AN INTRODUCTION TO COMPLEX NUMBERS
AND THE COMPLEX EXPONENTIAL FUNCTION

1. COMPLEX NUMBERS

The equation 22 + 1 = 0 has no solutions, because for any real number z the square
x? is nonnegative, and so 2 + 1 can never be less than 1. In spite of this it turns out to

be very useful to assume that there is a number ¢ for which one has
1) i?=-1.

Any complex number is then an expression of the form a + bi, where a and b are old-
fashioned real numbers. The number « is called the real part of a + bi, and b is called its
imaginary part.

Traditionally the letters z and w are used to stand for complex numbers.

Since any complex number is specified by two real numbers one can visualize them
by plotting a point with coordinates (a,b) in the plane for a complex number a + bi.
The plane in which one plot these complex numbers is called the Complex plane, or
Argand plane.

Figure 1. A complex number.

You can add, multiply and divide complex numbers. Here’s how:
To add (subtract) z = a + bi and w = ¢ + di

z4+w=(a+bi)+ (c+di) = (a+c)+ (b+ d)i,
z—w=(a+bi)—(c+di) =(a—c)+ (b—d)i.
To multiply z and w proceed as follows:
2w = (a + bi)(c+ di)
= a(c+di) + bi(c+ di)
= ac + adi + bei + bdi*
= (ac — bd) + (ad + be)i

where we have use the defining property i> = —1 to get rid of i°.
1
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To divide two complex numbers one always uses the following trick.
a+bi a+bi c—di

c+di - c+di c—di
_ (a+bi)(c—di)

~ (c+di)(c — di)

Now
(c+di)(c —di) = ¢* — (di)* = ¢* — d*i* = * + d?,
$0
a+bi  (ac+bd)+ (bc — ad)i
c+di 2 +d?
ac+bd bc—ad
a2 g targ!
2 +d 2 +d
Obviously you do not want to memorize this formula: instead you remember the trick,
1.e. to divide ¢ + di into a + bi you multiply numerator and denominator with ¢ — di.
For any complex number w = c+di the number c—di is called its complex conjugate.
Notation:

w=c+di, w=c—di.
A frequently used property of the complex conjugate is the following formula
) wiw = (c+di)(c —di) = ¢ — (di)* = ¢ + d*.

The following notation is used for the real and imaginary parts of a complex number
z. If z = a+ bi then

a = the Real Part of z = Re(z), b = the Imaginary Part of z = Jm(z).

Note that both Rez and Jmz are real numberdl.

2. ARGUMENT and ABSOLUTE VALUE

For any given complex number z = a + bi one defines the absolute value or modulus

to be
2| = Va® + b2,
so |z| is the distance from the origin to the point z in the complex plane (see figure [I).
The angle 6 is called the argument of the complex number z. Notation:
argz = 0.

The argument is defined in an ambiguous way: it is only defined up to a multiple of
2. E.g. the argument of —1 could be 7, or —, or 37, or, etc. In general one says
arg(—1) = 7 + 2km, where k may be any integer.

From trigonometry one sees that for any complex number z = a + bi one has

a = |z|cosf, and b = |z|sin¥,

so that
|z] = |z] cos 0 + i|z| sinf = |z|(cos § + isin®).
and
sin 6 b
tanf = = —.
cosf a

<« 2.1 Example. Find argument and absolute value of z = 2 + i.

«

' A common mistake is to say that Jmz = bi. The “4” should not be there.
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Solution: |z| = v/22 + 12 = /5. z lies in the first quadrant so its argument 6 is an angle

between 0 and 7/2. From tan § = § we then conclude arg(2 + i) = § = arctan=. »

3. GEOMETRY of ARITHMETIC

Since we can picture complex numbers as points in the complex plane, we can also
try to visualize the arithmetic operations “addition” and “multiplication.” To add z and

z4+w z+w

Figure 2. Additionof z =a+biandw =c+ di

w one forms the parallelogram with the origin, z and w as vertices. The fourth vertex
then is z + w. See figure

a+ bi

90°

—-b a

Figure 3. Multiplication of a + bi by i.

