FAILURE OF STABILITY OF A MAXIMAL OPERATOR
BOUND FOR PERTURBED NEVO-THANGAVELU MEANS
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ABSTRACT. Let G be a two-step nilpotent Lie group, identified via the
exponential map with the Lie-algebra g = g1 & go, where [g,g] C g2. We
consider maximal functions associated to spheres in a d-dimensional lin-
ear subspace H, dilated by the automorphic dilations. LP boundedness
results for the case where H = g; are well understood. Here we consider
the case of a tilted hyperplane H # g1 which is not invariant under the
automorphic dilations. In the case of Métivier groups it is known that
the LP-boundedness results are stable under a small linear tilt. We show
that this is generally not the case for other two-step groups, and provide
new necessary conditions for LP boundedness. We prove these results in
a more general setting with tilted versions of submanifolds of g .

1. INTRODUCTION

Let G be a finite dimensional two-step nilpotent Lie group, which via the
exponential map we identify with its Lie algebra g. We fix the direct sum
decomposition g = g1 + g2 where dim g; = d, dimgo = m, [g,g] C g2 and go
is contained in the center. By the Baker-Campbell-Hausdorff formula and
the two-step assumption the group law is given by

(X,U)-(Y,V)=(X+Y,U+V +3[X,Y])

where the commutator [X, Y] belongs to go. On G a natural group of auto-
morphic dilations is given for ¢t > 0 by & : (X,U) +— (tX,t2U). For every
linear functional ¥ € g3, and for X € g; the functional J¥ : Y — 29([X,Y])
belongs to g} and depends linearly on X and 9. The linear map J Vg — '
given by JY[X] = J¥ depends linearly on ¢ and can be identified with the
bilinear form (X,Y) — 29([X,Y]).

Let H be a d-dimensional plane which is transversal to gs, i.e. H is given
as

H ={(X,A(X)), X € g1}

and A : g1 — g2 is linear. We assume that a standard scalar product is
defined on g; and define a measure ¢ by

(1Y) = gy [, T AN
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where ¢ denotes surface measure on the unit sphere S9! = {X : |X| = 1}.
Define the dilate ¢f* of ¢* by (f,s{*) = [ f(tX,t2U)ds*. For Schwartz func-
tions f € S(g) we are then interested in the maximal function generated by
the non-commutative convolutions fx*¢. That is, we ask for LP-boundedness
properties of the maximal operator M?, defined by

MAf =supf+ .
t>0

This problem was first proposed by Nevo and Thangavelu in [9], for the
Heisenberg groups, with A = 0 and ¥ the sphere {|X| = 1} in g;. For
d > 3, and A = 0 an optimal boundedness result was proved by Miiller
and the second author in [7] for Métivier groups (i.e. in the case that for
every nonzero ¥ € g5 the linear map J Vg — g} is an isomorphism); in
this case the maximal operator is bounded on LP(G) if and only if p > d%‘ll.
Independently, this result was also obtained for the Heisenberg groups H,,
(n > 2) by Narayanan and Thangavelu [8], using a different approach. More
recently we showed in [13] that for A = 0 the maximal operator M is LP
bounded for p > d%‘ll on all two-step groups with d > 2. The LP-boundedness
in the case d = 2, in particular the case of the Heisenberg group Hj, remains
open (see however positive results for the case of Heisenberg-radial functions
in [2], [5]).

The question about LP-boundedness of the perturbed maximal operators
M™ was first raised by Miiller and the second author in [7]. Satisfactory re-
sults for the case of Métivier groups were obtained using an L? local smooth-
ing estimate in [12] (see also related results in [4]); for another approach on
the Heisenberg groups based on fixed time LP-regularity results via decou-
pling see [11, 1]. We remark that the condition p > % is always necessary
for LP-boundedness. This follows from a variant of Stein’s example [14] (as
was already noted in [6, 13]). It turns out that on the Métivier groups the
above results for A = 0 remain true under small perturbations [12]. That is,
for small ||A|| the operator M™, is still LP bounded for p > % when d > 2.
The purpose of this paper is to investigate this stability phenomenon for
other two-step groups, outside the Métivier class. One might have expected
that LP boundedness of M”" with small but nonzero A still holds for all
two-step groups when p > d%'ll, but we show in this paper that this is not
the case.

