A FRACTAL LOCAL SMOOTHING PROBLEM
FOR THE WAVE EQUATION
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ABSTRACT. For any given set E C [1,2], we discuss a fractal frequency-
localized version of the LP local smoothing estimates for the half-wave prop-
agator with times in E. A conjecture is formulated in terms of a quantity
involving the Assouad spectrum of E and the Legendre transform. We val-
idate the conjecture for radial functions. We also prove a similar result for
fractal-time L2 — L9 and square function bounds, for arbitrary L? functions
and general time sets. We formulate a conjecture for LP — L7 generalizations.

1. INTRODUCTION

Consider the half-wave propagator

eV TR f(a /f Ee@OFitlEl ge 2 e RY, >0,

27r

initially defined for Schwartz functions f, where f fRd i€ dy denotes
the Fourier transform. It is well-known since the work of M1yach1 [19] and Peral [23]
that for fixed time t > 0 and 2 < p < o0, there exists a locally bounded constant
C; > 0 such that

e’ _Af”LP(]Rd) <Cy

P (RY)s sp=(d—1)(3—3)- (1.1)
Here L? denotes the usual LP-Sobolev space. The result is sharp in the sense that s,
cannot be replaced by a smaller number. The local smoothing problem for the wave
equation, proposed by Sogge [28], aims to establish sharp space-time LP-Sobolev
estimates for e®®™V=2 where ¢ € [1,2]. In particular, one aims to gain derivatives
over and conjectures that for all 2 < p < oo and all € > 0 there exists a

constant C. > 0 such that
2 . 2d

L - 0 if 2 < P < 5
([ 1e=Ssig @) <, oo on={" _, RESEETT. )

1 Sp — P if p> a-1

The first result of this kind was proved by Wolff [33] for large values of p. In
two dimensions, Sogge’s conjecture was recently established for all 2 < p < co by
Guth, Wang and Zhang [I4]. In [I6] it was also conjectured that for p > 2% the
inequality (1.2]) should hold even with e = 0, and this endpoint result was Verlﬁed

2@-1) g > 4. For d > 3, the current best result with the e-loss corresponds

d—3 >
to the range p > ngll), which was proved by Bourgain and Demeter [§]. We refer

for p >

to the survey [3] for further history of the problem. The LP-bound also implies an
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2 D. BELTRAN, J. ROOS, A. RUTAR, A. SEEGER
inequality with L? ;(L2,,) in place of L? (R?); the version of Sogge’s conjecture in
this category was proved in [21].

In this paper, we introduce a fractal version of the local smoothing problem,
which we validate in the radial case. To formulate it, we first note that
can be rewritten in a discretized form when frequency localized to an annulus of
frequencies &~ 27 where j > 1. Define P; = ¢(277|D|) where ¢ is a smooth bump
function supported in the interval (1,4). Then a version equivalent to with
€ > 0 is that for all 2 < p < 0o and s > max(s,, %)7 there exists a constant Cs > 0
such that

(2 1™ 2PfIE) " < C2li £l (1.3)
tek;

where F; is a maximal 2 7-separated subset of [1,2]. In the fractal problem we
replace [1,2] by an arbitrary subset E, and let E; be a 277 -discretization of E, i.e.,
a maximal 2 7-separated subset of E. We then ask how the optimal exponent s is
determined by E.
Given any bounded E C R define the Legendre—Assouad function U%Z R — R by
f

. log(sup5§m51 [I|=*N(EN1,0))
vp(a) = hr;lsgp oa(1) )
- 5

(1.4)

where the supremum is taken over all intervals I of length between § and 1. The
terminology in this definition is motivated by Theorem [I.2] below. The quantity
VuE(Oé) was introduced in a study of circular maximal operators by the first, second
and fourth authors in [5]. It turns out that for all E C [1, 2], the critical exponent in

(1.3) can be expressed in terms of V%, at least in the radial setting. While V}ﬁ;(a) is

well-defined for all o € R, we care about the case a > 0, because VﬁE(a) = dimy F

for all & < 0, where dimy; £ denotes the upper Minkowski dimension of E.

Theorem 1.1. Let E C [1,2] and 2 < p < co. Then for every e > 0 there exist a
constant Cz,, > 0 such that for all j > 1 and all 277 -discretizations E; of E,

itn/— 1/p (L8 (ps
(X e3P ) ™ < Cop2 G gy (1.5)
tek;

for all radial LP functions f. Moreover, the inequality is sharp up to the e-loss.

The proof of the upper bound is fairly standard: it is a refinement of the ar-
gument in [20] for E = [1,2] (see also [I1]) and extends it as an essentially sharp
result for arbitrary sets E C [1,2]. Note that for £ = [1,2] we have

1o 2d
1t _ )y Hpsgs 16
p’/[l,Q}(pSp) { sp if p> 24 (1.6)

matching the exponents in the standard local smoothing conjecture (L.3). It is
reasonable to conjecture that Theorem[I.1]holds for all L functions; this constitutes
a fractal analogue of Sogge’s conjecture for general LP functions.

The Legendre—Assouad function is closely related to the Assouad spectrum of
E, which we now recall. For 0 < 6 < 1 define dimp ¢ E as the infimum over all
exponents a > 0 for which there exists a constant C' such that

N(ENI, ) < C(|1]/6)"
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for all intervals I with [I| = 6° and § € (0,1) (Fraser-Yu [I3]). The Assouad
spectrum is the function 6 +— dimp g E. At 8 = 0 we recover the upper Minkowski
dimension

B =dimy F =dimp o E.
The Assouad spectrum is continuous on [0,1) and the limit

=di E = lim di FE
Y Mg A 6311(17 1MA ¢

exists and is called the quasi-Assouad dimension (Li—Xi [18]). We refer the reader
to Fraser’s monograph [12] for further information.

