
PATTERSON–SULLIVAN THEORY IN HIGHER RANK

ANDREW ZIMMER

Abstract. These notes are based on lectures at the SLMath summer school

“Geometry and Dynamics in Higher Rank Lie Groups” at UC Berkeley in

Summer 2025. This was the second minicourse at the summer school and
hence students had already seen lectures on Anosov groups, which motivates

the (lack of) exposition here.

The main aim is to introduce Patterson–Sullivan measures in higher rank.
These measures were introduced and studied by Quint for Zariski dense discrete

subgroups. In recent years, the theory of such measures for Anosov, relatively

Anosov, and transverse groups has been extensively developed and these notes
will focus on these recent developments. To keep the Lie theory prerequisites

at a minimum, I will only consider the Lie group SL(d,R).
There are probably many typos, imprecise references, and other mistakes.

Any comments are very welcome!
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1. Notations and Reminders

We fix the notation we will use in these lectures and also recall some facts from
the first minicourse.

1.1. Notation. Let a be the vector space of diagonal matrices with trace zero. The
Cartan projection κ : SL(d,R) → a is the map

κ(g) = diag(log σ1(g), . . . , log σd(g))

where σ1(g) ≥ · · · ≥ σd(g) are the singular values of g.
We will frequently use the functionals αj , ωαj

: a → R defined by

αj(A) = Aj,j −Aj+1,j+1

and
ωαj (A) = A1,1 + · · ·+Aj,j .

Often we will just write ωj := ωαj
.

Observation 1.1. αj(κ(g)) = log
σj(g)

σj+1(g)
and ωj(κ(g)) = log

(
σ1(g) · · ·σj(g)

)
.

Let ∆ := {α1, . . . , αd−1} and given a subset θ = {αj1 , . . . , αjm} ⊂ ∆ with
j1 < · · · < jm, let Fθ denote the partial flag manifold consisting of flags of the form

xj1 ⊂ · · · ⊂ xjm , dimxji = ji.

Let Pθ be the stabilizer of the standard flag xθ ∈ Fθ defined by

xjθ := ⟨e1, . . . , ej⟩ for all j ∈ θ.

Also let θopp := {αd−j : αj ∈ θ}. Then two flags x ∈ Fθ and y ∈ Fθopp are
transverse if

xj ⊕ yd−j = Rd

whenever αj ∈ θ.
Unfortunately, the orthogonal matrices in singular value decompositions are in

general not unique, but we do have the following.

Proposition 1.2. If g ∈ SL(d,R), αj(κ(g)) > 0, and g = k1e
κ(g)ℓ1 = k2e

κ(g)ℓ2 are
two singular value decompositions of g, then

k1 ⟨e1, . . . , ej⟩ = k2 ⟨e1, . . . , ej⟩ .

Proof. See Problem 1. □
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For each g ∈ SL(d,R), fix a singular value decomposition

g = kge
κ(g)ℓg.

Due to the lack of uniqueness in the definition, the maps g 7→ kg, ℓg are not contin-
uous. Then define

Uθ(g) := kgxθ ∈ Fθ .

We have the following connection between g and Uθopp(g−1).

Proposition 1.3. If minαj∈θ αj(κ(g)) > 0, then

Uθopp(g−1)d−j = ℓ−1
g ⟨ej+1, . . . , ed⟩

for all αj ∈ θ.

Proof. Note that

g−1 =
(
ℓ−1
g w−1

0

)(
w0e

−κ(g)w−1
0

)(
w0k

−1
g

)
is a singular value decomposition if w0 ∈ SL(d,R) satisfies w0(ei) = ±ed−i+1.
Further, if αj ∈ θ, then

αd−j(κ(g
−1) = log

σd−j(g
−1)

σd−j+1(g−1)
= log

1
σj+1(g)

1
σj(g)

= αj(κ(g)) > 0.

Hence by the uniqueness in Proposition 1.2 we have

Uθopp(g−1)d−j = ℓ−1
g w0 ⟨e1, . . . , ed−j⟩ = ℓ−1

g ⟨ed, . . . , ej+1⟩ .
□

These maps have the following dynamical interpretation.

Proposition 1.4. Suppose {gn} ⊂ SL(d,R), x+ ∈ Fθ, and x
− ∈ Fθopp . Then the

following are equivalent:

(1) minα∈θ α(κ(gn)) → +∞, Uθ(gn) → x+, and Uθopp(g−1
n ) → x−.

(2) gnx → x+ for all x ∈ Fθ transverse to x− and the convergence is uniform
on compact subsets of {x ∈ Fθ : x transverse to x−}.

Problem 4 asks you to prove the proposition when θ = {α1}. A proof in full
generality can be found in [CZZ24, Appendix A].

1.2. Divergent, Transverse, and (relatively Anosov) groups. Fix a non-
empty subset θ ⊂ ∆.

A subgroup Γ < SL(d,R) is Pθ-divergent if

min
α∈θ

α(κ(γn)) → +∞

for all sequences {γn} of distinct elements in Γ. In this case, the Pθ-limit set is

Λθ(Γ) := {x ∈ Fθ : ∃{γn} ⊂ Γ distinct with Uθ(γn) → x}.
Using Proposition 1.4, one can show that for divergent groups, the limit set

compactifies the group as follows.

Proposition 1.5. If Γ < SL(d,R) is Pθ-divergent, then Γ
θ
:= Γ ⊔ Λθ(Γ) has the

topology of a compact metric space where

(1) The inclusions Γ ↪→ Γ
θ
and Λθ(Γ) ↪→ Γ

θ
are topological embeddings (here

Γ has the discrete topology)
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(2) The natural (left) Γ action is continuous.
(3) {γn} ⊂ Γ converges to x ∈ Λθ(Γ) if and only if {γn} is escaping and

Uθ(γn) → x.

Proof. Fix a distance dθ on Fθ which generates the standard topology and let

mθ(γ) = e−minα∈θ α(κ(θ)). Then define a distance on Γ
θ
by

• If γ1, γ2 ∈ Γ are distinct, then

d(γ1, γ2) = max{mθ(γ1),mθ(γ2)}+ dθ(Uθ(γ1), Uθ(γ2)).

• If γ ∈ Γ and F ∈ Λθ(Γ), then

d(γ, F ) = mθ(γ) + dθ(Uθ(γ), F ).

• If F1, F2 ∈ Λθ(Γ), then

d(F1, F2) = dθ(F1F2).

Then one has to just check that this defines a distance with the desired properties
(see Problem 7). □

When θ = θopp, a discrete subgroup Γ < SL(d,R) is
(1) Pθ-transverse if it is Pθ-divergent and distinct flags in Λθ(Γ) are transverse.
(2) Pθ-Anosov if it is Pθ-transverse, word hyperbolic as an abstract group, and

there is an equivariant homeomorphism ∂Γ → Λθ(Γ).
(3) relatively Pθ-Anosov if it is Pθ-transverse, relatively hyperbolic as an ab-

stract group, and there is an equivariant homeomorphism between Λθ(Γ)
and the associated Bowditch boundary.

For these groups, the group acts as a convergence group on its limit set.

Proposition 1.6. If Γ < SL(d,R) is Pθ-transverse, then Γ acts on its limit set
as a convergence group. Moreover, if θ′ ⊂ θ is non-empty, then the projection
Λθ(Γ) → Λθ′(Γ) is a homeomorphism.

Proof. Suppose {γn} are distinct. Passing to a subsequence we can assume that
Uθ(γn) → x and Uθ(γ

−1
n ) → y. Then by Proposition 1.4, γnF → x for all F ∈ Fθ

transverse to y. Since Λθ(Γ) is transverse, this means that γnF → x for all F ∈
Λθ(Γ)∖ {y}. Hence Γ acts as a convergence group.

The “Moreover” part is Problem 8.
□

1.3. Simplifying indices. To avoid cumbersome notation we often just use num-
bers as indices, e.g.

F1,2 = F{α1,α2} .

Likewise, we write things like “P1-Anosov” instead of “P{α1,αd−1}-Anosov.”

1.4. Hyperbolic Geometry. Recall that PSL(2,R) can be identified with the ori-
entation preserving isometries of hyperbolic 2-space and PSL(2,C) can be identified
with the orientation preserving isometries of hyperbolic 3-space. The definitions of
Pθ-transverse, Pθ-Anosov, and relatively Pθ-Anosov given above extend verbatim
to PSL(d,K) with K = R,C. Then for a subgroup Γ < PSL(2,K) we have the
following equivalences:

• Γ is discrete if and only if Γ is P1-transverse.
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• Γ is convex cocompact in the hyperbolic geometry sense if and only if Γ is
P1-Anosov.

• Γ is geometrically finite in the hyperbolic geometry sense if and only if Γ is
relatively P1-Anosov.

1.5. The exterior algebra. We can often reduce to considering α1 or ω1 using
the representation τj : SL(d,R) → SL(∧j Rd) defined by

τj(g)(v1 ∧ · · · ∧ vj) = (gv1) ∧ · · · ∧ (gvj).

In this subsection we recall some properties of this representation.
We identify ∧j Rd with RDj , Dj := dim∧j Rd, using the standard basis

{ei1 ∧ · · · ∧ eij : i1 < · · · < ij}

in lexographical order. Then endow ∧j Rd with the standard norm and inner prod-
uct on RDj . One can show that τj maps O(d) to O(Dj), diagonal matrices to
diagonal matrices, and upper triangular matrices to upper triangular matrices.

Notice that if g = kaℓ is a singular value decomposition, then

τj(g) = (τj(k)Q
−1)(Qτj(a)Q

−1)(Qτj(ℓ))

is a singular value decomposition where Q is some signed permutation matrix which
arranges the entries of τj(a) in decreasing order (we may need to allow Q to be
signed to have Q ∈ SL(d,R)). Hence the singular values of τj(g) are

{σi1(g) · · ·σij (g) : i1 < · · · < ij}.

Further

∥τj(g)∥ = σ1(τj(g)) = σ1(g) · · ·σj(g) and σ2(τj(g)) = σ1(g) · · ·σj−1(g)σj+1(g).

Hence

α1(κ(τj(g))) = log
σ1(g) · · ·σj(g)

σ1(g) · · ·σj−1(g)σj+1(g)
= log

σj(g)

σj+1(g)
= αj(κ(g))

and

ω1(κ(τj(g))) = log σ1(τj(g)) = log σ1(g) · · ·σj(g) = ωj(κ(g)).

2. Problems

2.1. Singular Value Decompositions.

Problem 1.

(1) If g ∈ SL(d,R), αj(κ(g)) > 0, and g = k1e
κ(g)ℓ1 = k2e

κ(g)ℓ2 are singular
value decompositions, then

k1 ⟨e1, . . . , ej⟩ = k2 ⟨e1, . . . , ej⟩ .

(2) Find a matrix g ∈ SL(d,R) where there exist two singular value decompo-
sitions g = k1e

κ(g)ℓ1 = k2e
κ(g)ℓ2 where

k1 ⟨e1⟩ ≠ k2 ⟨e1⟩ .

Problem 2. Suppose θ ⊂ ∆. Recall that for each g ∈ SL(d,R) we fixed a singular
value decomposition g = kgagℓg then defined Uθ(g) to be the flag with Uθ(g)

j =
kg ⟨e1, . . . , ej⟩.
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(1) If αj(κ(g)) > 0 for all αj ∈ θ and g = keκ(g)ℓ is some singular value
decomposition, then

Uθ(g)
j = k ⟨e1, . . . , ej⟩ and Uθopp(g−1)d−j = ℓ−1 ⟨ej+1, . . . , ed⟩

for all αj ∈ θ.
(2) Let O := {g ∈ SL(d,R) : αj(κ(g)) > 0 for all αj ∈ θ}. Show that

g 7→ Uθ(g)

is continuous.

Problem 3. (⋆) Show that there does not exist a continuous map f : SL(d,R) →
SO(d) such that each g has a singular value decomposition of the form

g = f(g)eκ(g)ℓ.

2.2. Dynamics on flag manifolds.

Problem 4. Prove Proposition 1.4 in the special case where θ = {α1}.

Hint: In this case Fθ = P(Rd) and Fθopp = Grd−1(Rd). Fix singular value
decompositions gn = knanℓn and reduce to the case where kn → k, ℓn → ℓ, and
an

∥an∥ → P where P is a projection.

Problem 5. Fix a distance dθ on Fθ induced by a Riemannian metric. Using
Proposition 1.4 prove: If g ∈ SL(d,R), {hn} ⊂ SL(d,R), and αj(κ(hn)) → +∞ for
all αj ∈ θ, then

lim
n→∞

dθ

(
Uθ(ghn), gUθ(hn)

)
= 0.

Hint: Reduce to the case where Uθ(ghn), Uθ(hn), Uθopp(h−1
n ), Uθopp(h−1

n g−1) all
converge and study the dynamics of {gn}, {hgn} on F .

Problem 6. Prove: If Γ < SL(d,R) is Pθ-divergent, then the limit set Λθ(Γ) is
Γ-invariant.

Hint: Use the previous problem.

Problem 7. Check the details in the proof of Proposition 1.5.

Problem 8. Prove the “moreover” part of Proposition 1.6.

Lecture #1 : Regularity of limit sets

In this lecture we discuss regularity results for limit sets of Anosov groups.

3. (lack of) Regularity in rank one

Given a compact metric space (X,d), the δ-dimensional Hausdorff measure of a
subset A ⊂ X is

Hδ(A) := lim
r↘0

inf

{∑
i

diam(Ui)
δ : A ⊂

⋃
i

Ui, diam(Ui) ≤ r

}
and the Hausdorff dimension is

H.Dim(A) = sup{δ ≥ 0 : Hδ(A) < +∞} = inf{δ ≥ 0 : Hδ(A) = +∞}.
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Example 3.1. A compact Riemannian manifold M of dimension n has Hausdorff
dimension n and the n-dimensional Hausdorff measure is the same as the Riemann-
ian volume measure, see Problem 24.

