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1. Introduction

Briefly, the point of this paper is to concretely illustrate the role of noninvertible symmetries in nonlinear sigma models
for general Calabi-Yau’s by studying B-branes and the B model topological field theory. In these theories, B-branes are de-
scribed in terms of derived categories (see e.g. [1-5]), hence topological line operators can be realized explicitly via derived
categories. The topological line operators that form the basis for (noninvertible) symmetries, abstractly, can themselves be
described completely explicitly in the B model as objects in a derived category, and fusion products of line operators, orien-
tation reversal maps, and other operations can also be realized completely explicitly, making the B model a rich playground
for understanding the role of noninvertible symmetries in Calabi-Yau compactifications.

Now, typically one defines finite noninvertible symmetries in 2D in terms of fusion categories, but, derived categories
are, broadly speaking, richer and more general structures than fusion categories. We will explicitly illustrate how almost all
of the axioms of fusion categorical symmetries can be realized by B model defects, with the important exception of axioms
about the category being finitely generated. This exception stems from the fact that fusion categories are analogues of finite
groups, whereas derived categories for Calabi-Yau’s, and for that matter noninvertible symmetries more generally, are not
so constrained. We will see how examples of fusion categories can be realized in derived categories, but, we emphasize,
derived categories are not equivalent to fusion categories.

The correspondence between topological defects, or more generally topological interfaces, in B model TFTs and derived
categories can be understood from the folding trick as follows. Given a topological interface separating two B model TFTs
with target spaces X and Y, folding the worldsheet along the interface will transform it as a boundary of the tensor
product theory with target space X x Y.! This boundary specifies a B-brane wrapping a holomorphic submanifold of the

1 More precisely, folding along an interface between two theories 77 and 73 will lead to a tensor product theory 77 x 7> with left- and right-moving
sectors exchanged for the 7, theory. For reading topological interfaces/defects in topological sigma models from derived categories, this exchange matters
little. However, there is a subtlety when building the symplectic form on the product space X x Y, which we will discuss in Section 3.4.
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X Y XxXY

7 = F eDV(XxXY)

Fig. 1. Topological interfaces of B model TFTs can be folded into boundaries of the produced theory, which can naturally be captured by derived categories.
The interface is promoted to a defect in the special case X =Y.

target space X x Y, which, under the B model language, is best described by the derived category of coherent sheaves,
denoted by D?(X x Y). See Fig. 1 for an illustration. The topological defects for a given B model with target space X fall in
the special case with X =Y, thus given by DY(X x X).

To be clear, the idea that derived categories give a concrete realization of topological line operators in the B model, is
already known to experts. Our interest in this paper is to apply these methods to better understand what noninvertible
symmetries can arise in Calabi-Yau compactifications. To that end, as we are not aware of similar presentations in the
literature, we will need to explicitly describe the realization of the structure of noninvertible symmetries in this language
in order to be able to give precise computations. The resulting description of noninvertible symmetries will hopefully also
be useful for non-experts.

From a 2D TFT perspective, our work complements those constructing TFTs whose symmetries are given by fusion cate-
gories, e.g., [6-8] (which generalize the earlier work [9]). On one hand, those work start with fusion categories C and their
module categories (associated with special symmetric algebra objects) as the defining data to axiomatize C-symmetric 2D
TFTs. On the other hand, we take a different perspective where TFTs can be explicitly constructed from topological twists,
and then the derived category data underlying them can be extracted to describe noninvertible defects, which are more
general than fusion categories.

From a string theory perspective, our work generally constructs noninvertible symmetries in the worldsheet theory
describing the internal geometric sector for superstring compactification, providing an alternative treatment compared to
works such as [10,11]. Compared to [10], where noninvertible symmetries are inherited from the RCFT Gepner point via
symmetry preserving deformation, we construct noninvertible defects for generic irrational points in the Calabi-Yau mod-
uli space. For compact Calabi-Yau manifolds, the spacetime quantum gravity theory is expected to have related gauged
noninvertible symmetries.” We find evidence for such exotic gauge symmetries by investigating noninvertible gauge trans-
formations of the B-field. For noncompact Calabi-Yau manifolds, it is known that B-type D-branes capture the data of QFTs
engineered on D-brane probes.> Given that our approach in this paper identifies worldsheet defects to the B-branes in
spacetime, it is natural to expect our construction implies a more systematic study on noninvertible symmetries in these
QFTs,* generalizing the results in e.g. [17-23]. (See also [24] for a recent construction.)

Before outlining the structure of this paper, we would like to point out that interfaces/defects in conformal field theories
and topological field theories have been studied in many references, a small partial list of which includes [12,25-38], and
also in Landau-Ginzburg models and GLSMs, see for example [39-49]. There is a long history behind the observation that
all symmetries of CFTs can be encoded in interfaces/defects, though not every interface/defect is an invertible symmetry.

In section 2 we discuss the topological B model. We describe line operators as objects in a derived category, how their
fusion products and other operations can be understood via derived categories, and describe pertinent identities that they
satisfy. We also briefly outline analogous results in related topological field theories (such as B-twisted Landau-Ginzburg
models, and the A model). Now, in the B model topological field theory, every defect is topological (meaning, invariant
under motions of the defect on the worldsheet). However, after untwisting to a physical theory, only a subset of those
defects remain topological.

With that in mind, in section 3 we turn to topological line operators (of B-model-type) in untwisted nonlinear sigma
models. We review conditions for a defect in a physical theory to be topological, and also discuss semistability and its
relation to semisimplicity.

In section 4 we turn to examples on elliptic curves. To simplify computations, we discuss results in K-theory rather than
derived categories per se. In section 5 we describe some analogous computations on K3 surfaces, and in section 6 we briefly
describe two noninvertible symmetry structures arising on general Calabi-Yau'’s.

Finally, in section 7, we describe how decomposition [50,51] and some condensation defects can be understood in this
language.

In appendix A, we give some miscellaneous technical results on derived categories which are used frequently, and in
appendix B we describe some computations on elliptic curves that are used in examples in the main text.

2 In the leading order of the g; expansion. Noninvertible global symmetries on the worldsheet generally get broken by higher string-loop corrections.
See e.g. [12] (and also [13-15] for more recent discussion).

3 See e.g. [4] for a review.

4 Similar expectation was pointed out in [16].
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Throughout this paper, we will utilize ideas regarding equivalences between ‘folded’ B models and collapsing B model
defects onto one another that were previously described in [5].

A word on notation. Throughout this paper, we implicitly assume all operations are derived, and omit the usual R, L
symbols. For example, in this paper,

Hom means RHom, (1.1)
® means QL{) (1.2)
D« means Rp,, (1.3)
p* means Lp*, (14)

and so forth. In the same spirit, we shall use “D-brane” to refer to any object in a derived category of coherent sheaves, so
our “D-branes” are really collections of branes, antibranes, and tachyons, following [1].

For an introduction to derived categories in mathematics, see for example [52,53].

We assume throughout this paper that all target spaces are smooth, either smooth complex manifolds or smooth Deligne-
Mumford stacks.

2. Topological defects in the B model

In this section, we will describe the structure of topological defects in the B model topological field theory, ultimately
as an exercise in the mathematics of derived categories. We will work through the details explicitly, as we are not aware
of literature describing this. That said, experts on derived categories will probably not be surprised by the constructions
described in this section.

2.1. Review of defects and fusion in the B model

Defects have been discussed in a variety of papers, as listed in the introduction. Briefly, given a nonlinear sigma model
with target X, a defect can be understood as an analogue of an open string in the middle of the closed string worldsheet,
describing a D-brane on X x X. More generally, defects can link worldsheets describing different target spaces, in which case
they are sometimes known as interfaces. If one side is a nonlinear sigma model with target X, and the other a nonlinear
sigma model with target Y, then the defect/interface is a D-brane on X x Y.

Such defects are constructed using the ‘folding trick’ [30,54]. The idea of the folding trick is to represent an interface
between, say, a nonlinear sigma model on X and a nonlinear sigma model on Y by ‘folding’ the worldsheet along the defect,
so that the defect is defined on X x YV, where YV is a space with the peculiar property that a sigma model on YV is the
same as a sigma model on Y but with left- and right-movers exchanged. In this section we will briefly review how these
defects and their fusions are described in the case of the B model.

In the B model, it is most convenient not to work just with D-branes, but rather with collections of D-branes, antibranes,
and tachyons, which can be identified with elements of the derived category of coherent sheaves D?(X) for the B model
with target X [1,3]. Condensation of tachyons, for example, is interpreted in terms of the cone construction.

In this language, defects/interfaces can be understood in terms of integral and Fourier-Mukai transforms & : D?(X) —
Db(Y), where DP(X) denotes the bounded derived category of coherent sheaves on X. Explicitly, given an object K €
DP(X x Y) (known technically as the kernel), the corresponding integral transform ®(K) : D?(X) — D®(Y) is given by

D(K)(E) = py« (K ® pXE) . 21)

for any £ € DP(X), where px,y are projections px : X xY — X, py : X x Y — Y, and upper and lower * denote pullback
and pushforward respectively. Throughout this paper, we assume all pushforwards, pullbacks, tensor products, and so forth
are derived. For most of this paper we will also specialize to the case of defects in a single theory, not interfaces between
multiple theories, hence we will usually assume Y = X.

A common example we will frequently encounter has the following form. Suppose X =Y, and K = A,V, for A: X —
X x X the diagonal embedding, and V — X any vector bundle on X. Then,

DEKNE) = EQV. (2.2)

2.1.1. Integral transforms as defects
These integral transforms have the following properties which allow us to identify them with defects in the B model:

1. Existence of an identity. Let A C X x X be the diagonal, consisting of pairs (x,x) € X x X for all x € X. Then, [55,
example 5.4, section 5.1]

D(Op) = IdDb(X), (2.3)
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for which reason, we identify the identity defect with Q. (See also [5] for the same conclusion in a different context
related to the B model, and also e.g. [30,31] for earlier discussions of the diagonal as the identity defect.)
2. Addition. Given two sheaves K7, K2 € DP(X x X),

P (K1 + K2) = @(Ky) + P(K), (24)

where the sum (4) indicates direct sum, see e.g. [53, section 1.2]. (At the level of complexes, this is a simple degreewise
sum, i.e. (K1 + K2)n = (K1)n ® (K2)5.) In the notation of fusion products, we will simply write this as K1 + K».

3. Lack of subtraction. Defects only form a semigroup under +, not a group, so no subtraction is expected, and one is
not present here without going to K theory. Let us walk through this in more detail. Let K € D?(X x X). In K theory,
K + K[1] is equivalent to zero, but this is not true of integral transforms:

®(K +K[1]) = ©(K) + d(K[1]) # 0. (2.5)

One could implement a subtraction K — K by using the cone construction. If K = Cone(ld : K — K), then ®(K) = 0.
However, the result of the cone construction depends upon the map, and in general there is no choice of map to make
for a general difference K; — K».

4, Fusion products = composition. Fusion products (more properly, their analogues) can be naturally understood as com-
position of integral transforms, as is well known in certain quarters, see e.g. [30, section 4.3.3], and we review here.
Physically, when two defects collide, one would integrate out degrees of freedom from the ‘middle.’ Mathematically,
given Kxy € Db(X x Y) and Kyz € Db(Y x Z), the fusion product (denoted here x, to be consistent with mathematics
notation for integral transforms) should be

Kxy *Kyz = g« (pkyKxy ® py;Kyz) € DP(X x 2). (2.6)

The pushforward g, is the mathematical implementation of the ‘integrating out’ above. However, this is also how
composition of integral transforms is defined [55, prop. 5.10], [57]:

@(Kyz) o ®(Kxy) = P(K3) (2.7)
where
K3 = g« (PiyKxy ® p};Kyz) € DP(X x 2), (2.8)
and
Pxy : XxYxZ—>XxY, (2.9)
pPyz: XXYXZ—->YXZ, (2.10)
qg:XXYXZ—>XxZ (211)

are projections. Thus, the mathematical analogue of a fusion product of two defects, coincides with the composition of
the corresponding integral transforms. As a result, we will sometimes write the composition above in the notation of
fusion products as

Kxy *Kyz = K3, (2.12)
so that
®(Kyz) o d(Kyy) = ® (Kyy * Kyz). (213)

In the special case X =Y =Z, Kxy = A,Vq, and Kyz = A, V>, for V; and V;, vector bundles on X, then
K3 = A, (V1®V2), (2.14)
or more simply,
(AxV1) # (AsV2) = A (V1 ® V). (2.15)
5. Non-commutivity. Given K, K € D?(X x X), in general,
D(K2) o ®(K1) # O(Kq) o D(K3), (2.16)
or more simply,

K] *K2 ;é Kz *K]. (2.17)
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For example, suppose K; =L for L a nontrivial line bundle on X, and K> = Oxxx. Then,

O(K1)(E)=H*X,£®1)®O0, (2.18)

D(K)(E)=H*(X,E) Q0. (219)
As a result,

®(K1) o ®(K2)(E) =H*(X,E) Q H*(X, L), (2.20)

D(K3) o ®(K1)(E) =H*(X,E®L)® H* (X, 0), (2.21)
and

Ki*Ky=H*(X,L) ® K3, (2.22)

Ky xKi=H*(X,0)® K. (2.23)

In particular, K1 * Ky # Ky * K1 and

®(K1) 0 ®(K2) = ®(Ko % K1), (2.24)
£ d(Ky %K) = ®(Ka) 0 D(K7). (2.25)

Another example may be helpful. Let S ) denote a skyscraper sheaf’> on X x Y supported at the point (x, y). Let
K1, Kz € DP(X x X) be given by K1 = S, x), K2 =S ,)-

Then,

e m12Kq is supported at (x1,x2,y) for all y € X,

e m35K> is supported at (z, x},x,) for all z € X,

o 73, Kq1 ® 53 K2 vanishes or x» # x}, and for xo = x}, is a skyscraper sheaf supported at (x1, X2 =x,%)) € X x X x X.
From this we compute that 713, (711*2 K1 ® 35 Kz) vanishes for x # x}, and for x; =],

134 (T15K1 ® 135K2) = Sy, - (2.26)

In the other direction,

e 71, K> is supported at (x|, x}, y) forall y € X,

e 75,K1 is supported at (z, X1, x2) for all z € X,

e 73,Ks ® 55Ky vanishes for x; # X, and for x; =), is a skyscraper sheaf supported at (x},x; =x),x2) € X x X x X.
From this we compute that 713, (771*21(2 ® n;‘3K1) vanishes or x1 # x/z, and for x; =x/2,

13+ (T12K2 @ T35K1) = S, - (2.27)
In particular,
K1*K2 # Kz*K]. (2.28)

They are not even quasi-isomorphic; they are simply non-isomorphic elements of D?(X x X).
6. Associators. Given any three kernels K1, K2, K3, there is a canonical isomorphism

¢1,2,3 : (K] * Kz) * K3 i) K] * (Kz * 1(3), (2.29)
satisfying the pentagon identity

(K1 * K2) % (K3 % Kg)

((K1 % K2) % K3) * K4 Kq % (K3 % (K3 % K4)) (2.30)
l¢1.2.3®id4 id1®¢2,3,4T
(K1 % (K2 % K3)) % K4 234 K1 % (K2 % K3) % Kg)

just as one would expect in a fusion category, which are also referred to as F-symbols in the fusion category and physics
literature.

5 Skyscraper sheaf is a sheaf supported at a single point.



A. Caldararu, T. Pantev, E. Sharpe et al. Journal of Geometry and Physics 218 (2025) 105653

7. Fusion products of D-branes. So far we have outlined properties of defects and interfaces in string worldsheets. D-branes
themselves can be understood as special cases of interfaces, mapping D?(X) — D?(Y = point) or D?(point) — DP(X).
Interpreted as an interface, the D-brane® is an element of D?(X x point) = D?(X). The fusion product of two D-branes
can then be understood in the same fashion as composition of interfaces. If K; € D?(X x point) and K, € D’ (point x X),
then

K1 %Kz = qi (17 K1 @ 15 K>) = 1K1 ® 5 K2, (2.31)

using the fact that q: X x point x X — X x X is merely the identity map.

In passing, the reader should note that a fusion product of D-branes is different from a collision of D-branes: The former
means fusing the worldsheet defects while the latter means moving D-branes on top of each other in spacetime. For
example, given a pair of individual D-branes, the collision will involve an enhancement of a U(1)? gauge symmetry on
the worldvolume to U (2), but the fusion product will not.

Beyond the identity Ox, simple examples are pushforward and pullbacks, which we explain next. Let f : X — Y be any
function, and I'y C X x Y be its graph, meaning the set of pairs {(x, f(x)) € X x Y}. Let Oy denote the structure sheaf of
'y, interpreted as an object in DP(X x Y). Then, f.:DP(X) — DP(Y) and f*:D®(Y) — DP(X) are both implemented as
integral transforms with kernel Oy, see [55, examples 5.4, section 5.1].

As a special case, consider ordinary symmetries defined by elements of a group. Let G be a group that acts on X, and
let K denote the structure sheaf of the graph of the function g: X — X, then K is the defect corresponding to g, that
implements the action of g on X. The resulting isomorphism of derived categories respects the group law, in the following
sense. If we let ¢ : D(X) — D(X) denote the integral transform associated as above to the graph of g, then, there is an
isomorphism

Ygh:dphopg = ¢ng (2.32)

which makes the obvious pentagon identity commute.

2.1.2. Defects as generalized symmetries in B models

Now, should all defects be interpreted as symmetries? For example, consider a function f : X — Y that maps all of
X to a single point y € Y. The corresponding integral transform will annihilate the cohomology of X. That is certainly
‘noninvertible,” but is hardly a ‘symmetry.’

More generally, one could ask which kernels in D?(X x X) induce isomorphisms D?(X) — D®(X). For X Fano or of
general type, the only such automorphisms are tensor products with line bundles, and shifts [n], see [58, theorem 4.6]. For
X Calabi-Yau, on the other hand, there are typically more. For example, on an elliptic curve, there is an integral transform
(with kernel” the Poincaré line bundle) which maps Op (the skyscraper sheaf supported at a point P) to the line bundle
O(P — Py), for a fixed point Pg, and defines an isomorphism D?(X) — D?(X), but it is not of the forms described above.