To understand multiplication we first look at multiplication with . If z = a + bi
then

iz =i(a +bi) =ia + bi® = ai — b= —b+ ai.
Thus, to form iz from the complex number z one rotates z counterclockwise by 90
degrees. See figure Bl
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If a is any real number, then multiplication of w = ¢ + di by a gives
aw = ac + adi,
so aw points in the same direction, but is a times as far away from the origin. If a < 0
then aw points in the opposite direction. See figure Al

3w

2w

—2w

Figure 4. Multiplication of a real and a complex number

Next, to multiply z = a + bi and w = ¢ + di we write the product as
zw = (a + bi)w = aw + biw.

Figure Bl shows a + bi on the right. On the left, the complex number w was first

zw = aw + biw
biw

aw a+bi

0 £‘,§1rg \
W 12 ‘0 = arg z

a

w

Figure 5. Multiplication of two complex numbers

drawn, then aw was drawn. Subsequently iw and biw were constructed, and finally
zw = aw + biw was drawn by adding aw and biw.

One sees from figure Blthat since iw is perpendicular to w, the line segment from 0 to
biw is perpendicular to the segment from O to aw. Therefore the larger shaded triangle
on the left is a right triangle. The length of the adjacent side is a|w|, and the length of
the opposite side is b|w|. The ratio of these two lengths is a : b, which is the same as for
the shaded right triangle on the right, so we conclude that these two triangles are similar.

The triangle on the left is |w| times as large as the triangle on the right. The two
angles marked 6 are equal.
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Since |zw] is the length of the hypothenuse of the shaded triangle on the left, it is |w|
times the hypothenuse of the triangle on the right, i.e. |zw| = |w]| - |z].

The argument of zw is the angle 6 + ¢; since § = arg z and ¢ = argw we get the
following two formulas

3) |zw| = |z] - ]
“) arg(zw) = arg z + arg w,

Le. when you multiply complex numbers, their lengths get multiplied and their argu-
ments get added.

4. APPLICATIONS in TRIGONOMETRY

4.1. Unit length complex numbers. For any ¢ the number z = cosf + isiné has
length 1: it lies on the unit circle. Its argument is arg z = #. Conversely, any complex
number on the unit circle is of the form cos ¢ + i sin ¢, where ¢ is its argument.

4.2. The Addition Formulas for Sine & Cosine. For any two angles 6 and ¢ one can
multiply z = cos 6+ sin 6 and w = cos ¢+i sin ¢. The product zw is a complex number
of absolute value |zw| = |z| - |w| = 1- 1, and with argument arg(zw) = arg z + argw =
0+ ¢. So zw lies on the unit circle and must be cos(6 + @) + i sin(6 + ¢). Thus we have

Q) (cos @ + isin@)(cos ¢ + isin @) = cos(f + @) + isin(f + ¢).
By multiplying out the Left Hand Side we get
©) (cos B + isin@)(cos ¢ + i sin ¢) = cos O cos ¢ — sin f sin ¢
+ i(sin 6 cos ¢ + cos 0 sin ¢).
Compare the Right Hand Sides of ) and @), and you get the addition formulas for Sine

and Cosine:
cos(f + ¢) = cosf cos ¢ — sin @ sin ¢
sin(f + ¢) = sin 6 cos ¢ + cosfsin ¢

4.3. De Moivre’s formula. For any complex number 2 the argument of its square 22

is arg(2?) = arg(z - z) = argz + arg z = 2arg z. The argument of its cube is arg 23 =
arg(z-2?) = arg(z) +arg 22 = arg z + 2 arg 2 = 3 arg z. Continuing like this one finds
that

@) argz" =n argz

for any integer n.

