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1 Definitions and a general fact

If Ais an n x n matrix and f(¢) is some given vector function, then the system of
differential equations

X(t) — Ax(t) = £(t) (1)

is said to be linear inhomogeneous. The given Right Hand Side f(¢) is sometimes called
the “forcing term.” The corresponding homogeneous equation is the same equation in

which f(¢) has been replaced by zero:
x'(t) — Ax(t) = 0. (2)

1.1 Theorem
The general solution of the inhomogeneous system of equations (1) is
X(t) = xu(t) +x,(1),

where x,(t) is the general solution to the homogeneous equation, and x,(t) is any

particular solution to the inhomogeneous equation.
Since we know how to solve the homogeneous equation using the eigenvalues and

eigenvectors of A, “all we still have to do” is find a particular solution.



2 Finding Particular Solutions by Guessing

2.1 Exponential forcing terms

If the “forcing term” f(t) is of the form
f(t) = e*v
where « is a constant, and v is a constant vector, then try to find a solution of the
form
x,(t) = e*'w
Substitution in the diffeq leads to
ae'w — AeMw) = e*'v.
Cancelling exponentials then gives you the following equation for the vector w
(al — A)w = v. (3)
If v is not an eigenvalue of A then this system can be solved, and the solution is
w = (af — A)_lv
so that the particular solution of the diffeq is
x,(t) = e (al — A)_lv (4)



2.2 Trigonometric forcing terms

[f the forcing term is
f(t) = cos(wt)a + sin(wt)b

then most of the time a particular solution of the same form can be found.
You can substitute a particular solution of the form

x,(t) = cos(wt)p + sin(wt)q

and solve for the vectors p and q. The resulting algebra becomes complicated and it
is better to use a detour through complex numbers.
The trick to remember is that the forcing term

f(t) = cos(wt)a + sin(wt)b
is the real part of
cos(wt)a + sin(wt)b + i{sin(wt)a — cos(wt)b},
which can be written more shortly as
(a — ib)(coswt + isinwt) = ce™”

if c=a—1b.



So instead of solving the original equation x, — Ax, = f(t) you solve the complex
version of this equation, namely

z, — Az, = ce’". (5)

Then the real part
X,(t) = Rez,(t)]
is a solution of the original equation x’ — Ax = f(¢).
You find z,(t) as in the previous case, namely, try

z,(t) = ¢'d
where d is an undetermined complex vector. Substitution yields
(iwl —A)d=c = d = (iwl — A)_lc.

Thus d can be computed by solving the system of equations (iwl — A)d = c, e.g.
by row reducing. The solution will be a some complex vector d. Multiply with

wwt

e, using Euler’s formula, and take the real part to get the real particular solution
x,(t) = Re[e™'d].



3 Variation of Constants

3.1 Description of the general method

Suppose you have already solved the homogeneous equation x’ — Ax = 0, and that
your general solution is

x(t) = exq(t) + - - + X, (1). (6)
If you now want to find the solution to the inhomogeneous equation
x'(t) — Ax(t) = £(1)

then there is a trick, called variation of constantsor variation of parameters
that will give you that solution.
The trick is to look for a solution of the form

xX(t) = c1(t)xq(t) + - - - + cu(B)x,(1). (7)
This is almost the same as the general solution to the homogeneous equation, except
here the quantities ¢y, ..., ¢, are no longer constants: we allow them to vary, and this

gives the method its name.

The method consists of substituting (7) in the inhomogeneous equation, and deriving
equations for the “varying constants” ¢(t), ..., ¢,(t). When you do the substitution,
many terms will cancel, and you always end up with the following:



If x,(t), ..., x,(t) are solutions of the homogeneous
equation, and if x,(t) is given by

%,(t) = c1(t)xa(t) + - - calt)xa(t) (7)

then

X, () — Ax,(t) = ¢y (t)x1(t) + - - - + ¢, (1)x,(1). (8)

Since we want the right hand side x|, — Ax, to equal the forcing term f(t), so we must
solve the equation(s)

AB)xa(t) + -+ ¢, (t)xa(t) = £() (9)
for the derivatives ¢|(t), ..., c,(t).
Once we have found ¢/ (t), ..., ¢, (t) we can integrate to find the “varying constants”
c1(t), ..., cu(t), and therefore also the solution x,().



