POWER WEIGHT INEQUALITIES FOR SPHERICAL
MAXIMAL FUNCTIONS

MARCO FRACCAROLI JORIS ROOS ANDREAS SEEGER

ABSTRACT. This paper is about spherical maximal functions with gen-
eral dilation sets acting on functions in weighted L?(|z|%) spaces. Aside
from endpoint cases, a complete description of the allowable ranges of
p, « is given in terms of the Legendre—Assouad function of the dilation
set. This settles, up to endpoints, an open problem of Duoandikoetxea
and Seijo.

1. INTRODUCTION

Let d > 2. For a locally integrable function f : R¢ — C the average over
the sphere S%1 of radius t centered at z € R is given by

Acf(z) = f * o) = / f (@ + tw)do(w),

where ¢ is the normalized surface measure and the dilate o; is defined by
(o1, f) = (o, f(t-)). The average A,f(z) is well-defined for almost every
r € R%. Given a set & of radii in (0, 00), the maximal function Mg is given
by

Mg f(z) = sup A f(z)]
tee

which yields a measurable function at least for continuous f. If £ has an
accumulation point at 0, then size estimates for the maximal operator can
be used to prove pointwise convergence results for A;f(z) as t — 0 within
E. For the full spherical maximal operator, corresponding to & = (0, ),
LP(R%) boundedness holds if and only if p > 1 + ﬁ; this is due to Stein
[19] for d > 3 and to Bourgain [4] for d = 2.

The case of general £ C (0, 00) was considered in [18], where it was shown
that the boundedness range depends on a variant of Minkowski dimension.
Equip (0, c0) with the metric

(1.1) dx(s,t) = |logy(s/t)].
We denote the diameter of a set J C (0,00) by |J|x. Note that dilations
t — At with A > 0 are isometries on (0,00), so that e.g. [[R,2R]|x =1
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for all R > 0. For a set E C (0,00) with bounded diameter we denote by
N(E,0) the entropy numbers, i.e. for each § > 0 the minimum number of
intervals of diameter § required to cover E (where diameter is always taken

with respect to dy).
With € C (0,00) fixed, define

B— e —1 supy |, =1 log N(E N J,0)
= fe¢ = limsup ,
5—0 log(0—1)

where the supremum is taken over intervals J C (0,00) of diameter one.
This is a natural extension of the standard (upper) Minkowski dimension to
the case of unbounded sets; indeed, § is equal to the Minkowski dimension
if £ has bounded diameter (with respect to dx). The result in [I§] states
that Mg is bounded on LP if

p>ps =1+

and unbounded if p < pg (see also [17], [I5] for the discussion of various
endpoint problems).
In this paper we are interested in power weight inequalities of the form

(1.2) / Mg f()Pll® do < / F )Pyl dy.

Thus for the weight w,(x) = |z|* we ask for which p € [1,00] and which
a € R the sublinear operator Mg maps LP(wy) to itself. Our main result
answers this question for every given £ C (0, 00) up to endpoint cases in the
parameters p and a.

More precisely, we will determine the closure of the “type set”

(1.3)  Te={(5,2)€[0,1] xR : Mg is bounded on LP(w,)},

which is in one-to-one correspondence with the closure of the set of all (%, a)
for which Mg is bounded on LP(w,). Observe that T¢ is convex (for the
short proof see .

To formulate our results we need another quantification of dimension
besides 3, called the Legendre—Assouad function which was first introduced
in [3| 2] for subsets of [1,2]. For p € R we let

log (Sup5<u\ <1 [JIX°N(ENJ,9H))
1.4 Vi (p) = v (p) = limsu = x= ,
(1.4) (p) = ve(p) = limsup g0 1)
where the supremum is taken over intervals J C (0,00) of dy-diameter
in [4,1]. This is a natural extension of the original definition from [3] [2]
to unbounded sets. One can show ([Z, §2]) that v equals the Legendre
transform of the function

v(f)=—(1-20) dimp ¢ &,

where 6 — dimp g € is the Assouad spectrum of £ with respect to the metric
dx (see Fraser—Yu [10], Fraser [§]).
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Recall from [2] that v is convex and increasing, and v#(p) = 3 for p < 0.
Now consider the generalized inverse of the increasing function v# which is
defined for s > 3 as

