PATTERSON-SULLIVAN THEORY IN HIGHER RANK

ANDREW ZIMMER

ABSTRACT. These notes are based on lectures at the SLMath summer school
“Geometry and Dynamics in Higher Rank Lie Groups” at UC Berkeley in
Summer 2025. This was the second minicourse at the summer school and
hence students had already seen lectures on Anosov groups, which motivates
the (lack of) exposition here.

The main aim is to introduce Patterson—Sullivan measures in higher rank.
These measures were introduced and studied by Quint for Zariski dense discrete
subgroups. In recent years, the theory of such measures for Anosov, relatively
Anosov, and transverse groups has been extensively developed and these notes
will focus on these recent developments. To keep the Lie theory prerequisites
at a minimum, I will only consider the Lie group SL(d, R).

There are probably many typos, imprecise references, and other mistakes.
Any comments are very welcome!
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1. NOTATIONS AND REMINDERS

We fix the notation we will use in these lectures and also recall some facts from
the first minicourse.

1.1. Notation. Let a be the vector space of diagonal matrices with trace zero. The
Cartan projection k : SL(d,R) — a is the map
r(g) = diag(log o1(g), .. ., log oa(g))

where 01(g) > --- > 04(g) are the singular values of g.
We will frequently use the functionals o, w,; : @ — R defined by

aj(A) = A4j; — Ajr1jn
and
Wa, (A) = A11+---+ A
Often we will just write w; 1= wy, .

J‘;i(l%) and w;(k(g)) = log (01 (g) -0, (g))

Let A := {oq,...,aq-1} and given a subset 6§ = {ay,,...,;,} C A with
71 < -+ < Jm, let Fy denote the partial flag manifold consisting of flags of the form

Observation 1.1. «;(k(g)) = log

it C sl dimalt = g
Let Py be the stabilizer of the standard flag ¢y € Fy defined by
z) = le1,...,e;) forall jed.
Also let 6°PP := {ay_; : o; € 0}. Then two flags x € Fy and y € Fgorr are
transverse if
@yt = R?
whenever a; € 0.

Unfortunately, the orthogonal matrices in singular value decompositions are in
general not unique, but we do have the following.

Proposition 1.2. If g € SL(d,R), a;(k(g)) >0, and g = kie®90) = koe™9 0y are
two singular value decompositions of g, then

k?1 <€1,...,6j>:k2<61,...,€j>.

Proof. See Problem O
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For each g € SL(d,R), fix a singular value decomposition
g= kge"‘(g)ég.
Due to the lack of uniqueness in the definition, the maps g — kg4, £, are not contin-
uous. Then define
U@(g) = kigl‘g e Fy.

We have the following connection between g and Ugops (97 1).

Proposition 1.3. If min,,cpo a;(k(g)) > 0, then
Upors (97 1) 47 = £, (€541, - -, €a)
forall o; € 0.
Proof. Note that
g7t = (6 wg ) (woe ™™ W) (woky ™)

is a singular value decomposition if wg € SL(d,R) satisfies wo(e;) = Feq_ir1-

Further, if o; € 0, then

1
oq—j(g7") ;
S —1og P — a(k(g)) > 0.
Udfj+1(g ) o (9)

Hence by the uniqueness in Proposition we have

aq—j(k(g™") =log

erpp (g_l)d_j = Zg_lw() <€1, N 7ed7j> = Zg_l (ed, ey €j+1> .

These maps have the following dynamical interpretation.
Proposition 1.4. Suppose {g,} C SL(d,R), 2t € Fy, and 2~ € Fgoro. Then the
following are equivalent:
(1> minae@ O‘(Kv(gn)) — +00, U@(Qn) - x+; and Ugorp (gfr:l) — T
(2) gnx — a7t for all x € Fy transverse to v~ and the convergence is uniform

on compact subsets of {x € Fy : x transverse to ™~ }.

Problem [4| asks you to prove the proposition when 6 = {«a;}. A proof in full
generality can be found in [CZZ24 Appendix A].

1.2. Divergent, Transverse, and (relatively Anosov) groups. Fix a non-
empty subset § C A.
A subgroup I' < SL(d,R) is Py-divergent if

min a(k(y,)) — 400
a€cl

for all sequences {v,} of distinct elements in I'. In this case, the Pg-limit set is
Ag(T) :={z € Fp : I{yn} C T distinct with Uy(y,) — x}.
Using Proposition [1.4] one can show that for divergent groups, the limit set
compactifies the group as follows.
Proposition 1.5. If T' < SL(d,R) is Pg-divergent, then .=ru Ag(T) has the
topology of a compact metric space where

(1) The inclusions T' — T and Ag(T) — T are topological embeddings (here
T has the discrete topology)
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(2) The natural (left) T' action is continuous.
(3) {w} C T converges to x € Ag(T") if and only if {yn} is escaping and
Uy ('yn) — .

Proof. Fix a distance dg on Fy which generates the standard topology and let
me(y) = e~ Mitaco a(x(0)  Then define a distance on r’ by

o If 71,79 € T are distinct, then

d(v1,72) = max{mg(11), me(72)} + do(Us(11), Ug(72))-
o If yeTI and F € Ap(T"), then
d(v, F) = me(7) + do(Us(7), F).
o If [y, Fy € Ag(T'), then
d(F1, Fy) = do(F1 F2).

Then one has to just check that this defines a distance with the desired properties
(see Problem [7). O

When 6 = §°PP_ a discrete subgroup I' < SL(d, R) is
(1) Pg-transverse if it is Pp-divergent and distinct flags in Ap(T") are transverse.
(2) Pg-Anosov if it is Py-transverse, word hyperbolic as an abstract group, and
there is an equivariant homeomorphism OI' — Ay (T).
(3) relatively Pg-Anosov if it is Pp-transverse, relatively hyperbolic as an ab-
stract group, and there is an equivariant homeomorphism between Ag(I")
and the associated Bowditch boundary.

