Study guide for the first midterm

Topics covered

Vectors. Know
e Equation of lines and planes, distance to a line or plane if you know a point on the
plane and a normal to the plane.
e how to compute the angle between two vectors, or the angles between two planes
(which is the angle between their normals)
e the cross product; how to compute it, area of parallelogram or triangle, finding a
vector perpendicular to two given vectors.

Parametric Curves. Be able to find:
e velocity, acceleration,
e tangent line to a curve (where does it intersect a given plane? Where does it have a
specified direction?)
e length of a curve.

Quadratic forms. For a given quadratic form you should know how to...
o ...decide if it is positive definite, negative definite, semidefinite, or indefinite. (When
you’re studying, give an example of each kind of quadratic form.)
e ...complete the square and factor the form, if that is possible. If a form is indefinite,
know how to find its zero set.

Partial derivatives. Show that you know how to compute f,, f,, v f if you are given a
formula for a function f(z,y).

Linear approximation. Know that the change in a functionf(x, y) due to small changes
Az and Ay in x and y is approximately given by equation (59) or (60) (page 54.)
Be able to use this formula to approximate f(z + Az, y + Ay) if you know f, fz, fy
at the point (z,y) (as in problem 1, Ch.4-§7)

The two variable Chain rule. Know the statement. Be able to answer questions like prob-
lems Ch.4-§12:1,2, and 3, from the text, and also problems 7 and 8 below.

Old 234 midterm problems with some solutions

Vector problems

1. Given: points A(2,1), B(3,2), C(4,4) and D(5,2). Is ABCD a parallelogram? e

2. (a) Find the defining equation and a normal vector 72 for the line £ (in the plane) that
is the graph of y = 1 + %x °
(b) What is the distance from the origin to £?

(c) Answer the same two questions for the line m which is the graph of y = 2 — 3z.
(d) What is the angle between ¢ and m?



3. Given A(2,0,0), B(0,0,2) and C(2,2,2). Let P be the plane through A, B and C.

(a) Find a normal vector for P. °
(b) Find a defining equation for P. °
(c) What is the distance from D(0,2,0) to P? What is the distance from the origin
0(0,0,0) to P? °
(d) Do D and O lie on the same side of P? °
(e) Find the area of the triangle ABC. °
(f) Where does the plane P intersect the three coordinate axes? °
4. (a) Does D(2,1, 3) lie on the plane P through the points A(—1,0,0), B(0,2,1) and
C(0,3,0)? o
(b) The point E(1,1, «) lies on P. What is «? o

Parametric Curves, Quadratic forms

See the homework problems in the text.

Partial derivatives, Linear approximation, Tangent planes

5. A function z = f(z,y) satisfies f(2,1) = 4, f,(2,1) = —2 and f,(2,1) = 2. Ap-

proximate f(2.01,0.99) based on these data. o

6. Find the equation for the tangent plane to the graph of z = "~V at the point where
x =+/2and y=2. °
7. Compute

df(ﬁcos 0, \/isinﬁ)
dé
at @ = 7/4 if you know that the function f satisfies f;(1,1) =4 and f,(1,1) =12. e

8. Let z = f(x,y) be a function of two variables which satisfies

of of
(a) Compute g5(4,0) and g, (4,0) if g(z, y) = sin(7 f(z, y)).
(b) Compute h'(0) if h(t) = f(4cost,sint).
9. We are given a function z = f(x,y). At the point (z¢,yo) = (—1, 1) the function
value is z = 2, and the gradient is f,(—1,1) = 2 and f,(—1,1) = 3. Approximate
f(—0.98,1.01) based on these data. o

10. Find the equation for the tangent plane to the graph of

z = sin(—ﬂ'x — 37ry)
at the point where z = 1/4 and y = 1/6. o
11. Given a function z = f(x,y) we consider the function
g(t) = f(E2, 4t + 13 — 1),
It is known that f,(1,4) = A, and f,(1,4) = B.
Compute ¢'(—1) and ¢'(1). (The constants A and B may appear in your answer.) ®
12. (a) Find the equation for the tangent plane to the graph of z = f(x,y), where
flz,y) = ln(l +22+ y2)
at the point (zg, y0) = (1, 3). o

(b) Where does the tangent plane intersect the z axis? o



SOME SOLUTIONS 3

2
13. (a) Compute the partial derivatives of f(x,y) = . f 5 o
(b) Find an equation for the tangent plane to the graph of 2 = f(z,y) at the point
(5007210) = (37 1) ®
(c) Use linear approximation to compute f(3.1,0.98) starting from f(3,1) = 3. o
14. For a function z = f(z,y) we are given the following values:
($>y) fz($7y) fy(x>y)
(0,0) 3 7
(2,0) 5 -2
(0,3) 2 -1
(a) Compute A/(0) if h is the function given by h(t) = f(2cost, sin 3t). o
(b) Find a normal vector to the tangent line to the level set of the function f at the point
(0,3). Then find an equation for this tangent line. o

(c) If you find yourself at the point (2,1, 1), and if you want to decrease the function
g(z,y) as fast as possible, then in which direction should you move? (Give a vector in
the direction in which you should move.) °

Some Solutions

(1) One always labels the vertices of a parallelogram counterclockwise (see §?7).