For a different example, a noninvertible line in two dimensions acts on the vacuum by multiplying it by its quantum
dimension:

L|2) = (L)[$2) # [€2). (2.33)

As a result, the vacuum is not preserved, which gives another sense in which describing these transformations as ‘symme-
tries’ is, at least, counterintuitive. This is, in fact, one of the main disagreements about whether noninvertible topological
defects should be referred to as ‘symmetries’. Unlike an ordinary group symmetry, a noninvertible operator does not act
unitarily on a given Hilbert space H. It should be understood as defining a quantum operation with two steps: 1) unitary
action on an enlarged Hilbert space H ® H’ and 2) partial-trace over H'. We refer the reader to [56] for more details on
this point.

With this subtlety in mind, the perspective we will take is that defects should be interpreted as defining actions, not
necessarily analogs of groups themselves. In particular, groups can have trivial actions without being trivial themselves. One
example is the trivial representation of any group - the group is not represented faithfully, as all elements act in the same
way. We interpret the defects as defining analogues of group actions, so that the example above of a constant function is an
analogue of a nonfaithful representation of a group. As a result, referring to defects as generating noninvertible ‘symmetries’
is a misnomer from this perspective, but the language is now standard.

Phrased another way, the issue here is the language, not the integral transforms. The line operators in the B model are
integral transforms, defined by kernels. However, labeling them “symmetries” can be misleading, but it is now a widely
accepted notion in physics literature.

6 More accurately, brane/antibrane/tachyon collection.
7 The Poincaré line bundle is more generally interpreted as mapping an abelian variety to its dual, which in general need not be itself.
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We close this subsection with the following comments. In passing, we should mention that in principle, mirrors should
be computable via homological mirror symmetry [59]. If two Calabi-Yau’s X and Y are mirror to one another, then homo-
logical mirror symmetry maps D(X) to a corresponding Fukaya category of Y. Trivially, given an interface between X and Y,
homological mirror symmetry should map D(X x Y) to the Fukaya category of X x Y, and in particular should map kernels
of integral transforms to the Lagrangian correspondences mentioned above.

2.2. Orientation reversal as adjoints

We shall sometimes need to reverse the orientation of a given defect K € DP(X x X) for X Calabi-Yau. The desired
operation T should have properties including

kHt =k, (2.34)
for K € DP(X x X),

Ky %K)t = kD5 K], (2.35)
for K1, Kz € D’(X x Y), and

Homyx (A % B, C) = Homyxx(A, C* B") = Homyyx (B, AT % ), (2.36)

Homyxx (A, B % C) = Homyxx (B * A, C) = Homyxx (A *CT, B), (2.37)

for A, B,C € D’(X x X). In this section we will define such an operation f, utilizing adjoints arising in derived categories,
and show that it satisfies the first property above. In the next section we will establish the remaining properties.

First, we recall the left- and right-adjoints to integral transforms. Briefly, following [55, prop. 5.9], [57], [58, lemma 1.2],
given K € D?(X x Y) defining an integral transform ®(K) : D?(X) — D®(Y), the left and right adjoints, respectively, of the
integral transform are the integral transforms of

K. = KY @ mjwy[dimY], Kg = KY ® m3wx[dim X], (2.38)

where wyw is the canonical bundle of W. (Implicitly, the right adjoint functor can be derived from the left adjoint functor
by conjugating by Serre functors [52, theorem 4.6].) More explicitly,

Homps x, (W(K1)(E), F) = Hompp y, (£, D(K)(F)), (2.39)
Hompsy, (@(K)(F), €) = Homps y, (F, U(Kr)(E)), (2.40)

where for A € D’(X x Y), W(A)(—) = px« (A ® p}—) is a functor D?(Y) — DP(X).

Now, to match physics, we want to work in conventions where the integral transforms are defined with respect to a
single direction, so that we do not have to label each adjoint according to whether it should be interpreted as defining a
map D?(X) — DP(Y) or D?(Y) — DP(X). Put another way, we want to work in conventions in which we have only ® or ¥
in the expressions above, but not both.

A convention of this form is utilized in [60], which defines adjoints using only &, and not W. Following [60, Lemma 3.3]
given K € DY(X x Y) defining an integral transform ®(K) : D?(X) — Db(Y), let

o:YxX—>XxY
denote the transposition morphism. Then, for K € D?(X x Y), one can define K;, Kz € D’(Y x X) by

KL = (0*K)Y @ mywy[dimY], Kgp = (0*K)" ® miwx[dim X]. (2.41)
These have the properties that

Homps xy (P(K1)(E), F) =Homps vy (€, P(K)(F)), (2.42)

Hompp ) (P(K)(F), £) =Homps ) (F, P(KR)(E)), (2.43)

(using the fact that the right-adjoint can be obtained from the left-adjoint by conjugating by the Serre functor, as in [52,
theorem 4.6]). In particular, the adjoint functors to ®(K) are the integral transforms associated to K;, Kg [60, Lemma 3.3]:

O(K)L = (K1), P(K)r = O(Kg). (2.44)
If X and Y are both Calabi-Yau, then

Ki = (6*K)V[dimY], Kg = (¢*K)V[dim X]. (2.45)
If X and Y are both Calabi-Yau and X =Y, then we define®

8 Ky and Ky are canonically isomorphic, therefore we identify them, in the case X =Y are both Calabi-Yau.

8
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K" = K1 = Kg = (0*K)"[dim X]. (2.46)

This defines the adjoint or orientation-reversal operation we will use most commonly in this paper in working with defects
in the B model.

Now, let us compare the derived dual and the adjoint as possible descriptions of orientation reversal. One property we
require is that the operation square to the identity, and this is true of both. For derived duals, it is a standard result that

(AY)Y = Hom(AY,0) = A. (2.47)

For the adjoint operation for a defect in D?(X x X) for X Calabi-Yau,

(AN = Hom(o* AT, ©)[dim X], (2.48)
= Hom(o*(0*A)" [dim X], ©)[dim X], (2.49)
=Hom(AY, O)[— dim X][dim X], (2.50)
=(AY)Y = A. (2.51)

(Note that since o is an isomorphism, o * does not have any higher derived functors, and so (c*A)Y =o*(AY).)

Now, we also want to require that the identity defect be invariant under this operation, and this determines the adjoint
operation t as the operation of choice. So, consider the identity defect O € D’(X x X). We require that reversing the
orientation of the identity defect should return the original defect. From [5, example 14], [55, example 5.19], for any space
X,

(0a)Y = (AOx)Y = Aoy ' [-dim X], (2.52)
= A Ox @ iwy' [—dimX] = AOx @ T3 wy ' [—dim X], (2.53)

where wy is the canonical bundle of X. Now, for any vector bundle V — X,

AV = Ay (A*7TfV) = AOx @iV, (2.54)
using the fact that 71 o A =1 and the projection formula, hence

(Oa)Y = AOx ®@ Tjwy ' [—dim X]. (2.55)

In particular, even for X a Calabi-Yau, we have

(Oa)” = Oal—dimX] # Oa, (2.56)

and so the identity defect is not invariant under the derived dual. If we consider the adjoint instead, we find

(OA)" = (0*04)” @ fwx[+dimX] = (Oa)Y @ Tfwx[+dimX] = Oa, (2.57)

and so under the adjoint operation, the identity defect is invariant (regardless of whether X is Calabi-Yau). This is one
reason that we identify orientation-reversal with the adjoint §, and not with the derived dual.

For later use, let us mention some useful computational results.

Suppose Y is a smooth (or local complete intersection) subvariety of X, then, by applying Koszul resolutions locally, one
can argue that

Oy = ANy, x[—codimY/X] (2.58)

where Ny, x is the normal bundle to Y in X, and codim Y /X is the codimension of Y in X. A formal argument, which
establishes the result above in greater generality, is as follows.

Let i: Y — X be a closed embedding. As it is a proper morphism (i.e., fibers are compact) it admits a dualizing complex
w in DP(Y). (In the special case that Y is a local complete intersection then w = A“’p(Ny/x)[—c] for ¢ = codimY/X.)
From Grothendieck duality, there is a functor i': D?(X) — D®(Y), which is related to the usual pull-back i*, and has the
properties:

o I'(F) =i*"(F)®w,
e i' is right adjoint to i,, meaning

Homps iy, (F, i'G) = Homps , (ix F. G), ixHomps .y, (F,i'G) = Hompy x, (i F, G). (2.59)

In the present case, take F = Oy, G = Oy, so O}Y = Hom x, (ixF, G) (the right-hand-side of the above). On the left-hand
side, i'Ox = i*Ox ® w = w. In the special case that Y is a local complete intersection, the previous description applies.

9
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2.3. Junction and defect operators

So far we have outlined formally how interfaces and defects naturally correspond to kernels of integral transforms, on
products X x Y. Now, a junction between defects and interfaces can naturally carry operators, known as junction operators.
At any junction, the junction operators only depend upon the cyclic ordering of the intersecting interfaces | defects.

In the B model, such spaces of junction local operators are naturally associated with Ext groups, cohomologies of Hom’s
between kernels, as we now explain.

First, given kernels K1, K3 for two integral transforms ® (K1) : DP(X) — D(Y), natural transformations ® (K1) = ®(K>)
correspond? to morphisms Hom(K1, K3), see for example [61, section 2.2], [62, section 3.1]. For example, given three defects
K1, K3, K3, the junction operators at the triple intersection correspond to elements of Hom(Kj * K2, K3) (see e.g. [64-66]),
which immediately corresponds to natural transformations ®(K7) o ®(K3) = ®(K3).

There are several points to clarify. First, we give a more explicit description of the junction operators associated to any
intersection, and clarify how it only depends upon the cyclic ordering. Later, we will discuss the grading carried by Hom
spaces in this context.

2.3.1. Basic identities
Consider a junction of several oriented defects, cyclically ordered as Ki, - -- Ky, incoming defects followed by Lq,---, Ly
outgoing defects, as illustrated below:

K5
K, Ky
L L
At such a junction, the junction operators are counted by
Hom(Kq % --- % Kp, L1 %---% L) (2.60)

where the x denotes the composition of kernels (fusion products of defects) discussed previously in subsection 2.1. We can
flip the orientation of any given defect K by replacing it with its adjoint K.

Later in section 2.3.2 we will argue that the Hom'’s above are cyclically symmetric (so that the choice of starting point is
irrelevant), and that one can move any given defect from one side to the other if one simultaneously takes an adjoint (7).
Before doing that, however, we must establish some preliminaries, some basic identities satisfied by the Hom spaces, that
we will use in section 2.3.2 to establish the cyclic property and so forth. The purpose of this section is to establish those
preliminary results.

The following statements are true:

e For Ae D®(X x Y), Be DP(Y x Z), Ce DP(X x 2),

Homyyxz (A% B,C) = Homxxy (A, C x BR). (2.61)

For Ae DY(X x Y), Be DP(Y x Z), C e DP(X x Z),

Homyxz (A*B,C) = Homyyxz (B, AL %xC). (2.62)

e For Ac D’(X x Z), Be DY(X x Y), Ce DP(Y x 2),

Homxxz (A,B*C) = Homsz (BR *A,C). (2.63)
e For Ac D’(X x Z), Be DY(X x Y), Ce DP(Y x 2),

Homyyz (A, B % C) = Homyxy (A*Cy, B). (2.64)

For Ae D’(X x Y), Be D*(Y x 2),

(AxB), = By x AL, (A*B)g = Bg* Ag. (2.65)

9 A technical aside. In order for natural transformations to be in one-to-one correspondence with Hom's, we must be working in dg categories, and not
merely derived categories [63, theorem 8.15], a distinction we largely suppress in this paper.

10
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o In the special case that X is a Calabi-Yau, for A, B € DP(X x X),

Homy . x (OA,A*B):HOH’IXXX (OA,B*A), (2.66)
HOl‘l‘lXXX (A*B,OA):HOITIXXX (B*A,OA). (267)

This is slightly counterintuitive because, as discussed earlier, A % B # B * A in general. However, the reader might feel
more comfortable comparing A and B to square matrices, and the Hom to a trace: although matrix products do not
commute, nevertheless Tr AB = Tr BA.

In passing, analogous statements can be found in [67, prop. 2.4], and analogous statements involving derived tensor
products instead of fusion products are given in e.g. [55, section 3.3].

In the special case that X =Y = Z is a Calabi-Yau, the identities above trivially reduce to the remaining dagger identi-
ties (2.36), (2.37).

In the remainder of this subsection, we will derive these identities. In the next subsection, subsection 2.3.2, we will apply
these to show how to build a space of junction operators that only depends upon the cyclic ordering of the intersecting
defects, meaning for example that we will establish the cyclic property

Homxxx (K1 koo ok Kn, OA) = HOITIXXX (K2 koo ok Kn * K1, OA) (2.68)

and related identities.
First, we consider equations (2.61), (2.62). We begin by writing, for both cases,

Homyz(A*B,C) =Txxz (AxB)” ®C), (2.69)
=Txxz ((nXZ* (7iyA® Ty ,B)) ® c) ) (2.70)

We compute
(txze (ThyA® T 2B))” = Txza ((n;gyA ® 71 ,B)" ® Tiwy[dim Y]) , (2.71)
=7xz« (TxyAY @y ;BY @ mywy[dimY]), (2.72)

hence

Homyz(A % B,C) =Txxz (xz« (mxyAY @ 1y ;B @ mywy[dimY]) ® C), (2.73)
=Txxyxz (TxyAY @ my,B @ nywy[dimY] ® 7%,C). (2.74)

In the last step we used the fact that I' is the pushforward to a point, and pushing forward to X x Z and then to a point
is the same as pushing forward immediately to a point. Next, we convert this to an expression on X x Z x Y, for which we
need to map B from DP(Y x Z) to D®(Z x Y). To that end, we utilize two closely-related projection maps which are

yz: XXZxXxY — YXZ, mzy: XxZxY — ZxY, (2.75)
and the transposition map

oyz:ZxY — YXxZ, (2.76)

which obey oy; o mzy = my ;. Continuing,

Homyyz(A* B,C) =T'xxzxy (TxyAY @ w3y (0y,B)Y @ mywy[dimY]® 7%,C), (2.77)
=Txxy (Txv« (ThyAY @ 3y (05 ,B)Y ® mywy[dimY] @ 75,C)), (2.78)
=Txxy (A @ Txy« (75y (0y;B)Y @ mywy[dimY] @ m,C)), (2.79)
=Txxy (AY ® (CxBp)), (2.80)
=Homxxy (A, C x Bg), (2.81)

which is (2.61). (Note we used the projection formula in the simplification above.)
To recover identity (2.62), we simplify very similarly:

Homy,z(A % B,C) =Txxyxz (TxyAY ® 1y ;B" @ mywy[dimY]® wy,C), (2.82)
=Tyxxxz (n;"x(a;YA)v ® ﬂ;sz ®7r¢a)y[d1m Y] ® JT)"EZC) s (283)

=Tyxz (Tyz« (Y x (OxyA)Y @y, BY @ mywy[dimY]® 7%,C)), (2.84)

11
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=Tyxz (BY @ Tyz« (myx(0xyA)’ @ mywy[dimY]® 7%,C)), (2.85)
=Tyxz (BY ® (AL %0)), (2.86)
:Homyxz (B,AL*C). (287)

The identities (2.63) and (2.64) can be recovered very similarly. For completeness, we give the highlights below.

Homyz (A, B*C) =Txxz (A @ mxz« (mxyB @ 7y ,C)), (2.88)
=T xxyxz (H;ZA\/@JT;YB@T[;ZC), (2.89)
=Tyxxxz (Tx;AY @ myx(o%yB) @ 7y ;C). (2.90)

To get (2.63), we write

Homyz (A, B C) =Tyxz (Tyz« (M A ® Ty x(0%yB) ® C), (2.91)
=Tyxz ((Hyz* (JT;ZAV®7T¢X(G§YB)))W®C), (2.92)
and compute
(ryz« (T37AY @ Tix (03¢ B))) =Ty z4 (1578 @ iy (03yB)Y ® mhwx[dim X]), (2.93)
=Br*A, (2.94)
hence
Homyz (A, B*C) =Tyxz ((Br* A)Y ® C) = Homy,z (Bg* A,C). (2.95)

To get (2.64), we write

Homyz (A, B C) =Txxyxz (7%;A" ® ¥y B @7y ,C), (2.96)
=Txxzxy (T%zA” @ m%yB® 5y (0770)), (2.97)
=Txxy (Txys (75,AY ® 75y (07 ,C)) ® B), (2.98)
=Ty (e (15247 @ 75 (07,00)" @ B), (2.99)

and compute
(7Txy« (578" @ 3y (07,0)))" = 7xy« (15,4 @ 13y (05 ,0)Y @ miwz[dimZ]), (2.100)
=AxCy, (2.101)

hence

Homyz (A, B*C) =Txxy ((AxC)¥ ® B) = Homyxy (A*Cr, B). (2.102)

We can also see these identities graphically. To do so, we will need to use some canonically-defined maps. To clarify
conventions, we describe them below. First, from adjunction, for any A € D?(X x Y) and &€ € D?(X),

Homy ((®(A)L o P(A))(€),E) = Homy (P(A)(E), P(A)(E)), (2.103)

for the integral transform & defined in (2.1), hence the identity on ®(A)(£) is related to a map (®(A); o P(A)(E) — &.
Since ®(A); o ®(A) = P(A* Ar) from (2.13), and all maps are natural, we have a natural map

AxAl = Id. (2.104)
(Again, the idea is standard, but the details of the expression are convention-dependent.) Similarly,

Hom (®(AL)(F), P(AL)(F)) = Hom (F, (®(A) o P(AL))(F)) (2.105)
for F € D(Y) implies a natural transformation

Id = AL xA. (2.106)
Similarly for right adjoints,

Homy (®(A)(E), P(A)(E) = Homy (&, (P(A)gr o P(A))(E), (2.107)

12
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implies the existence of a natural map

Id = AxAg, (2.108)
and

Hom ((®(A) o ®(Ar))F), F) = Hom (P (Ar)(F), P(AR)(F)) (2.109)
implies the existence of a natural map

Apx A = Id. (2.110)

Given the maps above, we can now describe the identities of this section graphically. Let A € D?(X x Y), B e DP(Y x 2),
and C € DP(X x Z), then we can represent

HomxXz(A*B,C) (2.11])

as follows:

C

As drawn,'? this can be interpreted as merely a schematic picture of the Hom above, but later, we will also interpret the
Hom above as the space of junction operators at the intersection of three interfaces A, B, C, with suitable orientations,
linking the three spaces X, Y, Z. Now, using (2.108), namely, Id = B * Bg, so we can rewrite the diagram above as

and as these diagrams are meant to be equivalent, we have equation (2.61), namely

Homyyz (A * B, C) = Homyxy (A, C % Bg). (2.112)

Similarly, turning the interface A around and using the existence of the natural transformation (2.106), namely Id = Aj * A,
we have that the first diagram is equivalent to

and as these diagrams are meant to be equivalent, we have equation (2.62), namely

Homy.z (A*B,C) = Homyyxz (B, AL %xC). (2113)

10 These diagrams should be read left-to-right and bottom-to-top, which unfortunately is the exact opposite of the convention in [68].
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We can also represent (2.63) and (2.64) graphically. For A € DP(X x Z), Be D’(X x Y), C € DP(Y x Z), we can represent

Homyx 7z (A, B * C) (2114)
graphically by the diagram

Now, there is the natural transformation (2.110), namely, Bg * B = Id, so by turning B around, we can rewrite the diagram
above as

and as these diagrams are meant to be equivalent, we have equation (2.63), namely

Homxz (A, B+ C) = Homyxz (Bg x A, C). (2115)

Similarly, using the natural transformation (2.104), namely, C x C; = Id, and turning around the C line, we have the
equivalent diagram

and as these diagrams are meant to be equivalent, we have equation (2.64), namely

Homyyz (A, B % C) = Homyxy (A*Cy, B). (2.116)

Next, we turn to identity (2.65). This is a straightforward consequence of adjunction, and the composition (2.13). For
example,

Hom (®(A * B).(E), F) = Hom (£, ®(A x B)(F)), (2.117)
but ®(A % B) = ®(B) o d(A), and
Hom ((®(A)L o ®(B)1)(E, F) = Hom (®(B)L(E), P(A)(F)) = Hom (£, (®(B) o D(A))(F)), (2.118)

hence ®(A % B); = ®(A); o ®(B); = P(AL) o ®(BL) = (B * Ar), and using the isomorphism between integral transforms
and kernels establishes half of (2.65). The remainder is established similarly.
In particular, for X =Y a Calabi-Yau, we have immediately from the expressions above that

Ky %K)t = k]« K] (2119)
for K1, K2 € D(X x X), as desired.

