲ 2

−j(d−1)(1− 1
p
)
N(E, 2−j)

1
p ∥f∥p.

This bound follows by interpolation from the cases p = 1 and p = 2. For
the case p = 1 one estimates the supremum over t ∈ E(j) by a sum. For
p = 2 one estimates this supremum by an ℓ2-norm over E(j), then uses

Plancherel’s theorem together with the bound ∥σ̂j∥∞ = O(2−j
d−1
2 ).

Apply the bound N(E, δ) ≲ Cεδ
−β−ε in (3.8) and sum in j. Assuming

d ≥ 3 or β < 1, this yields the Lp boundedness of ME for p > 1 + β
d−1 . For

the global maximal operator ME with general E ⊂ R+ one combines this
with arguments from Calderón-Zygmund theory [108].

What happens for p = pcr(β)? Since the definition of βE does not take into
account factors that are O(δε) for all ε > 0 it is not the right quantity to
determine outcomes at this endpoint. We compare (3.6) and (3.8). Simply
taking the j-sum in (3.8) is not efficient anymore. In fact, it is shown in
[108] that for E ⊂ [1, 2] and p ∈ (1, 2),

(3.9) ∥ME∥Lp→Lp ≲
(∑
j≥0

[
2
−j(d−1)(1− 1

p
)
N(E, 2−j)

1
p ]p

′
)1/p′

.

However, the known lower bounds and a study of the maximal operators
ME and ME when acting on radial functions ([109]) suggest a further im-

provement, namely that in (3.9) the ℓp
′
norm in j may be replaced by a

supremum in j.

Problem 3.2. Let p ∈ (1, d
d−1).

(i) (Local problem) For E ⊂ [1, 2], is it true that

∥ME∥Lp→Lp ≈ sup
δ∈(0,1)

δ
(d−1)(1− 1

p
)
N(E, δ)

1
p ?
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(ii) (Global problem) For E ⊂ R+, is it true that

∥ME∥Lp→Lp,∞ ≈ sup
R>0

sup
δ∈(0,1)

δ
(d−1)(1− 1

p
)
N(ER, δ)

1
p ?

Note that in the local problem we have a strong type (p, p) bound while
in the global problem we need a weak type (p, p) bound. We conjecture an
affirmative answer in both problems. As noted in [108], the lower bounds
in Problem 3.2 are true and based on radial counterexamples (cf. (3.6)).
Moreover, the answer to both questions is yes if we restrict to radial Lp

functions [109].
To gather more evidence for the conjecture to hold we consider examples

of sets in [1, 2] with

(3.10) N(E, δ) ≈ δ−β.

For E = {1 + n−a : n ∈ N}, (3.10) holds with β = 1
a+1 . For this sequence

example and the critical exponent p = pcr(β) the endpoint Lp → Lp bound
for ME and the endpoint weak type (p, p) bound for ME (with E = ∪k2kE)
have been established in [105]. This was done using a rather sophisticated
analysis based on atomic decompositions for Lp functions when p > 1.

In contrast, the endpoint inequalities for p = pcr(β) are still open for most
examples satisfying (3.10). In particular we mention a model problem for
self-similar sets of dilations:

Problem 3.3. Let E be the Cantor middle third set in [1, 2] and consider

the global extension E = ∪k∈Z2kE. Let pcr = 1 + log3 2
d−1 .

(i) Is ME of weak type (pcr, pcr), or even of strong type (pcr, pcr)?
(ii) Is ME of weak type (pcr, pcr)?

In Problem 3.2 we needed to exclude the endpoint case p = d
d−1 . In this

case the known and the conjectured outcomes feature additional logarithmic
factors:

Problem 3.4. Let p = d
d−1 .

(i) (Local problem) For E ⊂ [1, 2], is it true that

∥ME∥Lp→Lp ≈ sup
δ∈(0, 1

2
)

δ
(d−1)(1− 1

p
)
(log 1

δ )
1
dN(E, δ)

1
p ?

(ii) (Global problem) For E ⊂ R+, is it true that

∥ME∥Lp→Lp,∞ ≈ sup
R>0

sup
δ∈(0, 1

2
)

δ
(d−1)(1− 1

p
)
(log 1

δ )
1
dN(ER, δ)

1
p ?

Again, both the lower bounds and the upper bounds on radial functions
have been verified in [109], which leads to the conjecture of an affirmative
answer to the questions in Problem 3.4.

Remark 3.5. Other forms of the global problems, on characterizations of
Lp → Lp,r boundedness of ME for p ≤ r <∞, can be found in [109]. How-
ever these statements with r <∞ are not relevant for pointwise convergence.
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Remark 3.6. For the full spherical maximal operator a much easier restricted
weak type (i.e. Lp,1 → Lp,∞) estimate for p = d

d−1 was established by

Bourgain [16] in dimension d ≥ 3. This amounts to a weak type (p, p)
estimate for characteristic functions of sets with finite measure. In dimension
d = 2 this restricted weak type (2, 2) inequality holds on radial functions [64],
but fails for general functions in L2,1(R2) due to a Besicovitch set example
[105]. For sets E satisfying (3.10) with β < 1, a variant of Bourgain’s
argument gives the restricted weak type (p, p) estimate for p = pcr(β).

Remark 3.7. The proofs of the known results (and most of the results in this
survey) strongly rely on Fourier analysis. It is also interesting to find purely
geometric-combinatorial arguments. This has been accomplished in some
cases, see e.g. the works by Schlag [100, 101] and recently Hickman–Jančar
[52].

4. Weighted norm inequalities and sparse domination

In this section we are interested in weighted Lp estimates for ME , which
are closely tied to sparse domination.

Problem 4.1. For given E ⊂ R+, find characterizations of weights w for
which ME is bounded on Lp(w).

Almost conclusive results are known for inequalities with power weights
wα(x) = |x|α (see §6 below). However, a complete characterization of
weights for which Lp(w)-boundedness of ME holds seems currently out of
reach, for any E . We will now briefly discuss the powerful tool of sparse dom-
ination which generates weighted norm inequalities but is also interesting in
its own right.

Sparse domination, in its normed and pointwise versions, was first intro-
duced because of its applicability to weighted norm inequalities for Calderón–
Zygmund operators [71, 72, 31, 74, 62, 73]. Here we are using the version
of bilinear sparse domination from the works of Bernicot, Frey and Peter-
michl [15] and Culiuc, Di Plinio and Ou [33] which extended the scope of the
theory to classes of operators beyond the Calderón-Zygmund theory. The
concept was applied to spherical maximal operators by Lacey [63]. For a
general theory with many applications and more history see [14] and [30]
and the references in those works.

We review basic definitions. Fix a dyadic lattice Q of dyadic cubes in the
sense of Lerner and Nazarov [74] so that the cubes of sidelength 2−k form a
grid and every cube in Q of sidelength 2−k is contained in a unique parent
cube Q′ ∈ Q of sidelength 21−k. Moreover, every compact set is contained
in some Q ∈ Q. A collection S ⊂ Q is called sparse if for every Q ∈ S there
is a measurable subset EQ ⊂ Q so that |EQ| > 1

2 |Q| and the sets EQ with

Q ∈ S are pairwise disjoint (the choice of constant 1
2 is not essential here).

For f ∈ L1
loc and Q ∈ Q we set avQf = 1

|Q|
∫
Q f(x)dx. Given 1 ≤ p1, p2 ≤ ∞
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and a sparse family S of dyadic cubes, the corresponding sparse form is
defined by

ΛS
p1,p2(f, g) =

∑
Q∈S

|Q|
(
avQ|f |p1

)1/p1(avQ|g|p2)1/p2 .
The maximal (p1, p2)-form Λ∗

p1,p2 is given by

Λ∗
p1,p2(f, g) = sup

S sparse
ΛS
p1,p2(f, g)

where the supremum is taken over all sparse families S ⊂ Q. We say that
a sublinear operator T satisfies a (p1, p2)-sparse domination inequality if for
all simple functions f , g the inequality

(4.1)
∣∣∣ ∫ Tf(x)g(x) dx

∣∣∣ ≤ CΛ∗
p1,p2(f, g)

holds with some constant C independent of f and g. In this case we
write T ∈ Sp(p1, p2) and the best constant in this inequality is denoted
by ∥T∥Sp(p1,p2).

