THE FOURIER EXTENSION OPERATOR ON LARGE SPHERES
AND RELATED OSCILLATORY INTEGRALS

JONATHAN BENNETT AND ANDREAS SEEGER

ABSTRACT. We obtain new estimates for a class of oscillatory integral operators with
folding canonical relations satisfying a curvature condition. The main lower bounds show-
ing sharpness are proved using Kakeya set constructions. As a special case of the upper
bounds we deduce optimal LP(S?) — L7(RS?) estimates for the Fourier extension op-
erator on large spheres in R®, which are uniform in the radius R. Two appendices are
included, one concerning an application to Lorentz space bounds for averaging operators
along curves in R®, and one on bilinear estimates.

1. INTRODUCTION

For functions g € L(S?) on the d-dimensional unit sphere we define the Fourier extension
operator to be the mapping £ : g — gdo where

3io(©) = [ e 9gayiota),
Sda

do denotes the rotation invariant measure on S¢ induced by Lebesgue measure in R4+,

and & € R4, We note that the adjoint of this operator is the Fourier restriction operator

f— ﬂsd’ where ~ denotes the Euclidean Fourier transform in d + 1 dimensions. A

substantial amount of recent work is concerned with weighted inequalities of the general

form

— 1/q
(1) ([ 19do11a) ™ < lglioior

for certain measures p on R4, ! Perhaps the most notable instance of this is the case
of Lebesgue measure, which corresponds to the classical Fourier restriction problem; see
for example [20], [36], [39], [8] and [38]. In addition to this, the inequalities (1.1) for
certain broader classes of measures p are known to have applications to a variety of well-
known and largely unsolved problems in partial differential equations, harmonic analysis
and geometric measure theory; see [4], [33], [12], [13], [41], [10], [35], [26], [19], [18], and
many further references contained in those papers. The content of the current paper is
partially motivated by the particular situation where the measures p are supported on
large spheres in R%*!; this has been studied recently in [2], [3] and [6]. We take u to be
the rotation invariant measure on AS? induced by Lebesgue measure in R%T!. In particular
the case for circles in the plane is well understood; namely the LP(S') — L(AS!) operator
norm of £ is uniformly bounded in A, if, and only if, ¢ > 3 and p > ¢/(¢ — 2). This follows
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IThroughout this paper we will use the notation X <Y (X > Y) if for non-negative quantities X and
Y there exists a constant C' > 0 such that X < CY (X > CY). The dependence of the implicit constant C
on various parameters present will be clarified by the context.
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from a result on more general oscillatory integral operators in [22]; for further discussion
and an alternative proof of the L3 bound see [6]. Here we prove for spheres in R3:

Theorem 1.1. The inequality
(1‘2) HgdUHLq()\Sz) < CHQHLP(S2)
holds for all \, all g € LP(S?) and some C, if and only if ¢ > 5/2 and p > 2q/(2q — 3).

After rescaling one sees that uniform LP(S%) — L(AS?) bounds for € are equivalent with
the O(A\~%9) bound for the LP(S%) — L9(S%) operator norm of £y, given by

(1.3) Exg(&) = gdo(XS).

The operators £ and &) are closely related to a Radon transform arising in scattering
theory, considered by Melrose and Taylor [27]. After appropriately parametrizing S? the
operator £, may be seen as a special case of a much more general class of oscillatory
operators acting on functions defined on R, given by

(1.4) Ty f(x) = / AN (2, ) f(y)dy.

Here ¢ is a smooth real-valued phase function on 27, x Qg where €7, and {2 are open subsets
of R? and y is smooth with supp x C Q1 x Qr. We shall now discuss the assumptions on
the phase which are appropriate for the study of &).

The L? mapping properties of T are governed by geometrical properties of the canonical
relation associated to the phase ¢; it is defined to be the (twisted) graph of the gradient
map?

Co ={(z, Vo, y,=Vyo) : (z,y) € supp x} C T"Qp x T*Qp.
Here we assume that the projections 77, and mr mapping Cy to T%Qy, and T*QR, respec-
tively,

L (2,y) = (2, da(2,y))
TR : (-Tf,y) = (I‘,¢y(.7},y))
are Whitney folds. Analytically the fold condition on 7y can be expressed by requiring

that corank dm; < 1 and when dimension ker dm;, = 1 then the Hessian considered as a
map from ker dry, to coker dry, is nonzero; i.e.

(1.5)

(1.6) 0#bEkerdyy, 0#accoker ¢py, = (b, V,)%(a,¢.) #0.

An equivalent condition is

(1.7) det ¢py(x,y) =0, 0 #b € ker ¢y, = (b, Vy)(det ¢zy) # 0.
Similarly the corresponding condition on wr being a Whitney fold is

(1.8) det pyr(x,y) =0, 0 # a € ker ¢y, = (a,Vy)(det py,) # 0.

Using the terminology in [27] we say that Cy is a folding canonical relation if (1.7) and (1.8)
are satisfied. The L? operator norm of Ty is O(A~%2%1/6) by the work of Melrose-Taylor
[27] and Pan-Sogge [31].

Condition (1.7) makes
(1.9) L ={(x,y) : det ¢gy = 0}

a smooth hypersurface in R x R%; moreover for fixed z
(1.10) {y:(z,y) € £}
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is a smooth hypersurface in R%, and thus the varieties
(1.11) Ly ={ €T :§=da(x,y), (x,y) € L}

are smooth hypersurfaces in the fibers. Following [21] we assume the following condition
(which is based on the Carleson-Sjolin hypothesis, cf. [24], [28]):

Curvature condition:
(1.12)
For every x € Qy, the hypersurface L, is conver and has nonvanishing curvature.

The convexity and nonvanishing curvature hypotheses mean that the second fundamental
form is either positive definite or negative definite everywhere on L.

Condition (1.12) is not relevant for L? — L? bounds, however it is crucial for LP — L4
bounds in higher dimensions. In one dimension there is no curvature condition and the
best possible results are known, namely

(113) HTXHLT’(R)HL‘I(R) 5 Ail/qv q= 217/: q =3,

holds under the assumptions (1.7), (1.8). This was proved in [22]. Examples (see §3) show
that the sharp bound

(1.14) T3l o Rty — Lo ey S A9,

can only hold for ¢ > (d+1)p'/d and ¢ > (2d+1)/d (here p’ = p/(p—1)). In two and higher
dimensions Kakeya type examples exclude the case ¢ = (2d+1)/d. Under assumption (1.12)
inequality (1.14) has been established by Greenleaf and one of the authors [21] in the range
q > (2d + 2)/d; actually in [21] the assumption of a folding canonical relation has been
replaced with a weaker one-sided assumption involving only the projection 7. Moreover,
in the range ¢ > (2d+2)/d the definiteness assumption on the second fundamental form can
be replaced by merely the nondegeneracy assumption (of course this makes no difference
when d = 2).

Under the folding relation and curvature assumptions we improve the known range ¢ > 3
of inequality (1.14) in two dimensions, and get a best possible result.

Theorem 1.2. Suppose that d = 2 that Cy is a folding canonical relation and that the
curvature condition (1.12) is satisfied. Then for A\ > 2

(1.15) HT)\HLP(RZ)—>L‘1(R2) SAH g > 32p” q>5
Moreover,

(1.16) T o) zagrzy S A5 % (log \)? 73, 2<q<5/2,

and

(1.17) HTAHL5/2v1(R2)HL5/2YOC(R2) S >\_4/5(10g )\)1/10.

The estimates are sharp in the following sense: If there is a point P € L so that x(P) # 0
then there is a positive constant ¢ > 0 depending on x and Ao > 1 so that for all A > Ao

(1.18) Tl 1 2y 1o 2y > cmax{A~5, A3 "5, A™3 75 (log A) @ }.

It would be interesting to know whether the restricted weak type estimate (1.17) could
be replaced by an L2 — L%2 estimate with the same bounds; this remains open.

The assumptions of Theorem 1.2 are satisfied for the operator £, in the Fourier extension
problem on spheres, so that Theorem 1.1 is a direct consequence of Theorem 1.2 (see §2).
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Indeed the spheres on both sides of inequality (1.2) may be replaced by compact pieces of
two surfaces in R with nonvanishing Gaussian curvature.

Structure of the paper. In §2 we discuss some preparatory changes of variables which are
useful in the proof of both the necessary and sufficient conditions, and briefly discuss the
validity of our assumptions for the phases in the Fourier extension problem. In §3 we prove
the sharpness of Theorem 1.2; the main part of this section is concerned with a Kakeya
type example. In §4 we give the basic decompositions of the operator in terms of the size
of det gb;’,y and state the main estimates for these pieces. In §5 we discuss easy proofs of the
required bounds in certain model cases and raise some open questions. The more technical
proof of the main estimates in the general case is given in §6, §7 and §8. The paper has two
appendices. In the first one, §9, we consider the convolution with measures on some curves
in R3; we use a variant of our estimates to give a Lorentz-space improvement of Oberlin’s
endpoint estimates [30]. In the second appendix, §10, we revisit the bilinear estimates from
[2] and give a straightforward proof based on the geometric properties of the canonical
relation.
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2. PREPARATION OF THE PHASE FUNCTION

It is advantageous to suitably prepare the phase function by possibly changing variables
in x and in y. These changes of variables affect the estimates only by constants. We
have to observe that our hypotheses are invariant under these changes of variables. This is
standard for the conditions (1.7) and (1.8). Concerning the curvature condition a change
of variables in x induces a linear change in the fiber (£-) variables and thus leaves the
curvature condition invariant. We now examine the independence of parametrization and
invariance under change of the y-variable, of the curvature condition. We shall consider the
situation in d dimensions.

If = is fixed and z — G(z,z2) is a regular parametrization of {y : (z,y) € L} (with
parameter z € R?1) then vectors in coker ¢zy are normal to the hypersurface £, in the
fiber above x and the curvature condition is just saying that for v € coker ¢,, the Hessian
of the map

2z (v, Vyo(z,G(x, 2)))
is either positive definite or negative definite; this Hessian equals
T
52 (1, Vad)y, 52+ O((v, day))

at y = G(x, z) and the last term drops out since v € coker ¢,y (z,G(z, 2)). From this the
invariance easily follows.
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We now prepare our phase function to have an approximate normal form at a point
P = (2°,y°), and we may assume that P € £. (i.e. to have certain derivatives vanish at
P). Let us assume that the phase function

(z,y) — ¥(z,y)

has a canonical relation Cy, satisfying (1.7), (1.8), and (1.12). We shall find diffeomorphisms
G and G, mapping neighborhoods of the origins of RdL, Rﬁ%, to neighborhoods of z°, y°
respectively, so that at the origin O = (Or, Opg) the phase

(2.1) d(z,y) = P(Gr(z), Gr(y))
satisfies the conditions

(2.2) det ¢y (O) # 0
and

(2.4) G24y(O) = 0;
moreover

(2.5) Pz ayaya(0) # 0,
(2.6) Dz4zaya(O) # 0,
(27) ¢xdydy’(0) = 07
(28) gbxdydx’(O) =0,
and also

(2.9) qbggly/xd(O) =0.

