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A very short summary of
the theory of Distributions

Test functions, Convergence of test functions, Distributions, Locally integrable functions,
Dirac’s delta function, Principal Value of 1/z, Derivatives of distributions, Derivatives of the
delta function, Other derivative examples, Convergence of distributions, Multiplication of
distributions with smooth functions, Appendix: Examples of test functions, appendix: A
Motivating example

Texztbooks to look at: Both [5, 8] offer a chapter introducing you to the theory of
distributions, but are written with the assumption that you know something about
locally convex topological vector spaces. The shorter text [3] is entirely devoted to
distributions and, like these notes and the material presented in class, it is written
on a more elementary level.

1. Test functions
Let © be an open subset of R?. A test function on Q is a function ¢ : Q@ — R
for which

1. supp ¢ is compact, and
2. ¢ has derivatives of all orders

The space of test functions on € is denoted by D(Q).
Exercise 1. If ¢, ¢ € D(Q) then ap + by € D(Q) for any a,b € R.

1.1. Convergence of test functions.
A sequence of test functions ¢,, € D(2) converges in D(Q2) to ¢ if
1. there is a compact K C Q with supp ¢, C K for all n,
2. all derivatives 0%¢p,, converge uniformly to 0%¢
Here I've used the “multi-index notation” for partial derivatives, where

aa1+...+ad
9 p(x) = -
(3171)“1 - (8$d)ad
and where the so-called “multi-index” « = (a1, -.. ,aq) is a d-tuple of nonnegative

integers. One defines |a| = a1 + ...+ aq.
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2. Distributions

A distribution is a linear map T : D(2) — R which is continuous in the sense
that

lim T'(¢n) = T(p) for any sequence ¢, 2@ ®.

n—o0

The space of distributions on  is denoted by D'(12).

3. Examples

3.1. Locally integrable functions.
Let f € L] .(Q) be given. Then we define Ty € D'(2) by setting

loc
zwwzéfmwmm.

Exercise 2. Show that T is a distribution, in particular verify the continuity condition
Ty (pn) = Tr ().

Lemma 1. If f, g are locally integrable functions which are the same almost every-
where, then Ty and T, are the same distribution.
Conversely, if Ty =T, then f =g a.e.

Proof. For h = f — g we have T}, = Ty — T;, = 0, which means that

/ h(z)p(x) de = 0 for all ¢ € D(Q).
Q
This implies A(z) = 0 a.e. (I postpone the proof of this statement to section 7.) O

3.2. Dirac's delta function.
The distribution defined by

(6,0) = (0),  Vp € D(R),
is called Dirac’s delta function.

Exercise 3.
(i) Verify that ¢ is a distribution.
(ii) Show that § # T for any locally integrable function f on R.

Generalizations of Dirac’s delta function are Borel measures on . If x4 is a Radon
measure on {2, then

<m@=4wmwm

again defines a distribution.
For example, if I' C R? is a curve, and ds is arc length along the curve, then

<1@=A¢%

defines a distribution on R?. In this case the associated measure p is given by
w(E) = length of the portion of the curve I' contained in the set E



3.3. Principal Value of 1/z.

The function f(z) = 1/z is measurable but not locally integrable near x = 0.
Nevertheless, one can define a distribution by

(T, ) = lim ¢lz) dz.

N0 |z|>e T

Exercise 4. Prove that the limit exists, and show that it defines a distribution in D'(R).
The distribution thus defined is called the Cauchy Principal Value of 1/z, and is

denoted by P.V.l.
x

Exercise 5. The limit

o [T ()
(S.0) =tim [+ [" X g

also defines a distribution.
Compute S — T, where T is as above.

4. Derivatives of distributions
If T € D'(Q) is a distribution, then we define its partial derivative with respect
to z; to be the distribution D;T', specified by
Op )
,6561' '

Exercise 6. Check that D;T does indeed define a distribution.

4.1. Consistency of the definition.

If T'= 1Ty, and f is a continuously differentiable function then we now have
two defitions of the partial derivatives of f. Integration by parts shows that

Top/00; = DiTYy,
indeed, for any ¢ € D(2) we have

of
<Taf/az“<P> = 6:@90 dzx

Ofp Oy

I
L
S

Here we have used the fact that if g is a continuously differentiable function with
compact support in 2, then
0]
/ 9 dx = 0.
o O;




Since the new and old definitions for derivative coincide for continuously differen-
tiable functions we will use any of the usual notations for derivatives, i.e. &;f =
Dif = fo, = 4L
if = for = 2L,
Once one has defined the derivative one can define higher derivatives by induc-
tion, e.g. D;D;T is D;(D;T).
Exercise 7. Show that for distributions D; D;T = D; D;T, without any further restric-
tions on T € D'().

4.2. Derivatives of the delta function.

Applying the definition one finds that the derivative of the Dirac § is given by

(Dé,p) = —¢'(0).

The n'" derivative is given by
(D"8,50) = (=1)"¢"")(0).

4.3. Other derivative examples.

Exercise 8. Show that § = DT where T =Ty, .
Compute the second derivative in D'(R) of f(z) = |z|.

Exercise 9. Show, by integrating by parts, that
P.V.l = DT
x

where T = Tjy, |5

Exercise 10. Let f be the measurable function defined on R? by f(z) = |z| ™%, in which
a is a positive constant, and where |z| = /(2] + ... + z2).

For which a > 0 is f locally integrable?

For x # 0 one has

€T
81f(1') = —a |1-|T+2'

For which values of a does the righthandside define a locally integrable function, and does
the equation also hold in the sense of distributions?

Exercise 11. Leta =ao < a1 < ... < an = b be given real numbers. Given k functions
fi € C*([ai-1,ai]) (i =1,... k) defined on adjacent intervals we consider the piecewise
continuous function f : (a,b) - R

f(l') = fl(l‘) ifx € (aifl,ai).
At z = a; we define f(x) = 0.
(i) Compute Df € D'(Q), where Q = (a, b).
(i) Compute D*f € D'(Q).
(iii) When is Df a locally integrable function?
(iv) When is D f a locally integrable function?

Exercise 12. Let E C R? be a bounded subset whose boundary is a differentiable
curve (e.g. E is a disc). Then the characteristic function xg(z) of the set E is a locally
integrable function, and thus defines a distribution. Compute D;x g for i =1, 2.
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Exercise 13. For any constant K € R we let f(z,y) = K — 2% —y® for 2> + ¢y < 1
and f(z,y) = 0 elsewhere in R.

(i) Compute D, f and D, f.

(ii) For which value(s) of K are D, f and D, f locally integrable functions?

(iii) Assume K is such that D f, D, f € L},.(R®), and compute Af = 24 + 2L,

Exercise 14. Let £ C R? be a bounded subset whose boundary OF is smooth. Let
f : E = R be a C? function which vanishes on 0E, i.e. f(z) = 0 for all z € OE. Consider
the function

flz) = {f(x) freE

0 elsewhere
Compute Af.

5. Convergence of distributions

A sequence of distributions T;, € D'(Q) converges in the sense of distributions
to T € D'(Q), if for every test function ¢ € D(2) one has

Jim (To, ) = (T, ).

Notation: T, 7@ T,or “T,, —» T in D'(Q).”

Exercise 15. Show that if T), —%’ T then D;T, —% D;T.

A typical example is this: Let @ = R and consider f,(z) = %sin nz. Then f,

. D(Q
converges uniformly to zero, and hence T, —(>) 0.

By the previous exercise the derivative cosnz = D(n~!sinnz) also converges
to zero in D'(Q)! This is an instance of the “Riemann-Lebesgue Lemma” which
states

1

lim [ ¢(x)cosnx dr =0
n—o0 R

for any ¢ € L*(R). Here we have proved this for the case that ¢ is a test function,
v € D(R).

Exercise 16. Show that n***°sinnz — 0 in D'(R) as n — co.
The following problem has perhaps a surprising answer:

Exercise 17. If f,(z) = cosnx then f, — 0 in D’'(R). Compute the limit in D'(R) of
gn(x) = (fnu(x))® = cos® nx. (Hint: use a double angle formula)

6. Multiplication of distributions with smooth functions

In general one cannot multiply distributions with each other in the same way
that old fashioned functions can be multiplied. The best one can do for distributions
is this: If T € D'(Q) and if g € C*°(Q) then the product g - T is defined by

(9T, o) = (T, g¢).
The crucial remark here is that gy is again a test function for any test function ¢.

Exercise 18. Show that g7y = T, for any locally integrable f.
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Exercise 19. Prove the product rule, i.e. show that if T € D'(Q) and f € C*() then
one has

Di(fT) = fDiT + (Di f)T.
The following example shows that, in order to define the product of a function
f(z) and a distribution (§(™(z) in this case) one may need derivatives of f(z) of
arbitrary high order. This indicates why one cannot expect to give a good definition

of the product of a function f with any distributution T € D(R) if the function
only has a finite number of derivatives.

Exercise 20.
(i) Prove

zd(z) =0
zd'(z) = —(x)
8" (z) = —26'(x)
(ii) Show that for any f € C*°(R) one has
f(@)d(z) = f(0)é(x),
F(2)8 (8) = £(0)8'(2) - £ (0)(a),
F(@)8" (2) = £(0)" (8) — 20 (0)8' (2) + £ (0)8(x)
(iii) Show that for any f € C*°(R) one has and any n € N one has
f@) 0@ =Y (Z) (=D P 05 (@),
k=0
where both sides are interpreted as distributions in D’(R).

7. Appendix: Examples of test functions

The function

—1/z
B(z) = e forz >0
0 forz <0

is a C*° function on R. This function is monotone nondecreasing, and satisfies

lim ®(z) = 1.

T—r00

For any positive A and any interval (a,b) the function
P ab(7) = B(A(b—z)(z —a))

is strictly positive on the interval (a,b) and zero elsewhere. It is the composition
of C*° functions and hence again C*°.

As XA 7 oo the functions @) , 5(x) converge monotonically to the characteristic
function x(q4,) of the interval (a,b).

Thus if h(x) is a locally integrable function on R for which [, h(z)p(z)dz =0
for all ¢ € D(R), then this also holds for all ¢ = ®, 44, and by taking the limit
A /' 0o the dominated convergence theorem implies that [, (asb) h(z)dz = 0 for every
interval (a,b). This implies that h(z) =0 a.e.

For functions of several variables one can use the same arguments and thus
prove:
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Theorem 2. If h € L{ _(Q) satisfies [h(z)p(x) dz = 0 for all test functions

loc

v € D(Q) then h(z) =0 a.e.

Proof. For every “rectangle” (ay,b1) X ... X (a4, bq) one considers the function

d
@A(wl, .. ,CUd) = H (I)A,ai,bi (xl)
i=1

As in the one dimensional case these @ (x) converge monotonically to the charac-
teristic function of the rectangle R = (aj,b1) X ... X (aq, ba).

The hypothesis that [ hedz = 0 for every ¢ € D(Q?) then implies [h®ydz =0
for any A > 0, and any rectangle R which is contained in €. Letting A 7 co again
we conclude that [, h(z)dx = 0 for every rectangle R C Q. The theory of Lebesgue
integration then implies that h(z) =0 a.e. in Q. O

8. Appendix: A Motivating example

In the theory of conformal mappings one encounters the following so-called
“Dirichlet-problem”: Given a domain  C R? with a smooth boundary 6Q, and a
function g : 92 — R defined one this boundary, find a function f : @ — R which
satisfies Laplace’s equation

def 82f 62f
A = — _— =
f 0x? + oy? 0
in the domain 2, and which equals g on 0f).
Dirichlet observed that if there is a solution f, to this problem, then it mini-
mizes the Dirichlet integral

def 1 2
D)5 [ 1Vs@ ds

among all functions f with f(z) = g(z) for all x € 9Q. Conversely, if a given f,
minimizes D(f), then it must be a solution to the Dirichlet problem.
Here we will prove this converse, assuming that f. is only a C* function.

Theorem 3. Let X be the set of functions f : QO — R which are continuous on
and which have continuous first derivatives in Q. Assume that f. € X minimizes
D(f) among all f € X with f = g on 0Q. Then f. satisfies Laplace’s equation in
the sense of distributions.

Proof. Let ¢ € D(2) be a test function. Then f, + tp € X for all ¢ € R and so
D(f« +tp) > D(f.) for all t € R. Moreover D(f. + ty) attains its minimum value
at t = 0. Now exand D(f, + ty):

D(f. +ty) %/W(f* + t)|? da

1
— 5 [UT1P+ 290 To 4 [TpP} do
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and compute the derivative of this expression at ¢t = 0

dD(f. +t
M — /Vf* Ve dx
dt t=0
= [(0:000 4 0,0.0,0} do
= <azf*aaz‘10> + <ayf*aay‘10>
= <_Af*) (10>
Since this derivative must vanish we see that Af, = 0 in the sense of distributions.

O

If you look carefully at the proof then you see that the same argument shows that
any f,. which minimizes D(f), and whose second derivatives are continuous must be
a solution to Laplace’s equation in the ordinary, non-distribution, sense. So what
did we gain by using the theory of distributions here?

If you try to construct a solution to Dirichlet’s problem by showing that there
exists a function f, which minimizes D(f) then it is not clear a priori that such
a minimizer will be C? rather than C'. It may be easier to find a C'' minimizer
than a C? minimizer. The theory of distributions allows us to state that even C'
minimizers satisfy Laplace’s equation, at least in a generalized sense.

Exercise 21. Let f; € C(Q) be a sequence of solutions (in the sense of distributions)

of Laplace’s equation, and assume that the f; converge uniformly to some function f.

Prove that f is again a solution of Laplace’s equation.
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Banach Spaces

Norms and Seminorms, Equivalent norms, Finite dimensional examples, An infinite
dimensional Banach space, Bounded linear operators and the dual space, Linear subspaces,
The unit ball, Series in Banach spaces, Sums and quotients of Banach spaces.

Text books to look at: In the library there are many books called “Functional
Analysis,” and almost all of them present the theory of Banach spaces in varying
degrees of detail. The material in this section is usually found in a first chapter of
such a book. Books you could look at are [4, 5, 6, §].

Rudin’s [4] is a good choice to read next to these notes, in particular because
I'll follow parts of this book later on in the course. Rudin’s other book [5] gives
a more comprehensive account of Functional Analysis, but it takes the theory of
Locally Convex Topological Vector Spaces as its starting point, which may make
for difficult first reading, and is a level of generality we won’t pursue in this course.

9. Norms and Seminorms

A seminorm on a vector space X is a nonnegative function p : X — R which
is homogeneous,

p(Ax) = |Alp(x)for all z € X, and all A € R,
and subadditive,
p(xz+y) <p(x)+py) for all z,y € X.
A seminorm p : X — R is a norm if it satisfies
p(z) =02z =0.

Norms are usually denoted by ||z||x with a subscript to indicate which norm, if
confusion is possible.
A norm defines a metric (distance function) by

dx (z,y) = ||z — yl|x.

A Banach space is a normed vector space (X, || - ||) which is complete for the metric
dx. Recall that completeness means that every Cauchy sequence {z; € X };en must
have a limit.
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10. Equivalent norms

Two norms || ...||; and || ... ||z on the same vector space X are called equivalent
if there exist constants ¢, C' > 0 such that

cllzll < Jlzll2 £ C|z|y for all z € X.

If ||...]|1 and ||...||2 are equivalent norms then sequences {z; : i € N} converge
in one norm if and only if the converge in the other. Put differently, we have two
distance functions d;(z,y) = ||z — y||; on X, and the identity map idx : X — X is
a homeomorphism from (X, d;) to (X, d2).

The same definition may be applied to seminorms instead of norms.

Exercise 22. Let X be a vector space and {ps : s € S} a collection of seminorms on

X. Show that, if

q(x) = sup ps(z)

s€S
is finite for all z € X, then ¢ is again a seminorm; i.e. “the sup of seminorms is again a
seminorm.”
(No assumption on the size of S is intended, S could be finite , countable, or uncount-
able.)

11. Finite dimensional examples

If X is a finite dimensional vectorspace then we may choose a basis and identify
X with RY. The quantity

p(1‘1,... )xN) = |1‘1|

defines a seminorm. The quantities

Doo(z) = max{|z;|: i =1,2,... ,N} (maximum norm)
pi(z) = Zi\il | (sum norm)
pa(z) = 2| = ai + ...+ 2% (Euclidean length)

all define norms on RV .

Exercise 23. Show that the norms p1, p2, and p. are pairwise equivalent and find the
constants “c,C'."

Exercise 24. (Constructing new seminorms from old ones.)
If p1,p2,...,pn : X — R are seminorms on a vector space X, then the quantities

q(x) = 32, pi(x),

r(z) = max; pi(z),

s(@) = /p1(@)? + ... +pn (@)’

are also seminorms on X.
Show this and also show that these seminorms are equivalent.

Exercise 25. A function f : X — R is called convex if it satisfies

flz+ (1 —t)y) <tf(z)+ (1 -1)f(y)
forallz,y e X and 0 <t < 1.
Show that any seminorm is convex, and conversely that any convex function f : X - R
which is homogeneous (f(Az) = |\|f(x) for all A € R) is a seminorm.

The following theorem shows that all norms define the same topology on R .
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Theorem 4. Every norm p(x) on RY is equivalent to the Euclidean norm py(z).

Proof. We will denote the Euclidean norm by |z|, as is more customary.
If e1,...,en is the standard basis for RV then any vector z is of the form
r =), x;e;, and one has
p(z) =p(xie; + ...+ zNen)
<lzilp(er) + ...+ |lznIp(en)

<Ch/zi+.. .+ 2%, (Cauchy-Schwarz <)

= Clz|.

where C' = \/(p(e1)? + ... + p(en)?).
This implies that the norm p is a continuous function on RV | since

Ip(z) —p(y)| < p(z —y) < Clz —yl.

Thus p is a continuous function which is strictly positive on the unit sphere S =
{z € RN : |z| = 1}. This sphere is compact, and hence p|g is bounded from below
by a positive constant, i.e.

inf = 0.
e =e>
Consequently we have
x
o) = el () = ol

for all z € RY. The norms p(z) and |z| are therefore equivalent. O

Exercise 26.

(i) We just used the following inequality: |p(z) — p(y)| < p(z — y). Derive this from
the axioms of a seminorm.

(ii) How does |p(z) — p(y)| < C|z — y| imply that p is continuous?

12. An infinite dimensional Banach space

Let K be a compact metric space, e.g. K could be a compact subset of R?, or
even K =[0,1]. Then C(K) is by definition the set of continuous functions on K.
This is a vector space, and the quantity

IfIl = sup |f(z)]
zeK
defines a norm. A sequence of functions f; converges to some f € C(K) exactly if

the f; converge uniformly on K to f.

Exercise 27. Verify that ||...|| is indeed a norm, and show that C(K) is a Banach
space with this norm (i.e. verify that C(K) is complete.)
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13. Bounded linear operators and the dual space

Let X and Y be Banach spaces, and let 7' : X — Y be a linear mapping. Then
T is called bounded if

ITzlly < Cllzllx

for some constant C' < co which does not depend on z € X.
The smallest constant C' one can take is called the operator norm of T. Equiv-
alent expressions for the operator norm of T' are
def | Txlly

IT[|'= sup sup ||Tzlly = sup |[Tz|y.
e#0 ||zl x =l x <1 llzllx=1

Lemma 5. A linear map T : X — Y of normed vector spaces is continuous if and
only if it is bounded.

Proof. Suppose T is bounded. Let z € X and € > 0 be given. Then choose
d =¢/||T|| and observe that ||z’ — z||x < § implies

ITz" = Tally = T —2)lly <IT|- 2" —zlx <e.

Hence T is continuous at z € X.
Conversely, suppose T is continuous. Since T is linear one has T'(0) = 0, and
hence there exists a § > 0 such that ||z||x < ¢ implies ||Tz||y < 1. For arbitrary

z € X we then have
2l x ( T )H 2l x
T!6 < ,
é lzllx /| = ¢

so that T is bounded with ||T|| < 6~1. O

T2 = \

The space of bounded operators from X to Y is denoted by £(X,Y"). With the
operator norm L(X,Y’) is a normed vector space.

Different notation and terminology is used in the special case which you get by
choosing ¥ = R (the real numbers with “norm” given by ||z|| = |z| is a Banach
space!). A linear map T : X — R is called a “linear functional,” its “operator
norm” is defined in the same way,

1Tl = sup [T(x)],
lzll<1

and the space of bounded linear functionals T : X — R is called the dual space of
X. It is denoted by X* = L(X, R).

Exercise 28. Verify that the operator norm is indeed a norm.

Finally, one has the following important observation.

Theorem 6. If X is a normed vector space and Y is a Banach space then L(X,Y)
with the operator norm is a Banach space.
In particular, the dual X* of any normed vector space X is a Banach space.

You could provide a proof yourself, or use the absolutely convergent series
approach, which will be discussed shortly, to prove completeness.



17

14. Linear subspaces

A subset L C X is a linear subspace if az +by € L for all z,y € L and a,b € R.

If X is finite dimensional, i.e. if X = RY with some norm, then all linear
subspaces of X are closed subsets. In infinite dimensional spaces this is not always
true as the following example shows.

Let X = C(K) with K = [0,1], and let L be the space consisting of all poly-
nomials f(z) = apx™ + ...+ a1z + ap. Then clearly L # X, but the Weierstrass
approximation theorem states that the closure of L is X, i.e. every continuous
function can be approximated uniformly by polynomials.

15. The unit ball
The set Bx = {z € X : ||z|| < 1} has the following four properties:

1. It is convex, i.e. the linesegment connecting any two points z,y € Bx is again

in BX,

it is symmetric: x € By if and only if —z € By,

3. it is absorbing, meaning that every x € X is contained in some homothetic
copy tBx & {tx : v € Bx} with ¢ > 0 of the unit ball.

4. if tx € Bx for all t > 0 then x =0

Conversely, if B C X is a set satisfying these four properties then
pp(z) =inf{t >0: 2z € tB}

[\

defines a norm on X.

Exercise 29. Verify these statements.

Exercise 30. Draw the unit balls in R?® for the norms pi, p2 and peo

Lemma 7. The unit ball Bx is compact if and only if X is finite dimensional.

Proof. If X is finite dimensional then X = RY for some N, and By is a closed and
bounded subset of X. The Bolzano-Weierstrass-Heine-Borel theorem implies that
Bx is compact.

Suppose X is not finite dimensional. Then we will construct a sequence of
vectors x; € X with ||z;]| =1 and ||z; — z;|| = 1 for all ¢ # j. Such a sequence is
bounded but has no convergent subsequence, so that Bx is not compact.

To construct the z; we choose z; with ||z;|| = 1, but arbitrarily otherwise.
Assuming the first n vectors zy,...,z, have been constructed we let L be the
linear subspace of X spanned by {zi,...,2,}. Since X is infinite dimensional L is
a proper subset of X and hence a vector y € X \ L exists.

Let z € L be a point which minimizes the distance ||y — z||. To see that such
a z must exist we consider the function f : L — R given by f(2) = ||z — y||. Let
R = |ly||- Then, since L is finite dimensional, the set K = {z € L : ||z]] < 3R}
is compact, and f attains a minimum on K, say at some z, € K. This minimum
value cannot exceed f(0) = ||y]| = R. On the complement of K, i.e. on L\ K one
has

f) =lz=yll 2zl = Iyl =2 3R - R = 2R > f(z.).