Note that

(4.2) Λ∗
p1,p2(f, g) ≤

∫ (
M [|f |p1 ](x)

)1/p1(M [|g|p2 ](x)
)1/p2 dx,

so the case p2 < p′1 is of interest for Lp1-bounded operators T .
Bernicot, Frey and Petermichl [15] showed that sparse domination in-

equalities of the form (4.1) yield certain weighted norm inequalities involv-
ing Muckenhoupt and reverse Hölder conditions on the weight. Recall that
the Muckenhoupt Aρ characteristic of a nonnegative weight w is defined by

[w]Aρ = sup
Q

avQ[w]
(
avQ[w

− 1
ρ−1 ]

)ρ−1

(at least for 1 < ρ < ∞) and Aρ is the class of weights with finite Aρ-
characteristics. For σ > 1 the reverse Hölder class RHσ consists of weights

satisfying
(
avQ[w

σ]
)1/σ ≤ CavQw for all cubes Q, and the best constant C is

called the reverse Hölder characteristic [w]RHσ . Assuming that p1 < p < p2,
p2 ≤ p′1, and T ∈ Sp(p1, p2) it is shown in [15] that under the assumption
w ∈ Ap/p1 ∩ RH(p′2/p)

′ the weighted norm inequality

(4.3) ∥Tf∥Lp(w) ≤ C(p1, p2, p, w)∥T∥Sp(p1,p2)∥f∥Lp(w)

holds. A major motivation for the theory of sparse domination inequalities
was that it yields efficient descriptions on how the constants in the weighted
norm inequality depend on the Muckenhoupt and reverse Hölder character-
istics; indeed [15] specifies that

C(p1, p2, p, w) ≲ ([w]Ap/p1
[w]RH(p′2/p)

′ )
υ

with υ = max
{

1
p−p1 ,

p′2−1
p′2−p

}
.
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Lacey [63] proved close to sharp sparse domination inequalities for the
full and also the lacunary spherical maximal operators (and via the above
reduction deduced suitable weighted norm inequalities). He established a
connection with certain Lp → Lq results for a local spherical maximal func-
tion sup1≤t≤2 |Atf(x)|. Essentially sharp Lp improving estimates are due
to Schlag [100] and Schlag and Sogge [102]. For the full spherical maximal
operator these give Lp → Lq boundedness for (1p ,

1
q ) in the interior of the

quadrangle with corners Q1 = (0, 0), Q2 = (d−1
d , d−1

d ), Q3 = (d−1
d , 1

d−1) and

Q4 = (d(d−1)
d2+1

, d−1
d2+1

). Most endpoint inequalities on the maximal function

were settled by Lee [69]; see also the more recent work [11] on Lp-improving
estimates for variation norm operators associated to the spherical means.

Using the Lp → Lq bounds Lacey [63] obtained a close to sharp sparse
domination result for the full spherical maximal operator M, namely, M ∈
Sp(p1, p2) if (p

−1
1 , p−1

2 ) is in the interior of the quadrangle with corners

(4.4) P1 = (0, 1), P2 =
(
d−1
d , 1d

)
, P3 =

(
d−1
d , d−1

d

)
, P4 =

(
d2−d
d2+1

, d
2−d+2
d2+1

)
.

Using the Lp-improving results for convolutions of spherical measure [119,
75], he also obtained the interior of the sparse exponent set for the lacunary
maximal operator, namely the interior of the triangle with corners (0, 1),
(1, 0) and ( d

d+1 ,
d
d+1). Moreover, Lacey suggested the study of sparse dom-

ination for variation norm operators associated with the spherical means
(which led to the paper [11]) and also the study of sparse domination for
the spherical maximal functions with restricted dilation sets.

The connection of sparse domination results with Lp improving results
for local rescaled operators has been noted in the literature for many other
operators. A very general theorem was proved in our joint memoir with
David Beltran [14] which contains more historical references. We introduce
terminology to state this connection for the special case of the operators
ME . With ER as in (3.3) we let the Lebesgue exponent set L(E) consist
of all (1p ,

1
q ) for which the three quantities ∥ME∥Lp→Lp,∞ , ∥ME∥Lq,1→Lq ,

and supR>0 ∥MER∥Lp→Lq are finite. We let the sparse exponent set Sp[ME ]
consist of all pairs ( 1

p1
, 1
p2
) with p2 ≤ p′1 for whichME ∈ Sp(p1, p2). Applying

a much more general theorem in [14] in our context it then turns out, that
the interiors of these sets are in one-to-one correspondence and we have for
all E

Theorem 4.2. Let 1 < p < q <∞. Then

(4.5)
(
1
p ,

1
q

)
∈ Int(L(E)) ⇐⇒

(
1
p , 1−

1
q

)
∈ Int(Sp[ME ]) .

We emphasize that Theorem 4.2 implies a result for the interior of the
sparse exponent set but not for its boundary.

Endpoint sparse domination problems. The Lp → Lq estimates for (p−1, q−1)
are known for the spherical averages on all open edges for the Lp → Lq type
set and for the local maximal function M[1,2] on all open edges except the
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vertical edge (where they fail) (see [119, 75], [69]). However, corresponding
nontrivial endpoint sparse domination inequalities for the global variants are
open.

Problem 4.3. (i) For the full maximal operator let P1, P2, P3, P4 be as in
(4.4). Do we have Sp(p1, p2) results for (p−1

1 , p−1
2 ) on the open boundary

edges (P1P4) and (P4P3) in (4.4)?
(ii) For the lacunary maximal operator do we have Sp(p1, p2) results for

(p−1
1 , p−1

2 ) on the open edges connecting (1, 0) or (0, 1) to ( d
d+1 ,

d
d+1)?

Remark 4.4. In part (i) sparse domination fails on the open vertical edge
(P2P3). By (4.2) it would imply an Lp → Lp,∞ inequality for M[1,2] for

p = d
d−1 which fails by the Stein example (3.5) (for such an inequality we

need to restrict to the smaller space Lp,1 and even this only works for d ≥ 3
[105]).

Remark 4.5. For the case f = 1F and g = 1G with measurable sets F,G
of finite measure, an endpoint estimate for ⟨M1F ,1G⟩ at the corner P3 =
(d−1
d , d−1

d ) of the sparse exponent set Sp[M] was observed by Kesler, Lacey
and Mena [55]. This does not seem strong enough yet to deduce sparse
domination on the (P3P4) edge.

5. Lp improving

To understand the sparse domination inequalities for the operator ME
we have to determine the uniform Lp → Lq bounds for the operators MER
for R > 0. We then fix a dilation set E ⊂ [1, 2] and consider the problem of
Lp → Lq estimates for the spherical maximal operator ME , with the intent
to apply some uniform version of these to the sets ER.

5.1. Type sets. For E ⊂ [1, 2] define

TE =
{
(1p ,

1
q ) : ME : Lp → Lq is bounded

}
as the type set for ME . One would like to determine TE for every given
E, but given the above mentioned open problems with endpoint estimates
even in the case p = q this is difficult. To avoid technicalities we will ignore
most endpoint questions and aim to determine the closure of the type set.
By convexity, the closure determines the interior.

Problem 5.1. For given E ⊂ [1, 2] determine the closure TE of the type
set.

In view of this open problem it makes sense to ask which subsets of
[0, 1]2 can arise as TE for some E ⊂ [1, 2]. This question was answered by
the authors in [94]. Given parameters 0 ≤ β ≤ γ ≤ 1 let Q(β, γ) be the
quadrilateral with corners

(5.1)
Q1 = (0, 0), Q2,β = ( d−1

d−1+β ,
d−1

d−1+β ),

Q3,β = ( d−β
d−β+1 ,

1
d−β+1), Q4,γ = ( d(d−1)

d2+2γ−1
, d−1
d2+2γ−1

).
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The quadrangle Q(1, 1) coincides with the closure of the type set for the
case E = [1, 2] determined by Schlag [100] and Schlag–Sogge [102]. For
general E, it turns out that the closure of the type set is not necessarily a
quadrangle.

Theorem 5.2 ([94]). Let A ⊂ [0, 1]2. There exists E ⊂ [1, 2] such that
TE = A if and only if A is a closed convex set with

Q(β, γ) ⊂ A ⊂ Q(β, β)

for some 0 ≤ β ≤ γ ≤ 1.

