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ON AM-CONNECTIONS ON A CURVE WHERE )\ IS A FORMAL
PARAMETER

D. ARINKIN

ABSTRACT. We study GLa-bundles with connections with a small parameter on a
smooth projective curve. We describe an open subset in the moduli space of such
bundles. The description degenerates into the Hitchin fibration as the parameter
tends to zero.

1. Introduction

1.1. The moduli space of Higgs bundles on a curve admits a well-known de-
scription in terms of spectral curves (the Hitchin fibration). On the other hand,
Higgs bundles can be viewed as a degeneration of bundles with connections:
P. Deligne introduced the notion of ‘A-connections’, and Higgs fields (resp. con-
nections) are A-connections for A = 0 (resp. A = 1). It is natural to ask whether
spectral curves can be used to describe the moduli space of A-connections for
A #0.

The simplest case is when A € C[[A]] is a formal parameter; that is, the A-
connections considered are formal deformations of Higgs bundles. This case has
the following advantage: if a A-connection is a formal deformation of a Higgs
bundle, we can try using the spectral curve corresponding to the Higgs bundle
to describe the A-connection. Informally, if A is an actual number rather than a
formal parameter (for instance, A = 1), we would not know which spectral curve
to use.

Let Conn), be the moduli space of A-connections: Conn) parametrizes triples
(L,V,\), where L is a G-bundle on X, A € C, and V is a A-connection on L.
Here X is a smooth curve and G is a reductive group. The moduli stack of Higgs
bundles is the closed substack Higgs C Conn) given by A = 0. Making A\ a
formal parameter corresponds to working with the formal completion Conn .y,
of Conn) along Higgs instead of Conn, itself. The problem simplifies further
if we consider only those Higgs bundles that are non-degenerate in some sense.
Geometrically, this corresponds to taking an open substack Higgs’ C Higgs
(parametrizing non-degenerate bundles) and studying the formal completion
Conn,,,, of Conn, along Higgs'.
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In this paper, we set G = GLy and consider Higgs bundles whose spectral
curves are smooth, but possibly ramified. We use spectral curves to describe
A-connections that are formal deformations of such Higgs bundles (Theorem A),
and then derive a description of Conn},,,, if X is projective (Theorem B). The
results can be generalized to arbitrary reductive group (see Section 2.3). An
expanded version of this paper is available online [1].

Remark. Although A-connections are interesting geometric objects in their own
right, they are particularly important because they can be used to compactify the
moduli stack Conn of ordinary connections ([6], [7]). We hope that studying
Conny,,,, can improve our understanding of Conn (which is important, for
instance, in the geometric Langlands program). One case (SLa-connections on P!
with four simple poles) appears in [2]: a result about Conny,, ([2, Proposition
6]) is used to compute the cohomology groups H*(Conn, F') for some natural
coherent sheaves F'.

1.2. Conventions and notation. In this work, the ground field is C, that
is, ‘scheme’ means ‘C-scheme’, GLy means GL2(C), and so on. However, our
methods are purely algebraic, so C can be replaced by any algebraically closed
field of characteristic zero.

For a scheme (or a formal scheme, or a stack) .S, the words ‘groupoid of vector
bundles on S’ refer to the category whose objects are vector bundles on S and
whose arrows are isomorphisms of vector bundles. The same convention applies
to vector bundles with additional structures (e.g., connections).

2. Main results

2.1. Let X be a smooth (not necessarily projective) curve over C. Our first
result describes C[[\]]-families of A-connections on X using spectral curves.

Definition 2.1. Let L be a vector bundle on X, A € C. A A-connection on L
is a C-linear map V : L — L ® Q) x such that

(2.1) V(fs) = fV(s)+As®df
for any f € Ox, s € L. A Higgs field is a A-connection for A = 0.

Definition 2.2. A CJ[[\]]-family of vector bundles with A-connections on X is a
pair (L, V), where L is a vector bundle on the formal scheme X[[A]] := lim X x
Spec C[A]/(A\%), and V : L — L ®0, Qx is a C[[\]]-linear A-connection.

The reduction of (L,V) modulo A is the Higgs bundle (that is, a bundle
equipped with a Higgs field) (Lo, Vo) on X, where Ly := L/AL is the restriction
of L to X, and Vg : Ly — Lo ® Qx is induced by V.