Applying this to z = cos + isin 6 you find that 2" is a number with absolute value
|z"| = |z|™ = 1™ = 1, and argument narg z = nf. Hence z™ = cosnf + isinnf. So
we have found

®) (cosf 4 isin )™ = cosnb + isinnb.

This is de Moivre’s formula.
For instance, for n = 2 this tells us that

0820 + isin 20 = (cos @ + isin 0)? = cos? § — sin? @ + 2i cos O sin 6.

Comparing real and imaginary parts on left and right hand sides this gives you the
double angle formulas cos § = cos? # — sin? § and sin 26 = 2sin 0 cos .
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For n = 3 you get, using the Binomial Theorem, or Pascal’s triangle,
(cos @ + isin ) = cos® § + 3i cos® Osin 6 + 3% cos @ sin? O + ° sin® 0
= cos® 0 — 3 cosfsin? 0 + (3 cos? O sin § — sin® §)
so that
cos 30 = cos® @ — 3 cos O sin? 0
and
sin 30 = cos® #sin§ — sin® 6.

In this way it is fairly easy to write down similar formulas for sin 46, sin 56, etc....

5. CALCULUS of COMPLEX VALUED FUNCTIONS

A complex valued function on some interval I = (a,b) C Ris a function f : I — C.
Such a function can be written as in terms of its real and imaginary parts,

©) f(@) = u(z) +iv(z),
in which u,v : I — R are two real valued functions.

One defines limits of complex valued functions in terms of limits of their real and
imaginary parts. Thus we say that

lim f(z)=1L

if f(z) = u(z) +iv(z), L = A+ iB, and both
lim u(z) = Aand lim v(z) =B

T—x0 r—x1

hold. From this definition one can prove that the usual limit theorems also apply to
complex valued functions.

Theorem 5.1. Iflim, ., f(z) = L and lim,_,,, g(x) = M, then one has
lim f(z)+g(z) =L+ M,
lim f(z)g(x) = LM,

mlglmlo % = %, provided M # 0.

The derivative of a complex valued function f(x) = u(z) + iv(z) is defined by
simply differentiating its real and imaginary parts:

(10) F'(2) = (@) + v/ (2).
Again, one finds that the sum,product and quotient rules also hold for complex valued
functions.

Theorem 5.2. If f,g : I — C are complex valued functions which are differentiable at
some xq € I, then the functions f £ g, fg and [ /g are differentiable (assuming g(xo) # 0
in the case of the quotient.) One has

(f £ 9) (z0) (z0) = ¢'(z0)
(f9) (x0) = f'(z0)g(z0) + f(20)g' (20)
AN ~ f'(x0)g(w0) — f(w0)g'(x0)
(7) =

=f
=f
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Note that the chain rule does not appear in this list! See problem [ for more about
the chain rule.

6. THE COMPLEX EXPONENTIAL FUNCTION

a-+bi

We finally give a definition of e**"". First we consider the case a = 0:

Definition 6.1. For any real number t we set

et = cost + isint.
< 6.2 Example. €™ = cosm + isinm = —1. This leads to Euler’s famous formula
€ +1=0,
which combines the five most basic quantities in mathematics: e, , 7, 1, and 0. >

Reasons why the definition 6.1 seems a good definition.
Reason 1. We haven’t defined e before and we can do anything we like.
Reason 2. Substitute it in the Taylor series for e®:
@)? @ @)
2! 3! 4!
A A o
=1—t2/20 4441 — ...

+i(t—t7/31+t°/50— )

=cost +isint.

et =1+t +

This is not a proof, because before we had only proved the convergence of the Taylor
series for e” if x was a real number, and here we have pretended that the series is also
good if you substitute x = it.