14
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Finally, we turn to identities (2.66), (2.67). Specialize to X a Calabi-Yau, and let A, B € D?(X x X), so that AT, BY are
defined. Then,

Homy » x (AT, B) = Homyx (OA « AT, B) — Homyxx (Oa, B A), (2.120)
using identity (2.61) and the fact that (A")T = A on a Calabi-Yau. Similarly,
Homy  x (AT, B) — Homyxx (AT %O, B) — Homyyx (On, A% B), (2121)

using identity (2.62). Thus,

HomxXx(OA,A*B) = HO]TIXX)((OA,B*A). (2.]22)
Similarly,
Homy x (A, BT) — Homyxx (A, BT « OA) — Homyyx (B* A, Op) (2123)

using identity (2.63), and

Homy x (A, BT) — Homyx (A, O * BT) — Homyx (A% B,0n)), (2.124)
using identity (2.64), hence

Homyx (A* B, Op) = Homyxx (B A, Op). (2.125)

2.3.2. Junction operators and cyclic identities

Given the identities of the previous section, we can now define spaces of operators appearing at junctions of defects,
known as junction operators, and check basic properties. For example, we will apply the identities derived in the previous
section to argue a cyclic property. For simplicity, we assume that all of the defects are on a single Calabi-Yau X, meaning
that they are all objects in D?(X x X).

Briefly, given a set of defects intersecting at a single point, each with an orientation (ingoing |/ outgoing with respect to

the point), to define the space of junction operators, we pick one defect, call it K, and then, proceeding clockwise!! around
the junction, we form a product of the defects and their adjoints. The space of junction operators is then
Homy . x(Oa, P), (2.126)

where P is the product.
For example, consider the junction illustrated below:

Ka K1

K3 K>
This junction describes four outgoing defects. To assign a space of junction operators, we must specify an order in which to

traverse the defects - clockwise or counterclockwise. If we proceed clockwise from the top left defect, we get

HOH‘I(OA,K1 * Ky % K3 >I<K4). (2.]27)

We will see shortly that this is the same counting as for defect operators at the end of the defect K * K3 * K3 * K4, which
graphically corresponds to rotating all four defects on top of one another:

[ = ==

(See [5] for related constructions involving defects in the B model.)
More generally, if there are n defects, Ky, --- , Kj, in that order, all outgoing, then the space of junction operators is

Homy s x (Oa, Kn % Kn_1 % - % K1) . (2.128)

11 We could also proceed counterclockwise; either direction can be used, so long as one specifies one’s conventions.
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If some of the defects are outgoing, then we take their adjoints.
We have described this in terms of outgoing defects, but the results are equivalent to a set of incoming defects. Succes-
sively applying equation (2.63), the Hom group above matches

Homy x (O, K % Kn_1 % -+ - % K1) = Homyx x (K,I, K1 %% 1<1), (2.129)
~ Homy x (K,L] w KD K- 1<1), (2.130)
~ ~ Pt -
=~ ... = Homyyx (Kl Kl - s KT k], 04). (2.131)

This presentation of the Hom group can be interpreted as describing the same set of defects as all incoming, with the
opposite orientation.

Furthermore, we can also demonstrate that the result is cyclic, independent of the choice of starting position. For exam-
ple, using identity (2.63) then identity (2.61), we have

Homyxx (Oa, Kn % Kp—1 % -+ - % K1) = Homy x x (K,]:, Kp_1%--- 1(1) , (2132)
= Homywxx (Oa, Kn—1%---x K1 % Kp). (2.133)
Similarly, using identity (2.62) followed by identity (2.64), we have
Homysx (Kq % - - % Kn, Oa) 2 HoMy o x (Kz - Id) , (2.134)
= Homyyxx (Ky x---%x Ky % K1, Op). (2.135)

Junction operators will appear more systematically in the axioms we review in subsection 2.4.

2.3.3. Defect local operators
We can now use junction operators to derive defect local operators, which are defined to be operators appearing at the
end of a defect.'> For example, given a two-point junction of defects A, B,

A

B

counted by Hom(A, B), we can use the identities above to rotate A onto B, giving the equivalent diagrams

a8

A A v Id
Y :
1
X Y = X & Y Y X = X X
B B AR B x Ag
A /\ A v Id
1
v :
X Y = Y Y X e Y = Y Y
B Ar B AL % B

12 pefect local operators are also referred to as twisted sector operators, or operators in the defect Hilbert space, especially in CFT literature.
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or algebraically

Homyy (A, B) =Homyy(Oa * A, B) = Homyxx (Oa, B * Ag), (2.136)
=H0mny(A*OA,B) = Homyyy (OA,AL*B). (2.137)

(See [5] for related constructions involving defects in the B model.)
With this in mind, we now see that the defect operators at the end of a defect A are given by

Hom(Oa, A). (2.138)

We will enumerate and verify properties of defect operators in subsection 2.4.

2.34. Grading

So far, we have argued that Hom’s between kernels are the natural B model realization of vector spaces of junction
operators, which include defect operators as a special case. However, these Hom spaces also carry a natural grading, which
reflects the underlying N =2 algebra structure of the B model, and more specifically, the presence of a U(1)g symmetry.
Phrased another way, these Hom’s have a grading and a differential, so we can take cohomology at any fixed degree. This
cohomology is precisely global Ext groups, of that degree.

Frequently in this paper, we will suppress the grading, and use the notation Hom to indicate Ext groups of every degree
(or more precisely, chain complexes of vector spaces whose cohomology gives Ext group elements in each degree), but it
will play an important role sometimes.

2.3.5. Examples
In this paper we will frequently encounter defects of the form A,V, for V — X a vector bundle, and A : X — X x X the
diagonal. Ext groups between defects of this form can be computed from a spectral sequence [72]

EP9 = HP (X, Hom(V1, V2) ® ATNa/xxx) = Exthid (AVy, AL V). (2.139)

For the diagonal,

Na/xxx = TX, (2.140)

so this spectral sequence can be written as

EP9 = HP (X,Hom(V1, V) ® AITX) = Exth % (ALV1, ALV2). (2.141)
For example, if V1 =V, = Oy, the trivial line bundle, then we have
HP (X, NITX) = Exth % (Oa, On). (2.142)
In this case, the spectral sequence trivializes,'*> and so

Exty, x (Oa.0n) = Y HP(X,AITX), (2.143)
p+g=n

a standard expression for the Hochschild cohomology and local operators of the closed string B model, as expected.
If X is an orbifold [X/G] for finite G, nearly the same story applies except that one takes G-invariants, as discussed in
[73].

2.4. Comparison to axioms for defects and junction operators

In this section, we will compare the properties of defects and Hom groups to the properties of junction and defect
operators listed in [64, section 2.1]. To be clear, as mentioned previously, the noninvertible symmetries of the B model are
not the same as a fusion category, not even as its trivial continuous generalization.'* Nevertheless, we shall see that defects
and Hom groups do satisfy very similar identities.

In each case below, we begin with an axiom or property listed in [64, section 2.1], and then compare to properties of
defects in the B model as we have described them here.

13 As discussed in [72], the differentials involve the Atiyah class of the bundle on the support. In this case, that bundle is trivial, so the Atiyah class
vanishes, as do the differentials.
14 By saying ‘trivial continuous generalization’, we mean the direct product of a continuous group and a continuous group.
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1. Isotopy invariance: Briefly, this states that on a flat surface, all physical observables are invariant under continuous
deformations of topological defect lines that are ambient isotopies of the graph embedding. This is a consequence of
topological defects in general, and holds automatically for all defects in the B model.

2. Defect local operators: Defect local operators are point-like operators that can exist at the ends of a topological defect
line. We use #; to denote the space of defect operators that can arise at the end of a topological defect line L. These
spaces are required to obey the following:

e The spaces Hy,«..xk, are invariant under cyclic permutations, meaning

Hicrseskn = HKgwor KKy » (2.144)

e For the trivial topological defect line I, H; is required to be the same as the space of bulk local operators.

We discussed defect operators in the B model in subsection 2.3.3, where we argued that H; = Hom(Ox, L) (in the
convention that L is outgoing from the endpoint). We demonstrated the cyclic property above in section 2.3.2, equa-
tion (2.133). Next, when L = O, to identify H o, with bulk local operators, we will use the fact [5, section 3.4] that
closed string B model states can be identified with elements of either Hochschild cohomology

Exty . x (Oa, Oa) (2.145)
or Hochschild homology
Extyyx (O, Oa) (2.146)

(which on a Calabi-Yau match up to a grading shift). In particular, the Hochschild-Kostant-Rosenberg isomorphism [52,
theorem 6.3] says

Exty.x (0%, 0a) = @ HP (X, 9Y), (2147)
ptq=e
and from the fact that

Qf = Kx® A"ITX, (2.148)
for n the dimension of X, on a Calabi-Yau we have that
Exty, x (OX.0a) = @ HP (X, A"9TX). (2.149)
ptq=e

These Ext group elements are precisely the cohomology of the Hom'’s that we identify with the defect local operators,
as discussed in section 2.3.3, and so we see that the space of defect local operators associated with the identity Ha =
Hom(Oa, Oa) coincides with H®(X, A®*T X), the space of closed-string B model bulk operators, as expected from [64,
section 2.1].

3. Junction vectors: Junction operators are operators inserted at junctions of defects. Given a junction defined by a set of
incoming lines Ki, --- , Kp, if we let Vg, ...k, denote the vector space of junction operators associated to these lines,
then the vector spaces are required to be cyclically symmetric in the sense that

VK]*"'*Kn = VKZ*---*I(n*Kl- (2.150)

We described the space of junction operators in the B model in section 2.3.2. As described there, for incoming lines,

Viyssk, = Hom (Kq %+ % Ky, Op), (2.151)

and the desired cyclic symmetry was established in equation (2.135).

4. Correlation functions: There exists a notion of correlation functions of defects. In the B model, correlation functions
of defects certainly exist, and indeed, we will compute examples of correlation functions of defects in the B model in
section 2.7.

In general, there is also an “isotopy anomaly,” in which under a deformation on a curved surface, a topological defect
line may pick up a curvature-dependent phase. (See for example [69, section 3] for a discussion of the isotopy anomaly
in two-dimensional theories, and its relation to the gravitational anomaly and contact terms.)

Here, because we are working in the B model, this has a comparatively simple understanding: because it is a twisted
theory, worldsheet curvature only enters the B model via zero-mode counting, hence we do not expect to see an iso-
topy anomaly (save perhaps in subtle contact terms). A physical, rigidly supersymmetric theory in two dimensions is
different, as their formulation on curved spaces often requires adding curvature terms to the action and supersym-
metry transformations. However, those same curvature terms also obstruct the existence of topological twists. See for
example [70,71] for work on curvature terms in rigidly supersymmetric theories, and [71, section 4] for a discussion of
topological twists in such theories.
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5. Direct sum: Given two topological defect lines Ly, Ly, there is a direct sum L1 + Ly, and spaces of junction operators
and correlation functions are linear with respect to this addition. Indeed, in derived categories, there is an additive
structure: given any two kernels Kq, K € Db(X x Y), there is a sum K{ + K; € Db(X x Y). Furthermore, Hom’s are
linear with respect to addition. For example,

Hom(L; + Ly, L3) = Hom(Lq, L3) + Hom(Lo, L3), (2.152)

(L1 +Ly)*L3 = LyxLs+ Ly*Ls. (2.153)

This axiom in [64, section 2.1] also mentions two other conditions on topological defect lines:

e Every topological defect line is semisimple.

e There are only finitely many types of topological defect lines.

In general terms, we do not expect these conditions to hold in the more general case of derived categories.
6. Conjugation: There exists a conjugation map T, which is required to obey

HL=HE (2.154)

for any defect L € D?(X x X). Now, as explained in section 2.2, conjugation is given in derived categories by the adjoint
T. We can see that the adjoint { in derived categories obeys (2.154) as a consequence of Serre duality:

‘H; =Hom (Ox, L), (2.155)
= Hom (L, Op ® wx[dim X])*, (2.156)
*
~ Hom (OA, L[dim X]) : (2.157)
In the expressions above, wy is the canonical bundle of X, which is trivial for X Calabi-Yau. Now, this expression has
an extra factor of [dim X], but that only shifts the U(1)g grading, which is not a part of the axioms of [64, section 2].
As a result, if we omit the grading, then H; = HIT as desired.

7. Locality: This is in essence the requirement that OPEs exist. There are separate axioms for defect local operators and
junction operators, which we describe below.

(@) Defect local operators. A series of defects Ly, ---, Ln, ending in defect operators yr1, - - -, ¥, respectively, is equivalent
to a junction operator ¥ joining each defect. This is illustrated below for the case of two defects:
Ly Ly

v e———

V2 00—
Ly L

We describe this in derived categories below, for the case of two defects. Given y; € Hom(L;, Op), locality for defect
operators is the statement that there is a natural pairing

Hom (L1, Oa) ® Hom (Ly, Opo) —> Hom (L1 * Ly, Op). (2.158)
This map can be derived from the following map, which exists for any three objects A, B, C € DP(X x Y):

Homyy (A, B) ® Homyxy(B,C) — Homyxy (A, C). (2159)

Then, for any two objects L1, Ly € D?(X x X), for X a Calabi-Yau, there is a map

Homyxx (L1, Oa) ® Homyxx ((’)A, L;) — - Homyx (L1,L;) . (2.160)
However, from identities (2.61)-(2.64),

Homy x (OA,L;) — Homyxx (L2, Oa), (2.161)

Homy x (Ll,LD — Homyxx (L1 % Ly, Op) (2.162)

hence we have the map (2.158) above. The general case can be derived by iterating this construction.

(b) Junction operators. Given a pair of junction operators v, ¥, at either end of a line L, there exists an equivalent
picture in which the line has been collapsed and replaced with a single junction operator . We illustrate this
below in the special case of three lines on either side, with the collapsing intermediate line being Lj:
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L

In derived categories, this is a consequence of the product (2.159). In terms of the diagram above, locality for
junction operators is the statement that there should exist a corresponding map of junction operators
Hom (Oa, Lg% L5 x Lg* L7) @ Hom (L4, L1 % Ly x L3) —> Hom (O, L1 *x Ly % L3 x L5 *Lg*L7).

Using the identities (2.61)-(2.64), we can rewrite the first factor as
Hom (Oa, Lq # Ls # Lg % L7) = Hom (Lh « L] 1%, L), (2163)
and then applying the product (2.159) we have a map

Hom (L L] « 1L, La) @ Hom (La, Ly % Ly # L) —> Hom (L] # L+ L], Ly + Lo x13),
= HOIH(OA,L1 % Ly x L3 *Ls *LG*L7)

which is clearly the space of junction operators associated with the ‘collapsed’ diagram. The general case can be
derived identically.

8. Partial fusion: Topological defect lines obey an analogue of an OPE of the following form. Locally, a correlation function
with a pair of parallel topological defect lines is equivalent to a correlation function in which the lines have been fused
to Ly * L with a set of junction vectors inserted at the endpoints, as in the figure below:

Ly Ly

Ly Ly

Ly

Ly L Ly Ly

As a special case, a pair of topological defect lines Ly, L, wrapping a circle on a cylinder (hence, without endpoints)
can be fused to Ly * Ly, also wrapping the cylinder.

The latter case, parallel TDL's wrapping a cylinder, should be clear in a topological field theory, as there are no endpoints
to take into account. Understanding the role of the endpoints is slightly more subtle. In principle, we can understand
this by thinking of the arrangement

where we think of the dashed line as the location of a spacelike slice. Since the space of junction operators at that
point is

Hom(Ly * Ly, L1 % L2), (2.164)

which includes the identity operator, we can insert the identity operator. Writing the identity in the form of a sum over
a complete set of states:

1= Ivi) (vil (2.165)

leads to the expression at top.