So z. is a nearest point to y in L.
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We now define

Y — 2«
x = .
" ly = 2l
Then x,,41 is clearly a unit vector, and by construction its distance to L also equals
1. Hence ||zp41 — ;]| =1 for 1 <i < n. O

16. Series in Banach spaces

A series Zfil x; whose terms lie in a normed vector space X converges if the
partial sums sy = Efr x; converge. The limit of the partial sums is the sum of the

series,
Yoo @i =limy 00 Ziv T;.
A series ), z; is called absolutely convergent if the series ), ||z;|| converges (in R).

Theorem 8. A normed vector space X is complete if and only if every absolutely
convergent series in X converges.

Proof. If X is complete (X is a Banach space), then the sequence of partial sums
sn is a Cauchy sequence. Indeed, given ¢ > 0 choose N. so that YT [z < e.
Then one has for all n > m > N,

n

>

i=m+1

n
< il <.

m+1

|8m — sull =

Conversely, suppose every absolutely convergent series in X converges. To establish
completeness of X we let {z; : i > 1} be a Cauchy sequence in X, and we look
for a limit of this sequence. It suffices to find a convergent subsequence ,, , for
if a Cauchy sequence has a convergent subsequence then the whole sequence must
converge.

Since z; is a Cauchy sequence there exist n; < ns < ... such that

|Zm — Zn, || < 2% for all m > ny and k > 1.
The series Y y; with y; = z,,, and yi = Ty — Tny, 18 then absolutely convergent
since
”yk” = ||xnk+l - mnk” < 27]6'

The partial sums of this series are precisely the z,,, , and by hypothesis they converge
to some z, € X. O

Exercise 31. Use this completeness criterion to prove Theorem 6.

17. Sums of Banach spaces

If X and Y are Banach spaces, then the product space X x Y is again a vector
space, with addition defined by
def
(xlayl) + ($27y2) :e (371 + x2,Y1 + y2)7
and scalar multiplication similarly. The product space is usually written as X ® Y
and called the direct sum of X and Y (to distinguish the set X x Y from the vector
space X X Y - yes, this is pedantic.)
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The direct sum of two Banach spaces can be given a norm by

@ w)llxey = lellx + lyly-
With this norm X @ Y is a Banach space.
Exercise 32. Prove that (X @Y, ||...||xey) is complete.
One can also define several other equivalent norms on the direct sum, such as
I, )" maxllz|x, lylly -

18. Quotients of Banach spaces

We recall that for a vector space X and a linear subspace L C X the quotient
X/L is defined to be the set of equivalence classes of the equivalence relation x L
y < x—y € L. If we denote the equivalence class of x € X by either z + L
or by [z];, then X/L is a vector space with addition and multilication defined by
[zl + [y]L = [z + ylz, Alz]r = [Az]r.

If X is a normed vector space then the quantity

def . L
Iz]zllz = inf{llyll : y ~ 2}
is a seminorm on X/L.

Exercise 33. Show that ||[z]z]|z is the distance from z to L, and that ||[z]z || is indeed
a seminorm.
In general ||[z]z]|z will not be a norm: in fact ||[z]z|r is a norm if and only if L
is a closed subspace of X.

Theorem 9. If X is a Banach space and if L is a closed subspace then X /L with
the norm ||[z]L||L is a Banach space.
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Function Spaces

The L? spaces, 7, weighted L? spaces, L™ and ¢*°, BC(Q2), Hdlder continuous functions,
Sobolev Spaces

Text books to look at: The books [4, 6], as well as most other books in the
library with the title “Functional Analysis,” describe the “classical Banach spaces”
L?, ¢? and C(Q2). The Holder spaces and Sobolev spaces are easier to found in
textbooks on PDE [2] or harmonic analysis.

19. The LP spaces

In this section let p € [1,00) be given.

Let 2 be a set with a o-algebra ¥ and a countably additive measure y : ¥ —
[0,00]. Then in 721 (1st semester real analysis) one defines LP(2, 3, u) to be the
set of ¥ measurable functions f : Q — R for which

|um={LudemmF”<m

The quantity ||...||, thus defined is a seminorm, but not a norm as it vanishes on
all functions f € N, where N is the set of functions which vanish almost everywhere.
It is shown in 721 that N is a linear subspace of LP, and one defines LP = LP/N.

In the standard “abuse of language” we agree to forget to distinguish between
a measurable function f and the equivalence class of functions g which coincide a.e.
with f.

The quantity || f||, does not depend on which measurable function f one chooses
to represent f, and thus defines a norm on L”. The proof of the triangle inequality
is not totally trivial but was given in 721. It was also shown in 721 that LP is
complete, so that L? is a Banach space.

19.1. Special case — the sequence spaces /7.

If one chooses € to be the finite set Q& = {1,..., N} and defines u to be the
“counting measure”, i.e. u(E) is the number of elements of E C {1,...,N}, then
LP? is a finite (IV) dimensional space with norm

(@1, zn)llp = {2 ]? + .+ fan[P}P
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If one sets Q = N, and lets p again be the counting measure, then LP is the space
of sequences {z; : i € N} for which

[e'e) 1
I(z)istlly = {252 |27} < oo

This space is denoted by 7, or ¢P(N).
One can also consider the space of bi-infinite sequences (x;);cz whose p-norm
> icz |zi|? is finite. This space is denoted by (F(Z).

19.2. Special case — weighted LP spaces.

Let 2 be an open subset of R”, and let w :  — (0, 00) be a positive measurable
function. We let o be the measure dp = w(z)dz, i.e. for any measurable E C ) we
put

w(E) dg/Ew(a:) dz.

Then LP(Q,w(x)dx) is the space of measurable functions for which

1/p
Il Lo (2w (z)dz) = {/Qw(a:)lf(mﬂp da:}

is finite.
The choice w(x) = 1 gives us the space commonly denoted by LP(2).

20. L*° and ¢

We have introduced the LP spaces for 1 < p < oo. It is natural to extend the
definition to p = oo by defining the essential supremum of a measurable function
f:Q—=Rby

ess.sup f(z) définf{M eR:p{z: f(x) > M} =0}.
zEN

The L norm is then defined to be

def
1 fllo = ess.sup |f(x)
zeQ

If we again agree to identify functions which coincide except on a set of p-measure
zero then

L2, 2, 1) € f 2 | flloo < o0}

is a Banach space. Elements of L™ are called essentially bounded functions.
If one chooses 2 = N or 2 = Z then the corresponding L space is a space of
bounded sequences (z;);en (or (z;);cz respectively) with the supremum norm

1(i)l[oo = sup |2
K3

The resulting sequence space is denoted by £*°(N) or £*°(Z).
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21. Holder’s inequality.

For f € L? and g € LY where p and ¢ are conjugate exponents, meaning

1 1
_+_:1
p q

the product fg is integrable and one has
1fglle < 1f1lp llgllq

[ V@t du < { [ du}l/p{ [ du}l/q.

(When p = 1 one has ¢ = co. The inequality still holds provided ||g||oo is properly
interpreted — see below.)

The following statement, shows that Holder’s inequality is in a sense optimal.
It also provides a useful description of the LP norm.

i.e.

Lemma 10. Let 1 < p < 0.
For any f € LP(Q, X, u) one has

) Ifll, = sup / £(@)g(x)du(z).

llglla<1

If p < oo then the supremum is attained by the choice

g(z) = Alf (2)|""signf (z),
where A = ||f||,7?, and where signf(z) is +1, 0 or —1 depending on whether
f(x) >0, =0 or <0 respectively.

This Lemma immediately implies that the L norm is a seminorm. Indeed, for
each fixed g € L? the integral in the righthand side in (1) is linear in f and hence
defines a seminorm. The supremum of these seminorms must again be a seminorm.

Proof. Holder’s inequality directly implies that || f||, does not exceed the supremum,
and if p < oo one can substitute the given g(z) to verify that || f||, actually equals
the supremum.

If p = oo then one takes E. = {z : |f(z)| > ||fllc —€}. By assumption
u(E;) > 0 for all € > 0 (this is essentially the definition of the ess.sup) so we can
define g. () = |E.|~\xs, (z)sign f(z).

One then has

=571 [ @)

2 |[fllo —€
with € > 0 arbitrary. [l

/ £ (@) e (x)du(x)

Exercise 34. Let X be the unit ball in L*(—1,1). Does the function F : X — R given
by

F(f) / (1— %) f(x) de

attain a maximum on X7
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Exercise 35. Prove that for any measurable f : Q@ — R with || f|], < oo for all p < oo
one has

Hm || flly = [|flloo-
p—oo

Exercise 36. (An interpolation inequality.) Suppose that f € L?° and f € LP' for
1 < po < p1 < 0o. Show that f € L? for all p € [po, p1], and that

—6 6
Fll < IFlps? 11FN5,

i 1_1-0_, 6
provided > = 70 T oor

Exercise 37.

(i) Show that if 4(2) < co then L” C L” if and only if p > p'.

(ii) Assume again that () < oo and let 1 < p < co. Show that L*°(Q) is a dense
subspace of LP(Q).

(iii) Show that £?(N) C ¢ (N) if and only if p < p'.

Exercise 38.

(i) Let 2 = R™ and let p be Lebesgue measure. Give an example of a function f which
belongs to L? if and only if p = 1999.

(ii) Give an example which belongs to all L? with p < co, but not to L.

(iii) Give an example of a function f € Ny<ooLP which is not essentially bounded on
any open E C R".

Let © be a topological space, and let BC(Q2) be the set of bounded and con-

tinuous real valued functions on €. This is a Banach space with norm

1f1l = sup |£(z)].
E1<19]

If ©2 is compact then all continuous fuctions on 2 are bounded and we simply write
().

Exercise 39. Observe that if Q = N then BC(Q) = ¢>°(N).

Exercise 40. Let Q = R"™. Then every bounded continuous function is also an essentially
bounded measurable function on R™.
Show that BC'(R™) C L*(R™) is a closed subspace and that BC(R"™) # L*°(R").
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Exercise 41. If Q is a metric space then we can distinguish uniformly continuous
functions among the merely continuous functions on Q. (Recall f is uniformly continuous
if for all e > 0 a . > 0 exists such that |f(z) — f(y)| < € for all z,y € Q with
d(w,y) < ..)

(i) Show that BUC(f2), the space of bounded uniformly continuous functions on €2, is

a closed subspace of BC(Q).
(ii) Find a function f € BC(R) which does not lie in BUC(R).
(i) Let

Ha) = 1—2|z| for |z| S 1/2
0 otherwise

be the “tent function,” and consider the map F from £*°(Z) to BUC(R) which assigns
the function

F((s:)iea) (@) = Y sit(e — i)
i€Z
to the sequence (s;)icz € {°(Z).
Show that F' is an isometry.

23. Holder continuous functions

Let © C R™ be open, and let @ € (0,1] be a fixed constant. A continuous
function f : Q@ — R is said to Hdlder continuous with exponent « if there is a
constant C' < oo such that for all z,y € Q

[f(z) = f(y)] < Clz —y|*

In the special case a = 1 one speaks of Lipschitz continuous functions rather than
Holder continuous functions.
The best constant C' is given by

xT) —
Flasg = sup LD =W
zHy |z — y|
The space of a-Holder continuous functions is denoted by C'* ().

Exercise 42. Show that [f]a,0 is a seminorm on C*().

(Suggestion: For each = # y the quantity p.,,(f) = |z — y|~%|f(z) — f(y)| is a
seminorm.)

The space of a-Holder continuous functions with norm

|[f(x) = Fy)|

| fllce = sup|f(z)| + sup
zEQ| | ety T —yl®

= [1fllze + [flase-

is a Banach space.

Exercise 43. Show that the norm ||f||c= is complete.
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Exercise 44. Let Q = (—1,1) C R, and define f(z) = v/|z|.

(i) For which « € (0,1] does f(z) belong to C*(Q2)?

(ii) Let g(z) be a continuously differentiable function on the closed interval -1 < z < 1.
Show that

If = gllgiz 2 1.

Are polynomials dense in C'/2(—1,1)? (Compare your answer with the Stone Weierstrass
theorem.)

(iii) For each a € (—1,1) define fo(z) = v/|z — a|. Show that f, — f uniformly as
a — 0. Is it true that

lim [[fo = flleass = 07

(iv) Is the space C'*/%(—1,1) separable?

Why were Holder continuous functions introduced?

Holder spaces are used extensively in the study of partial differential equations.
One of the first places where one encounters them is in “potential theory,” where
one looks for solutions f : R*> — R of the Poisson equation

0? 0? 0?
Af:—£+—£+—£:p(a:)
Oz Ox; O3
for a given function p : R*> — R. (If p represents the distribution of charge, then
the solution to this equation represents the potential of the electric field produced
by the charges.) If p is compactly supported and continuous then the solution is
given by

1 P(y)
A Jps |z —y| .

flz) =

The integral in this formula is called the Newton potential of the charge distribution
p-

Instead of wondering how this formula was derived one can try to simply verify
it by computing the second derivatives of the function f(z) defined by the Newton
potential. After differentiating under the integral one ends up with the following
integrals

(%)

f /RS |z — y|*di; (i —yi)(zj —y;) py) dy

0,0 T ar |z — y|®

where d;; =0 for ¢ #j and 1 if ¢ = j.

Now the integrand in these integrals are bounded by C|z — y|~2, which is not
an integrable function, so that the integrals cannot be interpreted as Lebesgue
integrals, and so that the differentiation under the integral which gave us (x) may
not even be justified.

It turns out that if p is merely continuous then the Newton potential need not
be a twice differentiable function. However, if p is known to be Hdélder continuous
of some exponent a € (0, 1), then one can justify (x) and the second derivatives of
f turn out to exist and they even turn out to be Holder continuous functions of the
same exponent «.
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24. Sobolev Spaces

Let Q C R® be open. Then W!P(Q) is the set of functions f € LP(2) whose
partial derivatives in the sense of distributions are again LP functions, i.e. the
distributions D; f € D'(Q) are actually of the form D;f = g; for certain g; € LP().

One can formulate this without referring to distributions by saying that f €
LP(2) belongs to W1P(Q) if there are functions g¢i,...,g, € L?(Q) such that for
all smooth compactly supported functions ¢ : Q@ — R one has

[ @32 do = [ gi@rpto) de

The space W1P(Q) can be given the following norm
def
I llwee S e + 101 fllze + -+ 100 F|lLr

or the equivalent norms

1/p
1w = {/Q(Ifler 01 f ()P + ...+ [On f(@)|7) dfv} -

and
1/p
1l = { / UFP + |V F@)P) dm} |

Exercise 45. Verify that TW!?(Q) with the given norm is complete.

More generally one defines W™ P(Q) to be the space of functions which together
with their distributional derivatives of order at most m belong to LP(€2). A norm
on W™P(Q) is

1 e = > /QID“f(a:)|da:.

0<lal<m

Exercise 46. Let Q = {z € R" : |z| < 1} be the open unit ball in R".

(i) For which a € R does the function f(z) = |z|* belong to WP (Q)?

(i) Assume 1 < p < n and construct a function f € W1?(Q) which is unbounded in
every open subset Q' C Q. (Suggestion: try a function of the form > 2 ci|z — ri|™*
where r; is an enumeration of the points in §2 with rational coordinates, and a, ¢; are to
be chosen appropriately.)

Exercise 47. Let f: R" — R be a continuously differentiable function, and define

o(z) = {f(x) o] <1

0 |z| > 1
Does f belong to W!?(R™) for any p € [1, o0]?
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Approximation Theorems

Approximation of LP functions by continuous functions, The convolution product,
Mollification, Smoothness of the mollification, Approximation in Sobolev spaces,
Approximation of Holder continuous functions

25. Approximation of L? functions by continuous functions

Let © C R™ be an open subset, and fix some p € [1,00). Denote the space of
compactly supported continuous functions on by C.({2).

Theorem 11. C.(Q) is dense in LP(Q).
Proof. Let f € LP and € > 0 be given. The sequence of functions
0 if |2| > k; otherwise, if |z| < k then,
k when f(z) >k
f(z) when |f(z)] <k
—k  when f(z) < —k
converges in LP to f (use the dominated convergence theorem to verify this.)
We choose k large enough so that ||f — fill, < &/2.
By Lusin’s theorem from “721” (e.g. see [4, theorem 2.23]) there exists a con-
tinuous function ¢ whose support is contained in {z € Q : |z| < k}, which satisfies
|o(x)|] < k, and which coincides with fj, except on a set whose measure we can

assume is arbitrarily small. We will assume that £ = {z : ¢(z) # fr(z)} has
measure at most (€/4k)P. Then on E one has | — fi| < 2k and thus

1/p
“‘P - fk”p < {/ (Qk-)P dl’} = Qk:m(E)l/p < 5/2_
E
The compactly supported function ¢ is our approximation to f. Indeed one has

1f = ellp < IIf = felly + 1fx = ¢llp < e

Exercise 48. Does this proof also work if p = co? Is C.(2) dense in L™ (Q)?
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The approximation theorem we have just shown has a few drawbacks. First,
the approximation is only continuous, and this can be improved. Second, the
method of approximation is not “transparent” in the sense that we do not have an
explicit formula for the approximation function. One consequence of this is that the
approximation only applies to LP spaces, and that it is not clear how to generalize
it to Sobolev or Holder spaces.

There is a standard method, called “mollification,” of approximating rough
functions which does not suffer from these defects. Briefly stated, mollification of
a function f is the same as computing the convolution of f with a suitable test
function ¢, so we begin by collecting some facts about the convolution of functions.

26. The convolution product
The following is known as Jensen’s inequality.

Lemma 12. Let ¢ : R = R be convez, let p be a measure on Q with u(2) =1, and
let g: QY = R be pu integrable. Then

" ( [ st du(m)) < [ otg(@)) duta).

Proof. Since ¢ is convex we have

¢(s) = sup {(t) + ¢ (t)(s — 1)} .
teR

Thus
o ([ o dute)) =suw o0+ 60 [ g(0) dute) 1)
= sup [ (6() + ¢ (Os() ) du)

< / sup (6(£) + ¢/ (1) (g(x) — 1)) du(z)
Q

teR

- / b(g(x)) dp(z).
Q

For any two functions f,¢g : R® — R one defines the convolution

(1) fxg(z) = - fy)g(z —y) dy,

provided one can make sense of the integral. This is clearly the case if, say, f €
LY(R") and g € L>°(R™). More generally one has

Theorem 13. If f € LP(R") and g € LY(R™) with ¢ = p/(p — 1), then the convo-
lution product f x g(x) is well defined for each x € R™, and one has

|f +g(@)] < I fllzellgllze-
Proof. Apply Holder’s inequality. O
Exercise 49.  Show that under the same hypotheses f % g is actually a continuous
function on R", and that

lim fx*g(z)=0.

|z]— oo
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Theorem 14. If f € L*(R") and g € LP(R™) then f(y)g(z — y) is a Lebesgue
integrable function of y for almost every x € R™, and the convolution product
f*g(z) defined in (1) is a measurable function.

Moreover one has f xg € L? and

1S * gllp < £l llgllp-

Proof. We assume without loss of generality that f and g are nonnegative, and that

[ f(z)dz=1.

The function ¢(s) = |s|P is convex and hence Jensen’s inequality implies

(F+9)@r < [ f@)gta -y dy
Integration over z and application of the Fubini-Tonelli theorem then gives
[raarars [ [ sy
=[] s@at -y day

= Rnf(ﬂf) dz - /ng(w—y)”dy

= llgll-

Exercise 50. Prove the following “local version” of Jensen's inequality.

If f € L'(R"™) vanishes outside of the ball of radius € > 0, and if g € LP(Q2) for some
domain Q C R", then the convolution f % g(x) as defined in (1) exists for almost every
z € Q.. Moreover,

If * gllzra.) S N Fllr@mllgllze @)
Here Q. d:ef{m € Q: B(z,e) C Q}.

27. Mollification

To mollify a function f € L{ () one needs a compactly supported smooth
function ¢ € D(R™) with

/ngo(a:) dx =1.

We will assume that ¢ is supported in the Euclidean unit ball of R™, and that
@ > 0. For each € > 0 we then define

@) foe) = [ 1o dy
= [ f@oa ) dy
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where ¢ () défs_"cp(a:/s). Substitution y = x — 2z or y = z — ew gives the following
alternative expressions

fo) = [ fa - 2)pu() dz
= /f(m—sw)ga(w) dw.

The mollification f.(z) is only defined for z € Q.. Of course, for 2 = R™ one has
Q. = Q so that f. is defined on all of R".

The integral(2) is taken over €, but since p(z) = 0 for |z| > 1 we may also
integrate over B(z,e) ={y € Q: |z —y| < e}.

The definition shows that mollification is a linear operation: for any two locally
integrable f and g and any A, 4 € R one has

(Af 4 1g9)e = M= + pge.

Theorem 15.
(i) If f € C.(R™) then f. converges uniformly to f.
(i) If f € LP(R™) then f. converges to f in LP(R™).

Proof. (i) Since f is compactly supported and continuous it is uniformly continuous.
So, given € > 0 there exists 6 > 0 such that |f(z) — f(y)| < ¢ if |z —y| < d. The
mollification fs with 0 < ¢’ < § then satisfies

(@) — fl@)| < ‘ [owe =00 - 1) dy‘
< swp |f(y) - f(@)]- / oo (& — y) dy

ly—al<s
<e.

(ii) Let f € LP(R™) be given. Choose a g € C.(R™) with ||g — f|l, < £/3. The
triangle inequality gives us for any d > 0

(3) 1f = Fsllo < NF = gllp + lg = gsllp + lgs = f5llp-

The first term is not more than /3. The last term can be estimated by

llgs = fsllp = lles * (9 = Hllp < Mlellallg = fllp = llg = fllo <&/3.
If g(x) =0 for |z| > R then gs vanishes for |z| > R + J, and thus the middle term
in (3) is bounded by
1
lg = gsllo < (mfa < o] < B+ 8))'"" lg - 950

Since gs — ¢ uniformly we can make this less than €/3 by choosing ¢ sufficiently
small.
Adding the three estimates for the respective terms in (3) we get

& 13 &
||f—f5||p<§+§+§—5

if 0 is small enough. O

A similar argument using the “local version” of Jensen’s inequality leads to the
following.
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Theorem 16.

(i) If f : Q — R is continuous then f. converges uniformly to f on any compact
K cqQ.

(ii) If f € L}, () then f. converges in LP(K) for any compact K C Q.

28. Smoothness of the mollification

Theorem 17. Let f € L\, .(Q) for some open Q C R".

(i) f- is a smooth function on (..

(ii) The operations of mollification and differentiation commute, i.e. if both f
and D;f are locally integrable then D;(f:) = (Dif)s.

The second statement in this theorem says that the interchange of differentia-
tion and integration in

Of(x —
o, /f dz-/if(gxi Z)gog(z) dz

is allowed when the derivative is interpreted in the sense of distributions.

Proof. Using the dominated convergence theorem one can justify differentiation
under the integral to obtain

0f _hm/f jpelwtte —y) —e-(@=y)

8351 t—0 t
() - / F) 222 @ — ) dy.