In the next several results, we endow P(C2) with a distance induced by a Rie-
mannian metric.

In rank one, limit sets are often fractal like objects and in particular have Haus-
dorff dimension strictly greater than their topological dimension. This phenomena
is perhaps best demonstrated by the following classical result of Bowen.

Theorem 3.2 (Bowen [Bow79]). Suppose Γ < PSL(2,C) is convex cocompact (i.e.
P1-Anosov) and Λ1(Γ) is homeomorphic to a circle. Then

H.Dim(Λ1(Γ)) ≥ 1

with equality if and only if Γ is conjugate into PSL(2,R).

Remark 3.3. For similar results see [Tuk84, Yue96, BK04, Xie08, Kap09]

Corollary 3.4. Suppose Γ < PSL(2,C) is convex cocompact (i.e. P1-Anosov) and
Λ1(Γ) is homeomorphic to a circle. If Γ is Zariski dense, then

H.Dim(Λ1(Γ)) > 1.

Notice that if Γ < PSL(2,R) and Λ1(Γ) is homeomorphic to a circle, then Λ1(Γ) =
P(R2). Hence, in this case, the limit set is C∞-smooth. So we have the following
dichotomy.

Corollary 3.5. If Γ < PSL(2,C) is convex cocompact and Λ1(Γ) is homeomorphic
to a circle, then either

(1) Λ1(Γ) is a “fractal,” or
(2) Λ1(Γ) is a C∞-submanifold.

4. Examples of Anosov groups with regular limit sets

Surprisingly higher rank allows more regularity in limit sets and there are many
examples of Zariski dense Anosov groups with C1-smooth limit sets.

4.1. Hitchin representations. Suppose Σ is a closed hyperbolic surface. Then
we can write Σ = Γ\H2 where Γ ≃ π1(Σ), Γ < PSL(2,R), and H2 is the hyperbolic
plane.

Let Φd : PSL(2,R) → PSL(d,R) be the standard irreducible representation: if

we identify Rd with polynomials P : R2 → R of the form

P (x, y) =

d−1∑
k=0

ckx
kyd−k,

then Φd is defined by
Φd(g)[P ] = [P ◦ g−1].

Definition 4.1. A representation ρ : Γ → PSL(d,R) is Hitchin if it is in the same
connected component of Φd|Γ in Hom(Γ,PSL(d,R)).

Theorem 4.2 (Labourie [Lab06]). If ρ : Γ → PSL(d,R) is Hitchin, then ρ(Γ) is

Pk-Anosov for k = 1, . . . , d− 1. Moreover, each limit set Λk(ρ(Γ)) ⊂ Grk(Rd) is a
C1,ϵ-submanifold.
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Remark 4.3. For details on the moreover part, see [PSW21].

There exist Hitchin representations with Zariski dense image and hence the above
theorem provides examples of Zariski dense Anosov groups with C1-smooth limit
set.

4.2. Convex divisible domains. A subset Ω ⊂ P(Rd) is called properly convex
if there exists an affine chart where Ω is a bounded convex open set. Such a set is
divisible if there exists a discrete subgroup Γ < PSL(d,R) which preserves Ω and
acts co-compactly.

Theorem 4.4 (Benoist [Ben04]). If Ω ⊂ P(Rd) is a properly convex domain and
Γ < PSL(d,R) is a discrete group which preserves Ω and acts co-compactly, then
the following are equivalent:

(1) Γ is word hyperbolic.
(2) ∂Ω is a C1-submanifold.
(3) Ω is strictly convex, i.e. if x, y ∈ ∂Ω are distinct, then (x, y) ⊂ Ω.

Moreover, in this case, Γ is P1-Anosov and Λ1(Γ) = ∂Ω.

Remark 4.5. For details on the moreover part, see [GW12].

There exist groups satisfying Theorem 4.4 with Zariski dense image and hence the
above theorem provides examples of Zariski dense Anosov groups with C1-smooth
limit set.

5. General results

In this section we state some general results about P1-Anosov groups with C1-
smooth limit set. For simplicity, we only consider the case where the Gromov
boundary is a circle.

For the rest of the section let

θ := {α1, α2, αd−2, αd−1}.

Definition 5.1.

(1) A subgroup Γ < PSL(d,R) is hyperconvex if it is Pθ-Anosov and

x1 ⊕ y1 ⊕ zd−2 = Rd

for all pairwise distinct x, y, z ∈ Λθ(Γ).
(2) A representation ρ : Γ0 → PSL(d,R) is hyperconvex if it has hyperconvex

image and finite kernel.

Example 5.2 (see [PSW21] or [ZZ24]). If ρ : Γ → PSL(d,R) is Hitchin, then

∧kρ : Γ → PSL(∧k Rd) is hyperconvex for k = 1, . . . , d− 1.

Proposition 5.3. The set of hyperconvex representations is open in Hom(Γ0,PSL(d,R)).

Proof. See Problem 9. □

Theorem 5.4 (Pozzetti–Sambarino–Wienhard [PSW21]). If Γ < PSL(d,R) is hy-

perconvex and Λθ(Γ) ≃ ∂∞Γ is a circle, then Λ1(Γ) is a C1-submanifold of P(Rd)
and

Tx1Λ1(Γ) = x2

for all x ∈ Λθ(Γ).
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A similar result is also true when ∂∞Γ is a higher dimensional sphere, see [PSW21].
Further, hyperconvexity actually implies that the limit set is a C1,ϵ-submanifold of
P(Rd), see [ZZ24].

Proof idea. See for Problem 10 for a guided proof. Here we will just sketch the
main idea.

Given x ∈ Λθ(Γ), the projective limit set Λ1(Γ) being C1-smooth at x1 with
tangent plane x2 essentially means

lim
y→x

∠(x1 ⊕ y1, x2) = 0

(where y ∈ Λθ(Γ)). We will verify this when x is the attracting fixed point of
a loxodromic element γ. Changing coordinates we can assume that x1 = ⟨e1⟩,
x2 = ⟨e1, e2⟩ and the repelling fixed point z of γ satisfies zd−2 = ⟨e3, . . . , ed⟩,
zd−1 = ⟨e2, . . . , ed⟩. Then

γ =

λ1 λ2
A


where |λ1| > |λ2| and |λ2| > λ1(A).

Fix yn ∈ Λθ(Γ)∖ {x, z} converging to x. Then there exists mn → ∞ such that

{ŷn := γ−mnyn} is relatively compact in Λθ(Γ)∖ {x, z}. Since each flag in {ŷn} is
transverse to z and zd−1 = ⟨e2, . . . , ed⟩, we can write

ŷ1n = [e1 + cne2 + vn]

where vn ∈ ⟨e3, . . . , ed⟩ and {cn}, {vn} are bounded sets. Since x1 + zd−2 =

⟨e1, e3, . . . , ed⟩ and x, z /∈ {ŷn}, hyperconvexity implies that inf |cn| > ϵ for some
ϵ > 0. Then

y1n = γmn ŷ1n =

[
e1 + cn

λmn
2

λmn
1

e2 +
Amn

λmn
1

vn

]
.

Since |λ2| > λ1(A),

lim
n→∞

Amn

λmn
2

= 0

and hence

∠(x1 ⊕ y1n, x
2) = ∠(⟨e1⟩ ⊕ y1n, ⟨e1, e2⟩)

= ∠

(〈
e1, e2 +

Amn

cnλ
mn
2

vn

〉
, ⟨e1, e2⟩

)
→ 0. □

For irreducible groups, the following converse is true.

Theorem 5.5 (Zhang–Z. [ZZ24]). If Γ < PSL(d,R) is an irreducible P1-Anosov

group, Λ1(Γ) ≃ ∂∞Γ is a circle, and Λ1(Γ) is a C1,ϵ-submanifold of P(Rd), then Γ
is hyperconvex.

6. Problems

6.1. Hyperconvex groups.

Problem 9. Suppose Γ is word hyperbolic. Prove that the set of hyperconvex
representations is open in Hom(Γ,PSL(d,R)).

Hint: You need two facts
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• The set of Anosov representations is open and the boundary maps ∂∞Γ →
Fθ depend continuously on the representation.

• A word hyperbolic group Γ acts co-compactly on the space of distinct triples
∂∞Γ(3).

Problem 10. Suppose Γ < PSL(d,R) is hyperconvex, θ = {α1, α2, αd−2, αd−1},
and Λθ(Γ) ≃ ∂∞Γ is a circle. The goal of this problem is to prove that Λ1(Γ) is a

C1-submanifold of P(Rd).

Let dθ, dP be a distance of Fθ, P(Rd) respectively induced by a Riemannian
metric.

(a) Prove the following lemma:

Lemma 6.1. For any ϵ > 0 there exists δ > 0 such that: if x, y ∈ Λθ(Γ) are distinct
and dθ(x, y) < δ, then

∠(x1 ⊕ y1, x2) < ϵ.

Hint: Suppose not. Then for each n there exist distinct xn, yn ∈ Λθ(Γ) such
that

dθ(xn, yn) < 1/n and ∠(x1n ⊕ y1n, x
2
n) > ϵ.

Passing to a subsequence xn, yn → a. Fix b ∈ Λθ(Γ) ∖ {a}. For n sufficiently
large xn, yn, b are pairwise distinct and hence there exists γn such that γn(xn, yn, b)
is contained in a compact subset of Λθ(Γ)

(3), the space of distinct triples. With-
out loss of generality, γn(xn, yn, b) → (x′, y′, b′). Show that limUθ(γn) = b′ and
limUθ(γ

−1
n ) = a. Then try to understand xn = γ−1

n (γnxn) and yn = γ−1
n (γnyn).

(b) For x, y ∈ Λθ(Γ) distinct, let πy,x : Λ1(Γ)∖ {y1} → P(x2) be induced by the
projection

Rd = yd−2 ⊕ x2 → x2.

Using hyperconvexity, prove that πy,x is injective.

(c) Using (a), prove that for any compact subset K ⊂ Λθ(Γ)∖ {y} there exists
C = C(x, y,K) > 0 such that: if z ∈ K, then

d(x1, z1) ≥ C d(x1, πx,y(z
1)).

(d) Prove that πx,y is locally biLipschitz (i.e. biLipschitz on any compact subset
of Λ1(Γ)∖ {y1}).

There exists a neighborhood V of x in Λθ(Γ) and a continuous map z ∈ V 7→
Az ∈ Lin(z2, x2) such that πx,y = Azπz,y. Then use (c).

(e) Prove that Λ1(Γ) is a C1-submanifold of P(Rd).

Hint: Use (d) to show that Λ1(Γ) has finite length and hence can be parametrized
by arc length. Use (a) to show that this parametrization is C1.

Lecture #2 : Patterson–Sullivan theory in rank one

In this lecture we discuss some classical results in the theory of Patterson–
Sullivan theory in real hyperbolic geometry.
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7. Motivation

In general the action of a discrete group of Isom(Hd) does not preserve a measure

on ∂Hd.

Proposition 7.1. If Γ < Isom(Hd) is a discrete non-elementary subgroup, then

there does not exist an Γ-invariant probability measure on ∂Hd.

Proof. See Problem 11. □

However, there are invariant measure classes.

Example 7.2. Identify Hd = Bd ⊂ Rd with the Klein–Beltrami model. Then
∂Hd = ∂ Bd and Isom(Hd) acts by diffeomorphisms on ∂ Bd. Hence Isom(Hd)
preserves the Lebesgue measure class.

Patterson–Sullivan measures are invariant measure classes associated to any dis-
crete subgroup.

8. The Busemann cocycle and Patterson–Sullivan measures

Fixing a basepoint o ∈ Hn, the Busemann function based at x ∈ ∂Hn is defined
by

bx(p) = lim
q→x

d(q, p)− d(q, o)

(one can use formulas for the distance to show that bx exists).
Then the Busemann cocycle B : Isom(Hn)× ∂Hn → R is defined by

B(g, x) = bx(g
−1o).

This satisfies the cocycle identity:

Observation 8.1. B(g1g2, x) = B(g1, g2x) +B(g2, x).

Proof. Check! □

Example 8.2. Identify Hd = Bd ⊂ Rd with the Klein–Beltrami model. Then
∂Hd = ∂ Bd and the stabilizer of the origin in Isom(Hd) is O(d). Let ν be the

smooth probability measure on ∂ Bd which is invariant under O(d). If o = 0 and

B : Isom(Hd)× ∂ Bd → R is the Busemann cocycle, then

B(g−1, x) = − 1

d− 1
log

dg∗ν

dν
(x)

for all g ∈ Isom(Hd).

Given a subgroup Γ < Isom(Hd) and δ ≥ 0, a Borel probability measure µ on

∂Hd is called a Patterson–Sullivan measure of dimension δ for Γ if for any γ ∈ Γ
the measures µ, γ∗µ are absolutely continuous and

(1)
dγ∗µ

dµ
(x) = e−δB(γ−1,x) = e−δbx(γo)

for µ-a.e. x ∈ ∂Hn.

Example 8.3. The measure introduced in Example 8.2 is a Patterson–Sullivan
measure of dimension (d− 1) for Isom(Hd).
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Given a discrete subgroup Γ < Isom(Hd) we will show that there exists a
Patterson–Sullivan measure with dimension equal to the critical exponent of the
subgroup, which is

δ(Γ) := lim sup
R→∞

1

R
log#{γ ∈ Γ : d(o, γo) ≤ R}.

Remark 8.4. One can show that

δ(Γ) ≤ lim sup
R→∞

1

R
log VolHd(B(o,R)) = d− 1

and hence δ(Γ) is always finite. One can also show that δ(Γ) > 0 when Γ is non-
elementary.