Figure 1 illustrates the situation in the theorem. Within the critical
triangle spanned by the points Q4,γ , Q4,β, Q3,β, the boundary of TE may
follow an arbitrary convex curve segment.

1
q

1
p

Q1

Q2,β

Q3,β

Q4,γ

1
q

1
p

Q1

Q2,β

Q3,β

Q4,γ

Q4,β

Figure 1. Possible type sets.

The parameters β and γ can be realized as the Minkowski and quasi-
Assouad dimensions of E, respectively. To discuss this further we first review
notions from fractal geometry.

5.2. Fractal dimensions. The Assouad dimension of a set E ⊂ R+ is de-
fined as the infimum of all g > 0 such that there exists C > 0 such that

(5.2) N(E ∩ J, δ) ≤ C
(

δ
|J |×

)−g
holds for all δ > 0 and all intervals J with δ < |J |× < ∞. Note that if
E = E ⊂ [1, 2], then one can restrict to J ⊂ [1, 2] and then |J |× ≈ |J |.

The Assouad dimension can be thought of as the “largest local Minkowski
dimension” of E . We note that βE ≤ dimAE . For standard self-similar
Cantor sets in [1, 2] the two dimensions agree. In contrast, for the sequence
example E = {1 + n−a : n ∈ N} with a > 0 we have βE = (1 + a)−1 < 1 =
dimAE.
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The Assouad dimension itself is not directly relevant for our further dis-
cussions. Instead, a key notion will be the Assouad spectrum, a refine-
ment of the Assouad dimension introduced by Fraser and Yu [41]. The idea
is to define a continuum of intermediate dimensions interpolating between
Minkowski and Assouad dimensions. For 0 ≤ θ < 1 one defines dimA,θ E as
the infimum of all g > 0 such that there exists C > 0 such that (5.2) holds
for all δ ∈ (0, 1) and all intervals J with diameter |J |× = δθ. The Assouad
spectrum of E is the function θ 7→ dimA,θ E .

A variant is given by dimA,θE where the condition |J |× = δθ is replaced

by 1 ≥ |J |× ≥ δθ. The function θ 7→ dimA,θ E is the upper Assouad spectrum
of E (see Fraser–Hare–Hare–Troscheit–Yu [39]) and has the benefit of being
monotone.

Properties of these intermediate dimensional spectra and many examples
can be found in [41, 40] and in the monograph by J. Fraser [38] which also
contains many references to further work. Directly from the definitions one
gets for 0 ≤ θ < 1

βE = dimA,0 E ≤ dimA,θ E ≤ dimA,θ E ≤ dimA E .

The function θ 7→ dimA,θ E is continuous on [0, 1) and the limit

dimqA E = lim
θ→1−

dimA,θ E

exists. It is called the quasi-Assouad dimension (Lü–Xi [77]). Note that
dimqA E ≤ dimA E and the inequality can be strict. For example, if E =

{1 + 2−
√
n : n ∈ N}, then dimqAE = 0 and dimAE = 1.

The sets E which have a maximal Assouad spectrum will be of particular
interest to us. For 0 ≤ β ≤ γ ≤ 1 define hβ,γ : [0, 1) → [β, γ] by

(5.3) hβ,γ(θ) = min( β
1−θ , γ) =

{
β

1−θ if 0 ≤ θ ≤ 1− β
γ ,

γ if 1− β
γ ≤ θ < 1

when γ > 0, and h0,0 ≡ 0. Then if β = βE and γ = dimqA E it follows from

the definition of γ and the inequality N(E ∩ J, δ) ≲ε δ
−β−ε that

(5.4) dimA,θ E ≤ hβ,γ(θ), 0 ≤ θ < 1.

We call sets E for which we have equality in (5.4) quasi-Assouad regular, or
(β, γ)-regular, if β = βE and γ = dimqA E . Obvious examples are sets with
βE = dimqA E such as standard Cantor sets. The sets E = {1+n−a : n ∈ N}
are also quasi-Assouad regular, with β = (1 + a)−1 and γ = 1. It is natural
to ask whether a given function on [0, 1) is the Assouad spectrum or the
upper Assouad spectrum of some set E ⊂ [1, 2]. Characterizations of both
situations were established by Rutar [97].

5.3. Known results. We now continue discussing results on the maximal
operators ME from [2, 94] for arbitrary dilation sets E ⊂ [1, 2].
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Theorem 5.3 ([94]). Let d ≥ 2. Then the following hold.
(i) For all E ⊂ [1, 2] with β = βE, γ = dimqA E we have

Q(β, γ) ⊂ TE ⊂ Q(β, β).

(ii) If E is quasi-Assouad regular, then

TE = Q(β, γ).

(iii) Let E =
⋃N
k=1Ek, where Ek is a (βk, γk)-regular set, for k = 1, . . . , N .

Then

TE =
N⋂
k=1

Q(βk, γk).

Part (iii) is an immediate consequence of part (ii), and we observe that
for a finite union of quasi-Assouad regular sets the closure of the type set is
a polygonal region. The construction of E in the type set characterization
of Theorem 5.2 relies on part (iii): one carefully builds E as a countable
union of suitable quasi-Assouad regular sets with dimensional parameters
(βk, γk) so that the sets

⋂N
k=1Q(βk, γk) approximate the set A (see Figure

2).

1
q

1
p

Q1

Q2,β

Q3,β

Q4,γ

Q4,β

Q3,0

Q4,γn

Q3,βn

Figure 2. Building a type set.

Outline of proof for the inclusion Q(β, γ) ⊂ TE. One analyzes the Lp → Lq

bounds for the maximal operator M j
E in (3.7). A straightforward O(2j)

bound for the convolution kernel σj yields

(5.5) ∥M j
E∥L1→L∞ ≲ 2j .

Interpolating this with the L2 bound ∥M j
E∥L2→L2 ≲ε 2

−j( d−1−β−ε
2

) (cf. (3.9))

yields the asserted behavior for (1p ,
1
q ) near Q3,β.

The estimates for (1p ,
1
q ) close to Q4,γ are more interesting. The objective

is to develop versions of the space-time estimates in [102] that apply in a
fractal situation. Here we distinguish the cases
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(i) d ≥ 3, or d = 2 and γ < 1/2,
(ii) d = 2, γ ≥ 1/2.

In the first case one interpolates the L1 → L∞ bound (5.5) with an L2 → Lq

bound

∥M j
E∥L2→Lqγ ≲ Cε2

j(ε− (d−1)2−2γ
2(d−1)+2γ

)
for qγ = 2(d−1+2γ)

d−1

which itself relies on a fractal version of a Strichartz type estimate [2]( ∑
t∈E(j)

∥f ∗ σjt ∥
qγ
qγ

)1/qγ
≲ε 2

j(ε− (d−1)2−2γ
2(d−1)+2γ

)∥f∥2.

Here E(j) is a maximal 2−j-separated subset of E. For the interpolation to
work the L2 → Lq operator norm needs to exponentially decay as j → ∞
and for this we need to have (d− 1)2 − 2γ > 0, corresponding to case (i).

In case (ii) the proof is substantially harder, and we refer to [94]. One
uses bilinear operators and the argument relies on some fractal version of a
theorem by Klainerman and Machedon [58]. □

Various endpoint results for Lp → Lq boundedness on the edges ofQ(β, γ),
with appropriate assumptions on N(E ∩ J, δ), N(E, δ), have been obtained
in [2], [94], [70]. These results tend to be sharp for quasi-Assouad regular
E, but not in general.

One can combine Theorem 4.2 with an R-uniform version of Theorem 5.3
applied to the operators MER to obtain a sparse domination result. The
required R-uniform version follows from an examination of the proof of part
(i) of Theorem 5.3. Assume that E ⊂ R+, β = βE and γ = dimqA E . Let

( 1
p1
, 1
p2
) belong to the interior of the quadrilateral Psp(β, γ) with corners

(5.6)
P1 = (0, 1), P2(β) = ( d−1

d−1+β ,
β

d−1+β ),

P3(β) = ( d−β
d−β+1 ,

d−β
d−β+1), P4(γ) = ( d(d−1)

d2+2γ−1
, d

2−d+2γ
d2+2γ−1

).