The Legendre transform of a (not necessarily convex) continuous function v de-
fined on a closed interval I C R is defined by

v*(a) = sup o — v(0), (1.7)
oel
which is finite for all « € R if I is compact. It was observed in [5] that 1/% equals
the Legendre transform of
vp(0) =—(1—-0)dimpa g E, 6 €][0,1], (1.8)
under a certain regularity assumption on E. We note that a certain conjugate to
the Assouad spectrum also appeared in [2].

The function vg is increasing, but may not be convex (see [13, 26]). The next
theorem says that the regularity assumption in [5] can be removed, and combining
this with the characterization of Assouad spectra by the third author [26] allows
us to obtain a simple characterization of the class of functions which occur as
Legendre-Assouad function of some subset of [1,2]. [[

Theorem 1.2. The following hold:

(i) For all bounded E C R, V]ﬁ; =v}.

(i) A function 7 : [0,00) — [0,00) satisfies V%hom) = 7 for some bounded set
E C R if and only if T is increasing, convezx, and satisfies T(a) = « for o > 1.

As a consequence of (i), Z/j'E only depends on the convex hull of vg which by

convex duality is equal to vy = (V%)* This together with the characterization of

increasing Assouad spectra in [26, Cor. B] gives (ii). We provide the details in
Corollary 1.3. Let E be bounded and v = dimqa E. Then

1/?5(04) =a if a>vy (1.9)
and the number v is minimal with this property.

Note that was already observed in [5]. For 0 < a < 7, u?;(a) can be
interpreted as a new dimensional spectrum interpolating between Minkowski and
quasi-Assouad dimension. Note there is o € [0, 8] such that VﬁE(a) =pfora <o
and V%(O&) is strictly increasing on [ag, 00).

Applying to the sharp exponent in we obtain %V%(psp) = sp for
p2py = T
smoothing conjecture is known for some p, > %, then the corresponding

, where v = dimgqa £. This implies that if the standard local

IThe value of V% (a) does not change under dilations and translations, so if 7 = V% for some
bounded E, then also 7 = V%/ for some E' C [1,2].
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fractal conjecture is also true for all p > p, and all E C [1,2]. However for p < dz—_dl,
the fractal problem differs from the classical one, and for general E C [1,2] the
supercritical regime p > % in is replaced by p > W. In particular, we
have the following.

Corollary 1.4. For every E C [1,2] withy = dimga E, p > p, = W, e >0,

and radial f,

I 1/p (s
(D 1™ 2psl) ™ < Cop 20 fl .
teE;

The exponent is sharp up to the e-loss.

Theorem illustrates a striking contrast to the classical local smoothing prob-
lem: solving the fractal smoothing problem for p = p, does typically not imply
sharp estimates in the range 2 < p < p, by interpolating with p = 2. Indeed, for
this interpolation to be sharp it is necessary that

1-8)s,+ 8 if 2<p<p.,
L (psy) = L=ty e=Pahy (1.10)
Sp if p > ps.

That is, 1/% consists of two affine linear pieces. But Theorem (ii) says in particu-
lar that the function ugE need not be piecewise affine. This is the same phenomenon
observed in [25] for the LP — L7 type sets of spherical maximal functions (although
1/% was not mentioned explicitly there).

The interpolated exponents occur if F is quasi-Assouad regular, that is if

its (upper) Assouad spectrum takes the form

£ if0<0§1—§,

di E={17° 1.11
A0 {’y if1-2<g<l. (L.11)

The equation can be interpreted as saying that the Assouad spectrum should al-
ways achieve its largest possible value given the endpoint values 8 and ~ (indeed,
dimp ¢ E is always bounded by the right hand-side in (L.11]), see [13]). Examples
include all cases where 8 = v (such as self-similar Cantor-type sets), and convex
sequences £ = {1 +n7% : n > 1} with a > 0, where § = (¢ + 1)7! and v = 1.
For other examples see [25] [26]. The simplest examples where fails are of the
form F = E; U---U FEy with Eq,..., Ey quasi-Assouad regular. Then

V% = max(uj‘gl, . .,VﬁEk).

Remark. The above definition of quasi-Assouad regular sets is equivalent to that
introduced in [25] (see [26, Cor. C] for the equivalence).

The Legendre—Assouad function is also relevant for other related estimates with a
fractal feature (e.g. circular maximal functions [5]). As a further example we prove
certain Strichartz type estimates for ¢™V=8 with fractal sets of times E C [1,2].
In this case we obtain a result valid for all L?-functions (not necessarily radial).

Theorem 1.5. Let E C [1,2],2<r < ¢ < oo and

s>sm(q) = 5 — )+ b (FE - 1),
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Then there ezists a constant Cs 4 > 0 such that for all f € L?

H( > |e_”mPa‘f|T)1/qu < Co g2 fll2- (1.12)
€E;

Moreover, if s < sg(q) this conclusion fails to hold.

The critical exponent sg(q) does not depend on 7. Thus the upper bound follows
from the case r = 2. The corresponding square function is relevant to variation
bounds for spherical averages: for recent results and further references see [4], [32)].
The proof of the upper bounds in Theorem [I.5]is based on familiar T7T* arguments;
it can be seen as a refinement of a result in [I] for r = g. We note that it is mainly
interesting for us in the range 2 < ¢ < ¢y = 2d-1+2y)

a—1
yﬁE(a) = « for a > 7 and since %(% — 1) > v if and only if ¢ > ¢,, we see that

the operator norm in is Sq.e 9id(3=g)Hie for g > qy. If one replaces the
quasi-Assouad dimension 7 by the Assouad dimension a stronger result for ¢ > ¢,
can be proven with € = 0: see Proposition below.