To accomplish this, let a and b be unit vectors in RdL and R% respectively, so that at P
we have 1,,b = 0, aT¢xy = 0 (recall that we assume that at P the kernel and cokernel of
1)y are one dimensional). Now choose rotations py, of R% and pp of ]R% so that pzlb = eq,
p}}la = e4. Then

d)[l] (‘Ta y) = ¢($0 + pL(x)v yo + PR(y))

: 1 1 1

satisfies det 0} ,(0) # 0, ¢}, (0) =0 and ¢!} ,(0) = 0. By the formula

z'yq
(2.10) det ¢y = det(dury ) (Dayyy — ¢zdy'¢;§/¢z'yd)

(applied to ¢!!) we also have gbgyd(O) = 0 and see that ¢!l satisfies (2.2), (2.3) and (2.4).
Notice that from the fold assumptions (1.7) and (1.8) we also have ¢£};ydyd(0) # 0, and

M e (0) £ 0.

We now consider the phase-function

o (z,y) = ¢!(or(2),oR(Y))

for suitable shears in RdL and ]RC}%, of the form

d-1 d-1
op(x) = (@' wa—Y aimi),  or) = va— Y Biyy)-
i—1 =1
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Note that ¢?! still satisfies (2.2), (2.3) and (2.4), and also (2.5) and (2.6), independently of
the choice of a and 3. Now if we choose

1
R PP (o) B o N (&)
1 — 1 ) ] — 1 )
capuza(O) ava (O)
then conditions (2.7), (2.8) are satisfied for ¢[? as well.

Now set
¢($, y) = ¢[2]((ZL'/ + IL‘dBZL‘/, :L'd)v y)
where B = —[cbg]y,(O)]_lng,]x,xd(O). Then (2.1) holds with Gr(y) = y° + pr(cr(y)) and
Gr(z) =2+ pr(op(v(x))), where v(z) = (2’ + 24B2’, 24). The phase ¢ satisfies (2.9) and
conditions (2.2) — (2.8) continue to hold.
Finally, by replacing the phase ¢(z,y) with ¢(z,y) — ¢(x°, y) we may assume that
(2.11) 9,6(0) =0,

for all multiindices o.
We now examine the curvature condition (1.12) at O. By condition (2.5) we can solve
near O

(2.12) det gy =0 <=  yg=g(xz,v)

with g(Opr,O%) = 0. Implicit differentiation and condition (2.7) implies that
(2.13) V,9(0r,0%) = 0.

Thus our curvature condition at O reads

(2.14) V2 (62401, v, 9(0L, )

is positive or negative definite,
y'=0%
which by (2.7) and (2.13) reduces to the definiteness assumption on the Hessian of ¢,
namely,

2.15 V2, /65 (P) is positive or negative definite.
Yy FTa

On the phase functions in the Fourier extension problem. We briefly discuss here how the
extension operator &y in (1.3) of the introduction belongs to our general family of oscillatory
integral operators T} satisfying (1.7), (1.8) and (1.12).

Let S be a patch of a smooth convex hypersurface of R4t!, with nonvanishing Gaussian
curvature (in particular S may be part of S? as in (1.3)). Let y +— I'(y) be a parametrization
of S (where the parameter y is chosen from an open subset of R?). Let ¥ be a smooth
hypersurface of R*!, parametrized by = — Z(z), where x belongs to an open set of R?.
Then the operator £, in (1.3) may now be written as an oscillatory integral operator with
phase function

(2.16) ¢(z,y) = (E(x),L(y)).

Clearly ¢y = ='(x)TT’(y) is of rank > d — 1 and L consists of those (x,y) for which the
normal line for S at I'(y) is parallel to the tangent space for ¥ at Z(z) (or, equivalently,
the normal line for 3 at Z(z) is parallel to the tangent space for S at I'(y)).

The assumption that the second fundamental form of S is definite implies that the fold
condition for mp, (1.7), is satisfied. Indeed if (z,y) € £ and if a, b are nonzero vectors in
R? so that a”='(2)"T’(y) = 0 and Z'(2)"T'(y)b = 0 then the fold condition in the form
(1.6) is saying that

(b, V) a' = (2)TT'(y)b £ 0
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and this is implied by the definiteness of the fundamental form of S since Z/(z)a is a nonzero
vector perpendicular to the tangent space of S at I'(y).

For the curvature condition (1.12) we fix = and solve det¢,, = 0 by y = G(z,z2) so
that £, is parametrized by z — Z'(z)TT'(G(z,2)). We need to verify that the second
fundamental form of £, is definite, i.e. that

V20, = (2) T(G(z, 2)))
is definite if (a,Z'(z)'T"(G(z,2))) = 0. However under this last condition the second
fundamental form becomes
T =
% VZ“:’(x)a,F(y))% at y = G(z, z).

Again as Z/(x)a is normal to S at I'(y) we see by the definiteness assumption on the second
fundamental form and by rank % = d — 1, that the last displayed formula gives a definite
(d—1) x (d — 1) matrix. Thus the curvature condition is verified.

Finally, if in addition we also assume that ¥ is a convex hypersurface with nonvanishing
curvature then we see by symmetry that the fold condition for 7g, (1.8), is satisfied as well
(see also [15] for a discussion of the structure of 7 in the more general situation where X
is convex and of finite line type).

3. LOWER BOUNDS

We now establish lower bounds for the operator norms of 7T showing in particular the
sharpness of Theorem 1.2. We work in d dimensions and assume that the fold and curvature
conditions (1.7), (1.8) and (1.12) hold, and in addition we make the (necessary) assumption
that there is a point (z°,y°) € £ for which

(3.1) x(z%y°%) # 0.

By the reductions described in §2 we may assume that (z°,4°) = O, that (2.2-2.9) hold,
and, in dimension d > 2, that (2.15) holds.
We are interested in the range of exponents (p, q) for which

(3.2) T3 o pae S AT

holds. It is easy to see that the decay rate in (3.2) is sharp (for any C' phase function).
Since the operator is local we have

(3.3) ITx\[| Lo~ paoe S Tl o1 — paoo

and therefore it suffices to prove lower bounds for the weak type (oo, q) operator norm.
Without loss of generality Re (x(z,y)) > ¢ > 0 for |z| < ¢, |y < e Let A > ¢!, and
define f(y) = =Y for |y| < e and f(y) = 0 elsewhere. Then |Tyf(z)| > ¢ > 0 for
|z| < cpeA™! and thus

(3.4) T || oo paee > A4,

The following simple lemma shows that the condition ¢ < (d + 1)p’/d is necessary for
(3.2) to hold. Note that (3.4) and (3.5) yield the first two lower bounds stated in (1.18).

Lemma 3.1. There is ¢ > 0 so that
(3:5) HT)\||LP»1_>Lq,oo > e\d/(3p)—d/3—-(2d—1)/(3q)
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Proof. Let fy be the characteristic function of the ball {y : |y| <A™/}, and define

Fy) = foy) exp(—iA({y, ¢y (O)) + £(y, dyy (0)y)))

so that || f||zs: =~ A~%CP). By considering the Taylor expansion of ¢(z,y) — ¢(z,0) we
observe that

|¢(l‘,y) - ¢($7 O) - <y7 ¢y(0)> - %<ya ¢yy(0)y>| < CE)‘_l
whenever |y| < eA™Y3, |z| < eA7V3 and |(z, ¢4,y (O)y)] < A7'. On multiplying T f(x)
by the unimodular factor e~*?(:0) we find that if 2 is such that these conditions hold
uniformly in |y| < eA~Y/3, then
I Tof(@)] = A2

if € is sufficiently small. By the assumptions (2.3) and (2.4) we see that |(z, ¢4, (O)y)| < A1
holds for all |y| < eA=1/? whenever |2/| < &/A~%/% and |z4| < &A71/3. Thus ||T)f| e~ =

~

\—4/3=(2d-1)/(30) " and the assertion follows. u

We shall now show by a randomization argument that for d > 2 the inequality (3.2)
can only hold for ¢ > (2d + 1)/d, and also establish the sharpness of (1.16), (1.17). The
approach is inspired by the result of Beckner, Carbery, Semmes and Soria [5] on the failure
of restricted weak type endpoint bounds for the classical Fourier extension operator (cf.
also Tao’s generalization [37] to oscillatory integral operators). We use a rescaled version
of the Kakeya construction in Keich [25]. Let § < 1, § < a < 1/10 and suppose that for
every n/ € Z4! with |n'6| < o we are given a 74 X - - - X 7§ X r rectangle P, passing through
the hyperplane 24 = 0 so that the long edges are parallel to (n'd, 1). Then there are vectors
vp € R x {0}, |ua| < |, so that the union of translated rectangles v, + P, satisfies

-1
(3.6) |Jvn + Pa] < C(log(a/0)) ™ > [Pl
n n
We shall apply this fact after possible changes of variables, with 7 = § = A71/3, o = eA"1/6,
and large A, then log(a/d) = log A.

Proposition 3.2. Suppose d > 2 and q > 2, then there is ¢ > 0 and Ao > 0 so that for all
A > N

(3.7) T\ oo pave > eA™H37(d=1D/Ba) (160 \)1/2=1/4,

Proof. Assume without loss of generality Re (x(z,y)) > 1 whenever |z;| < ¢, |y;| < ¢o for
some constant cg > 0. Assume A > ¢, 1 We let 9 be the family of all cubes of R% of
sidelength A=1/6, of the form H?Zl[ni)\_l/ﬁ, (n; + DA™Y0) where n = (n1,...,nq) € R? and
IniA71/6 < ¢g/2. For Q € Q let g be the center of Q. Let yg = (zg, 9(zq, vg)) Where
g is given by (2.12), and let B(Q) be the ball of radius e;A~'/6 centered at yq. In view
of (2.5) and (2.6) we have g,, # 0 near the origin and by choosing ¢y sufficiently small we
may assume that y — (v/, g(y,y’)) is a diffeomorphism near the origin. Consequently, if €
is sufficiently small, the balls {B(Q) : @ € Q} form a disjoint family.

On each cube @, and each ball B(Q) we shall now change variables as in §2. Namely, for
each @ € Q there is a diffeomorphism vg mapping a neighborhood Uz, g of the origin Or,
to an open set Vg containing () and a diffeomorphism wg mapping a neighborhood Ug g
of the origin Og to a neighborhood Wg of yq containing B(Q), so that the phase function

V9 (z,y) = ¢(vq(z), wo(y))
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satisfies conditions (2.2-2.9), and also (2.15) holds for 9)?. The bounds for the derivatives of
¥@ are uniform in Q, as are the implicit lower bounds in (2.2), (2.5), (2.6), (2.15) for those
functions. We can find a positive €2 < €1 so that for every @ the sets Uy, g and Ug g contain
the cubes of sidelength 9 centered at the origins O, and Opg, respectively. Moreover there
is a positive €3 < €9, so that if (), denotes the cube of sidelength 53)\_1/6 centered at Oy,
then v (Q,) C Q, for every Q € Q. We let Z = {n € Z%: |n| < 10~ ezA1/6}.

We decompose this cube @, into plates at height A" Y3n,, with [ng| < £31071\/6. Let
T, be the orthogonal projection to the hyperplane orthogonal to (n’ A1/3, 1). We now
apply the above mentioned construction by Keich (with angular parameter o < e A"1/6
¢f. (3.6)). Then for each ng we find a family of A\=2/3 x ... x A=2/3 x A\~1/3 rectangles
Rn = En/,n , So that f%n contains the set

Ry = {x 1 |zg — ngA\ ™3| < A V34, [y (x — a(n))] < exr ™23}
where
(3.8) a(n) = (d'(n),aq(n)) € R x {A"Y3n,}, with | (n)| < esA™V/6,

and, for the measure of
E(nd) = U Rn’,nda
n/

there is the Besicovich type estimate
A(@=1)/6  —(2d-1)/3
log A\ '

(3.9) |E(ng)| < C
uniformly in ng. Observe that for n € Z? the rectangle En lies in the plate at height
n/A\~1/3, contains the point a(n) € R? and has long sides in the direction (n’A~/3,1).