The necessity of having junction operators at the endpoints can also be understood mathematically, in terms of making
functors encountered by various paths consistent. To that end, consider a composition of integral transforms corre-
sponding to defects encountered along a path. The dashed line in the figure above can be understood as associated
with the functor ®(L1 * L), for example, and the dashed line below
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can be understood in terms of the composition ®(L;) o ®(L1). Now, the dashed line is arbitrary, and can be deformed;
however, although the functors ®(Lq % Ly) and ®(L,) o ®(L1) are isomorphic, they are not necessarily the same. To map
one to the other, one needs a natural transformation, which here can be identified with an element of

Hom(Ly % Ly * L}, L1) = Hom(Ly * Ly, Ly * Ly). (2.166)

This is, of course, the space of junction operators.

9. Modular covariance: Briefly, this axiom says that correlation functions of defect operators attached to networks of
defects on a T2 should be invariant under modular transformations. The defect operators themselves will be invariant
- but the network of one-dimensional defects on the T2 may change. In principle, this should follow from modular
properties of the B model topological field theory, in essence the fact that the B model is well-defined on T2. We leave
any further details for future work.

Altogether, we see that defects in the B model, with the junction and defect operators defined earlier, satisfy most of the
axioms of [64, section 2.1], the exceptions involving finiteness and semisimplicity.

2.5. Actions of defects on bulk states

So far we have discussed how defects act on the D-branes (the derived category D(X)). However, defects also act on
bulk (closed string) states, and it is this sense in which defects can be used to define analogues of noninvertible symmetry
actions.

Arbitrary integral transforms act on Hochschild homology, though only those that induce an equivalence D(X) S D(X)
act on Hochschild cohomology.

The action of integral transforms on cohomology is described in [61,68], [55, section 5.2]. Formally, this can be com-
puted by, graphically, wrapping the closed string operator in the defect and interpreting the resulting operation in terms
of e.g. evaluation and coevaluation maps. The closed string states are interpreted in Hochschild homology as natural trans-
formations from the inverse of the Serre functor to the identity functor, and the Fourier-Mukai functor induces a map on
Hochschild homology, as discussed in [68, sections 3.2, 4.3]. We refer readers interested in such abstract descriptions to that
reference for further details.

More concretely, the action of a defect defined by kernel K € D?(X x Y) on cohomology is given by the map

@(K): H*(X,Q) — H*(Y,Q) (2.167)
given by!?
P(K) (1) = 7y, (ch(K) A VAT (X x V) A5 (). (2.168)
for € H*(X, Q). Formally, this can be derived from the requirement that ¢(K) makes the following diagram commute:
px)—2% . pey) (2.169)
vVx Vy
@(K)

H*(X,Q)——H"*(Y,Q),

where on any space W, vy (a) = ch(a)+/td(TW) for a € D(W). We can see this as follows. From commutivity of the diagram
above, for F € D(X), we have

Y(K) (vx(F)) = ch(®(K)(F))Vtd(TY), (2170)
= ch (ry« (K @ m%F)) Vtd(TY), (2171)
= 7Ty (ch (TxF @ K) wxtd(T X)) v/td(TY), (2172)

15 Depending upon circumstances, the A genus may be more natural than the Todd genus used above. However, on a Calabi-Yau, the Todd and A genera
match. In principle, another option is to replace the square root of the Todd genus with the complex Gamma class, see for example [75, section 2], [76-80]
and references therein. As the precise action on closed string states will not play an essential role in this paper, we will use the square root of the Todd
genus for simplicity, and leave a more careful examination for future work.
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using Grothendieck-Riemann-Roch, hence

O(K) (Vx(F)) = Ty« (n;(vx(f))chu(),/td(r(x x Y))) , (2173)
=Ty« (% (VX (F)) vxxy (K)), (2.174)

and replacing vx(F) with u gives the ¢(K) above.

Another variation of this diagram and map is described in [74, section 2.2]; these are all equivalent to Grothendieck-
Riemann-Roch, as described in [55, section 5.2, cor. 5.29]. We work with the version above as it was used in [61] to argue
that, with the ¢ above, the Cardy condition in the B model is equivalent to Hirzebruch-Riemann-Roch.

In general, the map ¢(K) respects neither the usual cohomological grading e nor Hodge decompositions. However, it
does respect the grading by columns of the Hodge decomposition:

pK): P HPIX) — P HPUY). (2175)

q—p=i q—p=i
Now, let us apply this to the special case of a defect defined by the kernel A,V € D®(X x X). For any € H*(X, Q),
U= @(ALVY() = T4 (ch(A*V)\/td(T(X X X))yr]*u). (2.176)

To compute this, we will need ch(A,V). Using Grothendieck-Riemann-Roch for A, we have

ch(ALV) = A, (ch(V)td(TX)A* (td(T(X x X)7')). (2177)
Since the Todd class is multiplicative,

A*d(T(X x X)) = (td(TX))?, (2.178)
hence

ch(ALV) = Ay (ch(Wtd(TX)™"). (2179)

Now, we plug this back into equation (2.176), to find

> T4 (A* (ch(V)td(TX)™") Vtd(T (X x X))zrl*u) , (2.180)
= 724 (As (ch(V) td(TX) " 1td(T X)) i pe) (2.181)
= 2. (Ax (ch(V) 7} 1), (2182)
= 724 (As (ch(V) (r{ 11) [a)) » (2183)
= T2x (Ax (ch(V) W), (2184)
= ch(V) - u, (2.185)

where we have used the projection formula, the observation
(i) A = Ay (7 ) 1acr) (2.186)
= A, (Lo, (2187)

and, in the last step, the fact that 2, A, = (A o), =1d.
Thus, the integral transform defined by K = A,V induces a map

u— p-ch(V) (2.188)

on u € H*(X).
As one special case, if K = O, (the identity element), then the action on cohomology is the identity: u — w, as expected.
As another special case, if u = ch(F) for some object F € D(X), then we see that the integral transform associated to
A,V maps

ch(F) = ch(F)ch(V) = ch(FQ V), (2.189)

as expected since on DP(X), the integral transform acts as F > F ® V. This serves as a consistency check.

So far we have seen that for X a smooth projective variety, the defect A,V induces a map on cohomology of the form
ch(F) + ch(F)ch(V). Similar arguments also apply when X is a smooth Deligne-Mumford stack; one simply replaces ch(V)
with ch™P (V).
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2.6. Nonfiniteness and semisimplicity

Two of the defining properties of a fusion category are finiteness and semisimplicity. Finiteness means there are finitely
many simple objects. Semisimplicity means every object can be written as a direct sum of simple objects. According to our
previous discussion, it is clear that defects in B model captured by derived categories are not finite.

Now, characterizing ‘simple’ objects in a derived category is not entirely simple. For example, using Grothendieck’s equiv-
alence, in any short exact sequence

0—A—B—C—0, (2.190)

one has an equivalence B ~ A + C. For example, if X is an elliptic curve, then

0 — O(-A) — O — Op — 0, (2191)

and so the trivial line bundle O ~ O(—A) + Oa.

Later in section 3.4 we will propose that simple objects be identified with objects that are stable with respect to a
fixed Bridgeland stability condition. As making sense of this requires picking e.g. a Kdhler metric, working with stability
conditions in principle takes us outside the realm of topological field theories, and so we defer this discussion to a later
section.

2.7. Correlation functions of lines and quantum dimensions

Correlation functions of lines can be computed in the B model (or in principle in any topological field theory) using
the taffy methods'® of [5], which observed (and checked in numerous examples) that since the topological field theory is
independent of the metric, we can ‘flatten’ the worldsheet. In terms of spacelike sections, we collapse circles into intervals,
where we imagine the interval as hosting both halves of a circle. If the circle was propagating on X, then the interval is
propagating on X x X. At an edge, now seen as a fold, where the two halves of the original circle meet, the boundary is the
diagonal,'” OA. We have tried to illustrate this process in the diagram below.

X

X

For one example, a sphere (hosting a nonlinear sigma model with target X) hosting a line operator K along the equator
(with K € D’(X x X)) can be flattened to an open string disk diagram, hosting a sigma model with target X x X, with K
defining the boundary of the disk diagram. This is in fact an alternative way, compared to the folding trick in Fig. 1, to see
why defects are described by D?(X x X).

~ Q)

In principle, the disk diagram above (an open string diagram on X x X) can be computed using the methods of [81].
Next, we turn to one-loop diagrams, as illustrated below:

16 See also e.g. [82-86] and references therein for discussions of folds in other contexts.

17 One subtlety we will gloss over is the fact that, depending upon the orientation of the open string, the boundary diagonal could be described by either
O, or its derived dual OY, as discussed in [5]. The difference is just a grading shift, which will play no role in our analysis, ultimately cancelling out of
computations, so we will suppress that detail in this section.
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As before, we flatten the worldsheet torus hosting a sigma model with target X onto an annulus diagram hosting a sigma
model with target X x X. The torus partition function for a sigma model with target X and a defect K inserted along one
loop is the same as that of an annulus diagram for a sigma model with target X x X with one boundary on the identity
Op and K at the other boundary. Similarly, from [5], the torus partition function for a sigma model with target X and no
defect is the same as that of an annulus diagram for a sigma model with target X x X and both boundaries on the diagonal
Oa. We illustrate the first of these two flattenings below.

K

On the left is a torus (for a sigma model with target X) with a defect K wrapped around the outer edge; on the right is an
annulus (for a sigma model with target X x X) with one boundary given by K, and the other by Ox.

In the B model, the partition function for an annulus with target a space Y with one boundary on £ and the other on
F is (see e.g. [4, equ'n (158)], [87, section 9.2])

> (=) dimExty, x (€, F). (2.192)

Thus, for the annulus of interest above with a defect K wrapping the otter boundary, the annulus diagram is given by

> (=) dimExty, x (Oa. K). (2.193)
i

which can also be regarded as the twisted torus partition function twisted by K. If we then normalize it by the partition
function for just the torus (which is computed by an annulus diagram on X x X with boundaries O, O,), then we get an
expression for the one-loop vev of the line associated to K:

) > (=) dimExty, y (Oa, K)
g=1 = . i .
> (=) dimExt), y (Oa, On)
We remark that the above computation should be distinguished from the quantum dimension of the line operator as-
sociated to K. Briefly, the quantum dimension for a line defect is mathematically described in, e.g., [88, section 4], as the
“Frobenius-Perron dimension,” where it is computed as the eigenvalues of a matrix encoding the action of any given line on

elements of a basis of simple lines. Physically speaking, the quantum dimension is given by the cylinder vacuum expectation
value of the line defect

(2.194)

(K)eyt = (S2IK€2), (2.195)

where the vacuum state Q in our case is given by the element O,. Diagrammatically, we can visualize this computation as
a cylinder with a line operator inserted and acting on the vacuum state.

)

If we were to restrict to a basis of simple lines, this would result in the matrix whose eigenvalues define the quantum
dimension.

If one were to close the cylinder above to a loop, so as to take a trace, the result would be the twisted partition function
denoted by the following the diagram

Also, again because we are working in a topological field theory, we can interpret the defect as wrapping either noncon-
tractible curve, as deforming the metric changes the picture. We illustrate the idea below:
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The middle diagram describes a defect wrapped along the outer edge of a torus; the right-most diagram describes a defect
wrapped from inside to outside. As a result, in the topological field theory, we expect

>

and so the annulus diagram we have computed, giving (K)g—1, could be interpreted as the trace of a matrix, which has a
submatrix whose eigenvalues give the quantum dimension.

Such a result is consistent with expectations: the alternating sums of the dimension of Ext groups between O and K
is expected, on general grounds, to behave as some sort of trace of K. Furthermore, it is a straightforward consequence of
the description in terms of Ext groups that

(K+1L) = (K) + (L), (2.196)

also as one would expect intuitively from a trace.
Let us compute the one-loop (K)g—1 for the case K = A,V, for V — X a vector bundle of rank r. Now,

D (=)Extly, x (Oa, ALV) =) (—)PTdimHP (X, V ® AITX), (2197)
i b.q
=> ()% (X.V®AITX), (2.198)
q

where we have used the spectral sequence (2.141) and, for any & € D?(X),

X(X, &) =) () dimH (X, ). (2.199)

Consider the case that dim X =1, and assume X is a general Riemann surface. We use the fact that

td(TX) = 1 + %q(TX) (2.200)
to compute
,
x(V)=/(5c1<TX>+c1<V)), (2.201)
X
X(VRTX) :/ <%rc1 (TX)+c1 (V)) , (2.202)

where r is the rank of V. From this we find the index is given by

XV) = X (V& TX) = —r/ (TX) = —r x(X), (2.203)
X
hence from (2.194), we have that (K)g—1 is
Yy imExt,  (On, V) FgOXK YV @AITX)  —rx(X) _ (220
Y dimExt,, (05, 08)  Lp(PXXCAPTX) — —x(X) '

the rank of V. In the special case that X is an elliptic curve, the numerator and denominator separately vanish, so the
computation is only defined in a limiting sense.
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Next, consider the case that dim X = 2. We use the fact that

td(TX) =1 + :—ZCZ(TX) (2.205)
to compute
x(V) zf <%62(TX) + %cl(V)2 - Cz(V)> ; (2.206)
X
x(VQTX) :/ <—grcz(TX) +c1(V)? - ZCZ(V)> (2.207)

where r is the rank of V, to find that the index is

X(V) = x(VRTX)+ x (Ve A2TX)=2x(V) — x(VTX), (2.208)
zrsz(TX) =r1x(X), (2.209)
X

where x (X) denotes the Euler characteristic of X. From (2.194), we have that (A, V) is
Yi(0) dimExty, x (Oa, AV) Ty XX VONTX)  rx(x) _ (2210)
Y (=) dimExt), y (O, Oa) >, (P X (X, APTX) xX) '

the rank of V.
We can establish the result more generally in higher dimensions as follows. First, from Serre duality, for any vector
bundle £ on a Calabi-Yau X of dimension n, we can write

X(X.6) = Y (9)'dimH (X, &) = Y () dimH"(X,£%) = ()" x (X, ) (2.211)
hence

3 () dimExtl, x (Oa. AV) = () X (X.V ® AITX), (2.212)

= (") (XX VFRAT*X). (2213)

Next, from [89, theorem 10.1.1], for any vector bundle &,

td(@) A > (-)ich (/\1'5*) = Ctop(&). (2.214)
As a result,
D (AKX VFRATHX) :/td(TX) ACh(VF) A Y (=) ch(AT*X), (2.215)
i X i
=/Ch(V*)/\Ct0p(TX), (2.216)
X
=r/Ctop(TX) =rx(X), (2.217)
X

where r is the rank of V. Putting this together, we find from (2.194) that (A, V), for X any'® Calabi-Yau, is

Z,-(—)idimExtg(Xx (Op, AV) — (D)"rx(X)
Y ()i dimExty, y (05, 0a) (XX,

r, (2.218)

the rank of V.

18 Any Calabi-Yau of dimension bigger than one, and in a limiting sense for the special case of elliptic curves.
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As a consistency check, consider the vev of the identity OA. One expects that (Oa) = 1, which is easy to verify from the
expression (2.194).

In fact, we see that the one-loop correlation function (K)g—1 shares a similar property as the quantum dimension of the
line defect associated with K: For any invertible line K = A,V defined by a rank-one bundle V — X, (K)g—1 = 1; However,
for higher-rank V defining noninvertible K, (K)g—1 # 1.

2.8. Subtleties in truncating derived categories to fusion categories

In many cases, the B-model TFT with target space X admits simple finite group symmetries (such as geometric isome-
tries of X) or even finite symmetries described by some more general fusion categories. One expects these simple global
symmetries to be implemented also by line defects in the derived category D?(X x X). However, there exists a subtlety in
describing lines associated to objects in fusion categories, which we explore as follows.

For simplicity, let us consider G be a finite group acting on a space X. One way to describe G in the language of fusion
categories is in terms of the G-graded category of vector spaces Vec(G), as was utilized in e.g. [64]. (See also [65,66] and
references therein.) If in a slight abuse of notation we let g denote the line in Vec(G) corresponding to g € G, then junction
operators obey

Homyecg)(g,h) = Cégp, (2.219)

corresponding to a simple two-point vertex.

Now, such line operators can be realized in derived categories. For g € G, let I'g C X x X denote the graph of g as a map
X — X. The associated integral transform ®(I'g) implements the action of g on DP(X), so Ig € DP(X x X) is the natural
object to identify with elements g € G. That said, the Hom spaces are slightly different from those of Vec(G). In the special
case'? that G acts freely,

Homps x, x)(T'g, Tn) = Vg, (2.221)

for

V = @HH(X), (2.222)

the totality of the Hochschild cohomology (the closed-string B model states). If G does not act freely on X, then there can
be contributions to Hom(I'g, I'y) if g # h. (For example, if G does not act freely, then the intersection I'y N A = X¥, the

fixed-point locus of g € G, which leads to nonzero Hom’s.) As a quick consistency check, one can show?° that FL =Tg,
hence

Hom (g, Tg) = Hom (Fg*rg,oA) — Hom (Oa, O4), (2.225)

the space of closed-string states, consistent with the axioms for defect operators listed in section 2.4.
Straightforwardly, one can consider a fusion category C with noninvertible simple objects with a similar Hom space
formula as (2.219)

Home(L;, Lj) = C4; j, (2.226)

and enrich it into the Hom space for the derived category (2.221).
This difference in Hom space is as expected: by comparison, the fusion categorical structure in e.g. [64] is a truncation
of the structure in derived categories, so that in the setting of derived categories, one sees higher categorical contributions,

19" We can see this as follows. If G acts freely, then I'g and Iy, are disjoint if g # h. In the case g =h, we use the fact that there is an isomorphism I'g = A
to write

Homps x, x)(I'g, I'g) = Hom(A, A), (2.220)

which is equivalent to the closed-string B model states, as reviewed in section 2.4.
20 This can be seen in at least two ways. For one, since I'y * g1 =0p =Tg1 %Iy, we see I'y is an equivalence and 'y is its inverse, which must
coincide with the adjoint. Another argument is as follows. For ¢: Y < X a smooth subvariety, £ — Y a vector bundle,

Homy (t.€, Ox) = t,Homy (€,1*Ox) = 1,Homy (€, wy/x[dimY /X]). (2.223)

Now, I'g =1,Ox for ¢: X — X x X as x> (x, g - x). Then, we have

(.:0x)” = Homy, x (t+Ox, Oxxx) = tsHomy (Ox, Ox[—dim X]) = 1, (Ox[—dimX]) = [g[—dim X]. (2.224)

To get 1";, one also takes the transposition (which changes g to g~!) and shift the result by [dim X], hence 1"; =Tg-1.

