WALLIS’ PRODUCT
Consider the integral _
= / (sinz)" dz.
Integration by parts gives ’
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where we have used cos?z = 1 — sin?z. The last line is an equation for I,,, which implies the following

reduction formula
n—1
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If we know Iy and I; then repeated use of the reduction formula gives us I,, for all n > 0.

Theorem 0.1. For any integer k > 0 one has
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Proof. First you compute Iy = 7, and I; = 2. Then you use mathematical induction and 0.1 to prove the

general case. |

Wallis observed that for all 2 € [0, 7] one has 0 < sinaz < 1 and thus for any integer n > 0 one has
(sinz)" " < (sinz)" for all 2 € [0, 7],
and thus one has
/7r (sinz)" T dx < /7r (sinz)" dz, ie. I, <I,
foralln=0,1,2,...In particu(l)ar, using the Values0 of I,, provided by the theorem, we conclude from
Dogt1 < Lok < Log—1
that
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Divide by 2 and divide again by %%% to get
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The ratio between the left hand side and the right hand side is
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It follows that
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