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Orthogonality of natural sheaves on moduli stacks of SL(2)-
bundles with connections on P! minus 4 points

D. Arinkin

Abstract. A special kind of SL(2)-bundles with connections on P! \ {x1,...,z4} is considered.
We construct an equivalence between the derived category of quasicoherent sheaves on the moduli
stack of such bundles and the derived category of modules over a TDO ring on some (non-
separated) curve.
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Introduction

It is well-known that for an abelian variety X there is a natural equivalence
(the Fourier transform) between the derived categories of Dx-modules and O x-
modules (see [12], [13] or [18], [17]), where X is the moduli space of j-extensions
of X by G, (f-extensions are line bundles with flat connections satisfying some ad-
ditional conditions). This equivalence is defined by a natural bundle P on X% x X
with a connection along X (the Poincaré bundle), and the proof is based on the fact
that P is an orthogonal X-family of O y:-modules and an orthogonal X‘-family of
Dx-modules. Here orthogonal means the tensor product of two different bundles
in each of these families has zero cohomology groups.

In this paper, the role of X is played by the moduli space M of a special kind of
rank 2 bundles with connections on P'. We construct a natural orthogonal family
of bundles on M parametrized by P!, so P! plays the role of X.

More precisely, M is the moduli stack of SL(2)-bundles with connections on P!
(see [14] for the definition of algebraic stack). These connections are supposed to
have poles of order 1 at =1, ..., x4, and the eigenvalues of their residues at z1,..., x4
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are fixed. The universal M-family of SL(2)-bundles with connections on P! defines
a P'-family of vector bundles on M.

To prove the P!'-family is orthogonal, we construct a smooth compactification
of M in terms of algebraic stacks. The compactification is based on the same
idea as the compactification of a moduli space of bundles with connection con-
structed by C. Simpson ([19], [20]): the compactifying space is the moduli stack
of a certain class of “bundles with A-connections” introduced by P. Deligne. The
compactification is still defined for any number of points z1,...,z, € P!

Bundles with connections of this kind can be thought of as modules over a TDO
ring D) on the projective line with doubled points z1,...,z4 (D) depends on the
conjugacy classes of residues). Thus, we get an M-family of Dy-modules. We claim
this family has properties similar to those of the Poincaré bundle: we prove it is
orthogonal as a family of Oq-modules, and, by the results of S. Lysenko ([15]), it
is also orthogonal as a family of Dy-modules. Combining the statements, we see
the family defines an equivalence between the derived category of Dy-modules and
the full subcategory of the derived category of quasicoherent sheaves on M formed
by objects on which —1 € psy acts as —1 (since M is a ps-gerbe over an algebraic
space, (o acts on any sheaf on M).

Notation. In this paper, the ground field is C, in other words, “space” means
“C-space”, P! means IP’}C, and so on.
For any schemes (or stacks) Xi,..., Xg, p; stands for the natural projection
X1 x -+ x Xj, — X, pi; is the projection Xy x --- x X — X; x Xj, and so on.
We denote by (Fod—0>F1d—1> ...) the complex (or the corresponding object of the
derived category) F'* with F* = 0 for ¢ < 0 (here F* are objects of some abelian
category).

1. Formulation of main results

Let us fix x1,...,2, € P! and A1,...,\, € C such that z; # x; for i # j, n > 4,
2)\; ¢ Z, and

n

ZQ)\i ¢ Z (1)

i=1
for any €; € po := {1, —1}.

Definition 1. A (A\q,...,\,)-bundle is a triple (L, V, ¢) such that L is a rank 2
vector bundle on P!, V : L — L&Qp1 (21 + - - - + 2,) is a connection, ¢ : A* L>Op

is a horizontal isomorphism, and the residue R; := res;, V of V at x; has eigenvalues

{)\i,—)\i}.

The following definition is a generalization of Definition 1.
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Suppose E' is a one-dimensional vector space, € € F, L is a rank 2 vector bundle
onPl V:L—L®Wi(x14- -+ x,) @ E is a C-linear map, ¢ : A L=>Op:1. Let
l; C Ly, be a one-dimensional subspace for each ¢ =1,...,n.

Definition 2. A collection (L,V,p;E, ¢;lq,...,1,) is called an e-bundle if the
following conditions hold:

(i) V(fs)=fVs+s@df @efor f € Opr,s € L;
(il) ©(Vs1 A sa)+ @(s1 AVsy) =d(p(s1 Asa)) @e for s1,89 € L
(iii) The map R; : Ly, —» (L@ Q(z1 + -+ + xn) @ E)y, = Ly, ® E induced by
V satisfies R;|;, = e\;
(iv) (L, V) is irreducible, that is, there is no rank 1 subbundle Ly C L such that
V(Lo) CLo®@QUzr+ -+ x,) QF.

Remark 1. From a certain point of view, it is natural to consider collections
(L,V,p; E, €) that satisfy (i), (ii), (iv), and the following condition

(iii’) The map R; : L, — L., ® F has eigenvalues =+ \e.

For n = 4, these two definitions are equivalent (in other words, I; is uniquely
determined by (L, V,@; E,€)). So, for n = 4, we also use the term e-bundle for
(L,V,p; E €) that satisfies (i), (ii), (iii’), and (iv). However, the advantage of
Definition 2 is that the moduli stack of e-bundles is smooth for any n (Theorem 1).
One can check that the moduli stack of collections (L, V, ¢; F, €) that satisfy (i),
(i), (iii’), and (iv) is no longer smooth if n > 4 (although the stack is still complete).

Example. Let (L,V,p) be a (A1,...,\,)-bundle. Set [; := Ker(R; — \;) C Ly,,.
Then (L,V,¢;C,151y,...,1,) satisfies conditions (i)—(iii) of Definition 2. Let us
check (iv). Assume Ly C L is a V-invariant subbundle of rank 1. Then V induces
a connection Vo : Lo — Lo ® Qp1(x1 + - -+ + x,,) such that res,, Vo = £A;. This
contradicts (1), so (L, V,¢;C, 1;11,...,1,) is an e-bundle.

Example. Let L be a rank 2 bundle on P*, V € Homo,, (L, L&Q(x1 + - - + 21,)),
and ¢ : A\ LSOp:. Suppose det(V) € HO(P!, Q®2(z1 4 - - + 2,,)) and tr(V) = 0.
In this case, R; € End(L,,) is nilpotent, so one can choose l; C L,, such that R;|;, =
0. Clearly (L,V,¢;C,0;ly,...,1,) satisfies conditions (i)—(iii) of Definition 2. If
det(V) = 0, then any rank 1 subbundle Ly C Ker V is V-invariant; hence (L, V)
is reducible. Conversely, assume (L,V) is reducible. Then V has eigenvalues
we € HOPL, Qpr (27 + -+ 2,)). We have wy +w_ = tr(V) = 0 and wyw_ =
det(V) € HO(P, Q3 (z1 + -+ + 2,,)). Hence wy € HO(PL,Qp) = 0, this implies
det(V) = wyw_ = 0. So (L,V,¢;C,0;l4,...,1,) is an e-bundle if and only if
det(V) # 0.

Remark 2. For an e-bundle (L, V,¢; E, €14, ...,1,), one can pick an isomorphism
E=C such that € maps either to 1 € C or to 0 € C. So the above two examples
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describe all e-bundles. Hence we can replace condition (iv) in Definition 2 with the
condition

(iv’) If e =0, then det(V) # 0.

Let M be the moduli stack of e-bundles (so My is the groupoid of U-families
of e-bundles). Vector spaces E for e-bundles (L,V,p; E,€;lq,...,1,) form an in-
vertible sheaf £ on M together with a natural section e € H°(M,&). Denote by
My C M the closed substack defined by the equation € = 0. We identify the stack
of (A1, ..., A\n)-bundles with M := M\ My.

Theorem 1.

(i) M is a complete Deligne-Mumford stack;
(ii) M, M, and Mg are smooth algebraic stacks.

For x € P!, let &, be the bundle on M whose fiber at (L,V,p; E, €;11,...,1,)
is L.

Theorem 2. Suppose z,y € P!, n =4. Then
ii = .
M 0, i>0
(iil) HY(M,Sym?(£,)) =0 fori >0, v & {x1,...,24}.