It follows that the mollification of any locally integrable function is in fact differen-

tiable. By repeating this argument one also obtains all higher derivatives, and one
has

Df.(z /f YD%p(x — y) dy.
To prove (ii) we observe that

Opc(x—y)  Op-(z—y)

Ox; O0y;
which allows us to rewrite (x) as
8f€ 905
e / F) 5 —y) dy
f: iPe, z>
= (sza @E,x)

in which . ,(y) = pe(z — y) is a test function on Q and the last line is to be
interpreted in the sense of distributions. We are assuming that the distributional
derivative D; f actually belongs to L{. . and so we have

0f-
Lw) = (it

= / —6@?)%(56 —y)dy

= (Dif)<(2).
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29. Approximation in Sobolev spaces

If f e W™P(R") then we have just shown that for any multi-index a with
|| < m one has

D%(f) = (D f)e,
and also that as € N\, 0 the smooth functions (D®f). converge in L?(R"™) to D*f.
This implies that f. converges to f in W™ P(R™) so that we have proved
Theorem 18. W™P(R*) N C®(R"™) is a dense subspace of W™P(R").

For functions f € W™P(Q) where Q g R™ is open, mollification does not
produce a function which is defined on all of Q, and we don’t get an analogous
density theorem without some extra work. Nevertheless, the following is true and
I refer to [2, §5.3] for a proof.

Theorem 19. W™P(Q) N C>®(NQ) is a dense subspace of W™P ().

As Evans points out [2] the smaller space C°°({2) is in general NOT dense in
WkP(Q), but it is dense if one assumes that () has smooth boundary.

Using mollification one does obtain smooth approximations of functions f €
WkP(Q), but only in the following sense.

Theorem 20. If f € WkP(Q), then for any § > 0 the functions f.|Qs converge in
Wk’p(ﬂg) to f|Q§

Exercise 51. Show that CS°(R™) is dense in WP (R™).

Exercise 52. Show that if f,g € W1?(R™) then the product h(z) = f(x)g(z) belongs
to WH!(R™), and that the product rule holds, i.e.

Dih = fDig+ gD, f.
Hint: first prove this assuming f € C° N W2, then apply an approximation theorem.
Exercise 53. Let f € W'?(R™), and assume that ¥ : R — R is a continuously differ-

entiable function with Vser|¥'(s)| < M for some finite M. Show that the composition
g(z) = ¥(f(z)) again belongs to W'P(R™), and that the chain rule holds, i.e.

Di¥(f(x)) = ¥'(f(2))Dif ().

30. Approximation of Holder continuous functions

We have seen that smooth functions are not dense in C*(2) for any a € (0,1)
so we cannot expect f. to converge to f in the o Holder norm for any f € C*(R").
However, the mollifications f. do converge uniformly to f and the way in which
they do this turns out to give a useful description of Holder continuity.

Theorem 21. Let f € C*(R"). Then f. converges uniformly to f as e \, 0, and
one has

1f = felloo < [flag®
IV felloo < C[f]asa_l

for some constant C which only depends on the function ¢ in the definition of the
mollification.
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We recall that the seminorm [f], is defined by

Proof. For any € R" one has
f(@) — fo(e) = / pe(@ — 1) (F(y) — f(2)) dy

since [ . = 1. The integral is taken over the ball |z — y| < ¢ on which we have by
definition |f(z) — f(y)| < [fla€®. This gives us the estimate

|f(x) = fo(2)] < [flac®.

To estimate the derivative we start with

Dif.(x) = / Dige(z - 4)f(y) dy
_ / Dig-(z — y)(f(y) — £(x)) dy

where we have used [ D;p.(z —y) dy = 0. As before the integral is over the ball
B(z,¢) so that we have

IDif. ()] < / Dige(z — | f(y) - £(z)] dy

< [flac® [ IDig(o = )l dy
= C[flae™™
in which C = [ |[Vp(z)] dz, and where we have used the “scaling property”

1
/ Ve (2)] do = / Ve(e)| da.
R™ £ R~
[l

This theorem tells us the following: given a Hélder continuous function f one
can approximate f with smooth functions f.. The closer these smooth functions
get to f the larger their derivatives must be. In fact one can find a function which
is at most Ce® away from f, and whose derivative is nowhere larger than C'/e'~.
This turns out to be a characterization of Hélder continuity.

Theorem 22. Let f : R® = R be a continuous function, and suppose that for any
e > 0 one can find a C* function g. : R* — R with

I1f = gelloo < A%, [[Vgelloo < AT,
then f is a Hélder continuous and
[fla < 3A.
Proof. For given z,y € R™ we choose ¢ = |z — y|. Then
|f (@) —ge(x)] < A%, [f(y) —g=(y)| < Ae?,
and

19:(2) = : ()] < | Vgelloola —y| < A7 e, = e
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Add these three inequalities and you get
(@) = F@)] < 1£(@) — 9:(@)] + |- (2) — 9 ()| + £ (W) — - W)
< 3Ae”
= 3A|£E - y|a,
as claimed. |
Exercise 54. Let f € C*(]0,1]), and for any n € Nlet f, : [0,1] — R be the continuous
function which coincides with fatz =0, L, 2, ..., 2=1 ‘and z = 1, and which is linear

on each interval [k/n, (k + 1)/n]. o
Estimate ||f — fallo and ||fn |l in terms of € = 1/n.
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Embedding Theorems

The Sobolev embedding theorem for p > n, the case 1 < p < n, the Isoperimetric inequality

31. The Sobolev embedding theorem for p > n

The Sobolev embedding theorems say that if an LP function has a derivative in
LP then it must be more regular than just any LP function. There are two different
cases to be considered depending on the size of p, and the dividing line is at p = n.
Theorem 23. If f € WYP(R?) then f is a-Hélder continuous, where o =1 — 2

p ’
and moreover

[fla < CIV £z
for some finite constant C'.

The proof goes by showing that the mollifications f. satisfy the characterization
of Holder continuous functions from the previous chapter. We begin with the
identity

Lemma 24. If f and D;f are locally integrable then

@ L [ it ay,

where
Yi(z) = zip(z).
Formally one can derive (4) by differentiating
o) = [ @ - enpety) dy
under the integral, and substituting y = z/e. It is not clear that this is allowed

since f only has distributional derivatives.
Instead we argue as follows:
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Proof. One has

Oe as/f(y Jo<(z —y

- [ { Enﬂﬂmg%— gnli”(alw)(m;y)} dy
- i—yi 0 -

/f { 6"“('0(566 y)_ ws”ﬁ} 3yi¢(x6 y)} dy

/f o (5”11' (m;y)> ay

(apply the definition of distributional derivative)

- [ Dt

Of:(x

Yy dy

Proof of the Theorem.

We show that the f. converge uniformly. One has

‘3 W< (f IVf(y)I”dy>1/p ([

(substitute y = z + ez in the second integral)

1/q
IVl - ( / |¢i(z>|qdz) en/a—n
= C||Vfllzre/P.

q 1/q
dy) ;

(=)

For any two 0 < g1 < €2 < &, we therefore have

of:(z)

9 de

) = a0l = [

€1
Ex
< C||Vf||Lp/ e/ de
0
<NV fllrer .
This estimate is independent of x and we therefore see that the f. form a Cauchy
sequence in the L* norm. They must therefore converge uniformly to some contin-

uous function. Since we already know that the f. converge to f in LP, we conclude
that f is continuous and that

(5) If = fellp= < CIV fllzoes™"".
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To conclude the proof we estimate the size of V f.. We have

IDi(£)(@)] = |(D:f)e (@)
- ‘ [ Pitwete -y dy

< / D f ()l (& — )| dy
< IV 5l - loellze
= C|Vfllzre /7.

Together with (5) this inequality implies that f is Holder continuous of exponent
a=1-n/p as claimed. O

Exercise 55. The one dimensional case of this theorem has an easier proof which is
worth remembering.
Let f : R — R be an absolutely continuous function with f'(z) € LP(R). Prove that

@) = f) <11 leele =yl =17
by applying Holder’s inequality to

f(@) — f(y) = / ") de.

Exercise 56. Every f € W' is (1 — n/p)-Hélder continuous, but not every (1 —n/p)-

Hélder continuous function belongs to W7 (R™). lllustrate this by giving an example of

a compactly supported function f : R — R which is Hdlder continuous of exponent 1/2,

but which does not belong to W2 (R).

Exercise 57. Show that the unbounded function f(z) = loglog <1 + ﬁ) belongs to
x

whm(Q).

The analogous theorem which one would expect for general domains 2 C R,
namely that any f € WHP(Q) is Holder continuous with exponent o = 1 —n/p is
unfortunately not true. It turns out that one must impose some regularity on the
boundary of the domain. Without proof I state the following;

Theorem 25. Let Q C R"® be a bounded domain with smooth boundary 0. Then
any f € WHP(Q) is Hélder continuous on Q of exponent 1 —n/p.

A proof can be found in [2].

32. The Sobolev inequality in the case 1 <p <n
Theorem 26. If f € WY'(R?) then f € L™ (1D and

(6) Ilzese s < YLD < [ (95 da.

When n =1 one must interpret n/(n — 1) as co.

The following proof can be found in many places. I follow Stein’s exposition
[7, page 129] closely.

Proof. We will assume that f is actually smooth and compactly supported, and
prove the stated inequality. The general case is then obtained by using an approx-
imation theorem.
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One proves the inequality (6) by induction on the dimension n.
The case n = 1 is clear in view of the identity

fo=[ 1o
which implies sup |f(z)| < ||f'|lL:-

Let n > 1 be given and assume the inequality has been proven for all dimensions
less than n. If z € R then we write x; for the first coordinate of z, and z' =

(2,...,2,). We introduce the following functions
def o af
Ii(zs,...,x :/ —(x1,...,T dx
1( 2 n) - 6$1( 1 n) 1
def of
(1) & /RH (@)

For each fixed z; we may regard f(z;,z') as a compactly supported smooth function
of ' € R*! and thus the induction hypothesis tells us that

n a1 N
(7) </ 1|f(x1,mr)|n—édx'> < (Iy(z)I5(21) .. . Tp(z1)) ™7 .
Rn—
On the other hand we also have

|f(z1,2")] < Li(a")

(this is the one dimensional case applied to the function z; — f(z1,2")). Since

Lo =1+ -1 this implies

£ ()77 < (L(2) =7 | f(x)].

Integration and Holder’s inequality now give us
[ e av
Rn—1
= / (1 (&) ™7 | (@1,2)] do’
Rn—1

< </Rn1 I1(gn’)dml> n-T (/Rnl |f(w1,$,)|z_:;dx’> n—1

(substitute (7))

< </Rn_1I1(a:’)da:’> o (L(z)I5(21) ... In(z1)) "1 .

This holds for each z; € R. The first factor here is a constant, namely

1
n—1
([ neaw)™ =i,
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the others depend on z;. If we integrate these use Holder’s inequality again, we get

(/ 1’1 d1’1> "

1D, F11A 0.

/OO (I (21)I5(z1) ... In(21))

— 00

<1
i

Finally we get

/R |f|ﬂ1dmg<n||0if||u> ,
" =1

as promised. O

The general case 1 < p < n now follows.

Theorem 27. If f € W'P(R") with 1 < p < n then f € L"(R") where 1 =
One has

n—1
I fllze < ——pIVfllLr-
n—p

Proof. We assume that f is smooth and has compact support, and apply the p =1
version to

n—1
g=1fl">"
One has
1915 do = [l e
n—1
< (/IVgl dw)
’I’L—l n—1__ ﬁ
< (“=00 [ 1= s a )
n—p
Since
n—1 _l_np—p—n—l-p_n(p—l)
n—p’ n-p  n-—p

we then get, by Holder’s inequlity,

np = n—1 n(p=1)
(f157% ae) ™ < 2=y 1774 w51

n-—p

(e ) T (Jresear)

which after some manipulation yields the stated inequality. O

<
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33. The isoperimetric inequality

Let @ C R™ by a bounded domain whose boundary is smooth. We call the
(n — 1) dimensional measure of its boundary the perimiter of Q,written Per Q (for
Q C R2 Per() is the length of the boundary of Q; for Q C R? Per() is the surface
area of 00, etc ... )

The dimensionless quantity

(Per Q)71
Vol

is called the isoperimetric ratio of 2. The isoperimetric inequality states that the
isoperimetric ratio of any bounded domain with smooth boundary is strictly greater
than the isopermetric ratio of the unit ball in R™, unles 2 itself is a ball B(z, R).
For instance, for plane domains ) the length L of the boundary and area A of the

domain satisfy

L2
Z Z 47‘-7

and that the only domains which actually attain this minimum value are circular
discs. See [1, chapter 2, §10] for a proof.

It turns out that a weaker version of the isoperimetric inequality follows from
the Sobolev inequality.

Theorem 28. For any bounded domain Q with smooth boundary 02 one has

(®) || < (PerQ)»-1.
Proof. For small h > 0 we consider the function fj : R* — R given by
1 (x € )
fu(z) = %dist(m,ﬂ) (dist(z, Q) < h)
0 (dist(z, Q) > h)

Then f3, converges monotonically to xq so

tim [ 1) 7 dz =9,
On the other hand
L for 0 < dist(z,Q) < h
V(o) = st (= )
0 otherwise
so that
1
/|th(:v)| dr = E|{az 0 < dist(z, Q) < h}.

which converges to the n — 1 dimensional measure of 9Q'. Sobolev’s inequality
applied to f; then implies (8). O

Exercise 58. For a € R" with a; > 0 let R(a) be the rectangle (0,a1) x ... x (0, an).

Which rectangle with Vol(R(a)) = 1 has smallest perimiter, and compute this minimal
perimiter.

1One may take this as definition of the perimiter of Q
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Compactness theorems

About compactness, Compact subsets of C'(K'), The Rellich-Kondrachov theorem

Text books to look at: Rudin [5, appendix] has a summary of the facts from
point-set topology about compactness, as well as a proof of the Ascoli-Arzela the-
orem. The Rellich-Kondrachov theorem is proven in Evans [2].

34. About Compactness

We first recall some notions from point-set topology.

A Hausdorff topological space X is compact if every open cover of X has a
finite subcover. The space X is sequentially compact if every sequence in X has a
convergent subsequence.

For metric spaces (X, d) compactness and sequential compactness are equiva-
lent.

There is a third characterization of compactness, namely, a complete metric
space (X,d) is compact if and only if it is totally bounded. By definition, a metric
space (X,d) is totally bounded if for every € > 0 one can find a finite number of
points zy,... ,zx € X such that X = UN | B(x;,¢).

A subset A of a topological space X is called precompact if the closure of A
in X is compact. If X is a metric space then A C X is precompact in X if every
sequence in A has a convergent subsequence (whose limit may or may not lie in A).

For instance, all bounded subsets of R™ are precompact, but only the bounded
and closed subsets are compact.

A subset A of a metric space is precompact in X if and only if it is totally
bounded.

35. Compact subsets of C'(K)

If K is a compact metric space, then the space C'(K) of continuous functions
on K is a complete metric space and the Ascoli-Arzela theorem characterizes which
subsets of C'(K) are compact.

Let A C C(K) be any family of functions. Then A is said to be equicontinuous
if for any € > 0 there is a § > 0 such that

Veyek Viea d(z,y) <6 =|f(z) — fy)| <e.
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Theorem 29 (Ascoli-Arzela). A subset A C C(K) is compact if and only if it is
bounded, closed and equicontinuous.

The proof will be given in class.

Exercise 59. Let A be the unit ball of C*(K). Then A is a subset of C(K). Show
that A is compact.

Exercise 60.

(i) Is Ay = {sinnz : n € N} a precompact subset of C([0,1])? Is A; compact?

(i) Is A; as above a precompact subset of L'(0,1)? Compact?

(iii) Is Ay = {1 sinnz : n € N} a precompact or compact subset of C([0,1])?

(iv) Let As be the set of continuously differentiable functions f : [0,1] — R with
SUpg<p<y |f (z)] < 1. Is Az a (pre)compact subset of C([0,1])?

Exercise 61.

(i) Let £, € L*(Q) N L'(Q) be a sequence of functions with |f,(x)] < M for all
n €N, z € Q. Suppose f,, converges in L' and show that f,, converges in L? for any
1<p<oo.

(ii) Let © = R. Find an example of a sequence of functions f, as described above
which does not converge in L (R).

(iii) Let f, € L>=(Q) N L'(Q) be a sequence of functions with ||fa||z1 < M for
all n € N. Suppose f,, converges in L™ and show that f, converges in L” for any
1<p<L oo

(iv) Let 2 = R. Find an example of a sequence of functions f, as described above in
(i) which does not converge in L' (R).

(v) Let A C L*=(Q) N L*(R) be a family of functions which is bounded in L™ and
precompact in L'. Show that A C L?(Q2) and that A is precompact in L?(Q).

36. The Rellich-Kondrachov theorem

Theorem 30. Let Q2 C R™ be a bounded domain. Then any sequence of functions
fi € WHP(R™) with

and

supp fi C Q

sup || fillwr» < o0
i€EN

has a subsequence which converges in LP ().

Proof. For 0 < e < 1 we define

fie = fx ..

If @ C B(0,R) then the f; . are supported in B(0, R + 1) for all i and € € (0, 1].

The f; . are differentiable, and one has Vf; . = (Vf;) * - so that
IV fielloo < IV fillLellwells < Cle)

for some C'(¢) which does not depend on €.

9)

By the mean value theorem one has

|fie(x) = fie ()] < Cle)lx —yl,

so that the mollifications f; . are equicontinuous.
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Since each f; . vanishes outside of B(0, R + 1) (9) implies that
(10) |fie(x) <2C(e)(R+1).

Together (9),(10) imply that the f; . are uniformly bounded and equicontinuous,
so the Ascoli-Arzela theorem guarantees the existence of a convergent subsequence
{fi;c : 7 € N} for any fired ¢ > 0. We will now apply Cantor’s diagonal trick to
produce a subsequence which converges for e = (1/2)* for all £k € N at the same
time.

Cantor’s argument goes like this: First choose a subsequence

it <) <l <

of the integers such that f,) converges uniformly. Next, extract a subsequence
J

1/2

{i§2) : j € N} from our first sequence {i;l) :j € N} such that f,»)  also converges
j,(1/2)3
uniformly. ’

Continuing inductively one finds a sequence of sequences i;k), where each {ng) :

j € N} is a subsequence of {igkfl) : j € N}, and where for each I =1, 2, ..., k,
fi(k)7(1/2), converges uniformly as j — oo.

We now define my, = i;ck). Then f,,, (1/2)i converges uniformly for every j € N,

since for each k the “tail” {m; : 1 > k} is a subsequence of n;k).

Since the f; . have their support in a bounded set, it follows that for each j the
Jmy,(1/2)i also converge in LP(R™).

We now estimate the L? norm of f; — f; .. By Lemma 24 we have

afi,e _
de

> e * Defi where ti.(2) = Zop(%)
(=1

_En

(see (4).) Hence it follows that

of;
S|l < nlliclnlIDifilles < C
e | p»
where C' does not depend on n or €. Integration from 0 to e gives
‘ 0 i,e
(1 1= ficler < [ |52 e <.
0 3 Lr

We conclude by proving that the subsequence f,,, we had found above is a Cauchy
sequence in LP. To see why this is true let ¢ > 0 be given, and set e, = 0/3C so
| fi = fiellLr < § for all i and all € € (0,e.). Choose some j € N with (1/2)7 < e,.
Since the mollified sequence f,,, (1/2); converges in L? there is an N < oo such that
o
| fine,(1/2)5 = Frmuy1/2yille < 3

for all k£, > N. By the triangle inequality we then get

||fmk - fmz”L” < ||fmk - fmk,(1/2)j||L” +

W fmn,1/2)i = Frasay2yillee + 1 fmiay2)i = foullze
ag ag

<2+24
373 3
=0

forall k,1 > N. O
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Exercise 62.  Justify (11), i.e. prove that if f(z,e) is a continuously differentiable
function in g, then

of
e

Observe that this can be seen as a “continuous version” of the triangle inequality. (Hint:
use lemma 10.)

de.

Lpr

1fCren) = fea)ller < / ”

€1
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Boundary values

Some geometry, A trace theorem, Domains with general boundary, the space W2?(Q).

Text books to look at: The material in this section is covered in more detail in
Evans’ [2] in the section on “trace theorems.”

Let Q@ C R* be a bounded domain. If f € LP(Q) then it is meaningless to
speak of the value of f at any particular point, or even of the restriction of f to
any subset E C {2 of measure zero. If the function has distributional derivatives in
D;f € L*(Q2) then it turns out that one can define f|0Q if OQ is smooth enough.

37. Some geometry

Let 09 be C?. On 09 we have a measure, namely (n — 1) dimensional surface
measure, which we will denote by dS. The space LP(912,dS) is thus well defined.

4

o0

At each z € 99 one can define the (inward pointing) unit normal N(z). In
differential geometry it is shown that the map ® : 9Q x R — R™ given by

®(x,s) =z + sN(zx)

is differentiable, and is one-to-one on 90 x (—r,r) for some small enough r > 0.
The image

U= (00 x (—r,r))



46

is an open (“tubular”) neighbourhood of 0.
Moreover the measures ds dS and Lebesgue measure are “comparable” on U,
by which we mean

Lemma 31. For any nonnegative f € L'(U) one has

c/ f(z) dwﬁ/ f(z + sN(x)) dstﬁC/ f(z) dz
U oQ J—r U
for constants 0 < ¢ < C < 0o which only depend on the domain (2.

38. A trace theorem
Theorem 32. Let f € C*(2). Then there is a constant C' < oo which only depends

on the domain 0, but not on f, such that
£ |zeon,as) 1| < Clfllwree)-

Proof. Choose a nonincreasing smooth function ¢ : R — R which satisfies ((t) = 1
for t <r/3 and ((t) =0 for ¢ > 2r/3. Then one has for each = € 90

o) = - [ Sl oV,

B 0
= —/0 {('()f(z+sN(2)) + (()N () - (V) (z + sN(x))} ds

Using Jensen’s inequality one then gets

Pds < C ' N(@))lP
/mlf(w)l < /B/ {If (@ + sN (@)
+|Vf(x + sN(z))|P} ds dS.
By Lemma 31 we thus get

[ s@pas<c [ 9Py de < Oy
n
O

If f € WHP(Q) is not smooth then we can approximate f by smooth functions
and thus define the restriction of f to 9. In detail, given f € W1P(Q) we choose
a sequence of functions f; € C*(Q) which converges in W1P(Q) to f. For each f;
restriction to OQ gives a C! function on 9Q. Theorem 32 tells us that

Il filoa = filoallra0) < Cllfi = fillwir(o)-

Therefore, since the f; form a Cauchy sequence in WP((), their restrictions to 9
form a Cauchy sequence in LP(€2). We call the limit of the f;|aq the restriction of
f to 99 or the trace of f on 09, i.e.

floo dzefllg(r)lo filoa € LP(09).

Exercise 63. The trace as defined here might depend on the particular sequence f; €
C* () one chooses to approximate f. Show that if one has two sequences f;, g; € C*(Q)
which both converge in WP(Q2) to f, then their restrictions fi|oo and gi|oq converge
to the same function in LP(0%).

