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ISOMORPHISMS BETWEEN
MODULI SPACES OF SL(2)-BUNDLES
WITH CONNECTIONS ON P!\ {a1,... 24}

D. ARINKIN AND S. LYSENKO

Okamoto found in [Okl] that Painlevé equations and in particular Py have
unexpectedly large groups of symmetries. One knows from [Fu| that solutions
to Py correspond to isomonodromic deformations of a certain kind of linear
differential equations. This kind of differential equations corresponds to a certain
kind of SL(2)-bundles with connections on P!\ {z1,...,24}. Moduli spaces of
these bundles form a family parametrized by the cross-ratio of x1,...,z4 € P!,
and Py can be considered as a connection on this family.

Our aim is to find all isomorphisms between these moduli spaces and to give
a geometric description of these isomorphisms.

In this work the basic field is C ,i.e., ‘space’ means ‘C-space’, ‘P!’ means ‘IP’}C’
and so on.

1.

Let C be the moduli space of (X, x1,...,x4), where X is a smooth projective
curve of genus 0, x1,...,24 € X, x; # z; for i # j. Obviously C ~ P'\{0, 1, c0}.

The group S4 acts on C' permuting x; and the kernel of this action is Klein’s
four-group KlI.

Let (A1,...,\4) € C* be such that 2)\; ¢ Z and

4

(1) ZEiAi g 7

i=1

for any €; € pg := {1,—1}. Denote by A the set of all such (A1,...,As). Let
9:(X,J,‘l,...,l‘4;)\1,...,/\4)E@Z:CXA.

Definition. A 6-bundle is a triple (L,V, ) such that L is a rank 2 vector
bundle on X, V: L — L® Qx(x1 + -+ x4) is a connection, ¢ : A2L=Ox is a
horizontal isomorphism, and the residue R; of V at the point x; has eigenvalues

{ i, =i}
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f-bundles form an algebraic stack My. We denote by My the coarse moduli
space corresponding to My (see [LM] for the definitions). We denote by M — ©
the family of all Mj.

Remark. (1) implies that if (L, V, ¢) is a -bundle then (L, V) is irreducible. In
particular this shows that My is a ps-gerbe over My.

One can check that Pic My is the free abelian group with generators o,
&1,...,& (see [AL]). Here 6 (resp. &;) is the class of the line bundle on My
whose fiber over (L,V,¢) is detRI'(X,L) (resp. [; := ker(R; — A\;) C Lg,).
Pic My C Pic My is the subgroup of index 2 such that § € Pic My, & ¢ Pic M.
We identify Pic My for all § € © and write simply Pic instead of Pic My.

Define deg : Pic — Z by deg(aé—i—zzl:lai{i) := —a. Set Pic” := ker(deg). Let
(-,-) be the bilinear form on Pic” such that <Zf:1ai§i, Zﬁzlbigﬁ =— %Eleaibi.
Denote by G the group of automorphisms of Pic preserving deg and (-, ).

Theorem 1. If 0, € O, g € G there exist unique 03 € © and fy : Mg, — Mo,
such that (fy), = g € Aut(Pic). Any isomorphism f : Mg, —Ms, (01,02 € O)
equals fq, for some g € G.

Remark. It follows from Theorem 1 that fy, = fg o fi.

Set V := Pic®zC, Vp := Pic’ ®zC C V. Then R := {v € Pic’ M|(v,v) =
—2} is a D4 root system. Since Sy acts on R permuting & we have a map
Ss — Aut(R). One can show that this map induces an isomorphism
S4/Kl—= Aut(R)/W(R), where W(R) is the Weyl group of R. The composi-
tion G — Aut(R) — Aut(R)/W(R) = S4/K1 gives us an action of G on C. We
denote by ¢ : A — V the embedding (Ay, ..., \) — —6 — 257+, \i&. One can
easily check (see Remark 77 at the end of this section) that ¢(A) is stable under
the action of GG, so ¢ defines an action of G on A. Hence G acts on © = C' x A.

Theorem 2. Suppose 01,05 € ©; g € G; fq: Mg, —My,. Then 0 = gb;.

Denote by Py the (algebraic) connection on M — © along C' whose (ana-
lytic) integral curves correspond to isomonodromic deformations of #-bundles.