For these groups, the group acts as a convergence group on its limit set.

Proposition 1.6. If T' < SL(d,R) is Py-transverse, then T' acts on its limit set
as a convergence group. Moreover, if 8/ C 0 is non-empty, then the projection
Ag(T) = Ay (T) is a homeomorphism.

Proof. Suppose {7,} are distinct. Passing to a subsequence we can assume that
Up(vn) — = and Uy(y, ') — y. Then by Proposition W F — x for all F € Fy
transverse to y. Since Ag(I') is transverse, this means that v, F — « for all F' €
Ag(T) ~ {y}. Hence T acts as a convergence group.
The “Moreover” part is Problem
O

1.3. Simplifying indices. To avoid cumbersome notation we often just use num-
bers as indices, e.g.
Jrl,2 = f{al,QQ} .

Likewise, we write things like “Pi-Anosov” instead of “Py, o, ,3-Anosov.”

1.4. Hyperbolic Geometry. Recall that PSL(2,R) can be identified with the ori-
entation preserving isometries of hyperbolic 2-space and PSL(2, C) can be identified
with the orientation preserving isometries of hyperbolic 3-space. The definitions of
Po-transverse, Pg-Anosov, and relatively Py-Anosov given above extend verbatim
to PSL(d,K) with K = R,C. Then for a subgroup I' < PSL(2,K) we have the
following equivalences:

e ' is discrete if and only if I" is P;-transverse.
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e [ is convex cocompact in the hyperbolic geometry sense if and only if T is
P,-Anosov.

e ['is geometrically finite in the hyperbolic geometry sense if and only if I is
relatively Pi-Anosov.

1.5. The exterior algebra. We can often reduce to considering «; or w; using
the representation 7; : SL(d, R) — SL(AY R?) defined by
7i(g) (L A - Avg) = (gui) A--- A (guy).
In this subsection we recall some properties of this representation.
We identify A R? with RP7, D; :=dim N R, using the standard basis
{61‘1/\"'/\61‘]. Zil < <ZJ}
in lexographical order. Then endow A7 R with the standard norm and inner prod-
uct on R”/. One can show that 7; maps O(d) to O(D;), diagonal matrices to

diagonal matrices, and upper triangular matrices to upper triangular matrices.
Notice that if g = kaf is a singular value decomposition, then

7i(9) = (7;(k)Q™)(Q7;(a)Q™)(Q7;(0))
is a singular value decomposition where @) is some signed permutation matrix which

arranges the entries of 7;(a) in decreasing order (we may need to allow @ to be
signed to have @ € SL(d,R)). Hence the singular values of 7;(g) are

{oi(g) - 0oi;(g) vin < -+ <z}
Further
|75 (@)l = o1(75(9)) = 01(9) - -~ 0(g9) and o2(7;(9)) = 01(9) - -1(9)Tj+1(9)-

Hence

o1(g)---04(9) — log %9

ai(k(7;(g))) = log o1(9) -+ 0j—1(9)oj+1(9) air1(g

7= ;(K(9))
and
w1 (k(7j(9))) = logo1(7;(g)) = logoi(g) - - 0;(g) = w;(k(g)).

2. PROBLEMS
2.1. Singular Value Decompositions.

Problem 1.
(1) If g € SL(d,R), aj(k(g)) > 0, and g = k1e™9l; = kqe™9) ¢y are singular
value decompositions, then
kl <61,...,6j> = kQ <61,...,€j>.
(2) Find a matrix g € SL(d,R) where there exist two singular value decompo-
sitions g = k190 = kqet(9) ¢y where

k‘l <€1> 75 kg <61> .

Problem 2. Suppose § C A. Recall that for each g € SL(d,R) we fixed a singular
value decomposition g = kga,l, then defined Up(g) to be the flag with Uy(g)? =
kg <61, ey 6j>.
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(1) If a;(k(g)) > 0 for all a; € 0 and g = ke®(9)¢ is some singular value
decomposition, then

Up(g9)? =k (ey,..., ej) and  Upops (g hHd=7 =71 (€jt1,s---,€q)

for all a; € 6.
(2) Let O :={g € SL(d,R) : a;(k(g)) > 0 for all o; € 6}. Show that

g~ Uyg(g)
is continuous.

Problem 3. (%) Show that there does not exist a continuous map f : SL(d,R) —
SO(d) such that each g has a singular value decomposition of the form

9= f(g)e" L.

2.2. Dynamics on flag manifolds.
Problem 4. Prove Proposition [I.4]in the special case where 6 = {1 }.

Hint: In this case Fg = P(R?) and Foorr = Grq_1(R?Y). Fiz singular value
decompositions g, = knanl, and reduce to the case where k, — k, £, — £, and
— P where P is a projection.

_an
Tanll

Problem 5. Fix a distance dg on Fy induced by a Riemannian metric. Using
Proposition [L.4] prove: If g € SL(d,R), {h,} C SL(d,R), and o;(r(hn)) — +oo for
all a; € 0, then

lim dg (Ug(ghn),gUO(hn)) =0.

n—oo

Hint: Reduce to the case where Ug(ghy,), Ug(hy), Ugore (hy 1), Ugors (hy;tg™1) all
converge and study the dynamics of {gn}, {hgn} on F.

Problem 6. Prove: If I' < SL(d,R) is Pp-divergent, then the limit set Ag(T) is
I'-invariant.

Hint: Use the previous problem.
Problem 7. Check the details in the proof of Proposition

Problem 8. Prove the “moreover” part of Proposition

Lecture #1 : Regularity of limit sets

In this lecture we discuss regularity results for limit sets of Anosov groups.

