Method of Characteristics

There is a general method, called the method of characteristics for
finding the solutions to a first order equation of the form

A o e e )
a"'a(x’t)a:f(x:t’u)

Ckm(‘."“’v’?&k( 5 o e
in which a: R* —» R and f: R3 — R are continuously differentiable sl R oms 3}(
functions. I - Sk
at

In this method we first find the characteristics of the equation. These
are curves in the (x, t)—plane that are graphs of functions x: R — R
that satisfy the characteristic equation t
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If x: R — R s a characteristic of the PDE (1), i.e. if x: R — R satisfies
(2), then the several variable chain rule implies
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The characteristic equation (2) causes the first two terms on the left to
cancel so that we find that if x: R — R is a characteristic then
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Since u satisfies (1), we can write this as

dt = x=x(€)

AL r--/R ey =

_ w ), & U “ =
M 10 ’ ) ux(by, U (#)

~— e

This is an ordinary differential equation for the values of the solution u
evaluated along the characteristic x(t), i.e. for the function e

u(x(t), t).
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Transport with variable speed-example

Let u be a solution of alg )= x(-x) C=o
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Let u be a solution of alg €)= x(-x )
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The equation for characteristics is
dx
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Solve the diffeq: ¢ = fx(l—x) =In |1_x| +C
So the characteristics are given by
|+c

t=1 | X

=1n
1—x
ot+C

which you can also write as x(t) = ey

Given a point (x, t) the value of Cfor the characteristic through
this point is
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The x-coordinate of the point where the characteristic
intersects the x-axis satisfies
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Solve for x;:

xe~t

x = —-———
O T xet+1—x

The solution at (x, t) is therefore

u(x, t) = ulxy,0) =u (L 0)
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