Thus the restriction of any f € WP(Q) is a well defined function in LP(09).
On the other hand it cannot be true that every f. € LP(0Q) is the restriction of



47

some f € WHP(Q). Indeed, if p > n then the Sobolev embedding theorem tells us
that any f € W1P(Q) is continuous, so that its restriction to dQ should also be
continuous and therefore cannot be just any L? function on 0f).

This raises the question Which f. € LP(0Q) are of the form f. = flsq for
some f € WHP(Q)? The answer involves functions with “fractional derivatives” is
beyond the scope of these notes.

39. Domains with general boundary

There is a different approach to defining the “boundary values of a function
f € WHP(Q)” which has the advantage that it makes no assumptions about the
regularity of 0€2. The trick is to abandon a direct definition of the boundary values
of an f € WHP(Q) and merely to define when two functions f,g € WHP(Q) “have
the same boundary values.”

Let Q@ C R™ be open, not necessarily bounded. We define

WP (Q) = Closure of D(Q) in W?(Q)
and say that f,g € W1P(Q) have the same boundary values if f —g € WHP(Q).

That this use of the term “boundary value” is consistent with that introduced
in the previous section is the main content of the following lemma.

Lemma 33. If 9Q is smooth (C?) and if f € W1P(Q) then f € WHP(Q) if and
only if the trace flsq of f on O vanishes.

A proof is given in [2].
Exercise 64. Let Q C R? be the open unit disc with the line segment {(2,0) : 0 < 2 < 1}
removed. Consider the function f(x,y) = rf, where r > 0 and 8 € (0,27) are polar
coordinates of (z,y).

Show that f € WHP(Q) for any p < oo.

Compute

A f(P)
PeQ
for any @ € 09Q2. Discuss what boundary values f has, and which of the definitions given

above apply in this situation?

Exercise 65. Let Q =R,, and show that for any f € W)?(Q) one has @ e L?(Q),
as well as the following inequality

f(z)

. <207 @2

L2(Q)
Hint: First assume f € D(Q). For such f integrate [° f(x)?z™? dz by parts and apply
Cauchy Schwartz to the result. Finally approximate a general f by an f € D(Q).
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The dual space

The dual of C(K'), The dual of LP(2), Functionals on other spaces, The Hahn-Banach
theorems, The subdifferential, Weak and weak™ convergence, The weak and weak”*
topologies, The dual of the dual (reflexivity), The Banach-Alaoglu theorem, Application to
Partial Differential Equations.

Text books to look at: Except for the last part on PDEs the material in this
section is classical Functional Analysis, and is covered in great detail in [4, 5]. The
part on PDEs is also classical, but traditionally does not appear in books on (linear)
functional analysis.

First we identify the dual spaces of a number of Banach spaces.

40. The dual of C(K)

Let K be a compact metric space. If p is a signed Borel measure on K then
Meif ) = [ 1@ dute)
defines a linear functional on C(K), which is bounded by
[Au(h)] < /K |f(@)| dlpl(z) < |pl(K) - (| fllcw)-

We denote the space of signed Borel measures u on K by 9M(K).
Theorem 34. The correspondence p € M(K) — A, € C(K)* is bijective.
I refer to Rudin’s [4, theorem 6.19] for the proof.

41. The dual of LP(Q2)
For any g € L9(2) one can define a functional A, : L? — R by
(12 M) = [ f@a@in).
By Holder’s inequality this functional is bounded and its norm is

IAgllzry- = llgllza-
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This was proven in Lemma 10 (page 22.) Thus we have an isometric mapping of
L1(Q) into the dual of LP(Q) for all p € [1, 00].

Theorem 35. For 1 < p < oo the mapping g — A, is bijective, i.e. every bounded
linear functional on LP(QY) is of the form A4 for some g € L1(12).

Note that the case p = oo is excluded here.

Proof. T only outline a proof. For a complete proof see [4, theorem 6.16]. The proof
(or better, a proof) is based on the Radon-Nikodym theorem on differentiation of
measures. Given a functional A : LP — R one first defines

n(E) = Axe)
for any measurable E C Q with m(E) < oo (m is the measure in the defini-
tion of the given LP space.) Using the boundedness of A one verifies that u is a
countably additive (signed) measure on . Since u(E) = 0 for any set E of vanish-

ing m-measure the Radon-Nikodym theorem implies that pu(E) = [, g(z)dm(x)
for some measurable g : € — R. The proof is completed by verifying that

A(f) = [o f@)du(z) = [ f(@)g(x)dm(z). 0
42. Functionals on other spaces

42.1. Sobolev spaces.

The Sobolev space WP(R") is a subset of LP(R") so any g € LI(R") with
q = %5 defines a linear functional on WLP(R?) as in (12). However, these are

not all functionals on W1?(R"). First, ¢ = p/(p — 1) is not the best exponent for
g € LY to define a bounded linear functional on WP (R™).

Exercise 66. n
(JLet1<p<mn, andset r = —2  If f € L"(R") then
np+p—n

def

M) [ f@ot) de

defines a bounded linear functional on WP (R™).
(ii) For which values of a > 0 does

Alg) = / el gt de

define a bounded linear functional on W*(R?)? (Hint: Problem (i) gives you a sufficient
condition for A to be a bounded functional. If you think A is not bounded for some value
of a, compute A(yp.) for all € € (0,1), and look at how the W norm of ¢. depends on
e. Here . = e7"¢p(x/e) is our favorite family of test functions.)
The following example shows how one can interpret “derivatives of L4 functions”
as elements of the dual of W1?(R").

Exercise 67.
(i) Let hy,... ,h, € LY(R"™), where ¢ = —£=. Then

p—1’

My i (9)E [ {ha(2)Drg(@) + ... + hn(2) Dag(x)} da
Rn
defines a linear functional.
(II) If hl, c. ,hn € C’§° then Af = Mh1 s where

yeen
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42.2. Holder spaces.

If K is a compact metric space then C*(K) C C'(K) so that any signed measure
u € M(K) defines a functional on C*(K). Here is an example of a functional on
C®(K) which is not defined by a (signed) measure u € M(K).

Exercise 68. Let 0 < o < 1. For f € C%([—1,1]) we define

1
Af = lim f(=) dz.
eN\0 Je T
where J. =[—1, —¢) U (¢, 1].
(i) Show that Af exists if f € C*([—1,1]). (Hint: f(z) = f(z) — £(0) + £(0).)
(ii) Show that A defines a bounded linear functional on C*([—1, 1]).
(iii) Show that there is no C' < oo such that |A(f)] < C||f|ls. and that f cannot be
extended to a bounded functional on C([—1,1]).

42.3. Finite dimensional spaces.

There is some interesting geometry involved in finding the dual norm on finite
dimensional spaces which we won’t go into here, apart from the following remarks.

If X = R" then any functional A on X is completely determined by its values
Ai = A(e;) on the standard basis. Thus we can identify X* with R”, and if A =
(Ai)ieys @ = (@i)is,, then

AMz) = iz + ...+ Az,

Exercise 69.

(i) Let X =R3, and let the unit ball of a given metric be the unit cube B = [—1, 1] x
[-1,1] x [-1,1]. Find the unit ball of the norm of the dual.

(ii) If the unit ball of a norm on R™ is a polyhedron given by the inequalities

M (@) < L@ <1, An(@)] <1,

then the unit ball of the dual norm on R"™ is the convex polyhedron with vertices Ai,

., Am- (This problem may be easier after you absorb the geometric version of the
Hahn-Banach theorem, Theorem 37.)

(iii) Let X be the plane R?, and let the unit ball of a given norm on X be the square
with vertices (%a,+a) for some constant a > 0. Find the unit ball of the dual norm.
Show that X is isometric with its dual space.

The dual of a direct sum of Banach spaces is the direct sum of their duals:

Exercise 70. If a Banach space X is the direct sum of two Banach spaces, X = V& W,
then show X* =V* o W™,

Exercise 71. What is the dual of the space of vector valued L? functions
LP(QRE) 0 5 RY | / 1£(2)] dr < 00}?
Q

(Hint: LP(Q,R*) = LP(Q) @ ... © LP(Q).)

43. The Hahn-Banach theorems

Notice the absence of topology in the statement of the following theorem.

Theorem 36 (Hahn-Banach). Let f : X — R be a convex function on a real vector
space X and let A : L — R be a linear functional defined on some linear subspace
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Lc X. If \(z) < f(z) for allz € L, then there exists a linear functional A : X — R
with A(z) < f(x) for all x € X, and A(x) = X(z) for all x € L.

Proof. The proof consists of two parts. First one assumes L has codimension one
in X. Then one applies an induction argument on the dimension of L, or if X is
infinite dimensional one applies Zorn’s lemma.

We begin with the first part where we have a vector v € X \ L, and where every
x € X is of the form z = (v + [ with [ € L. Since v ¢ L this decomposition of any
x is unique (why?).

The complement of L in X consists of two components,

X, Yew+l:1eL,e>00, X_“ew+i:1eL,¢<0}

The extension A we are looking for is now completely determined by its value A(v),
since by linearity
AEv +1) = EA(v) + A(D),
while A(l) = A(l) is prescribed.
We'll denote the extension for which A(v) = ¢ by A..
If we pick just any value ¢ then the inequality A.(z) < f(z) may fail at certain

x€ X\ L. Let
F. %2 e X : Auz) > f(2)}
denote the set where our extension fails to be bounded by f.
The set F, is convex: if z,y € F,. then

fltz + (1L =t)y) <tf(z) + (1 —-1)f(y)
<tAo(z) + (1 —t)A(y)
= Ac(tw + (1 - t)y):

sotx + (1 —t)y € F..

Since F, is convex, and since F. N L = @& we have either F. C X, or F,. C X_.
Let J1 C R be the set of ¢ for which F. C X4 and F, # @.

The sets Ji are disjoint. Indeed, we just observed that F, C X} or F. C X_,
but not both at the same time.

The Ji are open. To see why J, is open let ¢, € J; be given, and suppose
z. =& +1 € F,,. Then A.(z) = &c + A(I) depends continuously on c. We have
Ac, (z4) > f(x4), so for ¢ close to ¢, we will still have A.(z) > f(z): in other words,
J contains a neighbourhood of ¢, € R.

The Ji+ are non empty. Ji contains the interval (f(v),o0), for if ¢ > f(v)
then A.(v) = ¢ > f(v). Likewise, J_ contains the interval (—oo,—f(—wv)) since
¢ < —f(—v) implies A.(—v) = —¢ > f(—v).

The real line is connected and hence R # J;UJ_, so we havea c, € R\ JLUJ_.
By definition we have A., (z) < f(x) for all € X. This completes the first part of
the proof.

For the second part of the proof we assume that X and L are arbitrary. Let §
be the set of all pairs (M, A) of linear subspaces L C M C X and linear functionals
A: M — R with A < f on M. The set 8 is partially ordered by (M,A) < (M',A")
if M ¢ M'" and A'|py = A. Every chain {(M,,\y) : @ € A} has an upper bound
for the ordering <, namely Uyea(My, A). Thus we may apply Zorn’s lemma and
conclude the existence of a maximal element (M, A) in (8,<). For this maximal
element one must have M = X, for otherwise one could select a v € X \ M, define
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FIGURE 1. The proof when X =R and L = {0}.

N={¢w+m:¢&e€ Rm e M} and apply the first part of this proof to extend
A : M — R to a functional on the larger domain N, keeping A < f all the time.
This would contradict maximality of (M,A), so M = X after all, and A is the
extension we are after.

O

Application of the Hahn-Banach theorem to the norm f(z) = ||z|| of a Ba-
nach space gives you the following alternative description of ||z|/x. (Compare with
Lemma 10.)

Exercise 72. Let X be a Banach space.

(i) f € X then a functional A € X™ exists with ||\|| =1 and A(z) = ||z]|.

(ii) For any € X one has [[z|| = max)yj<i A(z). (Note that it says “max" rather
than “sup.”)

(iii) Show that not every element of the dual of L*°(—1,1) is given by A(g) =

fil f(x)g(z) dx for some f € L'. (Hint: use (i), (ii) and exercise 34.)

Another application of the Hahn-Banach theorem concerns finding closed com-
plements to closed subspaces of Banach spaces. By definition, a closed complement
of a closed subspace L C X is another closed subspace M C X such that X = M &L,
ie.

MnL{0}and X =M+ L

In this case every z € X can be written in a unique manner as the sum z = m +(
ofme Mandl e L.
Exercise 73.
(i) f L C X is closed and if kK = dim X/L is finite then L has a closed complement
M C X with dim M = k.
(i) If L C X is finite dimensional then L has a closed complement M. (Hint: use
Hahn-Banach and write M = {z : Ai(z) = ... = Ae(z) = 0} for certain A, ...,
A € X, where k =dim L.)

The following is sometimes called the geometric version of the Hahn-Banach
theorem.

Theorem 37. Let C be a closed and convex subset of the Banach space X, and let
xo € X \ C. Then there exist A € X* and t € R with

AMz) <t < Mxo)
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for all x € C. In other words, the hyperplane {z € X : A(z) = t} separates C' and
Io.

Proof. The statement is invariant under translations in X so we may assume that
the origin belongs to C.
Since C' is closed an £ > 0 exists with B(xg,2¢) N C = &. Consider the set

C. = |J B(x,0).
Then C: is open and convex, and B(xg,e) N C = &.
Define f : X — R by
fz) =inf{r >0:2 € rC.}.

This function is convex, and since B(0,¢) C C., it satisfies

(13) flz) <

It is also almost homogeneous in that f(tx) = tf(x) for all ¢ > 0 (but not necessarily
for ¢ < 0 since we don’t know if C. is symmetric; see §15.)

On the one-dimensional subspace L C X spanned by zp we define a linear
functional A\ by setting A(z¢) = f(zo). One then has A < f on L, and by Hahn-
Banach an extension A : X — R exists with A < f. By (13) we also have

[l x-

M | =

1
Alz) < -
(@) < o]

so that A is bounded.
To complete the proof we note that C' C C;, and that on C. one has f(z) < 1.
On the other hand one has f(z¢) > 1, so

sup A(z) < 1 < A(zo).
zeC

Exercise 74.

(i) f V C R3 is a plane through the origin then the intersection of V with the unit
cube B = [—1,1]* is a polygon. How many sides can this polygon have?

(i) Let X = R™ with the maximum norm ||(z;)|| = maxi<i<n |zi|. Denote the unit
ball in X by B. If T : R> — X is a linear map, then T~'(B) is a convex polygon. Which
polygons are of the form T~!(B)?

(iii) Suppose T : R? — £*° is a linear map. Then T~ (B) is a closed convex subset of
R? (B denotes the unit ball in £°.) Which closed convex subset of R? are of the form
T-4(B)?

(iv)*" Let X be a separable Banach space. Show that there exists an isometric embed-
ding T : X — ¢*°.

Besides the extensions of linear functionals provided by the Hahn-Banach the-
orem there is a simpler extension theorem which is often useful:

Exercise 75. Let D C X be a dense linear subspace of the Banach space X, and let
A : D — R be a linear functional which satisfies |A(z)| < M||z]|| for all z € D. Show
that there is a unique bounded linear functional A € X™ with A(z) = A(z) for all z € D.
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44. The dual of W'P(Q)

In exercise 67 we saw that for any hg,...,h, € LY(R"), with ¢ = ﬁ the
expression
f
Mg, n (9)E | {ho(2)9(x) + ha(2)D1g(@) + ... + hn(2) Dg(2)} da
Rn

defines a bounded linear functional on W1?(Q), and that the operator norm of
Mp,,... h, is bounded by

Mo, ol iy < C Y il a-

Using the Hahn-Banach theorem we can show that there are no other bounded
linear functionals on W1P(Q).

Theorem 38. Every M € (WY?(Q))* is of the form M = My, . p, for certain
h; € LP/(P=1(Q).

Proof. We begin by showing that W?(Q) is a closed subspace of

n + 1 terms
X=TP()®...0LP(Q).

Namely, one assigns to any function f € W1?(Q) the n+1 tuple (f, D1 f,... ,Dnf) €
X. Not every n+1 tuple (f,g1,-.-,9n) € X can be realized in this way. In fact the
definition of distributional derivative says that (f,g1,... ,9n) = (f,D1f,... ,Dpnf)
if and only if [, fDip — gip = 0 holds for all test functions ¢ € D(Q). Thus one
can identify W1P(Q) with

Y = {(f:gla"' )gn) EXVwED(Q)LfDlw_gl@ZO}

This subspace of X is closed, as you can check for yourself.

If M is a bounded linear functional on W1P?(Q) then we can regard it as a
bounded linear functional on Y, and by the Hahn-Banach theorem we may assume
that M is the restriction of some bounded linear functional on X, whcih we again
denote by M.

The proof is completed by observing that bounded linear functional on X are
all of the form

M(go, -, 9n) = /Rn{ho(w)go(w) +hi(@)g1(@) + .- + ha(2)gn(2)} dr.

for certain h; € LI(£2) O

Exercise 76. Show that for 1 < p < oo the dual of WP(Q) is a separable Banach
space.

45. The subdifferential

If ®: X — Ris a convex function on some Banach space then the subdifferential
of ® at some zg € X is the collection of all A € X* such that
(14) O(z) > D(z0) + Az — z0)

holds for all z € X. Notation:

0% (z0) L {A\ € X* : (14) holds for all z € X*}.
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Theorem 39. If ®: X — R is a continuous and convex function, then the subdif-
ferential 0P (o) is nonempty for all xo € X.

Proof. Given zo we consider the function ¥(z) = ®(zo + ) — ®(x). This function
is also convex and continuous.

The Hahn-Banach theorem gives us a linear functional A : X — R which
satisfies A(z) < ¥(z) for all z € X. Consequently (14) holds for A. To complete
the proof we must show that the linear functional A is bounded (Hahn-Banach does
not guarantee this).

Since ¥ is continuous there is a § > 0 such that ¥(z) < 1 for all z with ||z] < J.
Hence A(z) < 1 for ||z|| < 4, and therefore, by homogeneity of A\ and the norm on
X, [A(@)] < 671|z| for arbitrary x € X. O

Exercise 77.
(i) If ® : R — Ris convex, and if ® is differentiable at zo € R then 8®(zo) = {®'(z0)}.
(ii) Compute 0®(z) if ® : R — R is given by ®(z) = |z|.
(iii) Compute 0®(xo) at 2o = (1,1) if & : R> — R is given by ®(z,y) = max{|z|, |y|}
(i.e. ® is the £*° norm on R?.)

46. Weak and weak” convergence

Let X be a Banach space.

A sequence {z,, € X : n € N} converges weakly to x € X, written z,—z, if for
every A € X* one has lim,_, o A(z,) = A(2).

A sequence of functionals A, € X* converges weak* to A € X*, written X\, — X,
if for any = € X one has lim,_,00 A\p () = A(2).

Exercise 78. Show that any norm convergent sequence {z; € X : i € N} is weakly

convergent. Show that any norm convergent sequence {\; € X™ : i € N} is weak”

convergent.

Exercise 79.

(i) Show that the sequence fi(x) = X[r,k+1](2) converges weakly to zero in LF(R) if
1 < p < co. What happens when p =17

(ii) Does the sequence fi(x) = kX[k,k+1](%) converge weakly to zero in LP(R)?

(iii) Does the sequence fi(z) = (Inln k)x[k,k41](x) converge weakly to zero in LF(R)?

We have seen that LP((2) is also the dual space of L1(Q2) if ¢ = p/(p—1), 1 < p < 0.
We can therefore speak of weak and of weak* convergence of sequences in L?((2).

Exercise 80. Show that if 1 < p < co the notions of weak and of weak™ convergence
coincide on LP(Q).

The following exercises show that the notions of weak convergence in LP and
convergence in the sense of distributions are very similar, but not the same.

Exercise 81. Let Q C R™ be an open domain, and let 1 < p < co. Let fi € L?()
be a bounded sequence. Show that the sequence fi, converges weakly in L? to f € L” if
and only if the fi converge in the sense of distributions to f € LP

Exercise 82.

(i) (The Riemann-Lebesgue Lemma) We have seen that one can identify L>°(R) with
the dual space of L'(R). Show that the sequence f,(z) = sinnz converges weak™ to
zero in L.

(ii) Show that the sequence g.(z) = nsinnz does NOT converge weak” to zero.
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Exercise 83. Let 1 <p < 0.

Suppose a sequence of functions f; € LP(R"™) converges in the sense of distributions
to T € D'(R™). Suppose also that the sequence fi is bounded. Show that the limit
distribution T' can actually be represented by an f € L?(R").

The following is a more abstract version of the previous exercise:

Exercise 84. Let D be a dense subset of a Banach space X, and let {\; : ¢ € N} be a
sequence of linear functionals which (i) are uniformly bounded:

sup [|Ail|x+ = M < oo
and (ii) converge pointwise on D, i.e.
A(xz) = lim \;(x) exists for all z € D.
11— 00

Show that this limit exists for all z € X, that the limit A is a bounded linear functional,
and that A\; = A.

Exercise 85. (i) Let X = C([-1,1]) and consider the linear functionals A,,A € X~
defined by
def

A(F)E F(1/m), A E ().
Show that A, = A as n * oo, but that A,, does not converge in the norm of X~ to A.
(ii) Let Y be the Holder space C*([—1,1]). The A, and A as defined in (i) also define
bounded linear functionals on Y. Show that A, converges to A in the norm of Y*, i.e.
show

lim [[An = Al 1= =0.

47. The weak and weak* topologies.

The usual approach to defining convergence of sequences in a set X involves
the introduction of a topology on X. One can indeed introduce topologies on X
and X* such that weak and weak™ convergence are simply convergence with respect
to these topologies.

The weak topology on X is defined by specifying that U C X is a neighbour-
hood of 0 if there exist functionals Ay, ..., A, € X* and an € > 0 such that

VAL - Amse) Dz e X1 M) <e, ... | Am(@)] <&}
is contained in U. A set U C X is a neighborhood of some 2y € X if U — zyp =
{z — zo : * € X} is a neighborhood of 0.

The weak™ topology is defined in the same way: a U C X* is a neighbourhood

of 0 if there exist x, ..., z,, € X and an ¢ > 0 such that

W(z1,. .. Tm,e) S{NE X" A1) <&, ..., | A(@m)| <&}
is contained in U. A set U C X* is a neighborhood of some \g € X if U — Ag =
{A—Xo : A € X™} is a neighborhood of 0.

The vector spaces X and X* with their weak and weak* topologies respectively
are examples of locally convex topological vector spaces (LCTVS). For a careful
treatment of their theory you should look at Rudin’s [5].

For general Banach spaces X the weak topology need not be metrizable, so
that one cannot test for openness or closedness of subsets A C X by looking at
convergent sequences only.

We will not use the theory of LCTVS’s, and will only use the following obser-
vation.
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Exercise 86.

(i) Let A € X* and let a € R be a constant. Show that the set {z € X : A(z) < a}
is an open subset of X in the weak topology. Show that {z € X : A(z) < a} is closed in
the weak topology.

(ii) Let z € X and let a € R be a constant. Show that the set {\ € X* : A(z) < a} is
an open subset of X~ in the weak™ topology. Show that {A € X™ : A(z) < a} is closed
in the weak™ topology.