Reason 3.  As a function of ¢ the definition gives us the correct derivative.
Namely, using the chain rule (i.e. pretending it still applies for complex functions) we
would get

de” = ie'.
dt
Indeed, this is correct. To see this proceed from our definition .1k

de'  dcost+isint
dt dt

dcost  .dsint
o Tar
= —sint + ¢cost

= i(cost + isint)

Reason 4. The formula e® - e¥ = ¢®1Y still holds. Rather, we have e?1%5 = ¢iteis,
To check this replace the exponentials by their definition:

e'e’® = (cost + isint)(cos s+ isins) = cos(t + s) + isin(t 4+ s) = '+,
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Requiring e - €¥ = ¢V to be true for all complex numbers helps us decide what
€2t shoud be for arbitrary complex numbers a + bi.

Definition 6.3. For any complex number a + bi we set

e@th = 0. e — ¢%(cosh + isinb).

One verifies as above in “reason 3” that this gives us the right behaviour under differ-
entiation. Thus, for any complex number r = a + bi the function

y(t) = e = e™(cos bt + i sin bt)

satisfies

7. OTHER HANDY THINGS YOU CAN DO WITH COMPLEX NUMBERS

7.1. Partial fractions. Consider the partial fraction decomposition

?4+3z-4 A n Bx+C
(x—2)(z2+4) x-2 22+4
The coefficent A is easy to find: multiply with  — 2 and set © = 2 (or rather, take the
limit 2 — 2) to get

r+3-2-4
2244
Before we had no similar way of finding B and C' quickly, but now we can apply the
same trick: multiply with 2 + 4,
z? + 3z —4
(z —2)
and substitute = 2i. This make 22 + 4 = 0, with result
(20)2 +3-2i — 4
(2 — 2)
Simplify the complex number on the left:
(20)2+3-2i—4  —4+6i—4

(26 —2) =242

—8 + 6i

-2+ 2i

(=8 + 6i)(—2 — 2i)

(—2)2 4 22
28 + 4i
8
7

273

So we get 2iB + C = £ + L;since B and C are real numbers this implies
7 1

B=:  C=-.
4 2

A:

=Bz +C+ (2 +4
z+C+ (2" +4)—,

=2iB+C.
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7.2. Certain trigonometric and exponential integrals. You can compute
3x
/ e”* cos 2zdx
by integrating by parts twice. You can also use that cos 2z = Re(e?®), so that
/639” cos 2zdz = /%e(eBIeQiz)dx
= Re / 37 Ay
= Re / 32Ty
= Re / B2z,
o(3+20)z
= NRe - +C
3+ 2i
At this point we are done, at least in principle, since we have gotten rid of the integral.

Still, one would like to remove the complex numbers from the answer, which you do as
follows:

eB+20)z cos3x + isin3x

342 3+ 2i
o, (€08 3x + isin3x)(3 — 2i)
(3+2i)(3—2i)
6213COS3$+ 2sin3x +i(---)
13

% cos2adr = e d O\ oz o (3 oszet singe) 4+ C
/e cos2zxdx = e{ 3+2i}+ =e <ﬁcos a:—l-ﬁsm :c)—l— .

SO

7.3. Complex amplitudes. A harmonic oscillation is given by
y(t) = Acos(wt — ¢),

where A is the amplitude, w is the frequency, and ¢ is the phase of the oscillation. If
you add two harmonic oscillations with the same frequency w, then you get another
harmonic oscillation with frequency w. You can prove this using the addition formulas
for cosines, but there’s another way using complex exponentials. It goes like this.

Let y(t) = Acos(wt — ¢) and z(t) = B cos(wt — 0) be the two harmonic oscillations
we wish to add. They are the real parts of

Y (t) = A{cos(wt — @) + isin(wt — @)} = Ae™!'1% = Ae~ Pt
Z(t) = B {cos(wt — 0) + isin(wt — 0)} = Be™!~10 = Be=1¢ivt
Therefore y(t) + z(t) is the real part of Y(¢) + Z(2), i.e.
y(t) + 2(t) = Re(Y (1)) + Re(Z(t)) =Re(Y(t) + Z(1)).
The quantity Y (t) + Z(t) is easy to compute:
Y(t)+ Z(t) = Ae ™' + Be et = (Ae™'® 4 Be ) ™.
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If you now do the complex addition
Ae™ 4 Be ¥ = Ce ™,
i.e. you add the numbers on the right, and compute the absolute value C' and argument
—1) of the sum, then we see that Y (¢) + Z(t) = Ce?“*~¥). Since we were looking for
the real part of Y'(¢) + Z(t), we get
y(t) + 2(t) = Acos(wt — ¢) + B cos(wt — 6) = C cos(wt — ).

