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INTRODUCTION

Phenomena the larger a set is the richer geometric
structure it should have

size of a set cardinality measure dimension

Geometri configurations distances graphs areas directions

Our forus fractal sets in iRd distances

Compact EE Rd Distance set DIE Ix yl feel
I Pinned distance set Δ IEI Ix yl YEEY fixed

Falconer Distance Set Conjecture

Cpt EE Rd d 2 If dim let then its distance
set satisfies 101 11 0 1in positive ID Lebesgun measure

I is sharp I lattice like construction

d 32 is necessary I positive result impossible in ID I



















































BRIEF HISTORY
Partial progress has been made over the decades

If dim I β then 10 11 0 Conj β 0

Falconer 119851 dime of 1The gap is merely I

Bourgain 119947 1 2 dimlet it

Wolff 119991 1 2 dimiel it's
Erdogan 120051 d 3 dim let It
Since 2018 huge wave of activities

Du Guth Ioserich 0 Wang Wilson Zhang

IGIOW 2D DIOWZ 4D event
dim I

gf.ge DaowwZ3DiDZ5Dt odd

These are results of modern tools in analysis leg decoupling

broad narrow analysis GMT leg projection theory and
Cominatories leg Polynomial method incidence estimates



















































BRIEF HISTORY
The recent distance results actually hold in a strong form
If dimes β then EXEE Sit 10 1511 0

trial Ox 1 Ix yl yeely is the pinned distance set

The pinned problem was long considered significantly harder

Peres Schlag 120001 dimsel f
Lin 120181 an L identity that implies that the key
intermediate estimate Iweighted Fourier restriction leads

to not only the fun but also pinned distance result

Following Lin all the previous records hold for pinned distance

Also of interest
How does dimotel or dim Oxtel depend on dime

structure of DIE or Oxiel



















































MAIN RESULT

Theorem Du O Ren Zhang 20231

EE Rd Cpt d 3 If dimmlet 44
Then 7 EE s t 10 1511 0 where

Oxift Ix Yl YEEG denotes the pinned distance set

Finally more than half way there 1 The gap is now a I

3D got ahead of 2D I unusual even in discrete case

Our strategy also leads to improved lower bound of

dima 10x tell For example a special case dime

Theorem 7 EE s t dimp lox tell
ᵈ 2

218 11
Recovers previously best known in 3D Shuerkin Wang
New in 4D Iprevious best Falconer

A key new ingredient Ren's Radial projection theorem

We found 2 proofs GMT v S Fractal decoupling



















































WHY IS THE RESULT IN d 3 BETTER

Current record 1 2 dime f E
d 3 dime

4

Advantage latso challengel in higher dim leg 3D
EE 1123 C dim El CE 5 2

Extreme Case 1 E is truly 3D Broad

Multilinear arguments in Fourier analysis or Radial

Projection techniques in GMT usually work well

Extreme Case 2 E is in some hyperplane Narrow

Use 2D Falconer result to solve the problem

I dim I É 20 result applies to E 1

A key difference between 2D and higher dim
There are other technical reasons why our methods cannot

improve 20 I goodthreshold has no room for improvement



















































GETTING A BIT MORE TECHNICAL

Convert to L estimate

Take E E E E Sit dist IE Ezl 71 Hiei 0 dine
Build Frostman measure Mi on Ei i e Supp Mil Ei Mi is

probability and Mi Bix.ir lErd x Vrc

XEEz St I Ox E 1 1 30

Classical reduction Fix consider pinned distancemap

E Oxley Def f fit militt tix yl daily
Y lx y

0 141

Mi 1m New Goal fldfim.int fdtco
I Indeed I Mi it Say 1m11 10 17111 lid millet



















































THE GOOD BAD DECOMPOSITION

New Goal Ild Initially on for some tEz

Anided Remove heavy part of µ that generates redundancy

Decompose M Ming Milb

Newer Goals 11 d 1mi billy for most f Ez

SE d Ming jay ditzixt cos

Such a decomposition is necessary if one wants to get below
dim 4 in 2D and similarly in 3Dt

Various ways to define Ming Mills have been used

Ming Sum of wave packets whose µ measure

is less than a threshold I scale dependent
is usually shown using radial projections in GMT

is usually converted to a Fowier restriction estimate



















































THE TWO APPROACHES IN DU O REN ZHANG

Pick your poison
Control a wild Mi b

Pro Ming satisfies better threshold classicalmethod
via refined decoupling can handle it