We investigate this phenomenon in a more general setting. In what follows
we fix a nontrivial, nonnegative x € Cg°(g1) and surface measure do on a
k-dimensional C''-submanifold ¥ of g;. Let du = xdo. For t > 0 we define
the measure u; by

o) = / F(EX, PA(X))y(X)do (X).

We are then interested in lower bounds for the maximal function IMMf =
Sup;sq | f * pe|; these follow from lower bounds for a localized operator. Let



ON PERTURBED NEVO-THANGAVELU MEANS 3

I C (0,00) a compact interval of positive length and define, for continuous
functions f with compact support, the maximal operator 9; = zm? by

(L.1) M f(X,U) :itellglf*ut(X,U)l-

For w® € X let (T,oX)° = {¢ € g} : ¢(v) = 0 for all v € T 0%}, the
annihilator of the tangent space T,,0%. For ¥ € g5 consider

(1.2) Va9 = range(J”) + R(W o A).

which is a linear subspace of gj. Our unboundedness results rely on the
following hypothesis, for 1 < r < k.

Hypothesis H(r). There exist ¥ € g5 and w® € ¥ satisfying x(w®) # 0 such
that

e JoA#0.
o VppN(TeX) = {0}
o dim(Vy ) =r.

Note that the second condition implies that there exists a scalar product
on g7 with respect to which V) ¢ is orthogonal to (Ton)O, and the condition
means that V) g is a subspace of ((7,,0%)°)+ which is identified with 77%, .

Theorem 1.1. Assume d > 2, A #0, 1 <r <k <d and that Hypothesis
H(r) holds.

(i) If 2 < r < k and M extends to a bounded operator on LP(G) then
p >t
(ii) Ifr =1 and My extends to a bounded operator on LP(G) then p = co.

Remarks.

(a) Because of the skew-symmetry of the bilinear form (X,Y) — J([X, Y])
the dimension of range JV is always even. That is, in part (i) of Theorem
1.1 where r = 1 < k < d we get unboundedness for all p < oo if there exists
¥ € g5 such that ¥ o A # 0 and JY = 0. For m = 1 this corresponds to
the commutative Euclidean case. The main tool used in the proof of this
unboundedness result is the (complement of the) Nikodym set in the plane
[10, 3], and we exploit that in some situations the nonisotropic dilations in
some compact t-interval have an effect which is similar to rotations.

(b) Theorem 1.1 applies with k = d if A # 0 and du = xdX where dX is
Lebesgue measure on g;.

(¢) Theorem 1.1 applies with k = d — 1 if du = xdo where o is surface
measure on the smooth boundary of a convex domain €2 in g;. In this case
every linear hyperplane is the cotangent space to 92 at some point w°, i.e.,

Vap is a linear subspace of one of those cotangent spaces. We note that

M fails to be bounded for p < d%‘ll as can be seen by a variant of the

familiar example by Stein [14]. The new examples proving the necessity
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of the condition p > N{—l in Theorem 1.1 are thus relevant for the cases
2<r<d-2.

(d) In case (c) above, under the additional assumption that O is in the
interior of 2 and that 0 has nonvanishing curvature everywhere, we have
a tilted version of the setup in our previous paper [13]. Theorem 1.1 shows
that the hypothesis A = 0 in the general result in [13] cannot be dropped.
In a subsequent paper we intend to prove satisfactory upper bounds for the

cases r < d — 2, under the nonvanishing Gaussian curvature assumption on
o0

(e) Again for the case (c), we conjecture that stability holds in the cases
r =d — 1 and r = d; this appears to be a difficult problem. Moreover, even
in the Métivier case (where r = d since the J ¥ are invertible for ¥ # 0)
the LP boundedness for p > % was established in [12] only for sufficiently
small [|A]|, and it would be interesting to settle the general case.