27



A. Caldararu, T. Pantev, E. Sharpe et al. Journal of Geometry and Physics 218 (2025) 105653

reflecting the details of the actions, data which is not present in the fusion category C. Put another way, the Ext group
elements, the graded elements of the Hom in the derived category, implicitly encode back reaction, which is not encoded
in the structures of e.g. [64].

2.9. Strongly symmetric boundary B-branes

Following [90, section 2.3], a boundary state |B) is said to be strongly symmetric with respect to a fusion category
symmetry if, for each line L in the fusion category,

L|B) = (L)|B), (2.227)

where (L) denotes the quantum dimension of L.

This is closely analogous to the notion of an eigensheaf in derived categories. Therefore, it is natural to utilize it as a
notion of strongly symmetry boundary B-brane states with respect to the B-model defects.

Given some kernel K defining an integral transform (a line operator), an element B € D?(X) is said to be an eigensheaf
of the integral transform ®(K) if there exists some vector bundle £ — X such that

®(K)(B) = BQ®E. (2.228)

The vector bundle £ is referred to as the eigenvalue.
An example is as follows. Let X be a space with a G action, then for all g € G, the graph I'; € DP(X x X) has the property
that for any G-equivariant sheaf S € D®(X),

D(Tg)(S) =S, (2.229)

corresponding to the fact that I'y has quantum dimension 1. In this case, S is an eigensheaf of the integral transform ®(I'y),
with eigenvalue O.

2.10. Analogous constructions in other topological field theories

In this section we will briefly review defects in other topological field theories, beyond just B-twisted nonlinear sigma
models with trivial B fields.

o Defects in theories twisted by topologically nontrivial B fields.
As is well known (see e.g. [55, section 13.4], [91,92]), in the presence of topologically nontrivial B fields, one works
with ‘twisted’ bundles and sheaves. This twisting is defined by an « € H?(X, O%), which we will assume is torsion.”!
Briefly, if one represents o by a Cech cocycle, that cocycle defines the twisting on triple overlaps, in the sense that
e.g. transition functions only close up to that cocycle. We let D(X, ) denote the resulting derived category of coherent
sheaves twisted by «.
Briefly, let us denote the derived category of a-twisted sheaves on X by D(X, «). This still exists, though the reader
should note that for nontrivial ¢, there are no line bundles - the only «-twisted vector bundles all have rank divisible
by the order of «.
The tensor product of an object of D(X, ) and an element of D(X, 8) is an element of D(X,®f8). As a result, for
example, one can tensor elements of D(X, «) by elements of D(X) to get elements of D(X, «), so D(X, &) is akin to a
module over D(X). However, one cannot tensor D(X, o) with itself to get elements of D(X, @) (unless a? = 0), unlike
D(X).
Integral transforms D(X, o) — D(Y, B) can be defined very similarly to the case of no twisting [55, prop. 13.21], with
a kernel that is an element of D®(X x Y, 7'[1*0171 ®msp).
For more information on derived categories of twisted sheaves, see for example [91].

o Defects in B-twisted nonlinear sigma models on gerbes.
Next, we consider string propagation on gerbes [93]. Briefly, a gerbe is a special kind of stack, and can be represented
physically as a gauge theory with a trivially-acting subgroup of the gauge group.
As has been discussed extensively elsewhere (see e.g. [50,51]), strings on gerbes are equivalent to strings on disjoint
unions of spaces together with B fields, which is the prototypical example of ‘decomposition.’ (This resolves one of
several apparent inconsistencies in the physics of string propagation on gerbes and stacks, as was discussed in e.g. [50,
93].) At the level of sheaf theory, if we let K denote the subgroup of the gauge group that acts trivially on the underlying
space, then the (equivariant) sheaves are characterized, in part, by representations of K, corresponding to the restriction
of the equivariant structure to K. This then implies that the derived category of the gerbe is equivalent to a disjoint
union (an orthogonal decomposition) of derived categories, as discussed in e.g. [50].

21 If « is not torsion, if @ has infinite order, then the only allowed bundles have infinite ranks. For simplicity, we assume in this section that « is torsion.
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A precise statement of decomposition in this language, in simple cases, and kernels of integral transforms describing
e.g. projections, are given in section 7.

o Defects in B-twisted Landau-Ginzburg models
Defects also exist and have similar properties in Landau-Ginzburg theories. For this article, we define a Landau-Ginzburg
model to be a nonlinear sigma model with target a space or stack X, with a superpotential W : X — C. (Sometimes the
term is reserved for the special case that X is a vector space, and other cases are described as hybrid Landau-Ginzburg
models, but for simplicity, we will simply use the term Landau-Ginzburg model to refer to all such cases.) See for
example [94,95] for massless spectrum computations in such theories for general X.
One can define defects in Landau-Ginzburg models much as in nonlinear sigma models. Suppose one has a (B-twisted)
nonlinear sigma model with target a Calabi-Yau X and superpotential W, and another (B-twisted) nonlinear sigma
model with target a Calabi-Yau Y and superpotential Wy, then a defect can be constructed which is given by a (in
general sheafy [96]) matrix factorization of

W = miWx — miWy (2.230)

on X xY,where mx: X xY — X and 7y : X x Y — Y are projections, see for example [39-41,48]. The identity defect
is Oa, A C X x X is the diagonal. (The restriction W |x =0, so no matrix factorization is required.) Integral transforms
in these theories are discussed in mathematics in e.g. [97,98], and in physics in e.g. [99-101].
o A model analogues.

In most of this paper we focus on the B model. However, analogues also exist in the A model. For example, in A-twisted
nonlinear sigma models without a superpotential, analogues of integral transforms are Lagrangian correspondences, as
described in e.g. [102-104]. A-branes®? in Landau-Ginzburg models are discussed in [105] (and A-twisting of closed-
string Landau-Ginzburg models is discussed in e.g. [95,106,107]). Invertible defects in the A model on gerbes and their
spacetime interpretation as global structures of the Chern-Simons theory on A-branes are investigated in [108]. Briefly,
an A-brane is a middle-dimensional Lagrangian submanifold (or coisotropic more generally), whose image under the
superpotential W : X — C is a straight line. Mathematically, these are understood via Fukaya-Seidel categories, see
e.g. [109-111]. We leave a detailed discussion for other work.

3. Topological defects in the untwisted theory

In general, a defect in B-model TFT is not guaranteed to come from a topological defect in the untwisted physical
N = (2,2) theory. In this section, we discuss topological defects in the untwisted theory. We will focus on the case where
defects preserve worldsheet supersymmetry, show that a defect is topological when it is simultaneously A- and B-twistable.
We further identify geometric interpretations of these topological defects as complex Lagrangian and complex coisotropic
branes.

3.1. Topological versus conformal defects

Consider an interface between two CFTs. Denote the stress-energy tensors for these two theories as Tq, T1 and T, T2,
respectively. A conformal interface I is then defined as

I(T1 = Ty) = (T2 — To)I. (3.1)

A topological interface is a special conformal interface satisfying a stronger condition
IT1 =TI, IT; =T, (3.2)

(see e.g. [27, section 3.2], [112, section 2], [113], and references therein). Recall that when the two theories separated by
the interface are the same theory 7, the interface operator is promoted to a defect operator I — D of the theory 7. Denote
the stress-energy tensor of the theory 7 as T; the conformal defect D. and topological defect D; can then be written as

conformal defect D.: D(T — T) = (T — T)De,

7 (3.3)
topological defect D¢: D;T =TD;, D:T =TDx.

Within a topological field theory from a supersymmetric theory via topological twists, all compatible supersymmetric
interfaces are independent of their position, up to Q -exact contributions, and so all such interfaces are topological. For
example, within the topological B model for a nonlinear sigma model with target X, all elements of D(X x X) define
topological interfaces. However, only a subset of those are also topological in the untwisted physical theory, and we discuss
conditions for them to remain topological next.

22 The discussion in [105] predates the existence of matrix factorizations as a tool to solve the Warner problem in the B model. However, so far as we are
aware, there is no known analogue of matrix factorizations consistent with boundary supersymmetry in A twists, so the result of [105] is still applicable.
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3.2. SUSY topological defects are simultaneously A- and B-twistable

In the context of A" = (2,2) SCFT, a supersymmetric topological interface is an interface that is compatible with both A-
and B-type topological twists, as has been discussed in e.g. [29,32,33,48] (see also [30,31]). As we will spend a lot of time
exploring geometric examples of this result, for completeness we review the reasoning. Recall the A" = (2, 2) superconformal
algebra (SCA) has the following generators

T,GT,G, ] (3.4)

as well as their anti-holomorphic partners. The spins of these operators are 2, 3/2, and 1, respectively. Also, G* carries
U(1) charge +1 under J. For the holomorphic sector, one can write down two topological twists given by the following
distinguished isomorphism

1

T>T+-3], ]— J, GE > G*,
% (3.5)

orT—>T—§8], J—>—J], Gt > G*.

The twisted G™ and G~ now have integer spins being bosonic. For example, under the twist in the first line of (3.5), G*
and G~ have spin 2 and 1, respectively. The twisted SCA now enjoys the correspondence to the bosonic CFT algebra:

(T,G_,J,G+)(—) (Ta Qz]ghostsb)v (36)

where Q and b are, respectively, the BRST current and the antighost associated with the diffeomorphism on the bosonic
string worldsheet. One can straightforwardly write down the similar correspondence for the second twist in (3.5)

(T,G+,J,G_)=(T, Qv ]ghOSt’b)' (3‘7)

The A-twist and B-twist are defined by how the two topological twists in (3.5) are performed relatively on the holomor-
phic and anti-holomorphic sectors of the A/ = (2,2) SCA. We can use the resulting BRST current Q to denote the A-twist

and B-twist as?3
A-twist: (Q, Q)= (G*,G™),
wist: (Q <_2) ( C ) (3.8)
B-twist: (Q, Q) =(G*,G™).

Now, let us consider conformal defects of A = (2, 2) SCFT. By their compatibility with A-twist and B-twist, we can define
A-type defect as

D(T—T)=(T - T)D,
be(J—D=WU—-DD, (39)
De(G* +G*) = (G* +GHD,

and similarly B-type defects as
Do(T —T)=(T —T)D,
Dec(J+ D=+ DD, (3.10)
Dc(G* +GF) = (G* 4+ GF)D..

It is possible for a defect to be both A- and B-type. The resulting condition reads
D¢J =ajD¢, D¢J =ajDy, (3.11)

The first line of the above condition tells us this is indeed a topological defect.

So far we have considered conditions for topological defects to be compatible with worldsheet supersymmetry. See also
[33]. One can also consider topological defects which are not supersymmetric - topological defects which commute with
the stress tensor, but need not behave well with respect to supersymmetry, see for example [112]. In this paper we will
focus on supersymmetric topological defects, which are simultaneously A- and B-twistable.

23 One can also consider twists given by A: (G~,G~) and B: (G~,G"). However, they are trivially related to the A- and B-twists, respectively, by taking
an overall complex conjugation.
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3.3. Geometric criteria and examples

As we just reviewed, there has been an extensive discussion of topological defects in the literature, and the fact that
simultaneously A- and B-twistable branes furnish examples of topological defects, where the A twisting is described with
respect to the symplectic form?* wiw — wyw on X x X, see for example [29-33,48]. In this discussion we will review
geometric implications and realizations of simultaneous A- and B-twistability, which have not been so extensively discussed,
and which we will utilizer later in this paper.

We will review two types of examples of simultaneously A- and B-twistable defects: complex Lagrangian submanifolds
of X x X, and, separately, more general complex coisotropic submanifolds of X x X. For simplicity, we will focus on indi-
vidual sheaves, but similar considerations should apply to complexes of branes, antibranes, ant tachyons. We leave a precise
formulation as objects in D?(X x X) which can also be interpreted as elements of a derived Fukaya category for future work
(see also e.g. [114]).

3.3.1. Complex Lagrangian examples
For a fixed Calabi-Yau X, in this section we will focus on examples of defects that are complex and Lagrangian®® in
X x X, with bundles whose curvature F obey

F+7T1*B1 —7'[2*32 (3.13)

on their support?® S. Note that in general, this means F can be nonzero so long as it can be absorbed into the difference of
the pullbacks of the B fields.

In the remainder of this section, we will discuss specific concrete examples of simultaneously A- and B-twistable defects
realized as complex Lagrangians in X x X.

We can construct examples of complex Lagrangian submanifolds using the fact [115, section 3.4, prop. 3.8] that a diffeo-
morphism f : X; — X is a symplectomorphism?’ if and only if the graph of f is a Lagrangian submanifold of X; x X with
symplectic form 7{w1 — w5 w;. In particular, if f: X — X is any automorphism of X that preserves the Kahler form, then
the graph of f is complex Lagrangian in X x X, and so defines a B model defect that remains topological after untwisting.

An important (albeit trivial) example is the diagonal A : X x X. We have already discussed in section 2.1 how this
acts as the identity among B model defects. It is also the graph of the identity map X — X, and as such it is a Lagrangian
submanifold of X with respect to the symplectic form given by the difference of the pullbacks of the Kahler forms described
above. As a result, the identity defect is both A and B twistable, and so, unsurprisingly, remains topological as a defect even
after untwisting to the physical theory.

Another important example arises as a defect describing (part of) T-duality on elliptic curves. The defect is A,O(1), for
O(1) a nontrivial line bundle whose c¢; defines a shift of the B field. Here, the bundle is not flat, but this complex brane
is still A-twistable (in addition to B-twistable), by virtue of equation (3.13): the defect interpolates between B =0 and B
nontrivial, using (2.54), here

AO(1) = Ay (A TZ0(D) = Ax (TFOMD)]a).- (3.14)

The difference between the pullbacks of the two B fields on either factor cancels against the bundle curvature, so that
equation (3.13) is satisfied, and the resulting defect is simultaneously A- and B-twistable.

We can also consider deformations of the identity operator. Now, the normal bundle of the diagonal A C X x X is
identified*® with the tangent bundle of X, and if X does not admit a continuous family of automorphisms containing
the identity, then the tangent bundle has no sections, so there are no deformations, not even any infinitesimal sections.
However, if X is an elliptic curve, or any variety admitting a continuous family of automorphisms containing the identity,
and f is any such automorphism deforming the identity, then the graph of f deforms the diagonal.

In addition to deforming the underlying variety, we can also consider nontrivial flat connections on A, as a Lagrangian
with a flat connection is A-twistable, hence will define a defect that is topological in the untwisted theory. For example, if
X is an elliptic curve, then the space of flat connections on A is the Jacobian of that curve, another elliptic curve.

24 1n principle, in the bulk, such a symplectic form would describe kinetic terms with indefinite metrics. Here, however, we are only using this symplectic
form to describe the A-twist along the boundary, and no such corresponding ill-defined kinetic terms appear in the theory.
25 As noted in e.g. [39, section 2.1], the Lagrangian condition is with respect to the difference of the pullbacks of the symplectic (here, Kihler) forms:

® = nfw — T5w). (3.12)

We will see later that this nicely meshes with the relevant mathematics.

26 In special cases, this can be more complicated. For example, for Lagrangian branes inside Calabi-Yau three-folds, it is known that open string disk
instanton corrections to the Chern-Simons action modify the critical locus, to be flat away from a union of S!’s on the Lagrangian, where the curvature can
have delta-function support.

27 Meaning, preserves the symplectic form.

28 We would like to thank S. Katz for a useful discussion of this matter.
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Another important familiy of special cases will be defects in nonlinear sigma models with target an elliptic curve, real-
izing maps E — E. Let E be an elliptic curve, and f : E — E a map, an endomorphism (not necessarily an isomorphism).
Consider the graph of f on E x E with symplectic form w = 7{wo — m2wo, where wyp is a symplectic form on E. If wp
is invariant?® under f: f*wg = wp, then the restriction of w to the graph of f will vanish, and so the graph could be a
Lagrangian submanifold of E x E.

To be specific, take wp to be translation-invariant, meaning wg o< dz A dz. Now, for any map f : E — E, f*dz = (deg f)dz
(as dz denotes an element of H', so pullback just multiplies by the degree). As a result,

f*(dzAdzZ) = (deg f)*dz A dzZ, (3.15)

and as deg f >0, we see that precisely when deg f =1, the map f will preserve wg, and so only then can the graph of
f be Lagrangian. An endomorphism of degree 1 is an automorphism, and its graph is middle-dimensional, hence we see
that precisely in the case that f : E — E is an isomorphism will its graph be a complex Lagrangian submanifold, and hence
define a topological defect in the physical nonlinear sigma model. (In particular, there are no examples of non-isomorphism
maps f defining topological defects.)

Before proceeding, we should mention that a useful reference on complex Lagrangian submanifolds is [116].

3.3.2. Complex coisotropic branes
Moving on, in addition to Lagrangian submanifolds, coisotropic submanifolds with non-flat bundles can also define A-
twistable branes [117-121] and defects [33], generalizing branes and defects on Lagrangian submanifolds with flat bundles.
For later use, let us define A-twistable coisotropic defects more precisely, following e.g. [33]. Consider defects in a non-
linear sigma model with target a Calabi-Yau n-fold X, and let @ be the symplectic form

w=T{w — T;W) (3.16)

on M = X x X, where 71 » are the projections to either factor, and wj > are the (same) symplectic form on either factor. In
general, an (A-twistable) coisotropic defect is a brane supported on a submanifold S C X x X of dimension 2n + 2k with a
U (1) bundle of curvature F, with possible B field, where

e S is a coisotropic submanifold of X x X, meaning that (TS)* c TS, for
(TpS)*: = {(veT,S|w(v,—) =0} = kerwls, (3.17)

e F+B|s=0on (TS)L, where F + B|s is viewed as a map TS — T*S,
e w™1(F + B|s) squares to the identity. Explicitly,

_ 2
(@ ' (F+Bls))” = +1, (3.18)
or equivalently,
w—(F+Bls)w ' (F+B|s) =0 (3.19)
onTS.