3. (LACK OF) REGULARITY IN RANK ONE

Given a compact metric space (X, d), the d-dimensional Hausdorff measure of a
subset A C X is

HO(A) := lim inf {Z diam(U;)° : A C UUi’ diam(U;) < 7“}

N0
and the Hausdorff dimension is

H.Dim(A) = sup{d > 0: H°(A) < 400} = inf{d > 0: H°(A) = +o0}.
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Example 3.1. A compact Riemannian manifold M of dimension n has Hausdorff
dimension n and the n-dimensional Hausdorff measure is the same as the Riemann-
ian volume measure, see Problem

In the next several results, we endow P(C?) with a distance induced by a Rie-
mannian metric.

In rank one, limit sets are often fractal like objects and in particular have Haus-
dorff dimension strictly greater than their topological dimension. This phenomena
is perhaps best demonstrated by the following classical result of Bowen.

Theorem 3.2 (Bowen [Bow79]). Suppose I' < PSL(2,C) is convex cocompact (i.e.
P1-Anosov) and A1 (T") is homeomorphic to a circle. Then
H.Dim(A{(T)) > 1
with equality if and only if T' is conjugate into PSL(2,R).
Remark 3.3. For similar results see [Tuk84) [Yue96l, [BK04, Xie08, Kap09)

Corollary 3.4. Suppose I' < PSL(2,C) is convex cocompact (i.e. P1-Anosov) and
A1 (T) is homeomorphic to a circle. If T is Zariski dense, then

H.Dim(A () > 1.

Notice that if I' < PSL(2,R) and A4 (T") is homeomorphic to a circle, then Ay (T') =
P(R?). Hence, in this case, the limit set is C*°-smooth. So we have the following
dichotomy.

Corollary 3.5. IfT' < PSL(2,C) is convex cocompact and A1 (I") is homeomorphic
to a circle, then either

(1) A(D) is a “fractal,” or

(2) A1 (T) is a C*°-submanifold.

4. EXAMPLES OF ANOSOV GROUPS WITH REGULAR LIMIT SETS

Surprisingly higher rank allows more regularity in limit sets and there are many
examples of Zariski dense Anosov groups with C'-smooth limit sets.

4.1. Hitchin representations. Suppose ¥ is a closed hyperbolic surface. Then
we can write ¥ = I'\ H? where I ~ 7;(£), I' < PSL(2,R), and H? is the hyperbolic
plane.

Let @4 : PSL(2,R) — PSL(d,R) be the standard irreducible representation: if

we identify R? with polynomials P : R? — R of the form

d—1
k=0

then @, is defined by

Dq(g)[P] = [Pog™].
Definition 4.1. A representation p : I' — PSL(d,R) is Hitchin if it is in the same
connected component of ®4|r in Hom(T', PSL(d, R)).

Theorem 4.2 (Labourie [Lab06]). If p : T — PSL(d,R) is Hitchin, then p(T') is
Pr-Anosov for k=1,...,d — 1. Moreover, each limit set A, (p(I')) C Gr(RY) is a
che-submanifold.
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Remark 4.3. For details on the moreover part, see [PSW21].

There exist Hitchin representations with Zariski dense image and hence the above
theorem provides examples of Zariski dense Anosov groups with C'-smooth limit
set.

4.2. Convex divisible domains. A subset Q2 C ]P’(]Rd) is called properly convez
if there exists an affine chart where 2 is a bounded convex open set. Such a set is
divisible if there exists a discrete subgroup I' < PSL(d,R) which preserves Q and
acts co-compactly.

Theorem 4.4 (Benoist [Ben04]). If Q ¢ P(RY) is a properly convex domain and
I' < PSL(d,R) is a discrete group which preserves Q and acts co-compactly, then
the following are equivalent:

(1) T is word hyperbolic.
(2) 09 is a C'-submanifold.
(3) Q is strictly convex, i.e. if v,y € O are distinct, then (x,y) C .

Moreover, in this case, T' is P1-Anosov and A1 (T") = 09).
Remark 4.5. For details on the moreover part, see [GW12].

There exist groups satisfying Theorem[{.4] with Zariski dense image and hence the
above theorem provides examples of Zariski dense Anosov groups with C*-smooth
limit set.

5. GENERAL RESULTS

In this section we state some general results about P;-Anosov groups with C!-
smooth limit set. For simplicity, we only consider the case where the Gromov
boundary is a circle.

For the rest of the section let

0:= {ala a2, xq—2, O[d—l}-
Definition 5.1.
(1) A subgroup I" < PSL(d,R) is hyperconvez if it is Pp-Anosov and
oy @ =R?
for all pairwise distinct x,y, z € Ag(T").

(2) A representation p : I'y — PSL(d,R) is hyperconvez if it has hyperconvex
image and finite kernel.

Example 5.2 (see [PSW2I] or [ZZ24]). If p : T' — PSL(d,R) is Hitchin, then
AFp: T — PSL(A* R?) is hyperconvex for k=1,...,d — 1.

Proposition 5.3. The set of hyperconvex representations is open in Hom(I'g, PSL(d, R)).
Proof. See Problem [9] O

Theorem 5.4 (Pozzetti-Sambarino-Wienhard [PSW21]). IfT" < PSL(d,R) is hy-
perconver and Ag(T) ~ 9. is a circle, then A(T) is a C'-submanifold of P(R?)
and

T Ay (T) = 22
for all x € Ap(T).
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A similar result is also true when J,.I" is a higher dimensional sphere, see [PSW21].
Further, hyperconvexity actually implies that the limit set is a C'**-submanifold of
P(R?), sce [Z2724].