Definition 2.3. A subscheme X C T*X is a spectral curve (for GLsg) if the
projection pg = p|g : X — X is flat and finite of degree 2. Here p : T*X —
X is the cotangent bundle. The natural 1-form p = pg € HO(X,p}QX) C
HO(X,Qy) is the restriction of the natural 1-form pp-x € HO(T* X, p*Qx).
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Fix a smooth spectral curve X € T*X. Denote by Conny(X) the groupoid
of C[[A]]-families (L, V) of rank 2 bundles with A-connections on X such that X
equals the spectral curve of (Lo, Vy), where (Lo, Vy) is the reduction of (L, V)
modulo A. (The notion of the spectral curve of a Higgs bundle is recalled in
Theorem 5.1.)

Denote by %A(X ) the groupoid of C[[\]]-families (I,d) of rank 1 bundles
with A-connections on X such that 6 : | — [ ® Q¢ (#1 + - -- + &,) has first order
poles at Z1,...,%, (the ramification locus of p; : X — X)), the residue of § at
Z; equals —\/2 (the notion of residue of a A-connection is straightforward), and
the reduction 6y of 6 modulo A equals u ;. Notice that dy is a Higgs field on the
line bundle I/Al, and a Higgs field on a line bundle is simply a 1-form.

The following theorem goes back to W. Wasow; it is a slightly generalized
version of [4, Proposition 1.2] (see also [8, Theorem 25.2]) and can be proved by
the same method:

Theorem 2.4. Suppose X is a smooth curve and py : X — X is an unram-

ified spectral curve. The functor %A(X) — Conny(X) that sends (1,0) to
((pg)«(1), (pg)«(9)) is an equivalence of groupoids. O

Let now X be a smooth (but possibly ramified) spectral curve. (Notice that
X is always ramified if X is a projective curve of genus at least 2.) We claim
that the groupoids Conny (X) and Conny(X) are still equivalent in this case;
however, the equlvalence is not as explicit as that in Theorem 2.4.

Set X, := X — {Z1,...,%,}, where #; € X are the ramification points of
X — X, and X, = pX(Xu) C X. There are natural functors Conny(X) —
Conny(X,) (restriction to X,, C X) and ConnA(X) — ConnA(Xu) (restriction
to X, C X).

Theorem A. Let X be a smooth curve and X C T*X a smooth spectral curve.

1. The functor Conny(X) — Conny(X,) is fully faithful (so that Conny(X)
is equivalent to a full subcategory of Conny (X))

2. The functor C/O\T;LA(X) — C/O\TZ”L)\( Xu) is fully faithful.

3. For a groupoid G, let [G] be the set of isomorphism classes of objects of
G. Note that Theorem 2.4 gives an equivalence %A(Xu):COnnA(Xu),
which induces an isomorphism [%A(Xu)}S[COnnA(Xu)]. We claim that
the isomorphism identifies [C/O\n/nA(X)] C [C/O\TZ’L)\(XU)] and [Conny(X)] C
[Connx(X,)].

Corollary 2.5. In the assumptions of Theorem A, there is an equivalence of
groupoids F : Conny(X)—=Conny(X) that makes the diagram

Conna(X) = Conny(X)
(2.2) l l

—~—

Conny(X,) = Conny(X.)
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commute (by definition, this means that there exists an isomorphism ¢ between
the two composition functors given by the diagram). The pair (F,¢) is unique
up to a canonical isomorphism. O

We prove Theorem A by direct calculations: we first reduce A-connections to
a standard form, and then construct F essentially by writing formal solutions
to the corresponding differential equation. Another (slightly longer, but less
calculative) proof of the theorem is presented in [1].

Remark. Conn »(X) has a simpler description. For any (1,4) € Conny (X), define
a connection 0 : | — 1 @ Qg (&1 + -+ + &) by  := A71(6 — p). In this way,
Conn »(X) is identified with the groupoid of pairs (I,d), where [ is a line bundle
on X[[N],and 9 :1 — 1®Qg (&1 +---+&y,) is a (C[[A]]-linear) connection whose
residues at #; € X equal —1/2.

2.2. Suppose now that the smooth curve X is projective. Denote by Higgs the
moduli stack of rank 2 Higgs bundles (L, V) on X. Let Conn) be the moduli
stack of triples (L, V,\), where A € C, L is a rank 2 bundle on X and V is a
A-connection on L. Then Higgs is identified with the closed substack of Conny
formed by triples (L, V,\) with A = 0. Our next result describes an open subset
in the formal completion of Conn) along Higgs.