()} (s) = sup{p > 0 : () < s).
Forprgzl—Fd%let
(1.5) Ulp) = (d=1)p-1) -5
(1.6) L(p) = (d—=1)(p —2) = ()T ((d - 1)(p —1)).
Theorem 1.1. Let d > 2, £ C (0,00) nonempty. Then
1.7 Te={(;,2) €0, xR : p>pg, Llp) <a<Up)}
Figure [1| visualizes a typical set T¢. Note that Tg is not necessarily a

polygon, since v |[0700) can be any nonnegative increasing convex function
such that v#(p) = p for p > 1 (see [2, Thm. 1.2 (ii)]).

@

1
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—zg

FIGURE 1. Typical shape of the type set T¢ (shaded). The
containing trapezoid is defined by the necessary conditions
p > ps and . Here z; = p%’ xg = i.
Note that if p, = sup{p : v*(p) = B}, then 0 < p, < 3, and by convexity
of v it is continuous and strictly increasing for p > p,. Thus (zxjj)Jr is equal
to the inverse of I/ﬁ|[p*7oo). Note also that vf(p) = p for p > v, where
v > B is the quasi-Assouad dimension of &€ (see [12], 9, §]). Finally, note
L(pg) =1—d+ 8 — psx and L(p) =1 —d for p > p,.
We may also state Theorem with a more concise, albeit implicit con-
dition. Namely, if we set

(1.8) O(p, @) =max{a+ 8, v*((d—1)(p-2)—a)l,
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then

(1.9) Te={G,9eD1xR:p>1+(d-1)""'O(p,a)}.

See for details on this equivalence. Our proof of Theorem will rely
on the implicit formulation.

We briefly discuss Theorem [L.1]in the context of the previous literature.
In the unweighted case o = 0 we recover the result from [I§]. Examples from
the unweighted theory show that the condition p > pg is necessary. Since
v¥(p) > max(p, ) for all p € R (see [3, Lemma 2.1]), we get the necessary
condition

(1.10) —(d-1)<a<(d-1)(p-1) -5,
which was also known previously.
The case of the full maximal operator with £ = (0,00) was almost

fully resolved by Duoandikoetxea and Vega [7], where it was shown that
boundedness holds for the full maximal operator with £ = (0,00) when
1-d < a < (d—1)p—d and p > 14+ 2. This matches our condition since in
this case #(p) = max(1, p). See also the recent endpoint results for a« = 1—d
by Juyoung Lee [I1], for d = 2, p > 2, and d > 3, p > 2. Sharp results for
the full spherical maximal operator acting on radial functions can be found
in [5], see also [I3]. In the lacunary case & = {2¥ : k € Z} it was proved in
[7] that Mg is bounded on LP(w,) if and only if 1 —d < a < (d—1)(p—1),
p> 1.

For more general sets € C (0,00) the maximal operators Mg were inves-
tigated by Duoandikoetxea and Seijo [6]. They showed that Mg fails to be
LP(wy)-bounded if &« < 1 —dorif a > (d—1)(p—1) — B, and proved a posi-
tiveresult if l —d <a < (d—1)(p—1)—f,andp >p1 =1+ ﬁ. Theorem
shows that the latter p-range can be improved top > p, =1+ ﬁ.

Less was known in the remaining cases pg < p < p,. The zoomed-in
region in Figure [l shows a typical behavior in this range. For a class of
“regular sets” £ an essentially sharp result for this range was obtained in
[6]. In our terminology, these are precisely the sets where /3 is equal to the
Assouad dimension and in this case v#(p) = max(p, 5); specific examples
include self-similar Cantor sets. Duoandikoetxea and Seijo [6] also showed
that there are sets Ey, B with Sg, = Bg, but with a different a-range for
LP(w,) boundedness for certain values of p. In particular, they investigated
the model examples &€ = {1 + n~* : n € N}, proved an essentially sharp
result for ¢ = 1, but obtained only partial results for a # 1. These sets
are all special cases of Assouad regular sets; for the definition we refer to
There we further explore our boundedness condition for Assouad regular
sets, and then also for finite unions of those. However, Theorem goes far
beyond these classes and settles the problem on LP(w,)-boundedness, up to
endpoints, for all dilations sets.