3.2 When you have n eigenvectors and eigenvalues

Typically you will have solved the homogeneous equation by computing the eigenvalues
Ay A

and corresponding eigenvectors
Vi,...,V,

of the matrix A (So Av; = A\jvy, ete.). If this is the case then x;(t) = eV'v; is a
solution, and the general solution you found is

A

vy e
——

xX(t) =ce A
x1(t) xp(t)

t
"V, .

In this case the method of Variation of Constants tells you to try a particular solution
of the form
x(t) = cy(t) eMvi+ -+ c,(t) ety
x1(t) Xn(t)
where the constants ¢; have been replaced by functions of t.
Substituting x(¢) in the equation x’ — Ax = f is made easy by using the handy
formula (8) which, in the present case, says

x' — Ax = (t)eMv, + -+ (H)eMv,. (10)



We now must set this equal to the forcing term f(¢). To do this we write the forcing
term as a linear combination of the eigenvectors

f(t) = fill)vi+-+ fult)v, (11)

Finding f1(t), ..., fa.(t) requires you to solve a system of n linear equations, which
you can do by row reduction.
The equation X' — Ax = f together with (10) and (11) then implies

at)eM = fi(t), ... e = fult), (12)
and thus

¢ (t) = / N A en(t) = / e ME (1) dt.

Reinsert these formulas for ¢;(t) in the original definition of x(¢) and you get

x(t) = [ / e E, (1) dt] Ny 4ot [ / e (1) dt] Mty (13)

The integrals between brackets [---| are indefinite integrals, and therefore contain
constants. So the solution x(¢) in this formula has n constants in it, and it is actually
the general solution to the inhomogeneous equation. If all you want is a formula for
the general solution then you could stop here: (13) is your solution.
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3.3 The particular solution with zero initial data

There is one particular solution which is of interest, namely, the solution x(t) which
starts out with x(0) = 0. Why? Suppose that you had to solve the initial value

problem
x'(t) — Ax(t) = f(t)
x(0) = a
where a is the given initial value. As before, we write the answer as
x(t) = x,(t) + x,(1), (14)

but now we also specify the initial values of both x,(¢) and x,(¢): let x;, be the solution
of
x; (1) — Ax,(t) = 0, x;(0) = a (15)

and let x,(¢) be the solution of
X(t) = Ax,(t) = £(t),  %,(0) =0 (16)

If you think of the solution x(t) as the “response” to the “input” f(¢), then equa-
tion (14) splits the response x(t) into a component x;(¢) which is due to the initial
conditions, and another component x,(¢) which is due to the forcing term.

11
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You can find x;(¢) by solving the homogeneous equation and choosing the constants
¢; so that x;,(0) = a.

You can find the forcing term by using Variation of Constants as above, and requiring
c1(0) =0, ..., ¢,(0) = 0. Then the equations (12) (and the Fundamental Theorem of

Calculus)' imply
( t t
alt) = [ ds)ds = [ e fis)ds
0

0

X : (17)
cn(t):/ e M5 f.(s)ds

\ 0
Finally you substitute these integrals in the definition (21) of x,(¢), and you find

)= [ [ ds et [ a0y

N\ 7

A\ 7
N~

"

Ccl (t) Cn (t)

'The Fundamental Theorem of Calculus says c¢(t) — ¢(0) = fot d(s)ds, so if ¢(0) = 0 then
c(t) = f(f d(s)ds
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One often rewrites the coefficients of the vectors v; as follows:

[/Ot 6_)\15][1(8) ds} oMt — /Ot 6)\1156_)\15]01(8) Js — /Ot e)‘l(t_s)fl(S) ds. (19)

L& 7

~"

C1 (t)

The particular solution with zero initial data is then

x,(t) = {/t MU= f, (s) ds] Vit {/t M= f (s) ds] V.

14



3.4 Convolution integrals

Integrals of the form
t
| att=s)1(s)ds

are called convolution integrals, and they show up very often when you solve
constant coefficient linear differential equations.