ABCD is a parallelogram if AB + AD = A_é AB = <1), A_C" = (§>’ AD =

(?) So AB + AD # AC, and ABCD is not a parallelogram.

(2a) ¢ has defining equation —fx + y = 1 which is of the form 77 « Z =constant if you
choose 1t = (711/2).

(2b) The distance to the point D with position vector d from the line ¢ is = ” H 9 where
a is the pos1t10n vector of any point on the line. In our case d = 0 and the point
A(0,1), @ = = OA = (9), is on the line. So the distance to the origin from the line is

—nea 1
T vapeee Y

=W

).

(2d) Angle between ¢ and m is the angle 6 between their normals, whose cosine is cos § =
7 .m —1/2 1 1)

(2¢) 3z +y = 2, normal vector is M = (

TR~ \/5/4 \ﬁ V50 10

(3a) A possible normal vector is 77 = ABxAC = ( }i ) Any (non zero) multiple of this

R -1
vector is also a valid normal. The nicest would be %n = ( 1 )

(3b) Me(Z€ — @) = 0,or i@ = Me+a. Using 1 and @ from the first part we get
—4x1 + 4x9 — 4w3 = —8. Here you could replace @ by either b or €. (Make sure you
understand why; if you don’t think about it, then ask someone).
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(3¢) Distance from D to P is w =4/ V3= %\/g There are many valid choices of
normal 77 in part (i) of this problem, but they all give the same answer here.
Distance from O to P is 2-{2-@) _ %\/?:

l

(3d) Since 7+ (0 — @) and 7+ (d — @) have the same sign the point D and the origin
lie on the same side of the plane P.

(3e) The area of the triangle is %HEXEH =2V/3.

(3f) Intersection with x axis is A, the intersection with y-axis occurs at (0, —2, 0) and the
intersection with the z-axis is B.

(4a) Since 1 = ABxAC = (ES) the plane through A, B, C has defining equation
—3z + y + z = 3. The coordinates (2,1, 3) of D do not satisfy this equation, so D is not
on the plane ABC.

(4b) If E is on the plane through A, B, C' then the coordinates of F satisfy the defining
equation of this plane, so that —=3-1+41-14 1-a = 3. This implies a = 5.

(5) The linear approximation formula says that
Af = fu(xo,y0) Az + fy(2o, yo)Ay.
Use (x9,40) = (2,1) and (Az, Ay) = (0.01, —0.01) and you find that
Af ~ (=2)(0.01) + (2)(—0.01) = —0.04.
Therefore £(2.01,0.99) =4+ Af ~ 4 — 0.04 = 3.96.

(6) The equation for the tangent plane is
z =20 = fa(o, yo)(x — z0) + fy (0, %0)(y — vo)-
We have
z0=V2, yo=2, z0=f(xo,y)=1
Fol0,y0) = 2wee™0 ¥ = 21/2

Fy(@o,y0) =~ = 1
so that the tangent plane has equation
z—1=2V2(z —V2)+ (-1)(y - 2).

Simplification leads to

2:2\f2x—y71.

(7) We are asked to find
df (x(0),y(6))
do ’
where

z(0) = V2 cos ¥, y(0) = v/2siné.
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The chain rule says that

df (x(0), y(6))
do

T fm(\/§COS 9, ﬁsme)% + fy(ﬁcos@, \/isine)%

= fo(V/2cos 6, \/isinH)(—\/E) sinf + f,(V2cos 6, V2sin0)v/2 cos b
When 6 = /4 we also have sinf = cos = %ﬂ, and thus
GEOVO)  f,(1,1)- (~v3)- VD) + £,(11) - V2- 12
=—4+12=8.

(8a) The partial derivatives of g are given by

dg _ Osin(rf(z,y))
or ox

0
= cos(rf () 22,

99 _ of
aiy - WCOS(Wf(JU,y)) ay7
so that

92(4,0) = w(cosm)(2) = —2m, ¢,(4,0) = w(cosm)(—3) = +3m.

(8b) The chain rule says that
_ df(4cost,sint)

dt
d4 cost dsint
= fz(4cost,sint) ;?S + fy(4cost,sint) S

= —4sin(t) fz(4 cost, sint) + cos(t) fy (4 cost, sint).

h' ()

Sett = 0 to get
h'(0) = =4(0)£2(4,0) + (1) £, (4,0) = f,(4,0) = =3.