Con Need to remove a lot more bad wave packets

Complicated new GMT argument needed

I capture interaction between tubes and plates

or Handle a problematic Ming

Pro Define Ming with geometric info already incorporated

1Relatively easy to remove bad wave packets

Con Ming now looks very different we need to use

the geometri info to refine the Fourier

restriction argument A new fractal decoupling



















































SOME PREP WORK Example d 3 E C α 2

wave panket decomposition of µ ftp.MTM
Ex Ro large R 25Ro

MTM concentrates on the Rj Rj I tube TEBIO.it
MFM concentrates on 7 IT

I

T
g

By

Physical side Fourier side

Milb Isa MTM T is bad if Multi very heavy or

TE heavy plate
Small thickening of a hyperplane



















































BAD TUBE HEAVY PLATE

Vr so Er essentially distinct collection of r plate in

Property 1 I plate n Blo it lies in some r plate in Er

Property2 S plate Is rI contains r plates in Er

Heavy Plate Vj l Hj HE
g
k Mitra 1h1 Rit

Property 71 R 7 N depends on dim of Mi

The bad part of measure Miib E ad MTM
Def Rj tube T is bad T is contained in some

HEY.FI
OR Ma GT Rj

E

T Good Ma14Th C R I E AND T is not contained in

any HE Hi



















































BAD TUBE HEAVY PLATE

After Mi b is removed in weighted restriction step only
Me14Th Rj It is used

Compare to good threshold in earlier works

Malti B d even

Rj
1 Ele d odd

since α is a better Ilower threshold

In 2D such an
improved

threshold is impossible

Fix Rj parallel T R

R

If Ma evenly distributed

then each Matt Rj
is in some sense sharp

If Ez union of R É many Rj balls eachmeasuring 12,5
then nonempty T needs to contain at least one ball



















































REMOVAL OF BAD TUBES

Goal Idf imi bill in too for most E Ez

If 1mi blat Mins 5 4 1

pushforward of mi b under the pinned distance map
Mi b TM To heavyplate thicker than T

or Ma 4T k
I E

Simplified scenario single scale R

Tubes R 2X R 1 Plates R
K ubhd of hyperplane

StepI If Milp so for some hyperplane p then we

are trivially done I directly apply as Falconer result
to set E where dime É

Otherwise Milp o Vp Hence for sufficiently
large R µ I R β plate



















































REMOVAL OF BAD TUBES

Step Fix EE TBD remove T that are contained in

any heavy plate through by removing such heavy
plates directly adapted from a result of Shuerkin

i e Find large Ez EEZ Sit V Ez

111 Keep 61 1 T Fi where 61 1 y Y Fix HI heavy Hf
121 Ell Glx E some R β plate

YEE A FIX H
91 1

THY E HH

EFFIE
E E

Obs Idf Mil dfim.laxilllyy EMilalxik for

R large enough So we can replace µ by Milal



















































REMOVAL OF BAD TUBES

Stds Milan Molmilan MT Mi anil

Milan doesn't see non acceptable tubes

11Mt1miGixillly RapDesert I MT it concentrates on 2T

Redna to arceptable tubes T

Stef Further remove borderline tubes by introducing a

61 1 Borderline
random parameter a

1
non aneptable

E E

Sep 5 We are left with tubes T that are away from any
heavy plate and Mesut R É te

Apply Ren's Radial projection than in Rd



















































REMOVAL OF BAD TUBES

End product reduced to Mo1M 16111 food Mt In 6111

The dependence on is very scary could be detrimental in

the weighted restriction step

But we can replace Mt Milan l by Mt Mil
Il MTMilan MT Mill 11MtMilan it ly Rappel IRI

I T good not borderline TM E E 91 1 I

Ming Molm.la xil
1 go.fm

1Dependence on in the Mo term is ok only need

L bd of mildly no restriction esti involved



















































REMOVAL OF BAD TUBES

In reality we need to consider a multi scale problem

Rj 25 Ro j o This is a main technical difficulty
Construct 401 1 4,1 1 Gj1 1295 11 17
reduce to Gjix on jth Littlewood Paley pieceof µ
Show Milajlxllag.tt 1 11 Rj 1

Back to step 5 remove T S.t T is away from all heavy

plates and MITTI R E

Ren's Radial Projection Theorem

E F E Rd with dim k If E is NOT contained in a k plane

then
Ie dim IPx IFKx4 mind dime dinfly Rigi

I d z 11 1 cast was proved recently by Opener Shuerkin Wang



















































GI Mi Ei as before 2 dim Fix g k so 78 0 Sit

j o 7 BE EXE St 0 MixMa IBI Rj
8 and

YEE and Rj tube Tay M.IT AlyuBlyll 125
01

Aly EE x y in some RT heavy plate

If T is away from heavy plates A can be ignored
I ET TEGH VYETMEI.TN Aly G

H

g get
T away from all heavy

E I
plates through

B helps us find a large subset of good pin point
If Matt is large fixing YEE such T thru 94 is
small Combined with one gets a delay for µ of
union of Such T



Thank you for listening