The coefficient .
/ MU= £ (s) ds.
0

of vy in the particular solution x, is a convolution integral with g(¢) = e*'. It has the
following interpretation: since fi(s) is the v; component of the input at time s,

the v, component of the solution is an average of the v, components
fi(s) of the input at earlier times s.

The weight with which fi(s) contributes to the solution at time ¢ only depends on the
time delay ¢ — s.

15



4 An example

Let y(t) be the solution of

y'(t) +3y'(t) + 2y(t) = F(1),
{ym) —(0) =0 20

First we rewrite this as a system of first order equations: let x; =y, x5 = ¢/. Then

x| = X3
xh = —2x; — 3xy + F(1),

so X = (74 ) satisfies

>dﬂ:Aﬂﬂ+ﬂﬂwMuL:C$_;>mﬂﬂw:(;@).

The eigenvalues and vectors of A are

>\1 - _17V1 - <_11) ) >\2 - _27V2 — (_12) .

Therefore we should find a particular solution of the form

&@y:q@g¢(ﬂ)+@@wﬂ(f9. (21)

16



The initial conditions are
- (G9) - () - () -o
We get these initial conditions if we require
c1(0) = (0) =0 (22)
Substituting x,(t) from (21) in X’ — Ax leads to
x,(t) — Ax,(t) = di(t)e™ (_11) + cy(t)e ™ (_12> . (23)

by the handy identity (10). To compare this with f(¢) we must write the forcing term
f(t) as a combination of the eigenvectors vy, vo:

f(t) = (F(zt)) = fi(t) (_11> + /a(t) <_12> = (_?1té2f2> :

Solve this by row reduction:

L |2 0V 5 | = e = Fose - —Fo
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Our decomposition of the forcing term f(¢) into the eigenvectors vy, v is therefore
f(t) = F(t)vy — F(t)v (24)
Now combining (24) and (23) we see that X’ — Ax = f implies
di(t)e vy + cy(t)e vy = F(t)vy — F(t)vy

so that
d(t)e™" = F(t) and cy(t)e ™ = —F(t).

Solving for ¢ and ¢}, and integrating, taking into account that ¢;(0) = ¢»(0) = 0, you
get

ci(t) = /Ot e’F(s)ds and cy(t) = — /Ot e*F(s)ds.

Put this back into the solution x,(¢):

x,(t) = ci(t)e 'vi + co(t)e vy = [/Ot e’ 'F(s) ds} Vi — [/Ot e’V (s) ds} Vy

To see the solution in all its components remember that v; = (1) and vy = (1), so

et x,(t) = [ /O t e F(s) ds} (_11> - [ /O R (5) ds] (—12> |
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Adding these vectors produces a large formula, whose calculation you normally would
try to avoid (see the footnote?).

Fortunately we don’t need the whole vector x(¢): remember that this problem is
about finding the solution y(t) to the second order equation (20), and because of

x(t) = (;ﬁ%) we only need to find the top component of x,(¢). It is given by

y(t) = /OteStF( )ds—/ s)ds = / fe =) — 2= P(s) ds

(fJ@”F(SMs)( Jo €70F (s) ds )
—fges‘tF(s)dS 2ft 2= (s) ds

fot{es‘t — X9V F(s) ds
fot{—es’t + 262"V F(s) ds

o= ([ rwa] (4) [ eorma] ()

|yt F(s)ds — [, 207V F(s) ds
= i et F(s)ds + 2 [y 267V F(s) ds

19



This integral is of the form

y(t) = /0 CK(t— $)F(s)ds
where
K(t)=e T —e™.

The interpretation of the convolution integral is that the solution y(t) is a response to
all the inputs F(s) for 0 < s < t, and that the contribution of the input F'(s) at time
s is weighed by a factor K(t — s).