Sublemma 3.3. If ¢ < ¢4 is sufficiently small then there is c(e) > 0 so that the following
holds for A > e=1. For each Q € Q there is a disjoint family of balls Bn.g, n € Z, each of
radius N~ and contained in mél (B(Q)), and for each (Q,n) € Q x Z there is a smooth
function Hy, o defined on B, g so that with

-3 -1
Fa@®) = XB, o (05} (y))eHmelre @)

we have
(3.10) I Txfno(@)| > c(e)A™3,  ifx e Rug = vg(Rn).

We postpone the proof of the sublemma and continue with the proof of the proposition.
We show

(3.11) HZ XRW‘
n?Q

To see (3.11) we follow the argument in [5]. We denote by {ry} the system of Rademacher
functions. Choose an injective function (n, Q) — k(n,Q) with values in the positive inte-
gers. By Khinchine’s inequality

/ 1
(X mbue@l) s [ |3 O o)
n,Q 0 n,Q

< \2d/3—d/(3p) 2
La/2,00 (Rd) ™ A HTAHLOOHLq,oo-
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uniformly in =, \. Now by the sublemma xx, , < )\Qd/3|T,\fn7Q(x)\2, and hence

DIEW S mdal
n,Q n,Q

- )\2d/3H (Z \TAfn,QP)l/Q’
Q

n,

La/2,00

1
< )\2d/3H /0 ‘Zm(mQ)(t)TAfn,Q‘dt‘Q
n.Q

Lq/Q,w(Rd)

2

L3 L3,

and the square root of the right hand side is further estimated by a constant times

)\d/3H /0 1 ‘TA[Zn:m(n,Q) () fn2] ‘dt‘ oo SAY /01 HTA%; k(@) (1) "’Q]‘

1
< Ad/SHT,\HLoo—»Lq’“/O H Zrk(n,Q)(t)f”’QHLwdt
n,Q

.-

dt

La:%

SXPIT | aoe | Y

n,

STyl oo paoe.

For the last inequality we have used the disjointness of the supports of f, o which follows
from the disjointness of the balls B(Q), and for each fixed @ from the disjointness of the
Bn,Q, neZz.

Next observe that |R, o| & |Rp| ~ A"2@=D/3=1/3 and that card(Z) ~ A\¥/°, card(Q) ~

Y6 and therefore
ST DD BTN ¥
XRn.0 )
QRQENNEZ

Hence, by the duality of L(4/2)"1 and L%/% and (3.9),

—(d-1)/3 < ’ U U v (Ry) I_Q/QHZ ZXRn,Q’

Qe (n/,ng)eZ QQeNnez
1-2/q
S[X T (Ewal] T R g
QER g /0

< <)\(d+1)/6)\(d—l)/ﬁ)\—(?d—l)/i’))1 2/q 2d/3
~ log A

La/2,00

TN Z e paoe

which implies
||T)\||L°°*>Lq,oo > C)\_d/3_(d_1)/(3Q) (log )\)1/2—1/(1

and thus the assertion. O

Proof of Sublemma 3.3. We fix @); our estimates will be uniform in @) and we will generally
suppress indices indicating the dependence of the terms on (. For f defined near Op (in
particular in B(Q)) and for x € @ we set

T/ (2) = Talf 0 10 (v ().
Then
Tof(z) = / M@\ (2, ) f (y)dy,
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where x1(z,y) = x(bq(2), wq(y))| det g (y)|, and the phase

P(z,y) =9 (x,y) = d(bg(x), wo(y))

satisfies conditions (2.2-2.9). We also note that det¢)(x,y) = 0 when yg = g(z,9) and g
satisfies (2.13) and (2.14) (with ¢ replaced by ).

We shall now identify balls B,, so that for suitable f,, supported on B,, the function 7 f,
is bounded below by ¢eA~%3 on R,,. To achieve this we argue very much as in the proof of
Lemma 3.1 and analyze the Taylor expansion of the phase function ¢ (z,y) — 1 (x,b) about
x = a, for suitable a, b. Let

Then
(3.13) V(w,y) = ¥(x,b) = H(a,b,y) + (= 0)'tuy(a,0) (y = b) + Oy — bl — a|* + ]y = b))
and we further split with ¢¥* := 1/);,;,
(3.14)
(z — a)t%y(y —b) :((1’/ - a/)t + (Td — ad) gy P’ * )(¢m’y’(y, — )+ Varyy (Yd — bd))
+ (md - ad) (T/}wdyd - wxdy’wy/m/ww’yd) (yd - bd)

where the derivatives of 1 are evaluated at (a,b). Note that by (2.10) the second term
drops out if by = g(a, V).

To define B,, and f,, we first consider for fixed a4 the map o (-, aq) defined in a neighbor-
hood of the origin O, of R4~! by

5= 0t D)y =)

/ / o y'x'
Yy = oy aa) = Va1 2y g ) =(0) i a(0) aay))”

Then 0(O%,0) = O%. By the curvature condition (2.14) and (2.4), the map o(-,aq) is a
diffeomorphism on a neighborhood of OY, if aq is small; the bounds are uniform for a4 in
an open interval containing 0. We may assume that the neighborhood of O’ and its image
contain the ball of radius e3 centered at O, whenever |aq| < e3. Let b'(n) be defined by

ot/ (n),\"Y3ng) = X713/
and we assume that |n| < eX/6. Let
b(n) = (V/(n), ba(n)) := ('(n), g(OF, nah ™", (n))
and let B,, be the ball of radius eA™'/3 centered at b(n). Define

Faly) = xB,, (y)e M am:bm).y)

with H as in (3.12). Tt will be crucial to note that | det 1., (z,y)| < A™Y/3 when y € B,,
x € R, (see (3.19) below).
It now suffices to show

(3.15) 1Tafn(z)| > cA™Y3,  if z € Ry.
with the positive constant ¢ independent of A\, @ and n. To see (3.15) note that

e”PMENT, o (2) = / XDy (@, y)x B, (y)dy
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where, by (3.13), ¥,(z,y) = (z — a)'bgy(a,b)(y — b) + O(eA™!) evaluated at (a,b) =
(a(n),b(n)), and the error bounds hold if |y —a(n)| < eX~'/3, and |z — a(n)| < A~1/3. Thus
estimate (3.15) follows if we verify that

(3.16) ’(x — a(n)) "y (a(n),b(n))(y — b(n))’ < Cex7!, ifx € R,
Since the vector

T30 1) = =y b (0, A" 30,0 (), 6(0, A™Y3n4, ' (n)))
is in the kernel of the orthogonal projection II,; we have for = € R,

2" — a'(n) + (2q — aq(n)) e,y ¥ (0, N7 3ng,6' (n), (0, A" 3ng, b (n)))]| < CeA™2/3,
Notice that by the crucial properties (2.9) and (2.4), (2.7) the terms vg,y2, Vs, and
Y yyryy are all O(eX™1/) in Q,. Thus

[yt (@ ag, V', 8(a,8)) = ™ (0, 00, V', 8(0,aa, 1))| < Cen™V%.
Consequently
(3:17) [((&" = a")! + (2a = aa) by ?™ (a,0)) (ary (4 =)+ Wary,(a,b) (ya —ba)) | < Cer™

if a = a(n), b = b(n), the derivatives are evaluated at (a(n),b(n)) and x € R, and y € B,.
Moreover for these choices of a, b, x,y

(3.18) (24 = @) (Vouyy — Yoy "™ VYaryy) (Wa — ba)| < Cer™.
To see this we use that bg(n) — g(a(n), V' (n)) = (g (0}, aqg,b'(n)),d (n)) + O(A~/3) and

since by implicit differentiation using (2.8) we have g,y = O(A™* /6) wo soe that in fact
ba(n) — gla(n), ' (n)) = ON/3).

Hence

(3'19) wacdyd - %dy/wy/x/%'yd = O()‘_l/3)

and thus (3.18) follows. By (3.17) and (3.18) we get (3.16) and this finishes the verification
of (3.15). O

Remark. The reader familiar with the wave packet analysis in the context of the classical
restriction problem for the Fourier transform (see for example [38]) may find it enlightening
to construct Kakeya set examples of this type for the particular operator g — g/cE‘ Rsd
discussed in the introduction. The key point here is that if B is an R~Y/3_cap centered at
a point zo on the equator of S¢, and if v € S? lies within a distance of O(R_1/3) of the
north pole, then the function g(z) = xp(z)e!™* is such that |g/d77‘de ()] = R 37, (£);
here T is an “eccentric cap” (or “stretched cap”) on RS? of dimensions O(R'/3) x --- x
O(R'/3) x O(R?/3), centered at Rv and with long edges in the direction zy. In order
to exploit this we let {v;,},<,,<p1/s be a sequence of equally spaced points on the curve
{u = (u1,...,uq41) € S%: uy = ug—1 = 0}, and let S¢1 = {w € §%: w - vy, = 0}.
1/3_caps {Bmnt<m<r1/3 1<n<pi@-1/3 o S? such
that for each m and n the center of B,,, (which we will call x,,,) lies on the great
sphere Sff;l. Now, for each m and n let T}, ,, denote an eccentric cap on RS? of dimensions
O(RY3)x---xO(RY?)x O(R?/?), with long sides pointing in the direction x,, ,, and centered
at a point Rvy,, € RS? with |V, — vm| < R7Y3. Now if gimn(z) = efvmntyp (z)

We now choose a collection of disjoint R~

then ]gma‘RSd )|z R*d/gxgpm’n(f) uniformly in m and n. Choosing the caps B, , and
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frequencies vy, , appropriately, taking g to be a random combination of the form ) +g¢m
and invoking appropriate Besicovitch type estimates now leads to the required necessary
condition g > (2d + 1)/d. Here of course the O(R'/3) scaled Kakeya sets that feature are
subsets of RS? rather than R?. Notice also that an analogue of the additional decomposition
at scale O()\_l/ 6), required in the treatment of the general operators T}, is not necessary
here.

4. BASIC DECOMPOSITIONS

It is standard to decompose the operator T) in terms of the size of det ¢,,. By a Taylor
expansion (using (2.12), (2.5)) we observe that on the (small) support of our cutoff function

(4.1) ya — 9(z,y') = C(x,y) det ¢y

with C(z,y) # 0 so that the decomposition in terms of det ¢, can be realized by decom-
posing in terms of the size of yq — g(x,y'). Thus we split T\ = 51 _y1/s Th; + T\ where

(4.2) TMf@%:/éw“”M%ynﬂ?@w—M%yﬁﬁ@My

where y1 is supported in (2/3,3/2)U((—3/2, —2/3) and T} is defined similarly with a cutoff
x0(2 (yq — g(z,7')) localizing to the region |yg — g(x,y')] < A~Y/3. Then Ty, and T cover
the situations where | det ¢y, | = 27!, and | det ¢, | < A7Y/3, respectively.
By standard L? theory [17], [22] (see also [32] for earlier results in special cases) we have
(4.3) ITaallzeze S 220742, 28 < A3,
(4.4) ITA 2 ge S AT@D2713,
Our main estimates in two dimensions are
(4.5) 1Tl pagre)—ramey S 27347 2 (log )4, 28 < A3,
(4.6) T3 a2y a2y S A%/ (log M)A,
and for 2 <p <4, q¢=3p,
(4.7) 1Tl e (r2)— Lar2) S 2PN/ ol < N3,
(4.8) 1T 2o (R2) - Loy S A/ G724,

Notice that (4.6), (4.8) are limiting cases of (4.5) and (4.7). We shall prove only (4.5) and
(4.7) and the proofs of (4.6) and (4.8) are analogous. Indeed for the proofs of (4.6), (4.8)
the localization to the region where |yo — g(z,y1)| = 27! can be replaced by the localization
to the region where |yo — g(z,91)] < 27

By interpolation it follows from (4.4) (with d = 2), and (4.6) that

(4.9) I /2 g2y poremzy S A% (log )M,
~ - 3p 5
(4.10) ITln ) o) SN a="5 a> .
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Moreover the restricted weak type estimates

—4/5 1/10
(4.11) H 2. T)"l‘L5/271(R2)—>L5/2’°°(R2)SA (log 2)
2l§/\1/3
_ 3p) 5
412 H T <=2 <3
(4.12) > T Lo (2 L (52) 4= % <4<
QZS)\I/S

follow from (4.3) and (4.5) by a now standard interpolation argument due to Bourgain
[7] (see also the appendix in [11]). Of course (4.11) and (4.9) imply (1.17). By a further
interpolation (by the real method) we can upgrade (4.12) to

(4.13) H 3 T

QZS)\l/S

_ 3p) 5
SN g="2 Z<g<3
Lpa(R2)—La(R2) ~ S R I

which implies the analogous LP — L9 inequality, and we obtain (1.15), in the range 5/2 <
g < 3. We note that the case ¢ > 3 (corresponding to p < 2) is already covered by the
result in [21]. Finally the inequality (1.16) follows by interpolation between the L?(R?)
bound ||T)||z2_,z2 = O(A~%/%) and the restricted weak type estimate (1.17).