ThenME ∈ Sp(p1, p2). The result is sharp up to the boundary of Psp(β, γ) if

E = ∪k2kE with E a (β, γ)-regular set. One can use uniform versions of part
(iii) of Theorem 5.3 to formulate other essentially sharp sparse domination
results.

5.4. Necessary conditions. We now summarize necessary conditions which
will suggest a conjecture. Let (1p ,

1
q ) ∈ T E . From general considerations for

convolution operators we must have p ≤ q, i.e. (1p ,
1
q ) is on or below the

line connecting Q1 and Q2,β. Since for t ∈ E we have MEf ≥ M{t}f we
may test on a characteristic function of a thin δ-annulus with radius t and
find that d

q ≥ 1
p ; i.e. (1p ,

1
q ) must lie on or above the line through Q1 and

Q4,γ . By testing the operator on characteristic functions of balls of radius δ
(arguing as before for the case p = q) we find that

δ
d−1+ 1

qN(E, δ)
1
q ≲ ∥ME∥p→q δ

d
p
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and since for every ε > 0 there are arbitrarily small δ such that N(E, δ) ≳
δ−β+ε, the point (1p ,

1
q ) must lie on or to the left of the line through Q2,β

and Q3,β.
A more interesting observation is that for every δ > 0, and for all intervals

J with δ ≤ |J | ≤ 1 we must have

(5.7) N(E ∩ J, δ)
1
q ≲ ∥ME∥p→q δ

1
p
− d

q

( δ

|J |

) d−1
2

( 1
p
+ 1

q
−1)

.

To check (5.7) one tests the operator on a characteristic function of a δ-
neighborhood of a spherical cap of diameter

√
ρ, with ρ = δ/|J | (so that

√
ρ is intermediate between

√
δ, corresponding to the usual Knapp example,

and 1, which is essentially the thin annulus example above). If J = [a, b],

one computes MEfδ,ρ ≳ ρ
d−1
2 for |x′| ≤ c δ√

ρ , t ∈ E ∩ J , |xd + t − a| ≤ cδ,

which then leads to (5.7) (see [94, §5]).
Using intervals J of length ≈ 1 one checks that (1p ,

1
q ) ∈ TE cannot lie

below the line through Q4,β and Q3,β, and a combination of the above leads

to the necessary condition T E ⊂ Q(β, β) in part (i) of the theorem.

If E is (β, γ)-regular we choose suitable J with |J | = δθ where θ = 1− β
γ

so that essentially N(E ∩ J, δ) ≳ δ−(1−θ)γ+ϵ ≳ δ−β+ϵ
′
and a computation

shows that (1p ,
1
q ) cannot lie below the line through Q4,γ and Q3,β, i.e. the

necessary condition from [2] in this case. Thus for (β, γ)-regular dilation
sets the necessary condition is sharpened to TE ⊂ Q(β, γ) in part (ii) of the

theorem. Finally if E =
⋃N
k=1Ek we have MEf ≥ MEk

f which gives the

inclusion TE ⊂ Q(βk, γk) for k = 1, . . . , N i.e. the necessary condition for
part (iii) of the theorem.

5.5. A conjecture. For general E ⊂ [1, 2] with dimME = β, dimqAE = γ
Theorem 5.3 leaves open what happens in the triangle R(β, γ) = Q(β, β) \
Q(β, γ). A reasonable conjecture for the part of TE in this triangle is that
the necessary condition (5.7) for membership in TE is also sufficient for (1p ,

1
q )

to belong to TE . In other words, we conjecture that for (1p ,
1
q ) ∈ R(β, γ) the

pair (1p ,
1
q ) belongs to TE if

(5.8) sup
δ≤|J |≤1

N(E ∩ J, δ)|J |−
q(d−1)

2
(1− 1

p
− 1

q
) ≲ δ

−
(

(d−1)q
2

− (d+1)q
2

( 1
p
− 1

q
)
)

where the supremum is taken over all intervals J with length between δ and
1. To formulate this as a conjectural equivalence for TE we use another
dimensional quantity which was introduced in [13, 12]. For an arbitrary set
E ⊂ R+ the Legendre–Assouad function is defined by

(5.9) ν♯E(α) = lim sup
δ→0

log
(
supδ≤|J |×≤1 |J |−α× N(E ∩ J, δ)

)
log(δ−1)
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for every α ∈ R. If E = E ⊂ [1, 2], then we may restrict to J ⊂ [1, 2] and
note |J |× ≈ |J |.

Recall from Theorem 5.3 that TE ⊂ Q(β, β).

Problem 5.4. Let E ⊂ [1, 2] and β = βE. Let (1p ,
1
q ) ∈ Q(β, β). Prove that

(1p ,
1
q ) ∈ TE if and only if

(5.10) 1
qν

♯
E

( q(d−1)
2 (1− 1

p −
1
q )
)
≤ d−1

2 − d+1
2 (1p −

1
q ) .

As proved in the recent paper [12] by Beltran, Rutar and the authors, the

function ν♯E in (5.9) turns out to be the Legendre transform of the function

νE(θ) = −(1− θ)dimA,θ E ,
that is,

(5.11) ν♯E(α) = sup
0≤θ≤1

(
αθ − νE(θ)

)
.

The following lemma lists some elementary properties (see [13, 12, 37]).

Lemma 5.5. Let E ⊂ [1, 2] with dimME = β and dimqAE = γ. Then the
following hold.

(i) ν♯E is convex and nondecreasing on R.
(ii) There exists an α∗ ∈ [0, γ] such that ν♯E(α) = β for α ≤ α∗ and such

that ν♯E is strictly increasing on (α∗,∞).

(iii) ν♯E(α) = α for α ≥ γ.

Part (i) follows from properties of the Legendre transform. Note that
the conjectured range (5.10) in Problem 5.4 is consistent with the known
inclusion Q(β, γ) ⊂ TE , by part (iii) of the lemma. We also recover the
known results for quasi-Assouad-regular sets or finite unions of those:

Examples 5.6. (i) Let E ⊂ [1, 2] be (β, γ)-Assouad regular, i.e. with maximal

Assouad spectrum dimA,θ E = hβ,γ(θ) as in (5.3). Then ν♯E is given by

ν♯E(α) =


β if α ≤ 0,

(1− β
γ )α+ β if 0 ≤ α ≤ γ,

α if α > γ.

(ii) For ℓ = 1, . . . , N let Eℓ ⊂ [1, 2], ℓ = 1, . . . , N be (βℓ, γℓ)-regular, and
let E = ∪Nℓ=1E

ℓ. Then

ν♯E(α) = max
ℓ=1,...,N

ν♯
Eℓ(α).

It is natural to ask which functions on [0,∞) can arise as ν♯E |[0,∞) for
suitable E ⊂ [1, 2].

Proposition 5.7 ([12]). Consider a function τ : [0,∞) → [0,∞). There

exists a set E such that τ(α) = ν♯E(α) for all α ≥ 0 if and only if τ is
increasing, convex, and satisfies τ(α) = α for α ≥ 1.
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Remark 5.8. The identity (5.11) remains true if one replaces the Assouad
spectrum by the upper Assouad spectrum in the definition of νE . This
is because the Legendre transform only depends on the convex hull of the
input function and both these functions have the same convex hull. The
Legendre transform also appears in connection with the Assouad spectrum
in a different context in the fractal geometry paper [4] by Banaji, Fraser,
Kolossváry and Rutar.

Remark 5.9. One can also ask about the Lp improving inequalities for ME

when acting on radial functions. This was considered in our paper with
David Beltran [13] and also by Shuijiang Zhao [124]. In dimension d ≥ 3
one gets a very simple and clean characterizations of Lprad → Lq bound-
edness; however in view of the nonradial example discussed above these
estimates are not useful anymore to predict sharp outcomes for the general
case. This comment also applies in two dimensions, but the analysis in the
radial case now involves a weakly singular kernel, which makes the 2D case

more interesting. In [13] ν♯E was used to characterize the closure of the type
set

T rad,2
E =

{
(1p ,

1
q ) : ME maps Lprad(R

2) to Lq(R2)
}
.