Proof idea. See for Problem for a guided proof. Here we will just sketch the
main idea.
Given z € Ay(T'), the projective limit set A;(I") being C'-smooth at z' with
tangent plane 2 essentially means
lim Z(z' @ y',2%) =0
Yy—x
(where y € Ag(T")). We will verify this when x is the attracting fixed point of
a loxodromic element . Changing coordinates we can assume that x! = (e),
22 = (e1,es) and the repelling fixed point z of v satisfies 2972 = (es,...,eq),
2971 = (es,...,e4). Then
A1
Y= A2
A
where [A1| > [A2] and || > A1 (A).
Fix y,, € Ag(T) \ {x, 2} converging to x. Then there exists m,, — oo such that
{Gn ==y y,} is relatively compact in Ag(T) \ {z,z}. Since each flag in {§,} is
transverse to z and 2971 = (ey,...,eq), we can write

gL = [e1 4 cnea + vy

where v, € (es,...,eq) and {c,},{v,} are bounded sets. Since x! + 2472 =
(e1,€e3,...,eq) and x,z ¢ {g,}, hyperconvexity implies that inf|c,| > € for some
€ > 0. Then
1 o1 2" A
Yo =700 = €1+ Cn e €2 s Un
1 1

Since |Az| > A1(A),

Amn
=0

lim
n—oo Agn"
and hence

L(zt @ yy,x?) = L((e1) By, (e1,€2))

A
=/ <<€1,62+mvn>7<61762>) — 0. 0
CpAg "

For irreducible groups, the following converse is true.

Theorem 5.5 (Zhang-Z. [ZZ24]). If T' < PSL(d,R) is an irreducible P1-Anosov
group, Ay (D) ~ 05T is a circle, and A1(T) is a CY-submanifold of P(R?), then T
is hyperconvez.

6. PROBLEMS

6.1. Hyperconvex groups.

Problem 9. Suppose I' is word hyperbolic. Prove that the set of hyperconvex
representations is open in Hom(I", PSL(d, R)).

Hint: You need two facts
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o The set of Anosov representations is open and the boundary maps O, I' —
Fo depend continuously on the representation.
o A word hyperbolic group I' acts co-compactly on the space of distinct triples
Do T3,
Problem 10. Suppose I' < PSL(d,R) is hyperconvex, 8 = {ay, a2, ®g—2,a4-1},
and Ay(T") ~ O, is a circle. The goal of this problem is to prove that A;(T") is a
C'-submanifold of P(R?).
Let dg, dp be a distance of Fy, ]P’(Rd) respectively induced by a Riemannian
metric.

(a) Prove the following lemma:

Lemma 6.1. For any e > 0 there exists 6 > 0 such that: if x,y € Ag(T') are distinct
and dg(z,y) < 0, then

Lzt @yt 2?) <e.
Hint: Suppose not. Then for each n there exist distinct x,,y, € Ag(I") such
that
do(Tn,yn) < 1/n and Z(zh Syt 22) > e
Passing to a subsequence x,,y, — a. Fiz b € Ag(T) ~ {a}. For n sufficiently
large Ty, yn, b are pairwise distinct and hence there exists v, such that v (Tn, Yn,b)
is contained in a compact subset of Ag(T)®), the space of distinct triples. With-

out loss of generality, vn(Tn,yn,b) — (2/,y', V). Show that lim Uy(y,) = b and
limUy(y;, 1) = a. Then try to understand x,, = v, (Ynzn) and yn = v, (YnYn)-

(b) For z,y € Ap(T) distinct, let m, , : A1(T) ~ {y'} = P(2?) be induced by the
projection
RY = @2 @ 2? — 22.
Using hyperconvexity, prove that m, , is injective.
Y,

(c) Using (a), prove that for any compact subset K C Ag(T") \ {y} there exists
C = C(z,y, K) > 0 such that: if z € K, then

d(z', 2 > Cd(at, 7, (2Y)).
(d) Prove that 7, , is locally biLipschitz (i.e. biLipschitz on any compact subset
of A1(T) ~ {y'}).

There exists a neighborhood V' of x in Ag(T") and a continuous map z € V —
A, € Lin(22,2?) such that 7, , = A,7,,. Then use (c).

(e) Prove that A;(T") is a C'-submanifold of P(R?).

Hint: Use (d) to show that A1(T') has finite length and hence can be parametrized
by arc length. Use (a) to show that this parametrization is ct.

Lecture #2 : Patterson—Sullivan theory in rank one

In this lecture we discuss some classical results in the theory of Patterson—
Sullivan theory in real hyperbolic geometry.
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7. MOTIVATION

In general the action of a discrete group of Isom(Hd) does not preserve a measure
on O H.

Proposition 7.1. If ' < Isom(Hd) is a discrete mon-elementary subgroup, then
there does not exist an I'-invariant probability measure on OHY.

Proof. See Problem O
However, there are invariant measure classes.

Example 7.2. Identify H? = BY ¢ R? with the Klein—Beltrami model. Then
OH? = 9B and lsom(H?) acts by diffeomorphisms on dB¢. Hence Isom(H?)
preserves the Lebesgue measure class.

Patterson—Sullivan measures are invariant measure classes associated to any dis-
crete subgroup.

8. THE BUSEMANN COCYCLE AND PATTERSON—SULLIVAN MEASURES

Fixing a basepoint o € H", the Busemann function based at z € 9H" is defined
by
bz(p) = lim d(g,p) — d(g,0)
q—x

(one can use formulas for the distance to show that b, exists).
Then the Busemann cocycle B : Isom(H") x 0H" — R is defined by

B(gv 'T) = bx(g_lo)'
This satisfies the cocycle identity:

Observation 8.1. B(g1g2,2) = B(g1,922) + B(g2, ).
Proof. Check! O

Example 8.2. Identify H? = BY ¢ R? with the Klein—Beltrami model. Then
OH? = 9B and the stabilizer of the origin in Isom(H?) is O(d). Let v be the
smooth probability measure on dB? which is invariant under O(d). If o = 0 and
B : lsom(H%) x §B? — R is the Busemann cocycle, then

1 dg.v

B(g~',z) = —mlog dv (2)

for all g € Isom(H?).