5. BOUNDS FOR MODEL CASES

Consider the phase function defined in R¢,
= (za—ya)® | =
(5.1) Olwy) =D wjyi+ -+ 34y U
j=1 k=1

and let y € C$°(R? x R?) be supported near the origin.

We observe that rank ¢gy =d—1, det gy = x4 — yq, and for x4 = y4 the kernel of
dry, is generated by 0/0yy and the kernel of drpr is generated by 9/0x4. Condition (1.7)
is satisfied since ¢z,y,y, = —1 and condition (1.8) is satisfied since ¢, 4,2, = 1. For each
z the hypersurface £, = {¢(z,y) : det ¢z, = 0} is just the paraboloid {(v/,|y'|*)}; thus
condition (1.12) is satisfied.

Consider the operator Ty, given by the localization to the set {|z4 — y4| =~ 27'}. We
now split f = Y fn where fim(y) = x1,.,(Wa)f(y) and I,y = [m27", (m + 1)27']. Then
T fm(x) vanishes if x4 ¢ L= Im—10 U Iy U Iypy1 1. Thus

1/q
(5.2) 1T flly < € (D ITimlld)
m
and so it suffices to estimate T) ; f,,. Now we write

T,\,lfmZ/I eik(xd_yd)g/ﬁTA,l,yd[fm('»yd)]dyd’

m,l

where for ¢ being defined on R4 1,

Th1y.9(7' 2a) = / M@y (2,4 ya)g(y')dy

d-1 d-1
(5.3) U(z,y') = ijyj +xd2yi-
j=1 k=1
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Now let d = 2. The phase function W is such that we can apply the Fefferman-Stein
adjoint restriction theorem ([20]), or the more general Carleson-Sj6lin theorem ([14], [24])
and obtain the estimates

1T\t 9l Larey SN gl @), a=30, p<4;
uniformly in ys € I, ;. Then

T fmll La(r2) S/ 1T 1,2 [fn (- y2)) | Lo 2y dy2 5)\2/q/ [ fm (5 y2) | Lp () dy2

m,l m,l

o 1/p U\ —
< 27PN Q/q(/] ||fm(-,y2)||§p(m)dy2) S 2T fol 1 e,
m,l

and (4.7) is now implied by (5.2). The estimate (4.8) follows in a similar way. Moreover
the bounds (4.5) and (4.6) follow by using an endpoint L* bound of the Carleson-Sjolin
theorem.

Higher dimensions. A similar argument gives also a partial result in higher dimensions.
Namely, for the operator with model phase (5.1) there is the bound

B d+1 20d®> +d—1
S)\ d/q} QZTp,a q>(d2)

The range ¢ > 2(d + 1) /d is covered by [21], and for 2(d> +d —1)/d?> < ¢ < 2(d+1)/d one
can use Tao’s adjoint restriction estimate for paraboloids [38]. Indeed this estimate implies
that the L (R?~1) — L*(R?) operator norm of T ., is O(A\~%*), provided that s = % r
and s > 2(d 4 2)/d. By the above argument using Holder’s inequality in the y; variable

,_dtl, 2d+2) 2(d + 1)

(5.4) |1 T

HLP(Rd)—»Lq(Rd)

Toaflls < 277 A3 £]|,

We also use the L? — L? bound (4.3) and Bourgain’s interpolation lemma. One deduces
that the operators 3 oioyi/s Thy map LP! to L9 with norm O(A~%9) if ¢ < (d + 1)p'/d
and g > 2(d? + d — 1)/d?. By a further interpolation the strong type LP — L7 bound now
follows in the same range; moreover there are similar bounds for TA. Hence one obtains
(5.4) in the full range.

We conjecture that this behavior remains true for general oscillatory integral operators
with folding canonical relations, satisfying the elliptical curvature condition (1.12). Well-
known (hyperbolic) examples of Bourgain in [9] may be adapted to show that an ellipticity
condition is in fact necessary here. We hope to pursue these questions in a subsequent
paper.

It is conjectured that the oscillatory integral operator S associated to the Carleson-Sjolin
model phase ¥(z,y') as in (5.3) has an L (R*!) — L(RY) operator norm O(A~%%) for
s > 4ty r < 2d/(d —1). The above analysis suggests that the bound (5.4) for the model
case might be valid in the range ¢ > (2d + 1)/d. Note that 2(d?> +d —1)/d*> > (2d +1)/d
for d > 2, with equality only for d = 2.

One-sided fold conditions. Examples suggest that the LP — L9 estimates in Theorem 1.2
for p > 5/2 may hold merely under the one-sided assumption (1.7) and the curvature
condition (1.12). This is in contrast to the L? estimates where the bounds depend on finite
type conditions on the projection 7g, see [21], [16] and also the survey [23].
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A simple example (where mg is maximally degenerate) is given by

d—1 d—1
(5.5) W(a,y) =D iy + Tayi + T4 Y vh-
j=1 k=1

Now det 9., = 2y4 and a simple modification of the above slicing argument shows that the
LP — L9 operator norm of the corresponding oscillatory integral operator is again O()\_d/ 1)
if ¢ > (d+1)p'/d and q¢ > 2(d* +d — 1)/d?. Tt would be interesting to know whether this
result holds in general under merely the assumptions (1.7), (1.12). In [21] it had been
shown that this is the case in the range ¢ > 2(d + 1)/d.

6. ESTIMATION OF T); IN TWO DIMENSIONS

We shall now fix [ and various decompositions will depend on [ but this will not be
indicated. We shall estimate the square of T ; f and bilinearize the problem as follows. We
split

(Taif)* = B™(f,f)

m>0
where
(6.1) B°(/. f) / / Xo(2 52y — 1)) M@ ¢y (2 )y, ) () F(5)dydd,
and, for m > 0,
(6. 2)

B (f, )« / / X (225, — 5 )N OETIED e (2, )i (e, 5) F () F(5) dyd,

and
G(z,y) = x(z,9)x1 (2" (y2 — g(z, 1))
Notice that the sum in m is extended over those m > 0 with m < /2 — C for large C' in

view of the smallness of the support of the cutoff function.
We shall show that

(6.3)
IB0CF llajz + || 3B D), <22 INHUS I For 1 <p<d g =30
m>0
moreover
(6.4) 180, Hllz S 273227 (10g )2 £ 4]
and
(6.5) | w0, 272+ 0227 lal e
m>0

In what follows we shall estimate the expression ) .., B™(f, f) for m > 0 and give the
modifications for BO(f, f) in §8.

The principal objective of our approach is to reduce matters to an L? estimate for some

well-localized operators (termed & = Gg,!" bb below), for which one can use arguments for

model cases considered in §5. The idea is to estimate such a localized operator &, by
freezing the variables ¥, 72, and to take advantage of the small support by using Hélder’s
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inequality. It was possible to implement this idea “globally” in “rigid” model cases, such
as g(z,y1) = 2 + 1 — y1, but this global approach does not seem to work for general g.

It seems natural to decompose for fixed z the set {y : |y2 — g(z,71)| ~ 27!} into rect-
angular pieces of size ~ 27%/2 x 27!, In order to be useful this decomposition should be
stable under perturbations in x but since g(x,y1) varies in z we need a decomposition in
x as well. For a situation in which we can use the idea of freezing yo we may consider the
case that y1, 71 are supported in intervals I, T of length 2742 and z is localized to certain
rectangles R of size 2712 x 27! so that for (z,y1,71) € R x I x I the expressions g(z, Y1)
and g(z,71) vary by no more than 2~'. This works well if the distance of I and I is not
much more than their length, namely 27%/2. The rectangles in z-space are not supposed to
change orientation while their centers vary over a cube of sidelength 27/2 and the geometry
of L suggests that the long sides become perpendicular to V,g at the centers of the cubes.

When estimating the B™(f, .]?) we are in the situation where |y; — 71| ~ 27/2+m+5 for
0 < m < 1/2. We would then like to make a similar decomposition of intervals I x I in
(y1,71) space and rectangles R in x space. The requirement that both expressions g(z,y;)
and g(z, %) vary by no more than 27! in R x I x I is now harder to satisfy and we need to
choose a finer decomposition, namely we choose the intervals I, T to be of length 2-1/2—m
(c¢f. (6.8) below) and make a decomposition in terms in z into cubes of the sidelength
2-L/2=m (cf. (6.6) below). This is somewhat reminiscent of a situation in [34]. Moreover we
decompose each cube in z space into smaller rectangles of sidelengths 2742~ and 2~* and
the longer sides are perpendicular to Vg at the centers of the cubes (¢f. (6.7) below). The
geometry is now such that the orientation of the rectangles is essentially the same when
y1 varies over I, g1 varies over I and z varies over R. Note that the rectangles become
essentially cubes of length 27! when the distance of the intervals is & 1; in this case the
length of the intervals I, I is also ~ 271

We now formally define these decompositions in the x and y variables. Let n be a C'*
function supported in (—3/4,3/4) so that 3, _,n?*(s — n) = 1. For each b € 27/2~m7
let J;" be the interval of length 2 1/2=m+1 centered at b. We let P™ be the set of all
pairs (b, 5) with the property that J;" x Ji" intersects the support of the cutoff function

(y1,71) — x1(227=5]y; — §1|), so that for (b,b) € P™ the numbers b, b are C271/2+m_
separated. We may split P™ = U,P,;" where u ranges over 2-l/2tmy, the families P, are
disjoint and of cardinality O(2*™) and we have

|b . ,U" < 271/2+er17 ‘B _ ,U/‘ < 271/2+m+17 for (b, B) € P/T

We also decompose in z space, using two parameters a,v. The parameter a will range
over points in 27/2-™7Z2. For p € 271247 and v € Z (typically |v| < C21/2~™) we set

mha == a + 271V%
and
(6.6) W () = (22— a)
(6.7) ut () = (2 @ - a)p(2 () o rta)).
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Moreover for (b, b) € P, we make the following definitions. Let 3y € C5°(R) be equal to
1 near 0 so that x180 = x1. Set

(6.8) W (y) = (2% (g — b)) Bo(C122 M (yy — g(a, 1))
(6.9) Wb (y) = W (y)Bo(C 2 (yo — g(THa, 1))

and finally

(6.10) QP (y, ) = Wl (@), (Y, §) = Wl ()l ().