Specifically, if β = dimME and ∆β is the triangle with corners (0, 0),

( 1
1+β ,

1
1+β ) and ( 2

3+β ,
1

3+β ) then in two dimensions

T rad,2
E = ∆β ∩

{
(1p ,

1
q ) :

1
qν

♯
E(

q
2 − 1) + 1

p −
1
q ≤ 1

2

}
.

Remark 5.10. When considering Lp → Lq estimates for p < q the restriction
to dilation sets to a compact subset of R+ is mandated by scaling considera-
tions. In order to extend to global dilation sets on has to necessarily include
a scaling factor in the definition of the maximal operator, and work with
the “fractional” modification

ME,νf(x) = sup
t∈E

tν |Atf(x)|, with ν = d
p −

d
q .

In particular, interesting cases where we know Lp → Lq boundedness for
ME with E ⊂ [1, 2] lead to endpoint problems for the operator ME,ν with

E = ∪k∈Z2kE and ν = d/p − d/q. Here we refer to work in [89]. Recently,
restricted weak type (p, q) endpoint estimates for the full modified spherical
maximal functions have been obtained in work by Basak, Choudhary and
Spector [5]. These go along with the open question whether such restricted
weak type estimates can be upgraded to strong type (p, q) estimates. In-
terestingly, in some problems where one works with nonisotropic dilations
such global extensions are easier to obtain via bootstrapping arguments of
Nagel–Stein–Wainger type [84], under an assumptions of disjointness of the
wavefront set of the underlying measure and the eigenspaces of the dilation
operators. For suitable examples this had been first shown in unpublished
work by M. Christ [23], with further variants and discussion in [48, §4], [107].
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However it is not clear how to apply these ideas to endpoint bounds in the
presence of standard isotropic dilations.

6. On power weight inequalities

Here we discuss weighted norm inequalities with power weights wα(x) =
|x|α (already mentioned in §4). The norm in Lp(wα) is given by

∥g∥Lp(wα) =
(∫

|g(x)|p|x|αdx
)1/p

.

We shall see that the Legendre–Assouad function of dilation sets plays again
a crucial role in understanding the Lp(wα) boundedness of the spherical
maximal operators.

Optimal inequalities for the lacunary maximal spherical maximal function
and almost optimal inequalities for the full maximal function Mfull (with
E = R+) are due to Duoandikoetxea and Vega [35] who showed that is
bounded on Lp(wα) if 1− d < α < (d− 1)p− d and p > 1 + 1

d−1 . Moreover

the conditions α < (d− 1)p− d and α ≥ 1− d are necessary.
Juyoung Lee [65] established the endpoint inequality with α = 1 − d if

d ≥ 3, p ≥ 2 and d = 2 and p > 2, thus settling the endpoint problem in two
dimensions. His argument relies crucially on an application of the inequality∑

j ∥Pjf∥
p
p ≲ ∥f∥pp for dyadic frequency decompositions Pj which fails for

p < 2. Consequently the endpoint result remains open for p < 2:

Problem 6.1. Let d ≥ 3 and d
d−1 < p < 2. Does Mfull map Lp(w1−d) to

Lp(w1−d)?

We turn to the problem of power weight inequalities for the restricted
maximal operators ME which was first studied by Duoandikoetxea and
Seijo [34]. Counterexamples from the unweighted theory show that such

inequalities fail for p < pβ = 1 + β
d−1 , where β = βE . Let

WE =
{
(1p ,

α
p ) ∈ [0, 1]× R : ME is bounded on Lp(wα)

}
.

By analytic interpolation, WE is a convex set. Examples from the un-
weighted theory show that p ≥ 1 + β

d−1 is necessary for boundedness on

Lp(wα) to hold.
Duoandikoetxea and Seijo [34] obtained an essentially sharp result on WE

for the special case that dimA E = βE coincide. Moreover they exhibited
examples which show that in general it does not suffice to just consider
the Minkowski dimension for the formulation of essentially sharp results.
However for most dilation sets in [1, 2] the problem of determining the closure
of WE was left open. In our recent work with Marco Fraccaroli [37] we
determined the closure of WE for all dilation sets by using the Legendre–
Assouad function.
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α
(d−1)p

1
p

x1 xβ 1

1

−x1

−xβ

α
(d−1)p

1
p

x1 xβ 1

1

−x1

−xβ

Figure 3. Vertically compressed shape of the closure of
a type set WE in (6.1) (shaded), with parameters γ = 1,
x1 =

d−1
d , xβ = d−1

d−1+β .

To describe this result for E ⊂ R+ let (ν♯)† denote the inverse of the

restriction of ν♯E to (α∗,∞) (cf. Lemma 5.5). It is shown in [37] that

(6.1) WE =
{(

1
p ,

α
p

)
∈ [0, 1]× R : p ≥ 1 + β

d−1 , L(p) ≤ α ≤ U(p)
}

where for p ≥ 1 + β
d−1 the functions U and L are given by

U(p) = (d− 1)(p− 1)− β,

L(p) = (d− 1)(p− 2)− (ν♯E)
†((d− 1)(p− 1)

)
.

See Figure 3 for a vertically compressed copy of a typical WE . It would also
be interesting to address, for specific classes of dilation sets, open questions
on endpoint Lp(wα) estimates for ME , for both the local and the global
versions.

7. Maximal functions: Further directions

7.1. Multiparameter spherical maximal functions. In the pointwise
convergence problem for families of spherical means one can replace the
vertical approach set of radii by a more general set V in Rd × R+ with
accumulation point at (0, 0). One then asks under which conditions on V
we have for all f ∈ Lp(Rd)

lim
(y,t)→(x,0)

(y,t)∈(x,0)+V

Atf(y) = f(x)



PROBLEMS ON SPHERICAL MAXIMAL FUNCTIONS 21

for almost every x ∈ Rd. This leads to consideration of the maximal operator
M∗

V given by

M∗
V f(x) = sup

(u,t)∈V

∣∣∣ ∫ f(x+ u− ty′) dσ(y′)
∣∣∣

Problem 7.1. Given V ⊂ Rd × R+ find satisfactory Lp, Lp-improving,
sparse domination and weighted Lp bounds for the maximal operators M∗

V .

This covers the situation in Wolff’s work on the spherical Nikodym max-
imal function [120] (where t is kept constant). Many other results in this
direction can be found in the recent paper by Chang, Dosidis and Kim [20].

Another natural type of multi-parameter maximal function is obtained
by replacing the standard dilations by a multiparameter dilation; this leads
to ellipsoidal maximal functions, see [22], [36]. Significant progress in this
direction has been recently achieved based on the phenomenon of multipa-
rameter cinematic curvature, in works by Lee–Lee–Oh [67, 68], Chen–Guo–
Yang [21], Zahl [122, 123], and Hickman–Zahl [53]. See also Schippa [99] for
related work on multiparameter local smoothing bounds, via an approach
using multiparameter square-functions.

7.2. Helical averages. The problems in this survey can all be formulated
for other families of averages, even in non-convolution situations, with out-
comes depending on the geometry of the wavefront sets of the associated
distribution kernels. The model case of the helical averages in three dimen-
sions

(7.1) Ahel
t f(x) =

1

2π

∫ 2π

0
f(x1 − t cosα, x2 − t sinα, x3 − tα) dα

is of particular interest, as is the helical maximal function Mhelf(x) =
supt>0 |Ahel

t f(x)|. The optimal Lp improving estimates for Ahel
t were proved

by Oberlin [87], in particular the endpoint L3/2 → L2 and L2 → L3 esti-
mates. This was generalized to a class of Fourier integral operators with
one-sided fold singularities in [46] satisfying a suitable curvature condition
in the fibers of the fold surface (reminiscent of the Sogge cinematic curva-
ture condition). The first sharp Lp-Sobolev bounds for the helical averages
gaining 1/p derivatives in [92] used Wolff’s decoupling result [121] for the
light cone as a black box. A combination of [92] with the optimal Bourgain-
Demeter decoupling [18] yields that Ahel

t maps Lp to Lp1/p for p > 4, see also

[93] for a variable coefficient generalization. The range p > 4 is optimal as
shown by an example of Oberlin–Smith [88]). Alternatively, the sharpness
can also be understood in terms of a Wolff example in decoupling ([121],
[7, §3]). Decoupling arguments were also used to establish Lp-boundedness
of the maximal operator Mhel in the range p > 4 ([92, 18]) which however
is not optimal. The sharp result for Mhel was obtained by Beltran, Guo,
Hickman and the second author [9], and independently by Ko, Lee and Oh
[59]:
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Theorem 7.2. Mhel is bounded on Lp(R3) if and only if p > 3.