The complex numbers Ae =%, Be~% and Ce~* are called the complex amplitudes for
the harmonic oscillations y(t), z(t) and y(¢t) + z(¢).

The recipe for adding harmonic oscillations can therefore be summarized as follows:

Add the complex amplitudes.
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8. PROBLEMS

Computing and Drawing Complex Numbers

() Compute the following complex numbers by hand, and check the answers on your
calculator (if you don’t have a calculator, check them with someone else in your class).
(#) Draw all numbers in the complex (or “Argand”) plane (use graph paper or quad
paper if necessary).

(#37) Compute absolute value and argument of all numbers involved.

(14 2i)(2 —4) (1+4)(1 4 20)(1 + 34)

(i.e. draw 1 4 2i, 2 — ¢ and the product; the same for the other problems)

i i@
it E

(3
(3V3+ V2 —
. (3 +4V3)°
oTi/3 V2e3mi/4
e™ 41 pl7mi/4

Let 0,9 € (—%, %) be two angles.

(?) What are the arguments of z = 1 + i tan6 and of w = 1 + i tan ¢? (Draw both z and
(#2) Compute zw.

(#47) What is the argument of zw?

(fv) Compute tan(arg zw).

Find formulas for cos 46, sin 46, cos 56 and sin 60 in terms of cos 6 and sin 6, by using
de Moivre’s formula.

In the following picture draw 2w, 2w, iw, —2iw, (2 + i)w and (2 — i)w. (Try to make
a nice drawing, use a ruler.)

Re

Make a new copy of the picture, and draw w, —w and —w.
Make yet another copy of the drawing. Draw 1/w, 1/w, and —1/w. For this drawing
you need to know where the unit circle is in your drawing: Draw a circle centered at the



12 AN INTRODUCTION TO COMPLEX NUMBERS AND THE COMPLEX EXPONENTIAL FUNCTION

origin with radius of your choice, and let this be the unit circle. [Depending on which
circle you draw you will get a different answer!]

Algebraic properties

Verify directly from the definition of addition and multiplication of complex numbers
that
@) z+tw=w+z (@) zw = wz @) z(v+w) = zv 4+ zw

holds for all complex numbers v, w, and z.
True or False? (In mathematics this means that you should either give a proof that
the statement is always true, or else give a counterexample, thereby showing that the
statement is not always true.)

For any complex numbers z and w one has

(@) Re(z) + Re(w) = Re(z + w) @ztw=z+w
@(#17) Jm(z) + Im(w) = TIm(z + w) (v) zw = (z)(w)

(V) Re(2)Re(w) = Re(zw) (i) z/w = (2)/(w)
(vit) Re(iz) = Tm(z) (viii) Re(iz) = iRe(2)
(#x) Re(iz) = Tm(z) (x) Re(iz) = iTm(z)
(xd) Im(iz) = Re(2) (xii) Re(Z) = Re(z2)

The Complex Exponential
(@) Verify directly from the definition that

) 1
—it
e "= E
holds for all real values of ¢.
(#7) Show that
eit 1 it it _ it
cost = ————, sint = ————

2
(¢iz) Show that coshx = cosiz, sinhz = - sinix
i

The general solution of a second order linear differential equation contains expressions
of the form Ae™t + Be~**. These can be rewritten as C cos 8t + Cs sin Gt.
If Ae?Pt 4 Be™' = 2cos Bt + 3 sin Bt, then what are A and B?