Denote by SCurv the space of spectral curves X. It is isomorphic to an
affine space: the coordinates on SCurv are the coefficients of the equation for X.
Denote by pr : Higgs — SCurv the morphism that sends a Higgs bundle to its
spectral curve (the Hitchin fibration). The fiber of py over a smooth spectral
curve X € SCurv is the moduli stack of line bundles on X.

Denote by M* the moduli stack of collections (X, [,0), where X € SCurv is a
smooth spectral curve, [ is a line bundle on X, and 9 :1 — 1@ Qg (1 +- - +3,)
is a connection (not a A-connection) whose residues at Z1,...,Z, equal —1/2.
As before, Z1,..., T, are the ramification points of p; : X - X.

Consider the projection
p*: M* — Higgs : (X,1,0) — (X,1);

here we identify Higgs bundles with their spectral data (X, 1) (see Theorem 5.1).
The fiber of p* over (X, 1) is the space of connections 9 : | — I®@Q ¢ (F1++ - +Tn),
resz, 0 = —1/2. The following statement is immediate:

Lemma 2.6. Set Higgs' := p*(M*) C Higgs.

1. Higgs' C Higgs is an open substack.

2. (L,V) € Higgs' if and only if the spectral curve X C T*X of (L,V)
is smooth and for any connected component X' C X and a V-invariant
subbundle L' C L|x/, we have deg(L') = 0. (If X is a connected curve
of genus at least 2, the second condition is equivalent to the condition
deg(L) =0.)
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3. The fiber pﬁ_l(L,V) over (L,V) € Higgs' is an affine space; the corre-
sponding vector space is HO(X', Q). More precisely: as (L, V) varies, the
spaces HO(X, Q) form a vector bundle on Higgs', and p* : M* — Higgs'
1$ a torsor over this vector bundle.

L]

Denote by (, the relative tangent bundle to p*; it is a foliation on M¥, and
Higgs' is identified with the quotient of M# modulo (.

Remark. M! is an algebraic stack, so the notion of a foliation on M?* requires
clarification. However, the stack structure on M* (and on Higgs’) is rather
simple: the automorphism groups of all points are isomorphic, and M¥ is a
gerbe over the corresponding coarse moduli space, M*. (If X is a connected
curve of genus at least 2, then M* — M* is a Gp,-gerbe.) If we work with M*
instead of M, then (5 becomes a foliation on a smooth algebraic space; such
objects are easy to define. The downside is that in this way we get a description
of the coarse moduli space of A-connections rather than the moduli stack. We
could avoid this difficulty if we rigidify the moduli problem, for instance, by
adding framings of vector bundles at some points.

On the other hand, it is not hard to define the notion of a foliation on an alge-
braic stack. From now on, we will ignore this difficulty and freely use foliations
on M¥,

Let us construct another foliation (s on M using isomonodromic deforma-
tion. Consider the composition pg o p? : M# — SCurv. The fiber of pg o p* over
a smooth spectral curve X € SCurv is canonically identified with fibers over
infinitesimally close spectral curves (the fiber is essentially the space of rank 1
local systems on X with monodromy —1 around the ramification points; there-
fore, the fiber does not change under deformations of X ). More precisely, the
morphism pg o pf : M¥ — SCurv carries a connection. Let (5 be the foliation
of horizontal vector fields with respect to this connection.

Now consider (y and (s, as abstract vector bundles rather than foliations.
Over a point (X,1,9) € M, the fiber of ¢y equals H°(X, 1 ¢), while the fiber of
(oo equals HO(X, Ny ), where N is the normal bundle to X C T*X. The sym-
plectic structure on 7" X identifies N with Q ¢; therefore, the vector bundles
(o and (., are isomorphic.

Remark 2.7. We choose the isomorphism 2 =Ny so that the diagram
Pellx — T(T"X)lg
!

Q3 — Ny
commutes. Here T(T*X)| ¢ is the restriction to X C T* X of the tangent bundle
to T*X, the map p%Qx — T(T"X)|x; identifies p% € with the subbundle of
vertical vector fields, p}Q x — 5 is the pull-back map for differential forms,
and T'(T*X)| ¢ — Ny is the natural projection.
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Definition 2.8. Let (y, (- C T'M be distributions on a smooth variety M, and
let v : (y—C(s be an isomorphism of vector bundles on M. For «, € C, the
linear combination oo+ (s C T'M is the image of the morphism «(id¢, )+ Gv :
(o — TM (in particular, if the morphism is an embedding of vector bundles,
alo + s is a distribution on M).