For locally integrable functions F defined on R* and m > 0 we set

(6.11) S F(x) = (ulf(x))?

x / / @2 — GG )G, )N CED @D QI (5 Py 5)dydg;

and for m = 0 we use a similar definition with the modification that x;(2//2~™=5(y; — 7))
is replaced by xo(2/27(y1 — §1)).
Typically the operator &g,/ % should be acting on the function
(6.12) (1,9) = f20® @ Jar®(y,§) = it () £ (n)t™ (5) F ()
when (b,b) € Pyt Indeed, in view of the condition } ., n%(s —n) = 1, we have

Z Z Z Gm,ubb m,ub ® fmub).

ar B (bh)ePp

In §7 we shall prove the following inequality concerning vector-valued functions, which
combines various orthogonality arguments with the individual estimates for the operators

mibb - As we shall see, the proof relies on ideas related to the Carleson-Sjolin theorem.
Proposition 6.1. For2 <r < oo

©13) | S > > Sewtrp| s

T
0<m<l/2 pe2=t/2+mz (hh)epm WV

r 4
7 7

2/r< Z o—(m+31/2)™" Z Z V //|Fm,ubb dedy>i')'>7.

0<m<l/2 ko(bherm @

m,ub

We shall have to choose the functions Fy,"™ carefully in order to take full advantage of

Proposition 6.1. As mentioned above we would like to let &1#*" act on the function (6.12).
However we shall have to exploit finer frequency localization properties of the operator

SmHb gt
(6.14) fob = L FmH (y) + € fak(y)

where

m m /\ (a,b,g(a.b) i o
(6.15) Lf, “b( ) = w, “b /f 21, Y2)w 2173/2 /ﬁ ¢y1 zfz m)+n) n(y1- 1)2ndz

™
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and
(6.16)

a a, i —z d
5fmub( mub /f 21, Y2)w zl,yg)/(l—ﬂz(W))en(yl 1)%6121;

here the function fy is supported in the union of (—=2Cp, —(2Co) ") and ((2Co) !, 2Cy) and
Ba(s) = 1if |s| € [Cyt, Co), for suitably large Cp, and the integral in the definition of & £
is to be interpreted as an oscillatory integral. Now

G(TlrlL/ubB( (ZL/'ub ® fmub) 6m,ub5(([’fm,ub + gfm,u,b) (Lfmpb + gfmub))
but only the contribution of £fiH’ @ £ fm# b is relevant:

Lemma 6.2. There are the pointwise bounds

(6.17) S (g frud @ £ freby — O((A2~)~N)
(6.18) ST (L frb @ £ frih) = O((A272)~N)
(6.19) S (£ frb @ € frn) = O((A2~2)~N)

Sketch of proof. We only consider the term ST (Efatt oL fm“b) the others are handled
similarly.
The analysis leads to the estimation of oscillatory integrals of the form

/ K(z,21,y, 51, y)e Aovv2)tm) (1 - 52(%#))@1@

where K is a function satisfying 8;‘1K — O(gal) which vanishes for |z — a| > 9-m—1/2
lyr—bil 2 Q_m_l/27 ly2 —g(z,11)| 2 2=t The y1 derivative of the phase is then
APy, (z,y1,y2) +1 = /\qﬁ;l (a,b,g(a,b)) +n+ O(A2*l/27m).

As we assume the constant Cj in the definition of the cutoff function (5 to be large we see
that

|/\¢y1 (.CE, Y1, yQ) + 77{ Z |)\d);1 (a7 b, g(a7 b)) + ,,7’ > )\2*[/27m.
The assertion then follows by an integration by parts with respect to the y; variable. [

We shall need an orthogonality property of the £ fa,/"”. b Set

(6.20) ™) = Xpp_o-v/2-m prg-172-m) (Y1) f ()-
Lemma 6.3. For p > 2 and fired m,b, i
(6.21) (Z lsn) " < 0l

uniformly in m, u, b.
Proof. First note that for fixed m, u, b, a the supports of the functions
Bo(C™'22(y2 — g(rla, 1))

have uniformly bounded overlap on the support of wZL”b
Define

(6.22) L f(y) /f 21, Y2) W™ (21, y2) — /5 M)yl abzy/gzai )+n) eMW1=2) dp dzy
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Then the left hand side of (6.21) is dominated by a constant times the left hand side of
the following inequality

/
(6.23) (S uzze i)™ < i,

which we now prove. It is easy to see that the operators L™ are uniformly bounded on
L*° and an interpolation argument reduces the proof of (6.23) to the case p = 2.
In order to complete this proof it suffices to check that

(6.24) HLZ’Lb(Lmb < 9=In=n"l ip 4= 2—m—l/2n, a = 2—m—l/2n/’ ’TL _ n/| > M,

Vllpeere S

for suitably large M.
The kernel of LTP(L™?)* is given by

(625) K(yo/) = 8(y2 — dh) (0™ () / (21 )™ (21, 4))

/ / i(—20n=(1 =200 g, (A%lA(;ab;/gQ(a’b)Hn) 52(A¢>y1<;;b’l%a”b)>+n’)@‘ﬂ}dzl
e s 2w 2w

We shall now fix o’ and solve the equation g(z1,x2,b) = g(a),ab,b) in z2; this can be
done by the implicit function theorem since

¢:B2y2a72 (:E7 Y, g(l’, yl)) 1
Paayays (z,y1,9(x,y1)) ol

where o(1) is a quantity which by (2.4) vanishes at the reference point P and the two sided
fold assumption ((2.5), (2.6)) implies g,, # 0. For later reference we also note that

gl‘g(x7y1) = -

¢zzy211 (:U,yl,g(x,m)) +o 1)

(6.26) 9 (T,1) = _¢myzyz($aylvg(x’y1))

which follows from (2.4) and (2.8).
Let thus h(x1,d’,b) denote the unique solution satisfying

9($1, h(xl’alv b)v b) = g(a,7 b)v

6.27

(027 hlah.d'.b) = d

Then

(6 28) g(av b) - g(a/’ b) = g(a, b) - g(ah h(alva/’ b)v b) + g(a17 h(ala CL/, b)v b) - g(alv b)

=C(a,d,b)(az — h(a1,a’,b)) + O(a; — a})

where C(a,a’,b) # 0. Thus if for some small constant ¢y and some large constant Cj
(6.29) lay — )| < colag — h(a1,d’,b)|  and |ag — h(a1,d’,b)| > Co2~ ™42,
then [g(a,b) — g(a’,b)| > C127™~!/2 for still large C; and therefore we have

(6.30) LM (Lmhys = 0

in the case (6.29).
In the relevant opposite case we assume that

(6.31) lay — )| > colaz — h(a1,a’,b)| and |a; — a)| > C 272
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Since by (6.26) we also have hy, = o(1) it follows that in the present case (6.31) we have
lap — a)| > |az — dfy| and therefore we can estimate with Py, = (a/,b, g(d’, b))

Py, (a,b,9(a, b)) — ¢y, (d',b,g(d’, b))
= ¢y, (a,b,9(a,b)) — by, (a1, h(a1,d’,b),b, g(a1, h(ar,a’,b), b))

+ ¢y, (a1, h(a1,d’,b), b, g(ar, h(ar,d’,b),b)) — ¢y, (a, b, g(a’, b))
= ¢uyyn (Parp) (a1 — a}) + O(elay — al|) + O(elag — h(ay,d’, b))

if the support of the initial cutoff function has diameter < e. Here, in order to get the
e-bound, we used the assumption (2.4). Thus in case (6.31) we get

|¢y1 (a7 bag(aa b)) - ¢y1 (a/7 b?.g(ala b))’ > C‘al - a‘/l‘ ~ ‘a - G/‘.
Hence by an integration by parts in the z; variable we gain negative powers of
271‘77 o 7]/’ z 27m73l/2>\|n N Tl/’

if |n — n'| is large; this is more than enough to prove the required almost orthogonality
property. [l

Now applying Proposition 6.1 to the functions
(6.32) Fat®™(y.5) = LI ) LFa" ()
we reduced matters to
Proposition 6.4. For2 <r < oo, r = 3p'/2,

J 1
7

(6.33) ( Z Z Z —(m+31/2) % / \Lfm Fmb(y mub( )‘Tdydy>%)%>r

O<m<l/2 1 (bb epm

S22 £l £l

Forr =2, p=4 the left hand side of (6.33) is dominated by
C(L+ )27 flall |-

Proof. Each Lfg) b is supported on a parallelogram of area < 2-m=3/2 and so by Holder’s
inequality we can estimate for » > 2 the left hand side of (6.33) by

PoL
l

(25 3 oty e (S jeggiei) )

m<l/2 K (bb)ePp

G38) (30 2 AR SR e )

m<l/2 (bp)epm

U

where ™ is an in (6.20). For the last inequality we have used the Cauchy-Schwarz inequal-
ity, the fact that 2r > p (which follows from our assumptions on p and r), the embedding
(P C £*" and (6.21) of Lemma 6.3.
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Now let I, = [n27Y2 (n + 1)27Y/2) for n € Z; then I, contains ~ 2™ numbers b €
2-"=1/27, and we dominate (6.34) by a constant times

(6.35) (Z 3 o= (m31/2) (5 +2—21) )2m(1-)

m<l/2 (n,n)ez?

|n—n|a2m

(X )T (X 1))

-

beInn belzN
a—m=1/2g 9—m—1/2g
1
_9 S ’ <1t p
©30) S e A g )

(n,7m):
|n—n|x2m™

here we have used that 1/r+2/r'—2/p = 4/(3p’) in view of the assumption r = ¢/2 = 3p/2.
Let 5 € (0, 1) and define for a sequence a the discrete analogue of the standard fractional

integral
n

_ 1
= ot
r = 3p'/2 the operator I>~"" maps /" — (/™)' We apply this with a, = HfHTL/p(Ian)

Now the condition r = 3p’/2, is equivalent with 2 — — (11/17), so that for 2 < r < oo,

and also set @, = ||f ||Elp( I.xR)- Then the expression (6.36) is bounded by

2P ( > [ a]n) v

and we argue as in Hormander [24] to get
SR 1/ 1 1 1/~ 1
(D 1@l alul) ™ < Bl alllr, < lall @) S 11071l
n

The case r = 2, p = 4 is similar, except that the expression (6.36) is now estimated
using a simple convolution inequality for each fixed m and the sum over m introduces the
logarithmic term. O

7. PROOF OF PROPOSITION 6.1

We prove inequality (6.13) by interpolation between the extreme cases r = 2 and r = oc.
The case r = oo is

| > Y ¥ Sewm] s

o0
0<m<l/2 pe2=t/2+mzp hepyp WV

> Z Z SHP//\Fm“bb Y, 9)|dydy.