In the subsequent work [6], Beltran, Duncan and Hickman proved essen-
tially optimal Lp improving estimates for a local variant, with implications
for essentially sharp sparse bounds for Mhel. It should also be interesting
to explore versions of this work with restricted (fractal) dilation sets.

7.3. The Nevo–Thangavelu spherical means. These integral operators
were introduced by Nevo and Thangavelu in [86]. They are considered inter-
esting test cases for generalized Radon transforms associated with manifolds
of higher co-dimension. The concrete setup is as follows: Let G be a two
step nilpotent Lie group identified via the Baker-Campbell-Hausdorff for-
mula with the Lie algebra Rd × Rm; here the group law is given by

(7.2) (x, x) · (y, y) = (x+ y, x+ y + x⊺J⃗y),

with x⊺J⃗y = (x⊺J1y, . . . x
⊺Jmy) and the Ji are d× d skew symmetric matri-

ces. The case of (d,m)–Métivier groups is of particular interest; here it is
assumed that

∑m
i=1 θiJi is invertible whenever θ ̸= 0. The Heisenberg group

Hn arises for d = 2n, m = 1. For every m > 1, Métivier groups exist but
for given m there are restrictive conditions on d which are closely related to
the Radon–Hurwitz numbers; in particular we must have log d ≳ m. The
explicit conditions can be found in [1], [54], see also the relevant work on
generalized Radon transforms by Gressman [49].

The parabolic dilations δt(x) = (tx, t2x) are automorphisms of the group.
We let µ be the normalized surface measure on the unit sphere in Rd and
define the dilate µt by ⟨f, µt⟩ =

∫
f(ty, 0) dµ. Then the Nevo–Thangavelu

means are defined by the noncommutative convolution

Atf(x) = f ∗ µt(x) =
∫
Sd−1

f(x− tω, x− tx⊺J⃗ω) dµ(ω).

Let Mf = supt>0 |Atf | be the associated maximal function. Note that the
support of the spherical measure is a co-dimension m + 1 sphere in G. In

the commutative case we have J⃗ = 0 and all results for M can be obtained
from the Euclidean case by a slicing argument. Thus we assume J⃗ ̸= 0.

Following partial results in [86] the optimal range p > d
d−1 , for Lp-

boundedness of M on Métivier groups was proved by Müller and the second
author [83] for d ≥ 3. Moreover, on the Heisenberg groups Hn, n ≥ 2, the
result was independently obtained by Narayanan and Thangavelu [85]. The
analysis in [83] relies on estimates for Fourier integral operators with fold-
ing canonical relations, applied to the spherical means. This is combined
with a favorable behavior of the Schwartz kernel of d

dtAt near the fold sur-
face, due to the invariance of the horizontal subspace under the parabolic
dilations. The optimality is proved using a variant of the counterexample
by Stein mentioned above. In contrast, the proof in [85] is based on har-
monic analysis on the Heisenberg groups. A third approach to the result on
Métivier groups can be found in [95], using a rotational curvature property
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for (x, t) 7→ Atf(x) which results in a local smoothing phenomenon on L2.
The idea goes back to a theorem by Joonil Kim [56], and is related to the
L2-analysis of Nikodym maximal functions in [80]. We note that the square-
function bound in [85] also captures this local smoothing phenomenon.

It was asked in [83] whether the Lp results for M on Métivier groups
extend to the general step two case. In this generality one can no longer
use established results on boundedness of Fourier integral operators. A
partial Lp result in this direction was obtained by Liu–Yan [76], namely Lp

boundedness for d ≥ 4, m = 1, and p > d−1
d−2 . An optimal result was more

recently proved by Jaehyeon Ryu and the second author [98]:

Theorem 7.3. Let G be any step two group with d ≥ 3. Then M is bounded
on Lp(G) if and only if p > d

d−1 .

In the proof of boundedness a linear algebra reduction is made to the sit-
uation where J1, . . . , Jm are linearly independent in the space of d× d skew
symmetric matrices. After a dyadic frequency decomposition one interpo-
lates between a weak type inequality for L1 functions and an L2 estimate;
in both one takes advantage of the invariance of the horizontal space under
the parabolic dilations.

Let us focus on the L2 bound. Using essentially Plancherel’s theorem one
can reduce to the analysis of a two-parameter family of oscillatory integral
operators Tλ,b on L2(Rd). To define it let, for x ∈ Rd, x′ = (x2, . . . , xd),
and let x′ 7→ g(x′) be a real valued function satisfying g(0) = 1, g′(0) = 0,
and g′′(0) positive definite (reflecting the curvature of the sphere). Let
P : x 7→ x′ be the projection to Rd−1, let S be a skew-symmetric d × d
matrix of nonzero rank, let ρ(x′, y1) = y1 + (x′)⊺PSe1, let a(x, t, y) be C

∞

with small support where t ≈ 1 and define the phase function ψ ≡ ψS by

(7.3a) ψ(x, t, y) = y1
(
x1 − tg(x

′−y′
t )

)
+ x⊺S

(
P ⊺y′ − tg(x

′−y′
t )e1

)
.

For λ large and λ−1 ≤ b ≤ 1 define

(7.3b) Tλ,bf(x, t) =

∫
eiλψ(x,t,y)a(x, y, t)χ1(

|tρ(x′,y1)|
b )f(y) dy.

The quantity ρ(x′, y1) is comparable in size with detψ′′
xy and should be

thought of as an analogue of “rotational curvature” for the original problem;
as t ≈ 1 we localize in (7.3b) to the set where |ρ| ≈ b. The crucial uniform
space-time L2 bound is

(7.4) ∥Tλ,b∥L2(Rd)→L2(Rd+1) ≲ Cελ
− d−1

2 b−
d−2+ε

2

where the implicit constant depends on S only in terms of the lower and
upper bounds of the matrix norm ∥S∥. We apply (7.3b) for the choice
S =

∑m
i=1 θiJi where |θ| = 1. One can view (7.4) as a phenomenon of

“damping oscillatory integral operators” (see [112, 113], [91] and many other

such works in the literature). Note that the amplitude χ1(
|tρ(x′,y1)|

b )a loses
regularity for small b; and it is crucial that b is allowed in the full range where
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b ≥ λ−1. In [98] inequality (7.4) is proved via several almost orthogonality
arguments.

The open case d = 2. The L2 bound (7.4) is not enough for the estimation
of the maximal operator when d = 2, primarily because of the failure of a
Sobolev embedding endpoint inequality for L∞. The following problem has
attracted considerable attention:

Problem 7.4. Let G be a step two group with d = 2. Is M bounded on
Lp(G) for p > 2?

This is currently open even in the model case of the Heisenberg group H1.
We remark that for fixed t the Nevo–Thangavelu means At on H1 (when
acting on functions supported near the origin of the Heisenberg group) and
the helical averages Ahel

t in R3 can be treated analogously; i.e. they both are
Fourier integral operators of order −1/2 with a folding canonical relation
and a curvature condition in the fibers above the fold surface (mentioned
already in §7.2 above). This is discussed in [46] (see also the survey [47]) and
unifies Lp-improving results in [87] and [104]; more recently corresponding
unifying sharp Lp-Sobolev estimates based on decoupling were proved in
[93].

The analogy between the two families Ahel and A breaks down if we in-
corporate the t-variable. We view both as families of generalized Radon
transforms acting on functions supported in a small neighborhood of 0. In
view of the above-mentioned curvature condition for the fold surface we now
disregard it and consider the geometry of the canonical relations associated
with these Fourier integral operators away from the fold surface, i.e. mi-
crolocalized to parts which are graphs of conic symplectic diffeomorphisms.
There one uses the notion of cinematic curvature, introduced by Sogge in
[111] and further elaborated upon in [80]. The family {Ahel

t }t≈1 of helical
averages satisfies a rank one cinematic curvature condition which allows for
an efficient use of decoupling techniques, leading in [92] to satisfactory esti-
mates at least in the range p > 4 (cf. Theorem 7.2). In contrast, the family
{At}t≈1 of Nevo–Thangavelu averages on H1 satisfies a rank two cinematic
curvature condition which does not provide a favorable numerology for an
application of decoupling.