Theorem B. Let M¥, (o, and (s be as above, and let us use the isomorphism
Co—Co0 from Remark 2.7 to construct the linear combination ( := (o — AMso,
A € C. Notice that (y and (s are transversal, so (\ is a distribution for any
AreC.

1. ¢y is a foliation on MF for any \ € C.

2. The quotient M*/(y exists if X € C[[\]] is a formal parameter, and such
quotients form a family M#[[\]]/Cn — Spf C[[\]] over the formal disc.

3. M*[[N]]/¢y is canonically isomorphic to the formal completion of Conny
along Higgs'. This isomorphism respects the projection to Spf C[[\]] (in-
tuitively, M* /Cy is identified with an open substack in the moduli stack of
A-connections when X\ is a formal parameter).

2.3. Our results still hold for bundles over an arbitrary reductive group G.
Let us sketch the generalization (the details will be given elsewhere). Let g be
the Lie algebra of G, b its Cartan algebra, and W the Weyl group. Recall ([3])
that to a Higgs bundle over G on a smooth curve X there corresponds a cameral
cover Xcoom — X: locally on X, a Higgs field is essentially a map X — g, and
Xeam is given by b x /i X, where the map X — h/W is the composition

X —g—g/G=b/W.

Xcam 18 a closed subscheme of T* X ® b (the total space of the bundle Qx ®¢ b),
and the action of W on T* X ® b preserves X .qm.-

For a given cameral cover X q;, C T*X ® b, denote by Conny(Xcem) the
groupoid of C[[A]]-families of G-bundles with A-connections on X whose reduc-
tions modulo A are Higgs bundles with cameral cover X 4,,. The generalization
of Theorem A provides a description of Conny(Xcqm) in terms of line bundles
with A-connections on X .., provided X .., is smooth. The proof is based on
the following simple observation:

Lemma 2.9. Suppose Xcom C T*X ® b is a smooth cameral curve, (L,V) €
Conny(Xcam), and x € X. Then in the formal neighborhood of x, the C[[\]]-
family of A-connections (L, V) is induced from G' C G. Here G’ is a reductive
group that depends on X qm and x only. G’ is a torus if Xeam — X is unramified
at z; G' has semisimple rank 1 (that is, G’ is an extension of SLy or PG Lo by
a torus) if Xeam — X is ramified at x. O

It follows from Lemma 2.9 that the ‘formal’ statement (Theorem 3.1) for GLo
implies the corresponding theorem for GG, which in turn implies the generalized
Theorem A. We can then derive an analogue of Theorem B.
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2.4. Organization. In Section 3, we prove Theorem A by deriving it from
its ‘formal’ version (Theorem 3.1), in which X is a formal disc rather than a
curve. We prove Theorem B in Section 4. In Section 5, we explain the relation
between Theorem A and the description of Higgs bundle via spectral curves
(which is reminded in Theorem 5.1). Finally, in Section 6, we sketch a geometric
construction which generalizes the construction of Theorem B.

3. Proof of Theorem A

3.1. All of the above definitions (A-connections, Higgs bundles, spectral curves,
etc.) still make sense if X is a formal disc rather than a smooth curve. Therefore,
we can formulate a ‘formal’ version of Theorem A:

Theorem 3.1. Let X ~ SpfC|[[z]] be a formal disc and X C T*X a smooth
spectral curve. Then statements (1)—(3) of Theorem A hold.

Theorem 3.1 implies Theorem A:

Proof of Theorem A. Let X be a smooth curve over C, X C T*X a smooth
spectral curve. To simplify the notation, we assume that pg : X — X is
ramified at a single point Z € X. Denote by X” the formal completion of X at
Z and by X" the formal completion of X at © = p;(&). Clearly, X" is a formal
disc and X" is a (smooth ramified) spectral curve over X”.

The natural diagram

—_~— —_~—

Conny(X) — Conny(X,)
Conny(X") — Conny(X))

is Cartesian; essentially, the claim is that a A-connection on X can be glued
from a A-connection on Xu, a A\-connection on X" , and an identification of their
restrictions to the punctured disc X/ := X, N X A. The same statement holds
for Conny(e). Now Theorem A follows from Theorem 3.1. O

3.2. Let us now prove Theorem 3.1. We will assume that X is ramified over
X = Spf C[[#]], because the unramified case is simply a ‘formal’ version of The-
orem 2.4 (note also that only the ramified case is used in the proof of Theorem
A). It is easy to see that there is a formal coordinate z on X such that X is
given by

(3.1) (£ =b(2))* =2, (b(=) € C[[z]]),

where ¢ is the vector field d/dz on X. Then X = Spf C[[Z]] for  := £ — b(z).
The following lemma is a version of [9, Theorem 5.2-1] (see also [10]) and can
be proved by a similar method:

Lemma 3.2. All objects of Connx(X) are isomorphic. O

Statement (1) of Theorem A is equivalent to the following claim:
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Proposition 3.3. Suppose (L, V) € Conny(X); in particular, L is a rank 2 free
Cl[z, A]]-module. Suppose L' C L ®cy.;) C((2)) is a rank 2 free C[[z, A]]-module
such that V(L) C L' @ Qx. Then L' = L.