One often considers the Poincaré series

Q(s) :=
∑
γ∈Γ

e−s d(o,γo).

One can show that Q(s) = +∞ when s < δ(Γ) and Q(s) < +∞ when s > δ(Γ), see
Problem 16. The convergence/divergence at s = δ(Γ) is a delicate issue.

Theorem 8.5 (Patterson [Pat76], Sullivan). If Γ < Isom(Hd) is discrete, then
there exists a Patterson–Sullivan measure of dimension δ(Γ) for Γ. Moreover, if
Γ is non-elementary, then any Patterson–Sullivan measure for Γ has dimension at
least δ(Γ).

Proof. We first prove existence in the special case when

Q(δ(Γ)) =
∑
γ∈Γ

e−δ(Γ) d(o,γo) = +∞.

For s > δ(Γ), define the probability measure

µs :=
1

Q(s)

∑
γ∈Γ

e−s d(o,γo) Dγo

where Dγo is the Dirac mass at γo.

Since Hd ∪∂Hd is compact, we can find sn ↘ δ(Γ) such that µsn converges to

a probability measure µ on Hd ∪∂Hd in the weak-∗ topology. Since Q(sn) → +∞,

the measure µ is supported on ∂Hd.
Fix α ∈ Γ. Then

α∗µs =
1

Q(s)

∑
γ∈Γ

e−s d(o,γo)α∗ Dγo =
1

Q(s)

∑
γ∈Γ

e−s d(o,γo) Dαγo

=
1

Q(s)

∑
γ∈Γ

e−s d(o,α−1γo) Dγo

=
1

Q(s)

∑
γ∈Γ

e−s(d(αo,γo)−d(o,γo))e−s d(o,γo) Dγo .

Now define w : Hd ∪∂Hd → R by

w(x) =

{
d(αo, x)− d(o, x) x ∈ Hd

bx(αo) x ∈ ∂Hd .
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Then w is continuous. Further,∫
fdα∗µs =

∫
fe−swdµs

for all continuous f : Hd ∪∂Hd → R. Taking the limit sn ↘ δ(Γ),∫
fdα∗µ =

∫
fe−δ(Γ)wdµ

for all continuous f : Hd ∪∂Hd → R. Since µ is supported on ∂Hd and w(x) =

bx(αo) = B(α−1, x) when x ∈ ∂Hd, this implies that

dα∗µ

dµ
(x) = e−δ(Γ)B(α−1,x).

Hence µ is a Patterson–Sullivan measure of dimension δ(Γ).
Now we consider the general case. By [Pat76, Lemma 3.1], there exists a non-

decreasing function χ : R → R≥1 such that

(1) For every ϵ > 0 there exists R > 0 such that χ(r + t) ≤ eϵtχ(r) for any
r ≥ R and t ≥ 0,

(2)
∑

γ∈Γ χ(d(o, γo))e
−δ(Γ) d(o,γo) = +∞

(when
∑

γ∈Γ e
−δ(Γ) d(o,γo) = +∞, we can take χ ≡ 1).

For s > δ(Γ), define a Borel probability measure on Hd ∪∂Hd by

µs :=
1

Qχ(s)

∑
γ∈Γ

χ(d(o, γo))e−s d(o,γo)Dγo,

where Qχ(s) :=
∑

γ∈Γ χ(d(o, γo))e
−s d(o,γo), which is finite by property (1). Then

fix sn ↘ δ(Γ) such that µsn → µ in the weak-∗ topology. Since Qχ(sn) → +∞, the

measure µ is supported on ∂Hd. Arguing as in the special case shows that µ is a
Patterson–Sullivan measure of dimension δ(Γ).

The moreover part requires the shadow lemma and will be an exercise, see Prob-
lem 17.

□

9. Shadows and the shadow lemma

One of the primary tools for studying Patterson–Sullivan measures is the Shadow
Lemma, which provides an estimate for certain geometrically defined sets.

Given p, q ∈ Hd distinct and R > 0, the associated R-shadow is

OR(p, q) :=

{
x ∈ ∂Hn :

the geodesic starting at p and limiting to x
intersects the ball of radius R about q

}
.

Theorem 9.1. Suppose Γ < Isom(Hd) is non-elementary and µ is a Patterson–
Sullivan measure of dimension δ for Γ. For any R > 0 sufficiently large, there
exists C = C(R) > 0 such that

C−1e−δ d(o,γo) ≤ µ(OR(o, γo)) ≤ Ce−δ d(o,γo)

for all γ ∈ Γ.

The proof requires two lemmas.
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Lemma 9.2. If x ∈ OR(o, p), then

−d(o, p) ≤ bx(p) ≤ 2R− d(o, p).

Hence, if x ∈ OR(γ
−1o, o), then

−2R+ d(o, γo) ≤ B(γ, x) ≤ 2R+ d(o, γo).

Proof. Notice that bx, being a limit of 1-Lipschitz functions, is 1-Lipschitz. Further,
bx(o) = 0. Hence

−d(o, p) ≤ bx(p).

Fix qn → x. Then for n sufficiently large, the geodesic joining o to qn intersects
BHd(p,R) at some point un. Then

bx(p) = lim
n→∞

d(qn, p)− d(qn, o) = lim
n→∞

d(qn, p)− d(qn, un)− d(un, o)

≤ 2R+ lim
n→∞

d(qn, p)− d(qn, p)− d(p, o) = 2R− d(o, p).

For the “hence” part, notice that

B(γ, x) = bx(γ
−1o) = lim

q→x
d(γ−1o, q)− d(q, o) = lim

q→x
d(o, γq)− d(γq, γo)

= − lim
q→γx

d(q, γo)− d(o, q) = −bγx(γo).

Further, if x ∈ OR(γ
−1o, o), then γx ∈ OR(o, γo). □

Lemma 9.3. With Γ and µ as in the Shadow Lemma, for R > 0 sufficiently large,

inf
γ∈Γ

µ(OR(γ
−1o, o)) > 0.

Proof. Suppose not. Then there exist {γn} ⊂ Γ and Rn → +∞ such that

µ(ORn
(γ−1

n o, o)) < 1/n.

Passing to a subsequence we can suppose that γ−1
n o→ x. If x ∈ Hd, then

ORn
(γ−1

n o, o) = ∂Hd

when n is sufficiently large, which implies that 1 = µ(∂Hd) ≤ limn→∞ 1/n = 0.

Thus we must have x ∈ ∂Hd. If U is a neighborhood of x in ∂Hn, then

∂Hd ∖U ⊂ ORn
(γ−1

n o, o)

for n large. Hence

µ(∂Hd ∖U) ≤ lim
n→∞

µ(ORn
(γ−1

n o, o)) = 0.

Since U is an arbitrary neighborhood of x, then µ = Dx is a Dirac mass at x. Since
Γ is non-elementary, there exists γ ∈ Γ with γx ̸= x. Then γ∗µ = Dγx is singular
to µ = Dx, which is a contradiction. □

Proof of the Shadow Lemma. Fix R > 0 so that

m := inf
γ∈Γ

µ(OR(γ
−1o, o))

is positive. Then if γ ∈ Γ, we have

µ(OR(o, γo)) = µ(γOR(γ
−1o, o)) = (γ−1)∗µ(OR(γ

−1o, o))

=

∫
OR(γ−1o,o)

d(γ−1)∗µ

dµ
dµ =

∫
OR(γ−1o,o)

e−δB(γ,x)dµ(x).
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Thus by the Lemmas,

µ(OR(o, γo)) ≤ e2δRe−δ d(o,γo)

and

µ(OR(o, γo)) ≥ me−δ d(o,γo). □

10. The Ergodic Dichotomy

Let

∂(2) Hd ⊂ ∂Hd ×∂Hd

denote the set of distinct pairs. Then the Gromov product G : ∂(2) Hd → [0,+∞)
is defined by

G(x, y) = lim
p→x,q→y

d(p, o) + d(o, q)− d(p, q)

(one can use formulas for the distance to show that G exists).

Observation 10.1. If g ∈ Isom(Hd) and (x, y) ∈ ∂(2) Hd, then

G(gx, gy)−G(x, y) = B(g, x) +B(g, y).

Proof. Notice that

G(gx, gy)−G(x, y) = lim
p→x,q→y

d(gp, o) + d(o, gq)− d(gp, gq)− d(p, o)− d(o, q) + d(p, q)

= lim
p→x,q→y

d(p, g−1o)− d(p, o) + d(q, g−1o)− d(o, q)

= bx(g
−1o) + by(g

−1o) = B(g, x) +B(g, y). □

The next result provides a dynamical dichotomy for Patterson–Sullivan mea-
sures.

Theorem 10.2 (The Hopf–Tsuji–Sullivan Ergodic Dichotomy). Suppose Γ < Isom(Hd)
is a non-elementary discrete group. Let µ be a Patterson–Sullivan measure of di-
mension β for Γ. If

dν(x, y) := eβG(x,y)dµ(x)⊗ dµ(y),

then ν is a Γ-invariant measure on ∂(2) Hd. Moreover, we have the following di-
chotomy:

(1) If
∑

γ∈Γ e
−β d(o,γo) = +∞, then:

(a) β = δ(Γ).
(b) µ(Λcon(Γ)) = 1 and µ has no atoms.

(c) The Γ action on (∂(2) Hd, ν) is ergodic and conservative.
(2) If

∑
γ∈Γ e

−β d(o,γo) < +∞, then:

(a) β ≥ δ(Γ).
(b) µ(Λcon(Γ)) = 0.

(c) The Γ action on (∂(2) Hd, ν) is non-ergodic and dissipative.

The theorem in full generality was established by Sullivan [Sul79, Sul81]. For a
proof in the CAT(−1) setting, see [Rob03].
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Let us just check the Γ-invariance of ν. Notice that

dγ∗ν(x, y) = eβG(γ−1x,γ−1y)dγ∗µ(x)⊗ dγ∗µ(y)

= eβG(γ−1x,γ−1y)−βB(γ−1,x)−βB(γ−1,y)dµ(x)⊗ dµ(y)

= eβG(x,y)dµ(x)⊗ dµ(y) = dν(x, y).

In the convex cocompact case, the ergodic dichotomy implies the following.

Corollary 10.3. If Γ < Isom(Hd) is convex cocompact, then there is a unique
Patterson–Sullivan measure µ of dimension δ(Γ) for Γ. Moreover, the Γ action on

(∂Hd, µ) is ergodic.

Proof. Let δ := δ(Γ). Since Γ is convex cocompact, Λcon(Γ) = Λ(Γ). By Theo-
rem 8.5, there exists a Patterson–Sullivan measure µ of dimension δ for Γ supported
on Λ(Γ). Now

µ(Λcon(Γ)) = µ(Λ(Γ)) = 1

and so by the ergodic dichotomy,
∑

γ∈Γ e
−δ d(o,γo) = +∞ and the Γ action on

(∂(2) Hd, eδGµ ⊗ µ) is ergodic. We claim that the Γ action on (∂Hd, µ) is ergodic.

Suppose A ⊂ ∂Hd is Γ-invariant, then

A′ := ∂(2) Hd ∩(∂Hd ×A)

is a Γ-invariant set. So A′ has either full or zero measure. Since µ has no atoms,
this implies that A has either full or zero measure. Hence the Γ action on (∂Hd, µ)
is ergodic.

Now suppose that µ′ is a Patterson–Sullivan measure of dimension δ for Γ. Then
for t ∈ [0, 1] the measure µt := tµ′ + (1− t)µ is also a Patterson–Sullivan measure
of dimension δ for Γ. Since

∑
γ∈Γ e

−δ d(o,γo) = +∞, arguing as above shows that

the Γ action on each (∂Hd, µt) is ergodic. Now fix 0 < s, t < 1 distinct. Then µs

and µt are absolutely continuous and so

f =
dµs

dµt

exists. If γ ∈ Γ, then

e−δB(γ−1,x)µs = γ∗µs = γ∗(fµt) = f ◦ γ−1γ∗γ∗µt = f ◦ γ−1e−δB(γ−1,x)µt.

So

µs = f ◦ γ−1µt.

Then, by uniqueness of Radon–Nikodym derivatives,

f ◦ γ−1 = f µt a.e.

Since γ ∈ Γ is arbitrary, f is Γ-invariant. Then by ergodicity, f is constant a.e.
Since both µs, µt are probability measures, we must have µs = µt. Hence µ = µ′.
Thus µ is the unique Patterson–Sullivan measure of dimension δ for Γ. □
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11. Hausdorff dimension of the limit set

In this section we consider the Klein–Beltrami model of Hd, in which case we
can identify ∂Hd = Sd−1.

Let dE be the Euclidean metric restricted to Sd−1 = ∂Hd and for x ∈ Sd−1 let

D(x, r) := {y ∈ Sd−1 : dE(x, y) < r}

be the associated metric balls.

Lemma 11.1. For any R > 0 there exist c1, c2 > 0 such that

D

(
p

∥p∥
, c1e

− dHd (o,p)

)
⊂ OR(o, p) ⊂ D

(
p

∥p∥
, c2e

− dHd (o,p)

)
for all non-zero p ∈ Hd

Proof. See Problem 15. □

Theorem 11.2 (Sullivan [Sul79]). If Γ < Isom(Hd) is convex co-compact and µ is
the Patterson–Sullivan measure of dimension δ(Γ) for Γ, then there exist A > 1,
r0 > 0 such that

A−1rδ(Γ) ≤ µ(D(x, r)) ≤ Arδ(Γ)

for all x ∈ Λ(Γ) and r ∈ [0, r0]. Hence, the Hausdorff dimension of the limit set
Λ(Γ) with respect to the metric dE is δ(Γ).