Theorem 3. Py is the unique algebraic connection on M — © along C.

It is well known that My is symplectic. In Section 4 we construct a concrete
symplectic structure w.

Theorem 4. Suppose g € G. Then :
i) The morphisms fq : Mg — Mgyg form a family fy : M — M.
i1) The maps f, preserve w and Pyy.

We will sketch proofs of Theorems 1-4 in Sections 6, 7.
Remarks.

i) Pic® C Vj is the weight lattice of R.

i7) Let us give an explicit description of ¢(A) in terms of R. Denote by @ the
root lattice of R. Then ¢(A) is the set of v € V such that degy =1, (y+4,q¢) € Z
for any ¢ € Q. Since Pic? is the lattice dual to Q, t(A) is the set of v € V such
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that degy = 1, (y + p,q) € Z for any p € Pic, ¢ € Q, degp = —1. So ¢(A) is
stable under the action of g € G.

iii) There is an obvious isomorphism between G and the semidirect product
of Aut(R) and Pic”. Here Aut(R) is identified with the stabilizer of § € Pic in
G, and p € Pic® is identified with g € G defined by g(7) := v+ deg(y)p, v € Pic.

2.

In this section we give some examples of isomorphisms f : My— My,. Suppose
0= (X,21,...,245A1,..., A1) € O, (L, V, ) is a f-bundle.

Let 0 € Sy, 0/ = (X, To=1(1)s- s Lo—1(4)} )\071(1), ceey )\071(4)). Clearly
(L,V,p) is also a ¢’-bundle. This gives us f, : Myp—Mpy,. One can easily
compute (f,)« € Aut(V). The result is: (fo)«0 =6, (fo)«&i = Eoi)-

Let € = (e1,...,€4) € (u2)*, 0 = (X, 21,...,24;€1)1,...,€424). The notions
of #-bundle and #’-bundle are equivalent, so we get f. : Myg—My. Clearly
(fe)«0 =6, (fe)«&i = €&

Let [ = Zleai& e Pic’, 0/ = (X, x1,..., 245 M1 + G, + %), Consider
bundles L’ such that L(—N(z1+---+x4)) C L' C L(N(x1+4---+z4)) for N >0
and the connection V' induced on L’ by V has poles of first order at x;. There is
a unique bundle L’ such that the residue of V' at z; has eigenvalues (A;, —a; — ;).
Clearly ¢ induces a horizontal isomorphism ¢’ : A2L’ ’—\70(2?21 a;x;).

There exists a triple (v,d,v) such that ~ is a line bundle on X, d : v —
Y ® Qx1 + -+ + x4) is a connection, res,, d = %, ¢ : y¥2 — O(— 2?21 a; ;) is
a horizontal isomorphism. (v, d, ) is unique up to an isomorphism. Obviously
('@~ V' ®@d,¢ ®1) is a @'-bundle. This gives f; : My— My . It is easy to
check that (f;)«0 =0 +1, (fi)«& =&

In Section 8 we give a nontrivial example of f : My— My .

3.

Now we give a geometric description of My which goes back to Okamoto [Ok2].
Suppose 0 = (X,21,...,24;M1,..., 1) € ©. We denote by Ky the Hirzebruch
surface P(Ox @ Qx (1 + --- + 14)). Let soo = P(Ox) C Kjp be the infinite
section, so Ky = Ky \ 5o is the total space of the bundle Qx (z1 + - - + x4).
Let b; C Ky be the fiber over z;, res; : b;—A'! the canonical isomorphism. Let
¢ = (res;) "' (AF), where \f = 4\ for i # 1, A\f = A\, A\] =1 — \;. Blowing
up czi € Ky we obtain a variety Mg. Denote by b, s, the proper preimages of
b;, Seo. We denote by Mg the complement to b}, s’ in My. Denote by bii C My
the preimages of cgt.

Proposition 1. There is an isomorphism f : My=M, such that [ (0) ~
O(=by), F*(&7%) ~ O(b; —byf).