Remark. This result is announced in [1]. (ii) is proved in [1].

Remark. Clearly \*¢, = Oz So (ii) and (iii) of Theorem 2 imply

C, i=

for x € P\ {z1,..., 24}
0, i>0 \m 4

e - {

Theorem 2 describes H'(M, &, ® &,) for some (z,y) € (P')2. It is natural to
consider &, ® §, as a family of bundles on M parametrized by (z,y) € (P')2. Then
the problem is to compute the push-forward of the bundle with respect to M x
(P1)2 — (P!)? (actually, P! should be replaced by another curve: see Theorem 3
for the precise statement).

Denote by p : P — P! the projective line with doubled points z1,...,24. In
other words, P is obtained by gluing two copies of P' outside xi,...,24. Let
zE € P be the preimages of z; € P!, [\] := Zle Ni(z —2;) € div P ®7 C, where
div P is the group of divisors on P. Denote by D) the TDO ring corresponding to
[A] (see [3] for the definition of TDO rings).

For a (A1,...,As)-bundle L, we denote by Ly the Dy-module generated by p* L.
More precisely, Ly = ji.(L|y), where j : U := P\ {zy,...,24} — P is the
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natural embedding. Since L|y is a Dy-module and [A] is supported outside of U,
Ly is well-defined. This construction still makes sense for families of (A1, ..., A\y)-
bundles. Hence we can apply it to the universal family of (\1,...,As)-bundles,
getting an M-family £ of Dy-modules.

Consider p1s : PX P XM — P x P and pi3,p23 : PX P x M — P X
M. Set Fp := (pi56n) @ (p53€y) (since &y is a flat Opyxa-module, (pi5€x) ®
(P3360) = (pi3€0) ®F (p33€0)). Note that pi; and phs stand for the O-module pull-
back (from the viewpoint of D-modules, these pull-back functors should include a
cohomological shift).

Rp12,+Fp is an object of the derived category of p} Dy ® p5Dy-modules, where
p1,p2 : P x P — P are the projections. Here p? (resp. ®) stands for the inverse
image (resp. the Baer sum) of TDO rings (the corresponding functors on Picard
Lie algebroids are described in [3]).

Theorem 3. Rpi2.Fp = da[—1], where A" C Px P is the graph of the involution
o : P — P such that o(xii) =], and da: is the direct image of Oar as a Dar-
module.

Remark. In general, for a map f : X — Y and a TDO ring D; on Y, there is
a functor f, : DY(f*D;) — D*(D;), where D?(D;) is the derived category of Dj-
modules. For the embedding i : A’ — P x P, one easily checks i®(p} D ® p3D,) is
the (non-twisted) differential operator ring Da/, so das := i1 (Oa/) is well-defined
as a p} Dy ® p5 Dy-module.

By Theorem 3, £, is an orthogonal P-family of Oaq-bundles. To construct an
equivalence of categories, one should also show that £ is orthogonal as an M-family
of Dy-modules. Let us give the precise statement. We follow closely S. Lysenko’s
unpublished notes [15].

Consider Fq := pi3&a @ pis(idag X 0)*Ey (here p13,pag : M X MXP — M x P
are the projections and o : P=P is the involution introduced in Theorem 3).

Fam can be viewed as a family of Dp-modules parametrized by M x M. Con-
sider the de Rham complex of F s in the direction of P:

DR(]:M) = DRP(}-M) = (fM = Fm® QMXMXP/MXM)'

Our aim is to compute Rpia . DR(F ).

M x M is a us X po-gerbe over some algebraic space (actually, a scheme), so
e X o acts on any quasicoherent sheaf F on M. Therefore, F can be decomposed
with respect to the characters of js X p2. Denote by F¥ the component of F
corresponding to the character ¥ : ps X ps — Gy, defined by (a,b) — ab.

Let diag : M — M x M be the diagonal morphism.

Theorem 4 (S. Lysenko). Rpia. DR(Fuq) = (diag, Or)¥[—2].

Remark. The definition of (A1,...,\,)-bundles can be carried out using [-adic
sheaves instead of bundles with connections. In this situation, the moduli space of
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“(Ay. .., Ap)-l-adic sheaves” exists only infinitesimally: there is no analogue of M
(so the analogue of Theorem 3 cannot be formulated), but the formal neighborhood
of a point on M can still be defined. So Theorem 4 admits an [-adic version, which
is also proved in [15].

Since M is a pg-gerbe, the derived category Dgy.(M) of quasicoherent sheaves on
M naturally decomposes as Dy.(M) = Dye(M)+ xDye( M), where F € Dye(M)*
if and only if —1 € us acts as 1 on H'(F) for any i.

Using base change, one easily derives from Theorems 3 and 4 the following
equivalence of categories:

Theorem 5. The functor

Spp: Fr— RPQ,*(S)\ Q0 mxp pif)[l]

is an equivalence between Dye(M)~ and the derived category of Dy-modules. The
inverse functor is given by

CI)P—U\/I F = Rpl’* DRP((ZdM X (T)*f)\ ®OM><P p;f)[l]
O

Remark. The functors ®,_.p and ®p_,o( provide an equivalence between the
derived category of coherent Dy-modules and the full subcategory of Dye(M)~
consisting of objects with coherent cohomologies. Note that both categories are
equipped with natural anti-equivalences. Namely, for coherent Dy-modules, we
consider the composition of the Verdier duality with the pull-back functor o*,
while on the derived category of coherent Oas-modules, the anti-equivalence is
given by Hom(e,Q3,) (Serre’s duality). ®y—p and ®p_ 4 agree with the anti-
equivalences. The proof of these statements will be given elsewhere.

This paper has the following structure:

In Section 2, we explain the place of our results in the geometric Langlands
philosophy. The proof of Theorem 1 occupies Sections 3 (the first statement of
the theorem) and 4 (its second statement). In Sections 5-8, we prove Theorem 2
by first studying the behavior of § ® & on My (Section 5), its infinitesimal
neighborhood (Section 6), and M (Section 7). These results are used in Section 8
to prove Theorem 2. Theorem 3 is derived from Theorem 2 in Section 9. In Section
10, we sketch S. Lysenko’s proof of Theorem 4.

2. Relation to the geometric Langlands program
In this section, we explain the meaning of Theorem 5 from the viewpoint of the

geometric Langlands conjecture. Detailed proofs of the statements will be given
elsewhere. This section is independent from the rest of the text.
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Set G := PGL(2) = GL(2)/G,,. Fix a Borel subgroup B C G, a Cartan
subgroup T' C G, and an isomorphism T—G,,.

Denote by Bung,(G) the moduli stack of principal G bundles F on P! together
with |; € (Fy,)/B for i = 1,...,n (a quasiparabolic structure). Let 51(3) be the
principal B-bundle on Bung,(G) whose fiber at (F,li,...,1,) is I; (viewed as a
B-orbit in F,). The map B — T—G.,, transforms {Z(B) into a G,,-torsor (in other
words, a line bundle) &;. The fiber of the line bundle &; at (F,l1,...,1,) is the
cotangent space to the projective line (F,,)/B at ;.

Consider the map Bung,(G) — po that sends (F,l,...,1l,) to 6([F]), where
[F] € HY(P, PGL(2)) is the isomorphism class of F, and § : HY(P!, PGL(2)) —
pz = H?(P!, us) is the coboundary map corresponding to

1— ps — SL(2) - PGL(2) — 1.

Clearly, the map Bungp,(G) — pg2 is locally constant. Denote by Bunggd(G) C
Bungp(G) the preimage of —1 € po.

Consider Y. A\;[&] € (Pic Bungp(G)) ®z C, where [&;] € Pic Bungp(G) is the iso-
morphism class of §;. Let D(Bungp(G))a be the corresponding TDO ring. A. Beilin-
son and V. Drinfeld explained that the geometric Langlands philosophy predicts a
canonical equivalence between the derived category of O rs-modules and the derived
category of D(Bungp(G))a-modules such that Dy.(M)~ is mapped onto the de-
rived category of D(Bungid(G))-modules. Here D(Bungi?(G))y is the restriction
of D(Bungp(G))x to Bungi?(G). Under assumption (1), one can replace Bung,(G)
by a smaller stack:

A quasiparabolic bundle (F,l;,...,1,) is decomposable if it admits a T-structure
Fr C F that agrees with [; for i = 1,...,n. Any decomposable quasiparabolic
bundle clearly possesses a nontrivial automorphism. Actually, for quasiparabolic
bundles on P! the converse is also true (cf. [1, Proposition 3]).