Proof. By conjugating we can assume that 0 is in the convex hull C of Λ(Γ) in Hd.
Fix r > 0 such that

C ⊂ Γ ·BHd(0, r)

and any number at least r satisfies the Shadow Lemma for µ
Using Lemma 11.1, fix c1, c2 > 0 such that

D
(
x, c1e

− dHd (o,tx)
)
⊂ Or(o, tx) ⊂ O2r(o, tx) ⊂ D

(
x, c2e

− dHd (o,tx)
)

for all x ∈ ∂Hd and 0 < t < 1. Also fix C > 1 satisfying the Shadow Lemma for
both r, 2r.

Now suppose x ∈ Λ(Γ). Then tx ∈ C for any 0 < t < 1 and hence there exists
γt ∈ Γ such that

dHd(tx, γt(0)) < r.

Then

D
(
x, c1e

− dHd (o,tx)
)
⊂ Or(o, tx) ⊂ O2r(o, γt(0))

and

D
(
x, c2e

− dHd (o,tx)
)
⊃ O2r(o, tx) ⊃ Or(o, γt(0)).

Hence by the Shadow Lemma

µ
(
D
(
x, c1e

− dHd (o,tx)
))

≤ µ(O2r(o, γt(0))) ≤ Ce−δ(Γ) d(0,γt(0))

≤ Ceδ(Γ)r

c
δ(Γ)
1

(
c1e

− dHd (0,tx)
)δ(Γ)
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and

µ
(
D
(
x, c2e

− dHd (o,tx)
))

≥ µ(Or(o, γt(0))) ≥ C−1e−δ(Γ) d(0,γt(0))

≥ 1

Cc
δ(Γ)
2 eδ(Γ)r

(
c2e

− dHd (0,tx)
)δ(Γ)

So there exist A > 1, r0 > 0 such that: if x ∈ Λ(Γ) and 0 ≤ r ≤ r0, then

A−1rδ(Γ) ≤ µ(D(x, r)) ≤ Arδ(Γ).

The “hence” part is a consequence of the following general theorem (which you
will prove in Problem 23). □

Theorem 11.3. Suppose X is a compact metric space and µ is a Borel probability
measure on X. If there exist A ≥ 1, r0 > 0 such that

A−1rδ ≤ µ(BX(x, r)) ≤ Arδ

for all x ∈ X and r ∈ [0, r0], then H.dim(X) = δ and the δ-dimensional Hausdorff
measure satisfies

C−1µ ≤ Hδ ≤ Cµ

for some C ≥ 1 and H.dim(X) = δ.

12. Problems

12.1. Odds and ends.

Problem 11. Suppose Γ < Isom(Hd) is a non-elementary discrete subgroup. Show

that there is no Γ-invariant probability measure on ∂Hd.

Problem 12. Suppose Γ < Isom(Hd) is discrete, o ∈ Hd, and x ∈ ∂Hd. Prove that
the following are equivalent:

(1) x is a conical limit point of Γ in the convergence group sense: there exist

{γn} ⊂ Γ and a, b ∈ ∂Hd distinct such that γnx → a and γny → b for all
y ∈ ∂Hn ∖{x}.

(2) x is a conical limit point of Γ in the hyperbolic geometry sense: if ℓ :
[0,∞) → Hn is the geodesic ray with ℓ(0) = o and limt→∞ ℓ(t) = x, then
there exist {γn} ⊂ Γ and tn → +∞ such that

sup
n≥1

d(ℓ(tn), γno) < +∞.

(3) There exist {γn} ⊂ Γ distinct and R > 0 such that x ∈ OR(o, γno) for all
n ≥ 1.

Problem 13. Prove Observation 8.1.

12.2. Shadows in the Klein–Beltrami model. In the next two problems, iden-
tify Hd with the Klein–Beltrami model Bd ⊂ Rd and let ∥·∥ denote the standard

norm on Rd. The following two facts will be helpful:

(1) Euclidean line segments can be parametrized to be hyperbolic geodesics.

(2) If x, y ∈ Bd are distinct, then the hyperbolic distance satisfies

dHd(p, q) =
1

2
log

∥x− b∥ ∥y − a∥
∥x− a∥ ∥y − b∥
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where the affine line through x, y intersects ∂ Bd at a, b and the points have
order a, x, y, b along the line.

Problem 14. For g ∈ Isom(Hd) and ϵ > 0, let

Sϵ(g) := g{y ∈ ∂Hd :
∥∥y − g−1(0)

∥∥ > ϵ}.
Prove:

(1) For any R > 0, there exists ϵ > 0 such that OR(0, γ(0)) ⊂ Sϵ(γ).
(2) For any ϵ > 0, there exists R > 0 such that Sϵ(γ) ⊂ OR(0, γ(0)).

For x ∈ ∂Hd, let

D(x, r) = {y ∈ ∂Hd : ∥y − x∥ < r}.

Problem 15. For any R > 0 there exist c1, c2 > 0 such that

D
(
x, c1e

− d(o,tx)
)
⊂ OR(o, tx) ⊂ D

(
x, c2e

− d(o,tx)
)

for all x ∈ ∂Hd and 0 ≤ t < 1.

Hint: It suffices to consider x = (1, 0, . . . , 0).

12.3. Coarse counting using Patterson–Sullivan measures.

Problem 16. Suppose Γ < Isom(Hd) is a discrete group. Consider the function
Q : (0,∞) → (0,+∞] given by

Q(s) =
∑
γ∈Γ

e−s d(o,γo).

Prove that Q(s) = +∞ if s < δ(Γ) and Q(s) < +∞ if s > δ(Γ).

Problem 17. Suppose Γ < Isom(Hd) is a non-elementary discrete group and µ is
a Patterson–Sullivan measure of dimension β for Γ. The goal of this problem is to
show that

β ≥ δ(Γ).

Let

An := {γ ∈ Γ : d(o, γo) ∈ [n, n+ 1)}.
(a) Prove: If γ1, γ2 ∈ An and OR(o, γ1o) ∩ OR(o, γ2o) ̸= ∅, then

d(γ1o, γ2o) ≤ T + 2R.

(b) Prove: there exists N ∈ N such that: if x ∈ ∂Hd, then

#{γ ∈ An : x ∈ OR(o, γo)} ≤ N

and hence

1 = µ(∂Hd) ≥ 1

N

∑
γ∈An

µ(OR(o, γo)).

(c) Use the Shadow Lemma to prove: there exists C > 0 such that

#An ≤ Ceβn

and deduce that β ≥ δ(Γ).

Problem 18. Prove: If Γ < Isom(Hd) is discrete, then δ(Γ) ≤ d − 1. Hint: Use
the last problem and Example 8.3.
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Problem 19. Prove: If Γ < Isom(Hd) is convex cocompact, then there exists C > 1
such that

C−1eδ(Γ)n ≤ #{γ ∈ Γ : d(o, γo) ≤ n} ≤ Ceδ(Γ)n.

Hint: Let µ be a Patterson–Sullivan measure of dimension δ(Γ). A previous problem
provides the upper bound. For the lower bound, show that there exists R, k > 1 such
that

∂Hd ⊂
⋃
γ∈Γ

d(o,γo)∈[n−k,n]

OR(o, γo)

for all n ≥ k. Then use the Shadow Lemma to prove a lower bound on

#{γ ∈ Γ : d(o, γo) ∈ [n− k, n]}.
12.4. Lebesgue Differentiation. The next two problems show that Shadows and
Patterson–Sullivan measures satisfy a version of the Lebesgue Differentiation theo-
rem.

Problem 20. (⋆) Prove:

(1) If d(o, p) ≤ d(o, q) and OR(o, p)∩OR(o, q) ̸= ∅, then OR(o, q) ⊂ O3R(o, p).

(2) If Γ < Isom(Hd) is discrete and I ⊂ Γ, then there exists J ⊂ I such that
the shadows {OR(o, γo)}γ∈J are disjoint and⋃

γ∈I

OR(o, γo) ⊂
⋃
γ∈J

O3R(o, γo).

Hint for (2): Enumerate I = {γn} so that d(o, γ1o) ≤ d(o, γ2o) ≤ d(o, γ3o) · · · .
Then look up and adapt the proof of the Vitali covering lemma.

Problem 21. (⋆) Suppose Γ < Isom(Hd) is discrete, µ is a Patterson–Sullivan
measure of dimension δ, and R > 0 satisfies the Shadow Lemma. Prove: If f ∈
L1(∂Hd, µ), then for µ-a.e. x we have

f(x) = lim
n→∞

1

µ(OR(o, γno))

∫
OR(o,γno)

fdµ

whenever {γn} are distinct and x ∈ OR(o, γno) for all n ≥ 1.

Hint: Look up and adapt the proof of the Lebesgue differentiation theorem.

The above result is quite useful when the conical limit points have full measure.

Problem 22. (⋆) Suppose Γ < Isom(Hd) is discrete, µ is a Patterson–Sullivan
measure of dimension δ, and µ(Λcon(Γ)) = 1. Prove, using Problem 21, that the Γ

action on (∂Hd, µ) is ergodic.

Hint: Fix a Γ-invariant set E ⊂ ∂Hd with µ(E) > 0. Then fix Rj ↗ +∞
such that each satisfies the Shadow lemma. Show that there exist x ∈ E and {γn}
distinct such that x ∈ ORj

(o, γno) for all n ≥ 1 and

1 = 1E(x) = lim
n→∞

1

µ(ORj (o, γno))

∫
ORj

(o,γno)

1Edµ = lim
n→∞

µ(E ∩ ORj
(o, γno))

µ(ORj (o, γno))
.

By studying

1 = lim
n→∞

µ(E ∩ ORj (o, γno))

µ(ORj
(o, γno))

= lim
n→∞

(γ−1
n )∗µ(E ∩ ORj (γ

−1
n o, o))

(γ−1
n )∗µ(ORj

(γ−1
n o, o))

show that µ(E) = 1 (what can you say about
d(γ−1

n )∗µ
dµ on ORj (γ

−1
n o, o)?).
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12.5. Facts about Hausdorff dimension.

Problem 23. Prove Theorem 11.3.

Hint: To prove Hδ ≤ Cµ you can use the Vitali covering lemma.

Problem 24. (⋆) Suppose (M, g) is a compact Riemannian n-manifold endowed
with its Riemannian distance. Prove that Hn coincides with the measure induced
by the Riemannian volume form.

Hint: Recall, in a chart the Riemannian volume form νg satisfies∫
f dνg =

∫
f
√
det(gi,j)dx

1 · · · dxn.

Fix ϵ > 0 and cover M by charts {Ui} where on each chart (1 − ϵ)Id ≤ gi,j ≤
(1 + ϵ)Id. Then, on each chart, show that

(1− ϵ)n/2νg ≤ Hn ≤ (1 + ϵ)n/2νg.

Lectures #3-5 : Patterson–Sullivan theory in higher rank

13. The Iwasawa cocycle

Let U ⊂ SL(d,R) be the subgroup of upper triangular matrices with ones on the
diagonal. Recall that any matrix g ∈ SL(d,R) can be written uniquely as

g = ℓeHu

where ℓ ∈ O(d), H ∈ a, and u ∈ U. This is called the Iwasawa decomposition of g.
Also, let x0 ∈ F∆ be the standard flag given by

xj0 = ⟨e1, . . . , ej⟩ .

Using the Iwasawa decomposition we define the Iwasawa cocycle B : SL(d,R)×
F∆ → a by letting B(g, x) be the a part of the Iwasawa decomposition of gk where
x = kx0, i.e.

gk = ℓeB(g,kx0)u.

Lemma 13.1. B is well defined and is a cocycle:

B(g1g2, x) = B(g1, g2x) +B(g2, x).

Proof. To prove that B is well defined, we suppose k1x0 = k2x0 and show that
gk1, gk2 have the same a part in their Iwasawa decomposition. Since k−1

2 k1x0 = x0,
we have k1 = k2m where m is a diagonal matrix with ±1 on the diagonal. Suppose
gk2 = ℓeHu is the Iwasawa decomposition of gk2. Then

gk1 = gk2m = ℓeHum = ℓeHm(m−1um) = (ℓm)eH(m−1um).

Since ℓm ∈ O(d) and m−1um ∈ U, this is the Iwasawa decomposition of gk1. Hence
gk1, gk2 have the same a part in their Iwasawa decomposition.

Next we verify the cocycle identity. Suppose x = kx0. Let g1g2k = ℓ1e
B(g1g2,x)u1

and g2k = ℓ2e
B(g2,x)u2 be the Iwasawa decompositions. Then

g2x = g2kx0 = ℓ2e
B(g2,x)u2x0 = ℓ2x0.
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Let g1ℓ2 = ℓ3e
B(g1,g2x)u3 be the Iwasawa decomposition. Then

g1g2k = g1ℓ2e
B(g2,x)u2 = ℓ3e

B(g1,g2x)u3e
B(g2,x)u2

= ℓ3e
B(g1,g2x)+B(g2,x)

(
e−B(g2,x)u3e

B(g2,x)u1

)
is the Iwasawa decomposition. Hence

B(g1g2, x) = B(g1, g2x) +B(g2, x). □

When a fundamental weight is applied to the Iwasawa cocycle we obtain the
following formula.

Lemma 13.2. ωj(B(g, x)) = log
∥g(v1∧···∧vj)∥
∥v1∧···∧vj∥ where xj = ⟨v1, . . . , vj⟩.

Proof. Suppose x = kx0. Then x
j = k ⟨e1, . . . , ej⟩ and so

∥g(v1 ∧ · · · ∧ vj)∥
∥v1 ∧ · · · ∧ vj∥

=
∥gk(e1 ∧ · · · ∧ ej)∥
∥e1 ∧ · · · ∧ ej∥

.