Remark. Theorem 1 implies that f is uniquely determined by f*(d), f*(&;) €
Pic Mg.
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Let us sketch a construction of f. Let (L,V,y) be a 6-bundle. Consider
L' .= {s € L|s(x1) € l1}, where l; := ker(R; — A\1). Then V' := V|, has a
pole of order 1 at x;. Since (L',V’) is irreducible L’ ~ Ox @& Ox(—1). Fix
s€ HY(X,L'), s #0. Define j: Ox ® (Qx(x1 +---+x4))" ' — L' by (f,7) —
fs+7Vs € L'. Then detj has a unique simple zero x € X. Denote by [
the kernel of j, : (Ox & (Qx (21 + -+ 4+ x4))" )z — L,. [ defines a point of
P(Ox ® Qx(z1 + -+ z4)) \P(Ox) = Ky. We have constructed a morphism
My — Ky. It induces an isomorphism f : Mg — Mpy. ]

One can easily check the following formulas:

9 =
@ eetd=-2 e ={ 7 =

(i,j=1,...,4)

It follows from (2) that My is the least smooth compactification of Mj. Clearly
we can identify Pic My for all § € ©. So we write simply Pic instead of Pic M.
The kernel of the natural map Pic — Pic is the free abelian group Pic., with basis
s, b (so any class o € Pico, contains a unique divisor C' such that supp C' C

Mg\ Mp). The restriction of the intersection form on Pic to Pic., is non-positive.
Its kernel is generated by D := 2s/_ + Z?zlbg.

Proposition 2.

i) Q%e ~ OMS(_D_)-

i1) If v € Pic,7 € Pic are such that ¥|p, = 7 then (7, D) = deg .

iii) For~y,ys € Pic? there exist 7; € Pic®zC such that (7, s,) = (7;,0;) = 0
and ¥;lm, =75 (5 = 1,250 =1,...,4); in this situation (V1,7,) = (71,72). O

Remark. Denote by Q C Vy the lattice dual to Pic’ (so @ is the root lattice
of R). Then v € Q iff there is a ¥ € Pic such that (7,s..) = (7,b:) = 0 and
7’1\/10 =7

Lemma 1. H%(My,Oyp,) =C

Proof. Riemann-Hilbert correspondence yields an analytic isomorphism
(Mp)an ~ (Wp)an, where Wy is an affine variety (Wp is the moduli space of
two-dimensional representations of m1(X \ {x1,...,24}) with fixed conjugacy
classes of local monodromies). Hence My contains no projective curves. Let
f € H°(My, Oyny,). The divisor of f on My can be represented as (f) = Coo +C,
where supp Coo C Mg\ My and C is the closure of the divisor of f on Mj. Since
((f),D) = (Cx, D) = 0 we have (C, D) = 0. But C > 0 and My contains no
projective curves so C' = 0. So Cy ~ 0. Since supp C, C My \ My this implies
Cx =0. O
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4.

The description of My can be reformulated in the following way.

Let 7’ be the composition My — Ky — X. The fiber of 7’ over the point
z; € X has two connected components bf.

Glueing together two copies of X outside z1,..., x4, we obtain a scheme N’.
We have the natural morphism 7y : N’ — X. Set {z], 2} = (7n) " (zs).
There exists a unique morphism 7 : My — N’ such that 7/ = 7y o7 and

71 (zE) = b¥. 7 defines a structure of an affine bundle on Mj (i.e., 7 : My — N’

K3
is a torsor over some vector bundle on N’). So 7* : Pic N'—= Pic.

Then Proposition 1 implies :

Proposition 3. Set 3 := (%)} (=0 — 252+, \i&;) € Pic N’ @5 C. Then

i) The vector bundle associated with w: My — N’ is Q.

ii) o € HY(N',QX,) corresponding to the Qp/-torsor = : My — N’ is the
image of (. O

Since My is an Q) -torsor there is a natural exact sequence 0 — 7*QL, —
T, — TN+ — 0, where T'y/ is the tangent bundle. This exact sequence yields
w € HO(MQ,Q%Wg) defined by w(s1 A s2) = (s1,52) for s1 € m*QL, s2 € Thy,.
Here sy € m*Tn/ is the image of sa € Ty, (-, -) is the natural pairing between
QN and 7 TN/. dw = 0 because dim My = 2. By the results of [BK] we get:

Corollary 1. The image of w in H%»(My,C) coincides with the image of — —

251 \i&i € Pic®C. 0
Remarks. s

i) Consider any variety obtained by the same way as My, but for any points
¢t e by C Ky, ¢f # ¢ (i =1,...,4). By the same arguments we get a sym-

plectic structure on this variety and can compute the corresponding de Rham
cohomology class. This class is the image of 2:?21(/\1-+ [b]+ A [b;]) € Pic®zC
in H%R(MQ,C). Here bii C My is the preimage of cii € Ko, )\ii = resi(cii),
res; : b; — A! is the canonic isomorphism, [bf] € Pic is the class of the divisor
biE.

i1) It is well known that the analog of My for any curve X and any points
z1,...,T, € X has a natural symplectic structure. This structure depends only
on a choice of an invariant scalar product on si(2). We conjecture that Corollary
1 is true in this situation for a suitable choice of this product.

5.
Denote by Excg the set of all exceptional curves of the first kind on M.

Proposition 4. The map C +— [C] is a bijection

Exco— Pic' := {y € Pic|deg(y) = 1}.
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Proof. Suppose C € Excy. By adjunction formula (C,D) = 1, i.e.,
deg(On, (C)) = 1. So one has the mapping ¢ : Excy — Pic' defined by
¢(C) := [C] € Pic. Proposition 1 shows that —9 € Im¢. Using the isomor-
phisms f; from Section 2, I € Pic’, one sees that ¢ is surjective. Clearly the
map Excy — PicMy : C — O77,(C) is injective, and its image is contained in
Ex := {y € Pic My|(7*) = =1, (7,55) = 0, (7,b;) > 0, (,D) = 1}. Tt is easy
to prove that the map Ex — Pic! : v — v|a, is injective. This completes the
proof. O

In fact we have proved that both maps Excy — Ex and Ex — Pic! are
bijective. Denote by C,, the image of o € Pic' in Ex C Pic. One can check the
following formulas:

(85, Co) =0 (b, Cy) = { (1)7 z;?
3 (CayCp) = —1 — [WL;—@}

(o, €Pict;i=1,...,4)

Here P; := (=0 + & + &) + Q € Pic' /Q. Obviously s/, b),...,¥,, and C,
generate Pic.

Denote by G the group of all automorphisms of Pic preserving s’_, the inter-
section form, and the set {b},...,b,}. The restriction map Pic — Pic induces a
homomorphism p : G — Aut(Pic).

Lemma 2. p is a bijection G=G.

Proof. Clearly G preserves D, so Proposition 2 implies p(G) C G. Now we
construct the inverse map.

Suppose g € G. Denote by I the free abelian group with basis s/, 0}, Cy, (i =
1,...,4, a € Picl). Denote by B the symmetric bilinear form on I' defined by
(2) and (3). Since the intersection form on Pic is non-degenerate Pic = I'/ ker B.
We define g : I' — T on the generators by (s, ) = si, 9(Ca) = Cy(a), 9(b;) = b’
iff g(P;) = P; and extend it to I' by linearity. Since g preserves B, g induces
g : Pic — Pic. Clearly g € G. O

6. Proof of Theorems 1 and 2
Fix 0; = (X, 2zl o aADyeo, gea.

Step 1. Suppose 03 = (X(Q),l‘?), e ,mf); )\32), cee )\f)) €0, f: My, —M,, are
such that f. = g € Aut Pic. Let us prove that 65 and f are uniquely determined
by 61 and g.
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Since My, is the least smooth compactlﬁ_catlon of My, (r = 1,2) one can
extend f to f: Mg, —Myg,. Clearly g := (f). € G is the image of g via the

isomorphism G—G constructed in Lemma 2. Hence f(s éo)) =@ 7 (bgl()l)) =
b, C Mg ,r=1,2, and o € Sy is the

b( ) , where sf;;), b(r) denote the curves s, b,

permuta‘mon such that g (P;) = Py )

Let EF € Excg, correspond to g~ '[b¥] € Pic'. Let K, be the variety ob-
tained by blowing down Ei C My, . Clearly the composition M91HM92 — Koy,
induces an isomorphism fy : K —>K92. Let s(s0),b3) C Kg, and c(z) € b(;) be
the images of sgo), b((fl()z), and Ezi C My, respectively. Then f has the following
properties: f(s(s)) C Ko, is the infinite section, f (by)) C Kp, is the fiber
over x§2) € X@, and fy(cu)* = (resi)_l()\gmi). Here /\§2)i = :l:)\EQ) fori # 1,
/\(2)"" )\(2) )\(2)— -1 )\(2)

Clearly 65 €€ © and fp : K, =Kg, with the above properties are uniquely
determined by K, 5(5) C K,, b(z) C K,, and c( ) €y € buy (i=1,...,4).