The following is an application of the geometric version of the Hahn-Banach the-
orem and the previous exercise.
Exercise 87. Let C' C X be a convex subset of a Banach space which is closed with
respect to the norm topology. Show that C is also closed in the weak topology.

Show that any linear subspace L C X is closed in the norm topology if and only if it

is closed in the weak topology.

48. The dual of the dual

If X is a Banach space then any x € X defines a linear functional & on X* by

z(A) = AM=).
This functional is bounded by |#(A)| < [|A|x+||z]|x, so that & belongs to the dual
of X*, and ||Z||x++ < ||z||x. Thus the map x — Z defines a bounded linear map
from X into X**. This map is in fact an isometry since for each x € X a A € X*
can be found with A(z) = ||z|| and [|A]|x+ = 1, so that ||Z]| > Z(A) = A(z) = ||z]|.
By definition a Banach space is called reflexive if the embedding X — X** is
surjective, i.e. if every bounded linear functional on X* is of the form % for some
reX.
Exercise 88.
(i) Show that LP(Q) is reflexive if 1 < p < oo, but not when p = 1.
(ii) Show that C(K) is not reflexive.

Exercise 89.
(i) Show that a closed subspace L C X of a reflexive Banach space is also reflexive.
(ii) Show that if X and Y are reflexive Banach spaces then the sum X @Y is also
reflexive.
(iii) Show that W?(Q) is reflexive if 1 < p < co.

49. The Banach-Alaoglu theorem

Theorem 40 (Banach-Alaoglu). The unit ball of the dual of any Banach space is
compact in the weak* topology.

The proof can be found in [5]. The proof relies on Tychonov’s theorem which
says that the product [[, ., Xo of a family of compact topological spaces X, is
again compact in the product topology (with no restrictions on how many there
are: A could be an uncountably infinite set!) This theorem from point-set topology
in turn relies on Zorn’s Lemma (or the Axiom of Choice, or Hausdorff’s maximality
principle.) Since I'm avoiding point-set topology in this class we will prove the
following “sequential compactness version” of this theorem.

Theorem 41. Let X be a separable Banach space. Any bounded sequence of func-
tionals {A, € X* :n € N} has a weak* convergent subsequence.
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Proof. Let {z}, : k € N} be a dense sequence in X, and let A; be the given sequence
of functionals. By assumption they are bounded, so we have || A;||x+ < M for some
M < oo.

We can extract a subsequence \;; such that lim;_, o A;; (1) exists. From this

subsequence we can extract a further subsequence such that A, (z1) and A2 (x2)
2 J
both converge. Proceeding by induction we obtain a sequence of subsequences A )
7

for which

,lim )\i(z) (.Tm)
j=oo Y
exists if m < [. Cantor’s diagonal trick then gives us a subsequence )\i;_/ of A; for
which
A(zr) ™ lim Ay (1)
j—o0 7
exists for all k € N.
We now show that A; (z) converges for all z € X.
Let e > 0 and = € X be given. The z; are dense in X so we can find an x
with ||z — ax|| < €/4M. Since Ay (zx) converges as j /* 0o we can find N < oo
such that

|/\i;’ (l‘k) — )\i;'rl (l‘k)| < 6/2

for all I,m > N. The uniform boundedness of the A; now implies that for all
[,m > N one has

iy () = Xigg (@) < Aige (@) = Ay ()] + [Aigr () = iy, ()]

+ A (zr) — Ai, (2)]

13 13 &
Y Y
<Morts Mo

=e.
Thus A (z) is a Cauchy sequence and
A(:E) déf ‘lim >\i’.’ (CU)

j—oo 7

exists for all z € X.
Uniform boundedness of the A; implies

|A(z)] < sup Ay ()] < M|l]|
JEN

so that A is a bounded functional on X. By definition Ay converges weak” to
A. O

The “dual theorem” to the Banach-Alaoglu theorem would state that the unit
ball in any Banach space is weakly compact, or, any bounded sequence in a Banach
space would have a weakly convergent subsequence. This is not true in general, but
we can prove the following

Theorem 42. If X is a reflezive Banach space whose dual is separable, then any
bounded sequence in X has a weakly convergent subsequence.
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Proof. The trick is to identify X with X**. If z; € X is a bounded sequence, then
we consider the functionals Z; € X** defined by #;(A) = A(z;) for all A € X*.

The Banach-Alaoglu theorem gives us a subsquence Z;; which converges weak*
to some &, € X**. But since X is reflexive there is an z,, € X such that £, = Too-
Weak™ convergence in X** of the Z;, to {,, then implies weak convergence in X of
the z;; t0o Too. O

The following example shows that things do indeed go wrong if the Banach space

is not reflexive.
Exercise 90. Show that the sequence f,(z) = nx(0,1/2)(z) is bounded in L'(R) but
does not have a weakly convergent subsequence. (Hint: what would be the support of
the weak limit?)

An attempt to construct a similar example in L?(R) leads to the following problem:

Exercise 91. Prove that the sequence f,(z) = nl/px(o,l/n)(m) converges weakly to 0
in L?(R).

50. Application to Partial Differential Equations

50.1. A general minimization theorem.

We return to the problem of finding the minimum of a continuous function f on
a subset K of some Banach space. In general, even if inf i f(z) > —oo the function
f need not attain its minimum, even for fairly simple f and K (see exercise 34
again). Using the Banach-Alaoglu theorem one can give sufficient conditions for a
function to attain its minimum.

Theorem 43. Let X be a reflezive Banach space whose dual is separable. Let
® : X — R be a continuous and convex function. Assume furthermore that ®

satisfies
(15) lim ®(z) = oco.
llzl|—oc0
zEK

Then inf,cx ®(x) > —oco. Moreover, for any closed and convezx subset K C X an
g € K exists which minimizes ® on K, i.e.

) = inf ®(z).
(r0) = inf ()
If @ is strictly convex on K then the minimizer xo is unique.

Condition (15) is sometimes called “coercivity” of ® on K.
By definition ® is strictly convex on K if for any & # y in K one has

(16) O(tr+ (1 —t)y) <t®(z)+ (1 —t)P(y) forall 0 < ¢t < 1.

Proof. If ® is strictly convex then ® cannot have two distinct minimizers in K, for
if both z and y were minimizers with z # y then (16) would imply that ®(z) < ®(x)
for z = (z + y), in contradiction with the minimizing property of .

We now worry about the existence of a minimizer.

To show that ® is bounded from below we choose R < oo so large that ®(z) > 0
for [|z|| > R. By theorem 39 the subdifferential of ® is never empty so we can choose
a A € 09(0). Then

®(z) = ®(0) + A(z) = ©(0) — RI[Al
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whenever ||z|| < R. Thus ® is bounded from below, and for any given K C X
def .
is well defined.

To show that the infimum is attained we let z; € K be a sequence with ®(z;) —
®in. Such a sequence must be bounded since our function @ is by assumption
coercive, i.e. (15) implies that there is an R < oo such that ®(x) > @y + 1 for
all z with ||z|| > R. With a finite number of exceptions all x; therefore satisfy
lill < R.

By Banach-Alaoglu the sequence has a weakly convergent subsequence z;; ~Tnin €
X. Since K is closed and convex the Hahn-Banach theorem implies that the weak
limit 2y, lies in K. We will show that o, is a minimizer for .

Choose any X\ € OP(xmin). Then one has

Pin = lim ®(xy;)
J]—0o0
Z hm (ﬁ(mmin) + A(mzj - mmin)
J]—0o0
= Q(xmin)
Z (I>min-

So we do indeed have ®(zmin) = Pmin- O
50.2. A modified Dirichlet problem.

One can use the theory we have developed so far to prove existence of solutions
to certain boundary value problems. To illustrate this we consider the following
problem: Given a domain  C R" and a function g : 9Q — R find a function
u : 2 — R which satisfies

a7) {Au—uzo

ulog =g

To be more precise we will look for solutions u € WH2(Q) of Au —u = 0, i.e.
we will look for functions u € W12(Q) which satisfy Au —u = 0 in the sense of
distributions. To specify the boundary conditions we assume that not g, but a
function G € Wh%(Q) is given instead, and we will require that u — G € W}2(Q).
We write
Le{ue Wh2(Q) iu—G e W)},
i.e. Lg is the set of u € W2(Q) which satisfy the boundary condition “u = g.”

Lemma 44. A function u € Lg satisfies (17) if and only if it minimizes the quan-
tity

QWS [ (u@)? + Vu@)) de
Q
among all u € Lg.

The proof goes exactly as the proof of Theorem 3 of section 8.

To solve the boundary value problem we must therefore find a u € Lg which
minimizes (). But @ is the square of the norm on W2 and hence is convex and
continuous. The subset Lq is closed and convex. We can therefore apply Theorem
43 with ® = ) and K = Lg and immediately conclude that a minimizer u € Lg
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exists, so that we have shown that for all possible boundary data G the boundary
value problem (17) has a solution u € W12(Q).

To conclude we observe that @ is strictly convex. Indeed, for u # v € W12(()
one has

) Qtu+ (1 —t)v) = Qv + t(u —v)) = A+ Bt + Ct?
where A = Q(v) and B don’t really matter and

C':%/Q{(u—v)z+|V(u—v)|2}da:>0

since u # v. The quadratic function ¢(¢) is therefore strictly convex, and hence
Qtu + (1 —t)v) <tQ(u) + (1 —t)Q(v) for 0 <t < 1.

The minimizer u € L¢ is therefore unique and we conclude that for all possible
boundary data G the boundary value problem (17) has ezactly one solution u €
w2(Q).

50.3. The Dirichlet Problem.

We now show how one can find harmonic functions with prescribed boundary
values by proving that the Dirichlet functional attains its minimum. We apply the
same minimization theorem as before to the Dirichlet functional

D(u) =% /Q |Vu(z)? da.

This functional is almost the same as the functional () we have considered in the
previous section, the difference being the u? term in the integral. The absence
of this term makes that the Dirichlet functional does not satisfy the “coercivity”
condition (15) on arbitrary domains Q. However, if the domain is bounded then
we can still prove (15) for D. The key is Poincaré’s inequality:

Lemma 45 (Poincaré). Let Q be a connected open subset of R* with |Q| < oo.
Then any u € W2(Q) satisfies

(18) /u(x)2 dz < c/ V(@) da.
for some C' which does not depend on w.

Proof. Since D(R) is dense in W}12(Q) we may assume that u € D(Q).
When n = 1 we may assume that Q = (0, L). For u € D(2) one then has

T
’LI,(:L’)2 :/ 2u(f)u'(f) d¢ < 2||U||L2(Q)||UI||L2(Q).
0
Integrate over x € (0, L) to get
lullZ2@) < 2L|lullzz(0) 4"l 2(0),
which implies

lullzz@) < 2L1u' || L2()-
When n > 2 Hélder’s inequality implies that

2n == 2
(19) / |Vu(z)|»+2 dx < </ |Vu(:1:)|2 da:) |2 =+2
Q Q
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The Sobolev inequality (Theorem 27) with r =2 and p = n2_£2 implies

lullze <201 = DIVullg2n/onsa
which, combined with (19) gives
lull 2 < 2(1 = I Vull 2.
O

With this lemma we can attack the Dirichlet problem, which we formulate as
follows: Let © be a bounded open domain in R", and let G € W12(Q) be given.
Find a function u € W?(Q) with

u— G € W}H?(Q) (boundary condition)
and
Au = 0 (Laplace’s equation)

in the sense of distributions.
As we observed in section 8, solutions of this problem are exactly the functions
u € Lg which minimize D(u).

Theorem 46. For any G € W}Y2(Q) there is a unique minimizer ug € Lg of
D(u).

Proof. Uniqueness follows from the strict convexity of the Dirichlet functional.
Convexity and continuity of D : W12(Q) — R are proved as before.
To establish the coercivity condition we use Poincaré’s inequality to estimate
the W12 norm of any u € L¢ in terms of D(u).

[ullfyre = llullze + Va2
——
=2D(u)
=|lu—G+G|j2 +2D(u)
< 2llu = Gl[72 +2[|Gl72 + 2D(u)
———
apply Poincaré
< CV(u=G)lle> + 2G| 72 + 2D (u)
< 20||Vul|p2 + 2C||VG| 12 + 2||G||32 + 2D(u)
< C'||Gllwrz + C"D(u).

It follows that ||u||wiz — oo will force D(u) — oco. We may therefore apply
Theorem 43 and conclude the existence of a minimizer v € Lg for D(u). O

Exercise 92. Check that D is indeed strictly convex.

50.4. A third example — Poisson’s equation

Let 2 C R™ be a bounded domain. For any given f : ) — R we try to find a
function u : Q — R which satisfies

{—Au:finﬂ,

20
( ) U|aQ =0.
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This equation is called Poisson’s equation. One interpretation of this equation
is from electrostatics: If a cavity  contains a charge distribution f(z), and the
boundary 0 of the cavity is “grounded,” i.e. its potential u is kept at 0 (Volts),
then the electric potential in the cavity generated by the charge distribution is
precisely the solution u(x) of (20).

To solve the problem we observe

Lemma 47. Let f € L?(Q). A function u € W12(Q) which minimizes
Q)= [ GIVul = fe)ula)} da

over all u € W12(Q) satisfies —Au = f in the sense of distributions.

Proof. Let ¢ € D(Q) be arbitrary and expand
<de(u + ttp)) _0
t=0

dt
One finds
[ (¥ Vo - @)t} do =0,
ie.
(=Au—f,0) =0
as claimed. O

Lemma 48. Qs is continuous, strictly convex and coercive on X = W}2(Q)

Proof. The first term in @y is just the Dirichlet integral, while the last term is a
linear functional on W)?(Q). Thus we can write Q) as

Qr(u) = D(u) + ¢(u),

where
() = /Q f(@yu(z) de.

The Dirichlet integral is a strictly convex function and linear functionals are convex
so that @y is clearly convex.

We have alreasy verified continuity of the Dirichlet functional. The linear
functional ¢ is bounded by

/Q f(@)u(z) dx

and is therefore also continuous. So (s is continuous.
To prove coercivity we recall that Poincaré’s inequality implies

< I llzellullze < [[flz2llullwe

||u||%/V01,2 = /Q{|u|2 + |Vul?} do < (1+ 2|Q2/™) / |Vu|? dz
i.e.

lalfyr2 < (1+219*/")D(w).
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Coercivity of @ then follows from

Qs(w) =D + [ fuds

1
> cllullie — I1fllpellullwr.e use 2ab < ea® + = b?
€
c 1
> cllulliyre = 3 lullze = S I1F 172
c 1
> Slullivse = 5 11172

O

We now apply theorem 43 to ® = Qf and K = X = W1?(Q2) and immediately
conclude that (20) has a solution u € W12(Q) for any f € L?(Q).
Exercise 93. Let g1,...,gn € L*(Q) be given functions. Show that a solution u of
Au—u=Dig1i+...+ Dngn

in the sense of distributions exists which also vanishes on 9Q in the sense that u €
W+ 2(2). Hint: minimize the functional

Q(u)z/ {1|Vu|2+1u2+g’-Vu} dz,
012 2

where § = (g1,... ,gn)-
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Baire Category

Baire's theorem, The Uniform Boundedness Principle, The Open Mapping Theorem, The
Closed Graph Theorem.

Texztbooks to look at: Both of Rudin’s books[4, 5] have a chapter devoted to the
Baire category theorem and its applications.

51. Baire’s theorem

Let (X, d) be a metric space. Recall that V' C X is called dense if every open
O C X intersects D; equivalently, for any point z € X and any neighborhood U 3> z
there is a point p € ONU.

Theorem 49 (Baire). Let (X, d) be a complete metric space, and let V,, C X be a
sequence of dense and open subsets. Then W =N, V, is also dense in X.

The proof will be presented in class and can be found in [4, theorem 5.6].

Some terminology: a set A C X is nowhere dense if AN O is not dense in O for
any open O C X. Equivalently, A C X is nowhere dense if its closure has empty
interior.

A set A C X is said to be of the first category in X if it is the countable union
of nowhere dense sets (A = U2, A, with A,, nowhere dense in X.)

A set is of the second category if it is not of the first category.

Baire’s theorem says that the complement of a first category set A C X is dense
in X.

Typical consequences of Baire’s theorem are the existence of nowhere differen-
tiable but continuous functions (see exercise 14 of [4, chapter 5]), or the existence
of continuous functions whose Fourier series do not converge (see [4, chapter 5] and
also §72.2 in these notes). See also exercises 13 and 21 in [4, chapter 5]. Other
examples of the kind of thing you can use Baire’s theorem for are:

Exercise 94. Let f:[0,1] — R have derivatives of all orders. Suppose that for every
x € [0,1] some derivative of f vanishes, i.e. In(x) € N such that f*®)(z) = 0. Then
f is a polynomial.
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Exercise 95.  Given: a sequence of nonnegative continuous functions f, € C([0,1])
such that for each = € [0, 1]

M, dzefsup frn(z) < oo.
neN

Prove: there exist M < co and a nonempty interval (a,b) C [0,1] such that f.(z) < M
forallmeNanda <z <b.

Exercise 96. Let X be a Banach space.

(i) Let K C X be convex and symmetric subset. If K has nonempty interior then K
contains a neighborhood of the origin.

(i) Let K C X be convex, closed and symmetric subset such that X = UjZ nK.
Then K contains a neighborhood of the origin. (By definition nK = {nz : x € K}.)

52. The Uniform Boundedness Principle

The following is known as the Uniform Boundedness Principle, or as the Banach-
Steinhaus theorem.

Theorem 50. Let {T, : a € A} be a family of bounded linear mappings T, : X —
Y, where X is a Banach space and Y is a normed vector space. If
M, sup || Toz|ly < o0
acA

for every x € X, then

sup | Tolle(x,y) < 0o.
a€A

Proof. Let

K%z e X :sup || Tozlly <1}
a€EA

Our hypothesis implies that € nK for any n > M,, so that z € UpennK.
Furthermore K is convex, closed and symmetric. By exercise 96 K contains a
neighborhood of the origin, so that for some € > 0 one has ||[T,z| < 1is ||z]| < e.
This implies ||T,]| < e~! where a € A is arbitrary. O

Exercise 97. Let X be a Banach space and consider a sequence \; € X*. Assume
Ai = A asi / co. Then the sequence \; is bounded, i.e. sup;cy || Xi[lx+ < oo.

Exercise 98. Do problem 79 (ii) again, this time using the Banach-Steinhaus theorem.

53. The Open Mapping Theorem

Theorem 51 (The Open Mapping Theorem). Let T : X — Y be a bounded linear
mapping between Banach spaces X and Y. If T is surjective, then V = {Tx :
llz|lx < 1} contains an open neighborhood of the origin in Y .

For the proof see [4, theorem 5.9]. A direct consequence is

Theorem 52 (Bounded Inverse Theorem). If X andY are Banach spaces and T :
X — Y is a bijective bounded linear mapping, then T—1:Y — X is also bounded.
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Proof. Since V.= {Tz : ||z||x < 1} contains By (0,¢) = {y € Y : ||y|| < ¢} for some
€ > 0 we see that

Til (BY(():E)) C BX(Ov 1);

—_

which implies that 7! is indeed bounded with ||| < -

54. The Closed Graph Theorem
The graph of a linear mapping 7' : X — Y is by definition
Graph(T) ={(z,Tz) e X ®Y : z € X }.
The direct sum X @ Y is a Banach space and the graph of T is a linear subspace.

Theorem 53 (Closed Graph Theorem). If X and Y are Banach spaces and if the
graph of T : X =Y is a closed subspace of X ®Y then T is bounded.

Proof. Let Z = Graph(T'). Then since Z is a closed subspace of X @Y it is a
Banach space. Both projections px : X ®Y — X, py : X ®Y — Y given by

px(z,y) ==, py(z,y)=y
are bounded.
The projection px|z : Z — X is one-to-one and onto X, so by the bounded
inverse theorem its inverse (px|z)71 : X = Z is bounded.
The operator T is given by T' = py o(px |Z)71, and hence, being the composition
of bounded operators, is itself also bounded. O
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Bounded Operators

Examples of Operators; Inverses and the Neumann series; A nonlinear digression; The adjoint
of an operator; Kernel and Cokernel; Compact Operators

Text books to look at: The theory of the adjoint operator, and the Riesz-theory
of compact operators on a Banach space is treated in much greater detail in Rudin’s
book on Functional Analysis [5].

55. Examples of Operators

Finite and infinite matrices

Linear maps between finite dimensional spaces are represented by matrices, i.e.
amap T : R* — R™ is specified by a matrix {T;; : 1 <i <m,1 < j <n} via

The most direct generalization are linear maps on ¢P spaces specified by infinite
matrices. Let {T;; : ¢,7 € N} be an infinite matrix.

Exercise 99.
(i) Suppose
(22) supz T3] = M < oo.
iEN o
Show that (T'z); = 3_ .y Tijz; defines a bounded linear map T : £ — (>
(it) Suppose
(23) supz |T;j| = M' < c0.
JEN YN

Show that (T'z); = 3,y Tijz; defines a bounded linear map T': o

Integral operators

The next step in generalizing matrices is to consider “continuous matrices.” Let
(Q,%, 1) be a measure space and let T'(x,y) be a measurable function on  x Q.
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Then one can attempt to define a linear operator by

(24) T () /Q T(2,9)f(y) du(y).

Whenever this integral makes sense the resulting operator is called an integral
operator with kernel T'(z,y). It is surprisingly hard to decide for just any kernel
T(z,y) if it defines a bounded operator on some LP space. In fact no necessary
and sufficient conditions seem to be known. The following exercises indicate some
sufficient conditions or examples of bounded integral operators. See [9] for a book
only about integral operators on L? spaces.

The first thing that comes to mind when you want to find out if Tf € L? is
to apply Holder’s inequality as often as necessary to estimate |7 f||z» in terms of
| fllze- This works for the following class of kernels:

Exercise 100. Assume

p—1 1/p
Np(T)dZQf{(/Q T (a, y)|" 7~ du(y)> du(w‘)} < oo.

Show that for any f € LP(Q, X, u) the integral (24) exists for p almost every x € , and
that (24) defines a bounded linear operator T : L? — LP with

1T fllee < Np(T)IIfllLe-

Integral operators for which
Na(T) = [ [T dody < oo
QxQ

are called Hilbert-Schmidt operators.
The condition N,(T") < oo is sufficient, but far from necessary for a kernel T
to define a bounded operator on LP(2), as the following examples show.

Exercise 101. Let f € L'(R"™). Show that the operator
Ty(x) = f*g(z)
is bounded on LP(R").

Identify the kernel T'(x,y) of this operator and compute N,(T') as defined in exercise
100.

Exercise 102. Show that the operator
1 xr
T =1 [ 10 di
T Jo

is bounded from L?(0,1) to L?(0,1) for 1 < p < oo.
Show that T is not bounded when p = 1.

Exercise 103. Show that

e d
Tf(x) = fly) dy
o Tty
defines a bounded operator on LP(0,00) if 1 < p < 0o, but not for p =1 or p = co.

Exercise 104. Find a kernel T'(z,y) which defines a bounded integral operator on
L'9°(R), but not on LP(R) for any p # 1999. (Hint: try T(z,y) = f(x)g(y).)

Finally, many (“most”) bounded operators cannot be written as integral operators.
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Exercise 105. Let m : {2 — R be measurable. Show that the multiplication operator

M (@) m(2)f (x)
is bounded on LP(Q) if and only if m € L% ().