The case r = ¢ in Theorem is a specific case of a more general LP — L1
fractal local smoothing conjecture.

, with v = dimga E. Since

] g < 00, q > p'. Then for every
s > sg(p,q) = %(% — %) + %V%(q(dgl)(l — % — %)), there exists a constant
Cs.p,q > 0 such that

1
(D1 =2Rifl2) " < Copa?” £l
tekE;

holds for all j > 1 and all 277 -discretizations E; of E.

It will be shown in Proposition that sg(p, q) cannot be replaced by a smaller
value. We note that sg(2,¢) = sg(q) in Theorem and thus the conjecture is
verified for p = 2. For ¢ = p, we note that sg(p,p) = %V%(psp), which matches
the exponent in Theorem and the corresponding conjecture for general LP-
functions. For E = [1,2], one recovers the numerology in [6l Conjecture 1.1]
and for E = {to} C [1,2], it coincides with the numerology of the fixed-time
LP — L9 estimate, which follows from interpolating with the standard bound
€V=AP; || 11y < 2060, Note that sg(p, q) = 54+ % — % for ¢ > p'4=*2 and
all E C [1,2]. Under this condition, the case ¢ = p of the above conjecture implies
the ¢ > p case by interpolation with the L' — L° bound, similarly to the case
E = [1,2]. However, this is not generally true if ¢ < p’d_dl%h and F C [1,2] is
arbitrary.

Remark. Different types of fractal space-time problems for the wave equation or
spherical means have been considered in the literature, see for example [22] [10, [I7),
15, 32]. These authors put a fractal measure u on space-time R? x R and ask for
corresponding LP(RY) — L9(u) estimates, using some notion of Hausdorff dimen-
sion for the measure p1. See also Wheeler [32] where Corollary [1.4]is conjectured for
all f € LP in the case when the Minkowski and Assouad dimensions of E coincide.
Many interesting questions arise.



6 D. BELTRAN, J. ROOS, A. RUTAR, A. SEEGER

Notational conventions. Given a list of objects L and real numbers A, B > 0, here
and throughout we write A <; B or B 2 A to indicate A < CLB for some
constant Cp which depends on only items in the list L. We write A ~p B to
indicate A <y B and B <y A. We say that a real-valued function f on the real
line is increasing (as opposed to non-decreasing) if f(x) < f(y) whenever x < y are
in its domain.

Structure of the paper. In §2| we discuss properties of l/ﬁE and prove Theorem
In §3] we prove sharpness of Theorem In §4) we prove sharpness of Theorem
and motivate the numerology in the L? — Zqu (L9) conjecture. In we prove the
upper bounds in Theorem and in §6| we prove the upper bounds in Theorem
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2. THE LEGENDRE—ASSOUAD FUNCTION

In this section we prove Theorem and Corollary Let us first recall some
basic facts about the Legendre transform. Let v: I — R be a continuous function
that is not necessarily convex, defined on a closed interval I C R. Its Legendre
transform v* (defined by ) is always convex, as a supremum of affine functions,
and a basic fact is convex duality: the function v** = (v*)* is the convex hull of
v, i.e. it is the largest convex function bounded above by v. In particular, we have
v = v** if and only if v is convex. Note that here we adopt the convention to
extend v to a function on R by setting v(6) = oo for 6 & I, so that both v and v*
are defined on all of R. More details can be found in e.g. [24].

Proof of Theorem[1.9 (i). Let vg(0) = dima ¢ E and
Sup|rj=s0 log N(E N 1,6)
(1—6)log(5)

(p((s, H) =

Then the claim can be rewritten as

limsup sup fa+ (1 —0)p(d,0) = max fa+ (1 —0)vg(0). (2.1)
50 0€[0,1] 0€[0,1]

Fix a > 0. We first prove the lower bound in (2.1]). Since the Assouad spectrum
is continuous, there exists 6, € [0, 1] such that the right-hand side of (2.1]) equals

Oacr+ (1 —0a)7E(b). (2.2)
By taking 6§ = 6, in the supremum,

limsup sup fa+ (1 —0)p(6,0) > 0,a + (1 —0,) limsup (6, 0,,),
6—0 6€[0,1] 6—0

which is equal to (2.2)), concluding the proof of the lower bound.
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To prove the upper bound let ¢ > 0. Let (d,,) be a monotone sequence converging
to zero so that the left-hand side of (2.1) equals

lim sup Oa+ (1—0)p(d,,0).

N0 g¢lo,1]
By definition of the supremum, for every n € N there exists 6,, € [0, 1] such that

sup Oa+ (1 —0)p(0,,0) < Opa+ (1 —0,)p(0n,0n) + €. (2.3)
0€[0,1]
By passing to a subsequence we may assume that (6,,) converges to a limit 6, € [0, 1].
By continuity of 6 — (1—60)yg(0) at 6. we may choose a value 8, = 6, (¢) in [0, 6,)
close to 6, so that

(1= 07 )78(67) < (1= 0.)75(0.) +=. (2.4)
Further since 6,, — 0, there exists N, so that for all n > N, we have
0, >0, and 6,a<b.a+c¢. (2.5)
Then there exists a constant C. > 0 such that
sup N(ENIé,) < sup N(ENI,) < C.6, 10 0)=e (2.6)
T]=0n" |1|=68"

for n > N. (using 6,, > 60, in the first inequality and the definition of Assouad
spectrum in the second). Hence, for n > N,

(1= B)p(0n,B0) < (25555 + (1= 07 yym(67) + <.