The subspace LpHrad of Heisenberg-radial functions on H1 (i.e. Lp func-
tions of the form f(x, u) = f◦(|x|, u)) is invariant under the action of At.
In order to gather evidence for an affirmative answer to the question in
Problem 7.4, Beltran, Guo, Hickman and the second author [8] showed that
M : LpHrad(H1) → Lp(H1) is bounded for all p > 2. This can be reduced
to a variable coefficient problem on maximal functions for certain weakly
singular Radon transforms in R2. Despite the additional singularities one
can use either techniques in [79] or decoupling techniques in [10] to obtain
this result. Some simplifications and more on Lp-improving estimates on
the space of Heisenberg-radial functions can be found in a subsequent paper
by J. Lee and S. Lee [66].
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Lp-improving estimates. We now return to the case d ≥ 3 and discuss Lp →
Lq bounds for the local maximal function Mlocf(x) = sup1≤t≤2 |Atf |. This
problem was first investigated by Bagchi, Hait, Roncal and Thangavelu [3]
for the Heisenberg groupsHn in order to obtain sparse domination results. In
this context the sparse forms are defined via dyadic cubes for the Heisenberg
geometry; see also the more recent paper [30] for sparse domination results
in a very general geometric setting. Essentially optimal Lp improving results
(at least on the Heisenberg groups) were obtained in our work with Rajula
Srivastava [95] (see also [96] for variants with restricted dilation sets).

Theorem 7.5 ([95]). Let G be a (d,m)–Métivier group, with d > 2. Let
(p−1, q−1) belong to the interior of the quadrilateral with corners

(0, 0), (d−1
d , d−1

d ), (d+m−1
d+2m , m+1

d+2m), ( (d+m)(d+m−1)
(d+m)2+(d+m+1)m+1

, (m+1)(d+m−1)
(d+m)2+(d+m+1)m+1

).

Then Mloc is bounded from Lp(G) to Lq(G).

Various endpoint results are also obtained in [95] (note that our notation
differs from that one in [95]). The basic strategy in the proof of theorem
7.5 is as in the Euclidean problem. In the proof, it is crucial to observe a
favorable cinematic curvature condition which holds independently of the
codimension of the singular supports (in particular independent of m). We
suspect that the result of Theorem 7.5 is essentially sharp, but this has so
far only been proved in [95] for m = 1, by a nonconventional Knapp type
example.

Problem 7.6. Let G be a (d,m)–Métivier group. Is the result of Theorem
7.5 sharp (up to endpoints) when m ≥ 2?

Next, dropping the Métivier condition, we can ask for Lp improving prop-
erties for the local Nevo-Thangavelu maximal function on a general step two
group. A slicing argument in [98] shows that these cannot hold if J1, . . . , Jm
are linearly dependent in the space of skew-symmetric matrices. Otherwise,
the question is wide open.

Problem 7.7. On a general 2-step group determine essentially sharp Lp →
Lq estimates for the maximal operator Mloc.

Remarks. (i) In place of the Nevo–Thangavelu maximal function one can
also consider the more traditional means for the codimension one Korányi-
spheres {x : |x|4+|x|2 = t4} on the Heisenberg group, see [32], [103], [43]. Ra-
jula Srivastava [114] proved essentially optimal Lp → Lq-improving bounds
for an associated local maximal function.

(ii) Joonil Kim [57] obtained Lp estimates for another interesting spherical
maximal function on R2n×R, working with a group law where J1 is replaced
by a not necessarily skew-symmetric matrix.

(iii) It should be very interesting to pursue the Lp boundedness questions
for variants of the Nevo–Thangavelu maximal operator in higher step groups.
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8. A fractal local smoothing conjecture

Here we consider the half wave operators eit
√
−∆ which are related to the

spherical means by composing them with (pseudo-)differential operators of
order d−1

2 . We discuss some Lp-Sobolev space-time estimates for solutions of
the wave equation which are valid for larger Lp-Sobolev classes than the fixed
time estimates; in view of the time integrals these have been labeled local
smoothing estimates. Such inequalities had been early applied to simplify
Bourgain’s proof [17] of the boundedness of the circular maximal operator
in two dimensions ([79]). Here we are interested in essentially sharp forms of
this local smoothing phenomenon. Recall Sogge’s conjecture [111] according
to which one should have for p > 2 the inequality

(8.1)
(∫ 2

1

∥∥eit√−∆f
∥∥p
p
dt
) 1

p ≤ Cε∥f∥Lp
σp+ε

, σp = max{0, d−1
2 − d

p}

for all ε > 0 and 2 < p < ∞. This states that for p > 2d
d−1 one gains

a derivative of order 1
p − ε when compared to the Lps → Lp fixed time

result by Peral [90] and Miyachi [78], with s = (d − 1)(12 − 1
p). To test the

conjecture, its rather straightforward version on radial functions was verified
early in [81], see also [29] for an endpoint result. The first positive result in
the general case was proved in a groundbreaking paper by Wolff [121] who
introduced the idea of decoupling inequalities for this problem (see also the
subsequent papers [61] and [45]). Sogge’s conjecture was refined by Heo,
Nazarov and the second author [51] who conjectured (8.1) with ε = 0 for

p > 2d
d−1 . This endpoint estimate was proved in [51] for p > 2(d−1)

d−3 , and

d ≥ 4 (no such endpoint bound is currently available in dimensions two and

three). Bourgain and Demeter [18] obtained (8.1) for p ≥ 2(d+1)
d−1 , via their

optimal decoupling theorem for cones. Guth, Wang and Zhang [50] proved
the full Sogge conjecture for d = 2. In higher dimensions the currently best
result is due to Gan, He, Li and Wu [42] who established (8.1) in ranges
that are not covered by the decoupling theorem. We note that the analogue
of Sogge’s conjecture in the Lprad(L

2
sph)-category (which is implied by the Lp

version) was proved by Müller and the second author [82].
In order to formulate a fractal version of Sogge’s conjecture we consider

an operator Pj = β(2−j |D|) with β smooth and compactly supported away
from 0; thus Pj localizes the Fourier transform of a function f to an annulus
{|ξ| ≈ 2j}. Let {tν} be any 2−j-separated subset of [1, 2]. Then it follows
from a Plancherel-Pólya argument that (8.1) for 2 ≤ p <∞ is equivalent to(∑

ν

∥∥eitν√−∆Pjf
∥∥p
p

)1/p
≲ ∥f∥Lp

s
for s > max

{
1
p , (d− 1)(12 − 1

p)
}
.

For a fractal version, we are given a set E ⊂ [1, 2] and simply replace {tν}
with a 2−j-discretization E(j), i.e. any set of 2−j-separated points in E.
We are then interested in how the estimate in Sogge’s conjecture improves.
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Since we will never be able to beat the threshold (d − 1)(12 − 1
p) for the

fixed time estimate such an improvement for p > 2 can only occur when
(d − 1)(12 − 1

p) <
1
p i.e. when p < 2d

d−1 . The behavior conjectured in [12]

again features the Legendre–Assouad function ν♯E from (5.9), (5.11).

Problem 8.1. For p ≥ 2 let κE(p) =
1
pν

♯
E

(
(d−1)(p2−1)

)
. Does the inequality

(8.2)
( ∑
t∈E(j)

∥∥eit√−∆Pjf
∥∥p
p

)1/p
≤ Cs,p∥f∥Lp

s
, s > κE(p),

hold for all j > 0 and all 2−j-discretizations E(j) of E?

This would be sharp since in [12] it is shown that (8.2) fails for some
f ∈ Lp if s < κE(p). Moreover, it is proved there that the conjecture holds
for the class of radial Lps functions.

Examples 8.2. (i) If E ⊂ [1, 2] is quasi-Assouad regular with dimME = β
and dimqAE = γ, then in Problem 8.1,

κE(p) =

{(
1− β

γ

)
(d− 1)(12 − 1

p) +
β
p if 2 ≤ p ≤ 2 + 2γ

d−1 ,

(d− 1)(12 − 1
p) if p ≥ 2 + 2γ

d−1 .