Proof. By Lemma 3.2, we can assume without losing generality that

1 0

Also by Lemma 3.2, there exists an isomorphism (L, V) — (L, V). Denote its
matrix by

(3.2) L = (C[[z, \]]))?, V = A+ b(z)dz + (O Z) dz.

R(z2) = ( ) € GLy(C((2))[\).

21 T22

Since the isomorphism is horizontal, we have [V, R(z, )] = 0, that is,

(3.3) A% _ [R(z,)\), (g g)] .

Now it is easy to see that R(z,A) € (C[[A]])*, and therefore L' = L. Indeed,
(3.3) is equivalent to

or or

A 8;’1 Z—/\ 82’2 =T12 — 27921

58?”12 B _)\87’21 — e —

> 0, o, T2
which implies

837“21 aTgl

3.4 A =4 2r91.
(34) 0z3 “o2 o
The only solution to (3.4) in C((2))[[A]] is r21 = 0, which implies that 2 = 0,
and that r1; = roy does not depend on z. O

3.3. Statement (2) of Theorem A is proved similarly to (1). Actually, the proof
is simpler, because it deals with ‘abelian’ objects (line bundles).

Lemma 3.4. All objects of C/&ZM(X) are isomorphic.

Proof. Take (l1,01), (l2,02) € 5075%(5(). Consider the rank 1 free C[[Z, \]]-
module [; ® (I3)~!. Tt carries a natural A-connection, which we denote by § :=
§1®(62) L. Notice that § has no pole (because §; and 5 have equal residues) and
that its reduction modulo A is zero (because d; and d; have equal reductions).
Thus, A~1§ is an ordinary connection on l; ® (l2)~!. We can choose a generator
¢ € 11 @ ()" such that A='6(¢) = 0 (because the formal disc X is simply
connected). Such ¢ gives an isomorphism (l2,d2)—(l1,d1). O

Proposition 3.5. Suppose (1,9) € (%7\17@,\()2), and suppose I" Clecps C((2))

is a rank 1 free C[[Z, \]]-module such that (I',6) € ConnA(X); in particular,
(') C z71 ' ®Q (that is, § has a first order pole onl’ at Z=0). Thenl =1.
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Proof. By Lemma 3.4, there exists an isomorphism ¢ : (I,d)—=(l’,d). Such ¢
is given by multiplication by r(Z,\) € (C((2))[[\]])*. Besides, [4,¢] = 0, and
therefore
or(z, )
0z
Hence r(Z,\) € C[[\]]* and I = 1. O

=0.

Proposition 3.5 implies statement (2).

3.4. Now let us prove statement (3). By Lemmas 3.2 and 3.4, both [Conn(X)]
and [Conny(X)] are one-element sets. Therefore, it suffices to show that the
image of [Conny (X)] under the bijection [Conn (X, )]=[Conny (X, )] is contained

in [Connx(X)]. This is equivalent to the following statement:

Proposition 3.6. There exist (L,V) € Conny(X), (1,6) € C/(_);l/n)\()z), and a
C((=))-linear isomorphism ¢ : L ®c.) C((2)) =1 @cpz) C((2)) such that poV =
doo.

Proof. Define (L, V) by (3.2), and set

(3.5) 1:=C[[z )], 6:=M+ (221;(52) +23% — %) dz.

Clearly, (1,9) € %A()N() Now define ¢ : L @cyr.)) C((2)) — [ @cpiz1 C((2)) by
(3.6)

o0 =X s () (/= G9) > fo € @D

It is easy to see that ¢ has the required property. O

Remark. The A-connection (3.2) is easily reduced to the Airy equation; (3.6)
can be obtained from a formal solution to the Airy equation.