0<m<l/2 p

This is immediate; one uses for fixed m, y the almost disjointness of the cutoff functions
Ugyt in (6.7).
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For the remainder of this section we consider the case r = 2 which is

DI SR I A

0<m<l/2 pe2-1/24+mZ (bh)epm

%( Z o (m+31/2)z Z Z//|Fm,ubb 0. 9) 2dydy)l,

0<m<l/2 bepm av

7.1. The four steps in the proof. We need to use various orthogonality lemmata.
Lemma 7.1.1. For each N € N

I DD e

0<m<l/2 pe2=t/2+mz (bh)epm @V

( Z ZH Z Zemubbpmube )%

m<l/2 a  ,ea-l/24my v
(bD)EP

1
+ 2—5l/4()\2—2l)—N< Z 2—m(2N—1) HF(ZL/ube ) 2

m,,u,b,l;,a,l/
Lemma 7.1.2. For each N € N

@) | X Y YewrEp||

pE2-YHMEL (b fyePm ¥

< 2 ZH Z GTVM%F;ZMBHQ) 1/2 9 B/2 (N2 my - ( Z Hqubb )
pe2=l/24myz, Vo (bh)ePm 1,b,b,v

uniformly in m and a.
Lemma 7.1.3. For each N € N
74) | S| S
(7.4) m%ﬁn pradoved B

( Z Hemubme,ube ) e 3(2m+3l)/4(>\2 m— 31/2 (ZHqubb )

(bb)ePT

uniformly in m > 0, u,a and v.

In view of our condition 2! < A\/3 the precise error bounds in the above lemmata will be

unimportant.

These three estimates reduce matters to the uniform L2 bounds for the operators &g,/ bb.

Proposition 7.1.4. The estimate
(7.5) Hgg}jubl;FHQ 5 2731/47m/2A71HFH2,
holds with bounds uniform in m > 0, u,a,v and (b,b) € P

Inequality (6.13) for r = 2 is an immediate consequence of Lemmata 7.1.1, 7.1.2, 7.1.3
and Proposition 7.1.4; we take into account that 22™ < 2! and 2! < \1/3.
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7.2. Preliminary considerations. We first state a more or less standard result on oscil-
latory integrals, for which we include a sketch of the proof for completeness.

Lemma 7.2.1. Let (z,y) — Y(z,y) be a smooth real valued phase function, defined in a
domain D C RY x R? so that rank (W) =d—1in D and so that we have uniform bounds
for the derivatives of ¥ in D; i.e. ,

(7.6) 92,%] < Ca,

for all |a| < 4d. Let A > 1 and § > X\"V/3. Let P° = (2°,4°) and Qs(P°) = {(z,y) :
|z —x°| <6, |y —y°| <4.}. Suppose that for some Cy > 0

(7.7) C7'6 < |det U,y < C16 for (z,y) € Qs(P).
Let a be supported in Qs5(P°) and assume that
(7.8) 102 ] < Ca(AS)l1/2

for all multiindices .. Define the operator Jy by
(@) = [ VEDa(ay) f(0)dy.

Then for X > 673
| Tl z2pe < 612N

where the implicit constants depend on Cy in (7.7) and of a finite number of the constants
in (7.6) (la|] <10d suffices).

Proof. We let 6; = M~'§ where M is very large in comparison to the constants in the
assumptions (but independent of § and A). By a partition of unity we may assume that
the symbol a is supported in the smaller cube Q = Qs, (P°).

We make affine changes of variables in  and y separately which do not affect the as-
sumptions, so that we may assume that P° = O, ¥,/ (O) = I4—1 (the (d — 1) x (d — 1)
identity matrix), and also W, . (O) =0, ¥,r,,(0) = 0.

Then det(Vay) = ¥y, + O(01) in Q and thus |V,,,,| = |det(Vyy)| ~ §. We shall use
orthogonality arguments based on the following inequalities, valid for (z,y) € @ and (z, 2)

in Q:

(7.9) Vo (2, ) = Vor(z,2)| > [y — 2| if [y — 2| = Codrlya — 2dl,
for a large constant Cy and

(7.10) Wy (2,y) = oy, 2)| > C Yo ya — zal i ly' = 2| < codlya — 2al;

for a small constant ¢y but 41 is so small that cgd > Cpdy. Similar bounds hold for the
phase U*(z,y) := V(y,z). Inequality (7.9) follows by a straightforward expansion about
the origin, and it is crucial that we use W,s,,,(O) = 0. For (7.10) we use of course the lower
bound on ¥, ..

We now decompose the amplitude into functions supported on rectangles R,, x R,, (with
(m,n) € Z* x Z%) where both R,, and R, have dimensions about A\=1/2 x ... x A\=1/2 x
A12571/2 Let x € C3°(R) so that x is supported in (—5/4,5/4) and djenXx(s—j)=1
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for all s € R. Define for (m,n) € Z? x Z¢

am,n(xyy) =
d—1 d—1
a(z,y)x(N?6" 22 — ma)x(N/26" Pyg — na) T x (W22 — ma)) [ [ x(N %0 = na)
=1 i=1

and let T),, be defined as J\ but with a replaced by a,. Then J\ = Zmn Ton- We
observe by simply using the support properties of the symbol and Schur’s lemma that

(7.11) | Tounlla—z S A~Y/2571/2,
moreover by disjointness of symbols
T;qun =0 if [p—m| >4,

(7.12) TpqTrn =0 if |¢g —n| > 4.

In order to use the Cotlar-Stein orthogonality lemma it suffices to show that
(7.13) 1T Trnnll2—2 S A5 n — /|7, for |m —p| < C and |n —q| > C,
(7.14) | TpgTiinll2—2 S A7 m — p| ™, for [n —¢| < C and |m —p| > C.

Let Hpnpg(y, 2) be the Schwartz kernel of T} Tpny,. By integration by parts we obtain the
pointwise bounds

[ya—zal
—n VAN
a2 S A% (B0 ) ™ = 212 Codil = 2l

and

2+
AlYya — zd|
and since Cpdy < ¢,0 all relevant situations are covered. In the first case we have |y’ — 2’|
A 2\m! — | and |m/ — p/| = |mg — pa|, and in the second case we have |yq — 24|
A126712\my — pg| and |m’ — p/| < |mg — pg|- By taking the support properties in y and
z into account we can use Schur’s Lemma to see that

sup / | Hmnpa (3 2)|dz + sup / | Honpa (v, 2)|dy
Y z

N
Epa (3, 2)] S A~ /25712( ) A = < codlya — .

~
~
~
~

6714_)\1/251/2
)\1/2|m/_p/|

§5-3/24)\1/2§ N
(W) if [m’ —p'| < C|mq — pal.

N
if |m’ — p'| > c|mg — pal,
< yig )i [’ = /] > clma — pal

Our restriction § > A~/ implies the desired bound (7.13) for the operator norm of T paLmn
The operators Ty,T,,,, are handled analogously.

We now gather some facts that are useful for L* estimates related to the Carleson-Sjolin
theorem. Define

(7.15) Uy =Uy(s,5,t,1) =s
(7.16) Uy = Us(s,5,t,1) = (s —t)2 + (5 —1)? —2(t — 1) (5 — 1)
and

(7.17) Ui(s, §,t,t) = Ui(8,s,t,t);
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moreover

(7.18) Vi(s, 3,t,t) = Ui(t,t, s, 3)

(7.19) Vi(s,5,t,8) = Ui(t, 1, s, 3)

(observe that Uy = (71 =-V; = —171). The following calculus lemma is directly taken from
p. 63 in [29]:

Lemma 7.2.2. Let A = (Ay, A3) be an R2-valued function of class C*, defined on an
interval. Suppose that M, M’ > 0 and that 2~M~1 < s — 5 < 9= M+1L o-M'-1 <y _§ <
2~ M'H1 | Let

(7.20) B(s,5,t,t) = A(s) + A(3) — A(t) — A(?).

Then (i)

(7.21) |B(s,5,6,0)| < Cmin{|U3]| + U], [Vi] + V2l
(i) If also

(7.22) AL () Al (5) — Ab()AL(3)]| = ex

then there is a uniform lower bound

(7.23) |B(s,3,t,t)| > ecmax{|Uy| + |Us|, |V1| + [Va|}  if M — M'| > 10.
(iit) There are constants ¢ > 0, Cy > 1 so that if M = M’ then the estimate

(7.24) 1B(s,5,t,0)| > emax{|[U1] + |2, V| + [V2l}

holds in each of the following cases:

(7.25) ls —t|+ 1[5 -t <coptea™

(7.26) or|s—t|>C27M

(7.27) or |5 —1t|>C27M,

(iv) There is a constant Cy > 1 so that the following holds. Suppose that either M <
M’ —20 or M = M' and |s —t|+ |5 —t| > C227M. Suppose that in addition |Uy (s, 3,t,1)| <
2~M=10" Then

- 1 -
(7.28) [Ua(s,5,1,8)] = 5(5 - t)? > 972M-20,
(v) Suppose M = M' and let § < 2=M=4, Suppose that |Uy(s,3,t,t)| < §/4 and suppose
that |s —t| + |5 —t| > 3. Then |s —t| ~ |5 —t| and
(7.29) |Us(s, 5,t,1)| > 27 M7 Y5 -4 > 27 M§

7.3. Proof of the orthogonality lemmata. For the proofs of Lemmata 7.1.1, 7.1.2, and
7.1.3, we shall need to analyze the expression

(730) <62?/MbbFaTZ“bb, GZ,LV,L/L b’'b F(Z’Ly/l.t b’'b )

for the three cases |m —m/| > 20, then m = m’ and |p — ¢/| > C and finally m = m/,
p=p and |b—b| + b — V| > C27" /2. We shall apply the lower bounds of Lemma 7.2.2
(ii) (with M =1/2 —m, M’ =1/2 —m/) to the functions

Y1 — A(yl) = gﬁx(az,yl,g(m,m))
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and the upper bounds of Lemma 7.2.2 to higher x derivatives of ¢, evaluated at y =
(y1,9(z,y1)). The crucial Carleson-Sjolin type condition (7.22) holds, as by a straightfor-
ward calculation using (2.4) and (2.7)

AL(y1) Ay (y1) — Ay (y1) AT (Y1) = Gy Gaayiun +o(1)
(z,y1,9(x,y1))

where the o(1) terms vanish at O and the main terms are bounded below by the curvature
condition (1.12) (in the reduced form (2.15)).

Now we use the notation s = y1, t = 21, 5§ = §1, t = 1, and Uy = Uy (y1, 91,21, 1) ete.
Then we have

’83¢(x7y17g(x7y1)) + 8:?¢($7g179(x791)) - 8?(;5(.1’,21,9(.’17, 21)) - 8:)?(1)(‘,1’,72179(%721))’
< Coumin{|Uy| + |Usl, V4| + [Va|}

and in the cases (i) m’ < m — 10 and (i) m = m’ and one of (7.25), (7.26), (7.27) we also
get the lower bounds

|¢I(x>ylag(x7yl)) + ¢z($7glvg(xagl)) - Qﬁx(]},Zl,g(x, Zl)) B ¢Z($’21’g(1‘721))|
> cmax{|Ui| + |Ua|, V1| + |V2[}

In the four term expressions that occur in the phases when writing out (7.30) we have to
replace g(x,y1) with ys etc. and then take into account that (z,y) belongs to supp (;; this
introduces error terms of size O(27%).

Assuming that all points (z,y), (z, 2), (z,9), (z, Z) belong to the support of (; then we
obtain

(7.31)
|05 $(,y) + 05 9(x, §) — 05 d(w, 2) — 85 b(, Z)| < Co(min{|Ur|+|Ual, [Vi| + [Va[} +271);

moreover in the cases described above we also get the lower bound

(7.32)  |6a(x,y) + 6a(2,5) = bu(x,2) = du(w, 2)| 2 cmax{|U] + |Usl, Va| + |Va|} — C27".

In order to further bound below the right hand side of (7.32) we shall use the statements
in part (iv) and (v) of Lemma 7.2.2. It will turn out that in all the described cases
|U1| 4+ |Uz| > 27! so that the error terms in (7.31) and (7.32) will not affect the integrations
by parts. This is an important point of the proof, and many of our decompositions have
been made with this goal in mind.