Outline. In §2 we discuss coordinates on the group and show that it suffices
to prove the lower bounds in the case m = 1. In §3 we show unboundedness
for p < # and in §4 we treat the special case r = 1.

Acknowledgements. We thank the referee for a careful reading of the paper
and useful suggestions. J.R. was supported in part by the Ewha Womans
University Research Grant of 2025. A.S. was supported in part by NSF
Grant 2348797.

2. PRELIMINARY REDUCTIONS

2.1. Coordinates on GG. Choosing coordinates on g we may identify g; with
RY and gy with R™. We denote coordinates x on G by = = (z,7) € RYx R™;
then the group law becomes

(z,7) - (3.7) = (z +y, T+ +2TJy),

where :ngg = (2T J1y,...2VJpy) and Ji,. .., Jp, are d x d skew-symmetric
matrices. Our convolution operator is then written as

(2.1) Af(x,t) == fue(x) = /f(a: — tw, T — teT Jw — 2 Aw)dp(w).
The linear map A : RY — R™ is given by Ay = > 1", (A y)eqi where

€d41s- - s €dem is the standard basis of R™, and A\; € R%, i = 1,...,m. For
1 <i<m,letS; be the (d+ 1) x d matrix given by

(2.2) S = (i]T) .
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If ¥ € g5 is given by ¥(eqyi) = 05, i = 1,...,m, then the dimension of the
space Vj » in Theorem 1.1 is equal to

m

(2.3) r(¥) =rank( > 0;S;).

i=1

2.2. Scaling. A calculation shows that f x us(z) = [f(ds+)] * p1¢(61/s7) and
thus M7 f(x) = M[f(0s)](61/5x) which shows || Dsr|[Le—sze = |Mrl[ze—s 10
Since for I; C Iy we have | My, || ze—rr > |91, || Lr—Lr Wwe may assume, after
a finite decomposition of a ¢-interval and scaling, that I C [1 —¢,1 + ¢] for
some small € > 0.

2.3. Reduction to the case m = 1. We show that in order to prove the
unboundedness results in Theorem 1.1 it suffices to do this for the case
m = 1.

Let G be a general two-step nilpotent group of dimensions d+m, m > 1,
which we have identified with R x R™ as above. By the definition of r
in Hypothesis 3((r), there exists § = (01,...,60,,) € S™ 1\ {0} such that
rank(3>"1" 0;5;) = 7 and Y_1*, 0;\] # 0. Choose unit vectors (b')a<j<m, in
R™ such that 6, b%,...,b™ are mutually orthogonal. Let Ry be the m x m
rotation matrix with columns 6,52, ...,b™. Then the averaging operator A;
is expressed as

(2.4) Aif(z,@) = /f(x — tw, Rg(R}T — tR} ((z, t)Tgw)))du(w)

with (z,8)TSw = 327" (2T Jiw + tAJw)eq ;. Note that

(R ((z,1)TSw), eqr1) = (gc,t)T(Z 0;S;)w.

Thus, after a conjugation with a rotation in R, we may assume that
Ry = I, rank(S1) = r and A] # 0.

Let I C (0,00) be a compact subinterval. We now consider a class of
compactly supported smooth functions f = f ® h given by

f(g,?p?/) = f(gﬂyl)h(@/)a
with f € C2°(R™1), h € C°(R™1). For f in this class we have

m

Af(a) = [ Fla—twn i — a7 S (Y (@ — ta, 07 Sw)eas)duo)
1=2

with t(z,t)TS1w) = tzTJiw + t2A\Jw. Define

(2.5) Af(z, 2g41) = /f(m —tw, xg41 — t(z, ) TS1w)du(w).
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Let B be a ball in R*! and B’ be a ball in R™~1. Choose h € C°(R™1)
so that h = 1 on a large compact set, specifically

m
h(> (@i — t(z, 1) Siw)earq) = 1
i=2
for every w € supp(p), t € I, x € B x B'. Then