In particular, for E = [1, 2] one has κE(p) = max{1
p , (d − 1)(12 − 1

p)} and

thus one recovers Sogge’s conjecture.
(ii) For p ≥ 2 + 2γ

d−1 we always have

κE(p) = (d− 1)(12 − 1
p),

where dimqAE = γ. For general E, the behavior of κE(p) for 2 ≤ p ≤ 2+ 2γ
d−1

can be fairly arbitrary (and can be characterized precisely using Proposition
5.7).

The Legendre–Assouad function is used in [12] to formulate a more general
off-diagonal Lp → Lq(ℓqE(j)) conjecture.

Conjecture 8.3. Let E ⊂ [1, 2] and 1 < p ≤ q <∞, q > p′. Then for every

s > sE(p, q) :=
d+1
2 (1p −

1
q ) +

1
qν

♯
E

( q(d−1)
2 (1− 1

p −
1
q )
)

there exists a constant Cs,p,q > 0 such that( ∑
t∈Ej

∥∥eit√−∆Pjf
∥∥q
q

) 1
q ≤ Cs,p,q2

js∥f∥p

holds for all j ≥ 1 and all 2−j-discretizations Ej of E.

A proof of the conjecture would in particular imply a solution to Problem
5.4. The case p = 2 (verified in [12]) amounts to a fractal version of a
Strichartz inequality. It would be very interesting to obtain resolutions of
this conjecture for other pairs of exponents.
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Glossary of notation

• At spherical mean operator (§1).
• σ: normalized surface measure of the unit sphere (§1).
• E : dilation set in R+. We use E when E ⊂ [1, 2].
• ME : spherical maximal operators with dilation set E (1.1).
• σj frequency localization of σ to frequencies of size ≈ 2j (§2).
• Ajt : frequency localized spherical mean operator (§3).
• M j

E frequency localized version of ME (3.8).
• N(E, δ): metric entropy numbers (§3).
• ER = 1

R

(
E ∩ [R, 2R]

)
: rescaled dilation sets (3.3).

• β = βE : scale-invariant extension of Minkowski dimension (3.2).
• Λ∗

p1,p2 : Maximal sparse forms (§4).
• Sp(p1, p2): Classes of sparse operators (§4).
• [w]Aρ : Muckenhoupt Aρ characteristic of a weight w (§4).
• [w]RHσ : Reverse Hölder characteristics of a weight w (§4).
• TE : type set for Lp → Lq boundedness of ME (§5.1).
• Q(β, γ): quadrilateral in (5.1).
• dimA E : Assouad dimension (§5.2).
• θ 7→ dimA,θ E : Assouad spectrum of dimensions (§5.2).
• γ = dimqA E : quasi-Assouad dimension (§5.2).
• θ 7→ dimA,θE : upper Assouad spectrum (§5.2).
• θ 7→ hβ,γ(θ) (5.3)
• Quasi-Assouad regular (or (β, γ)-regular) sets (§5.2).
• α 7→ ν♯E(α): Legendre–Assouad function (§5.5).
• Lp(wα): L

p spaces with power weights wα(x) = |x|α (§6).
• M∗

V : maximal operator with an approach set V (§7.1).
• Ahel

t : Helical averaging operator (§7.2).
• Mhel: Helical maximal operator (§7.2).
• At: Nevo–Thangavelu spherical mean operator (§7.3).
• M: Nevo–Thangavelu spherical maximal operator (§7.3).
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spectrum of Gatzouras-Lalley carpets. Adv. Math., 484:Paper No. 110707, 46, 2026.

[5] Riju Basak, Surjeet Singh Choudhary, and Daniel Spector. Boundary estimates for
the fractional spherical maximal function. arXiv:2604.25091, 2026.

[6] David Beltran, Jennifer Duncan, and Jonathan Hickman. Off-diagonal estimates for
the helical maximal function. Proc. Lond. Math. Soc. (3), 128(4):Paper No. e12594,
36, 2024.

[7] David Beltran, Shaoming Guo, Jonathan Hickman, and Andreas Seeger. Sobolev
improving for averages over curves in R4. Adv. Math., 393:Paper No. 108089, 85,
2021.

[8] David Beltran, Shaoming Guo, Jonathan Hickman, and Andreas Seeger. The circular
maximal operator on Heisenberg radial functions. Ann. Sc. Norm. Super. Pisa Cl.
Sci. (5), 23(2):501–568, 2022.

[9] David Beltran, Shaoming Guo, Jonathan Hickman, and Andreas Seeger. Sharp Lp

bounds for the helical maximal function. Amer. J. Math., 147(1):149–234, 2025.
[10] David Beltran, Jonathan Hickman, and Christopher D. Sogge. Variable coefficient

Wolff-type inequalities and sharp local smoothing estimates for wave equations on
manifolds. Anal. PDE, 13(2):403–433, 2020.

[11] David Beltran, Richard Oberlin, Luz Roncal, Andreas Seeger, and Betsy Stovall.
Variation bounds for spherical averages. Math. Ann., 382(1-2):459–512, 2022.

[12] David Beltran, Joris Roos, Alex Rutar, and Andreas Seeger. A fractal local smooth-
ing problem for the wave equation. Bull. Lond. Math. Soc., 57(12):3667–3690, 2025.

[13] David Beltran, Joris Roos, and Andreas Seeger. Spherical maximal operators with
fractal sets of dilations on radial functions. arXiv:2412.09390, to appear in Studia
Math.

[14] David Beltran, Joris Roos, and Andreas Seeger. Multi-scale sparse domination.
Mem. Amer. Math. Soc., 298(1491):v+104, 2024.

[15] Frédéric Bernicot, Dorothee Frey, and Stefanie Petermichl. Sharp weighted norm
estimates beyond Calderón-Zygmund theory. Anal. PDE, 9(5):1079–1113, 2016.

[16] Jean Bourgain. Estimations de certaines fonctions maximales. C. R. Acad. Sci. Paris
Sér. I Math., 301(10):499–502, 1985.

[17] Jean Bourgain. Averages in the plane over convex curves and maximal operators. J.
Analyse Math., 47:69–85, 1986.

[18] Jean Bourgain and Ciprian Demeter. The proof of the l2 decoupling conjecture.
Ann. of Math. (2), 182(1):351–389, 2015.

[19] Calixto P. Calderón. Lacunary spherical means. Illinois J. Math., 23(3):476–484,
1979.

[20] Alan Chang, Georgios Dosidis, and Jongchon Kim. Nikodym sets and maximal func-
tions associated with spheres. Rev. Mat. Iberoam., 41(3):1009–1056, 2025.

[21] Mingfeng Chen, Shaoming Guo, and Tongou Yang. A multi-parameter cinematic
curvature. Preprint, arXiv:2306.01606, 2023.

[22] Yong-Kum Cho. Multiparameter maximal operators and square functions on prod-
uct spaces. Indiana Univ. Math. J., 43(2):459–491, 1994.

[23] Michael Christ. Endpoint bounds for singular fractional integral operators. Unpub-
lished manuscript (1988).

[24] Michael Christ. Weak type (1, 1) bounds for rough operators. Ann. of Math. (2),
128(1):19–42, 1988.



30 J. ROOS AND A. SEEGER

[25] Michael Christ and Elias M. Stein. A remark on singular Calderón-Zygmund theory.
Proc. Amer. Math. Soc., 99(1):71–75, 1987.

[26] Laura Cladek and Benjamin Krause. Improved endpoint bounds for the lacunary
spherical maximal operator. Anal. PDE, 17(6):2011–2032, 2024.

[27] Ronald R. Coifman and Guido Weiss. Extensions of Hardy spaces and their use in
analysis. Bull. Amer. Math. Soc., 83(4):569–645, 1977.

[28] Ronald R. Coifman and Guido Weiss. Book Review: Littlewood-Paley and multiplier
theory. Bull. Amer. Math. Soc., 84(2):242–250, 1978.

[29] Leonardo Colzani, Alice Cominardi, and Krzysztof Stempak. Radial solutions to the
wave equation. Ann. Mat. Pura Appl. (4), 181(1):25–54, 2002.
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