4. Proof of Theorem B
4.1. Let us start with a simple observation about foliations on formal schemes:

Definition 4.1. A A-adic formal scheme is a formal scheme S together with a
function A € H°(S,Og) such that the zero locus of A*! is a subscheme S; C S
and S = lim S;. A A-adic formal scheme S is flat if S; is flat over C[\]/(A"*!)
for all ¢ > 0, or, equivalently, if A € Og is not a zero divisor. Finally, a A-adic
formal scheme S is smooth if S; is smooth over C[\]/(AiT1) for all i > 0, or,
equivalently, if S is flat and Sy is smooth over C.

Ezample 4.2. For an arbitrary C-scheme S, set S[[A]] := lim S x Spec C[A]/(\")
(as in Definition 2.2). Then S[[A]] is a flat A-adic formal scheme; it is smooth if
and only if S is smooth.
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Lemma 4.3. Let Y and Z be smooth A-adic formal schemes, and ® : Y — Z a
morphism over C[[N]] (that is, ®*(\) = A). Denote by Yo CY and Zy C Z the
zero loci of \.

1. If the restriction of ® to Yy is smooth, then so is .

2. Suppose ® is smooth, and let  := ker(d®) C TY be the foliation corre-
sponding to the fibration ® : Y — Z. Suppose that the quotient Yo/( exists
and coincides with Zy (that is, the restriction ®|y, : Yo — Zy has connected
non-empty fibers). Then the quotient Y/( exists and coincides with Z.

O

Our proof of Theorem B is divided into the following steps:

e Construction of a map ® : MF[[\]] — Conn},,,,.

e Verification that & satisfies the assumptions of Lemma 4.3. Therefore,
Conn,,,,, = M*[[\]]/¢, where the foliation ¢ equals ker(d®).

e Verification that { = (.

4.2. Construction of ® : M![[\]] — Conn/,,,,. Even though we formu-
lated Theorems A and 3.1 for C[[A]]-families of A-connections, essentially the
same proofs work for K[[\]]-families of A-connections on a smooth curve X/K,
where K is an arbitrary C-algebra. Actually, the theorems hold for families
parametrized by S[[A]], where S is a C-scheme (or a stack); indeed, the state-
ments are local on S.

Recall that M is the moduli stack of triples (X, 1,d) (see Section 2.2); denote
by (X!, 1%,0%) the universal family on M#. Thus, X¥ C (T*X) x M! is an M*-
family of smooth spectral curves, If is a line bundle on X*, and 8 : I —
IfeQ % /Mﬁ(DT) is a connections with pole at D,., the ramification divisor of

the projection X# — X x MF. The residue of 8¢ at D, equals —1/2.
Let p = pgy € HO(Xﬁ,QXu/Mn) be the natural relative 1-form on X%; it is
the pull-back of the natural 1-form on T*X under the projection X% — T*X.

Denote by I4[[\]] the pull-back of I* to X*[[\]]. The expression p + A% gives a
A-connection on I*[[\]:

pt A0 FIIN]] = PN © Qg g (D ()

So we see that M¥[[\]] carries a natural family of spectral curves (X*[[A]]) and
line bundles with A-connections (I*[[A]] and p+ Ad*) on these curves. According
to the generalized Theorem A, such a family corresponds to a GLa-bundle L
on (M* x X)[[A]] equipped with a A-connection L — L ® Qx. Such a pair
(L,V) gives a map ® : M*[[\]] — Conn,. Clearly, ®(MF[[\]]) is contained in
Conn'fm,m (the formal completion of Conn, along Higgs').

It is easy to see that Lemma 4.3(2) applies to ® : M#[[\]] — Conn,. Indeed,
M?* is smooth, and the map

A:Conny — C: (L,V,\)— A
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is smooth on Higgs' C Conny; therefore, both MF*[[\] and Conn}orm are
smooth A-adic formal stacks. Besides, the restriction of ® to M* C M#[[\]] (the
zero locus of \) is the natural projection

M* — M*/(, = Higgs'.

4.3. Now let us verify that {y = ¢ := ker(d®). As rk(¢y) = rk(¢), it suffices to
check that ¢, C ¢. Equivalently, for an open set U C M*[[\]] and a vector field
6 on U that belongs to (, we need to check that 6 belongs to (.

Set Ule] := U x SpecCle]/(€?). The vector field 6 induces an automorphism
O : Ule]|=U|e] characterized by the following property:

6*(f+€g) :f+€(g+9(f)) (here f’ge Oy, so f+6.g€ OU[G})

We need to verify that the two compositions
SPom,Pomro®:Ule] — Conny

coincide. Here 7 : Ule] — U — MF#[[\]] is the projection.