(26) (15500 [ A ] ooy = 1B171[15 500 | ATy sy

Denote by G denote the d+ 1-dimensional two-step group with group law
(2, 2q11) - (Y, Yat+1) = (2 + ¥, Zay1 + Ya+1 + 27 J1y). From (2.6) we conclude
that the desired unboundedness on G would follow once on é, the local
maximal operator g — 15 sup;¢s |A;g| is shown to be unbounded on LP(G);
here B C G is a suitable ball, and I C (0,00) is a compact interval. Below
we will consider sup;¢ |Atg| for compactly supported functions g so that the
maximal function is then supported on compact sets; thus the characteristic
function of the ball B will can then be dropped in the definition of the local
maximal function.

3. UNBOUNDEDNESS FOR p < H

In what follows we prove that our (local) maximal operator is not bounded
on LPif p < %, showing part (i) of Theorem 1.1, for » > 2. By the
reduction in §2.3 we may assume m = 1, A(z) = ATz where \ is a nonzero
vector in R?. We thus write J = J; and A = )\ in (2.5) and consider the
maximal function 9;g = sup,¢; |Aig| where I = [1—eo, 1 +¢] with gg < 1,

(3.1) Arg(z,x941) = /g(w —tw, 241 — tzTJw — PATw)x (w)do(w).

Moreover ST = (JT X) and 7 is the rank of ST. We have 0 # A € range(ST).
Let IT : R* — R? be the orthogonal projection to the range of ST.

By assumption, there exists w® € ¥ such that x(w°) # 0, and range(ST)
is contained in the tangent space T,,o%. Let 3 be a neighborhood (in ¥) of
w® such that |y(w)| > ¢ >0 for w € . By choosing 3 sufficiently small we
may assume that there is a parametrization of > with u € R* close to the
origin and I"'(0) = w® such that {%(0) k_| is an orthogonal basis of T,,0Y,
and such that 68—51(0) = \%\\I and {g—i(O)};’:l is a basis of range(ST). We split
the parameters as u = (u’,u”) € R” x R¥™"; in the case k = r the variable
u” is not present (which requires a slight notational modification in what
follows).

We use the implicit function theorem to solve for fixed x,t the equation
II(z — tw) = 0. More precisely we solve for «’ the equation

(3.2) (z — tT'(v/,u")) = 0,
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for ¢ near 1, for z near w® and for v’ = (u,41,...,ux) near 0 € RF=". This
is possible since z — tI'(u)| (g,¢,u)=(wo,1,0) = 0 and

0 or
= o= —15%
are linearly independent. As a consequence we solve (3.2) by u' = h(z,t,u”)
for (z,t,u’) near (w°, 1,0). Introducing coordinates u’ = h(z,t,u") + 5’ for
small 8 there is a small € > 0, with & < &g, such that for § < ¢ and positive
constants ci, ¢y the measure of the set {u € R¥ : ¢15/2 < |u/ — h(z, t,u")| <
c16, [u"| < coe} is bounded below by ce# 6", for |z — w°| < e, |t — 1| < e.
Consequently, the surface measure of

0), i=1,...,r

~ 0
(3.3) Wg(@,t):{w62:5< T(z — tw)| <6, jw—w®| <€}
satisfies
(3.4) inf {J(Wg(g:,t)) Dl —wl <e t—1] < 5} > 0.

We choose € so small such that x(z) # 0 for |z — w°| <e.
In what follows we fix ¢ > 0 such that

e < (1 + [+ I+ lw] + 1]~

and work with a parameter § < €. Define

Rs = {(y,yar1) : 5 ()| <6, lyan| <714, [yl <1},

NGRS

gs = L Rs.