A key point in the proof is the discussion of two families of examples,
one of them having appeared previously in papers on LP-improving bounds
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for spherical maximal operators in [I, 14]. These yield the required lower
bounds on the maximal function proved in §4l The upper bounds for the
proof of Theorem are given in

Notation. We write, for nonnegative quantities u,v, u < v or u Sz v to
indicate © < C'v for some constant C which may depend on some list L. We
write u ~ v to indicate that both v < v and v < w hold.

2. PRELIMINARIES

2.1. Type set convexity. We show that the type set T¢ as defined in ((1.3) is
convex. Consider the operator M, ¢ defined by

Mye f () = wa () Me [ fw-) (x)
and note that the LP(w,) boundedness of M¢ is equivalent to the bounded-

ness of Mmg on unweighted LP if u = «/p. Hence the convexity of T¢ can be
seen by applying Stein’s analytic interpolation theorem [2I] to the family of
linear operators Ty ¢ f(z) = [2[* Ay [f] - |7"](z) where u = (1 — 2)ug + 2u1
with ug,u; € Tg and 0 < Re(z) < 1, and #(z) is a measurable function
of radii with ¢(x) € £. Alternatively (and equivalently) one can also argue
more directly by applying the Stein—Weiss theorem for interpolation with
changes of measures [20] to the operator Ay(.).

2.2. An equivalent condition. We will prove the equivalence of the two type

set descriptions (1.7) and (1.9). The condition p > 1+ (d — 1)7'0(p, a) in

(1.9) can be written as

(2.1) max {a+ 3, v ((d-1)(p—2) —a)} < (d—1)(p—1).

Thus we need to check that (2.1)) is equivalent with the conditions p > pg =

1+ %, L(p) < a < U(p). The condition a < U(p) coincides with the

condition &+ 8 < (d — 1)(p — 1). Thus it only remains to show that

(22) H(d-Dp-2)—a)<(d-1)(p—-1) < p=>ps a> L(p).

Recall that by definition of (v#)f(s) = sup{p : v¥(p) < s} > 0 for s € [3, 00)

and since v is continuous and increasing, we have for all s > § and p € R:
Vo) <s = p<hi(s).

Setting p = (d—1)(p—2) —a and s = (d—1)(p—1) and noting that v#(p) < s

implies § < s (i.e. p > pg), we obtain (2.2)).

2.3. Scaling and a global to local reduction. It will be useful to observe that

the maximal operator enjoys dilation invariance. Precisely, for every A > 0

and every £ C (0,00) we have

(2.3) IMxe | p (wa) - Lp (wa) = IMell Lp(wa)—Lr(wa)-

Moreover, Duoandikoetxea and Seijo [0, Lemma 4] observed that for a < 0
the global bounds for Mg follow from the uniform bounds for the spherical
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maximal operators associated to the sets €g = R™1(€ N [R,2R]) C [1,2],
provided we assume LP-boundedness for the unweighted operator.

Lemma 2.1 ([6]). Let p € [1,00]. Then for a < 0 there exists a constant
Cap < 00 such that

IMell Lo (wa)— Lo (wa) < Cap (IMe |l Lo Ry Lo (Re) + sup [ Mgl Lo (wa)—Lr(wa)) -

3. EXAMPLES OF TYPE SETS

In this section we provide further illustrations of special cases of Theorem

in!

3.1. Assouad regular sets. We examine the boundedness condition in The-
orem for some additional examples of sets £. The Assouad spectrum
of £ C (0,00) (taken with respect to the appropriate metric (1.1))) will
be denoted by dimg g £. Note that it equals the Assouad spectrum taken
with respect to the Euclidean metric whenever £ is compactly supported
n (0,00). We say that a set £ is (8, 7)-Assouad regular (also just (quasi)-
Assouad regular) if

dimAﬂ &= min(%, 7)7

Here ~ denotes the quasi-Assouad dimension. In this case the Legendre—
Assouad function is given by

£ p if p> .
This class of sets played a special role in several previous papers, see e.g.