Further, if gk = ℓeB(g,x)u is the Iwasawa decomposition, then

gk(e1 ∧ · · · ∧ ej) = ℓeB(g,x)u(e1 ∧ · · · ∧ ej) = ℓeB(g,x)(e1 ∧ · · · ∧ ej)

= ℓ
(
eB(g,x)1,1e1

)
∧ · · · ∧

(
eB(g,x)j,jej

)
= ℓeB(g,x)1,1+···+B(g,x)j,j (e1 ∧ · · · ∧ ej)

= eωj(B(g,x))ℓ(e1 ∧ · · · ∧ ej).

Hence
∥g(v1 ∧ · · · ∧ vj)∥
∥v1 ∧ · · · ∧ vj∥

=
∥gk(e1 ∧ · · · ∧ ej)∥
∥k(e1 ∧ · · · ∧ ej)∥

= eωj(B(g,x)),

since O(d) acts orthogonally on ∧j Rd. □

14. Partial Iwasawa cocycles

Using the fact that ωαj
(B(g, x)) only depends on xj , we will define a cocycle on

Fθ.
For θ ⊂ ∆ non-empty, we let

aθ := {H ∈ a : α(H) = 0 if α /∈ θ}.

Observation 14.1. {ωα|aθ
: α ∈ θ} spans a∗θ and hence there exists a unique

projection pθ : a → aθ which satisfies

ωα(pθ(H)) = ωα(H)

for all α ∈ θ and H ∈ a.

Proof. See Problem 25. □

For θ ⊂ ∆, the partial Iwasawa cocycle Bθ : SL(d,R)×Fθ → aθ is defined by

Bθ(g, x) = pθ(B(g, x̃))

where x̃ ∈ F∆ is any lift of x ∈ Fθ.

Lemma 14.2. Bθ is a well-defined cocycle.
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Proof. Using the fact that {ωα|aθ
: α ∈ θ} is a basis for a∗θ, it suffices to fix αj ∈ θ

and show that ωαjBθ is a well-defined cocycle. By the previous lemma,

ωαj (pθ(B(g, x̃))) = ωαj (B(g, x̃)) = log
∥g(v1 ∧ · · · ∧ vj)∥
∥v1 ∧ · · · ∧ vj∥

where x̃j = ⟨v1, . . . , vj⟩. So ωαj
(pθ(B(g, x̃))) only depends on the image of x̃ in Fθ

and hence ωαjBθ is well-defined. Since

log
∥g1g2(v1 ∧ · · · ∧ vj)∥

∥v1 ∧ · · · ∧ vj∥
= log

∥g1(g2(v1 ∧ · · · ∧ vj))∥
∥g2(v1 ∧ · · · ∧ vj)∥

+ log
∥g2(v1 ∧ · · · ∧ vj)∥
∥v1 ∧ · · · ∧ vj∥

,

we see that ωαjBθ is a cocycle.
□

Next we show that the Iwasawa cocycles have a Busemann-like property. Let

κθ := pθ ◦ κ : SL(d,R) → aθ .

Then wjκθ = wjκ for all αj ∈ θ.

Proposition 14.3. If α(κ(hn)) → +∞ for all α ∈ θ and Uθ(hn) → x, then

κθ(ghn)− κθ(hn) → Bθ(g, x).

We start with a lemma.

Lemma 14.4. If σ1(hn)
σ2(hn)

→ +∞ and U1(hn) → ⟨v⟩, then

log ∥ghn∥ − log ∥hn∥ → log
∥gv∥
∥v∥

.

Proof. It suffices to consider the case where

log ∥ghn∥ − log ∥hn∥ → L ∈ [−∞,+∞]

and prove that L = log ∥gv∥
∥v∥ . Suppose hn = knanℓn is a singular value decomposi-

tion of hn with U1(hn) = kn ⟨e1⟩. We can assume that kn → k, ℓn → ℓ. Then

⟨v⟩ = lim
n→∞

U1(hn) = lim
n→∞

kn ⟨e1⟩ = k ⟨e1⟩ .

Further, since σ1(hn)
σ2(hn)

→ +∞,

hn
∥hn∥

→ kPℓ

where P is the orthogonal projection onto ⟨e1⟩. Then

L = lim
n→∞

log
∥ghn∥
∥hn∥

= lim
n→∞

log

∥∥∥∥g hn
∥hn∥

∥∥∥∥ = log ∥gkPℓ∥ = log ∥gke1∥ = log
∥gv∥
∥v∥

since ke1 = ± v
∥v∥ . □

Proof. Using the fact that {ωα|aθ
: α ∈ θ} is a basis for a∗θ, it suffices to fix αj ∈ θ

and show that

(2) ωαjκ(ghn)− ωαjκ(hn) → ωαjB(g, x).

(recall that ωαj
pθ = ωαj

). Notice that

ωαj
κ(ghn)− ωαj

κ(hn) = log ∥τj(g)τj(hn)∥ − log ∥τj(hn)∥ .
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and

ωαj
B(g, x) = log

∥g(v1 ∧ · · · ∧ vj)∥
∥v1 ∧ · · · ∧ vj∥

where xj = ⟨v1, . . . , vj⟩. Further,
σ1(τj(hn))

σ2(τj(hn))
= eαj(κ(hn)) → +∞

and
U1(τj(hn)) = khn

⟨e1 ∧ · · · ∧ ej⟩ = Uθ(hn)
j → x = ⟨v1 ∧ · · · ∧ vj⟩ .

So Equation (2) follows from the Lemma.
□

15. Patterson–Sullivan measures

Following Quint [Qui02], given a subgroup Γ < SL(d,R), δ ≥ 0, and ϕ ∈ a∗θ,
a Borel probability measure µ on Fθ is called ϕ-Patterson–Sullivan measure of
dimension δ for Γ if for any γ ∈ Γ the measures µ, γ∗µ are absolutely continuous
and

(3)
dγ∗µ

dµ
(x) = e−δϕBθ(γ

−1,x)

for µ-a.e. x ∈ Fθ.

Example 15.1. Let

ψ :=
∑
i<j

δi − δj ∈ a∗

where δi(diag(a1, . . . , ad)) = ai. If µ is the unique O(d)-invariant probability mea-
sure on Fθ, then µ is a ψ|aθ

-Patterson–Sullivan measure of dimension one for
SL(d,R).

Question. When do Patterson–Sullivan measures exist?

A complete answer is unknown. Quint has studied this problem for Zariski dense
groups [Qui02] and in this mini-course we will focus on transverse groups.

Given a discrete subgroup Γ < SL(d,R) and ϕ ∈ a∗θ, the associated critical
exponent is

δϕ(Γ) := lim sup
R→∞

1

R
log#{γ ∈ Γ : ϕ(κθ(γ)) ≤ R}.

As in the hyperbolic case, the critical exponent is the critical exponent of a series

Q(s) =
∑
γ∈Γ

e−sϕ(κθ(γ)),

i.e. Q(s) = +∞ for s < δϕ(Γ) and Q(s) < +∞ for s > δϕ(Γ).

Proposition 15.2. If Γ is a Pθ-divergent group and δϕ(Γ) < +∞, then there exists
a ϕ-Patterson–Sullivan measure of dimension δϕ(Γ) for Γ.

Proof. Using Propositions 1.5 and 14.3, the argument is exactly the same as in
the hyperbolic case (Theorem 8.5)!

Let δ := δϕ(Γ). By [Pat76, Lemma 3.1], there exists a non-decreasing function
χ : R → R≥1 such that

(1) For every ϵ > 0 there exists R > 0 such that χ(r + t) ≤ eϵtχ(r) for any
r ≥ R and t ≥ 0,
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(2)
∑

γ∈Γ χ(ϕκθ(γ))e
−δϕκθ(γ) = +∞

(when
∑

γ∈Γ e
−δ d(o,γo) = +∞, we can take χ ≡ 1).

Recall that Γ ⊔ Λθ(Γ) has the topology of a compact metric space (see Propo-
sition 1.5). Then for s > δϕ(Γ) consider the measure µs on Γ ⊔ Λθ(Γ) defined
by

µs :=
1

Qχ(s)

∑
γ∈Γ

χ(ϕκθ(γ))e
−sϕκθ(γ)Dγ ,

where Qχ(s) :=
∑

γ∈Γ χ(ϕκθ(γ))e
−sϕκθ(γ).

Arguing as in Theorem 8.5, one can show that any limit point of µs as s↘ δ is
a Patterson–Sullivan measure.

□

16. Anosov groups with smooth limit set

For non-zero v ∈ Rd, consider the map ϕv : Rd → T⟨v⟩ P(Rd) given by

ϕv(w) =
d

dt

∣∣∣∣
t=0

⟨v + tw⟩ .

Then endow P(Rd) with the O(d)-invariant Riemannian metric satisfying

∥ϕv(w)∥⟨v⟩ =
∥v ∧ w∥
∥v∥2

(note ϕcv(cw) = ϕv(w), which explains the power of 2).

Proposition 16.1. Suppose Γ < SL(d,R) is P1-Anosov, Λ1(Γ) ≃ ∂∞Γ is a circle,

and Λ1(Γ) is a C1-submanifold of P(Rd). Let ν denote the arc-length measure on
Λ1(Γ) and let µ = ι∗ν where ι : Λ1(Γ) → F1,2 is the map

ι(x) = (x, Vx),

where Tx P(Vx) = TxΛ1(Γ). Then µ is a α1-Patterson–Sullivan measure of dimen-
sion 1 for Γ.

Remark 16.2. A similar construction is true when the limit set is a Lipschitz sub-
manifold of any dimension [PSW23].

Proof. Notice that if g ∈ SL(d,R), v ∈ Rd is non-zero, and w ∈ Rd, then

d(g)ϕv(w) =
d

dt

∣∣∣∣
t=0

[g(v + tw)] = ϕgv(gw).

So

∥d(g)ϕv(w)∥⟨gv⟩
∥ϕv(w)∥⟨v⟩

=
∥gv ∧ gw∥
∥gv∥2

∥v∥2

∥v ∧ w∥
.

So if γ ∈ Γ and x ∈ Λ1(Γ), then

dγ−1
∗ ν

dν
(x) =

∥γ(vx ∧ wx)∥
∥γvx∥2

∥vx∥2

∥vx ∧ wx∥
where x = [vx] and ϕvx(wx) ∈ TxΛ1(Γ) is non-zero. Then Lemma 13.2 implies that

dγ−1
∗ ν

dν
(x) = e−(2ω1−ω2)B1,2(γ,ι(x)) = e−α1B1,2(γ,ι(x)).

Hence µ = ι∗ν is a α1-Patterson–Sullivan measure of dimension 1 for Γ. □
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17. The Gromov Product

In this section we introduce an analogue of the Gromov product from hyperbolic
geometry.

Fix θ ⊂ ∆ symmetric and let

F (2)
θ := {(x, y) : x transverse to y}.

Recall that {ωj |aθ
}αj∈θ is a basis for a∗θ. Hence there is a unique function Gθ :

F (2)
θ → aθ, called the Gromov product, satisfying

ωjGθ(x, y) = − log
∥v1 ∧ · · · ∧ vj ∧ w1 ∧ · · · ∧ wd−j∥
∥v1 ∧ · · · ∧ vj∥ ∥w1 ∧ · · · ∧ wd−j∥

for all αj ∈ θ, where xj = ⟨v1, . . . , vj⟩ and yd−j = ⟨w1, . . . , wd−j⟩.
The Gromov product measures how transverse two flags are.

Observation 17.1. If {(xn, yn)} ⊂ F (2)
θ and xn → x, yn → y with x, y not

transverse, then

∥Gθ(xn, yn)∥ → +∞.

We first show that uniform bounds on the Gromov product provide uniform
bounds on the Iwasawa cocycle.

Proposition 17.2. For any R > 0 there exists C = C(R) > 0 such that: If
g, h ∈ SL(d,R) satisfy

∥∥Gθ(Uθ(g
−1), Uθ(h))

∥∥ ≤ R, then

∥kθ(gh)− kθ(g)− kθ(h)∥ ≤ C.

Proof. Since {ωj |aθ
}αj∈θ is a basis for a∗θ, it suffices to fix αj ∈ θ and bound

|ωjkθ(gh)− ωjkθ(g)− ωjkθ(h)| .

Notice that

ωjkθ(gh) = log ∥τj(gh)∥ ≤ log ∥τj(g)∥ ∥τj(h)∥ = ωjkθ(g) + ωjkθ(h).

The other bound is more challenging. We can fix a singular value decomposition
g = keκ(g)ℓ such that

Uθ(g
−1)d−j = ℓ−1 ⟨ej+1, . . . , ed⟩ .

Then

∥τj(gh)∥ =
∥∥∥τj(eκ(g)ℓkheκ(h))∥∥∥ ≥

∣∣∣〈e1 ∧ · · · ∧ ej , eκ(g)ℓgkheκ(h)(e1 ∧ · · · ∧ ej)
〉∣∣∣

= eωjκθ(g)+ωjκθ(h) |⟨e1 ∧ · · · ∧ ej , ℓkh(e1 ∧ · · · ∧ ej)⟩|

= e∥τj(g)∥+∥τj(h)∥ |e1 ∧ · · · ∧ ej coefficient of ℓkh(e1 ∧ · · · ∧ ej)|

= e∥τj(g)∥+∥τj(h)∥ ∥ej+1 ∧ · · · ∧ ed ∧ ℓkh(e1 ∧ · · · ∧ ej)∥

= e∥τj(g)∥+∥τj(h)∥
∥∥ℓ−1(ej+1 ∧ · · · ∧ ed) ∧ kh(e1 ∧ · · · ∧ ej)

∥∥ .
Now Uθ(g

−1)d−j = ℓ−1(ej+1 ∧ · · · ∧ ed) and Uθ(h)
j = kh(e1 ∧ · · · ∧ ej). So

ωjkθ(gh) = log ∥τj(gh)∥ ≤ log ∥τj(g)∥+ log ∥τj(h)∥ − ωjGθ(Uθ(g
−1), Uθ(h))

≥ ωjkθ(g) + ωjkθ(h)− ∥ωj∥R. □
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Proposition 17.3. For any R > 0 there exists C = C(R) > 0 such that: If
g ∈ SL(d,R), x ∈ Fθ, and

∥∥Gθ(Uθ(g
−1), x)

∥∥ ≤ R, then

∥Bθ(g, x)− κθ(g)∥ ≤ C.