The last condition implies that k is even, as the number of eigenvalues of w~!(F + B|s) is evenly split between +1 and —1
[33, appendix A, proof of prop. 6]. (It is also sometimes referred to as an almost paracomplex structure, see for example
[122].)

Coisotropic branes are defined very similarly to coisotropic defects [33,117]. In both cases, the brane is supported on
a coisotropic submanifold. For ordinary branes, the symplectic form is the Kahler form, whereas here the symplectic form
is the difference of pullbacks, which is not Kihler. Also, for ordinary coisotropic branes, (w~!F)2 = —1, and so defines an
almost complex structure on TS/(TS)*, whereas here, (w~'F)? = +1 instead. The differences are ultimately due to the
folding trick and are explained in [33].

A-branes on Lagrangian submanifolds are special cases of the coisotropic branes above. A Lagrangian submanifold is the
same as a submanifold which is both isotropic and coisotropic, meaning for example that (TS)* = TS, and in particular is
a special case of a coisotropic submanifold. If for example B =0 and F is flat, the second condition is satisfied, and since
TS = (TS)*, the third condition is trivial, so we see that an A-brane wrapped on a Lagrangian submanifold with flat bundle
is a special case of the coisotropic branes described above.

Next, as a different example, consider the case that n =1 (X an elliptic curve) and S =M = X x X, so that k =1. In this
case, S =M and (TS)' = 0. Assume also for simplicity that B = 0. The last condition for a coisotropic defect can be written
in this case as

29 E.S. would like to thank R. Donagi for an explanation of this point.
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(@ 'F)> =+1. (3.20)

This implies that the eigenvalues of (w~!F)? are +1, hence the eigenvalues of w~!F are +1. Following essentially the same
argument as [33, appendix A, proof of prop. 6], this implies

FAw =0, FAF = —wrw. (3.21)

(Very similar reasoning was used in [117] to analyze the corresponding case of coisotropic branes, which reached in that
case a closely related conclusion, differing from (3.21) by a sign in the second equation.)

The necessity of coisotropic A-branes on E x E for E an elliptic curve, as implied by consistency of mirror symmetry, is
described in [117, section 3], and detailed constructions of coisotropic branes on E x E are given in [118].

The constructions of coisotropic branes on E x E discussed in [117,118] assume, however, that the symplectic form is
the Kahler form, proportional to the sum of the pullbacks of Kdhler forms on either factor of the elliptic curve E. For our
purposes, to describe defects, we take the symplectic form to be the difference of the pullbacks, so we will require different
examples than in [117,118].

To construct an example of a brane on E x E which is coisotropic with respect to the relevant symplectic structure, we
use the intersection numbers given in appendix B. Take S = E x E itself, and write the cohomology class of a symplectic
form @ as>® Now, in our case, w is the difference of pullbacks,

w=mn{l — n;L, (3.26)
=x(Exp—pxE), (3.27)
(This lies outside the Kdhler cone.) Take the holomorphic bundle £ to be the line bundle O(D) for

D = y1(E x p) + y2(p x E) + y3A, (3.28)

where y1, y2,y3 € Z.
The conditions (3.21) relating £ and w are then

D-w=0 D-D=—-w-w, (3.29)
which imply?'

—xy1+xy2 =0, (3.32)
Y12 +y3) + 201 +¥3) +y3(y1 +y2) = +2¢%. (3.33)
For x # 0, so that the symplectic form is nontrivial, this implies
X2 —y?
y2=y1€Z, y3= € Z. (3.34)
2yq

A family of solutions of these equations is

n?—1
Y1 =1Y2, Xx=ny1, Y3 =< ) )J/L (3.35)

for n odd. For example,

30 Alternatively, the cohomology class of a more general symplectic form could be written

o = Xx1(E X p) +x2(p X E) +x3A. (3.22)

The Kéhler cone can be computed from the condition that @ - C > 0 for every effective C. Using the intersection numbers given in appendix B. Necessary
conditions for @ to be in the Kahler cone are

w-(Exp)=x+x3>0, (3.23)
w-(pxE)=x +x3>0, (3.24)
w-A=x1+x,>0. (3.25)

31 For the more general symplectic forms of a previous footnote, the conditions (3.29) imply

Y12 +x3) + y2(x1 +x3) + y3(x1 +x2) = 0, (3.30)

Y12 +y3) + y2(y1+y3) + y3(y1+y2) = —(X1(x2 +x3) + x2(x1 +x3) + X3(X1 +%2)). (3.31)
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3.4. Semisimplicity

One of the defining properties of a fusion category is semisimplicity: every object can be written as a (finite) direct sum
of simple objects.

Now, as noted earlier in section 2.6, characterizing ‘simple’ objects in a derived category is not entirely simple, as any
three objects related by an extension satisfy an equivalence relation, at least at the level of Grothendieck groups.

Briefly, it is natural to propose that simple objects be identified with objects that are stable with respect to a fixed
Bridgeland stability condition, see e.g. [123]. (Doing so takes us outside the realm of topological field theories, as the
stability condition involves a choice of Kdhler metric.)

Due to the existence of a Harder-Narasimhan filtration, every object in a derived category is canonically equivalent in K
theory to a direct sum of finitely many stable objects.

Thus, for this notion of simple objects, derived categories can be said to be semisimple, in the sense above.

More generally, on a Fano space, it is expected that there are finitely many objects (in e.g. an exceptional collection) that
generate the derived category. On a Calabi-Yau, this is not quite true - one expects that one needs infinitely many objects
to generate the derived category - however, any one object can be expressed as a sum of finitely many stable objects.

Now, in the present case, there is a subtlety. The statements above implicitly assume that stability is defined with respect
to an ample line bundle, as arising e.g. from a Kahler form. For defects, however, the relevant symplectic form on X x X
is the difference between the pullbacks from either factor (see (3.16)), not the sum. Hence, one would want a notion of
stability for a non-definite metric.

Now, mathematically, one ordinarily only defines stability for ample line bundles (positive-define metrics); other cases
suffer from a variety of pathologies. (For example, there may exist polarizations for which every sheaf is stable.) This
suggests that, perhaps, the relevant stability condition for defects involves an ample line bundle - equivalently, a symplectic
form that is the sum, not the difference, of pullbacks of symplectic forms on either factor.

For this paper, for simplicity, we will make this assumption, and work with stability defined with respect to an ample
line bundle. We leave a more thorough examination of notions of stability for defects for future work.

Before going on, it should be noted that stability depends upon moduli - as one wanders around a moduli space, stable
objects do not have to remain stable, and often become semistable or unstable. Simple examples arise in heterotic string
compactifications, where bundles that are stable (and hence satisfy the Donaldson-Uhlenbeck-Yau equation) may only be
stable in part of the Kahler cone, not all. For details, see for example the physics papers [124-126] and references there.

4. Noninvertible symmetries on elliptic curves

In this section, we discuss noninvertible symmetry structures arising on general elliptic curves, not necessarily described
by rational CFTs. We begin with a discussion of fusion algebra structures, then turn to a construction of Tambara-Yamagami
structures.
4.1. Basics of fusion on elliptic curves
4.1.1. Fusion on Knym

For simplicity, rather than work with D-branes in DY(E x E), we will work with D-brane charges, characterized by

K-theory, in Kpym(E x E).
We first consider the convolution algebra induced on Kpym(E X E).

Lemma 4.1. We have the following

1. Kpum(E x E) = (O, Op; = Opxe, Op, = Opxp, Oa,Og), forpe Eandq e E x E.
2. The Euler pairing with respect to the basis (O, Opxg, Opxp, Oa, Og) is given by

00 0 0 1
0 0 -1 -10
x=]0 -1 0 -1 0
0 -1 -1 0 0
1.0 0 0 0

The result of Lemma 4.1(2) follows directly from intersection theory on E x E via Hirzebruch-Riemann-Roch. For instance,
x(0,0p)=((1,0,0),(0,0,1))=(1,0,0)- (0,0, 1) =1
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X (Opxk, Oexp) =((0,p x E, 0), (0, E x p,0)) = (=1)(p x E) - (E x p) =—1

where the first equality is Riemann-Roch, the second applies the derived dual on Chern character, and the last is the
intersection of algebraic cycles on E x E.
For later use, the class of the antidiagonal A = {(x, —x) € E x E |x € E} is given by

A={(x —x)}=2(p x E)+2(E x p) — A. (4.1)
Lemma 4.2. x (£, p13+(p},F1 ® P33,.F2)) = X (P73E€. i F1 ® p5372)

Taking fusion products commutes with passing to K theory, so we can describe fusion products of kernels in D?(E x E)
by merely listing products of elements of K theory.
Lemma 4.3. Ky (E x E) = Z{x1, X2, X3, X4, X5) with the multiplicative structure % (the composition of kernels)

0 X1 0 X1 X3
0 x 0 x x5
Ajji=xixxj=|x1 0 x3 x3 0 (4.2)
X1 X2 X3 X4 X5
x2 0 x5 x5 O

where x1 = O, X3 = Opxg, X3 = Ofxp, X4 = Op, x5 = O4.

The computation for the (1, 2) element in Equation (4.2) proceeds as follows. We have

X1 % X3 1= P13 ((P]X%1) @ (P33%2)),
= p13+((p1(1,0,0)) ® (p33(0, p x E, 0))),
= p13.((1,0,0,0) - (0, E x p x E, 0,0)),
=p13«(0, Ex p xE,0,0),
=(E x E,0,0) =x1.

In the case that E admits a complex multiplication, there can be additional contributions. For example, consider the
complex torus E = C/Z(1, i), which admits a complex multiplication. The graph I" of the morphism

E—E,
*, y) > i(x, y),
gives an additional numerical class. The Euler pairing with respect to the basis

B={0,0p,,Op,,On, Or, Oqg}

is given by
0 0 0 O o0 1
0o 0 -1 -1 -1 0
0o -1 0 -1 -1 0
X=lo -1 -1 0 -2 0 (43)
0o -1 -1 -2 0 O
1 0 0 0O 0 O
The multiplicative structure, the * product of kernels, is given by
0 y1 0 » i V3
0 y2 0 y y2 Ve
yi 0 y3 y3 V3 0 , (4.4)
Y1 Y2 Y3 Ya Y5 Y6
Yi Y2 ¥3 Y5 2Y2+2y3—ys Vs
y2. 0 ys Ys Ve 0
where
Y1 =0€xg, Y2=0pxg, ¥3=0Exp, Ya=0a, y5=0r, ye=04. (4.5)

Note the product ys - ys is the class of the antidiagonal subvariety A C E x E.
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4.1.2. Simple objects

We identify simple objects with those that are stable with respect to a fixed Bridgeland stability condition o.

Let F € DP(E x E). Then, following the discussion of section 3.4, we claim that F is o -semistable only if the Bogomolov
inequality holds, namely

—X(F.F)=3(F) — 2rchy(F) > 0, (4.6)

where the first equality follows from Hirzebruch-Riemann-Roch.
Indeed, assume that F is o -stable. Then dimHom(E, E) =1, and by Serre duality, we have

—x(F,F)=dimHom(E, E[1]) — 2

Note that dim Hom(E, E[1]) must be even, as Serre duality induces a non-degenerate symplectic form on the vector space
Hom(E, E[1]). By [127, Lemma 15.1], as E x E is an abelian surface, we must have that dimHom(E, E[1]) # 0, and so the
Bogomolov inequality must hold for any o -stable object. The claim for o -semistable objects follows by taking the Jordan-
Holder filtration of any o -stable object.

In the example of E x E, for a K-theory class of the form

N = a1X1 +0axXz + a3X3 + A4X4 + A5Xs5 (4.7)

the stability condition (4.6) implies that
2aa3 + 2axa4 + 2aza4 — 2a1as > 0. (4.8)

4.1.3. Adjoints

In this section, we will explicitly compute the adjoint of an object, physically speaking, the orientation reversal of D?(E x
E) represented in K-theory.

As discussed in section 2.2, for any K € D?(X x X), the adjoint Kt = (6*K¥)[dim X] for o the transposition map. So, we
first need to compute some derived duals.

First, consider Oy for Y a divisor in E x E. This has the resolution

0 — Opxe(=Y) —> Ogxk, (4.9)
so the derived dual Oy is given by the dual sequence

Opxg(+Y) — Okxe, (4.10)

which (keeping track of where the cohomology is nonzero) we can identify with Oy (4+Y)[—1]. Furthermore, O(Y)|y is the
normal bundle Ny g.g of Y in E x E, hence

Oy = j«Ny/exel—1], (411)
for j:Y < E x E the embedding. Thus, for example,

Opxp = Opxiel=11, Of,, = Opxpl—1], (412)
hence

OLXE = (0" Opxe[—1D[1] = Okxp, OZX,, = (0% OFxp[—1D[1] = OpxE. (413)

In the special case of the diagonal A — E x E, the normal bundle Na/exr = O, hence O} = Ox[—1] and ol =
(0*Oa[—1]D[1] = O, correctly matching the specialization of equation (2.55).

It remains to compute the derived dual of Oy. Write ¢ = D1 N Dy, for D1 a pair of divisors on E x E. Replacing Oy by
its Koszul resolution

0 —> Ofgxe(=D1—D3) —> Ofxg(—=D1) ® Opxe(—D2) —> OExk, (4.14)

it dualizes to

Ofpxe —> Ofpxe(+D1) ® Opxp(+D2) —> Opxp(+D1 + D2), (4.15)
which we recognize as Oy(+D1 + D2)[—2]. Thus,

OL;/ = Oq(+D1+ D3)[-2] = Oq[-2]. (4.16)
Similarly, 0*0Oy = Oy for some q' € E x E, hence
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Ol = (e*0g—2D1] = Oy[-1], (417)

whose K theory class matches that of —Oy.
Putting this together, and expressing in terms of K theory classes, we see that for

N = a10+a0pxE +a30gxp + 0404 +a50q, (4.18)
one has

o*nY = 010 —a30pxg — 020gxp — A40A +a50g, (4.19)
and

N1l = —n = = [010 + 2 0pxg + 130k p + 0404 +a50,] . (4.20)

So, if we write

D = b1O+b20pxg +b3Opxp +baOa + bsOy, (4.21)

then
D' = —b1O +b30pxk +b20gxp + baOp — bsOy. (4.22)

As a consistency check, it is straightforward to verify numerically that (177 * 12)T = n; * nI, with the adjoint given above
and the convolution product (x) given in (4.2).

In passing, if we do not include the transposition map o in the definition of adjoints KT, the expression above for DT
would be changed only by exchanging b, and bs; however, it is straightforward to show in this case that (17 x72)" # 77; * n;r.
This underlines the importance of the role of o in defining the adjoint.

4.2. Tambara-Yamagami categories

The paper [10] observed a Z, x Z, Tambara-Yamagami category structure on elliptic curves, obtained by deforming away
from the Gepner point to irrational SCFTs. Now, in most dimensions, Gepner points are abstract SCFTs, related to nonlinear
sigma models and geometry only by a Kihler deformation, but in the special case of K3s and elliptic curves, the Gepner
model defines the same SCFT as a nonlinear sigma model. As a result, the Z; x Z, Tambara-Yamagami category structure
observed by [10] should also be visible in a nonlinear sigma model.

In this section, we will discuss how Tambara-Yamagami structures can be seen geometrically, directly in the nonlinear
sigma model, for arbitrary elliptic curves — not just in a neighborhood of the Gepner point.

Before walking through the details, let us first quickly review Tambara-Yamagami structures. Let G be a finite abelian
group. We will construct a set of (invertible) lines associated to group elements and realizing G, plus one additional nonin-
vertible line D, obeying the following rules [128]:

Dxg=D = gxDforallgegG, (4.23)

D%D= Zg, (4.24)
geG

pt=p. (4.25)

As a result, to find a Tambara-Yamagami structure for a group G, we must first construct a set of line operators / defects
realizing G. We will do that next, for cyclic groups.

4.2.1. Z, lines

In this section we will construct some examples of Z, lines, meaning, defects n such that n" =n*«nx*---xn=0x. We
will work solely in K theory, where we can reduce these computations to simple linear algebra. However, to be clear, because
we are working in K theory, we will only check that products of K theory classes match the image of O, in K theory, but we
will not try to produce representatives in D?(E x E), much less compute the products of such representatives in D?(E x E),
only in K theory.

We also note that because of the identity 171{ * 77; = (2 % n1)T, the adjoint of a Z, line will always be a Z, line (though
not necessarily the same line). We will see this explicitly in examples, where it will serve as a self-consistency check.

First, let us construct Z, lines. Using the table of fusion products on E x E (for E an elliptic curve) given in (4.2), if we
expand the K theory class of a given line 7 as

N = a10+a0pxg +a30gxp + 0404 +a50q, (4.26)
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Table 4.1

List of integer coefficients giving possible order-two 7 €
DP(E x E). In the table above, k and n are arbitrary in-
tegers. The first two rows are invariant under the adjoint
operation. The remaining rows are interchanged by the

adjoint.
ai az as a4 as
0 0 0 +1 0
0 2 2 +1 0
0 0 T2 £1
0 2 0 +1 n
+n kn F2—kn +1  F2k —nk?
—n F2—kn kn +1  £2k + nk?
—-2n F2+2%kn  —2kn +1  F2k+ 2nk?
+2n  —2kn F2+2kn  +1  £2k—2nk?
Table 4.2

List of some integer coefficients giving possible order-
three 1 € DP(E x E). In the table above, k is an arbitrary
integer. The first row is invariant under the adjoint op-

eration. The remaining rows are interchanged by the
adjoint.
ay az as asq as
0] 0 0 1 0
+1 -3Fk +k 1 F3 -3k Fk?
F1 +k —3Fk 1 +3 + 3k £ k?
+3 -3 3k £3k 1 F1-3kx3k?
3 43k —3F3k 1 +1 + 3k =+ 3k?
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for p e E and q € E x E, then requiring n % n =1 = O, implies, at the level of K theory classes,

araz + 2a1a4 +aza; =0,
a% + 2aza4 +a1as =0,
aras + a% + 2aza4 =0,
a;=1,

as(a +2a4 +az) =0.