Exercise 106. Let T'f(z) = f(z +1). Then T'is a bounded linear operator on L”(R).

Show that there is no kernel T : R? — R with T € L}, .(R?) such that T is the operator
with kernel T'. (Hint: consider [, g(x)T f(z) dx for characteristic functions f and g.)

56. Inverses and the Neumann series

An operator T' : X — Y is invertible if it is one-to-one and onto. By the
bounded inverse theorem the inverse 77! : ¥ — X is again a bounded linear
operator.

Theorem 54. The set of bounded linear operators T € L(X,Y) which are invert-
ible is open in L(X,Y).

Proof. We first use the geometric series to show that a neighborhood of the identity
in L(X) consists of invertible operators.

If |T)c(x) <1 for some T" € L(X) then I — T : X — X is invertible and its
inverse is given by

(25) (I-7)"'= iT’“.
k=0

Indeed if @ = ||T||¢(x) < 1 then the norm of the kth term in (25) is bounded by
IT*| < ||IT||F = a* so that the series in (25) is absolutely convergent and hence
norm convergent in L(X). If one denotes the sum by S = I + 7T + T2 + ..., then
one has

TS=ST=T+T°+T°+...=S—-1
which after rearrangement gives (I —T)S = S(I —T) = I; so (25) is indeed true.
Next we treat the general case: Let T : X — Y be invertible, and let S €
L(X,Y) be some other operator for which

1T = Sllexy) - IT Hewx) =a<1.

Then T715 : X — X is invertible since

|71 — IHex) = 1T-1(S — T)lexy S NT = Sllex,yy - 7=~ < 1.
For a similar reason ST~! :Y — Y is also invertible.

The operator L = (T—1S)~1T 1 is aleft inverse for S since LS = (T~15)~1T-1S =
Ix; similarly, the operator R = T~ 1(ST!)~! is a right inverse for S.

It follows that R = L and that S is invertible if

1

T-S < .
| le(x,y) T oo

O

The theorem says that if an operator S is close to an invertible operator T then
S must also be invertible. Here closeness is meant with the respect to the operator
norm, i.e. ||S — T|| should be a small number. The following example shows that
this condition is stronger than one might think (i.e. operators which seem close are
actually not close to each other in the operator norm.)
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Exercise 107. Let 7. : LP(R") — LP(R"™) be the operator given by T. f = ¢. = f, in
which @c(z) = ¢ "p(z/e) is again our favorite family of smooth compactly supported
functions.

We have seen that [|T. f — fl|zr®n) = 0 as € \ 0 for any f € L?(R™), so in some
sense one can say that the T. converge to the identity on LP(R™).

Is it true that || Tc — I||z(nrrn)) — 0 as e \, 07

Hint: For the case p = 1 consider T.(¢s) — ¢5 and let § — 0. For p # 1 replace ¢s
by ¢s¢ps where you choose ¢5 > 0 so that ||csps||zr = 1.

Exercise 108. Show that for small enough u € R the integral equation

@)+ / sin(a® — €2)£(¢) dé = g(x)

has a unique solution f € LP(0,1) for any g € LP(0,1).
Give a numerical estimate for how small p must be.

57. A nonlinear digression: The Contraction Mapping Principle

The theorem on inverting I — T for ||T'|| < 1 is actually a special case of a
nonlinear theorem.

Theorem 55. Let (X,d) be a complete metric space, and let F : X — X be a
contraction, i.e. for some 8 < 1 one has

(26) Vayex d(F(2), F(y)) < d(z,y).
Then F has a unique fived point, i.e. there is a unique x € X such that F(z) = x.
Proof. Choose any xo € X and define inductively z,,+; = F(z,). Then
d(Znt1,2n) < 0d(zp, Tn—1),
so, by induction
d(xpt1,2n) < 0™d(x1,30).
Hence, for n < m < oo one has

AT, Tm) < d(Tpn, Tne1) + d(@pst1, Tna2) + -+ d(Tm—1,Tm)
S d(l’l,l’g) (9” + ...+ Bm_l)

A

1-6°

It follows that z,, is a Cauchy sequence. Let z, be its limit. Then

< d(z1,x0)

F(z.,)=F ( lim xn) = lim F(x,) = lim z,41 = z.,
n— 00 n—o00 n—0o0

so a fixed point does exist.
The fixed point must be unique for if z and y are both fixed points then one
has

d(z,y) = d(F(z), F(y)) < 0d(z,y).
In view of 6 < 1 this can only hold if d(z,y) =0, i.e. if x = y. O
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Theorem 56. Let X be a Banach space, and let F' : X — X be a contraction (as
in (26)). Then the map ® : X — X given by ®(x) = x—F(x) is a homeomorphism,
and its inverse ®~ : X — X is Lipschitz continuous with constant (1 —0)~!, i.e.

127 (@) — 2~ ()] < |z = yll.

1
1-46
Proof. To solve ®(z) = u for any u € X one must find a solution of x = F(z) + u.
In other words, one must find a fixed point of the map G(z) = F(x) + u. From

1G(z) = Gl = |F () — F(y)|| < Ollz -yl

one sees that G is a contraction, so a solution to z = F(z)+wu exists: ® is surjective.
The solution to # = F'(z) + u is also unique, so ® is injective.

Thus ® ! : X — X is well defined. We now estimate & !(u) — & 1(v) for
u,v € X. Let

so that

One then has
lz =yl = IF(x) + u = F(y) = vll < ||F(2) = F)ll + [lu = vl| < Bllz = yl| + [lu = v].
One solves this for ||z — y|| with result

[l — o]
1-6"°
as claimed. O

llz —yll <

A standard application to Ordinary Differential Equations
We consider the initial value problem for a system of differential equations

(27) L @), a0) =

Here f : R* — R" is some (nonlinear) mapping, and we look for a solution z :
[0,T] — R™, for some T > 0.

Theorem 57. Assume that f is Lipschitz continuous with

Va yerr|f(2) — f(y)] < Llz - yl.

Let 0 < T < L be given. Then (27) has a unique solution x € C([0,T]; R"™) for any
giwen initial data o € R™.

Proof. Rewrite (27) as an integral equation,

(28) z(t) = xo —l—/o f(z(s)) ds.

Denote the right hand side of this equation by F(z), more precisely, for any = €
C(]0,T]; R") we put

(Fz)(t) défx0+/0 f(z(s)) ds, for t € [0,T].
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Since LT < 1 this map is a contraction on the Banach space X = C([0,T]; R"):

sup |(Fz)(t) — (Fy)(t)] = sup /O{f(w(S))—f(y(S))} ds

0<t<T 0<t<T
< sup / F(@(s) — Fy(s))] ds
0<t<T Jo
<T sup |f(z(t) - f(u(®))]
0<t<T
< LToittlgT lz(t) —y(t)]-

The unique fixed point = € C([0,T]; R”) of F is the solution of (28).

At this point we only know that z is a continuous function of ¢ (since we
constructed z as an element of C([0,T]; R™)), but (28) implies that = is actually
continuously differentiable, and the fundamental theorem of calculus implies that
x actually satisfies (27). O

58. The adjoint of a bounded operator

Let T : X — Y be a bounded linear operator between Banach spaces. If u € Y*
is a bounded functional on Y then one defines a bounded linear functional 7™ u on
X by

T* () < p(T'x).

In this way a linear transformation 7% : Y* — X* is defined. This transformation
is called the adjoint of the operator T. Clearly one has

1Tl = sup |T"p(z)]
lefl<t

= sup |u(Tz)|
llzl|<1

< |lpll sup [|Tz||
<1

llzll

= [IT°[} el

so that 7 is bounded and | T*|| ¢y« x+) < [IT|le(x,v)-
Exercise 109. Use the Hahn-Banach theorem to show that

1T leqy=x=) = llSlulglu(Tx) = ITlex -
el <1

Exercise 110.

(i) Let T : X — Y be a bounded linear operator, and let {z; € X : i € N} be a weakly
convergent sequence, Tp—Too. Show that T'(z) is weakly convergent in Y, and that
Trr—Trs.

(ii) Let {ui € X" : i € N} be a weak™ convergent sequence, ji; — fioo. Show that
T*(ur) is weak® convergent in X*, and that 7", = T oo

Exercise 111. Let f € L'(R™). Find the adjoint of the operator on LP(R™) given by
Tg=f*g.
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Exercise 112, Show that the operator S given by

siw) = [ I ac

is bounded on L”(0, 1) for all p € [1,00), but not for p = co.
Show that S is the adjoint of the operator T in exercise 102.

59. Kernel and Cokernel

We consider a bounded operator 7' : X — Y where X and Y are Banach spaces.
The kernel of T is defined to be

kerT' ={z € X : Tx =0}.

From linear algebra we know that T is one-to-one if and only if ker " = {0}.
The range of T is by definition

RT)={Tx:z€ X} CY.

The range of an operator is a linear subspace of Y which in general does not have
to be closed. If the range is closed however, then one defines the cokernel of T to
be the following quotient of Banach spaces

cokerT' =Y/R(T).

If R(T) is closed, then T is surjective if and only if its cokernel is trivial, i.e.
cokerT' = {0}.

Exercise 113. Show that the following operators do not have closed range:
() X =Y =L"(0,1), and T f(z) = zf(z).

(i) X =Y =¢? and (Tz); =2 7 x;.
(i) X =Y = L?(0,1) and Tf(x) = [; f(£) dE.

There is a simple relation between the kernels and cokernels of an operator T’
and its adjoint 7.

Theorem 58. (i) Let T : X — Y be bounded. Then
R(T)* =kerT* and *R(T*) = ker T

(i) If R(T) is closed then one has

R(T) =" kerT.
Here for any linear subspaces L C X and M C X* one defines the so-called
annihilators
(29) Lt ={\ € X* :V,epA\(z) =0},
(30) M= {2z € X :V,enmp(z) =0}.

I leave the proof as an exercise (but see [5, theorem 4.12] for part(i); to prove part
(ii) use the Hahn Banach theorem.)
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60. Compact operators

Let X,Y be Banach spaces. By definition an operator 7' : X — Y is compact if
the image of the unit ball in X under T has compact closurein Y, i.e. {Tx : ||z|| < 1}
has compact closure in Y.
The following is an equivalent definition: T is compact if every bounded sequence
T, € X has a subsequence for which Tx, € Y converges inY.
The set of T' € L(X,Y) which are compact is denoted by K(X,Y).
Exercise 114.
(i) Show that if T : X — Y is invertible, with 77 : Y — X also bounded, then T
compact implies X finite dimensional.
(ii) Show that if T',S : X — Y are compact operators, then for any A,z € R the
operator AT + pS is also a compact operator; in other words show that K(X,Y) is a
linear subspace of L(X,Y).

Theorem 59. If T,, is a sequence of compact operators from X to Y, and if T,
converges in the operator norm to T, then T is also compact.

In other words, compact operators form a closed subset of the set of bounded
operators.

Proof. Let z; € X be a bounded sequence. We must show that T'x; has a convergent
subsequence. Each T, is compact, so for each fixed n one can find a subsequence
x;, such that lim;_, Tha;; € Y exists. Using Cantor’s diagonalization trick one
can find one subsequence such that

lim T2, =yp €Y
J*}OO

exists for all n € N.

We now show that {T'z;, : j € N} is a Cauchy sequence in Y, and hence a
convergent subsequence of the T'z;. Let € > 0 be given. Choose some ng € N such
that ||, — T'|| < &/3. Since {Ty,;; : j € N} converges in Y as j oo it is also a
Cauchy sequence. Hence an N(g) € N exists for which || T, x5, — Thowi, |ly < /3
for all j,k > N(e). One then also has

\Twi; — Txy|ly < | Twi; — Tnoxi; Iy + | Tho®i; — Tno®iylly + [ Thozi, — Ty lly
<e/3+¢/3+¢/3
=e.
for all j,k > N(e). O

Exercise 115. If T: X - Y and S:Y — Z are bounded operators, and if either T or
S is compact, then show that ST : X — Z is also compact.

Theorem 60. Let A € C\ {0}. If T : X — X is compact, then
(i): ker(X —T) is finite dimensional;
(ii): R(M —T) is closed;
(iii): R(AI—T) has finite codimension, and dimker(AI —T') = codim R(AI-T).

Proof. We only prove (i) here. For the rpoof of (ii) and (iii) you should look at
Rudin’s Functional Analysis [5].

Let z,, € ker (/\I—T) be a bounded sequence. Then for some subsequence Tz,
converges. Since T'z,, = Az,, we conclude that z,, = ATz, also converges.
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Thus every bounded sequence in ker()\I — T) has a convergent subsequence.
This implies that the closed unit ball in ker()\I — T) is compact, and hence the

Banach space ker()\I — T) is finite dimensional, by Lemma 7.
O

61. Finite rank operators.

An operator T : X — Y has finite rank if its range is R(T') finite dimensional.
For any vectors y1,... ,ym € Y and functionals Ay, ..., A\, € X* the linear operator
given by

(31) Tr= Z Ai(@)y;

has finite rank since its range is contained in the subspace of Y spanned by the y;.
Lemma 61. Any finite rank operator is of the form (31).

Proof. Let y1,...,ym €Y be a basis for R(T). Then any vector y € R(T) is of the
form y = c1y1 + ... + ¢mym where the ¢; depend continuously on y € R(T). The
function which assigns ¢; € R to y € R(T) thus defines a bounded linear functional
¢i : R(T) — R, and one has

y=ca@y +.. +en®)ym
for all y € R(T). In particular one has

Te=c(Tx)y1 + ...+ cm(TT)ym
for all x € X. Hence T has the form (31) if one defines \;(z) = ¢;(T'z). O

Theorem 62. A finite rank operator is compact.

Proof. For any bounded sequence z,, € X the sequence T'z,, is a bounded sequence
in R(T). Since R(T) is finite dimensional any bounded sequence in R(T) has a
convergent subsequence. |

Exercise 116.
(i) Consider the operator T : LP(0,1) — L”(0, 1) given by

Tf() = / sin(z® — €2)(€) de.

Show that T has finite rank, and write T" in the form (31). (Hint: sin(a + 3) =7)
(ii) For which p € C does the integral equation

@)+ / sin(a® — €2)£(¢) dé = g(x)

have a unique solution f € L?(0,1) for all g € L?(0,1).

62. Compact integral operators.

Let T : Q x Q@ — R be a measurable function whose norm

Ny(T) = {(/Q IT (2, y) P/ P~ du(y))pl dﬂ(m)}l/p

is finite. Such a function defines a bounded integral operator on LP(2) (see exercise
100).
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Theorem 63. If1 < p < oo then an integral operator with kernel T'(z,y) for which
N,(T) < oo is compact.

Proof. We only do the case p = 2. This case is easier since the N,(T") norm is then
given by the more familiar quantity

N, (T)? = / T (e, y)P de dy.
QxQ

In measure theory it is shown that “simple” functions of the form
m
T(z,y) =Y cixw (¥)xr: ()
i=1

are dense in L2(Q x ). Thus the integral operator on L%(2) with kernel T' can
be approximated by integral operators whose kernels are of the form T. But an
operator with kernel 7' has finite rank and is therefore compact. So the operator
with kernel T is a limit of compact operators and therefore is itself also compact.
To prove the general case one must show that the quantity N,(T') is a norm
and that any kernel T' with N,(T") < oo can be approximated by functions of the
form T'. O

Not all integral operators are compact.

Exercise 117. Let T : LP(R™) — L”(R") be given by convolution with an f € L'(R™),
i.e. Tg = f *g. Show that T is not compact (unless T' = 0; if you wish you can simplify
the problem by assuming that f is continuous with compact support.)

Another example of a bounded integral operator which is not compact is the
operator

1
Tf(0) = [ Ta)iw) dy.
0
T(z,y) = sin2nzz, for 27" 1 <y <277

This operator is bounded from L'(2) to L'(Q), with @ = (0,1) the unit interval,
but since T'¢,, = sin2n7z, for ¢, (z) = 2"“)((2_"_1’2_")(3:), T cannot be compact.

(32)

Exercise 118. Show that the operator T' defined above in (32) is bounded and compact
from L?(0,1) to L”(0,1) for 1 < p < oo.

We haven't changed the kernel T' so we still have T, = sin 2nmz foralln =1,2,.. ..
Hence T'p,, does not have a convergent subsequence in LP(0,1). Why does this not show
that T': LP — LP is not compact?

63. Green’s operator

In section 50.4 we saw that for any bounded domain Q C R” and any f € L*(2)
there is a unique solution u € W12(Q) of the equation

(33) —Au=f,
in the sense of distributions. The solution v was obtained by minimizing
Q) = | (VU = fwyuta)) de

over all u € W12(Q).
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Let us denote the map which sends f € L*(Q) tou € W}2(Q) by G : L*(Q) —
W, 2(9).

Theorem 64. The map G is bounded, linear and compact.

Proof. Linearity follows from the fact that equation (33) is linear. If Gf = u and
Gg = v then f = —Au, and g = —Awv, so that w = au + fv € W)2(Q) satisfies
—Aw = af + fg. Hence w = G(af + (9).

To prove boundedness we argue as follows. Since u is the minimizer of (Q(u)
we have

(34) dQ(tu) _
dt |,
From
t2
Q(tu) = —/ IVl dm—t/ F@)u(z) do
2 Jo Q
and thus
dQ(tu) :t/ |Vu|? da:—/ f(z)u(z) dz
dt o
one then concludes from (34) that
(35) [ 19 o = [ syute) de < ullie 1o

By Poincaré’s inequality (Lemma 45) we have

1/2
lullz= < 2100/ ( / |w|2dm)

Hence
lJull7: < 4|9|2/n/|VU|2d93-

Apply this to (35) to get, after cancellation,
lull 2 < 4128/ £ 2

Thus Green’s operator is bounded from L2(2) to L?(12).

To prove compactness we consider any bounded sequence f, € L*(). Since
G : L? — L? is bounded G f, is a bounded sequence in L?(Q2). By (35) G f, is also
bounded in W}2(Q2). The Rellich-Kondrachov theorem implies that the sequence
G f,, must have a convergent subsequence in L?(Q). Hence G is indeed compact. [
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Hilbert Spaces

Definition; Examples; The Riesz representation theorem; Orthonormal sets and bases;
Examples of Orthonormal sets in L?(0, 27); More examples of orthogonal sets, or
“Orthogonal Polynomials 101" ; The Spectral Theorem for Symmetric Compact Operators;
Eigenfunctions of the Laplacian

Text books to look at: Both Rudins [4, 5] have chapters on Hilbert spaces. The
spectral theorem is in Zimmer’s book [8].

64. Definition.

A pre-Hilbert space is a real or complex vector space H with a positive definite
inner product (x,y). In the real case this means that (z,y) is linear both in z and
in y; that (z,y) is symmetric, (z,y) = (y,); and that (z,z) > 0 for all z # 0. If
the vector space is complex one requires

(Az,y) = Az, y)
(z, \y) = Az, y)
(z,y) = (y, 7).

The quantity
2]l = (2, z)

defines a norm on H. If H is complete with this norm, then H is called a Hilbert
Space.

64.1. Proof that ||z|| satisfies the triangle inequality
First one proves the Cauchy-Schwarz inequality,
(@, )] < llzl Iyl
by observing that
P(t) = (z + ty, @ + ty) = |lz|* + 2R(z,y) + *|ly|I*

is a nonnegative quadratic poynomial. From Math 112 we therefore know that
“b? —4ac <07, i.e.

(2R(z, )" < 4llzlPlly|* ie. R(z,y) < llall [lyll
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Replace = by ey to get
R(e" (z,9)) < ll=[l Iyll-

Choose @ so that e (z,y) = |(z,y)|.
Given the Cauchy-Schwarz inequality one has

lz+yll =V (z+y,z+y)
= Vlzll? +2R(z,y) + |y

< VIl + 2l lyll + NIyl
= [l=ll + [lyll-

65. Examples of Hilbert Spaces
If (Q,3, ) is a o finite measure space then L*(, ¥, u) with inner product

- / f(2)g(@) dyu(x)
Q

is a Hilbert space. (The complex conjugate is included, and in this section we will
use the same notation for both the real and complex versions of L?!)

If w(z) is a bounded measurable function on Q with w(z) > ¢ > 0 for p-a.e.
x € Q, then the expression

(f.9 w—/f (z) du(x)

defines another inner product on L?(Q, ¥, u). Both inner products yield equivalent
norms.

If @ C R™ is open then W12(Q) is also a Hilbert Space, provided one gives it
the inner product

(36) gz L / (f(@)a(@) + Vf(z) - Vg(@)} d.

One can also modify this inner product by including a weight function w, i.e.

e / (f(@)3@) + V(z) - Vg@)} w(e)ds.

If w is measurable and if ¢ < w(z) < C for constants 0 < ¢ < C then this expression
defines an inner product on W12, and the resulting norm is equivalent to the usual
W12 norm.

Exercise 119. Let QQ C R" be open with finite volume.

The quantity
def
o [ Vi) Vo) ds

does NOT define an inner product on W'2(Q), since one has (f, f) = 0 for all constant
functions.

Show that (f,g), does define an inner product on W} 2(2), and that the resulting
norm is equivalent to the usual norm on W12, Hint: use Poincaré’s inequality (Lemma
45).
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66. The Riesz representation theorem.

Lemma 65. Let K be a nonempty closed and convexr subset of a Hilbert space H.
Then K contains a unique element x with minimal norm.

More generally, given any point p € H there is a unique nearest point to p in
K.

Proof. The general case follows from the special by translating p to the origin.
1
Let d = inf{||z|?> : # € K}. Choose a sequence z,, € K with ||z,]|> < d+ —.
n

Then {z,, : n € N} is a Cauchy sequence; the limit of this Cauchy sequence must
lie in K and minimizes ||z||.

To see that z, is a Cauchy sequence let n < m € N be given. Then y =
(xp + zm)/2 belongs to K since K is convex. One has

1
d <|lyl* = ;{llzall® +2 (20, om) + llzmI*}
1
= 1 2lenll® + 2llzm|* = llzn = zm*}

1 1
<d - = n - 4m 2
<d+ = lan -l
and hence
, 4
lzn — zm|]” < —.
n

To see that there is only one nearest point one supposes that x and y are both
nearest points and observes that x, y, z, y, =, y, z, ... is a distance minimizing
sequence, hence a Cauchy sequence by the previous arguments. Thus z = y. [l

Corollary 66. If L C H is a closed linear subspace then any x € H can be written
asx =y +z withy € L and z L L. The components y and z are unique.

Proof. L is closed and convex so we can apply the previous Lemma. The projection
y € L is the nearest point to = contained in L. O

Corollary 67. A linear subspace L C H is dense if and only if x L L implies
z=0.

Proof. Suppose z L L implies x = 0. Then any = € H can be written as z =y + 2
where y is in the closure of L and z is perpendicular to the closure of L. By
assumption z = 0 so ¢ = y belongs to the closure of L: L is dense.

Suppose L is dense in H and let x € H satisfy L L. Choose z,, € H with
||z — z|| = 0. Then

2 _ 1 —
el = (@,2) = lim (2, 2,) = 0.
We see that z L L implies z = 0. O
The following is called the Riesz representation theorem.