Let (X1,11,68,) and (Xa, 13, d2) be the pull-backs of the family (X*[[A]], I#[[A]],
p+ A0*) under 7 : Ule] — MP[[\]] and 70 © : Ule] — MF*[[\]], respectively.
Thus, X; C T*X x Ule] is a Ule]-family of smooth spectral curves, I; is a line
bundle on Xi, and 9; is a A-connection on l; with the usual condition on the
residues (i = 1,2). We need to verify that (X1,11,8;) and (X3, 1o, d2) define the
same Ule]-family of GLg-bundles with A-connections on X.

According to Theorem A (or rather its generalized version), it suffices to check

the following two statements:

1. The reductions of (Xl, l1,01) and (Xg, l2,92) modulo A coincide.

2. Let X;, C X; be the open set where Px, " X; — Ule] x X is unramified (i =
1,2). Then the push-forwards (pz, )«((l1,61)|5, ) and (pg,)«((l2,02)[%,.)
are canonically isomorphic. Notice that the previous statement implies
Pz, (X14) = Px, (X2.); therefore, these push-forwards are GLy-bundles
with A-connections on the same open subset of X x Ule].

Both statements easily follow from the definition of ().

This completes the proof of statements (2) and (3) of Theorem B. To prove
Theorem B(1), we need to show that the distribution ¢, C TMF is a foliation,
that is, that its curvature

KO @G — TM?/C i 0 ® 0y [0, 02)]

vanishes. However, x depends on A algebraically, and Theorem B(2) implies that
k =0 when A € C[[)]] is a formal parameter. Theorem B(1) follows.

5. A-connections and Higgs bundles

5.1. Recall the description of Higgs bundles in terms of spectral curves ([5],
see also [3] for a more general statement).

Theorem 5.1. Let (L,V) be a Higgs bundle.
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1. There exists a unique spectral curve X € SCurv and a unique (up to a
canonical isomorphism) coherent O g-module | such that L = (pg)«l and
V = (pg)«pt- We call (X,1) the spectral data of (L, V).

2. If X is smooth, 1 is an invertible sheaf on X.

3. For a smooth spectral curve X and an invertible sheaf I on X, there is
a unique (up to a canonical isomorphism) Higgs bundle (L,V) such that
(X,1) is the spectral data of (L, V).

O

Corollary 5.2. Fiz a smooth spectral curve X € SCurv, and let Higgs(X)
(resp. Higgs(X)) be the groupoid of Higgs bundles (L,V) on X with spectral
curve X (resp. the groupoid of line bundles | on X ). Then the functor

L= ((px)«l, (P3)<1)
is an equivalence Fy : %(X)ZHiggs(X). O
5.2. Let us now show that our description of A-connections via spectral curves

(Corollary 2.5) agrees with the description of Higgs bundles (Corollary 5.2).

Proposition 5.3. The equivalences F and Fy (see Corollaries 2.5, 5.2) fit into
a commutative diagram

—_~— ~

Conny(X) = Conny(X)
! !
Higgs(X) — Higgs(X),
in which the vertical arrows are
R : Conna(X) — Higgs(X) : (1,8) — /AL,
R : Conny(X) — Higgs(X) : (L, V) — (Lo, Vo).
Here (Lo, Vo) is the reduction of (L,V) modulo \.

Proof. Take any ({,6) € Conny(X), and set (L,V) := F(I,8), (Lo,Vo) :=
R(L,V), (L}, V) == Fo o R(l,5). We need to construct an isomorphism be-
tween the Higgs bundles (L, V() and (Lo, V).

By definition of F, there exists an isomorphism

¢:px((,0)5,)—= (L, V)|x,-
It induces an isomorphism
o : Lolx, = pg((1l/N)|5,)=(L/AL)|x, = Lolx,-

Clearly, ¢g o V, = Vg o ¢g, because ¢ agrees with the A-connections. The
proposition now follows from Lemma 5.4.

Lemma 5.4. ¢ extends to an isomorphism between Ly = p (/) and Ly =
L/\L.
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Proof. Tt suffices to consider that case when X = Spf C[[z]] and X is given by
(3.1). ¢ is then defined by Proposition 3.6: without loss of generality, we can
assume that (L, V) and (I, 0) are given by (3.2) and (3.5), respectively, in which
case ¢ is given by (3.6). It is clear from (3.6) that ¢ induces a C[[z]]-linear
isomorphism L/AL—1/\l. O

O

6. Moduli of M-connections and the Hitchin fibration

In this section, we provide a construction that, given a completely integrable
system M — B, produces a formal deformation of the dual abelian scheme M V.
We then show that if M — B is the Hitchin integrable system, this deformation
‘almost coincides’ with Conn}orm; more precisely, they are isomorphic after an

étale base change B — B.
To simplify the exposition, we avoid algebraic stacks in this section, and work
with coarse moduli spaces instead.