[1L 14l B, 2, 16]. If € is (5, y)-Assouad regular, then the boundedness condi-
tion of Theorem [I.1] can be summarized as follows:

(i) If p > py = 1 + 725, then Mg is bounded on LP(wy) if
l—-d<a<(d-1)(p-1)-p.

This part holds for all sets & with quasi-Assouad dimension « and also fully
describes up to endpoints the boundedness in the case of the “regular sets”
from [6] where § = 7.

(ii) If ps < p < py, then Mg is bounded on LP(w,) if

1—d+p e <o < (d-1)(p—1) - B

These conditions are sharp up to endpoints. The type set T¢ in this case
takes the shape of a polygon. If 8 < ~, then the lower boundary in the
zoomed-in portion of Figure [1| consists of a piecewise linear function with
two pieces (the ‘kink’ occurs at 1/p = 1/p,, and corresponds to the transition
from case (i) to case (ii)).
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Remark 3.1. The sequence sets E, = {1 +n"% : n € N} C [1,2] for a > 0
are examples of Assouad regular sets with 5 = ﬁ and v = 1, and so are
the corresponding ‘global’ sets £, = Upez2FE, C (0,00). The middle-third
Cantor set in [1,2] is an example of an Assouad regular set with g = v =

logs 2 (and in this case our result is already covered by [6]).

3.2. Finite unions. The boundedness condition becomes more complicated
if we consider finite unions of Assouad-regular sets. Let £ = U;VZIEJ- where
&; is a (B, vj)-Assouad regular set. Then 3 = (¢ equals max;—; . n f; and
Mg is bounded on LP(w,) if p > pg and L(p) < o < (d —1)(p — 1) — B,
where
L) =1~ d o max 0, max 5 R
Y5 >B;j

and this condition is sharp up to endpoints. Since

N
(305 10l < [ Ml < 3 10 o
]:
this is an immediate consequence of the Assouad regular case. The type set
T¢ in this case again takes the form of a polygon with an increased number
of edges on the lower boundary in the zoomed-in region of Figure

4. LOWER BOUNDS

In this section we prove the inclusion ‘C’ in Theorem The necessary
condition a < (d—1)(p—1)—f can be found in the paper by Duoandikoetxea
and Seijo [6] and is obtained by testing Mg on ys, the characteristic function
of the ball of radius J, centered at the origin.

It remains to prove the necessary condition o« > L(p) in Theorem
which by is equivalent to

(4.1) V((d-1)(p-2)—a) <(d-1(p-1)
(see (1.9)). To this end it will suffice to prove that

(42) HMEHII)JP(’LUOA)%LP(WQ) Z 2*j(d71)(p*1)N(E NI, 2*j)‘[‘(d71)(27p)+a

for all E C [1,2] and all 5 > 1 and all intervals I C [1,2] of length 277 <
[7] < 1. Indeed, using (2.3) that would imply that for every & C (0, 00) and
every R>0and j > 1,277 <|I| <1,

‘|M5H1£p(wa)_>1;p(wa) > ‘|M5R|’§,P(wa)_>LP(wa)
> 27 1d=DP-D N (g N 1,277) |14t
where £p = R_l(é’ N [R,2R]). By dilation invariance of the metric (L.1),
N(EgNI,279) = N(ENJ,279) for J = RIN[R,2R] and |J|x = |I|x ~ |1.

Taking a supremum over j,I and R > 0 and comparing to the definition

(1.4) therefore gives (4.1)).
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It remains to show (4.2). Notice that for all f supported in
A={y: 1<y <2}
we have || f| Lo (wa) = [|f]lp- Observe that (4.2)) follows from the following:

Lemma 4.1. Let E C [1,2] and 0 < k < j, and I C [1,2] an interval of
length 27%. Then

1
(4.3) sup 2% </ \MEf(m)\pdx> ?
[fllp<1 |z|<2-F
supp (f)c

> 2—j(d—1)(1—%)N(E aps 2—]')%2_’9(%'*‘(‘1—1)(%—1)).