Given a subgroup I'" < Isom(Hd) and § > 0, a Borel probability measure g on
OH? is called a Patterson—Sullivan measure of dimension & for T if for any v € T
the measures p, v, are absolutely continuous and

dysp —8B(y~* —3b
(1) () =e (Y7m) — o—ba(y0)
dp
for p-a.e. x € OH".

Example 8.3. The measure introduced in Example B2 is a Patterson—Sullivan
measure of dimension (d — 1) for Isom(H?).
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Given a discrete subgroup I' < lsom(H?) we will show that there exists a
Patterson—Sullivan measure with dimension equal to the critical exponent of the
subgroup, which is

1
§(T) :=limsup = log #{v € ' : d(0,v0) < R}.
R—o0 R
Remark 8.4. One can show that
1
§(T") < limsup — log Vol (B(o,R)) =d — 1
R—o0 R
and hence §(I') is always finite. One can also show that §(I') > 0 when T is non-

elementary.

One often considers the Poincaré series
Q(s) := g e s d(o0),
~ver

One can show that Q(s) = +oo when s < (") and Q(s) < +oo when s > §(T"), see
Problem The convergence/divergence at s = §(I") is a delicate issue.

Theorem 8.5 (Patterson [Pat76], Sullivan). If T' < Isom(H?) is discrete, then
there exists a Patterson—Sullivan measure of dimension §(T') for T'. Moreover, if

I" is non-elementary, then any Patterson—Sullivan measure for I' has dimension at
least 6(T).

Proof. We first prove existence in the special case when
Q) = 3 9000 _ o,
yel
For s > §(I"), define the probability measure

! ~sd(070)
= —— e—sd(o,y0) p R
" G 2 ’

yel’

where D, is the Dirac mass at ~yo.

Since HY UQH? is compact, we can find s,, \, 6(I') such that ps, converges to
a probability measure p on HY U9H? in the weak-* topology. Since Q(sn) — +o0,
the measure p is supported on oHe.

Fix o € T'. Then

1 —sd(o,v0) 1 —sd(o,v0)
Qyflbs = =7 € V0, Dyo = =~ € o Do
a0 % =00 % :

1 —sd(o,a o)
E e ' Do
Q(s) !
~el

1
- —s(d(ao,v0)—d(o,v0)) ,—sd(o,y0)
0(s) E e e Do .

NOW deﬁne w H U()H — R by
5 - B T € H
w(x) {d((k() l‘) (](() .r)

yel’

ba (o) xedHt’
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Then w is continuous. Further,

[ sdais = [ reran,

for all continuous f : HY U9 H? — R. Taking the limit s, \, o(I),

/ fdop = / ferd®wg,

for all continuous f : HYU9H? — R. Since w is supported on OH? and w(z) =
by(o) = B(a~ !, z) when z € HY, this implies that
dopt
dp
Hence p is a Patterson—Sullivan measure of dimension §(T").

Now we consider the general case. By [Pat76, Lemma 3.1], there exists a non-
decreasing function x: R — R>; such that

(1) For every € > 0 there exists R > 0 such that x(r +¢) < e“x(r) for any
r>Randt >0,

(2) 3, er x(d(0,70))e? M @79) = 400
(when > - e70d(e70) = 400, we can take y = 1).
For s > §(I"), define a Borel probability measure on H? UOH? by

3" x(d(0,y0))e 479D,
yel’

(J?) — 676(1‘)3((1’1,&:).

a 1
1= 0 (s)

where Qy(s) == > x(d(o, v0))e~*4(e79) " which is finite by property (I). Then
fix s, \, 6(T') such that p,, — p in the weak-* topology. Since Qy(s,) — +00, the
measure p is supported on OHA. Arguing as in the special case shows that p is a
Patterson—Sullivan measure of dimension 6(T).

The moreover part requires the shadow lemma and will be an exercise, see Prob-

lem [T
O

9. SHADOWS AND THE SHADOW LEMMA

One of the primary tools for studying Patterson—Sullivan measures is the Shadow
Lemma, which provides an estimate for certain geometrically defined sets.
Given p,q € H? distinct and R > 0, the associated R-shadow is

Orlp.q) {x c OH" the geodesic starting at p and limiting to x}
R\P, = :

intersects the ball of radius R about ¢

Theorem 9.1. Suppose I' < Isom(Hd) 18 non-elementary and p is a Patterson—
Sullivan measure of dimension § for I'. For any R > 0 sufficiently large, there
exists C = C(R) > 0 such that

C—le—éd(o.ﬁyo) < /.L(OR(O, 70)) < Ce—zSd(o,fyo)
for ally €T.

The proof requires two lemmas.
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Lemma 9.2. If z € Og(o,p), then
—d(o,p) < b.(p) <2R —d(o,p).
Hence, if v € Og(y 'o,0), then
—2R + d(0,70) < B(v,z) < 2R + d(o0,70).

Proof. Notice that b,, being a limit of 1-Lipschitz functions, is 1-Lipschitz. Further,
by (0) = 0. Hence
—d(o0,p) < ba(p).

Fix ¢, — x. Then for n sufficiently large, the geodesic joining o to g, intersects
Bya(p, R) at some point wu,,. Then

by (p) = lim_d(gn,p) = d(gn,0) = lim_ d(gn,p) = d(gn,un) = d(un,0)
< 2R+ lim d(gn,p) = d(gn,p) — d(p,0) = 2R —d(o, p).
For the “hence” part, notice that
B(v,) = by(v""0) = lim d(y""0,q) — d(q,0) = lim d(0,7q) — d(74,70)
= - Jim d(g,70) —d(0,9) = ~bya(70).

Further, if z € Or(y 10,0), then vo € Og(0,70). O
Lemma 9.3. With I" and p as in the Shadow Lemma, for R > 0 sufficiently large,
inf w(Or(y™"0,0)) > 0.