(9) The linear approximation formula says
F(=0.98,1.01) = f(—=1+ Az, 1+ Ay) ~ f(—1,1) + fo(—=1,1)Az + f,(~1,1)Ay,

where Az = 0.02 and Ay = 0.01.
We know f(—1,1) =2, fz(—1,1) = 2,and f,(—1,1) = 3, so

f(—0.98,1.01) ~2+2-0.02+ 3-0.01 = 2.07.

(10) The equation for the tangent plane is
z =20 = fo(®o,y0)(x — @0) + fy (0, y0) (¥ — vo)-
where we have o = 1/6, yo = 1/4,

1
20 = f(wo,yo) = sin(—n/4 — 37/6) = —sin %ﬂ' = 75\@
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The derivatives are
Jz (2o, y0) = —7rcos(—7r/4 — 377/6) = _g\/i

3T

2.
2

fy(20,y0) = —3mcos(—m/4 — 37/6) = —
Therefore the equation for the tangent plane is
1 3
z+ 5\/5 = fg\/i(x -1)- %\@(y -3

Simplification leads to

(11) For any value of ¢ you have

2 44 3 _
(1) = df(t?, tdt+t t)

datt +t3 —t
dt
=2, (12,4t 413 — 1) + (168> + 3t — 1) f, (12, 4t* + 13 — 1)

dt?
= fo (2, 4t* + 13 — g+ fy (2,48 + 1% — 1)

If you set t = 1 you get
gy =2-1-f,(1,4)+ (16 - 1> +3- 12 — 1) f,(1,4)
=2A+18B
Fort = —1 you get

g(-1)=2-(=1) fo(1,4) + (16 - (=1)° + 3 (=1)* = 1) f,(1,4)
=—-2A—-14B

(12a) First compute the partial derivatives of f at (1, 3). They are

2x
fe= iy
2y
fyi 1+x2+y2
so that
2 2
rla = T 19 1 a2 141
f2(1,3) 1+124 32 11
2.3 6
Jy13) = s =

T1+12+32 11
Therefore the equation of the tangent plane at (xq, yo, 20) is
z = f(20,90) = fa(z0,y0)(x — x0) + fy(z0,Y0)(y — ¥o)
ie.

2 6
z—1Inll = ﬁ(:cfl)Jrﬁ(ny).
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(12b) Simply set = y = 0 in the equation we found in part (i), to get

6 20
—Inl1 2 (- Inil— == ).
== +11( RRE T ( " 11)

(13a) f, = 2 Axy Vf:< 2/(1+y?) >

r T —day/(1+y?)?
(13b) The equation for the tangent plane to the graph of any function is
z = 2o+ fz(0,y0)(x — T0) + fy(w0,Y0) (¥ — ¥o)
4-3-1

Since 20 = f(x0,%0) = o3z = 3, fu (%0, y0) = 15z = 1, and fy (o, y0) = e =
—3, the equation for this tangent plane is

z=3+1-(z—3)+(-3)- (y—1)=x—3y+3.

(13c) The linear approximation formula says

J(xo + Az, yo + Ay) = f(x0,y0) + [z (z0,y0) Az + fy (0, yo)AY.

Hence

£(3.1,0.98) = £(3,1) + 1-(0.1) 4 (—3) - (—0.02) =3+ 0.1+ 3-0.02 = 3.16

(14a) The chain rule says
df (2 cost, sin 3t)

dt
d2 cost d'sin 3t
= [z(2cost, sin3t) 208 + fy(2cost, sin 3t) s;r;

= —2(sint) f5(2cost,sin3t) + 3(cos3t) f,(2cost,sin3t)
At t = 0 this becomes
B(0)=—2-0-f,(2,0)+3 1 f,(2,0) = —6.

W(t) =

(14b) The gradient v f(xo,y0) is perpendicular to the tangent to the level set of f at the
point (2o, yo). Thus ( 2 ) is a normal to the tangent of the level set at (0, 3).
We know that the equation of the line with normal 77 through the point with position
vector @ is 12« (€ — @) = 0, so the equation for the tangent line is

2(z—0)+(-1)(y—3) =0.

(14c) To decrease a function you must go in the direction opposite to its gradient, so we
must find Vg(x, y) if we know & = 2, y = 1 and g(x,y) = 1. Since g satisfies the equa-
tion f(z,y,g(x,y)) = C for some constant C, its derivatives are given by the implicit
function theorem (or, you can find them by implicit differentiation). They are

—g and L2118

prCE f.(21,1) 8 @(2’1):
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Hence we must move in the direction of the vector
= _(6/8\ [(3/4
~V9(2.1) = (12/8) = (3/2) :

Any positive multiple of this vector (such as ( 1)) also points in the right direction.
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