Let Bung,(G) C Bung,(G) be the open substack formed by undecomposable
quasiparabolic bundles (F,li,...,l,). One can check that, provided (1) holds,
there are no nonzero D(Bung,(G))x-modules M such that M|Bun;p(g) =0. In
other words, the embedding Bun,(G) — Bung,(G) induces an equivalence be-
tween the derived category of D(Bung,(G))x-modules and the derived category of
D(Bungp(G))a-modules.

From now on, we assume n = 4. In this case, one can easily construct an
isomorphism between Bundd(G) := Bun,(G) N Bunl3?(G) and P. The image of

"ap
> Ail&i] € Pic Bungp (G), ®zC in Pic P ®z C via this isomorphism equals

4
> X([#f] - [27]) € Pic P @z C.
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Here [x;t] € Pic P is the image of zli € div P, and X} are given by

4

1
M= =5 DN
j=1

Note that if A; satisfy (1), then so do A}, so Theorem 5 yields a canonical equiv-
alence between the derived category of D(Bunla?(G))x-modules and Dg.(M')™
(here M’ is the moduli stack of (A|,...,\})-bundles). Let M (resp. M’) be the
coarse moduli space corresponding to M (resp. M’). Tensor multiplication by &
gives an equivalence between Dy.(M) and Dye(M)~. Here & is the line bundle
on M whose fiber at (L,V, ) is l; := Ker(Ry — A1) C L,,. Similarly, we get an
equivalence between Dy.(M') and Dy.(M’)~. By [2, Theorem 1], there is a natural
isomorphism M= M’; hence Dy.(M)~ is indeed equivalent to the derived category

of D(Bungdd(G))x-modules in our case.

Remark. It is also possible to construct the equivalence by first using Theorem 5
to get from Dy (M)~ to the derived category of Dy-modules on P, and then using
a version of the Radon transform to prove the derived categories of D y-modules and
D(Bunggd(G)) ar-modules are equivalent. This approach gives a canonical equiva-
lence between the categories, while our construction, rigorously speaking, depends
on the choice of z1 € {x1,...,24}. Another way of dealing with this problem is
to prove that the isomorphism M—M’ lifts canonically to the line bundles §; ® &;
(the existence of such lifting is guaranteed by [2, Theorem 1]).

3. Completeness of M

Let Fiby be the moduli stack of rank 2 vector bundles on P!, Fib§ C Fiby the open
substack formed by bundles L such that H*(P!, L(k)) = 0 (k is an integer). It is
well-known that Fiby is an algebraic stack and Fibk is an algebraic stack of finite
type (cf. [14, Theorem 4.6.2.1]). Using the morphism M — Fiby which sends
(L,V,p; E,€6ly,...,1,) to L, it is easy to see M is algebraic. Moreover, condition
(iv) of Definition 2 guarantees the image of M is contained in Fibk for k > 0, so
M is of finite type.

It is easy to see the diagonal M — M x M is unramified, so [14, Theorem 8.1]
implies that M is a Deligne-Mumford stack. Using the valuative criterion for
Deligne-Mumford stacks (see [6, Theorems 2.2,2.3]) we derive the first statement
of Theorem 1 from the following statement:

Proposition 1. Suppose A is a complete discrete valuation ring, K is the fraction
field of A, n:= Spec(K), y° = (L, V2, 0% EY, €%19,...,10) e M,,.

(i) If an extension of y° toy € My exists, it is unique. Here U := Spec A;
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(ii) There is a finite extension K' D K such that the inverse image of y° to
7' := Spec K’ can be extended to y' € My,. Here U’ := Spec(A’), A’ is the
integral closure of A in K'.

Denote by v : K — R U {oo} the valuation, by m C A the maximal ideal,
by k := A/m the residue field of A. So Speck € U is the special point. Let
SpecC(z) € P! be the generic point, Qc(z) the generic fiber of Qp1. Denote by
7l := Spec K(z) € U x P! the generic point, by p := Speck(z) € P C U x P!
the generic point of the special fiber, by A C K (z) the local ring of p, and by
m C A the maximal ideal. A is a valuation ring. Let # : K(z) — RU {oc} be the
corresponding valuation such that o|x = v.

Lemma 1. Let X be a smooth scheme of dimension 2, S C X a finite subscheme,
F a locally free sheaf on Xo := X\ S. Then j.F is a locally free sheaf on X, where
7 Xo — X is the natural embedding.

Proof (communicated by B. Conrad). By [7, Proposition VIIL.3.2], F := j, F is a
coherent Ox-module. Clearly F is torsion-free. Besides, for any open subscheme
ju : U — X such that dim X \ U = 0 we have F = (jy)«(F|v), so F is reflexive
by [10, Proposition 1.6]. Now [10, Corollary 1.4] implies F is locally free. O

For a point r € U x P! and an Oy ypi-module L we denote by L, (resp. L)
the fiber (resp. the stalk) of L over r as a module over the residue field (resp. the
local ring) of r.

Lemma 2. Let C be the category of pairs (L,Q), where L is a vector bundle on
nxPl =Pk, QC Ljisan A-lattice (i.e., Q is a finitely generated A-submodule
such that Ly = K(2)® ;Q). Denote by Fib(U xP') the category of vector bundles on
U xP'. The correspondence L (Llyxpr, L(p)) defines an equivalence of categories
F :Fib(U x P!) — C.

Proof. Clearly F is fully faithful. If S C PP} is a finite subscheme, any vector bundle
on (U xP')\ S has a unique extension to U x P! (Lemma 1). Hence F is essentially
surjective. ([l

Let us describe all extensions of y° = (L V°, ¢% E? %10,....1%) € Hn to
y = (L,V,p;E,€ly,...,1,) € My. Fix y°. Denote by £z the category of all
extensions y € My. Clearly £z is a discrete category. Denote by Ex the set of
isomorphism classes of extensions.

Consider pairs (Q C (L°)5, E C E°), where Q is an A-lattice, E is a free A-
submodule of rank 1 (i.e., E C E° is an A-lattice), ¢ € E. Let us introduce the
following conditions:

(a) V(Q) cQ ®a B @c(z) Qe
(b) ¢°"(AGQ) = 4;
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(¢) The map (V°modm) : (Q/mQ) — (Q/mQ) @ (E/mE) ®c(.) Q) is irre-
ducible (this map is well-defined if (a) holds), that is, there is no
(V% mod m)-invariant subspace V C Q/mQ, dimyy V = 1.

(¢’) If € € mE, then (V®modm) is not nilpotent (in this case (V" modm) is
k(z)-linear).

Denote by Ez; (resp. Ex}) the set of all (Q C (L°);, E C EY) that satisfy
(a)—(c) (resp. (a), (b), and (¢’)). If (a) holds, then (c) implies (¢’), so Exzq C Exf.

)

)-
Lemma 3. The map Fg, : [y] — (L) C (L°);, E C E°) gives an isomorphism
Ex=FEz| = Exy. Herey = (L,V go,E €l1,...,ln) € My, and [y] € Ex is the
isomorphism class of y.

Proof. For [y] € Ex its image Fg,[y] clearly satisfies (a) and (b). Besides y satisfies
the condition (iv) of Definition 2, so Fg,[y| satisfies (¢). Hence Fg,(Ex) C Fxy C
Ez). Lemma 2 implies Fg, is injective.

Let us prove that Fg, : Ex — Ex} is surjective. Fix (Q C (L%)5,FE C E°) €
Ex). Using Lemma 2, we can extend L° to L. Then VY and ¢" have unique
extensions V and ¢. (a) (resp. (b)) implies that V (resp. ¢) has no poles. [?
uniquely extends to free rank 1 submodule I; C L|yxy,. (i)—(iii) of Definition 2 are
automatically satisfied. (c’) implies condition (iv’) of Remark 2. So [(L,V,¢; E, e =
e l,...,1,)] € Ex. O

Remark. In this proof we used the equivalence (iv) <= (iv’), which holds only
for P, not for the curves of higher genus. Actually Proposition 1 holds only for P*.