Some integer solutions are listed in Table 4.1. As a consistency check, it is straightforward to compute that for every line n
listed in Table 4.1, the line ' also appears in the same table.

To be clear, Table 4.1 only lists K-theory classes of Z, lines. To give a defect in the B model, one also needs to find
representatives of a given K theory class as an object of D?(E x E). In that spirit, we point out two particularly noteworthy

solutions listed in Table 4.1:

e The trivial case of n = Ox is listed, as the first entry.
e The antidiagonal A = {(x, —x)} has K theory class 2(p x E) + 2(E x p) — A, which also defines one of the solutions.

Similarly, requiring n% = % 1% n = O, implies, at the level of K theory classes,

103 + a1a2a3 + a1a3 + 3a1a2a4 + 3a1a3a4 + 3a1a5 + atas =0,

a% + 3a%a4 + 3a2a421 + 2aqaxas5 + aiasas + 3ajagas =0,

3 2 2
a3 + aazas + 3asza; + ajaxas + 2a1asas + 3ajasas =0,

3 _
a=1

)

a%as + azasas + a%as + 3azaqas + 3asagas + 3aﬁa5 + alag =0.

We have listed some integer solutions in Table 4.2.
It is straightforward to also compute Z4 lines 7, meaning lines such that n* = O,. We summarize some integer solutions

in Table 4.3.

Now, not all of these lines correspond to simple (stable) objects. From equation (4.8), one can show that of the Z lines
listed in Table 4.1, the only simple lines (stable sheaves) are

(a1,a3,a3,a4,0as) = £(0,2,2,-1,0),

+(0,0,0,1,0),
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Table 4.3

List of integer coefficients giving some possible order-four 7 € D (E x
E). In the table above, k, n, a;, and a, are arbitrary integers. The first
eight rows, up to the divider, are also Z- lines; the four rows after that
are only Z4 lines. The first two lines are invariant under the adjoint
operation. Remaining lines are interchanged by the adjoint. This table is
not intended to be comprehensive, but rather lists a variety of sample K
theory classes of potential Z4 lines.

ai a as a4 as

0 0 0 +1 0

0 ¥2 2 +1 0

0 0 F2 +1 n

0 F2 0 +1 n

+n kn T2 —kn +1  F2k—nk?

-n F2 —kn kn +1 2k 4 nk?

—2n F2+42kn  —2kn +1  F2k+2nk?

+2n —2kn F24+2kn +£1 +2k—2nk?

+n (In|=1) k F2—k +1 (—2F2k—k*)/n
—n (nj=1) F2-k k +1  (2+2k+k%)/n
+n (In|=2) 2k F2 -2k +1 (=2 F 4k — 4k?) /n
—n (In|=2) F2 -2k 2k +1 (2 =+ 4k + 4k2) /n

which are the (K-theory classes of the) structure sheaves of the diagonal A, the antidiagonal A, and their shifts by 1. By
contrast, all of the Zs lines listed in Table 4.2 saturate the inequality (4.8), and so are (semi-)stable. Similarly, all of the
strictly order-four elements listed in Table 4.3) also saturate the inequality (4.8), and so are (semi-)stable.

4.2.2. Zy x 2 Tambara-Yamagami structures
In this section we will discuss Z, x Z, Tambara-Yamagami structures. These are defined by two commuting Z; lines
11, N2, plus a noninvertible line D with fusion rules

Dxni=D =mn;*D, D=D', DxD = 1+n+n2+m *n2. (4.38)

In K theory, solving these equations reduces to a straightforward linear algebra problem, and solutions seem to be
relatively common. We list here some simple examples of Z, x Z, Tambara-Yamagami structures, at the level of K theory
classes. These examples have

m = Ox[1]1 = —20pxg —20Egxp + O, (4.39)

12 any line listed in Table 4.4, and D = £20pxr & 20gxp F 204. The line D is easily checked to be noninvertible, in the
sense that there is no line D=1 with D« D=1 =D~1%xD = O,. Also, each line 12 in Table 4.4 is easily checked to commutes
with 77 in K theory (meaning, 11 * 172 =12 *n1), and

nm*m = O —=20gxp + Oa, (4.40)

is easily shown to be another Z; line, for each 7, in Table 4.4. These collections of lines all obey (4.38).
This all said, to be clear, the computation above has two limitations:

e We have not discussed existence of representatives of these K-theory classes in D?(X x X),
e and we have not required any lines be stable, which as we will see is a strong restriction.

Concerning stability specifically, the line 1; is semistable from the criterion (4.8), but none of the other lines in Table 4.4
is semistable, with the exception of one line whose K theory class is proportional to 7;. This is a potential issue, as to be
an interesting solution, one would want the lines defining the Tambara-Yamagami structure to be simple. Now, Table 4.4
is only a sample list of solutions, a proof-of-concept, not a comprehensive list, so this does not imply that there are no
‘interesting’ solutions, and furthermore, as discussed previously, our stability criterion itself may need to be reevaluated. In
any event, we mention this as a future left for future work.

Now, we should take a moment to compare to the results of e.g. [10]. There, it was argued that elliptic curves admit
Z x Z- Tambara-Yamagami structures along special loci in their moduli spaces. This is certainly consistent with the proof-
of-concept existence argument above. It would be interesting to understand, in the present language, the precise Tambara-
Yamagami structures of [10], and how a stability criterion in our language arises that would only allow them to be simple
along a special locus in moduli space, but that would require a better understanding of stability constraints in this context.
Furthermore, a more direct comparison is difficult, as [10] described the defects with Gepner models, and not directly in
geometry. (Certainly the conformal field theory of the Gepner model of an elliptic curve is equivalent to that of a nonlinear
sigma model for a corresponding elliptic curve at suitable moduli; however, any maps between branes only hold up to
monodromy isomorphisms, making direct comparisons highly nontrivial at best.) We leave that for future work.
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Table 4.4

List of some sample Z; lines 1, that
can be combined with the n;, D
given in the text to form examples
of Z x Z, Tambara-Yamagami struc-
tures on a generic elliptic curve. Here,
each line is 72 = b1O + b2Opxg +
b3OExp +bsOp +bsOy, for values of
b; listed above. k is an arbitrary inte-
ger. We emphasize that this is merely
a sample of lines, and is not intended
to be in any sense complete.

by b b3 by bs

2 -2 0 1 0
-1 -1 41 #1
10 -2 41 0
+#1 1 -3 4+1 3
+#1 42 -4 41 8
+1 -3 41 41 73
3 +1 -3 41 Fl
0 -2 =2 41 0
0 -2 0 +1 &

4.2.3. Z3 x Z:3 Tambara-Yamagami structures
These structures are defined by a commuting pair of Z3 lines nq, 1p, together with another noninvertible line D satisfy-
ing

2
Nap*D =D =Dxngp, D =D, DxD= > nis=np. (4.41)

m,n=0

In K theory, solving these equations reduces to a straightforward linear algebra problem, and solutions seem to be
relatively common. We list here some simple examples of Z3 x Z3 Tambara-Yamagami structures. Take

N = O —=30pxe+0a —30q (4.42)
1y either
M = —0 —=30gxp +0a+30g or 3 = O—=30pxg+Oa —30, (4.43)

(both of which are easily checked to be Zs3 lines that commute with 7¢), and D = F30pxg F 30gxp £ 304, which are
easily checked to be noninvertible. At least at the level of K theory classes, the lines (11,72, D) then define a Z3 x Zs
Tambara-Yamagami structure.

As before, we are only providing solutions in K theory. To construct a physically-meaningful solution, one would also
need to find representatives in D?(E x E) that are semistable, so this should be interpreted merely as a proof-of-concept
demonstration.

4.3. Other fusion category structures

In this section we will briefly discuss other noninvertible structures in defects on elliptic curves. In particular, by reducing
to K theory, the fusion rules reduce to algebraic equations for the coefficients of an expansion in terms of K theory, much
as we have already seen for Z, lines and Tambara-Yamagami structures. As a result, it becomes very straightforward in this
language to check for existence of given noninvertible symmetries, at least up to requiring stability or giving representative
elements of the derived category.

Rep(S3) The Rep(S3) symmetry is defined by objects x, y, such that

xxx =1, Xxy =Yy =yx*xX, y*y =1+x+y. (4.44)

(The Z- line x is identified with the nontrivial one-dimensional irreducible representation of S3, and y is identified with
the irreducible two-dimensional representation of S3. The fusion products above correspond to tensor products of the
corresponding representations.) If we expand

x=0a10+a20pxE +a30Exp + 0404 +a50g, (4.45)
Y =b10+b20px +b30gxp +bsOp 4+ bs504 (4.46)
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Table 4.5
A few solutions for K-theory classes of lines implementing Rep(S3). In this list, k and n
are arbitrary integers. This list is merely a set of sample solutions; it is not intended to be

complete.

a a as as as b] bz b3 b4 b5
0 0 0 1 0 0 0 0 2 0
0 0 0 1 0 0 -3 -3 2 0
0 -2 -2 1 0 0 -2 -2 2 0
0 2 2 -1 0 0 2 2 0 0
0 0 -2 1 0 0 0 -2 2 0
0 0 -2 1 0 0 -3 -2 2 0
0 0 2 -1 0 0 0 2 0 0
0 -2 0 1 0 0 -2 0 2 0
0 -2 0 1 0 0 -2 -3 2 0
0 2 0 -1 0 0 2 0 0 0
—-2n  —2+2kn  —2kn 1 —2k+2nk* n 1—kn kn -1 k—nk?

in K theory, then some solutions for the coefficients are listed in Table 4.5. (Of course, in principle one would also need
to require that solutions be stable, and also find representatives in D?(E x E), to be interesting; this is merely a proof-of-
concept.)

Fibonacci The Fibonacci fusion rule is defined by defects W such that

WsxW =1+W. (4.47)

In terms of K theory classes, this relation defines a simple algebraic relation, which one can solve. Unfortunately, on an
elliptic curve, in all solutions, at least one coefficient is not an integer. This is true both for generic elliptic curves as well as
for elliptic curves with complex multiplication. We conclude that elliptic curves do not admit Fibonacci structures.

Haagerup Haagerup structures are similar. These are discussed in e.g. [8,129-136]. We will focus on the fusion ring for the
categories Hp and H3, both of which have six simple objects

1, o, o, L, o*p, oez*,o, (4.48)

obeying the fusion rules (see e.g., [134, table 1] and [135, section 3.1])

a3 =1, axp=pxa® pP=1+p+axp+a’xp. (4.49)
As before, in terms of the coefficients in an expansion in K theory, these define simple algebraic relations, which can be
solved exactly. Also as before, all solutions have the property that at least one of the coefficients is not an integer, both for
generic elliptic curves as well as elliptic curves with complex multiplication. We conclude that elliptic curves do not admit
the structure of the #, or H3 Haagerup fusion category.

Non-unitary Further examples exist which involve non-unitary F-symbols, and so might be relevant for the B model TFT,
which after all is a nonunitary theory. One example is the Yang-Lee fusion category, which has the same fusion rules as
Fibonacci, but different F symbols, see e.g. [137]. As no examples obeying the Fibonacci fusion rules exist on elliptic curves,
Yang-Lee also cannot be realized. Other non-unitary examples include e.g. categories of representations of Taft algebras, see
for example [138].

We conclude this section by reiterating that the noninvertible symmetries described by the B model are more general
than fusion categories. One can certainly discuss realizations of examples of fusion categories, but the B model itself is more
general.

4.4. Interface operators

Next, we will discuss the action of interface operators on the Z, defects that we have constructed. We note that
our discussion complements [12], which studied conformal and topological defects for string theory compactified on a
d-dimensional torus. We focus on interfaces implementing the operation of T-duality (see for example [33, section 7]), and
so it can be naturally described in the language of this paper. Up to factors of Z-, the T-duality group on an elliptic curve is
SL(2,7Z) x SL(2, Z), one for Kdhler moduli, the other for complex moduli. We will focus on an SL(2, Z) acting on complex
moduli.

4.4.1. T-duality
The SL(2, Z) generators can be described by line operators with the following kernels:

1. T=0aA(1)=0x+ Q4 in K theory,
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2. S=0gxg + Opxg + Opxp — Op — Oq in K theory.

Also, in the case that the elliptic curve E admits a complex multiplication, the automorphism from I' is described by the
kernel ys = Or, the graph of the automorphism.
As a check on the T transformation, note that there exists an isomorphism of functors

P2:+(P1(—) ® Oa (1)) = ((—) ® Ok(1))

and so A,Og(1) is the Fourier-Mukai kernel for the functor  Og(1). This induces the following maps on a basis of numer-
ical K-theory

[Oe] = [Oe(D)] = [O] + [k(p)],
[k(p)] = [k(p)].

With respect to this basis (Og, k(p)) for Knum(E), this corresponds to the matrix <1 (1) which is familiar from the usual

form of T-duality. We refer to [55, Section 9.3] for a detailed discussion, and we note that S and I'" are of order 4.

Next, we consider how the T-duality line operators act on the line operators for the Z, x Z, Tambara-Yamagami structure
described in the previous section. Briefly, the S and T transforms act on a given line n by commuting past 7. For example,
the image of a line n under a T transformation is the line nr where

Txn=nrx*T, (4.50)
and the image of 1 under a S transformation is the line ns where

Sxn =ns*S. (4.51)

We make this more explicit below.
First, expand a given line 1 in terms of K theory classes as

N = a10+a0pxg +a30gxp +a404 +a50q, (4.52)

as before. Using the matrix of fusion products in (4.2), it is straightforward to compute

Tx«n=a10+ (a1 +a2)OpxE + a30exp + 040 + (a3 + as + a5) Oy, (4.53)
N *T =010 4 ay0pxk + (@) +03)Opxp +a40n + (@) + a4 +a5)Og, (4.54)
S*1n=(a2+0a4)O + (a4 —a1)Opxg + (a4 + a5)Opxp + (—A4)Oa + (—a3 — a4) Oy, (4.55)
n' %S = (a5 +ay)O+ (@ + a5)Opxg + (@ — a7)Opxp + (—a)Op + (—d5 — a}) Og. (4.56)

From the relations above, and a bit of algebra, we find that the T transform of the line 7, defined by (4.50), is

Nt = a0+ (a1 +a2)Opxg + (a3 — a1)Opxp + 0404 + (a3 +as —a; — az)Og, (4.57)
and the S transform of the line 1, defined by (4.51), is

Ns = (—a5)O +a30pxg + 020pxp + 304 + (—a1)Oq. (4.58)

As a consistency check, note that the identity O, is invariant under both T and S transforms. Also note from the
definitions above that

Tsn" = @)'«T, Sxn" = ()" *S. (4.59)

As a result, cyclic group relations are preserved. This means that the S and T transforms always map Zj, lines to other Zj,
lines. It is straightforward to check this explicitly in the examples given.

4.4.2. Generalities for abelian varieties
We recall that for toroidal sigma models on T¢, [12] describes a rational extension of the duality group

0dd,d;Z)— 0(d,d; Q)

to include non-invertible interfaces. The latter group acts on an integral charge vector in the usual way, but maps it to zero
if the image is not integral. The extension of the symmetry group on the worldsheet theory holds to all orders in o/, but is
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broken by non-zero g effects. The mathematical results of [139] parallel this extension, and describe an extension of the
auto-equivalence group of any abelian variety A:

Aut(A) < End(A)

to a subgroup of the group of endo-functors which induce an isomorphism on numerical K-theory. In particular, fusions
of non-invertible interfaces implementing such endo-functors, D, with their parity conjugates, decompose into invertible
interfaces T;

DoDT=ZT,~,
i

reminiscient of the corresponding property for general non-invertible defects in quantum field theories.
We briefly highlight the result for the target space of a product of n isomorphic, general elliptic curves, X = E*". There
are three classes of generators for the symmetry group given by the symplectic group, Sp(n, R), with the matrices

ow={(§ oy )| secun]. wo=|(5 2)[sesman]. o=(5, 5

Roughly speaking, elements in D(n) correspond to isogenies of X, and N(n) correspond to the endo-functor ®V,, where V,
is the semi-homogeneous bundle on X of class ¢ € NS(X) ® Q. Here, & corresponds to the Fourier-Mukai functor ¢} o ®p,
where

(pL:X—>)A(

is the morphism induced by some polarization L on the abelian variety X, and X denotes the dual abelian variety. We take
‘P to be usual Poincaré bundle, and ®p the corresponding Fourier-Mukai functor.
The rational extension of the duality group then corresponds to the inclusion

Sp(n, Z) <= Sp(n, Q).
5. Noninvertible symmetries on K3s

In this section we describe some basic examples of noninvertible algebra structures on a K3 surface, at the level of K
theory, closely following our analysis of elliptic curves.

Let X — IP3 be a smooth quartic hypersurface. Then the restriction of the hyperplane class gives a curve C with self-
intersection C2 =4. We record the topological facts:

td(X) = (1,0,2), td(C)=(1,-2).

We consider the numerical K-group of rank 10, which is spanned by the class

Knm(X x X)=(Xx X, XxXC,CxX, Xxp,pxX,CxC, A,Cxp, pxC,q),

where A : X < X x X is the diagonal, p is a point on X, and q is a point on X x X.
This gives the following convolution table

0 0 0 0 X1 0 X1 0 X2 X4
0 0 4X1 0 0 4X2 X2 4X4 0 0
0O 0 O 0 x3 0 x3 0 xg Xg
x1 X2 0 x4 0 0 x4 0 0 O
0 0 0 0 x5 0 X5 0 X9 X10
0 0 4X3 0 0 4X6 X6 4X3 0 0
X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
x3 x¢ 0 x3 0 O «xg 0 0 O
0 O 4 0 0 4x9 x9 4x0 0 O
X5 X9 0 xi0 O 0 X10 0 0 0

It is straightforward to find solutions for Z, lines in K theory. If we expand

N = a10xxx +@20xxc +a30cxx +a40xxp +a50pxx +a60cxc +a70a +a8Ocxp + a9O0pxc + a100¢,

then some solutions for 1+ 7 = O, in K theory are listed in the table below:
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a | a2 as ag as ag 4z ag dg aio
0 0 0 0 0 0 +1 0 0 0

k £ 0 F2 0 0 +1 0 0 0

k 0 - 0 F2 O +1 0 0 0

0 0 0 F2 O 0 +1 k 0 l

0 0 0 0 F2 O +1 0 -k ¢

0 k 0 F2 0 0 +1 0 ke F2¢
0 0 -k 0 F2 O +1 —k¢ O F2¢
0 0 0 0 F2 O +1 0 k £

0 0 0 F2 0 0 +1 -k 0 I4

0 0 k F2 F2 O +1 ¢ 0 0

0 -k 0 F2 F2 O +1 0 - 0

0 0 0 F2 F2 O +1 k 0 +2k¢

where k, ¢ are arbitrary integers.