Remark. The map My, — Ky, — X (") induces an isomorphism (sgg),s(()?

b(T) 8T ﬂbm) (X(T),:cgr),...,:rff)), r=1,2. So (X(2),x§2),..., 512)) ~
(x), 93(1()1) BTONY

Step 2. Let us construct fy : Mg, —Mpy,. We keep the notation of Step 1.
fg is a smooth rational projective surface. It is easy to check that [b)] =
[b2)] = b)) = [b)] € PicKy. [b] and [3(00)] form a basis in Pic K,. One
can prove that (s(s0), b)) = 1, (5(00), S(s0)) = =2, (b, b)) = 0. Comblmng
this fact with the remark from Step 1 we can find an isomorphism K SKy =
P(Oxe & Qxe(xy 2 4 fl))) such that s(.) corresponds to the infinite

section and b(;) corresponds to the fiber over $(2). Here X® = x(1), ac§2) =

((71()1) Then ci) corresponds to (resi)_l()\i)) for some )\i) e C, )\(t) # Ay By
Remark 4 from Section 4 the map My, — Ko yields a symplectic structure on
Mgl such that the corresponding de Rham cohomology class is the image of vy :=

Z ()\z;) [EF] + Ao lEi]) € Pic®zC. By Lemma 1 two symplectic structures

on My, should coincide up to a € C*. So avy = v1 := —0 — 222.:1)\5 )fi. Using
deg : Pic ®zC — C we obtain that 7 (A o+ Aa) #0.

Therefore replacing ngfg by its composition with a suitable automorphism
of K5 over X we can come to the situation where )\zri) + /\&) equals 0 for i # 1
and 1 for i = 1. Then a = 1, v; = vs.

Set )\(2) = )‘?_) Then vy = g~ (=6 — 22?:1)\1(»2)&). Therefore

(4) —0 — 22)‘(2)§z = gv2 = gu1 = g(— 2Z>\(1)§z

=1
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So )\(2), ey A(?) is obtained from )\(1), e AL by the action of g € G. Hence
1 4 1 4

WP edand 0= (X@ 2P 2P AP e,
The composition My, — K,—Ko = Ky, lifts to an isomorphism f, : Mg, —

My,. [, induces f, : My, —Mj,. By the construction ?g(EZi) is the closure of

b¥. Since [bi] generate Pic we have (f,). = g.

Step 3. Let us prove Theorem 2. We have already proved that ()\52), ce )\4(12))
is obtained from (AP, . .,Afll)) by the action of g € G. Now we prove that

(X(Q),xf), ... ,xf)) ~ (XM, xgl()l), .. ,1:((;1()4)) is  obtained from

(X(l),xgl), e ,acz(ll)) by the action of g € G. Consider two particular cases.

Case 1. Suppose g|pjco € W(R). Then g induces the identity automorphism
of Pic® /Q. So the action of g on Pic' /Q is a translation and ¢ € KI. Hence
(X(z),xf), e ,xf)) ~ (XM, xgl), . ,mil)).

Case 2. Suppose g is defined by g(&) = &or(s), 9(6) = J, where o' € Sy is
such that ¢’(1) = 1. Then f; = f, (see Section 2). By definition o = (¢/)~*
and (X(2),1'§2), ... ,xf)) is obtained from (X(l),xgl), .. ,xil)) by the action of
o' ¢ Sa.

Any g can be represented as g1 f,/, where g1|pico € W(R), 0’ € Sy, o/(1) =1,
so Theorem 2 follows from these particular cases.