Proof of Proposition 1. (i) It is enough to prove the set Fx; has at most one
element.

Let (Q C (L) E C E°) € Exy. Denote by vg : (L%); — R U {oo} (resp.
vg: B - RU {oo}) the valuation induced by Q C (L°); and © (resp. E C E° and
v).

Fix s1 € (L%);, e € E°, s1 #0, e # 0. Let us prove that @ and E are uniquely
determined by v, := vg(s1) and ve := vg(e). Choose fs, fo € K such that v(fs) =
—vs and v(fe) = —ve. Then E = Af.e is determined by v.. Fix w € Q¢(,), w # 0.
Then V := (wfee) VO : (L%); — (L°); preserves @ and its reduction modulo
m is irreducible. Since vg(fss1) = 0, fss1 and @(fssl) = fsf; 1so generate Q.
Here sy := f.Vs; = (we)~1VYs; does not depend on v, and v, so @ is uniquely
determined.

Let us find v, and v.. Set s3 := ((we)"1V?%)2s;. Since s; and sy are lin-
early independent over K(z), s3 = fis1 + fos2 for some fi, fo € K(z). Since
(V mod 7%) is irreducible, @@(fssl) = fsfe’ s3 € @ does not vanish modulo m.
Since fofo2ss = fo2f1(fos1) + fotf2(fofo ts2) and {fes1, fofs ts2} is a basis in
Q, we get min(3(fo?f1),9(f: ' f2)) = 0 and

v = = min (G0(F. 3072 @)
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Besides, (b) implies §(¢(fss1 A fsfits2)) = 0. This gives 0(f2f 1p(s1 A s2)) =0
and finally
1,.
v =5 (0((s1 A s2)) + ve). (3)

So vs and v, (and hence ) and E) are uniquely determined.

(ii) Let e, w, V, s1, s2, and s3 be the same as above. Since (L°, V9 is irreducible
over 7], s3 = f181 + fass for some fi, fo € K(z), and equations (2) and (3) make
sense. We take a finite extension K’ D K with a valuation v/ : k' — RU{oo} such
that v'|x = v and the equations (2) and (3) have a solution (vs,v.) in v'(K’). For
the sake of simplicity let us assume K' = K.

Set @ := Afssl @Afsfeilsla E' = Afce, where fs, f. € K, v(fs) = —vs,
v(f.) = —ve. If € ¢ E', we set E := Ae, otherwise E := E’. Let us prove that
(Q C (L%, E C E°) € Ex}. (2) implies that Q is V-invariant. Hence

V(Q) C Q&4 E®c(z) Qoizy CQ®a E Oz Qe

and (a) holds. (3) implies (b). Let us prove (). )
If e € mE, then E = E’. Besides VV(fss1) = f-2%s3 ¢ mQ, so (Vmodm) (and
hence (VY modm)) is not nilpotent. O

Remark. Let us sketch another way to prove M is separated.

Suppose there are two U-families of e-bundles (L?, V¢, % E% e 11, ... 1) (i =
1,2) which coincide on 1 x P*. Without loss of generality we may assume E' C E?.
Since L' are SL(2)-sheaves, either L' = L? or L' ¢ L? and L' » L?. Hence
L'N L? c L? is a V-invariant subsheaf and it does not vanish over the special
fiber. So L' N L% = L? and L! = L? because L? is irreducible over any fiber. Then
it is clear that E' = E2.

4. Smoothness of M

Consider the quotient stack G, \ A'. Recall that G, \ Al is the moduli stack of
pairs (E, ¢), where F is a dimension 1 vector space, € € E. Define r : M — G,,\ Al
by (L,V,0;E €ly,...,01,) — (E,¢).

To complete the proof of Theorem 1, it is enough to show r is smooth. By [14,
Proposition 4.15], we should check that r is formally smooth. Since G, \ A! is
Noetherian, it suffices to prove the following lemma (cf. [8, Proposition 17.4.2]):

Lemma 4. Suppose A is a local Artinian ring with a mazimal idealm C A, A/m =
C, I C A s an ideal, mI = 0. Set Ag := A/I, Uy := Spec(Ay) C U := Spec(A).
For any e € A and y° = (L%, VY, 0 Ag,e + I;19,...,10) € My,, there exists an
extension y = (L,V,0; A, 11,...,1,) € My.

Proof. Denote by (L', V1, ol A/m,e+m;l}, ... 1) € Mgpeec the reduction of yo
modulo m.
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Clearly, one can always extend 3° to y locally on P!. Obstructions to a global
extension lie in H? := H?(P!, F* ®c I). Here F* is the complex of sheaves defined
by Fi:=0fori#0,1,

FOi= {s € End(L")|tr(s) = 0; s(2:)(1}) € 11},

Fli={s€&nd(L') © Qpi (1 + - -+ xn) | tr(s) = 0; 5(z)]; = 0},

and d : FO — F! maps s to sV! — V's. In other words, d is the e-connection on
F9 induced by V.

Consider the dual map d* : (F1)* ® Qp1 — (F°)* ® Qp1. The natural pairing
End(L1) x End(L1) — Opr induces an isomorphism between complexes (F!)* @
Opr — (FO)* @ Qp and F°*. By Serre’s duality, H> = Coker(H' (P!, F0) —
HY(PLFY) @c I = Ker(HY (P, F1)* — HY (P, F0)*) @c I = Ker(H° (P!, F°) —
HO(PY, F1))* @c I. So it suffices to prove that any B € End L' such that V!B =
BV! is scalar.

For any A € C, Ker(B — \) C L! is a Vl-invariant subbundle. So either
Ker(B — \) = 0 or Ker(B — \) = L'. Since B has an eigenvalue A € C, the
statement easily follows. O

5. Geometric description of My and &;|rm,

For the rest of the paper, we assume n = 4.

Recall that My is the moduli stack of (L,V,¢; E,0), where L is a rank 2
vector bundle on P!, E is a dimension 1 vector space, ¢ : /\2 L=0p, V: L —
L®Qpi(z1+ -+ x4) ® E is an Opi-linear homomorphism, trV = 0, det V # 0,
and det V € HO(P1, Q%2 (21 + -+ + 24)) @ E®2.

Remark. detV defines a section of (€|, )®% @ HO(PL, Q%% (21 + - -+ + 24)) with
no zeros. In particular, (€|, )%? ~ Oy, -

Let us fix p € HO(PY, Q%2(21+- - -+z4)), u # 0. One can choose an isomorphism
E ~ C such that det V = p (there are two choices for such E ~ C).

Denote by Y the moduli stack of triples (L, V, ), where (L, ) is an SL(2)-
bundle on P!, V € HY(PY,End(L) @ Qa1 + - + 24)), trV = 0, det V = pu. We
have proved the following statement:

Proposition 2. The correspondence (L,V,p) +— (L,V,p;C,0) yields a double
cover m(yy : YV — Mpy. Besides, My is identified with the quotient stack pz \ J,
where 1 € pg acts on'Y by (L, V,¢) — (L, £V, ). O

It follows directly from the definition of J that 7, (£) = Oy.

Set A := Op1 @ (Qp1 (21 +- - +24)) L. Ais a sheaf of Opi-algebras with respect
to the multiplication (f1,71) X (f2,72) := (fifo — 0 @ 71 ® T2, f172 + fa11). Set
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7 :Y = Spec(A) — P Denote by y; € Y the preimage of x; € P!, and by
o :Y — Y the involution induced by ¢* : A — A: (f,7) — (f,—7).

For an invertible sheaf [ on Y, there is a natural action of o on the sheaf [ @ o*1.
So there is a natural invertible sheaf norm(l) on P* such that { ® o*I = 7* norm(l).
Moreover, A*(m,l) = A*(m.0y) @ norm(l) = A> A®@ norm(l) = (Qpr (21 + -+ +
74)) " ® norm(1).

Proposition 3. Y is the moduli stack of (I,v), where l is a line bundle on'Y,
¥ :norm()=Qp1 (1 + -+ + x4).