Proof. Fix {hn} ⊂ SL(d,R) with Uθ(hn) → x and minαj∈θ αj(κ(h)) → ∞. Then

∥Bθ(g, x)− κθ(g)∥ = lim
n→∞

∥κθ(ghn)− κ(hn)− κ(g)∥

and ∥∥Gθ(Uθ(g
−1), x)

∥∥ = lim
n→∞

∥∥Gθ(Uθ(g
−1), Uθ(h))

∥∥ .
So the result follow immediately form the last proposition.

□

Finally, we note that the Gromov product is linked with the Iwasawa cocycle.
Let ι : a → a be the opposite involution

ι(diag(a1, . . . , ad)) = diag(−ad,−ad−1, . . . ,−a1).
Notice that

ωjι(diag(a1, . . . , ad)) = −(ad + ad−1 + · · ·+ ad−j−1) = a1 + · · ·+ ad−j

= ωd−j(diag(a1, . . . , ad)).

Proposition 17.4. If g ∈ SL(d,R) and (x, y) ∈ F (2)
θ , then

Gθ(gx, gy)−Gθ(x, y) = Bθ(g, x) + ιBθ(g, y).

Proof. It suffices to fix αj ∈ θ and show that

ωjGθ(gx, gy)− ωjGθ(x, y) = ωjBθ(g, x) + ωd−jBθ(g, y).

Let xj = ⟨v1, . . . , vj⟩ and yd−j = ⟨w1, . . . , wd−j⟩. Notice that

ωjGθ(gx, gy)− ωjGθ(x, y)

= − log
∥g(v1 ∧ · · · ∧ vj ∧ w1 ∧ · · · ∧ wd−j)∥

∥g(v1 ∧ · · · ∧ vj)∥ ∥g(w1 ∧ · · · ∧ wd−j)∥
∥v1 ∧ · · · ∧ vj∥ ∥w1 ∧ · · · ∧ wd−j∥
∥v1 ∧ · · · ∧ vj ∧ w1 ∧ · · · ∧ wd−j∥

= − log
∥(det g)(v1 ∧ · · · ∧ vj ∧ w1 ∧ · · · ∧ wd−j)∥

∥v1 ∧ · · · ∧ vj ∧ w1 ∧ · · · ∧ wd−j∥
+ ωjBθ(g, x) + ωd−jBθ(g, y)

= ωjBθ(g, x) + ωjιBθ(g, y).

□

18. Shadows and the Shadow Lemma

Suppose Γ < SL(d,R) is a non-elementary Pθ-transverse group. Recall that Γ :=
Γ⊔Λθ(Γ) admits a topology of a compact metrizable space where γn → x ∈ Λθ(Γ)
if and only if {γn} is escaping and Uθ(γn) → x. Fix a distance dθ that generates
this topology.

For γ ∈ Γ and R > 0, let

OR(γ) := γ{x ∈ Λθ(Γ) : dθ(γ
−1, x) > 1/R}.

Theorem 18.1. Suppose µ is a ϕ-Patterson–Sullivan measure of dimension δ for
Γ supported on Λθ(Γ). For any R > 0 sufficiently large, there exists C = C(R) > 1
such that

C−1e−δϕ(κθ(γ)) ≤ µ(OR(γ)) ≤ Ce−δϕ(κθ(γ))

for all γ ∈ Γ.
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Notice that if γ ∈ Γ, we have

µ(OR(γ)) = µ(γγ−1 OR(γ)) = (γ−1)∗µ(γ
−1 OR(γ))

=

∫
γ−1 OR(γ)

d(γ−1)∗µ

dµ
dµ =

∫
γ−1 OR(γ)

e−δϕBθ(γ,x)dµ(x).

So we need to estimate the Iwasawa cocycle on γ−1 OR(γ) and also estimate the
measure of γ−1 OR(γ).

We need two lemmas.

Lemma 18.2. For any R > 0 there exists D = D(R) > 0 such that: If x ∈
γ−1 OR(γ), then

∥κθ(γ)−Bθ(γ, x)∥ ≤ D.

Proof. Suppose not. Then for each n there exist γn ∈ Γ and xn ∈ γ−1
n OR(γn) with

∥κθ(γn)−Bθ(γn, xn)∥ > n.

Since

(g, x) ∈ SL(d,R)×Fθ 7→ κθ(g)−Bθ(g, x) ∈ aθ

is continuous, the sequence {γn} is escaping. Passing to subsequences we can

suppose that γ−1
n → y in Γ

θ
and xn → x. Then Uθ(γ

−1
n ) → y ∈ Λθ(Γ) and

dθ(y, x) ≥ R−1. So x and y are transverse.
Using the Busemann-like formula for the Iwasawa cocycle, we can fix {hn} ⊂

SL(d,R) such that Uθ(hn) → x and

+∞ = lim
n→∞

∥κθ(γn)−Bθ(γn, xn)∥ = lim
n→∞

∥κθ(γn)− (κθ(γnhn)− κθ(hn))∥ .

However,

lim
n→∞

∥∥Gθ(Uθ(γ
−1
n ), Uθ(hn))

∥∥ = ∥Gθ(y, x)∥ < +∞

and so Proposition 17.2 implies that

lim
n→∞

∥κθ(γn)− (κθ(γnhn)− κθ(hn))∥ < +∞.

So we have a contradiction. □

Lemma 18.3. For any R > 0 sufficiently large,

inf
γ∈Γ

µ(γ−1 OR(γ)) > 0.

Proof. Suppose not. Then for each n ≥ 1 there exists γn ∈ Γ with

µ
(
{x ∈ Λθ(Γ) : dθ(γ

−1
n , x) > 1/n}

)
= µ(γ−1

n On(γn)) <
1

n
.

Passing to a subsequence we can suppose that γ−1
n → y ∈ Γ

θ
. Then

µ(Λθ(Γ)− {y}) = 0.

So µ = Dy is a Dirac mass at y. Since Γ is non-elementary, there exists γ ∈ Γ with
γy ̸= y. Then γ∗µ = Dγy is singular to µ = Dy, which is a contradiction. □

With the two lemmas, the rest of proof is exactly the same as in the hyperbolic
case.
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Proof of the Shadow Lemma. Fix R > 0 so that

m := inf
γ∈Γ

µ(γ−1 OR(γ))

is positive. Then if γ ∈ Γ, we have

µ(OR(γ)) = µ(γγ−1 OR(γ)) = (γ−1)∗µ(γ
−1 OR(γ))

=

∫
γ−1 OR(γ)

d(γ−1)∗µ

dµ
dµ =

∫
γ−1 OR(γ)

e−δϕBθ(γ,x)dµ(x).

Thus by the Lemmas,

µ(OR(γ)) ≤ eδD(R)∥ϕ∥e−δϕκθ(γ)

and

µ(OR(γ)) ≥ me−δD(R)∥ϕ∥e−δϕκθ(γ).

□

19. The Ergodic Dichotomy

In this section we state a version of the Hopf–Sullivan dichotomy for Patterson–
Sullivan measures of transverse groups. Unlike the hyperbolic case, the conclusion is
not in terms of the dynamics of the product of the Patterson–Sullivan measure with
itself, but instead the product of the Patterson–Sullivan measure with a Patterson–
Sullivan measure associated to the “opposite” functional.

Given ϕ ∈ a∗θ, let ϕ̄ := ϕ ◦ ι where ι is the opposite involution. Notice that if
ϕ =

∑
αj∈θ cjωj , then

ϕ̄ =
∑
αj∈θ

cd−jωj

and so ϕ̄ ∈ a∗θ.

Observation 19.1. δϕ(Γ) = δϕ̄(Γ).

Proof. Notice that ϕκ(γ−1) = ϕικ(γ) = ϕ̄κ(γ) and hence

#{γ ∈ Γ : ϕκ(γ) ≤ R} = #{γ ∈ Γ : ϕ̄κ(γ) ≤ R}. □

Recall that a Pθ-transverse group Γ < SL(d,R) acts as a convergence group on its
limit set Λθ(Γ) and so there is a well-defined notion of conical limit points Λcon

θ (Γ).

Theorem 19.2 (Canary–Zhang-Z. [CZZ24]). Suppose Γ < SL(d,R) is a non-
elementary Pθ-transverse group, ϕ ∈ a∗θ, and δ

ϕ(Γ) < +∞.
Let µ be a ϕ-Patterson–Sullivan measure of dimension β for Γ and let µ̄ be a

ϕ̄-Patterson–Sullivan measure of dimension β for Γ, both supported on Λθ(Γ). If

dν(x, y) := eβϕGθ(x,y)dµ(x)⊗ dµ̄(y)|F(2)
θ

then ν is a Γ-invariant measure. Moreover, we have the following dichotomy:

(1) If
∑

γ∈Γ e
−βϕ(κ(Γ)) = +∞, then:

(a) β = δϕ(Γ).
(b) µ(Λcon

θ (Γ)) = 1 = µ̄(Λcon
θ (Γ)) and µ, µ̄ have no atoms.

(c) The Γ action on (F (2)
θ , ν) is ergodic.

(2) If
∑

γ∈Γ e
−βϕ(κ(Γ)) < +∞, then:

(a) β ≥ δϕ(Γ).
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(b) µ(Λcon
θ (Γ)) = 0 = µ̄(Λcon

θ (Γ)).

(c) The Γ action on (F (2)
θ , ν) is non-ergodic.

For relatively Anosov groups, the Poincaré series diverges at its critical exponent.

Theorem 19.3 (Canary–Zhang-Z. [CZZ25]). Suppose Γ < SL(d,R) is a non-
elementary relatively Pθ-Anosov group. If ϕ ∈ a∗θ and δϕ(Γ) < +∞, then∑

γ∈Γ

e−δϕ(Γ)ϕκθ(γ)) = +∞.

Combined with the ergodic dichotomy, we have the following existence/uniqueness
result.

Corollary 19.4. Suppose Γ < SL(d,R) is a non-elementary relatively Pθ-Anosov
group. If ϕ ∈ a∗θ and δϕ(Γ) < +∞, then there is a unique ϕ-Patterson–Sullivan
measure µ of dimension δϕ(Γ) supported on Λθ(Γ). Moreover, the Γ action on
(Fθ, µ) is ergodic.

Proof. The proof is identical to the analogous result for convex cocompact groups
in hyperbolic geometry, see Corollary 10.3. □

For hyperconvex Anosov groups, we can use the ergodic dichotomy to determine
the critical exponent for α1.

Theorem 19.5. [PS17, PSW21] If Γ < SL(d,R) is hyperconvex and ∂∞Γ is a
circle, then δα1(Γ) = 1.

Proof. Let θ = {α1, α2, αd−2, αd−1}. Since α1 = 2ω1 − ω2, we have α1 ∈ a∗θ.
By definition Γ is Pθ-Anosov and by Theorem 5.4 the projective limit set Λ1(Γ)

is a C1-smooth submanifold with tangent spaces

Tx1Λ1(Γ) = x2

for x ∈ Λθ(Γ). Hence by Proposition 16.1, there exists a α1-Patterson–Sullivan
measure of dimension 1 for Γ supported on

{(z, TzΛ1(Γ)) : z ∈ Λ1(Γ)} ⊂ F1,2,

which coincides with Λ1,2(Γ). Let µ be the push-forward of this measure under the
homeomorphism Λ1,2(Γ) → Λθ(Γ). Then µ is also a α1-Patterson–Sullivan measure
of dimension 1. Since Γ is Anosov, Λθ(Γ) = Λcon

θ (Γ) and so

1 = µ(Λcon
θ (Γ)).

Thus the ergodic dichotomy implies that the dimension of µ equals the critical
exponent, i.e. 1 = δα1(Γ).

□

20. Problems

20.1. Partial Cartan algebras. Recall that

aθ := {H ∈ a : αj(H) = 0 for all αj /∈ θ}.

Problem 25.

(1) Prove that {ωj |aθ
}αj∈θ is a basis of a∗θ.



PATTERSON–SULLIVAN THEORY IN HIGHER RANK 31

(2) Prove that there exists a unique linear map pθ : a → aθ such that

ωjpθ = ωj

for all αj ∈ θ.
(3) Show that Image(pθ) = aθ and p2θ = pθ (i.e. pθ is a projection).

Problem 26. Suppose θ = {α1, αd−1} and compute aθ and pθ.

20.2. Patterson–Sullivan measures.

Problem 27. Prove: If Γ < SL(d,R) is Pθ-transverse, θ
′ ⊂ θ is non-empty, ϕ ∈ a∗θ′ ,

and µ is a ϕ-Patterson-Sullivan measure supported on Λθ(Γ), then the pushforward
of µ under the homeomorphism Λθ(Γ) → Λθ′(Γ) is also a ϕ-Patterson-Sullivan
measure.

Problem 28. Write down a careful proof of Proposition 15.2 in the special case∑
γ∈Γ

e−δϕ(Γ)ϕκθ(γ) = +∞.

Hint: In this case you can take χ ≡ 1 and try to adapt the proof from the hyperbolic
case (see Theorem 8.5).

Problem 29. If g ∈ SL(d,R) and (x, y) ∈ F (2)
θ , then

Gθ(gx, gy)−Gθ(x, y) = Bθ(g, x) + ιBθ(g, y).