Theorem 68. For every bounded linear functional A\ on H a unique x\ € H exists
such that

Az) = (zn,z) forallz € H.
One has
Il = [l



82

Proof. If A = 0 then one chooses z)x = 0. We may assume that A # 0.
Let L = ker(\). Since A # 0 we have H # L, so a vector v € H \ L exists. Since
L is a closed linear subspace we may replace v by its component perpendicular to

L, and after normalizing we may assume that ||v]| = 1.
Since v € L we have A(v) # 0. Thus we can write any © € H as
A A
r=1+m, édzef:v——(x) def (z)

ORI ON
One sees that A(¢) =0, so that ¢ € L. Taking the inner product with v we see that

_ A=) _ A=)
(1‘,1)) - )\(1}) (U)U) - )\(’U) "
hence
Az) = (z, Mv)v)
for all z € H so that we may choose z) = A(v)v. O

Corollary 69. FEvery Hilbert space is reflezive.

Proof. Let A € H** be given, i.e. A : H* — R is a bounded linear functional.

By the Riesz representation theorem every ¢ € H* is of the form ¢ = ¢, for
some z € H, where ¢, (y) d:ef(:v, y). Moreover the map x — (. is an isometry of H
with H*.

The functional A : H* — R then gives us a functional A : H — R via
A(z) défA(apx). The Riesz representation theorem again says that the functional
A must be of the form A = ¢, for some zo € H. We therefore have that for all
o=y €H"

Alpa) = A(x) = @, (2) = (20, 2) = (2,20) = @z (20)-

In other words,

Ape) = %(@m)

We conclude that every bounded linear functional on H* is of the form Zg for some
xo € H, so that H is reflexive. ([l
67. Orthonormal sets and bases
A sequence of vectors {x,, € H | n € N} is orthogonal if (z;,2;) = 0 for all
i#].
An orthogonal sequence is called orthonormal if it consists of unit vectors.

Lemma 70. If {z, € H | n € N} is an orthonormal sequence then the series
ooy aiz; converges iff Y |a;|* < oo, and one has

oo
Zaixi = \/Z |a;|?.
i=1

Proof. Denote the partial sums of > a;x; by

N
def
SN = E a;T;.
i=1
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Using the definition of the norm and the orthogonality of the z; one computes

m

(37) lsn = smll® = Y lail®.

i=n-+1

If we suppose that > |a;|> < co then (37) implies that ||s, — s ||* — 0 as n — oo.
Thus s, is a Cauchy sequence and the partial sums s,, converge.

Conversely, suppose the sum converges. Then the sequence of norms ||s,|| also
converges, and

00 N
12 — Z 02 — 1 2
>l = i 3 laif = x| < oo
1= 1=
[l

An orthonormal sequence {z; : i € N} is called an orthonormal basis or a complete
orthonormal set for H if any x € H can be written as

%]
Tr = E a;T;.
i=1

Lemma 71. An orthonormal set {x;};en is complete if x L x; for all i € N implies
z =0.

Proof. Let x € H be given. The orthogonal projection onto the finite dimensional
space spanned by x,...,xy is given by

Py =ayz1 + ... +anxp,
where
a; = (x;,T).

Since ||Pnz|| < ||z|| we get
N
Y lail® = |Pyal® < ).
i=1

This holds for all N and hence

o0

D lail* < .

i=1
(This is called Bessel’s inequality.)
It follows that the sum Y ;- a;x; converges in H a
If a Hilbert space has a complete orthonormal set {x; : i € N} then we can
define a map ¢ : H — ¢*(N) by
o(x) ={a; i € N} & a; = (z;,2)

This map is an isomorphism of Hilbert spaces, i.e. it’s a linear map, it’s bijective,
and it preserves the inner product.

Theorem 72. Every separable Hilbert space has a complete orthonormal set and
hence is isomorphic with (*(N).
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Proof. Let y; € H be a dense sequence. From this sequence we extract a sub-
sequence by discarding every y, which is linearly dependent on {yi,...,yr_1}.
Denote the resulting subsequence by {z; : i € N}. This subsequence is linearly
independent. The linear subspace it spans contains all the y; and hence is dense in
H.

Now apply the Gramm-Schmidt procedure to the sequence {z;}. In other words,
let # be the component of zp which is perpendicular to z1,...,2r_1, and let
x = Z/||Zx||. Then {z) : k € N} is an orthonormal set. It spans the same subspace
as the zp, and therefore {zy : k € N} is a complete orthonormal system. O

Exercise 120. If z;, i € N is an orthonormal basis for H then you can write any z € H
as a convergent sum x = Y . a;x;. Is this sum always absolutely convergent?

68. Examples of Orthonormal sets in L2(0, 27).

As you can check for yourself, the functions

1 ine
en() = e, withn € Z
form an orthonormal set in L?(0, 2).
Since e™™* = (e”)n, finite linear combinations in the e, i.e. expressions of the
form

P(:L’) = C,NE,N(I‘) + ...+ CNEN(I‘), with cj € C

are in fact polynomials in e** and e~ **. They are called trigonometric polynomials.

Theorem 73 (Fourier series). {e, : n € Z} is a complete orthonormal system in
L?(0,2m).

Proof. We have to show that the space of finite linear combinations of the e, is
dense in L2. There are many ways to do this. One way is to observe that the
Stone-Weierstrass theorem implies that any continuous 27 periodic function can be
uniformly approximated by a trigonometric polynomial. Since continuous functions
are dense in L?(0,27) we conclude that trigonometric polynomials are dense in L?.

Another proof which avoids the Stone-Weierstrass theorem goes like this: one
must show that if f € L?(0,2r) satisfies (f,e,) = 0 for all n € Z, then f = 0.
The hypothesis implies that (f,P) = 0 for all trigonometric polynomials P(x).
Now construct for any given interval (a,b) C (0,27) a sequence of trigonometric
polynomials Py (z) such that

sup | Py ()] < o0

lim Pn(x) = X(a,p)(7) pointwise.
N—oo ’

The dominated convergence theorem then implies
27

f(z)dz = lim Pn(z)f(z) dz =0
(a,b) N—oo Jy

from which one concludes that f(z) =0 a.e. O
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Exercise 121. Show that in the above proof one can take

Pu() = [ {@(t—a) - Q- )} d
0
where
(14 cos )™
02”(1 + cosz)N dz
This theorem implies that for any f € L?(0,27) one has
flz) = Z fneim in L2,

neZ

Q) =

where
~» def 1 Zm ;
B[ e
™ Jo

The qualification “in L?” is important: we have shown that the partial sums
N
snf(@)E Y fe™
n=—N

converge in L*(0,27) to the function f(z). This does not allow us to conclude that
limpy 00 SN f(z) = f(z) for even one z € [0, 27!
Exercise 122. If you've never done this before, compute the Fourier series of the function
(@) =x0,m(®) = X(r,2m) (2).
Assuming that limy oo sv f(z) = f(x) holds pointwise, what do you get for z = 37

Exercise 123. Compute the Fourier series of the function f(z) = z(2r —z) € L*(0, 2x).
Assuming that limy o $n f(z) = f(z) holds pointwise, what do you get for x = 7?

Exercise 124. Let 0 < a < 1. Compute the Fourier series of the 2w periodic function
which for —m < & < 7 is given by f(z) = sinaz. (This function is discontinuous at
r =7+ 2km).

Assume again that limy o sy f(z) = f(x) holds pointwise. What do you get if you
substitute x = 37

Exercise 125.
(i) Show that the system {sin(nmz):n =1,2,3,...} is complete in L*(0, ).
(i) Show that the system {cos(nzwz):n =0,1,2,3,...} is complete in L?(0, 7).
Exercise 126. The Walsh-system {Wj »(z) | n € N,0 < k < 2"} is defined by
Wl,l(x) = 1,

W (2) 1 fork2™" <z < (k+1/2)27",
n(T) =
. 1 for (k+1/2)27" <z < (k+1)27",

Show that this system is complete.

69. More examples of orthogonal sets, or “Orthogonal Polynomials 101"

Let w(z) > 0 be an integrable function on an interval (a,b) C R and consider
the Hilbert space

H = L*(a,b;w(zx)dz).
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Assume furthermore that
b
/ |z|"w(z)dz < oo
a

for all n (this follows from w € L'(a,b) if the interval is bounded.)

Define P,(z) to be the unique polynomial of degree n whose highest order
term is 2", such that P, L z/ for all j < n. The polynomials thus defined are
the “orthogonal polynomials on (a,b) with weight w(z).” They form an orthogonal
system.

Exercise 127. Suppose (a,b) is a bounded interval. Prove that {P, : n € N} forms

a complete orthogonal system. (You could use the fact that continuous functions are

dense in L*(a,b,w(x)dz) combined with the Stone-Weierstrass theorem to show that

polynomials are also dense.)

Exercise 128. (Legendre Polynomials)
Compute Py, Py, P, Ps for (a,b) = (—1,1) and w(z) = 1.
Show that

Po(z) = (2Ln'), (%)n (1— 2"

Hint: Use integration by parts to prove that the P, given by this formula are orthogonal.
then compute the coefficient of ™ in P,.

Theorem 74. Let P, (x) be the sequence of orthogonal polynomials in L*(a, b;w(z)dz).
Then P, (x) has n zeroes in the interval (a,b) so that P,, can be written as

Py(z) =Ap(x — z1)(x — x2) ... (T — Ty)
for certain a < x1 < x93 < ...<xp <band A, #0.

Proof. If P, has only k < n sign changes, say at z1,...,xx € (a,b), then we
consider Q(z) = (x — x1)...(x — xx). The degree of Q is k < n so Q L P,, but
Q(z)P,(z) does not change sign so that

b
/ Q(z) Py (z)w(zx)dx # 0.

This contradicts @ L P,. Therefore P, has n sign changes, and since P, is a
polynomial of degree n these sign changes must be simple zeroes, i.e.

P,(z)=Au(z —z1)(z —x2) ... (T — ).

Exercise 129. Show that there exist constants b,c, € R such that
TPy () = b Po1(z) + cn Pro () + b Po—1(z).
Hint: (£Pn+1, Pm) = (Prt1,2Pm).

70. The Spectral Theorem for Symmetric Compact Operators

One of the main theorems from linear algebra states that every symmetric
n X n matrix 7" has an orthonormal basis of eigenvectors vy, ... ,v, € R* with real
eigenvalues. Thus {vy, ... ,v,} is a complete orthonormal set in R” and Tv; = A;v;.
With respect to the basis {v1,...,v,} the matrix of T is diagonal.
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Similar theorems exist for operators in Banach spaces. The most successful
and complete is the spectral theorem for self-adjoint operators in a Hilbert space.
In this section we will state and prove a version for compact symmetric operators.

Definition. Let H be a separable Hilbert space, and let 7" : H — H be an
operator. By definition T' is symmetric if (T'f,g) = (f,Tg) for all f,g € H.

Exercise 130. Symmetric Hilbert Schmidt operators. An integral operator defined by a

kernel T'(z,y), with T € L*(Q x Q) is symmetric if and only if T(z,y) = T(y,z) (almost

everywhere).

Exercise 131. Let Q = (0,1), and let h : & — C be a complex valued measurable
function. Show that the operator T'f(z) = h(z) f(z) is symmetric on L?(Q) iff f is real
valued.

Exercise 132. Let T be the operator T f(z

) =z f(z) on L*(Q), Q = (0,1). Does this
operator have eigenvalues, i.e. are there A € C and

f € L*(Q) with Tf = Af?

Theorem 75 (Spectral Theorem). Let H be a separable Hilbert space. If T : H —
H is compact and symmetric then there is a complete orthonormal basis for H
consisting entirely of eigenvectors of T.

Proof of the spectral theorem

We divide the proof into a sequence of lemmas.

Lemma 76 (The largest and smallest eigenvalues.). If T : H — H is symmetric
and compact then

MT) =sup{(Tz,z) : ||z|| <1}, and w(T) = inf {(Tz,z) : ||z|| <1}

both are attained.

If X(T) > 0 and (Tx,z) = XNT) with ||z|| = 1 then z is an eigenvector of T
with eigenvalue A(T).

If w(T) < 0 and (Tx,z) = p(T) with ||z|| = 1 then x is an eigenvector of T
with eigenvalue p(T).

Proof. If A(T') = 0 then the maximum is attained at z = 0.

Assume A(T") > 0, and let z; € H be asequence with ||z;|| < 1 and lim;—, oo (T'2;, z;) =
AT).

Since H is a Hilbert space H is reflexive. We may therefore use the Banach-
Alaoglu theorem to extract a weakly convergent subsequence of the x;, which we
denote by z; again.

Since T is compact we may extract a further subsequence for which Tz; con-
verges in the norm of H. We again denote this second subsequence by x;.

Thus we have z;—xz. and Tx; — y. For an arbitrary z € H we have

(y,2) = lim (Tz;,2) = im (z;,T2) = (4, T2) = (T, 2).
11— 00 11— 00

This implies that y = Tz,.
We now claim that (z.,Tz.) = A(T). To see this we observe that

AT) = lim (z;, Tx;)
11— 00

= Zlgglo {(zi,y) + (z;,Tx; —y)}
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Here the first term converges to (z.,y) = (x«,Tz.) while the second term is
bounded by

(@i, Twi = y)| < [l2ll [|T2; = yll <|[Tzi —yll = 0.

We therefore have A(T') = (x.,Tx.) as claimed: The quantity (z,Tz) attains a
maximum on {z : ||z|| < 1}.

A similar argument shows that (x,T'z) also attains a minimum.

It remains to show that if A(T)) > 0 then the maximum is attained at an
eigenvector of T'.

First we observe that when A(T") > 0 the maximizing vector z is a unit vector.
Indeed, if ||z|| < 1, then there is a ¢ > 1 with ||cz|| = 1, and one would have
XT) > (cx,T(cx)) = (z,Tz) = AENT) > XT).

Next, let z € H be any unit vector perpendicular to z. Consider

z(t) = (cost)z + (sint)z, te€R

For any ¢t € R z(t) is a unit vector and hence (z(t), Tz (t)) < A(T) with equality
for t = 0. Thus the real valued function f(t) = (z(¢),Tx(t)) attains a maximum at
t =0 and we must have f'(0) = 0. Now compute

d
f(0) = % ((z,Tz)cos®t + 2(Tx, z) sint cost + (z,Tz) sin’ t)
=0
=2(Tz,z)
Thus Tx L z for all z L x: this can only happen if Tz is a multiple of z. Since

(Tz,x) = MT) it follows that Tz = A(T)z.
O

Lemma 77 (Invariant orthogonal splittings.). Let V. C H be a linear subspace
which is invariant under the symmetric operator T, i.e. T(V) C V. Then the
orthogonal complement V+ = {z € H : x L V'} is also invariant under T.

Proof. If V is invariant then we consider any € V* and note that for all v € V
one has Tv € V by assumption and hence,

(v,Tz) = (Tv,x) = 0.
Thus Tz L V. O

Construction of all eigenvectors and eigenvalues. Define numbers
A2 2> >0> 0> o > i,

and vectors x1, T2, -, Y1,Y2, - by the following inductive process.

Let Ay = A(T), and let x; be a corresponding eigenvector; similarly, let pu; =
w(T), and let y; be a corresponding eigenvector.

Given x1,--- ,x,—1 and y1,--- ,Yn—1 let H, 1 be the orthogonal complement
of x1, -+ ,xp—1 and y1,- - ,yn—1. Since the z; and y; are eigenvectors of 7', the
space H,_1 is invariant under 7', and we can define

An =sup{(Tz,z): ||z|| <1,z € Hy—1} = M(T|Hp-1),
i = 08 {(Ty, ) ol < Ly € Homr} = u(T| o).

If A\, > 0 we let z,, be a point in the unit ball of H,_; where the sup is attained,
and likewise, if u, < 0 we choose a y, which minimizes (Ty,y) over the unit
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ball in H,,_;. In either case z, and y, are eigenvectors with eigenvalues A, u,
respectively.

If for some n the A,, turns out to vanish, one ends the sequence of \;’s and z;’s
at ¢ =n — 1, and similar measures are to be taken if u, happens to be zero.
Lemma 78. lim A\, = lim u, =0

n— 00 n— 00
Proof. The same arguments apply to both A, and wu,. We only deal with the
former.

The A, form a decreasing sequence so A = lim,,_,., A;, > 0 exists. Suppose
A > 0. Since the sequence z,, is bounded and T is compact, the image T'x,, must
have a convergent subsequence. But then convergence of A, and Tz,, implies that
xn = \; Tz, also converges. On the other hand the z,, are orthogonal unit vectors
so that ||z, — 2| = /2 for all n # m. There can be no convergent subsequence! O

Let H,, be the intersection of all H,. On H,, one has
pnllzl* < (Tz,z) < Xp 2]
so on the intersection Ho, one has (T'z,z) = 0. Hence
0=(T(@+y),(z+y) = Tz, 2) + (Ty,y) + 2 (Tz,y) = 2 (Tz,y)

for all z,y € Hy,, which means that T' vanishes on H, (take y = Tx.)

If one now chooses an arbitrary complete orthonormal basis {z;} for H.,, then
{z;}U{y;} U{z;} is a complete orthonormal basis for H which diagonalizes T'. The
proof of the spectral theorem is complete.

What happened in this proof? The following problem reveals a nice fact about
the “eigenvalues” of a symmetric matrix which doesn’t show up in most introduc-
tions to matrix algebra.

Exercise 133. Solve the following (3rd semester, honors) Calculus problem: Let A =
(aij) be a symmetric n x n matrix. Find the maxima and minima of

n
fl@a,... zn) =3 Z aijT;T;

ij=1
on the unit sphere, i.e. find the extrema of f subject to the constraint 2 +...+z2 = 1.

The following description of eigenvalues turns out to be of practical use in com-
puting, say, the eigenvalues of the Laplacian on some bounded domain in R™. Here
one can interpret “computing” in the sense of numerical computation, involving a
fast computer to obtain A1,...,A25 in several digits, but also in the sense of es-
timating the A, by hand, e.g. to obtain information about the growth rate of the
eigenvalues A, as n — oo.

Exercise 134. Rayleigh’'s minimax characterization of the eigenvalues.
Let G (H) be the set of k-dimensional subspaces of H. Then

. T
An = sup 1nf( x’f),
vea, ) eV |zl
Tx,x
. (T2,2)

= in su .
Vedy () net |22
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71. Eigenfunctions of the Laplacian
This section is devoted to a proof of

Theorem 79. Let Q@ C R™ be a bounded domain. Then there is a complete or-
thonormal basis {¢, : n € N} for L?(2) consisting of eigenfunctions of the Laplace
operator, i.e. the ¢, belong to W12(Q) and

—Adp =Mt (in D'(Q))
for certain constants
1
n Z10 —2/n_
An > 4| |

We will prove this theorem by applying the spectral theorem to Green’s oper-
ator.

Recall that Green’s operator was defined in §63 by saying that Gf = wu if
fe L), ifue Wh3(Q) and if u satisfies

—Au=f

in the sense of distributions. It was shown in §63 that G is a bounded linear and
compact operator.

Lemma 80. Green’s operator G is symmetric and strictly positive definite, i.e.

(Gf,f) >0 for all f#0¢€ L*().

Proof. We must show that (Gf,g) = (f,Gg) for all f,g € L*(Q).
From the construction of G we know that G f = w if v minimizes

Qs (u) = / (HVu(@)? - u(@) f()} da

over all u € W12(Q).
Similarly, if Gg = v then v minimizes

Qy(v) = / (HVo@)P - v(@)g(e)} de

over all v € W1H2(Q).
Hence Q¢(u + tv), as a function of ¢ € R, attains a minimum at ¢ = 0. Hence

_ de(U + tv)
a dt t=0

1
<—/|Vu|2d:r+t/Vu-Vvda:
t=0 \2
t2
+5/|VU|2d:r—/ufda:—t/vfdm>
:/Vu-Vvda:—/vfdw.

/Vu-Vvda:: /Qv(a:)f(m) da.

Applying the same argument to Q4 (v + tu) we also get

/Vu -Vudz = /Qu(:r)g(a:) dz.

0

d

dt

Thus
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Thus we have
(Gf,g) = (u,g) = / Vu-Vodz = (v, f) = (Gg, ).

This shows that G is symmetric. By setting u = v and f = g we get

(Gf, f) = /|Vu|2 de >0
with equality only for © = 0 and hence f = —Au = 0. O

Since G is a compact operator we may apply the spectral theorem: There exists
an orthonormal family ¢,, € L?(Q) of eigenfunctions of G,

Gon = YnPn-
Lemma 81. 0 < 7, < 4|Q|*/" for all n.

Proof. Since G is strictly positive definite we have

Tn = 7n(¢n;¢n) = (¢n7G¢n) >0

for all n. From ||G|| < we get

Y = Yallgnll = lyndnll = 1Goall < 41217 = 41Q77".

From G¢,, = yn,¢,, and the definition of G it follows that the ¢,, satisfy
Yo (=Adn) = dn,

in the sense of distributions. Hence
_A¢n = >\n¢n

where A, = = > 1|Q|~2/",

1
Tn
An example: the one dimensional case.

If Q = (0, 1), then we have shown that there is a complete orthonormal system
of functions ¢y (z) which satisfies

(@) + Medr(z) =0, (0<z<1)
r(0) = ¢r(1) =0

Here the first line is meant in the sense of distributions, and the second should be
interpreted as ¢ € W1?(Q). However, we have seen that in one dimension W}2
functions are continuous, and that they vanish on 992 = {0, 1}.

Starting from ¢ € C([0, 1]) one shows by induction that the differential equation
¢" = —\¢ implies that ¢ € C*°([0,1]). We can then use our “cookbook differential
equation knowledge” to find the ¢;. They are:

dr(x) = V2sin(knz), A = (kr)’, (k=1,2,3,...).
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What are the eigenvalues?

“And now for a message from our sponsor ... ”

(M.Spivak, Differential geometry, vol.5)

Historically the eigenfunctions of the Laplacian are attached to the heat and

wave equations. The wave equation is the PDE
0%u

38 — =Au, z€Qt>0.
(39) . >
It describes the following physical situation (and many others): if Q@ C R? is
bounded, then one can imagine a membrane in the shape of 2 whose boundary
0N is kept fixed, but which is allowed to vibrate. If one represents the vertical de-
viation at x € Q and time ¢ > 0 by a function u(z,t) then, assuming the deviations
are small, and the membrane is of uniform thickness, etc. one arrives at (38).

If ¢,, is an eigenfunction of A with eigenvalue A, then direct substitution shows

that
Sn( —sm\/ nt)on(z), and Cp( —cosx/ nt)on(z

are solutions to (38) which satisfy the boundary condition
(39) u(z,t) =0 for x € 0N and ¢t > 0.

Since the wave equation is linear any linear combination of the V;, and U, is again
a solution. Thus one arrives at the “general solution”

u(e,t) = 3 { Arsin(VNet)6u(@) + B cos(v/ Nt u () |

k=1

where the coefficients Ay, By are determined by the initial position and velocities

= ZBm(w)
k=1
0) = ZAk\/E%(HJ)
k=1

In particular, this shows that any solution is a superposition of harmonic (sinu-
soidal) vibrations with frequencies wy = Vg
For the heat equation one has the same story. The heat (or diffusion) equation
is
ou

4 —=A O.t>0.
(40) o u, T€MNt>0

If one thinks of Q as a solid whose temperature u(z,t) at point z and time ¢ is
not constant, then under various assumptions it follows that the temperature must
obey (40).