Proof. Let (L,V, ) be a point of . Then L is an A-module with respect to the
multiplication (f,7)s := fs+7® Vs. Since L is a torsion-free A-module, L defines
an invertible sheaf [ on Y. ¢ induces ¢ : norm(1)=Qp: (1 + - - - + x4). The inverse
construction is given by [ — L := m,l. (Il

If (1,%) is a point of YV, then degl = 2. Conversely, if [ is a degree 2 invertible
sheaf on Y, then deg(norm(l)) = 2, so there is ¢ : norm(1)=Qp1 (z1 + -+ + 4).
Hence the natural morphism ) — Pic*(Y) := {y € PicY|degy = 2} that sends
(1,7) to the class of [ is a po-gerbe, which is actually neutral. Here PicY denotes
the coarse moduli space of invertible sheaves on Y.

Denote by o1y : Y=Y the involution defined by (1,v) — (0*1,4"), where ¢’ is
the composition

norm(c*l) = norm(l)iﬂ]pl (x1+---+ x4)jQP1 (1 4+ +x4).

Note that o(;) coincides with the action of —1 € pp. Clearly, the corresponding
involution of Pic? Y sends the class of [ to the class of o*1.

Let ¢, be the line bundle on Y whose fiber over (I,%) is I, y € Y.

Suppose x € P\ {z1,..., 24}, 71 (z) = {y+,y_}. Then ﬂi*l)(fz) = Cy, ®(Gy_-
For x = z;, y = y; we have a natural injection (, — Wz‘l)(fw) and its cokernel is
isomorphic to (y.

Define deg : Pic) — %Z by v +— % deg(v®?) (v#? is a class of sheaves on Pic? Y,
so the right hand side is well-defined). Actually deg : PicY — Z.

Lemma 5.

(i) G =Cw = (1)Sys
(ii) deg¢y =0 foryeY;
(iii) Cyy % Cyo for yi # o, y1,y2 €Y.

Proof. (i) Since A\? 7(1y (&) = Oy (for x = 7(y)), this statement is obvious.

(ii) The bundles ¢, form a Y-family, so deg(, does not depend on y. Now (ii)
follows from (i).
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(iii) Fix yo € Y. Consider the invertible sheaf on Y x Pic* Y whose fiber over
(y,1) is I, ®(l,,)~". This is a universal Pic® Y-family of invertible sheaves of degree
2 on Y. It is well-known that this invertible sheaf can be viewed as a universal
Y -family of invertible sheaves of degree 0 on Pic’Y. In particular, two different
sheaves in this Y-family are not isomorphic. Hence (y, ® (Cyo) ™t % Cyo @ (Gyo) !
for any y1,y2 € Y. (]

Let v be a sheaf on M g. Then ﬂz‘l)’y is a sheaf on Y with an action of py. Clearly
Hi(Mpy,~) = (H (Y, m(1y7))2, where V#2 C V' is the subspace of pp-invariants.

Corollary 1. Ifz,y € P!, 2 £y, then H(Mpy,& ® &, @ EXF) =0 for any i, k.

Proof. Tt is enough to prove that H*(), Wzkl)(fm@ﬁy@é’@k)) = 0. Since 7(} & = Oy,
we must prove H (), (1 (&) @) (&) = 0. But 7} (&) @, (§y) has a filtration
with quotients (5, ® (y,, where m(z4+) =z, m(y+) = y. Since ) is a ps-gerbe over
an elliptic curve, Lemma 5 implies H*(Y, (5, ® ¢y, ) = 0. O

Proposition 4.

(i) H' (M. 0 ){C’ =0
1 HyYMyg)— 0’ 17&0’

, 1, i=1
(i) dim H' (Mg, €) = { 0 i

Remark. If 4/ is an invertible sheaf on ), degy’ = 0, 7/ % Oy, then H*(Y,7') =0
for all 7. Hence if « is an invertible sheaf on My, deg ﬂ'z‘l)y =0,7 % Omy &My,

then HY(My,~) = 0 for all i.
Proof. (i) We have

Hi(MHv OMH) = (Hl(y7 O)’))M2 = (Hi<PiCQ K OPic2 Y))sz
where the action of us on Oy is trivial. Since Pic?Y is an elliptic curve,

1, i=0,1

dim H(Pic? Y, Opj2y ) =
( Pictv) {07 otherwise.

It is easy to see that —1 € usy acts on Hl(Pic2 Y,Opic2y) as —1. This completes
the proof.

(ii) Clearly 7)€ = Oy, but —1 € pp acts on 7( & as —1. So HY(Y,0y)
(H (Y, THE))H2 @ (H'(Y,0y))H2. The statement follows immediately.

oo
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6. Infinitesimal neighborhood of My

Denote by Mpg ) the k-th infinitesimal neighborhood of Mpg. In other words,
Mpm) C M is the closed substack defined by the sheaf of ideals Oxg(—kMp) C
Oxg- Let My (o) := hglMH(k) be the formal completion of M along Mp.

Since the étale topology does not depend on nilpotents in the structure sheaf,
there is a unique extension of ) — My to a double cover m(x) @ Vi) — Mp,)-
Besides, there is a unique extension of o : V — Y to o) @ V) — V) such
that my = m(k) 0 o). We identify ;) with a closed substack of YV for I > k.
Set Vi) 1= li_rr)ly(k). Denote by 0(o) @ Vo) — V(o) the involution such that
(00) | Yy = O(k)-

Set C:=Y \{y1,.--, 4}, Vo) xC = lin(y(k) x (). Denote by &(o) the pull-
back of the natural bundle on M x P! to V(o) xC and by (o) the pull-back of £
to y(oo)

Let €(o0) € H(V(oo), E(o)) be the pull-back of € € H'(M, &), and V : §(o) —
(o) @ Q¢ @ €0 the natural €(o)-connection along C'. There is a decomposition
§(o0)lyxc = (@ 0*(, where ( is the family of bundles ¢, y € C. Let us extend this
decomposition t0 Yooy xC.

It is enough to show that locally on ) this decomposition has a unique
V-invariant extension. So we can use the following lemma:

Lemma 6. Let C' = Spec A be a smooth curve, Yy := Spec B an affine scheme,
Y := Spec Bl[¢]], L a rank 2 bundle on CxY := Spec(A® B)[[¢]], V: L — L® Q¢
an e-connection on L along C (i.e., V is B[[e]]-linear and V(fs) = fVs+ esdcf,
where dof is the differential of f along C). Set Ly := L|cxy, and let Vi €
Homoy,, (Lo, Lo ® Q¢) be the reduction of V modulo €. Suppose there ezists a
Vo-invariant decomposition Lo = L§ @ Ly such that the eigenvalues wT := V0|L§

differ at any point of C x Yy. Then there is a unique V-invariant decomposition
L =1Lt ® L™ such that L*|oxy, = LE. O

This lemma is a bit generalized version of [5, Proposition 1.2] (see also [21,
Theorem 25.2]) and can be proved by the same method.

Proposition 5. For y € Y \ {y1,...,y4}, there is a rank 1 subbundle CZSOO) C
7T2<oo)£77(y) such that

@) &Ny =& C T rs
(ii) The natural isomorphism 7 &x(y) = az‘w)(wz‘w)ﬁﬂ(y)) identifies C(SZZ)) with
00y G8).

(i) oepnny = 6™ © (3.
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Proof. By Lemma 6, there is a V-invariant decomposition ) = C(to) D C(_Oo)

that extends ((c)lyxc = ¢ © 0*(. Set C?Soo) = C(ﬁo)ly(@x{yy Statement (i) is
clear. Since this V-invariant decomposition is unique, (ii) immediately follows.
(iil) follows from (ii). O

Consider Mp2). Recall that My is the zero set of e € HO(M,E), so
Oxi(Mp) = €.

Lemma 7. Set V := Ker(Pic M) — PicMpy). Then

(i) V is torsion-free;
(ii) Let v be an invertible sheaf on My 2y such that y|ymy =~ Omy, v #
OMH(Q)' Then Hi(MH(z),’Y) =0 for all i.

Proof. (i) Consider the exact sequence
0—=Elmy — OMye = Oy — L.
It yields an exact sequence
0— H' (Mg, &) — Pic My (9) — PicMpg — 1.
So V = H'(My, &) ~C.
(ii) Consider the exact sequence
0= y(=Mp) = v —=y/7(-Mn) — 0.
Clearly, v/v(=Mp) is the direct image of v| a1, =~ Opm,,, S0 Proposition 4 implies

. i Lol
dim H* (Mg 2y, v/7(~Mu)) = { 0, 1#0

Similarly, v(—=Mpg) is equal to the direct image of y|pm, @ (O(—Mpy))|my =
Vmu ® Elmu = E My, s0

1, i=1

0, i#1.