By making N. larger if needed we may also assume log(C.)/log(1/6,) < ¢ for all
n > N. Then from (2.4]) and (2.6

(1= 00)0(60, 60) < (1 — 67 )yp(07) + 25 < (1— 0.)yp(6.) + 32
for n > N.. Combining this with (2.3)) and (2.5)) we conclude
sup o+ (1 —0)p(0,,0) < ba+ (1 —0.)ye(0.) + 5e

0€[0,1]
< 0 1-46 0) + be.
< Jmax, a+ (1 —0)yp(0) + 5e
Since € > 0 was arbitrary this concludes the proof. O

Proof of Theorem (i1). By part (i), qu is convex, because it equals the Legendre
transform of vg. It is increasing since # > 0 in the maximum in . Finally, if
a > 1, then VﬁE(a) = «: the lower bound always holds by taking # = 1 and the
upper bound follows from dimp o £ <1 and o > 1.

To show the converse, let 7: [0,00) — [0, 00) be increasing, convex and 7(«) = «
for a > 1. Note that 7(a) > « for all a € [0,00) by convexity and assumption.
Define the function v: [0,1] — R by

v(0) = 7"(0) = sup af — 7()
a>0
for 0 < 6 < 1. (Note 7*(0) is defined for all § < 1.) Note that v(1) = 0 since
a < 7(a) and 7(1) = 1. For 6 € (0,1) define

v(0) = : (2.7)
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We now use the characterization of the class of increasing functions that are
attainable as the Assouad spectrum of a bounded set E C R from [26, Cor. BJ. It
states that if y: (0,1) — [0, 1] is an increasing function such that

0 v(6) = —(1—0)(0)

is increasing on (0, 1), then 7 is the Assouad spectrum of a bounded subset E C R.

Let us verify these assumptions for v as defined in (2.7). First, ~ is increasing
because v = 7* is convex; indeed, since v(1) = 0, we have v(6t + (1 —t)) < tv(0)
for all t,0 € [0,1]. Second, v is increasing because the supremum in its definition
is taken over a > 0. Finally, v takes values in the interval [0,1]: the inequality
~(6) > 0 follows because v(1) = 0 and v is increasing, and the inequality v(f) < 1
is equivalent to 7*(#) > 6 — 1 which holds because 7(1) = 1 (take & = 1 in
the supremum defining 7*). Thus, we obtain a bounded E with vg = v, where
vp(0) = —(1 — 0)dima ¢ E as in (1.8). By part (i) of Theorem and convex
duality,

VuE:VE:V*:T**:T
which concludes the proof. O
Proof of Corollary[1.3 Let vg(0) = dimp ¢ E, v = dimqa E. By Theorem [1.2] (i),
vi(a) = sup af+ (1—0)ye(0). (2.8)

0€[0,1]

First note that v%(e) > a for all @ € R by taking = 1 in the supremum. If
a > v, then V%(a) < « holds also by using vg(#) < . To show the minimality
claim suppose V@E(a) > «. It then suffices to show that a < . By continuity of the
Assouad spectrum, for every a € R there exists 0, € [0, 1] where the supremum
in is attained. Since yg(f,) < 7 we obtain a < VﬁE(a) < aby + (1 = 6,)7,
equivalently (1 — 6,)a < (1 — 6,)7 and 6, # 1. Thus a < 7, as required. O

3. LOWER BOUNDS IN THEOREM [

In this section we test the half-wave operator on suitable radial functions to show
the (essential) sharpness of Theorem Let I C [1,2] be an interval of length
|I| > M27J containing points in E;, with M > 1 a sufficiently large constant chosen
below. It suffices to prove that

sup Z eV =2g|lk > N(EN1,279)|1|7P%. (3.1)
llgllp<1 teE;NI

By the definition of I/ﬁE in 7 this implies that is sharp up to the e-loss.
To this end, let I’ be a subinterval of I with length |I|/2 such that N(ENI’,§) >
$N(EN1I,6) and let t; be the boundary point of I such that dist(tz, ') > |I|/4;
without loss of generality, we assume that ¢; is the left endpoint.
Consider the radial function gy given by

gr(€) = e "lp(2771g))
where ¢ is a nonnegative bump function on (1/2,2). We first observe
d+1

lgrlly S 27 %), (3.2)

Indeed from Plancherel’s theorem ||g||2 < 27¢/2. For an L bound we observe first
that a multiple integration-by-parts yields |gr(x)| = O(1) for |z| < 1/2 and |z| > 3.



FRACTAL LOCAL SMOOTHING 9

For 1/2 < |z| < 3 we use the Fourier inversion formula for radial functions [30,
§IV.3]

1) = (2m) 2 [ et (2709 Jua sl s s
0
Recall also from [30}, §IV.3] the well-known asymptotics for |u| > 1,
J% (u) = (e*i(“*%(d*”) + etlu—id- 1)))(27ru)71/2 + R(u) (3.3)

where |R(u)| = O(|u|=%/?) for |u| > 1. From this we see that |g;(z)| < 27(@+1)/2,
which is also the bound for ||gr|/cc. Thus follows using ||g]l, < ||g||2/pHgH1 2/p
for 2 < p < co. We note that by a slightly more careful argument one can show the
pointwise bound |gr(z)| <y 2145 (14 29||z| — t;])~N which also gives (32).

