Sobolevology

1. Definitions and Notation

1.1. The domain. () is an open subset of R™.

1.2. Holder seminorm. For « € (0, 1] the Hélder seminorm of exponent o of a function is
given by
flx) = fly
PRSI CES 1]
THY |=T - y|
When « = 1 this seminorm is the same as the Lipschitz constant of the function f.
2. Inequalities
2.1. Poincaré. If ¢ € C°(Q) and if Q has width L (i.e. Q C (0,L) x R*™!) then
/ o(x)?dr < Cp(Q )/ \V|2da
Q Q

where the Poincaré constant Cp(2) is bounded by

2.2. Sobolev (p =1). For any f € C}(R") one has

n—1)/n
([ orevan)™™ " <, [ (9sias.
R» Rn

The constant C,, < 1.

2.3. Sobolev (1 <p < n). For any f € C}(R") and any 1 < p < n one has

([ st nan)"" <o ([ (wrpas)”

(See problems for the constant C,, ;)

2.4. Morrey. For any f € C}(R") and any p > n one has

[flionsp < Cn,p(/w IVf!pdm>1/p.
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3. Spaces

3.1. The space WHP(Q). For 1 < p < oo the space WP(Q) consists of all f € LP(Q) for
which the distributional partial derivatives g—i belong to LP(£2). The norm on W1P(Q) is

| fllwre = </Q{‘f’p+ IV f[P} d$>1/p

The space Wol’p(Q) is by definition the closure in W1?(Q) of C2°(Q).

3.2. HY(Q) and H}(2). When p = 2 the following notation is commonly used
WhQ) = H\(Q),  Wy?(Q) = Hy(Q).

These spaces are Hilbert spaces, and there are various inner products on them which define equiv-
alent norms. On H'(Q) one defines

(u,v) 1 :/{uv+Vu-Vv}d:c.
Q

This expression also defines an inner product on the subspace H& (Q).

The following expression defines an inner product on H}(£2) but not on H*(Q):

(u,v)Hé :/QVU'VU dx.

The corresponding norm on H} () is

e = [ [Vuta)P da.
Q

It follows from the Poincaré inequality that this norm is equivalent with the H' norm defined above.

3.3. H (). The space of all distributions on Q which can be written as

o 0N 0k
g=V f_8x1+ +3:En

with f1,..., fn € L%(Q) is defined to be H=(Q).
The quantity

lgl - = inf / e
g=V-f JQ

defines a norm on H~1(Q).

3.4. H71(Q) is the dual of H}(Q). Let g be any distribution on Q. Then the functional

v = {9,9)
extends to a bounded linear functional on H{ () if and only if g € H~(Q2). Furthermore, the H~*
norm of g defined in §3.3 is also given by

lgllg—2 = sup (g,v).

ol g <t
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3.5. Theorem. If f € L?(Q) then

defines a bounded linear functional on H& (Q). Identifying the function f with the linear functional
it defines, we may think of f as an element of H=1(Q). One has

[flz-1 < Cp) 2,
where Cp(QY) is the Poincaré constant of .

Proof. Use the Poincaré inequality, which says that for any v € HZ(Q) one has [[v]|z2 <
Cp|[v| g1, to bound [ fvdz as follows:

/fvdﬂf < Ifllzzllvlire < Crll fllz2 vl ;-
QED

4. Solving the Poisson equation

4.1. The Poisson equation and boundary value problem. Poisson’s equation is
—Au = B u|3Q =0.

A function u € H} () is a weak solution, or a solution in the sense of distributions if

Yo e C°(Q) /Vu-Vvdx:/fvdx.
Q Q

4.2. Theorem. Let Q) be bounded. Then for any f € L*()) there is a unique solution of
—Au = f, u € H}(Q).
This is a special case of the following theorem.
4.3. Theorem. Let Q be bounded. Then for any g € H=1() there is a unique solution of
—Au =g, u € HY(Q).
Proof. The definitions imply that v € H}(f2) is a weak solution iff
(1) VoeH) (uv) = (g,0)

The right-hand side defines a bounded linear functional on H}(f2), because, by definition (g,v) <
gl zz-1llvllm,, for all v € H¢. Every bounded linear functional on a Hilbert space such as H} ()
is of the form v — (u, U)H(} for one and only one u € H{. QED

4.4. Theorem. If u € H}(Q) is the solution to —Au = g with g € H~1(Q), then
[l < Ngllz—1-
Proof. u satisfies (1) for all v € Hi. Choose v = u and you get

lullyy = (v} gy = {g, ) < gl [l -

Cancel ||UHH65 left and right. QED



5. Problems

5.1. Membership in Sobolev spaces. Let B be the open unit ball, and define for each a > 0
the function f,(z) = |x|~%. For which values of a > 0 does one have f, € WiP(B)?

5.2. Bad (nowhere continuous) Sobolev functions. Let 1 < p < n, and let B be the
open unit ball in R™. Let {z; € B};en be a dense sequence of points. Find numbers b; > 0 (i € N)
and a > 0 so that the series f(z) = Y22, b;j|z — x;|~® converges in WP(B).

Background to the next three problems. The Sobolev inequality says for any p < n
that Vf € LP(Q) implies f € L™/("=P)(Q). If you let p / n in this statement you would get:
‘Vfe L' = f € L®”. This turns out not to be true however (for a counterexample, if you
insist, try functions of the form f(x) = |logx|* for appropriate o > 0.)

5.3. Sobolev constant. Derive the Sobolev inequality with 1 < p < n from the Sobolev
inequality with p =1, and find an explicit upper bound for Cy,,, (assuming that C,, < 1).

5.4. Sobolev inequality when |V f| € L"(Q). When Q C R™ and [, [V f["dz < oo neither
the Sobolev inequality nor the Morrey inequality apply. Prove that for any f € W1"(Q) and any
p < oo one has

1/n
Il < €( [ 1vs1 )"

The constant depends on p and || (you must assume that 2 has finite volume).

(Hint: if |[Vf| € L™ and || < oo then Holder’s inequality implies that |V f| € L"(Q) for any
r € [1,n). Pick the right r for the given p, and use C),;, from the previous problem.)

5.5. Sobolev inequality when |V f| € L™(Q2), the sequel. Use the result from the previous
problem to show that if |V f| € L™(§2) for some bounded domain €2 C R™, then there is a constant
¢ > 0 such that

/ @ gy < 0.
Q

Hint: use the Taylor expansion el = % '¢*|f|¥/k! and estimate the integral of the terms in

this expansion using the previous problem.

5.6. Membership in H~1(Q). In §3.5 we showed that L?(2) ¢ H~1(Q) for any bounded
open domain 2 C R",

A. For which ¢ € [1,00] does one have L4(2) C H~1(Q)? (The answer will depend on n; you
need the Sobolev inequalities to find the appropriate range of ¢; the cases n = 1 and n = 2 are a
bit different from the case n > 3.)

B. Suppose the domain 2 contains the origin. For which a > 0 does the boundary value
problem

—Au = |z|7¢, u € H}(Q)

have a solution? (hint: if |z|~® belongs to H () then Theorem 4.3 applies. Use problem 5.1).
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5.7. Poincaré from Sobolev. Let 2 C R" be an open subset with finite volume. Use the
Sobolev inequality to prove that Poincaré’s inequality holds for €2:

Yu € C°(Q) / ulde < C|Q)P/" / |Vu|*dx
Q Q

where |(2| is the volume of 2.



	1. Definitions and Notation
	2. Inequalities
	3. Spaces
	4. Solving the Poisson equation
	5. Problems

