
The constant velocity transport equation — characteristics

We consider the equation
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If 𝑢(𝑥, 𝑡) is a continuously differentiable solution, then by the several variable chain rule
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= 𝑐𝑢௫ + 𝑢௧ = 0

for any 𝑥, 𝑡 ∈ ℝ. This means that any solution is constant along the lines 𝑥(𝑡) = 𝑥 + 𝑐𝑡(𝑡 ∈ ℝ). 
These lines are called the characteristics of the equation.

The initial value problem

Suppose we are given the values 𝑢(𝑥, 0) = 𝐹(𝑥) of the solution at time 𝑡 = 0 for all 𝑥 ∈ ℝ. 

Then for any (𝑥, 𝑡) ∈ ℝଶ one has 𝑢(𝑥, 𝑡) = 𝑢(𝑥 − 𝑐𝑡, 0) = 𝐹(𝑥 − 𝑐𝑡).

In other words, if	there	is	a	solution	with	the	prescribed	initial	values	then	it	must	be	𝑢(𝑥, 𝑡) =
𝐹(𝑥 − 𝑐𝑡).

On the other hand, if 𝐹:ℝ → ℝ is 𝐶ଵ then you can verify by substituting that 𝑢(𝑥, 𝑡) = 𝐹(𝑥 −
𝑐𝑡) satisfies the transport equation 𝑢௧ = 𝑐𝑢௫ .

The transport equation



Solutions without derivatives