A

Maximal influence after a delay of In(2)=0.693... seconds

n2 1.0 2.0 3.0 4.0 5.0 6.0

']

A graph of K(7); K(7) is maximal at 7 =1In?2
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Convolution

x(t) = [K(t-s) f(s) ds

21



x(t) == f(s) ds
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5 Problems

1. Use the method of variation of Constants to find the solution to y”+5y'+6y = F(t),
with y(0) = ¢/(0) = 0. More specifically:

(i) rewrite the equation as a system of first order differential equations of the form
x' = Ax + f(t); what are A and f(¢) in this problem?

(ii) Find the eigenvalues and eigenvectors of A.

iii) Find the general solution to the homogeneous equation x’ = Ax.

(
(iv) Which kind of solution do you try when you use V.0.C. to find a particular
solution?

(v) which initial conditions should you impose on x if you want y(0) = ¢'(0) = 07
(vi) Find the solution x(¢).

(vii) Find the solution y(t).

2. Do the same for " —y = F(t), with y(0) = y'(0) = 0.

3. Use V.0.C. to find the solution to

o —10 0 0 F(t)
— = Ax+f(t), with A= 10 =5 0 |, andf(t)=1| 0 |.
dt 0 5 —4 0

Write a formula for z3(t) (the third component of x(¢)): the answer will be a convo-

23



lution integral of the form
t
/ K(t—s)F(s)ds
0

Identify K (t — s).

(There is an interpretation of this problem as in example 2 on page 496: in the
present problem the inflow of brine into the first tank is given by F(t), rather than
just “20” as in the book.)

24



6 Proof of formula (8)

We have to substitute
x(t) = c1(t)x1(t) + - - - + cu(t)xn(t)
in X’ — Ax. The Product Rule tells us that

x'(t) = el(t)x(t) + - - + e (t)x, ()
+c ()% () + -+ - + ¢ (£)x,(1).

Since the x;(t) are solutions to the homogeneous equation, we get

X (t) = c1(t)Axy(t) + - - - + ¢, (1) Ax, (1)

+ (U)x(t) 4+ -+ -+ (£)x,(1).

On the other hand we also have
AxX(t) = (D) Ax((t) + - - - + ¢, (1) Ax, (1),

and therefore
x'(t) — Ax(t) = ¢ (t)x1(t) + - - - + ¢, (1)x,(1).

25
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(1i) Choose x; = y and zy = ¥’ as variables. Then | = 2z, and z, = y" = —6y —
by — F(t) = —6x; — bxy — F(t). The system you have to solve has

A= (_06 _15> and £(t) = ( F(()t)) .

(]_ii) det(A — )\]) = )\2 ‘|‘5)\—|—6, )\1 = —2, Vi = (_12), )\2 = —3, Vo — (_13)
(]_iii) Xh(t) = cle_%vl + 626_3tV2.

(1iv) Try x(t) = ci(t)e ? vy + co(t)e *'vy, ie. replace the constants ¢;, ¢y in the
solution to the homogeneous equation by functions.

(1) (20) = (40) =@ =0

(1vi) Substitute x(t) = ¢;(t)e *vi+cy(t)e vy in the LHS of the equation x' — Ax =
f(t) and use the handy formula:

X — Ax = (t)e v, + dy(t)e v,

26



We want this to equal £(¢) = ( #(y ), and thus we get these equations
(t)

e (L) +aoe (L) = (4.
(42 25) () = (i)

Solve for ¢|(t)e " and c,(t)e™ by row reducing
L[ 0] (110 ) [10lF®) ] _ e =F
—2 —=3|F(t) 0 —1|F(¢) 0 1|—F() et = —

or

SO we get
d(t) = ¥ F(t) and cy(t) = —e* F(t).

You get ¢; and ¢, by integrating (using the fundamental theorem of calculus)

&1 () — ¢(0) = / B F(8)ds, elt) — ex(0) = — / P (s)ds.

0 0

We need the values of ¢;(0) and ¢3(0). These come from the initial conditions we have
imposed on our particular solution: x(0) = 0 implies ¢;(0) = 0 and ¢,(0) = 0. So

ci(t) = /t e F(s)ds, c(t) = — /t e F(s)ds.