Since ¥ # Oy, @ nonzero section of y/v(—Mpy) cannot be lifted to a section
of 4. So the coboundary map

H(Mp2),7/7(=Map)) = H (Mg 2),7(— M)

dim H (M), (—Mur)) = {

is bijective, and the statement follows immediately. (]

Set Nty = O(MH(2))|MH<2> = 5®2|MH<2)'
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Proposition 6. The sheaf Ny, ,, is not trivial.

Remark. Let [NMH(z)} € Pic My 2y be the isomorphism class of NMH(2). Then
[NMH(Z)] eV.

Proof. Set Fj, := Oxg(kMpy). Clearly F/Fr—1 = L*NfakH, where N, =~ €|y, 18
the normal bundle to My C M, ¢ : My — M is the embedding. So Proposition 4
implies that
C,i=0 andk is even;
H' (M, F./Fr—1)=1{ C,i=1 andkis odd;

0, otherwise.

Besides, Hi(MH@),NMH(Q)) = H'(M,Fy/F), so it is enough to prove that the
coboundary map H°(M, Fo/F;) — HY (M, F1/Fo) does not vanish.

Let us construct a rational section F' € £92 = Fy. Fix x € P\ {z1,..., 24} and
w € Q. Let (L,V,p; E,€) be an e-bundle. Consider the map Fy : H(P', L) —
L, ®E :s+— w1(Vs)(z) and the map Fy : HO(P},L) — L, : s — s(x). Set
F = det(Fy)(det(Fy))~ L.

Now denote by & the invertible sheaf on M whose fiber at (L,V,¢; E,¢€) is
A’ HO(P!, L) = detRI(P!,L). Then det(F,) is naturally a section of 6~, and
det(F) is a section of £92 ® §~1. The zero divisor of det(Fy) € HO(M,571) is
the closed reduced substack M; C M formed by e-bundles (L, V, ¢, E, €) with
L~ O]pl (—1) (&) Oﬂml (1)

It is easy to see the restriction det(Fy)|p, € HO(M1,E%% ® §71) has a zero
of order 1 at My N M;. Clearly F|r,, € H(Mpy,E%?) equals det(V)(z)w™?2 at
(L,V,p;E €). So F|m, has no zero.

Hence any global section of F2/FY has a form aF + G, where a € C, G €
F1/FO = E| pmy - More precisely, G € H (Mg, E(M1 N My)). But it follows from
the explicit description of My (see Section 4) that H(My,E(M1 N Mg)) = 0.
Since F' has a pole of order 1 along M1, a = 0 (otherwise aF is not regular). O

Remark. There is another way to prove this proposition. Let us sketch the proof.
Assume the converse. Then

HY(M, Fa)Fo) = H' (M, F2/F1) = H* (Mp,Opnm,,).

Let f € HO(M, Fa/Fo) correspond to 1 € H' (Mg, Oy, ). Since HY(M, O) = 0
(see Proposition 7) one can lift f to f € HO(M, Ox1(2Mpg))\H°(M, O5;). Clearly
f has no zero on My. Since f~1 ¢ H(M, Oxy), the divisor (f)o of zeros of f
is not empty. Then (f)o C M is a complete substack and its image in the coarse
moduli space M corresponding to M is a projective curve. By the Riemann—Hilbert
correspondence M is analytically isomorphic to an affine variety, so M contains no
projective curve. O

The following statements are used in Section 8.
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Corollary 2. H' (M), (N/Vlmz))@k) =0 foranyi >0, k #0.

Proof. Let [Nay ] € V' C Pic Mp(2) be the isomorphism class of Ny, . By
Proposition 6, we have [N, ] # 0. By Lemma 7(i), [Nfaka] # 0. Lemma 7(ii)
completes the proof. O
Corollary 3. Set F := Sym?&, ® E|Myy- Then H'(Mpe), F® NfakH(z)) =0
for any i, k, and x € P\ {zy,...,24}.

Proof. For the sake of simplicity, we write (, for QSOO)|y(2), yeY \{y1,...,ya}
Clearly, the inverse image of Sym? &, to V) is Sme({y+ B¢ )= Oy, a( 53269
(¥?). Here {yy,y_} =7 '(x). Oy, C Sym?(¢,, @ (,_) is po-invariant and —1 €
e acts on this sheaf as —1. Denote by O/_VIH(z) C Sym? €w|MH<z) the corresponding
O My, (,-submodule. The same arguments as in the proof of Corollary 1 show that

H V), (o) e Nfaka) -0,

SO
i k 7 — k
H' (Mp ), F® Nﬁm)) = H'(Mp2), OMH(Q) RER® Nﬁm) ).

But (OLH@) ® E)®? = £92 50 the class of Oy ®E® NﬁkH(z) in Pic M9 is
[Ny ](k 4+ 3) # 0. Lemma 7 completes the proof. O

7. Bundles ¢, on M

C, i=0

Proposition 7. H'(M,Ox;) = { 0. it0°
,

Proof. Consider the four points on My that correspond to the classes [y] € Pic® Y
— J—
such that v ~ ¢*v. Denote by M~ — M the blow-up in these four points. Then

=7 . -7 . . c .
the coarse moduli space M corresponding to M is a smooth rational projective

scheme (note that the coarse moduli space corresponding to M is not smooth). So
. ) 9 (C, 1=20

H'(M,O%7) = H' (M ,0547) = H'(M 7OM7)={ ) . O
0, i#0

Remark. Denote by M the coarse moduli space corresponding to M. The variety

M has the least smooth compactification M D M (see [1]). Hence there is a natural

map M — . Actually M =11

Suppose (L, V,p; E,€) is an e-bundle. Set L' := {s € L|s(z1) € l1} C L, where
Iy :== Ker(Ry — M ® €) C L,, is the eigenspace of the residue of V. Condition
(iv) of Definition 2 implies (L', V|r/) is irreducible. Hence L' ~ Op: & Op1(—1),
so dim H°(P',L') = 1. Denote by &, the line bundle on M whose fiber over
(L,V,¢; E,€) equals HO(P*, L').
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Lemma 8. Fori >0,

(i) H(M,Oxe(~Mu)) = 0;
(i) H'(M, (€)% (—Mu)) =

0;
(i) H'(M, ((§4)")%*(~Mn)) =

0.
Proof. (i) Consider the exact sequence
0 — Ox(—Mp) — Oz — Oxg/Oxp(=Mp) — 0.
By Propositions 7 and 4 the natural map
H'(M,O5f) = H'(M, O/ O5(~Mur)) = H' (M, O,y )

is bijective. So the first statement is obvious.

(ii) Let (L,V,y; E,€) be an e-bundle, L' := {s € L|s(z1) € l1} C L. Take
s€ HO(PY, L), s # 0. Then Vs € HY(P!, L'@Qp1 (21 + -+ + 14)QFE), s0 V(s)As €
HOPYL Qpi (21 + -+ +24) —71)) ®E, V() As # 0. Let 2 € P! be the unique zero
of V(s) As. Clearly z does not depend on the choice of s. Define ¢ : M — P! by
(L,V,0;E €) — z.

Fix 2p € P\ {71}, w € Q(x1 + -+ + 24)z,, w # 0. The correspondence s
(V(s) A s)(zo)w™t € A Ly, ® E defines a map (£;)®2 — £. This map induces an
isomorphism (¢4)%2 53¢ (Op: (~1)) @ £. So (€4)%2(—Ma) ~ ¢* (Os (—1).

Set M, := ¢ (z) for x € P!. Clearly M, is a us-gerbe over some algebraic
space for x # x1,...,74. [1, Theorem 3] implies that M, N M is a us-gerbe over
Al for & # x1,...,24. So, there is x € P! such that M, is a us-gerbe over P! and
x' = M, N My is a ps-gerbe over a point.