Remark 4.2. The case k = j/2 in (4.3) corresponds to a standard Knapp-
type example which is essentially in [6].

In the proof of Lemma [£.I] we may assume that E NI is non-empty since
otherwise there is nothing to show. In this case choose an element a € ENI.
We further distinguish the cases 0 < k < j/2 and j/2 < k < j. We let 7;(1)
be a maximal 2 7-separated set in £ N I, so that

#7;(I) ~ N(ENI,2" ])

4.1. Proof of Lemmaufor the case 0 < k < j/2. Let € > 0 be small and
Ua,t) ={(2",2za) : (t —277)? < |2 + |wa —af” < (t+279)%, 2’| < 27%}
which is a 27/-neighborhood of a subset with diameter O(27%) of the t-sphere
centered at (0,a).

We note that
(4.4) Ula,t)NUla,t') =0 fort,t' €I, |t—t]|>27.

Let ' ‘

Q(a) ={(W ya) : lya —al <e7'277, || < e '2F Y

Note that Q(a) is comparable to a box with (d — 1) long horizontal sides of

length 2°=J and one short vertical side of length 277 around the point (0, a).
Let fo = 1g()- We observe

Ifally S 20-9)@=D/po=ilp,

Given € be small enough, we will show that for z € U(a,t) there is a
subset S(x) of the sphere of radius ¢ centered at z which is of diameter
~ €2¥77 and such that S(z) C Q(a).

Let x € U(a,t) and consider the unit vectors

(—93' +w' a—xq)

VT =+ @zl
Consider the subset S(x) of the unit sphere, defined by
S(@) = {fpr = 0’| < 2877}

Hz,w’ =
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Then the spherical surface measure of S(z) is > 2= (yniformly in
x € U(a,t), and 1 <t < 2).
We claim that for z € U(a, t)

(4.5) {2+ 10, : 0] <2879} € Q(a).
We let eg = (0,...,0,1) and let II be the map (2, z4) — 2’. We write
T+ t0y 0 —aeqg =2 +t0y0 — aeq+ t(0puw — 020)

and compute

/ J—
T+t 0 — aeqg = (x,xd \/| "2+ (a—xzq)?—t)
VI + (a — z4)?
which by definition of U(a,t) implies |z + t0, 0 — aeq| < 277.
Next,

‘H o ‘ = ’(_x/+WI)\/|x/|2+ (a_$d)2+$/\/|$’ —w'|? + (CL—CL‘d)Z‘
VIa'P + (a— ) 2\/W—w’|2 (a — xq)2

< WP @ =2a? + ||V + Y ]

- (a—l“d)

and clearly |T1(0, . — 020)| < 2879, Moreover, using for b,b > 0 the identity
612 _ 52 =y — bfp 22 (B2 4 pl/2)
we obtain
(02,0 — 02,0, €q)|
= (a—2za)| (]’ = [ + (a — 2)2) 72 = (|| + (0 — za)) 72|
Sl =o' = 2P S (Jw']* + 22 [Jw']) -
Now |2/|[w'| < 27F-2F7 < 277 and |u/|> < 2272 and since k < j/2 we
also have |w'|> < 277, Hence |(04.u — 020, eq)| < 277. This means (with the
appropriate choice of € > 0 in the definition of Q(a)) that is proved.

This implies
|Ayf ()] 2 2= for & € U(a, t).

Now let
U = |J Ulat)
ter;(I)
Then by ,
1 1
([ [sw ago@] ") " = (X [ auso@Plafear) "
U(a) -s€eENI ter (1) Ul(a,t)

>2—ka/p2(k 7)(d— 1)< Z \Ua t ) 1/p
ter;(I)
> Q*ka/pQ(kfj)(dfl)N(E N1, ij)l/prj/prk(dfl)/p
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and thus, with |I| = 27F

| M follp(wa) o 27K/P20=DEDN(E 1 1,279)V/pgi/pg K- D/p
Ifollzrwsy ™ o(k—)(d=1)/p2—i/p

> 97 1@V N(E A 1,27) 5 1) DG,
4.2. Proof of Lemmafor the case j/2 < k < j. Let
Ua) = ya) : v <7289, (a =277 < |y PP+ Jyal® < (a+277)%)

which is a 277-neighborhood of a subset with diameter O(2¥~7) of the a-
sphere centered at (0,0). Let gy = ly(q)- Then

lgullp Se 9(k=j)(d=1)/po—i/p.