Step 4. Let us prove the last statement of Theorem 1. Take any f: Mo, — My,
(01,02 € ©). Extend f to f : My, —My,. Set g := (f). € Aut(Pic). Clearly

g € G. Hence g := f, € G C AutPic and f = f,. O
Remark. Consider the isomorphisms f, (o € Sy), fe(e € (u2)*), f1(1 € Pic?), and
7 constucted in Section 2 and Section 8.  One can easily check that

(fo)s, (fe)xs (f1)«, and T« generate G, so any isomorphism f : My, —My,, 01,05 €
© can be represented as a composition of the isomorphisms f,, f., fi,7. That
gives us some geometric description of f. Besides, Theorem 2 is obvious for
fos fey fi, T, so it can be proved for any f : My, — My, using this decomposition.
This is another proof of Theorem 2.

7. Proof of Theorems 3 and 4

Proof of Theorem 3. Suppose there are two connections on M — © along C.
For any fixed 8 € © two such connections differ by a vector field on My. So it
suffices to prove the following lemma.

Lemma 3. H%(My,Ty,) =0.

Proof. Since My is symplectic Ty, ~ Q}, . Suppose n € H°(My,Qy, ). Then
by Lemma 1 dn € H°(Mjy,Q3, ) = Cw. But the image of w in H3,z(My, C) does
not vanish, so dnp = 0. It follows from Proposition 3 that My can be covered
with open subsets isomorphic to A2, so locally 7 lies in the image of d : O — Q.
But ker(d) = C and H},,.(My,C) =0, so n = df, f € H°(Mp,0). Lemma 1
shows that n = 0. ]
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Proof of Theorem 4. All the above constructions are still valid for families of My
and so the first part of Theorem 4 is obvious. Suppose g € G. (4) implies that
fq preserves w. The fact that f; : M—M preserves Py follows from Theorem
3. O

8.

Now we give another geometric description of My, 0 = (X, x1,...,24;
Ay Mq) €O,

Let A C X? be the diagonal. Set 3; := (x;,7;) € A. We denote by K, the
variety obtained by blowing up 31,...,0s € X?2. Let EZ - IN(g be the preimage
of B, r; : PL=b; the isomorphism such that 7;(0), 7;(00), r;(1) lie on the proper
preimages of {x;} x X, X x{x;}, A respectively. Set u := 377 | i, v; == A\F—A7,

Vi

Wi = Ti(u—vi) € b;.

Proposition 5. There is a unique map Mgy — IN(Q which s the blow-up at u1,
.., g such that:

i) s, b are the proper preimages of A,gi respectively,

ii) b; is the preimage of ;,
iii) the morphism Mg — X from Section 8 equals the composition My —

Ko —> XxX— X, where X x X — X 1is the first projection.

Proof. Blow down the curves b, and b, on Mg, i=1,...,4. Denote by P the
obtained variety. Proposition 1 implies that P is the natural compactification
of the Q x-torsor whose sheaf of sections is {s € Qx (1 + -+ z4)|res,, s = A\; }.
It follows from (1) that this torsor is not trivial ,i.e., P ~ P(€) for a non-trivial
extension 0 — Qx — & — Ox — 0. Thus £ ~ (Ox(—1))2 and P ~ X2.
There is a unique isomorphism P=X? such that the natural projection P X
and the first projection X? — X are identified and A C X? is the image of

!

s’ C My. To complete the proof one can check the formula for u; by direct

o
calculation. 0

Corollary 2. Set 0" := (X, x1,...,24;A],..., Ap), A} = Aj — %Z?:l)\i. The
map X2=X? defined by (x,y) — (y,x) induces an isomorphism T : My— Mg
such that T := 7|, is an isomorphism My— My . O

One can easily check that 7.(8) = 6, 7.(&) = & — 3 ?:1& (so Tulv, is the
reflection corresponding to 2?21 & € R).
Remark. Denote by N the coarse moduli space of indecomposable SL(2)-bundles
on X with quasiparabolic structure at x1, ..., z4. For a 8-bundle (L, V, ¢) we set
[ ==ker(R; — \;) C Ly,. (Lyp,ly,...,l4) is an indecomposable quasiparabolic
bundle on X. This yields a morphism My — N. One can show that there exists
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an isomorphism N— N’ such that the diagram

My = My
Lol
N =N

commutes. Here 6’ and 7 were defined in Corollary 2 and the morphism My —
N’ is analogous to the morphism My — N’ constructed in Section 4.
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