We test the maximal operator on gs.
Let m, = max{|ATz| : |z — w®| < e}. Then m, = |ATw®| 4 ¢|A| which lies
between ¢|A| and (Jw®| + 2¢)|A|. Let

Vo={z eR?: |z —w°| <& m/2 < |A\Tz| < m.}.

Then |V;| > 0. Let

B , € Tay1 €
UE_{($7xd+l)'$e‘é71 2<’)\T&"<1+2}
Observe

| Vel >0

U] =/ e[ATa|da >
Ve
We wish to derive a lower bound for A;f(x), for z € U. and suitable
t=t, € (1—¢,14¢). Observe that

Tapr — PAw —tzTJw = z441 — tATz + (A — Jz)T(z — tw).

It is natural to choose
_ Td+1

ATz

ty
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which for x € U, lies in (1 —¢&,1 4+ ¢) and gives
Tap1 — 2ATw — tpxTJw = (to A — Jz)T(z — t,w)
= (teA — Jz) (2 — tyw).
Note that [t,A — Jz| < (1 + &)\ + ||J]|(Jw°] + &) < e7L. For w € Ws(z,t,)
we get g < |II(z — tyw)| < 0 and hence
|Tap1 — t2NTw — tpzTJw| < e I (z — tyw)| < e716.

Also, |z — tyw| < |z — w°| + |w°(1 — tg)]| + tz|w® —w| < e +¢|w®| + 2¢ < 1.
We have thus shown that (z — t,w, z441 — ti)\Tw —tyxTJw) € Ry for x € U,
and w € Ws(z,t,) and consequently we obtain

Mrgs(x) > Az, gs(x) > co(Ws(z,tz)) > cecd” for x € U,.
Hence |9Mgs||re Ze 6"|U-|*/P and since ||gs|, = |Rs|'/? <. 5% we obtain
Hf)ﬁ]géHLP(Us) > §T—r+1)/p.

1951l

Letting 6 — 0 shows that 9t; cannot be LP-bounded for p < %
Now let p(r) = “tL. To disprove LP(")-boundedness we define for N >
10g2 %
FN = Z 2jT92—j.
log, £ <j<N

Since ||ga-illp(ry S €277 and the sets Ry-; are disjoint we get

1EN ) S NP0

On the other hand, the above lower bounds show A, Fy(x) 2 N for z € U,
and thus
1998 F [l

N lper)
Letting N — oo we see that LP(")-boundedness fails. O

> N1/(r+1).

4. UNBOUNDEDNESS OF THE MAXIMAL OPERATOR IN THE CASE r =1

By the reduction in §2.3 we may assume m = 1. If r = 1 then J = 0.
Let A be a nonzero vector in R?. We prove a more general result, replacing
the surface measure of 3 by a more general finite (positive) Borel measure
1 and consider

Lif(z,2441) = /f(ﬂc— ty, Tar1 — EATY)du(y).

Note that for the special case of i as in Theorem 1.1 this is the case J = 0 in
(3.1). I'.f is well-defined for continuous functions f with compact support,
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and T';f is then a continuous function. For a compact interval I C (0, 00)
the maximal function

M;f(z) = sup [I'f(z)]
tel

is then well defined as a Borel measurable function in R4*1. We show that
no nontrivial boundedness property holds for My if p is not supported in
the orthogonal complement of A\ in R%. In particular this applies to prove
part (ii) of Theorem 1.1.

Proposition 4.1. Assume that A # 0 and that p is a finite positive Borel
measure in R, with the property that u(()\L)E) > 0. Suppose that there is a
positive constant C' such that the inequality

1M fllp < Cllfllp

holds for all characteristic functions of open sets with compact closure. Then
p=0Q.

Proof. In what follows we will work with nonnegative functions throughout,
so we may reduce the length of the interval for lower bounds. By parabolic
scaling (§2.2) and possible shrinking the ¢-interval we may assume

I = [a,1] where a = tan(%(1 — %)),
for some N > 6.