Assume furthermore that the boundary 9 of the solid 2 is kept at a constant
temperature u = 0 (e.g. the solid is submerged in melting ice) and it follows that
the temperature must satisfy the boundary condition (39).

As with the heat equation one can find simple solutions of the form

Hy(z,t) = e i, (z)
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and then exploit linearity of the equation and boundary condition to obtain the
“general solution”

u(z,t) = Z Cre Mg, (x).
k=1

Again, the constants C} are to be determined from the initial temperature by
expanding u(z,0) with respect to the complete orthonormal system {¢(x)}ren,
i.e.

U(JJ,O) = ch¢k(w) = Cp = (U(-,O),¢k)L2(Q).
k=1

It was the one dimensional version of this problem (heat conduction in an
interval with periodic boundary conditions) which led Fourier to study the series
named after him.

For an entertaining article (which spawned several research papers in the years
since then) about the eigenvalues of the Laplacian see M.Kac’s “Can you hear the
Shape of a Drum?” AMERICAN MATHEMATICAL MONTHLY, 1966, and a more
recent, follow-up by M. H. Protter, “Can one hear the shape of a drum? revisited”
SIAM REVIEW 29 (1987) pp.185-197.
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The Fourier transform

Fourier series; The Fourier transform; the Inversion Formula; Tempered distributions;
Plancherel's Formula; Fourier multipliers; Elliptic regularity;

Textbooks to look at: Rudin’s Real and Complex book [4] has chapters on
both Fourier series and the Fourier transform. In [5] he also treats the Fourier
transform from the point of view of tempered distributions. A more specialized
book on Fourier analysis only is Katznelson’s [10].

72. Fourier series

In dealing with Fourier series we consider periodic functions with period 2.

To fix notation we let T be the unit circle in C. Points on T are of the form
e = cosz + isinz, and functions f : T — R can be regarded as 27 periodic

functions of x € R. When integrating such functions one has

2m 27+a T
/f(:r)d:r = flz)dz = / flz)dz = f(z)dz.
T 0

a —m

For instance the convolution f x g of f,g € L'(T) is given by
fro@) = [ o~ )gty) dy
T
27

= flx—y)g(y) dy

0
-/ F(@ = y)g(y) dy (yi=o—2)
-/ " f)gla— =) dy
= g ES f(:L’)

We will use these identities freely.
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Exercise 135. Show that for f, g € L*(T) the convolution f * g again belongs to L' (T),
and that one has

IIf = g”Ll(T) < ||f||L1('Jl‘)||g||L1(T)-
Prove that for f € L'(T) and g € L”(T) (where 1 < p < c0) one has f g € LP(T) with
If = glleecry < N fllzrmllgllze o).

Exercise 136. Let h € L*(T) be given, and consider the bounded operator on L*(T)
defined by convolution with h, i.e.

Tf(e) = h+ f(z) = / " h(y) (= — y)dy

Show that the functions e,(z) = #62’7” are eigenfunctions of T'. What are the

corresponding eigenvalues?
For f € L'(T) we define the Fourier coefficients to be

R 1 )
" —inr d
f —/Te f(z) dx

- 27
The sequence of Fourier coefficients is bounded by

1

F < — 1(TY.
sup | fn| < 27T||f||L (T)

The map f — {f, : n € Z} is therefore a bounded linear map from L*(T) to £>°(Z).
We have seen that for f € L? the partial sums

N ~ .
i@ = Y fuc™
n=—N

converge in L? to f. It is natural to ask if sy f(z) converges pointwise or in any
other sense to f: the answer to this question is surprisingly complicated and has a
very long history.

There are many convergence theorems. In these notes I will only prove one of
them (Theorem 84 below). In Katznelson’s [10, chapter I&II] you can find much
more on the convergence and divergence of Fourier series.

72.1. The Dirichlet kernel

Theorem 82. The partial sums snf of a function f € L'(T) admit the following
explicit representation,

(41) snf(@) = / Dl — y)f(y) dy
where

_ 1sin(N + 3)z

- 2 sin(lz)
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FIGURE 2. The Dirichlet kernel for N = 100.

Proof. One has

Qkﬂzm ok
_ —2kmiy d
Z 2km / 1y

N erm(m y)
Z/T{X_: o }f(y)dy

k=—N
xo+m
= [ Dae- i)y
ro—T
provided
1 N
DN(t) — 2kmit
2T
k=—N

2mit

Summation of the geometric series in e*™** gives the other expression for Dy (t). O

The highly oscillatory function Dy is called the Dirichlet kernel. (See figure 2.) A
basic property of Dy is

(42) / Dn(a) do =

One verifies this by integrating Dy (z) = (27r) 1 Y €2k™% term by term.
To prove convergence of the partial sums one must use the oscillatory nature
of Dy, so we recall

Lemma 83 (Riemann-Lebesgue). If f € LY(T) then for any zo € R
2m

lim sin A(x — xo) f(z) dz = 0.

A—o0 [
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You have proved this in several exercises in these notes for the case f € L'(R).
The case of periodic functions follows immediately: given a periodic function f €
LY(T) apply the L'(R) version of the Riemann Lebesgue Lemma to the function

f(l‘) déf {f(:n) T € (0, 27‘(’)

0 elsewhere.

By definition a continuous function f : T — C is said to be Dini-continuous at
a point zg € T if
/ @) = f@ol o o
|z — x0|

Exercise 137. Verify that any Hoélder continuous function is everywhere Dini continuous.

Theorem 84. If f is Dini-continuous at xy then
lim sy f(xzo) = f(wo).
N—o00

Proof. One has, using (42),

sy f(zo) — f(zo) /DNﬂf— (y) dy — f(zo)

_ / Dn(x — y){f(y) - f(w0)} dy

% /Tsin(N +5) (w0 — y)f.(yz —fln) g,

sin 5 (y — o)

sm(N + )(330 —y)g(y) dy

2

where

det f(y) = fwo) _ fy) = flwo) _ y—o

)
sin 2 (y — o) y—mzo  sin(y— o)

Since m < 7 for |[t| < 7 we have

Y — o

— | <7
sm%(y — )

for xg —m < y < g+ 7. Thus g(y) is integrable on the interval 2o — 7 < y < zo +m,
and the Riemann-Lebesgue Lemma implies that

Jim_ s f(a0) = fao) = Jim_ o= [ sin(N + ) = w)gto) dy = 0.

N—o00 4T

O

Exercise 138. For which z € T does this theorem apply to the functions whose Fourier
series you computed in problems 122, 123 and 1247
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72.2. A divergent Fourier Series

Theorem 85. A continuous function g € C(T) exists whose Fourier series diverges
at x = 0.

Proof. An explicit construction can be given, but in this case Functional Analysis
(Baire’s theorem in the form of the Banach-Steinhaus theorem) provides a shortcut.
Consider the functional

N
An(f) défst(O) = % Z /Te“”f(:r) dz.
k=—N

It is clearly a bounded functional on C(T). A direct calculation show that for
fn(z) =sin(N + 1)z, 0<z<2m.
one has
2 1 1 1
/\N(fN)—;{1+§+g+...+m}.

(The 27 periodic extension of fy is continuous, but not differentiable at z = 0!)
Since ||fn|loo = 1, this implies that

IANllc(ry- > An(fn) = o0, as N = oo.

If supy |[An(g)| were finite for every g € C(T) then the Banach-Steinhaus the-
orem would imply that the functionals Ay are bounded, i.e. supy ||[An]| < co. We
have just shown that this is not the case so we conclude that there exists a g € C(T)
for which the sequence {Ang € C(T) : N € N} is unbounded. The Fourier series of
this g can therefore not converge at = = 0. O

With much more work one can prove the following.

Theorem 86 (Kolmogorov). A function f € L'(T) exists whose Fourier series
diverges everywhere.

Theorem 87 (L.Carleson, 1965). If f € L*(T) then the Fourier series of f con-
verges almost everywhere to f(z).

Theorem 88 (Y.Katznelson & J.-P.Kahane, 1966). For every set E C T of zero
measure there is a continuous function f whose Fourier series diverges precisely on
E.

72.3. The Fejér kernel
By explicit computation one finds

on f(z) % sof(z) + 51f](\ﬂ;3)++1. o+ sy f(z)

_ F_ikx
- k:Z_N (1 - N—+1> Tre
= /IKN(QJ —y)f(y) dy

2
1 sin MtL g
K = 2
() N+1 ( sin %w

where
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FI1GURE 3. The Fejer kernels for N = 10 and N = 200.

is the Fejér kernel. This kernel is much better behaved than the Dirichlet kernel
(see figure 72.2), and the average partial sums on f(z) converge more often than
the partial sums sy f(z) themselves.

Theorem 89. For any f € C(T) the average partial sums onf of the Fourier
series of f converge uniformly to f.

. The Fourier Integral

For f € L'(R™) we define the Fourier transform of f to be
Ff(x) = / e 2T £ (1) da.
The inverse Fourier transform of a g € L'(R?) is

T9() = [ emeege) e
Other notation which is used widely is

FIE) = F©), Fglx) = g().
Theorem 90 (Basic Properties of ).

L. If f € LY(R") then Ff € C(R") and lim¢|_,00 Ff(£) = 0.
2. For f,g € L' one has

F(f*g)=(3Ff)(Tyg)
3. If f,D.f € L'(R™) then
F(Drf)(€) = 2mi&k T f(E).
4. If (1 + |z|)f € LY(R™) then Ff € C*(R") and
DyFf = F(—2mixrf).

The proofs are left as an exercise. (But see Rudin [5] if you get stuck.)
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74. The Inversion Theorem

There are several versions of the inversion theorem, all of which guarantee
FEAN) =1

under varying hypotheses on f, and under various interpretations of “=" (pointwise,
almost everywhere, in the sense of (tempered) distributions, etc.)

Theorem 91. (a) If f € L'(R") and Ff € L'(R?) then f(x) = (F*Ff)(x) for
almost all z € R™.

(b) If f € LY(R™) and F*f € L'(R™) then f(z) = (FF*f)(x) for almost all
x € R,

Note that Ff € L' implies that F*F f € Co(R") so that this theorem says that
f is almost everywhere equal to a continuous function.

Proof. The second statement is obtained from the first by changing i to —¢ in the
definition of the Fourier transform. Below we will prove (a); by changing all i’s to
—i’s you get a proof of (b).

For the proof you must choose a bounded continuous function m : R* — R
whose Inverse Fourier transform M = 3*m you know, and for which m and M are
both in L'(R") with m(0) = 1 and

(43) M(z) dx = 1.
”r

Here are some m’s you could choose:

m(z) M(€)
e_‘m‘2 7"”/26_7"2|5|2
sin w&; ?
MoG-lohe | I (222)
P P 2"
1+ 4728) - (1 + 4n2€2)

Denote
me(§) =m(e§),  Mc(z) =€ "M (%).
On then establishes the following identity:
(44) FH(me(E)(Ff)(E)) = Me = f.
We now let € \, 0 on both sides. On the left we get
F*(me-Ff)(z) = (F*F) f(x) uniformly in z € R".

Indeed, m(e€) is uniformly bounded, and converges pointwise to m(0) as € N\ 0,
while 3* f € L'. Hence the Dominated Convergence theorem applies to

T (me - 5 f)(x) = / T (c)5 £ (€) dE.

n



75.

101
On the right in (44) we have
Mxf= | e "M(=2) f(y) dy (y =2z —e2)

= M(2)f(x —ez) dz.
RTL

Since M € L*(R™) and in view of (43) this implies that lim. .o M, * f(z) = f(z)
for almost every =z € R™.
To conclude, we derive (44) :

T (me (€)(T1)(€)) = / T m(c€)F F(€) dé
/ ) / ) 2T 2 E () f(2!) da' dE (Fubini)

= [ [ e s ax

= M. (z —2')f(z") dz’'
R’ﬂ.
where

Ma) = [ ety €=n/0)

Iy e
= e "F'm(z/e).

Tempered distributions

We have defined the Fourier transform for L' functions. Can one define Ff if
f is merely a distribution? Following the Distribution Way of Doing Things we can
try to define FT for any distribution by trying to make sense of (FT, ) for any
test function (.

Lemma 92. For f,g € L*(R™) one has
(45) (3"f, g9)=(f,%9)
where we write (f,g) = [5. f( ) dx whenever f - g € L'(R").

/n/n‘f*zmgf(f)g(m) d¢ dz.

We would therefore like to define (FT,¢) = (T,Fp). But we can’t do this for
an arbitrary T' € D'(R™) since Fp is in general not a compactly supported smooth
function, i.e. for most testfunctions ¢ the Fourier transform Fy is not a testfunction.
A remedy for this problem is to enlarge the class of test functions. This leads us to
the definition of rapidly decreasing functions (or Schwarz functions, after Laurent
Schwartz who introduced them).

Proof. Both sides equal

O
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Definition. A function f : R® — C is called rapidly decreasing if for all
k € N and |a] < k one has

Pra(f) = sup (1+|a]) "D f(@)] < oo.

Thus rapidly decreasing functions are functions whose derivatives of arbitrary order
decay faster than (1+|z|)~" as || — oo, for all N. The space of rapidly decreasing
functions is denoted by 8(R™), or just 8 if the dimension is clear from context.

Lemma 93. For any f € & one has Ff,F*f € 8.
For any f € 8 one has F*Ff = FF*f = f pointwise.

Proof. Let f € & be given. Since f and all its derivatives decrease faster than any
(1+]z|)~" as |z| — oo, we may use the basic properties of the Fourier transform
to conclude

7 DT f(§) = (-1 (=2mi) = VIF (D2 f).

Thus fﬁD??f(g) is bounded for arbitrary «, 8. It follows that Ff € 8.

The same arguments apply to F* f.

Since § C L' we have proved in particular that for any f € 8 one has
£, Ff,F*f € L*(R™) so that our inversion Theorem 91 applies. O

Definition. A tempered distribution is a linear functional 7' : § — C which
is continuous in the sense that for some K one has

K
T <C sup (1+]e]) " [D%()].
jal<K

The space of tempered distributions is denoted by §8'.
The Fourier transform of a tempered distribution T € 8’ is given by

def
(FT, ) = (T, F ).
Similarly, one defines
* def *
(F*T, 0) S (T, F"p) .

Theorem 94 (Inversion for tempered distributions.). For anyT € 8' one has F*FT =
T.

Proof. We have observed that for all Schwarz functions ¢ € 8§ one has FF*p = .
Hence one has

(F°FT,p) = (IT,5%p) =(T,FF"p) = (T, ).
O

Exercise 139. Which of the following functions f define tempered distributions T, if

one sets
A
(Ty, ) ZA,légoo [B f(@)p(z)dz?
() f(z) = |=l;
(ii) f(z) =el*l;
(iii) f(z) = e® sine”.
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Exercise 140. One can define differentiation of tempered distributions in the same way
as for ordinary distributions, namely,

7y 9P
(D19 - (1,92

for any ¢ € 8, T € 8. This gives us two possibly conflicting interpretations of “f = Djg
in the sense of distributions” when f and g are locally integrable functions.

Suppose f,g € LP(R™) for some p. Show that f = D;g in D' if and only if f = Djg
in§.

76. Plancherel’s Formula

Lemma 95. For f,g € 8 one has (Ff,g) = (f,F*g), where (f,g) is the L*(R")
inner product.

Proof. Remembering the complex conjugate in the definition of the inner product
on L? one finds (f,g) = (f, 7). Hence

(Ff,9) = (Ff.9)=(f,F3) = (f.T*9) = (f,F"9).

By setting ¢ = F f one finds Plancherel’s formula
(31,30 =(£,3°5f) = (}. ),

in other words, the Fourier transform preserves the L? norm on rapidly decaying
functions! Since F : § — § is bijective (its inverse is given by F*) the same is true
for 5% : 8§ — 8. Since § is dense in L? we conclude

Theorem 96. The Fourier transform ¥ : § — & extends to an norm preserving
linear map F : L*(R™) — L?(R™). This map is invertible, its inverse is given by
F*.

For any f € L?(R™) one has $*Ff = f, but one should be careful with the
interpretation of this identity. Here both sides do not stand for continuous functions
which are well defined at each x € R™. Since L?*(R*) ¢ L'(R") we have no
guarantee that the integral

Ff(x) = / e 2™ f () da
exists for any £ € R". Instead, we have defined Ff by
Ff= (L% lim Tfy
k—o00

where f; € 8 is a sequence of Schwarz functions which converge in L? to f. The
result is an L? function ¢ = Ff. Indeed, Theorem 96 says that the result can be
any function g € L?!

77. Fourier multiplier operators.

A Fourier multiplier operator T}, is an operator of the form

Tf =5 (m(€)T"f(€))
for some bounded function m : R — C which is called the multiplier.
If m happens to be the Fourier transform of some M € L'(R") then

Tnf = 3" (mE)Tf(&) =T (TM(E)TF(€)) =F"F(M * f) = M * f.
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In other words for m = FM(€) the Fourier multiplier operator T, is nothing but
convolution with an L! function M. Such operators are bounded on all L?(R")
with 1 < p < oo, by Young’s inequality.

Theorem 97. If m € L°°(R"™) then the operator T, is bounded on L*(R").

Proof. If f € L? then Ff € L?, with ||Ff||z= = ||fl|z2. Since m € L one has
m(€)Tf(€) € L? with

Im()FF ()2 < llmllpesl fll L2

Since the inverse transform also preseves the L? norm one obtains
Tof =F*(m(&)Ff(€)) € L*
with
1T fllrz = | F*(m(E)TF(E)]| 12 = IMmEOTF ()l < ImllLes | fllzz.
O

This is a very strong theorem since nothing is required of the multiplier besides
being measurable and (essentially) bounded. However, the theorem is only true in
this generality for operators from L? to L?. Similar theorems exist giving sufficient
conditions on the multiplier m for the operator T}, to be bounded on LP. On
the other hand, a simple example exists of a multiplier whose operator T}, is not
bounded on any LP except p = 2, namely: let m be the characteristic function of
the unit ball in R™ (the example is simple, the proof is not — see [11, page 450].)

78. An example of Elliptic Regularity

The Fourier transform can be used to prove that solutions of certain partial
differential equations have more derivatives than is apparent from the equation.
In this section we illustrate this with the Laplace operator. As a result we will
show that the eigenfunctions of the Laplacian on a domain Q2 C R™ are in fact C*°
functions in the domain.

78.1. The Resolvent of the Laplacian.
For given A € C we try to solve the equation
(46) Au—Au = f
where the given function f and the solution u shall be tempered distributions.

Lemma 98. If A € C\ (—00,0] then (46) has a unique solution u € L*(R"™) for
any f € L?>(R™). This solution is given by

u= ff*{mx-fff},

where the multiplier my is given by

1
MO = T e
Furthermore, the first and second derivatives of u in the sense of distributions also

belong to L?.
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Proof. Taking Fourier transforms on both sides one finds
FF(E) = T — Au) = AFu(€) + 4n2¢*Tu(¢),

which one can solve easily for Fu(€) by dividing by A + 472|£|?, i.e. by multiplying
with my.

If A € C\ (—o0,0] then my is a smooth and bounded function on R", so that
the corresponding multiplier operator T}, is bounded on L2.

To see that the derivatives of u are L? functions we observe that

—4r?&&Fu(f)
Nranp @

Thus if f € L? then by Parseval we have Ff € L?; the multiplier above is bounded,
so F(DyD;u) also belongs to L?; by Parseval again we see that Dy Dju itself also
belongs to L2.

A similar argument shows that the first derivatives also belong to L2. |

F(DyDyu) = 47266 Fu(€) =

Recall that W™P?(R") is the Sobolev space of functions whose distributional
derivatives of order < m are LP functions.

Corollary 99. Ifu € L?, and if Au € W™2(R") then u € WmH22(R").

In other words, “if the Laplacian of an L? function has m derivatives in L?
then the function has m + 2 derivatives in L2.”

Proof. By induction on m > 0.

For m = 0 we are given v € L? and Au € L2. Hence u — Au € L?. By lemma
98 the first and second derivatives of u belong to L?. This means u € W2?2(R").

In the induction step with m > 0 we are given v € L? with Ay € W™2. In
particular Au € L? so by the m = 0 step we conclude that v € W22, ie. the
derivatives of order < 2 are in L2.

Consider v, = Dyu. Then we have just shown that v, € L?. Since Avy =
Dy Au, we also have Avy, € W™=12 (i.e. vy has derivatives of order < m —1in L?).
The induction hypothesis then implies that vy, € W™t12 (ie. vy has derivatives of
order < m + 1 in L?). Recall that the v, are the first derivatives of u, so that we
have u € W™+22 as claimed. O

78.2. Smoothness of Eigenfunctions

In this section we study local smoothness of the eigenfunctions of the Laplace
operator. We will use the following definitions:

Let 2 C R" be an open domain. A distribution u € D'(Q) is said to be locally
of class W™?2 if for every ¢ € D(Q) one has ¢u € W™?(R*). We write W,2*(Q)
for the space of locally W™? distributions on (.

Theorem 100. Let Q C R™ be an open domain, and let u € Wllof(ﬂ) be a solution
of Au = Au for some A € C. Then u € C>®(Q).

We will break the proof into several Lemmas.

Lemma 101. Let u € W,-%(Q) be a solution of Au = \u in the sense of distribu-

loc

tions. Then u € VVSE(Q) for all m, i.e. for any test function ¢ € D(Q) one has
du € W™2(R").
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Proof. By induction on m. The case m = 1 is given, so we proceed directly to the
induction step. Assume we have proven that u € WITC’Z(Q).
Let ¢ € D(Q) be given. Then

Agu) = (Au)d + 2Vu - Vo + ulg = 2Vu - Vo + u(Ad + Ad).

By the induction hypothesis both Vu - V¢ and u(A¢ + A@) belong to W™ L2(R™).
Hence ¢u, A(¢u) € W™?2?(R™) and we conclude that ¢u € WmHL2(R?). O

Lemma 102. If m > £ +k and u € W™2(R"), then u € C*(R™) and the deriva-
tives of order k of u are Hélder continuous with exponent

Proof. One can derive this from the Sobolev embedding theorems. Here is a proof
which uses the Fourier transform.

We are given u € W™?2(R"), i.e. all derivatives D%u of order || < m belong
to L?. Their Fourier transforms F(D%u) = (—27&)*Fu therefore also lie in L?(R™).
We therefore have

(47) | s iemimuoP as < .
The inversion theorem tells us that
u(z) :/ 2™ TE Ty (€) de

Condition (47) implies via Holder’s inequality that

/ |€1F|Fu(é)] dE = / (14 €13 ™21Ek (1 + €)™/ 2|Fu(€)| dE
R~ R~

< (e d5>% ([ a+ierrizuer déf

The condition k£ > m + § implies that the first integral here converges. We may
therefore differentiate k times under the integral to obtain for any a with |a| =k
that

Diu(e) = [ mE(amie) Tu(e) de

so D%u is the inverse Fourier transform of an integrable function. Hence D%u is
continuous. O
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