Since (£4)%?(-Mpy) ~ ¢*(Op(—1)) =~ Ox7(—M,), it is enough to prove
H{ (M, Op7(—M,)) = 0. Consider the exact sequence

0— Oﬂ(—Mz) - OM - OM/OH(_MI) — 0.
Clearly

C, 1=0

HY(¥, 0/ O~ M) = H' (M. Oz, = { 72

Now Proposition 7 completes the proof.

(iii) Let 2, M,, and 2’ have the same meaning as above. Clearly

()2 (~Muy) = (" Op1 (1)) (—=2Mp) = Oxg(—2My + M,).
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Letg My — M and i :MH < M be the natural embeddings, F; :=
11 Oxt(My — Mpy), Fa := 1505;( M, — Mp). Consider the exact sequences

0 — Oxi(—Mp) = Oxz(My — Mp) — (11)«F1 — 0

0— Oﬂ(ﬂm —2Mpy) — Oﬂ(ﬂm — Mpg) — (12)«F2 — 0.

By (i), H'(M, Ox(=Mp)) = 0, so it is enough to prove that H'(M,, F) =
(MH 2) = 0. Note that M, is a fiber of ¢, so (;O3(M;) ~ Oz and

~ QO ( z'). Since M, is a pg-gerbe over a projective line,
Hl(ﬂz,fl) ~ Hl(ﬂz, Oﬂj (—.’El)) =0.

Finally, we have Fy = (€] m,, ) (2'). The pull-back of (€| a, )(2') to YV is of degree 2,
0

HY (Y, 73 (€] mu)(2))) = 0.
Hence HY'(My, (E|my))(z') = 0. Proposition 4 implies x((&|pmy)(2") = 1+
X(E[rmy) =0, s0 HO (M, (€] ) (@) = 0. O
Proposition 8. Suppose x,y € P1. For any i,

() H'(M, & ® &(-=Mu)) = 0;
(ii) H*(M,Sym?* &, (—~Mp)) = 0.

Proof. Without loss of generality we may assume that x # z1, y # y1. Then the
natural maps £ — &, {4+ — & are injective and their cokernels are isomorphic to
(&4+)*. We use these maps to identify £, with subbundles of &, &,.

Consider the filtration Fo :=0 C F1 := &, ®&4 C Fo = ({4 Q&)+ (& ®&4) C
Fi =& ®¢&,. It follows from Lemma 8 that H*(M, (F/Fx—1)(—=Mp)) = 0. This
implies (i). Since £22 = Sym?¢, @ Oy, (ii) follows from (i). |

8. Proof of Theorem 2

Denote by j : M — M and i2) : Mpu) < M the natural embeddings. For a
vector bundle F on M we consider the filtration

fO :J’T'Ccfk :f(kMH(Q))CCfoo :j*]*f

This yields H*(M, Flpm) = H* (M, Fuo) = imH* (M, Fy). Besides, Fy/Fr_1 =
(i(2)« (FrlMpey) = (@)« (FlMpo) @ (NMH(2>)®k)~ The following lemma is clear.
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Lemma 9. Suppose F is a vector bundle on M such that
H.(MH(Q)a]:|MH(2) ® (NMH(Q))®k) =0

for any k > 0. Then the natural maps H*(M,F) — H®*(M,F|m) are isomor-
phisms. O

Proof of Theorem 2.

(i) Set F = & @ &(—Mp). Using Corollary 1 and Lemma 9, we get
H*(M,F)= H*(M,F). Now Proposition 8 (i) completes the proof.
(ii) Set F := Oy Combining Lemma 9 with Corollary 2 and Proposition 7,
we obtain the required formula.
(iii) Set F := Sym?¢&,(—My). Corollary 3, Proposition 8 (ii), and Lemma 9
imply H*(M,F) = H*(M,F) = 0. O

Remark. There is another way to prove Theorem 2 without Lemma 8. Let us
sketch the proof.

Set Fpy =& ® §y(—Mp). Suppose z # y. Corollary 1 implies
H' (M, Foy(kMir2)) | Fuy((k — 1) Mp(2))) = 0.

So HY(M, Fzy(k’MH(g))):Hi(M,me). But H°(M, Fuy(kMp(2))) =0 for k < 0.
Besides, H*(M, F,,;) = 0 (see [1, Theorem 1]). Hence H (M, F,,) = 0 for i # 1.

In the same way, H'(M,Sym? &, (—My)) = 0 for i # 1,  # x1,...,24. Since
H'(M,051(-Mpg)) = 0, we have H'(M, F,,) = H' (M, F,,) = 0 for i # 1,
(,y) # (zj,x;). But [1, Theorem 2] implies H'(M, F,,,,) = 0 for all 7. Since
Fuy form a P! x P!-family of coherent Oxr-modules, we have x(F,,) = 0 for any
(z,y). Hence HY(M,F,,) = 0 for (z,y) # (j,2;) (j = 1,...,4). This part of
Proposition 8 is enough for Theorem 2.

9. Orthogonality for families: Theorem 3

Recall that p : P — P! is the projective line with doubled points z,..., T4,
p (@) = {zF, 27}, N o= S, Mi(zf — a7) is a C-divisor on P, Dj is the
corresponding TDO. For a (A1,...,As)-bundle L, the Dy-module Ly is defined
by Ly = ju(L|ly), where U := P*\ {z1,...,24}, j : U — P is the natural
embedding. We identify U with j(U). Clearly, (Lx), = L, for z € U, and
(L)) = IF :=Ker(R; £ \;) C L, for x = 2.

Theorem 2 and [1, Theorem 2] imply the following proposition.
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Proposition 9. Let y € P x P be a point. Then
(i) H'({y} x M,Fp) =0 fori#0;
0, ygA
ii) HO x M, Fp) =
) 1) < M) ={ ¢ Ve
(iii) Let y = (y1,92) € A, 2 = p(y1) = p(y2) € PL. Then the map C —
ALy — (L)% = (p"L)y, ® (0" L)y, — (La)y, © (Ln)y, for an e-bundle
L defines a morphism Oap — Fpliyyxm such that the corresponding map
C=HM,0n) — H°({y} x M, Fp) is bijective. O

It is easy to see that this proposition is valid for all (not necessarily closed)
points y € P x P.

Let Z be a scheme. Consider the derived category of quasicoherent O z-modules
D..(2).

qgc
We need the following lemma:

Lemma 10.

(i) LetV C Z be a closed subscheme that locally can be defined by one equation,
F € Dy.(Z). Suppose Li*F = 0, wherei : Z — X is the natural embedding.
Then the natural mapping F — j.j*F is an isomorphism. Here j : Z\V —
Z (note that both j. and j* are exact).

(ii) Suppose Z is Noetherian. Let F € Dy (Z) satisfy (Liy)F =0 for all (not
necessarily closed) points iy :y — Z. Then F = 0.

Remark. Statement (i) still holds in the case of a closed subscheme V' C Z that
locally can be defined by a finite number of equations. In this situation, Li*F =0
implies that F — (Rj,)j*F is an isomorphism.

Proof. (i) The statement is local, so we assume Z = Spec A, V = Spec A/(f),

Z\V = Spec A;. Set Ann(f) := Ker(A-LA). Since F ®% (A/(f)) = 0, we have
F @ Ann(f) = (F @5 (A/(f))) ®ﬁ/(f) Ann(f) = 0.

Consider the exact sequence

0 Ann(f) — A — A — A/(f) 0,

where the map A — A is multiplication by f. Multiplying it by F, we see
that FLF is a quasi-isomorphism. Hence H*(F )LH (F) is an isomorphism and
H'(F)=H'(F)@ Ay = H'(F @ Aj).

(ii) The statement is local, so we suppose Z = Spec A. Assume F # 0. Consider
all closed subschemes iy : Y < Z such that (Li})F # 0. Since Z is Noetherian,
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there is a minimal subscheme Y with this property. Without loss of generality, we
assume Y = Z.

Statement (i) implies that multiplication by any f € A, f # 0 induces an
isomorphism f : HY(F) — H(F). If A is not integral, we take f,g € A such
that f #£ 0, g # 0, fg = 0. The composition Hi(]-')LHi(}')iHi(}') is zero, so
HY(F) =0 for all i.

If A is integral, we get H'(F) = H'(F) ®4 K, where K is the fraction field
of A. Since K is a flat A-module, the assumptions of the lemma imply H*(F) =
H{(F)®as K =H (F®4K)=0. O

Proof of Theorem 3. Set F := Rp12,.Fp (as before, pjo: PX P x M — P x P is
the projection).