Let R be a rotation in R? such that Req = MA/||\||. Let up = u(R-),
formally defined by [ u(y)dur(y) = [u(R™'2z)du(z) for test functions w.
Then if

Af(x) = / F(& — ty, 2aes — 25y dun(y)

we have

th(@'? xd+1) = ‘AfFRJ\(R_lE? H)‘H_lxd+1)
with  Fr(w, wat1) = f(Rw, [A|wis)-
We also note that the assumption of supp(u) not contained in A\ is equiv-
alent with supp(pg) not contained in e5. Hence f SUPyeq,1) [Tt f] is
bounded on L” if and only if f + sup;c(q 1] [A¢f] is bounded on LP.

Proof of unboundedness for p < co. We split variables in R? as y= (v, ya)-
Since the measure pp is not supported in egll there exists a bounded open
subset W C {y € R? : y4 # 0} such that up(W) > ¢ > 0. Let L > 0 be
such that |y'| < L for all y = (', yq) € W. When deriving lower bounds on
nonnegative functions we will replace ug by xur where y is continuous and
compactly supported in W and such that

/X(w)duR(w) > c/2.

We use the Nikodym set in R? to construct our counterexample. The
original complicated construction by Nikodym appeared in [10]. Subsequent
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constructions are simpler and based on the Perron tree constructions used
for the Kakeya set, see de Guzmén’s book [3]. According to [3, Theorem
3.4] there exists a measurable set Fy C [—1,1]? of full Lebesgue measure
|Fo| = 4 and a Lebesgue null set £y C R? such that for each w € Fy there
is a straight line

l(w) = w+ {r(cos(a(w)),sin(a(w))) : r € R}

with {(w) \ {w} C Ep; here a(w) € [0,7) and w — a(w) is a measurable
function. Let F' = {w € Fp : |w| < 1}.
By pigeonholing there exists k& € {0,1,...,4N — 1} so that

Fe={weF:a(w) e 4, &)

satisfies _ N
|Fx| > |F|/AN = 7 /4N.

cosf3 —sinf

Let pg be the planar rotation (sinﬁ cos 3

) with 8 = —%W—F 7 Let

F= pgﬁk and F = ngo.
Then |F| > w/4AN and E is a Lebesgue null set. By construction there is,
for every w € F, a line ¢(w) = {(rcosy(w),rsiny(w)) : € R} such that

y(w) € [(1 - 5)F, ) and L(w) \ {w} C E.
For each w € F' let s(w) be the slope of the line ¢(w) and then
(s(w), s(w)?) = s(w) /1 + s(w)?(cos y(w), siny(w)),
and y(w) = arctan s(w). In particular

Lw) \ {w} = w + {(rs(w), rs(w)?) : r # 0}.

We return to the task of deriving lower bounds for the maximal function
Supte[aﬂ |.Atf| Let

E={,Yarvar1) € R |/ <2+ L, (ya,yas1) € E}.

£ is a Lebesgue null set and thus for small € > 0 there is an open subset V;
of measure < ¢ with V. D €. Let f. = 1y, then clearly | f-||, < e'/P.

Let
F= {('rlvxd7$d+l) € Rd+1 : ‘LL’/’ <1, (mdaxd-l-l) € F}

so that F has positive Lebesgue measure. Let
ty = s(xgq, Tgs1)-
For z € F we have
o) 2 [ 16—t 50 = taas a1 — By (o)
On the support of x we have yg # 0. The vector

(24 — taYd: Tas1 — tiyd)
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thus belongs to ¢(z4,x4+1) \ {(z4, z4+1)} C E and since |2/ — t,y/| <2+ L
we get

sup Aufo() > Ay folz) / N va)dur(y) > /2

a<t<1
for all € > 0. If M were bounded on LP there would be a constant C' > 0
such that 0 < |F|/Pc/2 < Cel/P which for sufficiently small ¢ > 0 cannot
hold if p < o0. O
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