0 0

27



Substitute this in our formula for x(t):
t t
x(t) = 6_%/ e F(s)ds v, — e_3t/ e F(s)ds vy
0 0

t t
= / e 2P (s)ds vy — / e S E(s)ds vy
0 0

This is the answer. You can write it differently by substituting vi = (%), vo = (%),

which leads to
! 1 t 1
x(t) :/ e 20 [ (s)ds ( 2) —/ e S F(s)ds ( 3>
0 o 0 o

(1vii) We have found x(t). Since x(t) was defined to be ( 5,((% ), we can find y(t) by

just taking the first component of x(¢). This leads to

t t t
y(t) = / e 2P (s)ds — / e 3P (s)ds = / [e279) — 391 P(5)ds.
0 0 0

28



(2) Let 1 =y, xo = y'. Then x satisfies x' = Ax + f(¢) with

(), - ()

The eigenvalues/vectors of A are

)\1 = 1,V1 = (}) , and )\2 = —1,V2 = (_11) .

The general solution of the homogeneous equation is

ciet + cge_t)

t —t
X, (t) = cre'vy + e vy = (clet et

The solution of the inhomogeneous equation is
x(t) = ci(t)e'vy + co(t)e "o,
where we till have to find ¢, co. Substituting x in the equation we get
X' (t) — Ax(t) = ¢, (t)e'vy + dy(t)e tvy = £(2).
So we find ¢|(t) and ¢ (t) by solving

e () o () - ()

29



1.e.

Solve by row reducing

3 (1) ]

“ —11F(2t)] - [(1) ? —LF(t)

¢ (t) = 3e7"F(t), and ¢y(t) = —3€"F(1).
Use the initial conditions ¢;(0) = 0 and ¢,(0) = 0 and integrate to get

whence

ci(t) = %/Ot e °*F(s)ds, eo(t) = —3 /Ot e*F(s)ds.

Substitute in our definition of x(t) :

x(t) = lef /0 e F(s)ds G) gt /0 P (s)ds (_11>
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The solution to the original second order equation is y(t) = x(t), so it is the first
component of the x(t) we just found. You can write it as one integral involving F',
and the integral is of convolution type:

y(t) = a:1(t)
= L¢t /0 t e *F(s)ds — te™! /0 t e’F(s)ds
1 /0 (et = eIV F(s) ds
_ /0 K(t— s)F(s)ds

where
el=5 — e~ (t—s)

2
Congratulations to anyone who recognizes this as K(t — s) = sinh(t — s).

K(t—s)=

(3) First find the eigenvalues/vectors of A:

det(A — M) = —(A+10)(A+5)(A+4),

31



so the eigenvalues are A\; = —10, Ay = —5, A3 = —4. The eigenvectors turn out to be

) ()

(or multiples of these of course: I chose multiples which don’t have fractions).
The general solution to the homogeneous equation is

1

10t 5t 4t
Xp(t) = cre” Vi + ce vy + cze” v,

and to solve the inhomogeneous equation by VoC, we try
X5, (1) = c1(t)e vy + co(t)e vy + cs(t)e s,

We get
x' — Ax = ¢,(t)e vy + dy(t)e vy + di(t)e vy = £(2).

To find ¢ (t)e ", d&y(t)e " and dj(t)e ™ we row reduce

)

30 0]F(1) 3.0 0 F(t) 10 0] LF(t)
6 1 0/ 0 | — |0 1 0 2FF) | — |010|2F@1)
5 =5 1] 0 0 =5 1|—3F(t) 001 BF()

32



So we find

d(t)e " = §F(t)’ d(t)e™™ =2F(t), dt)e™ = —=F(t).
Integrate, using the initial conditions x(0) = 0 = ¢(0) = ¢(0) = ¢3(0) = 0, and
substitute in the definition of x() to get

t 25
= / I (s dsvi+2 [ eI (s) dsva + I (s) dsvs
0

0

The third components of the eigenvectors vq, vy and vy are 5, —5, and 1, so the third
component of x is

25

t
—/ e IR(s)ds x 1
0 3 Jo

29

e
t
5
_ / {26700 _ 10509 4 2204090 p(5) dis
0 3 3

1 t t
T5(t) = /0 e F(s) ds x 5+ 2 / 59 P(s) ds x (—5) +
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