Problem 30. Prove that the measure ν = eβϕGθµ ⊗ µ̄|F(2)
θ

in the statement of

Theorem 19.2 is Γ-invariant.

20.3. Calculations in the Klein–Beltrami model. In this set of problems, we
will relate the classical Busemann cocycle, Patterson–Sullivan measures, and Gro-
mov product from hyperbolic geometry to the ones introduced for SL(d,R).

Recall that
⟨x, y⟩ = x1y1 + · · ·+ xdyd − xd+1yd+1

and we can view the Klein–Beltrami model as the subset

Hd := {[x : 1] ∈ P(Rd+1) : ∥x∥ < 1} = {[v] ∈ P(Rd) : ⟨v, v⟩ < 0}
of real projective space. Then we can identify

Isom(Hd) = O+(d, 1) < SL(d+ 1,R),

where O+(d, 1) < O(d, 1) is the subgroup preserving

{v ∈ Rd+1 : ⟨v, v⟩ = 1, vd+1 > 0}.

We fix the base point o = [0 : · · · : 0 : 1] ∈ Hd. Recall:

• The distance satisfies

d(p, q) = cosh−1

(
− ⟨p̃, q̃⟩√

⟨p̃, p̃⟩ ⟨q̃, q̃⟩

)
(notice that the formula is independent of which lifts we use, since any
difference in scalar cancels).

• The Busemann function based at x ∈ ∂Hd is defined by

bx(p) = lim
q→x

d(p, q)− d(o, q).
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• The Busemann cocycle B : Isom(Hd)× ∂Hd → R is defined by

B(g, x) = bx(g
−1o).

• The Gromov product of (x, y) ∈ ∂(2) Hd is defined by

G(x, y) = lim
p→x,q→y

d(p, o) + d(o, q)− d(p, q).

Given x ∈ Hd ⊂ P(Rd+1), we use x̃ to denote some representative of x in Rd+1

with positive (d+ 1)-component.

Problem 31. For x ∈ ∂Hd, let

Vx = {v ∈ Rd+1 : ⟨v, x̃⟩ = 0}.

Convince yourself that Tx∂Hd = Tx P(Vx).

Hint: It may be easier to consider x = [e1 + ed+1] first.

The main goal of this set of problems is the following.

Theorem 20.1. Let θ = {α1, αd−1}.
(1) If g ∈ O+(d, 1) and x ∈ ∂Hd, then

B(g, x) = ω1Bθ(g, (x, Vx)).

(2) If x, y ∈ ∂Hd are distinct, then

G(x, y) = ω1Gθ((x, Vx), (y, Vy)).

(3) If Γ < O+(d, 1) is discrete, then Γ is Pθ-transverse and

Λθ(Γ) = {(x, Vx) : x ∈ ΛHd(Γ)}.

Remark 20.2. Notice that O+(d, 1) is a subgroup of SL±(d + 1,R) = {g ∈ GL(d +
1,R) : det g = ±1}, however all our definitions for SL(d+ 1,R) extend verbatim to
SL±(d+ 1,R).

Problem 32. Prove part (3) of Theorem 20.1.

Problem 33.

(1) Show that

bx(p) = log

(
⟨p̃, x̃⟩
⟨õ, x̃⟩

√
⟨õ, õ⟩
⟨p̃, p̃⟩

)
.

(2) Show that

G(x, y) = − log

(
⟨õ, õ⟩ ⟨x̃, ỹ⟩
2 ⟨x̃, õ⟩ ⟨ỹ, õ⟩

)
.

(3) Identify Hd with the unit ball Bd ⊂ Rd via the map [x : 1] 7→ x. Write
down formulas for bx(p) and G(x, y) in these coordinates.

Hint: Recall that

cosh−1(x) = log
(
x+

√
x2 − 1

)
when x ≥ 1. Hence if xn → ∞, then

cosh−1(xn)− log(2xn) → 0.
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Problem 34. Show: If x, y ∈ ∂Hd, then

⟨x̃, õ⟩
⟨ỹ, õ⟩

=
∥x̃∥
∥ỹ∥

.

Problem 35. Prove part (1) of Theorem 20.1.

Problem 36. Show that

G(x, y) = − log
∥x̃ ∧ w1 ∧ · · · ∧ wd∥
∥x̃∥ ∥w1 ∧ · · · ∧ wd∥

where Vy = ⟨w1, . . . , wd⟩ (notice that the right hand side only depends on x and y).

Hint: Let

f(x, y) = − log
∥x̃ ∧ w1 ∧ · · · ∧ wd∥
∥x̃∥ ∥w1 ∧ · · · ∧ wd∥

.

Show that f and G are both invariant under the action of{(
U 0
0 1

)
: U ∈ O(d)

}
.

Then verify the identity in the special case when y = [e1 + ed+1].

Problem 37. Prove part (2) of Theorem 20.1.

In the next problem, identify Hd with the unit ball in Rd via the map [x, 1] ∈
Hd 7→ x ∈ Rd and let ∥·∥E denote the standard norm on Rd.

Problem 38. For g ∈ Isom(Hd) and R > 0, let

OR(g) := g{y ∈ ∂Hd :
∥∥y − g−1(0)

∥∥
E > 1/R}.

Compare these new Shadows to the original ones:

(1) For any R > 0, there exists R′ > 0 such that OR(0, g(0)) ⊂ OR′(g).
(2) For any R > 0, there exists R′ > 0 such that OR(g) ⊂ OR′(0, g(0)).

Bonus Topic: Entropy Rigidity for Hitchin Representations

21. Properties of Shadows

Fix a Pθ-transverse group Γ < SL(d,R) and, as in Section 18, fix a distance dθ

on Γ
θ
that generates this topology. Also, as in that section, for γ ∈ Γ and R > 0,

let

OR(γ) := γ{x ∈ Λθ(Γ) : dθ(γ
−1, x) > 1/R}.

Lemma 21.1. If {γn} ⊂ Γ are distinct, then

lim
n→∞

diam(OR(γn)) = 0,

where the diameter is with respect to dθ.

Proof. See Problem 39. □

Lemma 21.2. For any R > 0 there exists R′ > 0 such that:

(1) If γ1, γ2 ∈ Γ, ∥κθ(γ1)∥ ≤ ∥κθ(γ2)∥, and OR(γ1) ∩ OR(γ2) ̸= ∅, then

OR(γ2) ⊂ OR′(γ1).
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(2) For any I ⊂ Γ there exists J ⊂ I such that: the shadows {OR(γ) : γ ∈ J}
are disjoint and ⋃

γ∈I

OR(γ) ⊂
⋃
γ∈J

OR′(γ).

Proof. Part (1) is surprisingly difficult, for a proof in a more general setting see [BCZZ24,
Proposition 5.1]. Part (2) is an exercise (assuming part (1)), see Problem 40. □

Recall that x ∈ Λθ(Γ) is a conical limit point if there exist {γn} ⊂ Γ and distinct
a, b ∈ Λθ(Γ) such that γnx → a and γny → b for all y ∈ Λθ(Γ)∖ {x}. Let Λcon

θ (Γ)
denote the set of conical limit points.

Then for R > 0, let Λcon
θ,R(Γ) denote the subset of conical limit points x ∈ Λcon

θ (Γ)

where there exist {γn} ⊂ Γ and a, b ∈ Λθ(Γ) such that γnx → a, γny → b for all
y ∈ Λθ(Γ)∖ {x} and

dθ(a, b) ≥ 1/R.

Lemma 21.3.

(1) Λcon
θ,R(Γ) is Γ-invariant.

(2) Λcon
θ (Γ) = ∪R>0Λ

con
θ,R(Γ).

(3) If x ∈ Λcon
θ,R(Γ) and R < R′, then there exist {γn} ⊂ Γ distinct such that

x ∈
⋂
n≥1

OR′(γn).

(4) If x ∈ Λθ(Γ) and there exist {γn} ⊂ Γ distinct such that

x ∈
⋂
n≥1

OR(γn),

then x ∈ Λcon
θ,R(Γ).

Proof. See Problem 41. □

Proposition 21.4. Suppose ϕ ∈ a∗θ, δ
ϕ(Γ) < +∞, and∑

γ∈Γ

e−δϕ(Γ)ϕκθ(γ) = +∞.

If µ is a ϕ-Patterson–Sullivan measure of dimension δ(Γ) for Γ supported on Λθ(Γ),
then

µ(Λcon
θ,R(Γ)) = 1

for R > 0 sufficiently large.

Proof. Using the ergodic dichotomy, one can show that Γ acts ergodically on (Fθ, µ)
(see the proof of Corollary 10.3). The ergodic dichotomy also implies that

µ(Λcon
θ (Γ)) = 1

By Lemma 21.3,

Λcon
θ (Γ) =

∞⋃
n=1

Λcon
θ,n(Γ)

and so there exists some n with µ(Λcon
θ,n(Γ)) > 0. Then Λcon

θ,n(Γ) has positive measure

and is Γ-invariant (by Lemma 21.3). Hence by ergodicity,

µ(Λcon
θ,n(Γ)) = 1. □
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22. Strict convexity of critical exponents

As an application of the Ergodic Dichotomy, it is possible to show that the
critical exponent has a strict convexity property. In what follows, for g ∈ SL(d,R),
let

λ(g) := diag(log λ1(g), . . . , log λd(g))

where λ1(g) ≥ · · · ≥ λd(g) are the absolute values of the eigenvalues of g.

Theorem 22.1. [CZZ24] Assume Γ < SL(d,R) is non-elementary Pθ-transverse.
Suppose ϕ1, ϕ2 ∈ a∗θ and δϕ1(Γ) = 1 = δϕ2(Γ). If ϕ := λϕ1 + (1 − λ)ϕ2 for some
λ ∈ (0, 1), then

δϕ(Γ) ≤ 1.

Moreover, if δϕ(Γ) = 1 and
∑

γ∈Γ e
−ϕ(κ(Γ)) = +∞, then

ϕ1(λ(γ)) = ϕ2(λ(γ))

for all γ ∈ Γ.

When Γ is Zariski dense, a result of Benoist [Ben04] implies that the set {λ(γ) :
γ ∈ Γ} spans a (in the vector space sense). Further, when Γ is relatively Anosov,
the Poincaré series diverges at its critical exponent (see Theorem 19.3). So we have
the following corollary.

Corollary 22.2. Assume Γ < SL(d,R) is a Zariski dense non-elementary relatively
Pθ-Anosov. If ϕ1, ϕ2 ∈ a∗θ are distinct and δϕ1(Γ) = 1 = δϕ2(Γ), then

δλϕ1+(1−λ)ϕ2(Γ) < 1

for all λ ∈ (0, 1).

Now we start the proof of Theorem 22.1. Applying Hölder’s inequality with
p = 1

λ and q = 1
1−λ , we have∑

γ∈Γ

e−sϕκθ(γ) =
∑
γ∈Γ

e−sλϕ1κθ(γ)−s(1−λ)ϕ2κθ(γ)

≤

∑
γ∈Γ

e−sϕ1κθ(γ)

λ∑
γ∈Γ

e−sϕ2κθ(γ)

1−λ

.

Hence

δϕ(Γ) ≤ max{δϕ1(Γ), δϕ2(Γ)} = 1.

The “moreover” part is substantially more difficult. For the rest of the section
suppose that

δϕ(Γ) = 1 and
∑
γ∈Γ

e−ϕ(κ(Γ)) = +∞.

Let µ̄, µ, µ̄1, µ1, µ̄2, µ2 be 1-dimensional Patterson–Sullivan measures for ϕ̄, ϕ, ϕ̄1, ϕ1, ϕ̄2, ϕ2
supported on Λθ(Γ), respectively. The key ideas in the proof are

(1) Use the Shadow Lemma to show that the measures

µ⊗ µ̄ and µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2

are non-singular.
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(2) Use ergodicity to show that after possibly relabelling

eϕGθµ⊗ µ̄ = ceϕ1Gθµ1 ⊗ µ̄1

on F (2)
θ for some c > 0.

(3) Use the Shadow Lemma again to show that

sup
γ∈Γ

|ϕκ(γ)− ϕ1κ(θ)| < +∞.

(4) Use the fact that λ(γ) = limn→∞
1
nκ(γ

n) to the finish the proof.

Step 1. By Proposition 21.4 there exists R0 ≥ 1 such that

(4) µ(Λcon
θ,R0

(Γ)) = µ̄(Λcon
θ,R0

(Γ)) = 1.

Fix R > R0 such that the Shadow Lemma holds for any number at least R.

Lemma 22.3. There exists C > 0 such that

µ⊗ µ̄ ≤ C(µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2).

Proof. It suffices to consider a measurable set of the form A1×A2 ⊂ F2
θ. Fix η > 0.

By outer regularity, we can find an open neighborhood of the form U1 × U2 where

(µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2)(U1 × U2) < η + (µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2)(A1 ×A2).

Let

Ii := {γ ∈ Γ : OR(γ) ⊂ Ui}.
Then by Lemma 21.1 and Lemma 21.3 part (3),

A1 ×A2 ∩ Λcon
θ,R0

(Γ) ⊂
⋃

(γ1,γ2)∈I1×I2

OR(γ1)×OR(γ2).

Let R′ > R and Ji ⊂ Ii satisfy part (2) of Lemma 21.2. Then by Equation (4) and
the Shadow Lemma,

µ⊗ µ̄(A1 ×A2) = µ⊗ µ̄(A1 ×A2 ∩ Λcon
θ,R0

(Γ)) ≤
∑

(γ1,γ2)×J1×J2

µ(OR′(γ1))µ̄(OR′(γ2))

≲
∑

(γ1,γ2)∈J1×J2

e−ϕκθ(γ1)e−ϕ̄κθ(γ2)

=
∑

(γ1,γ2)∈J1×J2

e−λϕ1κθ(γ1)e−(1−λ)ϕ2κθ(γ1)e−λϕ̄1κθ(γ2)e−(1−λ)ϕ̄2κθ(γ2)

≲
∑

(γ1,γ2)∈J1×J2

µ1(OR(γ1))
λµ2(OR(γ1))

1−λµ̄1(OR(γ2))
λµ̄2(OR(γ2))

1−λ.