Proof. Suppose not. Then there exist {y,} C " and R,, — 400 such that
1(Or, (7, '0,0)) < 1/n.
Passing to a subsequence we can suppose that v, o — x. If 2 € H?, then
Or, (v, 0,0) = OH?

when n is sufficiently large, which implies that 1 = M((‘)Hd) < limp 00 1/n = 0.
Thus we must have z € 9H®. If U is a neighborhood of  in H", then

OH?\U C Og, (v;10,0)
for n large. Hence
p(OH\U) < lim (O, (3, "0,0)) = 0.

Since U is an arbitrary neighborhood of x, then y = D,, is a Dirac mass at x. Since
I' is non-elementary, there exists v € I' with vz # =. Then v, = D, is singular
to u = D,, which is a contradiction. O

Proof of the Shadow Lemma. Fix R > 0 so that
= inf p(Or(y~*
m = inf u(Or(y™"0,0))
is positive. Then if v € I', we have
1(Or(0,70)) = (v Or(y~'0,0)) = (v 1)uu(Or(y10,0))

1
:/ d(vy )*Ndu:/ efciB(%z)d,u(x).
ORr(y~1to,0) d/’(‘ Ogr(y~1o,0)
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Thus by the Lemmas,
N(OR(Oa ’)/O)) < 626R676 d(o,v0)

and
(O gr(0,70)) > me= @70, O

10. THE ERGODIC DICHOTOMY
Let
0P H? c oH? xdH?

denote the set of distinct pairs. Then the Gromov product G : 8 H? — [0, +00)
is defined by

Gla,y) = lim d(po)+d(o.q) —d(p,q)
(one can use formulas for the distance to show that G exists).
Observation 10.1. If g € Isom(H?) and (z,y) € 8 H?, then

G(gz,9y) — G(z,y) = B(g, ) + B(g,y)-
Proof. Notice that

G(g9r,9y) — G(z,y) = lim yd(gp, 0) +d(o, gq) — d(gp, 99) — d(p,0) — d(o,q) + d(p,q)

p—)l‘,q—)
= lim d(p,g o) —d(p,0) +d(q,9 '0) — d(0,q)
pP—T,q—Y
=ba(g "0) +by(9~"0) = B(g, =) + B(g,y). O

The next result provides a dynamical dichotomy for Patterson—Sullivan mea-
sures.

Theorem 10.2 (The Hopf Tsuji-Sullivan Ergodic Dichotomy). Suppose T’ < lsom(H?)
is a non-elementary discrete group. Let p be a Patterson—Sullivan measure of di-

mension B for I'. If
dv(z,y) := "YW du(z) @ du(y),

then v is a T-invariant measure on 8 H<. Moreover, we have the following di-
chotomy:
1) If e~ P79 = 40, then:
( ) ~yel ’
(a) § = 6().
b A°™T)) =1 and p has no atoms.
(b) w [t
(c) TheT action on (0@ H, v) is ergodic and conservative.
(2) If 3o er e=Pd70) < yoo, then:
() B > (D).
(b) p(Ac(T)) = 0.
(c) The T action on (9 H®, v) is non-ergodic and dissipative.

The theorem in full generality was established by Sullivan [Sul79| [Sul81]. For a
proof in the CAT(—1) setting, see [Rob03].
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Let us just check the I'-invariance of v. Notice that

dy.v(z,y) = P07 T Ay, pu(x) @ dyp(y)
= PO T ) =BBOTL ) =BBOT ) qy(3) @ du(y)

= PV dp() ® du(y) = dv(x,y).
In the convex cocompact case, the ergodic dichotomy implies the following.

Corollary 10.3. If T < Isom(Hd) is convex cocompact, then there is a unique
Patterson—Sullivan measure p of dimension §(T') for T'. Moreover, the T action on
(OHY, 1) is ergodic.

Proof. Let § := o(I'). Since I' is convex cocompact, A®°*(I') = A(T"). By Theo-
rem 3.5 there exists a Patterson—Sullivan measure x of dimension ¢ for I supported
on A(T"). Now

H(A" (D)) = p(A(T)) = 1

and so by the ergodic dichotomy, Z’yEF e~ 9d(070) = 400 and the T’ action on

(0@ HY, %G 1, @ 1) is ergodic. We claim that the I' action on (9H?, 1) is ergodic.
Suppose A C OH? is I'-invariant, then

A =D HIN(OH? x A)

is a I-invariant set. So A’ has either full or zero measure. Since i has no atoms,
this implies that A has either full or zero measure. Hence the I' action on (8 HY, 1)
is ergodic.

Now suppose that p’ is a Patterson—Sullivan measure of dimension ¢ for I'. Then
for t € [0,1] the measure u; := tu' + (1 — ¢)u is also a Patterson—Sullivan measure
of dimension § for I". Since Zwel“ e~0d(070) = 450, arguing as above shows that

the T action on each (9HY, ;) is ergodic. Now fix 0 < s,t < 1 distinct. Then p,
and pu,; are absolutely continuous and so
_ dps
dp

exists. If v € T, then

675B(77 716763(7

YDy = e =% (fre) = F oy = foy )y,
So

ps = fo ’V_lﬂt-
Then, by uniqueness of Radon—Nikodym derivatives,

1

forv =[ mae

Since v € I' is arbitrary, f is I'-invariant. Then by ergodicity, f is constant a.e.
Since both pg, py are probability measures, we must have pus = py. Hence p = .
Thus p is the unique Patterson—Sullivan measure of dimension ¢ for I'. O



PATTERSON-SULLIVAN THEORY IN HIGHER RANK 17

11. HAUSDORFF DIMENSION OF THE LIMIT SET

In this section we consider the Klein—Beltrami model of Hd, in which case we
can identify 9 H? = 41
Let dg be the Euclidean metric restricted to S~ = 9H? and for z € ST! let
D(z,r) :={y € S* " : dg(zx,y) <r}

be the associated metric balls.