Fort €1, let
Qa,t) = {(2/,zq) : e27F 1 < |a!| <e27F, |zg — a4+ t] <277}
which is comparable to a rectangle in {z : |z| ~ £27*}, with (d — 1) long

horizontal sides of length =~ £27% and one short vertical side of length £277.
Observe

(4.6) Qa,t)N Q(a,t') =0 for t,t' €I, |t —t| >277.
We show that
(4.7) Avgu(z) = 26061 for 2 € Q(a,t).

This is a calculation in [I4, §5] which for convenience of the reader we
reproduce with our current parameters.

Let z € Q(a,t), w = (W,wg) € S, with || < €277 and wy =
V1 —|w|?. We wish to show that x + tw € U(a). To see this we com-
pute

|z 4 tw|? = |2/)? + 22 + 12 + 2t (2, ') + 2tz qwy
= |2/)? + (zq +t)? + 2t(2), ') + 2txg(y/1 — |2 = 1).
Since |24+t —al < €277 and |2/|? < £2272F < £2277 we get
12" + (za +1)* = a?| < 62277,
12t(z’, )| < 4|2’ ||w| < 46277,
and
12txq(\/1 — |2 =1)] < 2(Jt—a|+277)|w'|* < 2(27F +£279)e2F 7 < 46277,
Hence ‘
||z + tw|? — a?| < 146277,
and thus if € < 1072 we have ||z + tw| — a| < 277. Also, since k > j/2,
|2/ + tw'| < 2| + 2’| < 27F 4 2FT < 9k—iHl
so that altogether « + tw € U(a). This establishes (4.7)).
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Now let Q(a) = User,(1)Q(a,t). Then by (4.7)
p 1/p
([ [ s ()] lolaz)
Q(a) seErNI

2 (> [, tePlera)

tETj(I
tETj(I)
> 2—ka/p2(k_3)(d_1)N(E N I’ 2_j)1/p2_j/p2_k(d—1)/p

and

1M Egul Lo, « 27Fe/Pek—DE@-VN(E N 1,279)1/ppi/pp—k(d-1/p
”gZ/IHLP(wa) ~ 2(k—3)(d-1)/p2—i/p

> 2—j(d—1)(1—%)N(E aps 2—j)% |[|%+(d—1)(%—1).

5. UPPER BOUNDS

In this section we prove the upper bounds in Theorem [I.1] i.e. that Mg
is bounded if & < (d —1)(p — 1) — B and

(5.1) VE(d—1)(p—2) —a) < (d—1)(p— 1)

(note here we used the equivalent condition from (L.8)). We may also assume
that o < 0 since the case @ > 0 was already handled in [6]. For the same
reason we may also assume p < 1+ dil <2

As a consequence of the above and it will now suffice to show bound-
edness of Mg on LP(w,) under the additional assumption &€ = E C [1,2].
To be precise, we need to prove the following

Proposition 5.1. Let p € [1,2] and o < 0. Assume that E C [1,2] is

non-empty and there exists € > 0 and a constant A > 1 such that

(5.2) sup sup N(ENT,§)sdNp=t=e pjotd=12=p) < gp,
0<3<16<|1<1

Then | ME||r(wa)—Lr(we) S A with the implicit constant only depending on
p,a,d.

Remark 5.2. Note that since E' C [1,2] here, it makes no difference whether
we use the Euclidean metric or the metric (1.1)) in (5.2]).