Finally, before we discuss the proofs of the lemmata we note that in all cases we may

assume that F,," b s supported on a set of measure 27273 simply replace Fap" % with

QUBb mpbb o are QPO — MAPE 4nd QTP has support properties similar to QY.
Thus

bb —31/2— bb
(7.33) I EZ S 22 Fh,

Proof of Lemma 7.1.1. We square the right hand side of (7.2) and see that we need to
analyze (7.30) with |m — m/| > 20. By symmetry we may assume that m’ < m — 20 (i.e.
2—[/2+m/ < 2—l/2+m)_

We also apply part (iv) of Lemma 7.2.2 which tells us that in the present situation
\Ui| + |Ua| > 272M = c2742m  We integrate by parts and observe that if derivatives hit
the symbols involved we get a factor of 2! with each derivative.
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The size of the support of ugy* is O(2-"3/2). Consequently, after integrating by parts
2N times, we obtain the bound

mubb mubb  om/ Wb’ m! b
’<6a1)u FV'LL S F, >

» aly! a'v’

< On(A272F™) =2N meas (supp ug* N um W

< CJIV()\2—21+m)—2N2—m—3l/2HF;;/J,be HFm W'Y

’qube HFm W'y

Now by the T*T argument using also the Cauchy-Schwarz 1nequality (for the terms with
|m —m/| < 20) the expression on the left hand side of (7.2) is dominated by I ++/II where
I is the first term on the right hand side of (7.2) and

(7.34) Il = Z Z Z Z ’<6$ubBF$Hb57Gz}’ﬂ’b/fﬂFaV 'b/b/>

0<m/<m—20<1/2 pe2—l/2+mz  (b,b)eP] aw,a v
W e2=l/2+m'y CROE

We also observe that for each fixed m,m’, u, ' the sums in (a,v) and (a’,') are taken
over index sets of cardinality O(23/2+™) and O(2%/2+™), respectively. Moreover for each
fixed m, p the sums in (b, 5) are over a set of cardinality 2%, and for each fixed m/, i/’
the sums in (V/,0) are over a set of cardinality 24", Finally for each fixed m the sums
in 1 and g/ are over sets of cardinalities O(2//27) and O(2//2="), respectively. Taking
these restrictions into account we continue with straightforward estimation using just the

Cauchy-Schwarz inequality in the various parameters which gives an additional factor of
93l/2+m/2+m' [292m+2m/9l/2—=m/2-m'/2 N thus bound |II| by

CN Z (A272l+m)72N27m731/2 Z Z Z HFgube HFm ulb/b/

/ pe2—l/2tmz  (bb)ePp t}l’)
= 1/2+m/ 7 !, b’)EPm

7 (a’ V)
< O 22 (A2~ 22N Z o(3-2N)m Z Z Z Hpgubl?“f.

0<m<l/2 pe2=12+mz, (b h)ePm (a,v)

m,m
0<m/<m—20

The assertion (7.2) follows if we choose N large in the previous estimate and apply (7.33).
[l

Proof of Lemma 7.1.2. Now m is fixed and we need to bound (7.30) for m = m' and
| — /| > C2™~U/2 for some large but absolute constant C. We argue as in the proof of
Lemma 7.1.1, but now use Lemma 7.2.2, part (iii), (7.26) or (7.27), with M =1/2 —m
Thus the lower bound in (7.32) holds and also the upper bound in (7.31). For the lower
bounds we have |U;| + |Us| > ¢272M ~ 27142™ Thus we get for |u — p/| > C271/2,

|<6Z/ubBF$pbB Gmulblgl Fmp’b’l}’” < CN()\272l+m)72N27m73l/2HFamyube HFmN b

'y Malv! a'v’

From here we proceed as in the proof of Lemma 7.1.1; we use the Cauchy-Schwarz mequahty
in the parameters u, u/, (b,b), (',V'), and v, and then (7.33). O

Remark. One could also use Fourier transform arguments (with respect to z) as in the

proof of Proposition 8.1 below.

Proof of Lemma 7.1.3. We have now m, u, a and v fixed, and we are required to estimate
[DY; ber S m“beg The relevant (b, b) is such that |b— p| < C274/2F™ and |b— pu| <
c2- l/2+m'
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We split the family of pairs P)" into a bounded set of subfamilies P with the property
that for any two pairs (b, b), (b/, b') in one such P™ we have both |b— | < ¢27/2t™ and

~ N M,
|b— V| < 27124 for a small constant c.

This time we need to analyze (7.30) with m = m/, u = ¢/ and (b, b) € P;Tw v, b0) e P
We may use integration by parts since by the deﬁmtlon of P we are in the situation of

part (iii), (7.25) of Lemma 7.2.2, with M =1/2 —m. The lowgrl bound |Uy| + |Us| > 27M§
in (7.29) applies with
(7.35) S b—b|+b—b|>Cy27m V2,
for some large Cy. Thus in this case
@ rt, & E )

g 2—m—3l/2<)\2—m—3l/2(‘b - b/’ + ‘B 2NHFmebH HFme’b/

a'v’

for (b,b) € P, (W, V) € P,; satistying (7.35). By a straightforward convolution inequality

11,30
| 3 emstrd], s
(bb)ePy
( Z HGZ},‘“’EF;ZMBH;) 928 g mm3l/2) - (Z | b )
(bb)eP
and (7.33) is used to obtain the desired conclusion. 0

7.4. Proof of Proposition 7.1.4. This is to be deduced from Lemma 7.2.1. We change
variables in the integral defining &7 to
y2 = g(tfa,y1) + o, G2 =g(r)a,y1) + 7,

where then integrations over o, & are extended over intervals of length O(27!).
We then have

(7.36) S (g) = (n(2l(<|§:ggiﬁg| — rha)) //I e l?;f‘;’j’[HmF]doda

where
(7.37) HosF(y1,51) = Bo(C1220) Bo(CT12Y%5) F(y1, g(ha, y1) + o, 5, g(TFa, §i1) + ).

The oscillatory integral operators 7, ’;l;b in (7.36) act on functions h of the variables (y1,71)
and are defined by

av,oco

(7.38) Tm“bbh / Az, y1,791;0,0)e N (2915150, ”)h(yl,yl)dyldyl
with
(7.39)  A(z,y1,9150,6) = (u(2))x1 (2775 (y1 — 1)) G(@, y1, 9(ha, y1) + 0)

x G, g1, 9(ha, y1) + 6) Q" (g1, g(ha, 1) + 0, G, 9(Tha, y1) + 6)
and
‘I’(%yl;ﬂl?@ &) = ¢(%Z/1»9(Tﬁaayl) + U) + ¢(waglvg(7_#aag1) + &)
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By the Cauchy-Schwarz inequality
b 9 \1/2
(7.40) HGmubbFH < 2 //|0| S GTI;U [HUUF H2d0d0'>

One now verifies that Lemma 7.2.1 with § &~ 2//2 can be applied to the operators ’];T’;If
so that the right hand side of (7.40) is estimated by a constant times

A\1/2 —m/o—
oW [f L eaF deds) 5 2 g

8. EsTIMATION OF BY(f, f)

This case is handled rather analogously to the case m > 0, except instead of using
Proposition 7.1.4 we reduce dlrectly to the Carleson-Sj6lin theorem.

We shall set 6{’{,{’5 = 62“,,171), P, 730, moreover fA(y) := wl(y) f(y) (cf. (6.12)), and

define the expressions £f42(y) and 5fa,,( ) by setting m = 0 in (6.15) and (6.16). (Note
that P, contains boundedly many elements for each s.)

Note that Lemma 6.2 remains valid for m = 0 so that 63{‘ ,,b b essentially acts on £ f,é‘f

L fé‘f . Various orthogonality arguments will be used for the proof of

Proposition 8.1. Forr > 2 and N € N,
XY Seiure ] <
r ~Y

pe2=127 (b,b)ep, “V

(253253!%50“% e L)+ onxt ) sup 2R

a,V, [,

a v /"L7
We combine this with an application of the Carleson-Sjolin theorem which will give

Proposition 8.2. For 1 <p <4, r=3p/2,

(8.2) 18942 (1 @ g)|, < 272/ A=Y || £l gl
moreover
(8.3) 18%25(f @ g)]|, < 27220 (tog )2 £[la |-

The error term in (8.1) is easily bounded by the right hand side of (6.3) or (6.4) given that

2t < A3, For the main term in (8.1) we apply Proposition 8.2 with f® g = (ﬁféﬁ) ®£f53)
and put the result into (8.1); this yields

(ZZI!GO"“’ crocrb)" (Zzucfgsu”")

av  u,b v b

(8.4) oA 1) (ZZ [ )

a v “7
where A,(\,1) = 272/P'\=4/6) if p > 4 and A4\, 1) = 273207 1(log \)/2. In the last
displayed inequality we have used that if » = 3p'/2 then 2r' > p holds for p < 4. The
desired estimate for Bo(f, f) then follows from an application of Lemma 6.3 to (8.4).
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Proof of Proposition 8.1. The u are supported on cubes @, with diameter ~ 271/2 cen-
tered at a, which are essentially disjoint (so that >, xq.(z) < C). Thus

| X X YeWrurem)
ne2=Y2Z (bb)eP, WV
(The ¥ ¥ Seruon

r\ 1/7
)
ne2=Y2Z (bb)eP, ¥
Let 1o € C§°(R?) be such that no(s) = 1 if |s| < 1. Let W,, be the convolution operator
on functions in R? which has Fourier multiplier
Wap(€) = mo(C~ AT122(6 = 2AV,6(a, 1, g(a, 1)));
here C'is chosen so large that [\7'¢ — V,¢(x,y) — Vid(z, §)| > 272 whenever wq,,(€) = 0

and (,y,§) is in the convex hull of the support of uZ(z)w™ (y1)w™(g1) for all (b,b) € P,.
In view of this property we obtain by the inversion formula for the Fourier transform
and a straightforward integration by parts argument that

(1 = W)U (f1 @ f12)(@)] < [I(1 = wap) (SULLP(f1 @ f122))" s
< Ona227 2 (2732~ | prbyy | £0
for all N € N, uniformly in # € R2. From this the contribution
7”) 1/r

(ZHXQa Yo D - Wy )SULE(fiib g prudy
ne2=L2Z (b,b)ep, v
can be estimated by the error term in (8.1) in a straightforward way (we use that there are
O(24) relevant a’s, O(2/?) relevant p’s, and for fixed a, p there are O(2Y/2) relevant p’s and
O(1) relevant b’s).
For the main term we use the orthogonality properties of the operators W, (with respect

to u when a is fixed) and then the essential disjoint support of the functions u2“u (when
a, p are fixed). We obtain
) 1/r

(ZHXQa S Y WaSH( @ fih)
S(E( X X Yfewrumen

pne2=127 (b,b)eP, Y
@ pe2Y27Z(bh)er, Y

(8.5)

:’)7‘/7")1/7’.