Lemma 11.1. For any R > 0 there exist ¢1,co > 0 such that

D <”Z|,cle—d}ﬂd(0,p)) C Ogr(o,p) C D (”;mmze—dﬂd(o,p))

for all non-zero p € H®

Proof. See Problem O

Theorem 11.2 (Sullivan [Sul79]). If T' < Isom(H?) is convex co-compact and p is
the Patterson—Sullivan measure of dimension §(I') for T, then there exist A > 1,
ro > 0 such that

A7 ® < p(D(z, 7)) < AT
for all x € A(T) and r € [0,7¢]. Hence, the Hausdorff dimension of the limit set
A(T) with respect to the metric dg is §(T).
Proof. By conjugating we can assume that 0 is in the convex hull C of A(T") in H.
Fix r > 0 such that
CCT - Bya(0,r)

and any number at least r satisfies the Shadow Lemma for u
Using Lemma fix ¢1, co > 0 such that

D (m,cle* de(O’m)) C O, (o,tx) C Ogp(0,tx) C D (w, cae” de(o,ta:))

for all z € 9H? and 0 < t < 1. Also fix C > 1 satisfying the Shadow Lemma for
both 7, 2r.

Now suppose z € A(T'). Then tx € C for any 0 < ¢t < 1 and hence there exists
v¢ € I" such that

dyga (tz, 7 (0)) < 7.
Then
D (1‘70167 de(o’m)> C Or(o,tz) C Ogr(0,7:(0))
and

D (as, coe” dmd(o,tz)> D Oa(0,tx) D Or(0,7:(0)).

Hence by the Shadow Lemma
7 <D (.’1,'7016_ de(O’m))) < (02, (0,7:(0))) < Ce—8() d(0,7:(0))

s(I)r 5
< O (g aratvn) O
G
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and
m (D (I7026— dw(o,tm))) > ,UJ((’)T(O, ’Yt(o))) > 071876(1‘) d(0,v+(0))

> - (626* dga (O,tw)>5(r)
= ch(l")ea(r)r

So there exist A > 1, rg > 0 such that: if x € A(T") and 0 < r < g, then
AW < p(D(x,r)) < ArdD),

The “hence” part is a consequence of the following general theorem (which you
will prove in Problem . [

Theorem 11.3. Suppose X is a compact metric space and p is a Borel probability
measure on X. If there exist A > 1,79 > 0 such that
A7 < w(Bx(z,7)) < Ar®

for allx € X and r € [0,r¢], then H.dim(X) = 6 and the §-dimensional Hausdorff
measure satisfies

C'u<H’ <Cp
for some C' > 1 and H.dim(X) = 4.

12. PROBLEMS
12.1. Odds and ends.

Problem 11. Suppose I' < Isom(Hd) is a non-elementary discrete subgroup. Show
that there is no I-invariant probability measure on & HY.

Problem 12. Suppose I' < Isom(]H[d) is discrete, 0 € HY, and 2 € 9H®. Prove that
the following are equivalent:
(1) x is a conical limit point of I" in the convergence group sense: there exist
{v,} € T and a,b € 9H" distinct such that v,z — a and v,y — b for all
y € OH" ~{z}.
(2) = is a conical limit point of T' in the hyperbolic geometry sense: if £ :
[0,00) — H" is the geodesic ray with ¢(0) = o and lim;_,o ¢(t) = z, then
there exist {v,} C I" and ¢, — +oo such that

sup d((ty,), Yn0) < +00.
n>1

(3) There exist {y,} C T distinct and R > 0 such that 2 € Og(o,vy,0) for all
n>1.

Problem 13. Prove Observation Rl

12.2. Shadows in the Klein—Beltrami model. In the next two problems, iden-
tify H* with the Klein-Beltrami model B¢ ¢ R? and let ||-|| denote the standard
norm on R%. The following two facts will be helpful:
(1) Euclidean line segments can be parametrized to be hyperbolic geodesics.
(2) If z,y € B? are distinct, then the hyperbolic distance satisfies
[l — bl lly — all

1
d = —1
we (P2 0) = 5 o8 I Ty



PATTERSON-SULLIVAN THEORY IN HIGHER RANK 19

where the affine line through z, y intersects OB? at a,b and the points have
order a,x,y,b along the line.

Problem 14. For g € Isom(H?) and € > 0, let
Sc(g) :=g{y € oMY ‘y — g_l(O)H > e}

Prove:

(1) For any R > 0, there exists € > 0 such that Or(0,7(0)) C S:(7).
(2) For any € > 0, there exists R > 0 such that Sc(y) C Or(0,7(0)).

For z € 9HY, let
D(z,r)={yecdH": ||y —z| < r}.
Problem 15. For any R > 0 there exist c1,co > 0 such that

D (I, cre” d(o’tz)) C Og(o,tx) C D (:c, coe” d(o’tm))
forall z € 9H? and 0 < ¢ < 1.
Hint: It suffices to consider x = (1,0,...,0).
12.3. Coarse counting using Patterson—Sullivan measures.

Problem 16. Suppose I' < Isom(Hd) is a discrete group. Consider the function
Q : (0,00) — (0, +00] given by

Q(S) _ Ze—sd(o,'yo).
~el’
Prove that Q(s) = +oo if s < §(I") and Q(s) < +o0 if s > §(T).
Problem 17. Suppose I' < Isom(Hd) is a non-elementary discrete group and p is

a Patterson—Sullivan measure of dimension 5 for I'. The goal of this problem is to
show that

5> 6(D).
Let
A, :={yeT:d(o,v0) € [n,n+1)}.
(a) Prove: If 1,72 € A, and Og(0,710) N Og(0,720) # 0, then
d(y10,720) < T + 2R.
(b) Prove: there exists N € N such that: if z € 9H¢, then

#{7€ Ay 2 € Or(0,70)} < N

and hence .
1= u(@H") > = > p(Or(0,70)).
YEAR
(c) Use the Shadow Lemma to prove: there exists C' > 0 such that
#A, < Ce"

and deduce that 8 > §(I).