Proposition [5.1] completes the proof of Theorem[I.1} Since we may assume
a < 0and p <2, (5.1) implies that there exists € > 0 and A > 1 so that for
every R > 0,

sup  sup N(ErNI,6)sdDe=—t=e|pjatd-12=r) < gp,
0<d<16<|T|<1
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By Proposition [5.1] applied to each £ = £z we then obtain

||M5R HLP(wQ)%LP(wa) 5 A,

for every R > 0, which by Lemma [2.1]implies that Mg is bounded on L”(wq)
as required.

5.1. Proof of Proposition . The arguments here are close to [7, [6]. We
first observe that the assumption (5.2)) implies

p>pg=1+ %
by considering the case |I| = 1 in the supremum and also
a>1-d
by considering the case |I| = ¢ in the supremum. We split

(5.3) f = fiow + fo + fuign,

where fiow lives on {y : |y| < 1/4}, fo lives on {y : 1/2 < |y| < 4}, and fhigh
lives on {y : |y| > 4}. Then Mg fiow(x) = 0 for |z| > 9/4 and for |z| < 1/2.
Thus for fioy the LP(w,) bound follows from the unweighted bound. Indeed,

(6:4) M5 finlr(u) 5o ([

1
3<|z<§

| M fiow (@) Pdz)”

S fowllp S lfowllrwa) S Il ze(wa)s

where we have used o < 0 and p > pg.
We split fhigh = Y pes f* where f* = J Lok cpy<omt1. Let

Ap = {z:2F — 2 < |z < 2FFL 42},

Then Mgf*(z) = 0 for = € Qli Again, for all @ € R we can use the
unweighted inequality to estimate

(5.5) HMthithLP(wa) < (/

E
S (li?m / M f’“(az)|pd:ﬁ)’1’

< (égka [17@Pa) £ 1oy

The estimate for Mg fy is more interesting; only here the weight plays
an essential role. Let ¢g € CS° be supported in {z : |z] < 1/4} such that

f ¢o(z)xt dr = 0 for all multiindices ¢ € Ng with 1 < Z?:l tj < No where
No > 951 For j > 1 let ¢;(x) = 2%y (27x) — 20-1dpq(27-1z) and set

K](SU) =0 * ¢j(z)

|5 ta, @M @) Jafoda)
k=2
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and Kj( ) =t"94KI(t~'2). We then have the decomposition oy = Z] —0 K]
which has the behavior of a dyadic frequency decomposition but with strong
spatial localization. Set Al f = f * K.

Lemma 5.3. Let a > 1 —d. Then for j > 0,

(5.6) (/ sup ‘A]fo )’p]:v|adg:> <2 i

z|<2-7 1<t<2

N follp-

Proof. For 2073 < v < 215 let 1, be t;he characteristic functiQn of the thin
annulus R, = {y : Hy[ - u2_j| <277} and J, = [(v —2)277, (v + 3)277].
Let B; = {z : |z| <277}. Then

1
(/ sup ]Aifo(a:)]pmadx)p
B; 1<t<2

6.1 = ([ s |4 Gon @) el

; 1<t<2

< (S o |A¥(folu)(x)\p\$|“dw);

Now use the pointwise bound

(5.8)  sup |A] (folo)(@)| < A2, (folu)(@)| + [ |LAL(fol,)(x)|ds

We interpolate inequalities for & = 1 — d and for oo = 0.
For « =1 — d we have, for 1 < p < oo,

s () [t ) < s

s ([ [[ aitn@la] )" S 1,

which follow by interpolation between p = 1 and the corresponding inequal-
ity for p = co. For p = 1 we use that ||K7}||e + 2‘j||%Ktj||OO = 0(27) and
fBj |z|'~dx = O(277).