Finally using Lemma 6.2 we can replace (f£2 ® f(fy) by (Lfi oL f,fy) as the other terms

just contribute to the error term in (8.1). O
Proof of Proposition 8.2. Define
(8.7) 712 (0) = (e [ Gl )l e f(y)dy

We dispose of the diagonal cutoff function xo(2/275(y; — 1)) in the definition of S bb by
expanding o in a Fourier series and obtain

SUP(f@g) = exTi fi(x)ThL gi()

kEZ
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where fi(y) = f(y)e™* 70, gp(y) = g(y)e *** ¥ and |ep| < Cn2 N for all N € N.
Then

|22 © 0|, < sup 17225 | T80 o

We now change variables yo = g(a,b) + o in (8.7) and in view of the support assumption
the o integration is extended over an interval of length < C27!. The phase U7 (x,y;) =
®(x,y1,9(a,b) + o) is a phase satisfying the assumptions of the Carleson-Sj6lin theorem
with bounds uniform in the parameters. Thus if we set

Thr"h(z) = Ugff(m)/iz(x,yhg(a,b) +0)wot (y1, g(a, b) + ) e ELI@ O () gy,
we obtain with 2r = 3p/, p < 4

2l [ Nt )+ )l o

S )\_2/21”/ |<Cc2-1 | fr (> 9(a,b) + J)dea

S 27PN il

and of course || fx||, = || f|l,- We argue similarly in the case p = 2r = 4 but then one gets
an additional factor (log A\)'/* in the bound. O

9. APPENDIX I:
A SHARPENING OF AN LP IMPROVING INEQUALITY FOR AVERAGES ON CURVES

Consider the translation invariant averaging operator

(9.1) Af(x) = / X8 Fl@ — (s))ds

for the curve
2 3

(9:2) W)= (5.5 )

where y denotes a cutoff function to a neighborhood of 0. The sharp LP — L7 estimates
are known and due to Oberlin [30], in fact A maps LP — L7 if and only if (1/p,1/q)
belongs to the trapezoid with corners (0,0), (1,1), (1/2,1/3) and (2/3,1/2). However the
critical L2 — L? and L3/2 — L? estimates can be improved if one uses Lorentz spaces; this
improvement does to the best of our knowledge not follow from the T*7T method used in
[30].

Theorem 9.1. A maps L*(R?) to L>?(R?) and L3/>2(R3) to L*(R?).

Proof. By duality it suffices to prove the L? — L>? inequality. By a standard reduction
using Littlewood-Paley theory it suffices to prove that the operators Aj; defined by

io(xa— yz— y1)? )+i7(m3—y3—w) 02472
At = [ 1) [ e v (TN — y)dodr dy

map L? to L*? boundedly (with norms uniformly in k¥ > 0). Here x1 € C§°(R) is an
appropriate cutoff function supported away from 0. The reason for the validity of this
reduction is that Ay = Ly AgLi + Ei where L are Littlewood-Paley operators localizing
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frequencies to annuli of width C2* and the errors Ej, satisfy ||Eg|r»—rs = O(27%). Then
assuming that

(9.3) Sl]ip HAkHL2—>L3/2 < A,

we obtain

132

|5 tettad] ] (5 Meter)”
k>0 k>0

/ /
< (S IaLafl3n)” 2 A(S 1Ls13) " < Al
k>0 k>0

For the first inequality we used Littlewood-Paley theory, and for the second one we used
a Minkowski-type inequality which amounts to the imbedding ¢?(L?/?) ¢ L32(¢?) which
can be seen using the equivalence |[u?||;p/2.4/2 = ||u]|25q and the triangle inequality in the
Lorentz-space L3/21,

We now turn our attention to the operators Ay and the proof of (9.3). We are fortunate
as our inequality involves the space L? at least on the function side and one can reduce
matters to the estimation of an oscillatory integral operator

(94) Tf(e) = [ P (a) )y
mapping L? to L>? with norm O(A~%3). Here A ~ 2¥ and the phase is given by

xr1— 2 T — 3
(9-5) (z,y) = y2(z2 + %) + y3(as + Bl 6y1) ),

where |ys| > ¢ > 0 in the support of x. The reduction to the oscillatory integral operator
involves Plancherel’s theorem (with respect to the (y2,y3) variables), a rescaling by 2%, and
renaming (o, 7) to (y2,ys3).

Now define

Tauf(x) = / APV x (@, y)x (2 det Dyy) f (y)dy
where the cutoff function localizes to the set where | det ®,,| ~ 27!, Observe that
—det @y = yo + y3(z1 — Y1)

Define T by a similar cutoff to the region where | det ®,,| < A7'/3 and choose the cutoff
functions so that T = > o1 _yi/s Tog + T.

We have the usual L? bounds || T llr2—z2 S 2Y2A73/2 for 28 < A3 and || Th||p2—r2 <
A~%/3. Now it remains to show that for r < 4, s = 3/
(9.6) IToallor—rs S 27V AT 2l < £U/3
(97) 1Tl 22 S A1

This implies that T\ maps LP'! to L9® for 1 < p < 5/2, ¢ = 3p'/2. By another real
interpolation we deduce that T maps in fact LP® to L%® for any a > 0, and choosing a = p
and p = 2 yields the L? — L3? inequality for T}.

The proofs of (9.6), (9.7) follow the ideas in Theorem 1.2, however as in §4 we may

directly reduce matters to B. Barceld’s restriction theorem for cones ([1]). In fact let for
weR veER? vy~1

U(w,v) = 1)2( — ww% + wavy + w3),
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and define S f(w) = [ @) y(w,v)f(v)dv. Then
(9-8) 1S3 lls S AN f Nl s =30 < 4.

Indeed from the restriction theorem we get (9.8) for cutoft’s of the product form y(w,v) =
a(w)b(v), and by using a Fourier series expansion of x we can reduce to this case.

In order to prove (9.6) we split f = >, ., fx where the function f. is supported in
{y : | —vy1+y2/ys — k27! < 27!}, and then we observe that T),fy is supported where
lz1 — w271 < €271 Tt thus suffices to show (9.6) for f replaced with f.. Fix s and let
o, = k27!, We change variables in y by setting y2 = —y3(c — y1 + o) (where |o| < 27
and then set v1 = y1, vo = y3. After a short computation we obtain

(w3 y1, —ys(ow — y1+0),y3) = yiys/3 = V(A7 (2), 41, y3) = ¥(h (), )
with
RO (x) = (z1 4+ 0 — e, 22 — (0 — ax)r1 — 22 /2,23 4+ (0 — ) (2 + 23/2) + 23 /6);

clearly as a nonlinear shear h” defines a global diffeomorphism.
Now

T)\Jf,{(x) —/< l/ei)\qj(ho(x)’v)XU(.%',U)fﬁ,g(v)dv
0|2~

with x7(z,v) fr,o(v) = x(x,v1, —v2(x — v1 + 0),v2) fi(v1, —V2(0e —v1 + o), vg)eviva/3,

Thus from (9.8) we get

r 1/r —1/r'
1T 1 full s (m3) §/|<2_l | fr,o ‘LT(RQ)dU) S 27V fell ey

e 2707 ([
which implies (9.6). Inequality (9.7) is proved in a similar way. O

10. ArPENDIX II:
ON BILINEAR VERSIONS OF AN ADJOINT RESTRICTION THEOREM FOR THE CIRCLE

Let do denote arclength measure on the circle and for f € L2(S') consider the family of

(restricted) extension operators given by &, f(0) = f/d\a()\ﬁ), where 0 € S'. In [2] Barceld,
Carbery and one of the current authors proved the sharp bilinear inequality

(10.1) [ 16:1©29(0)do(6) < X0 F 2o gl
valid under the separation conditions

(10.2) supp (f) Nsupp (g) =0 and supp (f) Nsupp (g) = 0;

here f(0) := f(—60). The initially complicated proof of this inequality in [2] has since been
simplified in [3]. Here we generalize and simplify further this result by interpreting the
separation condition (10.1) as a condition on the associated canonical relation, and deduce
the bilinear estimates directly from known linear estimates of the type (4.3), (4.4) (proved
already in [32] for d = 1). Several multilinear extensions of this argument are possible (in
the spirit of [3]) but we shall not pursue this here.

Consider the oscillatory integral operator defined on functions in L?(R) by

Tof(z) = / D) (2, ) f(y)dy
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where x is smooth and compactly supported. We assume that the canonical relation
{(z, ¢z,y, —¢y)} is a folding canonical relation, i.e. (1.7) and (1.8) hold. We may clearly
assume that ¢, is small on the support of the amplitude.

Proposition 10.1. Suppose that x is supported on a set of diameter at most dg and suppose

that ¢pyy # 0 and ¢y # 0 on the support of x.
Let 0 < § < &g and suppose that

(10.3) dist(supp f,supp g) >0 > 0.
Then, if dg is sufficiently small then, for large A > 0,

(i)
(10.4) |70 f Togl|, < CsA™C) fll2llgll2-

(i) Moreover

(10.5) T3 Tagllg s < CsA=>°[lIf I2llglls + [1f1sllgll2]

Remark: The inequality (10.1) (valid assuming (10.2)) can be deduced by applying the
proposition with the phase ¢(x,y) = cos(z — y).

Proof of Proposition 10.1. We may assume that A > §~!. A better inequality follows im-
mediately by the standard L? estimates if we assume that ¢zy # 0; thus we shall assume that
¢y vanishes somewhere and after a straightforward reduction (using suitable localizations)
we may assume that on the support of the relevant cutoff function ¢, =0 <= = = h(y)
where h is invertible and |h'| is bounded above and below (actually, as in [32] one can
reduce to h(y) =y, by a change of variable in y).

Let xo € C3°(R) be supported in (—1,1) and equal to one in (—1/2,1/2), and let x1(t) =
x(2t) — x(t), xi(t) = x1(2't). Consider the operators given by T); and Ty defined in and
following (4.2). Notice that the kernel K ;(z,y) is supported where |z — h(y)| ~ 27!, and
and similarly the kernel for Sy is supported where |z — h(y)| < A71/3.

Now write

T (@) Tg@) = (Tf@) + > Tuf@)(Ty@+ Y D).

2l§>\1/3 ng)\l/B
We use the separation assumption on the supports of f and g. If y € supp f and z € supp g
then the conditions |z — h(y)| ~ 27!, and | — h(z)| ~ 2™, can hold simultaneously only if
either [ < £y, or m < g, for some fixed ¢y = €y(5). Thus
T f(@)Tamg(x) =0 if Il > £y, and m > £y.
Similarly TVAf(x)f)\g(x) =0, and Tv,\f(x)T)\Jg(x) =0, I < {y. Therefore,

TrfThg = I\(f,9) + IIx(f,9) + II1\(f,9)
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where

I(f.9) = <Txf+ > TA,Zf)( Z T mg>

200 <21<\1/3 m<Lo (S
I15\(f,9) =< > T,\,lf) <ﬁg+ > TA,19)7
1<to(9) 200 <2m<N\1/3
1n(f9) = (S oaf) (X Tug).
1<£0(6) m<to(5)

We now use the Cauchy-Schwarz inequality and apply the standard L? bounds (4.3), (4.4)
(with d = 1). We obtain

InGol < (Bl + > IBuflz) Y 1Tl

200 <21 <\1/3 m=<Lo ()

SCEA2AT e Y 2PAT)fallgllz < CLONTE fllzllgl2-

2£o <2l§)\1/3

Similarly one proves the inequality ||[IIx(f,g)ll1 < C2(6)A\"%/6|f||2|lg|l2, and also the
bound ||[II1,(f,g)|l1 < C3(8)A7Y|f]l2]lgll2- This shows (10.4).
For (10.5) we use the endpoint L? — L3 inequality in [22] which says that

| X mas], <ol

240 <2l§>\1/3

and also ||Sx| 33 = OA"Y/3). Since L? - L C L%° we apply Holder’s inequality to
obtain

IACF 9o < CoA™ I fl1sllglle
ITIA(£,9)lless < CsA™/%| fll2lgll3,

ILIIA(f, 9)ll6s5 < CsA™C|I fll2llgll-,
and thus (10.5). =
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