We now turn to lower bounds for [|e#*V=2g;||,. Again by the Fourier inversion
formula for radial functions we have

eitmgl(x) _ (277)—01/2/ ei(t—tz)s¢(2—js)£}%(s|x|)( \x|) 591 ds.
0

Then, for |x| > 279%2 we can write using (3.3)

et _Agj(x) =T, gr(z) + T, gr(z) + T/ g1 (z), (3.4)

where

i3 (d—1) oo
o () = |- € i(t—trlel)s o (9—i 55 L5t
Tt g[(l') - |£L" (27‘(’)(d+1)/2 A e 90(2 S)S ds

and the remainder term is given by
Tmgr(0) = 1ol % [ R(als)olz 79t as

Givent € E; NI, let Jy = [t —t; —2777° t —t; + 27775], and define D; = {z :
|z| € J:}. We will examine each of the terms in (3.4)) for x € D;.
If x € Dy, then

(o9}
T gr@) 2 ‘x|_%/ p(2775)5 T ds 2 [a| 21
0
Consequently,

. 1/p .
1T gtllroy 228 ([ r @G ar) T 2 DDA o)

t
using that if r € Jy, then r ~ [t — t7]| ~ |I].
For the term Tf, we have by repeated integration-by-parts,
27

T T
T gr(@)] 3| (1+2J‘(|x|+t—t1))N

for any N > 0. Thus

e R 1 1/p
T+ < de%(/ —d=Di-N____— g )
1T g1llLe Dy S n 1+~ <

< || EDG =) (29| 1)) NP g p < M1 D) 7 @DGE) (3.6)
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using that r ~ |I| for r € J;, |J;| ~ 279, (27|I|) > M and choosing N > p. For the
remainder term we have for x € Dy,

T @) S 1ol [ o5 s S ol
0
Then
1T g1llr (D)) S 27 (/ p—(@=1D(E-1),.-p dr)i
Ji
S PTG DT S MU R UG (3
since r ~ |I| for r € I; and |I;| ~ 277, (2|I|) > M. From and we obtain,
with a sufficiently large choice of M,

rem 1 —
1T 91l ooy + 1T g1l L (D) < PLE g1llr(p,)-

Combining this with (3.4) and the lower bound (3.5) for 7} , and taking the ¢P
norm in t € E; N 1" we get

> e gl ) P i DD N (B 1,27
teE;NI’
here we used that N(EN1',279) > AN(ENI,277). Since ||gr]l, < 275 3) we
obtain the desired lower bound . (]

4. LOWER BOUNDS FOR THE L? — (}, (L7) CONJECTURE

We construct counterexamples motivated by the examples for maximal operators
n [1], [25]. These are associated to spherical pieces intermediate between spherical
Knapp caps and full spheres. However, here we choose a sectorial localization on
the Fourier side.

Proposition 4.1. Let 1 < p < 0o, ¢ > p'. Then there exist constants c(q) and
p < 1 such that for all intervals I with 29 > 27|1| > p~!

e 1/q aNENL2 Nagl 5 G
sup (S e TEf) > elgp e ()
Ifle<1 N R, 1|7 053

The case p = 2 in the proposition shows that in Theorem the critical sg(q)
cannot be replaced by a smaller value for r = ¢, which implies the same conclusion
for 2 < r < ¢ by the nesting of the ¢" spaces. The case for general p, ¢ shows that
in Conjecture the exponent sg(p, q) cannot be replaced by a smaller one.

Proof of Proposition [/ Let m € N be such that 2™ < p~! and j > m and let [
be an interval of length 2m~7 < |I| < 2m~JFL Tet I’ be a subinterval of I such
that [I'| ~ p|I| and N(ENT',279) > pN(ENI,2779). Let t; € I' N E;.

Let v be a nonnegative C2°(B(0, 1)) function such that v = 1 in a neighborhood
of the origin. Define f; € LP by its Fourier transform via

F1(6) = 2m) (27 1€u (2% (j§ — en))e I

We first show that
If1ll, < 21CF —Pomt (4.2)
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We use a standard argument from [27] and decompose the Fourier transform into
pieces supported on sectors of angular width O(Q_j/ 2). For this decomposition
split variables as & = (£1,¢’) and note that on the support of f; we have & ~ 27

and |¢/] < 27™/2¢,. Choose x € C®(R4™1) supported in (—1,1)%"! such that
Seza 1 X(€ —3) =1forall ¢ € R?I~!, Then we write f; = >, [1,; where
Fra(6) = @m)te Ml o277[e))u(2% (§ — e)x(272 g —3)-
An integration-by-parts argument in [27] gives
o 9i(d—1)/2
(1427 [z, e5) — DN (1 4+ 272 w2V

|fr;(x)| SN

(L,279/%)
1252
complement of Re;. Here we use that |<63,V>NU(2%(% —e1))| <y 279 for
1277/25] < 27™/2 and also \(ea,V>Nx(2j/2§—; —3)] Sn 279N for all N > 0.

One computes that || fr;]|1 = O(1). In view of the support properties of ]?I

j—m

the sum . fr; extends over O(272
£l < 2777 @=D which is [@.2) for p = 1. Regarding p = oo, we clearly have
I f15lle = O(2jd2i1). However note that ¢y ~ 1 and the vectors t;e; are c2-9/2.

separated, and thus one can use the decay properties in (4.3)) to see that the same
bound holds for the sum, }_. fr ;. That is, we get || fr[loc < 275" which is (4.2)) for

p = 0o. We now conclude ({I2) using || fll, < |F1I7/71fIl% /7 for 1 < p < oc.
For t € I' N B, let

Riy={z=(21,2") € RY: |z 4+t —t7] <279, 2| < p2*j+%}.

(4.3)

where e; = and 77‘.’L is the orthogonal projection to the orthogonal

(dfl)) contributing terms and thus we get

We will next prove a lower bound for |e?*V=2 f;(z)| and = € Ry,.