6.1. Let m: M — B be a completely integrable system:

Definition 6.1. A completely integrable system is an abelian scheme 7 : M — B
over a smooth base B together with a symplectic structure w on M such that
the fibers of m and the image of the zero section 0 : B — M are Lagrangian.

Denote by MV the dual abelian scheme, and by M? its universal extension.
Explicitly, MV is the coarse moduli space of pairs (b,1), and M? is the coarse
moduli space of triples (b,1,d), where b € B, [ is a line bundle on the fiber 7=1(b)
with Chern class 0, and 0 is a flat connection on .

M? is equipped with two foliations: (; is the relative tangent bundle to the
projection

M — MY : (b,1,0) — (b,1),

while (. is defined using the isomonodromic deformation (similarly to the defi-
nition of ( in Section 2.2).

As vector bundles on M?, the foliations ¢y and (s are naturally isomorphic.
Indeed, the fiber of (y at (b,1,0) is the space of global differential 1-forms on
7~1(b) C M, while the fiber of (., is the tangent space to B at b; the two vector
spaces are identified by the symplectic form on M. We can therefore form the
linear combination () := () — Mo

Proposition 6.2. (\ is a foliation for any A € C. O

Notice that the quotient M t‘/ (o equals MV. Proposition 6.2 implies that the
quotient M%/Cy exists if A\ € C[[\]] is a formal parameter; the quotient is a
canonical formal deformation of M.

The proof of Proposition 6.2 will be given elsewhere. However, if M — B is
the Hitchin fibration (which is the most important case for us), Proposition 6.2
follows from Theorem B(1) and Proposition 6.3.
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6.2. Let X be a smooth projective curve. Denote by B C SCurv the space
of smooth spectral curves X cT*X , and let M be the coarse moduli space of
pairs (X,1), where X € B, and [ is a line bundle on X with Chern class zero.
Notice that M is an open subset in the coarse moduli space of Higgs bundles on
X.

It is well known that M has a symplectic form which turns M — B into a
completely integrable system: the Hitchin integrable system. Let us apply the
above construction to M — B.

M — B is principally polarized, so MY = M. The universal extension M®
is identified with the coarse moduli space of triples (X ,1,0), where (X ) e M,
and 0 is a connection on [. The foliation (y is the relative tangent bundle to
M? — MY, while ( is given by the isomonodromic deformation of connections.

Consider now the coarse moduli space corresponding to M#, which we denote
by M*. Recall that M? is the coarse moduli space of triples (X,1,d), where
X € B C SCurv, [ is a line bundle on X, and 9 is a connection on X with
simple poles at #1,...,4n, € X (the ramification points of X - X ) whose
residue at #; equals —1/2. The space M* also carries natural foliations (y, (oo
defined as above.

Clearly, M* — B is a group scheme and M* — B is a torsor over it. Moreover,
the action of M?% on M?* agrees with the foliations (p, (s (and so also with
foliations ¢y, A € C). In this sense, the description of the (coarse) moduli space
of A\-connections given by Theorem B is a ‘twisted’ version of the construction of
Section 6.1 applied to the Hitchin integrable system. Here is a slightly stronger
statement:

Proposition 6.3. There exists an étale cover B — B and an isomorphism
]\4'lq XB B:Mﬁ XB B
that preserves the foliations (o and (p.

Proof. Let B be tpe coarse moduli space of pairs (X ,7), where X € B, and v is
a line bundle on X such that

(6.1) V2 Og (@14 +&n) = Qg @p(Qx) 7

As before, Z1,...,Z, are the ramifications of p ¢ : X — X. Clearly, the natural
projection B — B is an étale cover.

Suppose now (X,1,0,7) € M* xp B, that is, (X,1,0) € M" and (X,~) €
B. Let us also choose an isomorphism (6.1). It induces a connection 9., on 7y
such that (X, 7, d,) € M*. Consider now (X,7® 1,0, ® 9) € M¥; clearly, its
isomorphism class does not depend on the choice of isomorphism (6.1). Define
the map M¥ x 3 BSM! x5 B by

(X7l7677) = (X7’Y®l78’}’ ®67’7)
It is easy to see that it has the required properties. O
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