(?) Show that you can write a “cosine-wave” with amplitude A and phase ¢ as follows
Acos(t — ¢) = Re (ze"),

where the “complex amplitude” is given by z = Ae ™. (See §Z3).
(#7) Show that a “sine-wave” with amplitude A and phase ¢ as follows

Asin(t — ¢) = Re (ze™)
where the “complex amplitude” is given by z = —i e~
(#47) Find A and ¢ where A cos(t — ¢) = 2 cos(t) + 2 cos(t — 27).
(fv) Find A and ¢ where Acos(t — ¢) = 12cos(t — £7) + 12sin(t — ).
(v) Find A and ¢ where A cos(t — ¢) = 12 cos(t — 7/6) 4+ 12 cos(t — 7/3).
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(vi) Find A and ¢ such that Acos(t — ¢) = cos (t — ) + V/3cos (t — 27).

Calculus of Complex Valued Functions

Compute the derivatives of the following functions

1

f(z) = P g(x) =logx + iarctanx
o 1+

h(z) = e k(x) =1

(@)= (@) = log L2

Try to simplify your answers.

(Z) Compute
/ (cos 296)4 dx

by using cos§ = 1 (e¢? + e~*) and expanding the fourth power.
(#) Compute

/ (sin x) "dx
0

by applying the Binomial Theorem to sinz = (e — e =) /2i.
(fi7) Assuming a € R, compute

/ e 2 (sin ax) 2 dx.

(same trick: write sin @ in terms of complex exponentials; make sure your final answer
has no complex numbers.)

Use cosa = (e + e7%¥) /2, etc. to evaluate these indefinite integrals:
@) cos® zdx ) /(3054 xdez, (117) / cos? xsinz dz,

(tv) /sin3 rdzx, (v) /c052 zsin? z dz, (vi) / sin® z dz

/4
(vii) /sin(?)x) cos(bz) da (viii) /sin2 (2x) cos(3z) da (#x) / sin(3x) cos(z) da
0
/3 /2 w/3
x) / sin®(x) cos?(z)dz  (xi) / sin?(x) cos?(z) da  (xii) / sin(z) cos?(z) dz
0 0 0
Compute the following integrals when m # n are distinct integers.
2m 2m 2m
@) / sin(mz) cos(nx)dx (1) / sin(nx) cos(nx)dx (1) / cos(mz) cos(nzx) dzx
0 0 0

(iv) /07T cos(mx) cos(nz)dx  (v) /027T sin(ma) sin(nz) dx  (vi) /07T sin(mz) sin(nz) dz

These integrals are basic to the theory of Fourier series, which occurs in many appli-
cations, especially in the study of wave motion (light, sound, economic cycles, clocks,
oceans, etc.). They say that different frequency waves are “independent”.



14

15

16

17

14 AN INTRODUCTION TO COMPLEX NUMBERS AND THE COMPLEX EXPONENTIAL FUNCTION

Show that cosx + sinz = C cos(x + 3) for suitable constants C' and 3 and use this to
evaluate the following integrals.

. dx . dx dz
@O e @) | (@) [
COST +sinx (cosx—i—sm:v) Acosx + Bsinx
where A and B are any constants.
Compute the integrals

/2
/ sin? kx sin? Iz dz,
0

where k and [ are positive integers.
Show that for any integers k, [, m

v
/ sin kx sinlzsinmax dx = 0
0

if and only if k + [ 4+ m is even.

() Prove the following version of the Chain rule: If f : I — C is a differentiable
complex valued function, and g : J — I is a differentiable real valued function, then
h= fog:J— Cisadifferentiable function, and one has

h'(z) = f'(g())d (x).
(#) Let n > 0 be a nonnegative integer. Prove by induction on n thatif f : I — Cisa
differentiable function, then h(z) = f(z)" is also differentiable, and that one has

W () = nf(e)" " f'(x).
Note that even though we can write h(z) = g(f(z)) as the composition of the two

functions z = f(z) and g(z) = 2", the chain rule as stated in part (7) does not apply!
Why?
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