We emphasize that this is not intended as a complete list, but rather a partial list of a few solutions, as a demonstration
of existence.

Also, although a Z, group action on X would define a Z, defect in X x X (as its graph), and hence an element of K
theory above, it is not clear to us whether the converse is true, whether every Z- line in K theory necessarily corresponds
to a group action. One issue is that not every element of K theory may have a representative in D?(X x X). Another issue is
that for those which can be represented by elements of D?(X x X), it is not clear to us whether they necessarily correspond
to the graph of a group action. We leave this question for future work.

Next, we turn to Z, x Z, Tambara-Yamagami structures. The dual is given in K theory by

n' = a10xxx — a30xxc — a20cxx +a50xxp +a40pxx +a60cxc +a70a —a9Ocxp — agOpxc + a1004.

As noted earlier, a Z, x Z, Tambara-Yamagami structure is defined by two commuting Z, lines 1y, together with
another noninvertible line D such that

Dxni=D =mni*D, D=D', DxD = 1+n1+n2+m *12. (5.1)

For example, a set of K-theory representatives of lines obeying the fusion rules above is

N = —20xxp +0a, N2 = 20xxp +20pxx — Op, D = £20pxx. (5.2)

It is straightforward to check that 17 12 = 03 %1, and that there does not exist a line D! such that D« D' =D"1%D =
Oa. We leave questions of both stability and realizations in D?(X x X) for future work.

It is straightforward (using mathematica) to check that there are no integer solutions in K theory for Fibonacci lines on
this K3.

6. Examples of noninvertible symmetries on general Calabi-Yau’s

In this section we will discuss some examples of noninvertible symmetries that exist for Calabi-Yau’s in any dimension,
namely a noninvertible B field transformation, and also quantum symmetries. Both have previously appeared in the litera-
ture; however, we believe our construction of quantum symmetry defects may be novel to the physics literature, and in any
event, we include them both to emphasize that noninvertible symmetries exist in Calabi-Yau’s in much greater generality
than just RCFTs.

6.1. Noninvertible B field gauge transformations

The two-form tensor potential B is well-known to have a gauge transformation which locally can be written

B B +dA, (6.1)

where A is a connection on a principal U(1) bundle. In fact, the B field also has a noninvertible gauge transformation
generalizing the one above, as discussed in e.g. [140], and utilized recently in for example [141]. We will see a close
analogue in describing noninvertible quantum symmetries, so for completeness, we briefly review these defects here.

First, recall the defect for an ordinary B field gauge transformation, of the form B+ B 4 2mwci(L) for L — X some line
bundle. The interface describing this transformation is simply A,L, where A : X — X x X is the diagonal.

The condition for such an interface to be topological is (3.12), namely

7By 4+ F(L) — 7By = 0, (6.2)
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where F(L) is the curvature®? of L (so that [F(L)] =cq(L)). In the special case that the B’s vanish, this is just the condition
that the bundle be flat. In the present case, we get a topological defect by taking B, = B1 + F. In this fashion, the defect
realizes the gauge transformation of the B field.

Noninvertible gauge transformations of U(1) gerbes defined by vector bundles of rank greater than one have been
previously discussed in [140, definition 2], [142], and realized as defects in [143-145]. Following [140, definition 2], the
noninvertible analogue of a gauge transformation replaces the line bundle L with a vector bundle V (plus other data we
will mostly suppress). The topological condition is given in [140, axiom (1M1)], which says

1
7{B1 + TrF(V) — 1By = 0 (6.3)

where F(V) is the curvature of V. This is certainly the naive extrapolation of the topological condition to the case of
nonabelian Chan-Paton factors. More formally, this is the statement that B +— B + 2mc1(V)/n.

More can be said. Considering D-branes in the presence of topologically nontrivial B fields leads to a notion of twisted
bundles, see for example [55, section 13.4], [91,92,146], and the discussion in section 2.10. There are analogues here. For
example, [140, section 3.2], on “bundle gerbe modules,” discusses twisted bundles, twisted by noninvertible symmetry group
actions. (See also [147].) Briefly, the idea is that given a (noninvertible) B field transformation defined by a vector bundle
V — X, the corresponding action on D-branes is E— £ Q V.

In passing, this fact also appears in discussions of noninvertible extensions of T-duality, as reviewed in section 4.4.2, in
which 0(d,d; Z) (on a d-dimensional torus) is extended to O(d, d; Q). One piece of that T-duality is an action on B fields,
essentially, B +— B + 27w and multiples thereof. In the Q-valued extension, this is replaced by a noninvertible analogue.
Here, we discuss noninvertible B field gauge transformations on general spaces X, not necessarily tori.

6.2. Quantum symmetries in orbifolds

Consider the orbifold X = [X/G], where G is a finite group acting on a space X. We will construct a defect, an object in
D([X/G] x [X/G]), that geometrically*? realizes the quantum symmetry, for G both abelian and nonabelian.

First, for any representation p of G, we can construct a vector bundle V, — [X/G], as the vector bundle associated to
the principal G bundle E = (X — [X/G]) via the representation p, as

Vp, =E®,C", (6.4)

for n the dimension of the representation p. (For spaces X/G, X — X/G is only a bundle if G acts freely, but for stacks,
X — [X/G] is always a principal G bundle, regardless of whether G acts freely.)
We claim that the defect implementing the quantum symmetry is the object

AV, (6.5)

for A:X — X x X the diagonal embedding.

Now, to relate to the quantum symmetry, we must discuss the induced action on the closed-string states. To that end,
first recall that the chiral primaries of the orbifold, the various twisted sector states, correspond to cohomology of the
“inertia stack” I y:

H® (Ix). (6.6)

Intuitively the inertia stack is the zero-momentum part of the loop space.
As discussed in section 2.5, for any bundle V — X, the action induced by a defect A,V on Hochschild cohomology is to
map

w = o®ch™P(V), (6.7)

for any w € H*(Ix). We can understand ch™P in the expression above as follows. Let 7 : [x — X be the projection, then on
each component of the inertia stack Iy with stabilizer g, the bundle 7*V decomposes into eigenbundles

Vg = @Eg,x- (6.8)
X

Then, ch™P is defined on that component by

32 We gloss over technical subtleties in describing open strings with Chan-Paton factors of rank > 1 in the expression above, as is common.
33 To be clear, defects giving quantum symmetries have been described in other sources, see for example [35, section 3.2], but to our knowledge previous
presentations have been more algebraic in nature, not geometric.
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re|
ch™P(V)[g = Y ch(Eg ) ® x (). (6.9)
X

In particular, ch™P has components with complex phases.

In the present case, there is no contribution to ch™P(V) in degree greater than zero, essentially because V is trivial on
the atlas. As a result, multiplication by ch™P (V) merely multiplies by a complex number, of the form of a sum of ranks and
phases.

If G is abelian, so that the irreducible representations are one-dimensional, then the effect of multiplying by ch™P (V) is
to multiply twisted-sector states by characters, corresponding to the twisted sector in question. This is precisely the same as
an ordinary old-fashioned quantum symmetry in an abelian orbifold, as discussed in e.g. [148, section 8.5]. For nonabelian
G, the effect is closely analogous. For these reasons, we identify this defect with the generator of the quantum symmetry.

Next, let us comment on products of these defects. Recall from equation (2.15), given any two vector bundles Vi, V3,
the fusion product

(AxV1) * (AsV2) = Ax(V1® V)2). (6.10)

In the present case, where each V is associated to a representation, the product respects the product of the representations:

Vo ®Vp, = Voo, (6.11)

In the case that G is abelian, the irreducible representations o are one-dimensional, the associated bundles V, are line
bundles, and so the multiplication above is clearly invertible.

In the case that G is not abelian, the irreducible representations p need not be one-dimensional, and the multiplication
need not be invertible.

In passing, we should mention that these defects have appeared in other contexts recently. For example, the papers
[149,150] constructs noninvertible symmetry defects in symmetric group orbifolds, as applicable to AdS/CFT (see for example
[151]), but their constructions are, so far as we can tell, algebraic in nature, whereas the construction here in geometric.
Similarly, there is an algebraic construction of defects related to discrete torsion in [36]; we leave a geometric construction
for the future.

7. Decomposition and condensation defects

We can also understand decomposition [50,51] in this language. Briefly and schematically, decomposition says that a
d-dimensional theory with a global (d — 1)-form symmetry is equivalent to a disjoint union of other d-dimensional theories.
We can see examples of this in sigma models whose targets are gerbes, as outlined in section 2.10. The derived category of
a gerbe is equivalent to a disjoint union of twisted derived categories of spaces. In this section, we will describe realizations
of projectors onto universes and more general portals between universes in the language of derived categories.

For simplicity, let X be a banded G gerbe over a space B, of characteristic class w € H?(B, G), for G abelian. (More
general versions exist, but we will restrict to this special case for readability.) In this case,

D*®) = [ [ D" )y, (7.1)
X

where the product is over all irreducible representations (here, characters) x of G, and
D*(%)y = D"(B, xw), (7.2)

for x, € H?>(B, U(1)) given by the image of the characteristic class w under the map defined by .

Let us take a moment to clarify the meaning of the decomposition (7.1). This can be described as example of an orthog-
onal decomposition. A triangulated category 7 has an orthogonal decomposition into full triangulated subcategories A, B3
if

1. Hom(A, B) =0 =Hom(B, A), and
2. forall TeT7,T=A®B where Ac A, BeB.

An orthogonal decomposition is a special case of a semiorthogonal decomposition, which arises more frequently. A triangu-
lated category 7T is said to have a semiorthogonal decomposition (A, B) if

1. Hom(A, B) =0, and
2. forall T € T, T fits into a distinguished triangle

A— T — B — A[l], (7.3)
where A€ A, BeB.
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In the case of an orthogonal decomposition, one adds the constraint Hom(13, .4) = 0, and the distinguished triangle is split,
because any map B — A[1] vanishes.

In effect, in a semiorthogonal decomposition, morphisms are allowed in one direction between different components,
whereas in an orthogonal decomposition, morphisms are only allowed within a single component, and no morphisms exist,
in any direction, between different components. Phrased another way, the orthogonal decomposition above is a special case
and more extreme form of a semiorthogonal decomposition.

Returning to our gerbe X, there exists a projector 7y : DP(x) — Db(X) whose essential image lies in Db(%)x. It can be
described as an integral transform, with kernel in D?(X x X) we construct as follows.

First, X x X has a substack S which is the pullback of the diagram

S s>X¥xX (7.4)

L,

B 2. BxB.

In particular, S is a G x G gerbe on B.

Now, the kernel we want, the object of Db(% x X), can be described as a sheaf on B twisted by a character of G x G,
evaluated on 7w ® 75 w. The desired kernel is twisted by the character 7{ x'® 75 X, which evaluates to the identity on
7w ® 75w, hence the twisting class will be trivial.

Finally, the object we want in D?(S) c DP(X x X¥) is just the structure sheaf of B, Op € D?(B) c DP(S). This object,
viewed as an element of the 7} x ! ® 5 x universe, defines the kernel of an integral transform which acts as the projector
Ty Db (%) — D®(X) projecting into universe x in the decomposition of the gerbe X.

To be more concrete, let us consider a specific example.

Suppose X = BG, for G abelian. In this case, D?(X) is the derived category of representations of G. The decomposition
is indexed by irreducible representations (here, characters) of G, where Db(f)x is the piece of DP(Rep(G)) which are sums
of one-dimensional representations corresponding to x. Phrased more compactly,

DY (%), = D"(Veo)® Vy, (7.5)

where V, is the one-dimensional representation corresponding to the character y, and DP(Vec) denotes the derived cate-
gory of vector spaces — complexes of vector spaces.

Now, any functor D?(¥) — DP(%) in this case is defined by a G x G bimodule M (meaning, a module with both a left
G action and a right G action). Given V € Rep(G), one acts by taking the invariants of M ® V under the left G action. The
result is a right G module.

In this language, the projector 7, is defined by the bimodule V, -1 ® V, for V, the one-dimensional representation
corresponding to the character x. Taking left G invariants under the tensor product with V-1 projects out isotypic com-
ponents not associated with character x, hence accomplishing the projection.

So far, we have discussed how projectors onto universes 7y : Db (x) > Db(%)x are constructed in derived categories.
Similar ideas can also be used to construct ‘portals’ linking different universes, in the same way that nondynamical Wilson
lines can link different universes in the decomposition of a gauge theory. Specifically, returning to the description of banded
abelian gerbes, if we take the kernel of an integral transform to be defined by an element of D?(S) c DY(X x X) which
is not associated with the diagonal 7{1*)(‘1 ® 75 x, but rather with a more general element 7{1")(1_1 ® 15 X2, the resulting
integral transform will map D?(X),, — DP(X)y,.

Finally, we will describe how derived categories can be used to give some simple examples of condensation defects.

First, recall that a condensation defect is obtained by gauging along a subvariety [152-154]. More precisely, consider
a d-dimensional quantum field theory with a global k-form symmetry, and restrict to a codimension p submanifold S. A
condensation defect can be obtained by “p-gauging” the global k-form symmetry along S, where it appears to be a gauged
(k — p)-form symmetry, a ‘condensation’ of the k-form symmetry defects along the submanifold.

Following the spirit of [154], suppose that the bulk worldsheet theory is a sigma model with target a K-gerbe X. As such,
the theory has a global 1-form symmetry. Along a codimension-one submanifold, we can gauge that 1-form symmetry,
where it appears to be a zero-form symmetry in one dimension. Gauging that symmetry along the defect undoes the
decomposition, and projects to a single universe, call it Y, as in [154]. So, the bulk has target X, but the defect is an object
of D(Y x Y).

Fusion products of such condensation defects are realized in the same fashion as before (composition of integral trans-
forms), but those compositions are computed on Y, not X.

For completeness, we add that [20, section 4.2] also characterizes condensation defects in terms of tachyon condensation,
albeit from a different perspective.

8. Conclusions

In this paper we have described how derived categories in the B model can be used to give a completely concrete
understanding of defects and noninvertible symmetries in Calabi-Yau sigma models. We have discussed both the topological
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B model as well as B-type defects in physical theories, and applied the methods to study noninvertible symmetries in elliptic
curves and a family of K3 surfaces, where we have provided K-theoretic evidence for e.g. Tambara-Yamagami structures. We
have also argued that some noninvertible symmetries (such as the Fibonacci structure) can not be realized at all.
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Appendix A. Miscellaneous technical results

In this appendix we collect a few technical results that are frequently utilized in computations in the text.
One result that is frequently used is the projection formula, which says, briefly,

f*((f*a)lg) = - fip. (A1)

Another identity that is frequently used relates derived duals of pushforwards to pushforwards of derived duals. For
EeDb(X xY),

(xE)" = 7 (£¥ @ mywy[dimY]), (A2)

where wy denotes the canonical bundle of Y.
More generally, for f: X — Y (a proper map of smooth projective varieties) (see e.g. [5, section 3.1])

£ (€2) = o’ (A3)

for EP = &Y ® wx[dim X], where wy is the canonical bundle of X. In the special case that f=m : X x Y — X,
7. (£°) =70 (€¥ ® Oy [dim X + dim Y1), (A4)
(:6)P = (m.8)" ® wx[dim X], (A5)

and equation (A.2) follows.
Another frequently-used identity is Serre duality, which in the present context is the statement that for any &, F €
D> (X),

Homy (£, F) = Hom (F, £ ® wx[dim X]), (A.6)

where wy is the canonical bundle of X.
Let us also recall the statement of Grothendieck-Riemann-Roch. For a morphism f : X — Y,

ch(fL F)td(TY) = f. (ch(F)td(TX)), (A7)
where in ch(f.F), fi is interpreted as the alternating sum of cohomologies of the derived pushforward, or equivalently

ch(fiF) = fu (ch(F)td(TX) f*ed(TY)™ ). (A.8)
Appendix B. Intersections on product of elliptic curves

Let E be an elliptic curve. From e.g. [155], for E an elliptic curve,

o for generic E, the Neron-Severi group of E x E) has dimension 3, generated by point x E, E x point, and A,

e for E an elliptic curve with complex multiplication, the Neron-Severi group of E x E has dimension 4, generated by the
divisors above plus T, the graph of an endomorphism of E arising due to the complex multiplication.
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For reference, the intersections of those four divisors are as follows>*:

|Exp pxE A r
Exp 0 1 1 deg f
pxE 1 0 1 1 (B.1)
A 1 1 0 deg(f —1)
r deg f 1 deg(f—1) 0

where T is the graph of f : E — E, and p is a point of E. For a generic elliptic curve, without complex multiplication, merely
omit the row and column for T'.
To compute the matrix above, we record here a few notes:

e In the intersection of E x p with itself, since we can change either p and so move the curve, we can deform to not
intersect.
e In the intersection of E x p with p x E and with the diagonal A, there will be one shared point in common, namely

(p, p)-
e In the intersection of E x p with I' = {(x, f(x)), there will be as many shared points as f~!(p), namely deg f.

e In the intersection of A with T, there are as many shared points as solutions of (p, p) = (p, f(p)), meaning solutions
of f(p) — p =0, hence the degree of f — 1.

e In the intersection of A with itself, we can deform either A to describe solutions (x,y) of y —x=¢€ € E for € #0,
which is disjoint.

e In the intersection of I" with itself, we can deform either I" to describe solutions of y — f(x) =€ € E for € # 0, which
is disjoint.
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