Step 1. Set V := P x P\ A, where A is the closure of A’ C P x P. Lemma 10
and Proposition 9 imply F|y = 0.

By Kashiwara’s theorem ([4, Theorem 7.13]), F = i, (Li F)[—1], where 7 :
A < P x P is the embedding, 7 is the O-module pull-back. So it is enough to
prove that Li"F = O

Step 2. Clearly A\ A’ consists of eight points (z,zF). By Proposition 9, the

inverse image of F to this points is quasi-isomorphic to 0. So, by Lemma 10, it is
enough to prove that Li*F = Oa+, where i : A’ — P x P is the natural embedding.

Step 3. There is a natural embedding Oarxpm — Fp|arxm. By Proposition 9
and Lemma 10, R(p12)*((fP‘A’><M)/OA’><M> = 0. Hence

Li*F = R(p12)«(Fplarxm) = R(p12)«(Oarxm) = Oar @c RI'(M, O ).

By Theorem 2 (ii), RI'(M,Opn) = C, so Li*F = Oar. O

10. Orthogonality for families: Theorem 4

We will need the following easy (and well-known) statement:

Lemma 11. Let t be a local parameter at x; € P, (L,V,p) a A-bundle. The
restriction of (L, V) to the formal neighborhood of x is isomorphic to C[[t]] & C[[t]]
with V : C[[t]] ® C[[t]] — (C[[t] & C[[t]])dt given by V(f,g) = (df + f it~ 1dt,dg —
ghit~tdt). O

Let (L1,Vi,p1) and (Lo, Va,p2) be A-bundles. Consider the Dp-module
o*((L1)x) ®op (L2)x- Set L1z := Homo,, (L1, L2). The natural connection V :
Lis — Lo ® Qpi(x1 + -+ + x4) gives a Dy-module structure on Lqao|y. Set
Vi := Im(res,, V : (L12)z; — (L12)s,). Denote by Elg the modification of Lis
whose sheaf of sections is {s € L1s : s(z;) € V; C (L12)4;3i = 1,...,4}.

Lemma 11 implies the following two statements.
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Lemma 12. The identification

Lio|u—=j"(0" ((L1)x) ®@0p (L2)x) = J"(L1) ®op 5" (L2)

extends to an isomorphism ji.(Lio|v)—=Rp«(c*((L1)x) ®op (L2)y). O

Lemma 13. The map L1 — ji.(L12) induces a quasi-isomorphism

(L12E>E12 @ Qp1(x1 + -+ -+ x4)) — DR(j1x(L12)).

O

All the above constructions are still valid for families of A-bundles. In particular,
since the complex (L12 — Zlg ® Qp1(z1 + - -+ 4+ x4)) is formed by coherent sheaves,
Lemmas 12 and 13 imply Ripi2 . DR(Faq) is coherent for any i (here p1a : M x
MX P — MxM).

Set H' := H(P!, (leiilz ® Qp1 (21 + -+ + 24))). The following proposition
computes dim H?.

Proposition 10.
(i) If L1 and Ly are not isomorphic, H! = 0 for any i;
(ii) If Ly and Lo are isomorphic,
1, ifi=0,2
. ifi=1

0, otherwise.

dimH! =

[\

(iii) Suppose Ly = Ly = L (so L1z = Endo,, (L)). Consider the map of com-
plexes

(O[[»l iﬂ]pl) — (nglilg (24 Q[Pl (1‘1 + 4 ZC4))

induced by Opr — L1z : f +— f1dg. Then the induced map Hi (P!, C) :=
H (P!, OiQﬂn) — H’ is an isomorphism for i = 0,2.
Proof. The Riemann-Roch Theorem implies dim H°+dim H? —dim H! = deg(L12)—

deg(Liz ® Op (v1+ - +24)) = 0. Since H° = {A € Hom(Ly, Ls) : VA = AV},
H° has the required dimension. On the other hand, by Serre’s duality,

(H2)* = HO(PY, (Lia(@1 + - + 24))* 5 Ly ® Qp1).

The SL(2)-structure on L; and Lo yields a canonical paring Lis X Lig — Opt.
Since the pairing agrees with V, ((Lyg(x1 + -« + x4))*V—>L{2 ® Qp1) is naturally a
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subcomplex of (Lmiim(zl + -+ 24) ®Qp1), and (H?)* is naturally a subspace
of HY. In particular, dim H? < dim H°. This proves (i).

Note that (O[[»l iﬂ]pl) is a direct summand in (nglzlg X Qpl (1‘1 —+ 4 174))
if Ly = Lo. This implies (iii). (ii) follows from (iii). O

The map (H?)* — H constructed above still makes sense for S-points over an
arbitrary scheme S. Since we are going to need the result, let us give a precise
statement.

Lemma 14. Let S be a locally Noetherian scheme, i : S — M X M. Set F(g) :=
Rp1 «(DR((i x idp)*Fpm)) (here py : S x P — S). Then Hom(H?(Fs)),Os) is
isomorphic to a subsheaf of HO(]:(S)).

Proof. The proof repeats that of Proposition 10, the only difference is that Serre’s
duality should be replaced by an appropriate “relative” result, e.g., [11, Theo-
rem 21] or [9, Theorem IIL.5.1] (or [9, Corollary VIL.3.4(c)] for a general state-
ment). O

Remark. Actually, it is easy to see that Hom(H?(Fs)),Os) = H°(Fs))-

Clearly, diag : M — M x M is a us-torsor over diag(M). Denote by Hom
the line bundle (i.e., a G,,-torsor) on diag(M) obtained by applying us — Gy,
to this torsor. Note that the fiber of Hom over ((L1, V1, ®1), (L2, Va, p2)) equals
{4 e Homop,, (L1, L) : AV, = V3 A}

Proposition 10 still holds for all (not necessarily closed) points of M x M (that
is, L1 and Ly can be Spec K-families of A-bundles for a field K). The following
corollary is obvious (p12 stands for the projection M x M x P — M x M).

Corollary 4.

(i) Rp12,« DR(Frq) vanishes if restricted to M x M\ diag(M).
(ii) The map (pia Hom) — Farlaiagmyxp induces an isomorphism Hom =
Hom ®H2(P1, (O[Pl — Q]pl)) — R2p12,*(DR(fM)|diag(M))' O

Now let us prove Theorem 4. The proof is based on the following observation
(cf. [16, Lemma in §13])

Lemma 15. Let Z be a locally Noetherian scheme, V. C Z a closed subscheme
that is locally a complete intersection of pure codimension n. Denote byi:V — Z
and j: Z\'V < Z the natural embeddings.

(i) Let F be a quasicoherent sheaf on Z such that F|zy = 0, Lpi*F = 0.
Then F = 0.

(i) Let F* = (F° — F!' — ...) be a complex of flat Oz-modules such that
HY(F*)|z\v =0 for all i <n. Then H'(F*) =0 fori <n.
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Proof. (i) Using the Koszul resolution, one easily sees that ([9, Corollary I11.7.3])
L,i"F = Homo, (w;/lz, F).

Here w;/lz is the determinant of the normal bundle of V' C Z. On the other hand,
the kernel of the natural map F — (R%j,)j*(F) is

FVe) .= G{f € F:0z4(—kV)f =0}
k=1

Since {f € F : Oz(=V)f =0} =0, we have F(V=) =0, so F — (R%},)j*(F) is an

injection.

(ii) Consider the spectral sequence
B = L_,i*H(F*) = H"*4(i"F*)

(note that F* is a complex of flat modules, so Li* F* =i*F*). Clearly H*(i* F'*)=0
for k < 0. The spectral sequence implies L,i*H°(F*®) =0, so by (i), H(F*) =0
In a similar way, now we see L,i* H!(F*®) = 0, and so on. O

Lemma 15 (ii) and Corollary 4 (i) imply R'pi2.DR(Fa) = 0 for i # 2. Set
F@ .= R%pi5 . DR(Frq). Corollary 4 (ii) implies Hom = .7-"(2)|diag(M). To com-
plete the proof, it is enough to check F() is concentrated on diag(M), which
follows from Lemma 14.
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