We use polar coordinates in the Fourier variable ¢ and write £ = r0(w) where
w — O(w) is a smooth parametrization of S9! near e; with 6(0) = e;. Here, the
parameter w lives in a neighborhood of the origin of R4~!. Then

Eit\/jf]([l?) = /U(2%(9(w) — 61))/Tdfl<p(27jr)eir(t*tﬁ(z’e(‘”)))dr do(w).
We write (z,0(w)) = 21 + (z,0(w) — e1) and
VA () = L, t) + 1(x, t)

where
(1) = / P15 (=T p)eint=tim) gy / V(2% (0(w) — e1)) do(w)
and
T(z, ) = / pd=Lp(9ip)eir(t=ti+a) / (10, 2) dr dor (),
with

U (1w, ) = (22 (B(w) — 61))(62'?”(1,6(“;)761) ~1).
For the term I(z,t) we set ¢(r) = (r)r~! and note
I(z,t) = e ™ T 209(27 (17 — t — 21))
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1/4

with ¢, = 1. Using that (f_1/4 |6(s)|7ds)/4 > 1 we obtain the lower bound

1/q
(/R |I(x,t)|qu) > T gid-g-miF (1), (4.4)
It

For the term II(x,t) we get a corresponding upper bound, multiplied with an
additional small factor of p. To see this, we expand

rle=e) 1= 3™ L) (z,0) — e1))" (4.5)

and write
(z,0(w) —e1) = z1(01(w) — 1) —|—Zx11

For t € I' and = € Ry, we have |z1] < |t — t1| < 2™7Jp and because of
(e1, agww Nw=0 = 0 we get |x1(01(w) —1)| < 277p. Furthermore, for i = 2,...,d,
one has |2;0;(w)| < 27™/2|x;| < 277p. Thus,

(z,0(w) —e1)] S279p forxz € Ryy, tel. (4.6)
Using the expansion we write IT = >~ | II,, and note the pointwise bounds

!, (z, 1)] < 2j(d+”)|$n(2j(t1—t—x1))l/Iv(ﬁ(@(w)—el)ll@,9(w)—€1>\"d0’(W),

where ¢y, (1) = @(r)ré=1 " We have |¢, (y)| < Cqn®1(1+ Jy|)~¢~! as can be seen
using a (d + 1)-fold integration-by-parts in r. Hence

ndtl a1 Jj j
27 2 Doyt —ty|)" for @ € Ry,
n:

[ (2, 1)] < (Cap)”
using also (4.6)). Taking the LY(R; ;) norm and summing in n > 1 leads to
(/ I, )] dx)l/q <q pHHIT gid-lgmm iR, (4.7)
Ry
Thus, for sufficiently small p > 0 we get from , , and
(Srem, oS sl2) "

1

aa N(ENT' 2™ J) de(lfl)Qfm%ufa)

2P T =

1f2llp 2i (5 g
The right- hand51deequalsp a N(EI’U’ 2- J)qQ(m D G021 (5-1) | Since
N(ENI',277) > pN(EN1I,279), the lower bound (4.1 follows. O

5. UPPER BOUNDS IN THEOREM [I.1]

Proposition 5.1. Let 2 < p < 24 and s, = (d— 1)(3 — %) Then for e > 0 and
sufficiently large j > 1,

o 1/p AL E
(D 1eY=2Riflp) S 2B f (5.1)
tEE;

Once this is proven we can use that V%(psp) = sp for p > p, and obtain

by interpolation (restricted to radial functlonb of (5.1) with the p = oo version of
the fixed-time estimate (1.1]) for functions Whose Fourier transform is supported in
the annulus { || =~ 277}.
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Proof of Proposition[5.1 For 0 < m < j define

Kjm = sup N(ENI)I|7P
j1j=2m=d

and note that, by definition of l/ﬁE, we have Kj ., < C.2123v5Pss) for any € > 0. It
therefore suffices to prove that

(3 1 Sp )" 5 ( ) i) 1]

tek; m=0

It was proven in [20, Proposition 3.2] that for f radial, |x| > 20 and ¢ € [1, 2],
the estimate

s 2<p< L. (5.2)

X 1/p
([ e Spsapas)” s 1,
|z|>20

holds for all 2 < p < oo, with constant independent of ¢t. Consequently,

. 1/p .

itv/—A p —7\1

(S 1™ 2Pt g sony ) S NE2)V2|f]
teE;

Since N(E,277) < supg-j<jrj<1 N(E N 1,279)|I|7P% < maXo<m<j Kjm, the in-
equality (5.2)) will follow from

LP .

rad

J
/ eY=AP f(@)Pde £ Y kgl FIE oo 25p< 24 (5.3)
tep; 7 |e]<20 m=0 =
Since e'l¢l is a radial Fourier multiplier for fixed ¢ € [1,2], and ¢; and f are
radial, we can write the operator e®*V=2P; as

BR@) = [ K (alot,5) )
where f(z) = fo(Jz|) and

K;(r,s,t) :Sd/2rf(d72)/2/ Juza (pr)J s (p)(2 7 ) dp.
0
See, for instance, [30, §IV.3]. Here Ju—> denotes the Bessel function of order 432

2
Using asymptotics of Bessel functions and integration-by-parts, it was shown in [20,
Lemma 2.1] that these kernels satisfy the estimates

d—1
50,0l S (2) 7 Y wilt )
+

where w;(u) Sn 27(1 + 27|u|)~ for all N > 0 and the sum is over all four choices
of the two signs. Changing to polar coordinates and inserting the power weights
into the function and operator, the inequality follows from the unweighted
one-dimensional estimates

20
3 / d-1)(1-%
0

tek;

e P
/ s(dfl)(%fi)wj(tiris)fo(s) ds| dr
0

7 oo
< . rq 4
<3 / fo(s)lP ds (5.4)
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for all possible choices of £, where 2 < p < %. For p > 2, we dominate the

left-hand side in (5.4) by an:o L + 510 1, where for m < j

10
I = Z/ r(d DA-%)

teE; 0

p
sUVG= ) (t £ 1 £ 5) fos) ds‘ dr,

o—i+m+1 10
I, = Z/ pld-1(1-%) / s(d_l)(%_%)wj(t:tr:l:s)fo(s)ds‘pdr,
tepg; V27 0
10
I = Z/ pd=1)(1— s@=DGE=3), it £5)fo(s )ds‘pdr
teE; 0

and, with n > 10,

1I,, Z / pd=1(1-

teE;

n+1

s@NG=3)y i(txr£s)fols )ds’pdr.