For a =0 and 1 < p <2 we have

(5.10a) </ ‘Az iy fg]ly](x)}pdx) <27 jld-1)(1-1) Hfo]l s

, Po\: i ld—1)(1-1
o) ([ ([ [aitna]s) )’ <20 0D ),
J v

Again this follows by interpolation between p = 1 and p = 2. For p = 1 we

) : : Y i
just use || K7 |1 +277 | £ K] |y = O(1). For p =2 we use [5(£)| < (1+[¢])™ 2
and thus, with % < Ng < N,

(5.118)  IKI(O)] S 71D+ @) N1+ Jeh) 5 2%
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We have dtKJ (€) = (279€, Vp(279tE))T (t€) +p(277t£) (€, VF) (t€) and obtain

—~

-d—3

(5.11b) |4K](€)| <2797, t=1

Since we also integrate over J,, the interpolation with change of weight ([20])
together with ([5.8)) leads to

1
([ swlailnt)@] sl dn)” 527
B; teJy

J

and then also

1
</ | sup |A§f0(a:)‘p|x]adx>p <27 O
B; 1/4<t<4
Lemma 5.4. Let E C [1,2]. For0 <k <j,
, 1
(5.12) (/ sup |47 fo ()P |o|dz)”
2-k-1<|z|<2-F t€E
cd—1 . 1
<27 sup [N(ENI,279)2 M@0+ ),
IC[1,2]
|T|~2—F
Proof. We let Iy, = [27%(p — 1),27%( + 2)]. For each pu with EN I, # 0,

denote by I'y , j a collection of intervals of length 27/ covering £ N1}, , such
that N(E NI, 277) = #Ly - It J €Ty 5 we let t; be the center of J.
We first prove that for 1 <p <2, k < j, By = {x : |z| < 27%},

1

(5.13) (/B sup \A{fo\pdx)p

k\Bk+1 tGEﬂIk,u

< 2@ D09 kDG N (B AL 275 | foll,-

We use the pointwise estimate

(5.14)  sup |A! fo(x)|

tEEﬂlkYM
1
N
(X 1A fr)” + Z (f o 1o sufot@ias))'
JET ks JETy, |s|<277

By the integral Minkowski inequality we need to show

(5.15a) Z /B

Jely,, K \Brt1

< 97D~k A-DG=UN(E AT, 27)5 | foll,

1
tJf0|pde)p
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and

1
5.15b) 277 sup / d A JJolPdx)”
( ) j ( Z Bp\Bj+1 |ds ot 0‘ )

|s|<277 NS
< 2790 g KNGO N(E A 1y, 279) o | ol -
We give the proof of (5.15a) and omit the completely analogous proof

of (5.15b)). These inequalities follow from the cases p = 1 and p = 2 by
interpolation. For p = 1 we estimate

/ A7, fo(x |de</\f0 |/ |G y)ldx dy < 27D fo])y
By

where we have used that {z € By : [[x —y[ — ;] < 277} has measure
O(2~#d=D2-3) and ||K/||ec = O(27) for 1 < t < 2. (5.15a) follows for
p = 1 by summing over the intervals in I'y, ;. For p = 2 we just use

|’A¥J”L2—>L2 = 0(2774-1/2) (see (5.11a)) and (5.15a) for p = 2 follows.

Analogous arguments apply to (5.15b|) and thus one gets (5.13)).
Let

fk,u(y) = fo(y)]lrkpg\mgrk(ﬂﬂ)(y)
and observe that

put2
AJ [ Z fk‘mi| z) for |z| <27 %andte I -

m=pu—2

Moreover wq () ~ 27 for 2 € By \ Bgy1. Hence,

(/B sup|A{f0(x)]p|x]°‘dx>;

W \Bii1 t€E

kp(/BkZ sup ‘AJ Z fkm ‘daz)é

L teENIy , m=p—2

52—1@72— J(d=1)(1= 1) g—k(d=1)(3~ 1)SupN(EﬂIku,2 J (ZH Z fka )

< 9= (d=1)(1=5)g—k(§+(d—1)(2-1)) sup N(E NIy, 2_J)5 11l
I

and the lemma is proved. [l

To conclude the proof of Proposition [5.1] we set

M f(z) = sup | A f(z)].
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By Lemma [5.3] and Lemma

1M, foll Lo (e

J
< 2SS gy N(BNT,279)r2 MEDGDED) py
k=0 l1|=27%

S A+5)277 Al fll o )

where in the last estimate we have used the main hypothesis (5.2)). Finally,
we may sum in j and then combine the resulting estimate for Mg fy with

the estimates (5.4 for Mg fiow and (5.5) for Mg fign to complete the proof
of Proposition [5.1 ([l
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