Then by the weighted Arithmetic Mean-Geometric Mean Inequality,

µ⊗ µ̄(A1 ×A2) ≲
∑

(γ1,γ2)∈J1×J2

µ1(OR(γ1))µ̄1(OR(γ2)) + µ2(OR(γ1))µ̄2(OR(γ2))

=
∑

(γ1,γ2)∈J1×J2

(µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2)(OR(γ1)×OR(γ2))

≤ (µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2)(U1 × U2) < η + (µ1 ⊗ µ̄1 + µ2 ⊗ µ̄2)(A1 ×A2).

Since η > 0 was arbitrary, the proof is complete. □
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The above Lemma implies that ν := eϕGθµ ⊗ µ̄|F(2)
θ

is non-singular to at least

one of ν1 := eϕ1Gθµ1 ⊗ µ̄1|F(2)
θ

or ν2 := eϕ2Gθµ2 ⊗ µ̄2|F(2)
θ

. By relabelling, we can

suppose that ν and ν1 are non-singular.

Step 2. Since µ(Λcon
θ (Γ)) = 1, we must have µ1(Λ

con
θ (Γ)) > 0. Then, by the

ergodic dichotomy, the Γ action on ν and ν1 are both ergodic.

Lemma 22.4. ν = cν1 for some c > 0.

Proof. We first show that ν ≪ ν1. If not, there exists a measurable set A ⊂ F (2)
θ

with ν(A) ̸= 0 and ν1(A) = 0. Then, since ν1 is Γ-invariant and Γ is countable, we
have ν1(Γ · A) = 0. Also, by ergodicity, any Γ-invariant set has either full or zero
ν-measure. Hence Γ · A has full measure. Thus ν and ν1 are singular, which is a
contradiction.

Now ν = fν1 for a unique f ∈ L1(ν1). By Γ-invariance, if γ ∈ Γ, then

ν = γ∗ν = γ∗(fν1) = f ◦ γ−1γ∗ν1 = f ◦ γ−1ν1.

So by uniqueness, f is Γ-invariant. Hence, by ergodicity, f is constant almost
everywhere. Hence ν = cν1 for some c > 0.

□

Step 3.

Lemma 22.5. supγ∈Γ |ϕκθ(γ)− ϕ1κθ(γ)| < +∞.

Proof. Suppose not. Then there exists a sequence of distinct elements {γn} ⊂ Γ
such that

|ϕκθ(γn)− ϕ1κθ(γn)| > n.

Fix R > 0 large enough to satisfy the Shadow Lemma. By Lemma 21.1,

lim
n→∞

diamOR(γn) = 0.

So, after passing to a subsequence, we can fix y ∈ Λθ(Γ) and an open neighborhood
U of y such that

U ∩ ∪n≥1 OR(γn) = ∅.

Since Gθ : F (2)
θ → aθ is continuous, then there exists C > 1 such that

eϕGθ(x,y), eϕ1Gθ(x,y) ∈ [C−1, C]

when (x, y) ∈ ∪n≥1 OR(γn)× U .
One can show that Γ · U ⊃ Λθ(Γ) and hence we must have µ̄(U) > 0 and

µ̄1(U) > 0. Now by the Shadow Lemma,

e−ϕκθ(γn) ≍ µ(OR(γn))µ̄(U) ≍ ν(OR(γn)× U)

and

e−ϕ1κθ(γn) ≍ µ1(OR(γn))µ̄1(U) ≍ ν1(OR(γn)× U).

Then since ν = cν1, we see that

|ϕκθ(γn)− ϕ1κθ(γn)|

is bounded, which is a contradiction. □
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Step 4: Finishing the proof. Now we use the following general fact.

Theorem 22.6. If g ∈ SL(d,R), then

lim
n→∞

1

n
κ(gn) = λ(n).

Proof. Check! □

Now using Lemma 22.5 we have

ϕ(λ(γ)) = ϕ1(λ(γ))

for all γ ∈ Γ. Since ϕ = λϕ1 + (1− λ)ϕ2, this implies that

ϕ(λ(γ)) = ϕ1(λ(γ))

for all γ ∈ Γ.

23. Entropy Rigidity for Hitchin Representations

For notational convenience we identify

a =

(a1, . . . , ad) ∈ Rd :

d∑
j=1

aj = 0

 .

Let

v⃗d :=
1

2
(d− 1, d− 3, . . . , 3− d, 1− d) =

d∑
j=1

d+ 1− 2j

2
ej .

We consider the symmetric space

Xd := PSL(d,R)/PSO(d),

with base point o = [PSO(d)] and distance

dXd
(go, ho) =

1

∥v⃗d∥E

∥∥κ(g−1h)
∥∥
E =

1

∥v⃗d∥

√√√√ d∑
j=1

[log σj(g−1h)]2.

Example 23.1. When d = 2, we have v⃗2 = (1/2, 1/2) and σ2(g) = σ1(g)
−1 for all

g ∈ PSL(2,R). Hence ∥v⃗2∥E = 2−1/2 and

dX2
(go, ho) =

√
2
√

[log σ1(g−1h)]2 + [log σ1(g−1h)]2

= 2 log σ1(g
−1h).

Further, one can show that(
a b
c d

)
· o 7→ ai+ b

ci+ d
∈ {z ∈ C : Im(z) > 0}

induces an isometry between X2 and the hyperbolic plane.

Given a subgroup Γ < PSL(d,R), the symmetric space critical exponent is

δXd
(Γ) := lim sup

R→∞

1

R
log#{γ ∈ Γ : dXd

(γo, o) ≤ R}.

As before let Φd : PSL(2,R) → PSL(d,R) denote the standard irreducible repre-
sentation (see Section 4).
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Theorem 23.2 (Potrie–Sambarino [PS17]). If ρ : Γ → PSL(d,R) is Hitchin, then

δXd
(ρ(Γ)) ≤ 1

with equality if and only if ρ(Γ) can be conjugated into Φd(PSLd(R)).

Consider the function ϕ = 1
∥v⃗d∥2

E
⟨v⃗d, ·⟩ ∈ a∗, where ⟨·, ·⟩ denotes the standard

inner product on Rd. Then

ϕ(κ(g)) =
1

∥v⃗d∥2E
⟨v⃗d, κ(g)⟩ ≤

1

∥v⃗d∥E
∥κ(g)∥E = dXd

(go, o).

Hence

(5) δXd
(Γ) ≤ δϕ(Γ).

Thus Theorem 23.2 reduces to the following.

Theorem 23.3. Suppose ρ : Γ → PSL(d,R) is Hitchin.

(1) δϕ(ρ(Γ)) ≤ 1 with equality if and only if ρ(Γ) can be conjugated into
Φd(PSLd(R)).

(2) δX2
(ρ(Γ)) = 1 if and only if δϕ(Γ) = 1.

Suppose that ρ : Γ → PSL(d,R) is Hitchin.

23.1. Proof of Theorem 23.3 part (1). We start by expressing ϕ in terms of
the basis α1, . . . , αd−1.

Proposition 23.4.

ϕ =
1

2 ∥v⃗d∥2E

⌊ d−1
2 ⌋∑

j=1

(d+ 1− 2j)(αj + · · ·+ αd−j) +

(
d− 2

⌊
d− 1

2

⌋
− 1

)
α⌊d/2⌋

 .

Moreover, the sum of the coefficients relative to the basis α1, . . . , αd−1 is 1.

Proof. Check! □

Each representation ∧jρ : Γ → PSL(d,R) is hyperconvex (see Example 5.2) and
hence by Theorem 19.5 we have

1 = δα1(∧jρ(Γ)) = δαj (ρ(Γ))

for all j = 1, . . . , d− 1.

Since ϕ =
∑
cjαj where

∑d
j=1 cj = 1 and c1, . . . , cd−1 > 0, Theorem 22.1 implies

that

δϕ(ρ(Γ)) ≤ 1

with equality if and only if

αj(λ(g)) = αi(λ(g))

for all i, j and g ∈ ρ(Γ).
Now we use two theorems.

Theorem 23.5 (Sambarino [Sam24, Theorem A]). The Zariski closure of ρ(Γ) is
conjugate to either Φd(PSL(2,R)), PSL(d,R), PSp(2n,R) when d = 2n, PSO(n, n−
1) when d = 2n− 1, or G2 when n = 7.
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Theorem 23.6 (Benoist [Ben97]). Suppose G < PSL(d,R) is a subgroup with

Zariski closure G
Zar

. If there exist a function ℓ ∈ a∗ such that

ℓ(λ(g)) = 0

for all g ∈ G, then

ℓ(λ(g)) = 0

for all g ∈ G
Zar

.

By Benoist’s theorem and the discussion above, we see that δϕ(ρ(Γ)) = 1 if and
only if

αj(λ(g)) = αi(λ(g))

for all i, j and g ∈ ρ(Γ)
Zar

. For each group in Sambarino’s theorem not equal to
Φd(PSL(2,R)) one can explicitly construct an element g in the group and i, j such
that

αj(λ(g)) ̸= αi(λ(g)).

So we see that δϕ(ρ(Γ)) = 1 if and only if ρ(Γ)
Zar

is conjugate to Φd(PSL(2,R)).

23.2. Proof of Theorem 23.3 part (2). Since

δXd
(ρ(Γ)) ≤ δϕ(ρ(Γ))

(see Equation (5)), we see that δX2
(ρ(Γ)) = 1 implies that δϕ(ρ(Γ)) = 1.

Suppose that δϕ(ρ(Γ)) = 1. Then by part (1), there exists h ∈ PSL(d,R) such
that

hρ(Γ)h−1 < Φd(PSL(2,R)).
Since ∣∣dXd

(hgh−1o, o)− dXd
(go, o)

∣∣ ≤ 2 dXd
(o, ho)

we have δXd
(ρ(Γ)) = δXd

(hρ(Γ)h−1). Thus we can assume that ρ(Γ) < Φd(PSL(2,R)).

Lemma 23.7. There exists C1 = C1(d) > 1 such that

1

C1
σ1(g)

d+1−2j ≤ σj(Φd(g)) ≤ C1σ1(g)
d+1−2j

for all g ∈ PSL(2,R).

Proof. Check! □

Then

∥κ(Φd(g))− 2 log σ1(g)v⃗d∥E =

√√√√ d∑
j=1

[log σj(Φd(g))− log σ1(g)d+1−2j ]2

≤ ∥(logC1, . . . , logC1)∥E =
√
d logC1.

Thus κ(Φd(g)) is essentially in same the direction as v⃗d. So there exist a constant
B > 0 such that

ϕ(κ(Φd(g))) =
1

∥v⃗d∥2E
⟨κ(Φd(g)), v⃗d⟩ ≥

1

∥v⃗d∥2E
∥κ(Φd(g))∥ ∥v⃗d∥E−B = dXd

(Φd(g)o, o)−B

for all g ∈ PSL(2,R). Finally, this implies that

1 = δϕ(ρ(Γ)) ≤ δXd
(ρ(Γ)).
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24. Problems

Problem 39. Prove Lemma 21.1.

Hint: use Proposition 1.4.

Problem 40. Prove Lemma 21.2 part (2).

Problem 41. Prove Lemma 21.3.
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47, 1997.

[Ben04] Yves Benoist. Convexes divisibles. I. In Algebraic groups and arithmetic, pages 339–374.

Tata Inst. Fund. Res., Mumbai, 2004.
[BK04] Mario Bonk and Bruce Kleiner. Rigidity for quasi-Fuchsian actions on negatively curved

spaces. Int. Math. Res. Not., (61):3309–3316, 2004.

[Bow79] Rufus Bowen. Hausdorff dimension of quasicircles. Inst. Hautes Études Sci. Publ.

Math., (50):11–25, 1979.
[CZZ24] Richard Canary, Tengren Zhang, and Andrew Zimmer. Patterson-Sullivan measures for

transverse subgroups. J. Mod. Dyn., 20:319–377, 2024.

[CZZ25] Richard Canary, Tengren Zhang, and Andrew Zimmer. Patterson-Sullivan measures for
relatively Anosov groups. Math. Ann., 392(2):2309–2363, 2025.

[GW12] Olivier Guichard and Anna Wienhard. Anosov representations: domains of discontinu-

ity and applications. Invent. Math., 190(2):357–438, 2012.
[Kap09] Michael Kapovich. Homological dimension and critical exponent of Kleinian groups.

Geom. Funct. Anal., 18(6):2017–2054, 2009.

[Lab06] Fran¸cois Labourie. Anosov flows, surface groups and curves in projective space. Invent.
Math., 165(1):51–114, 2006.

[Pat76] Samuel J. Patterson. The limit set of a Fuchsian group. Acta Math., 136(3-4):241–273,
1976.

[PS17] Rafael Potrie and Andrés Sambarino. Eigenvalues and entropy of a Hitchin represen-

tation. Invent. Math., 209(3):885–925, 2017.
[PSW21] Maria Beatrice Pozzetti, Andrés Sambarino, and Anna Wienhard. Conformality for a

robust class of non-conformal attractors. J. Reine Angew. Math., 774:1–51, 2021.

[PSW23] Maria Beatrice Pozzetti, Andrés Sambarino, and Anna Wienhard. Anosov representa-
tions with Lipschitz limit set. Geom. Topol., 27(8):3303–3360, 2023.

[Qui02] J.-F. Quint. Mesures de Patterson-Sullivan en rang supérieur. Geom. Funct. Anal.,

12(4):776–809, 2002.
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