n

The terms II,, can be treated in a straightforward manner. Note that, for n > 10,
we have by Holder’s inequality

PR
I, < Z/ (d=1)(1~ [/ 2"<d—1><%—%)2*”N2*jN|fo(s)|dsrdr
teE; "
o0
< Z / pld=101- )dr)g—jNPQ—nN’p/ |fo(s)|? ds
teE; L

< N(B,279)2-iNvy-nN'p / fo(s)IP ds
1

forall 1 <p< % and N’ > 0, provided N is chosen sufficiently large. Then

> I, S 27N foll (5.5)

n>10
fora111§p<d%dlandanyN>O.
We now turn to the terms I,,,. The term I; is also trivial, since for p > 2

210

20 P .
L [ wesrsonela] e svE g 6o

tek;

by Young’s convolution inequality, noting that |jw;[1 < 1. For the term Iy, we
define for each ¢ € [1,2] the interval J; ; = [t — 27773, ¢ + 27773]. We note that for
te[l,2]and 0 <r <277

210 210
/O

wi(t 7+ S)|f0(5)|]1JFj(S) ds < Q_jN/ [fo(s)lds S 27| foll,
; 0
for any V > 0, and

210

/ wi(t £+ 8)fols)|L,,(s)ds < willp I folu, llp S 27771 folu,, llps
0
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where both inequalities follow from the bound w;(u) Sx 27(1 + 27|ul) =V for any
N > 0 and Holder’s inequality. Using these,

2
Ip S (/0 pd=1(1- )dr)( JNPN(E,273)||f0Hg+2J Z ”fO]lIt,ng)

tek;

< 9ild=1)(3 71)||f0|| 2ju2(psp)”f0||g (5.7)

for 2 < p < 24 using that (d — 1)(5 — 1) = ps, < l/uE(pSp).

We now address the main terms with 0 < m < j. We decompose [1,2] into
disjoint intervals {7} of length |I,,| = 277%™, and denote by I the concentric
interval with 5 times the length. Then

g—i+m+1 10
p
I, S 2mNE-a-HY § /’ j@iris»m@n@}dr
p teE;NI, tm
210 P
< sup [T@VEDy(E; N T) Z/ / (' £ 5)| fo(s )|d3} dr’
|T|=2m=3

2 210 » 210
Soi [ [ st ool as] ar S [ ot s

by the change of variables 1’ = t & r and noting that ||w;||; < 1. Combining this

estimate with (5.6)) and (5.7) we get
J J
D In S D miml I (5.8)

m=0 m=0

By (5.8) and (5.5) we obtain (5.4) for all 2 < p < d%dl, which concludes the
proof. O

6. UPPER BOUNDS IN THEOREM

For the upper bounds in Theorem [I.5] it suffices to settle the case r = 2. Setting
Tt =itV P we get from Young’s inequality and Plancherel’s theorem

T | L2y o < 27402710 9 < g < o0, (6.1)

Moreover, by the usual T7* argument [31], the asserted L? — Lq(ﬁ%j) bound for
{th }ter, is equivalent with the inequality

||Sj9||Lq(£§5j) S 22js||g||L‘1/(£2Ej) (6.2)

where

= 3 Tl W)

t/eE.

and s > sg(q). The Schwartz kernel of T} ( 7)* is given by 2/9K; i(y,t,y', ") where

[ lellehpe e=iei=om g,

1
) Iy —
K:J(y7t7y 7t ) (27T)d
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Let 77 € C°(R?) with j(w) = 1 for |w| < 1/2 and 7 compactly supported in {|w| <

1}. Let n(w) = i(w) — i(2w). Now we set 7_;(w) = 7(2'w) and n(w) = n(2~" w),
so that 1 =17_; + Zm>1 Nm—; for every j. We decompose
S =8+ S+ R, (6.3)
m>0 m>0
with

Sg(y,t) =27 Z/ Ky t,y',t)i-;(y —y)g(y' . t') dy’

t'€E;
and, for m > 1

Shaly,t) =214 " / ity ) (v — )9y ) Ay,
t'eEE;
[t—t'|<om—Ii+10

Rlg(y.t) =2 / Ki(y,t. gt )m—j (v — y")a(y', ') dy’.
t'eE;
[t—t'|>2m—i+10

The term Sg is trivial, and the terms RJ, and SJ, with m > j + 10 can be seen as
error terms.

Lemma 6.1. Let 2 < g <oo. Forallj >0, N >0, we have the following bounds.
(Z) HS[j)HLq/(Z%,)—)LQ(Z ) < zjd(l 2/q)
(i) For m > j + 10, ”Sm”“'(f%j)—w“(@%j) <y 2-G+mIN

(iii) For m > 0, ”R%@”L"'(Z%j)ﬁm(%j) <y 2-G+mIN

Part (i) follows from and the Cauchy—Schwarz inequality. The proof of (ii)
and (iii) is stralghtforward, and based on

K (gl )] <ap d F 2D =] > 2y — |
j TPy )T iy -y 2 20—

for any M > 0, which is obtained using integration-by-parts. We omit the details.
The main contribution comes from the terms S7, with m < j + 10.

Lemma 6.2. Let 2 < g < oo and
Ajm = 9id(1=3)g—m(d=1)(5-7) sup N(ENI,2™ )%
[1|=2m~J
For m <35+ 10,
IISiﬁgllmgj) S Aol ez (6.4)
Proof. By interpolation, it suffices to show for g =2 and ¢ =

Case ¢ = co. After changing to polar coordinates, we express (27)%2779S7 g(y,t)

/Rd/ Ld 1 |2 d—1 121r[(t t)+(y—y',0)] (ylat/)nmfj(y_y/) do’(@) d'r‘dy/
(6.5)

t'eE;
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with do denoting the normalized surface measure on S¢~!. It is well-known [29]
that

i{y.9) 4 (0) = +ilylp, (
e o e +\Y

for smooth symbols by satisfying 0%by (w) <, |w|_%_|a‘ for |w| > 1 and a € Ng.

Then (6.5) becomes

> > / ) / b (271 (y—y )| () [Pr 22 O£ = g (o iy ) dr dy.
R 0

+ tEE,;

Integrating by parts in r, we estimate

29SS 27T Y0 Y / 2=ty =y l]) ot )] dyf
+ t'eE;

for any N > 0. For fixed y, the £*(E;) norm in ¢ of this expression is bounded by

2\ 1/2
deTlZ/ (Z‘ S 2=ty o) o)) " 4y
+ /R Yiep; veE;
d—1 1/2
s (3 o OR) ay
+ YR MyeR;

where we applied Schur’s test on the 1-separated set {27t : ¢ € F;}. Combining the
above we get

|53n9(y7')|e§j S 2927 ||9||L1(43’Ej)

which yields (6.4) with ¢ = occ.
Case ¢ = 2. Using the Fourier inversion theorem for n,,_;(y — y') we write

i 1 ~ i29 7™ (yw j j \ * —i27 Ty W
Shalnt) = o [ AW 0SS T o e ) .
R tIEEj
|t_t/|§27nfj+10

In view of the rapid decay of 7(w), the inequality (6.4) for ¢ = 2 follows via
Minkowski’s inequality from

. . 2
(=] waueol)
t'eE; teE;
[t—'|<2m—i+10

1/2 .
| S s NEAL2)glee )
2 |[I|=2m—i J

(6.6)
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For p € Z we let I, = [u2™77, (u+ 1)2™9]. The left-hand side above is equal to

. N
(XX [] ¥ #mayseow|aw)
n teE;ni, R VeE,
[t—t'|<2m—i+10

y _— )
(Y NEnpe) Y [maye el a)
(psp") tEE;NI, t'€B;NI
lp—p'|<2t

S sw NENL2DH(Y S gt t)3)

1/2

[7j=2m~J t'eE;  teE;
jt—'|2m
S osup ‘N(E01527j)”g”L2(€%_)
1=z g

where we have used Cauchy-Schwarz in the first inequality and ||T7||o_,2 = 1 in the
second inequality. Thus follows. This finishes the proof of Lemma O

Proof of Theorem (upper bounds). As discussed at the beginning of this sec-
tion, the inequality (1.12]) follows from (6.2). To prove the latter, we use the
decomposition (6.3) and the triangle inequality. By Lemma [6.1]

. . . d(1—2
||589\|La(e25) + Z ||an9||Lq(z2E,) + Z ||R%19||Lq(€%.) S « q)”gHLq/(Z%;)'
J m>5410 J m>0 J J

Since V?;(a) > «, we have d(1=3) < 9i(d+ D=9 FvE(FH(E-1) _ 92is5(0) anq

thus the above bound is admissible towards proving (6.2]).
We next turn to the terms S7, with m < j + 10. By the definitions of A, V%
and sg(q) we get for € > 0

Njm < 2HVEZD] sup |17 DED N (BT, 27)]
|[I|=2m—J

<_ i+ DG-D9F VE(“FHE-1)+e) < 9i(2sm(a)+e)
Thus, by Lemma we obtain for s > sg(q)

> S5l Laqen ) Se (1 +J’)Qj(st(q)JrE)||9||Lq'(eg) Ss 2209l por ez,
m<j+10 ’ ’ ’

which concludes the proof of (6.2]). O

The above argument can also recover a sharper L? — L2 result for the square-
function associated with a set of given Assouad dimension that was previously
proved independently by Wheeler [32], and by the first, second and fourth author
(unpublished). Recall that dima E is the infimum over all exponents a such that

N(ENI, ) < Cu(|I]/5)* holds for all 6 € (0,1) and all intervals I with 6 < |I| < 1.
Proposition 6.3. Let 2 <r < g < o0, 7o =dimp F and g, = %.
(i) For q > qo,

it 1/r g(l_1
[(X e Bmpr) | s 242,
tek; g
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(ii) Suppose supos<|11<1 (l‘%l)%N(EﬁI7 d) < oco. Then
) 1/r
[(X e =srpr) ]

tek;

Proof. Tt suffices to show the r = 2 case.
. 270
For part (i) we have \; , <. 2/d(1=3)g=m((d=1)(3-3)= 5= +¢) and thus

< 279G =35 fo.

[.90,00

HS%QHLq(eg) Se 9dd(1=32)g=m((d=1)(3—¢)+*3 +5)||9||Lq’(e’g ) (6.7)
J J

Observe that (d—1)(% — %) - 2% > 0 for g > ¢o, hence we may sum in m < j+ 10
in this range and get part (i) by the usual TT* argument used above.

For part (ii), we use the stronger assumption N(E N1,d§) < (6/]1])77° to get
(6.7) with € = 0. Then Bourgain’s interpolation trick [7, @] yields

| 3 s

m<j+10

< 2jd(17

Lo (e, )

2
) ||g||Lq,o‘1(Z2Ej)'

Now part (ii) follows again by a TT* argument, using duality for vector-valued
Lorentz spaces. O
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