Problem 18. Prove: If I' < Isom(H?) is discrete, then §(T') < d — 1. Hint: Use
the last problem and Example[8.3
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Problem 19. Prove: If I < Isom(H?) is convex cocompact, then there exists C' > 1
such that

O < #{y €T : d(0,70) < m} < CO.
Hint: Let p be a Patterson—Sullivan measure of dimension §(I'). A previous problem
provides the upper bound. For the lower bound, show that there exists R,k > 1 such
that

OH? U Or(0,70)

~er
d(0,70)€[n—k,n]

for alln > k. Then use the Shadow Lemma to prove a lower bound on

#{y €T :d(o,70) € [n—k,n]}.
12.4. Lebesgue Differentiation. The next two problems show that Shadows and
Patterson—Sullivan measures satisfy a version of the Lebesgue Differentiation theo-
rem.
Problem 20. (%) Prove:

(1> It d(07p) < d(07 q) and OR(O7P) N OR(Oa Q) 7& (2)7 then OR(Oa Q) - OSR(O7P)'
(2) If T < Isom(H?) is discrete and I C T, then there exists J C I such that
the shadows {Ogr(0,70)},cs are disjoint and

U Og(o,7v0) C U Osr(0,70).
yel yeJ
Hint for (2): Enumerate I = {v,} so that d(o,710) < d(0,720) < d(0,730)---.
Then look up and adapt the proof of the Vitali covering lemma.

Problem 21. (x) Suppose I' < Isom(H?) is discrete, u is a Patterson-Sullivan
measure of dimension J, and R > 0 satisfies the Shadow Lemma. Prove: If f €
LY(OH?, 1), then for p-a.e. x we have

1
( ) n—00 M(OR(Oa'ynO)) Or(0,7n0) 8

whenever {7, } are distinct and x € Og(0,7,0) for all n > 1.
Hint: Look up and adapt the proof of the Lebesgue differentiation theorem.
The above result is quite useful when the conical limit points have full measure.

Problem 22. (x) Suppose I' < Isom(H?) is discrete, u is a Patterson-Sullivan
measure of dimension §, and p(A°*(I")) = 1. Prove, using Problem that the I’
action on (9H?, ) is ergodic.

Hint: Fiz a T-invariant set E C QW with w(E) > 0. Then fixt R; /* +00

such that each satisfies the Shadow lemma. Show that there exist x € E and {v,}
distinct such that x € Og;(0,7,0) for alln > 1 and

. 1 . :u(E N OR,' (07 ’}/TLO))
1=1g(z) = lim —/ lgdp = lim 2
n—00 M(ORJ- (0, ’Yno)) Or; (0,7n0) n—o0 M(ORJ- (07 'Yno))

By studying
. wENOg(0,70) . (1" )«m(ENORg, (v, 0,0))
1= lim = lim — —
n—oo  p(Or,(0,70)) n=00 ()« p(ORr,(yn 0,0))

show that p(E) =1 (what can you say about d(%;)*“ on Og, (7, '0,0)?).
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12.5. Facts about Hausdorff dimension.
Problem 23. Prove Theorem [I1.3]
Hint: To prove H® < Cp you can use the Vitali covering lemma.

Problem 24. (x) Suppose (M, g) is a compact Riemannian n-manifold endowed
with its Riemannian distance. Prove that H" coincides with the measure induced
by the Riemannian volume form.

Hint: Recall, in a chart the Riemannian volume form v, satisfies

/fdug = /f det(g; ;)dz" - - da™.

Fiz € > 0 and cover M by charts {U;} where on each chart (1 —¢e)ld < g;; <
(14 €)Id. Then, on each chart, show that

(1 -2y, <H" < (1+ )" v,

Lectures #3-5 : Patterson—Sullivan theory in higher rank
13. THE IWASAWA COCYCLE

Let U C SL(d,R) be the subgroup of upper triangular matrices with ones on the
diagonal. Recall that any matrix g € SL(d,R) can be written uniquely as
g = lefy
where ¢ € O(d), H € a, and v € U. This is called the Twasawa decomposition of g.
Also, let g € Fa be the standard flag given by
mé =(e1,...,€;).

Using the Iwasawa decomposition we define the Twasawa cocycle B : SL(d,R) x
Fa — aby letting B(g,x) be the a part of the Iwasawa decomposition of gk where
x = kxg, i.e.

gk = teBlokzo)y,

Lemma 13.1. B is well defined and is a cocycle:
B(g192,2) = B(g1, 922) + B(g2, x).

Proof. To prove that B is well defined, we suppose kixg = koxp and show that
gk1, gk have the same a part in their Iwasawa decomposition. Since k; k2o = 0,
we have k1 = kom where m is a diagonal matrix with 1 on the diagonal. Suppose
gka = Lefy is the Iwasawa decomposition of gks. Then

gk1 = gkam = Leum = Lefm(m™ um) = (bm)ef (m ™ um).

Since fm € O(d) and m~tum € U, this is the Iwasawa decomposition of gk;. Hence
gk1, gke have the same a part in their Iwasawa decomposition.

Next we verify the cocycle identity. Suppose x = kxg. Let g1 gok = £1eP(9192:%)y,
and g2k = l5eB(92:2) 5 he the Twasawa decompositions. Then

g2x = gokag = LoeP 92 uyay = lyxg.
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Let g10y = £3e5(91:92%) 5 be the Iwasawa decomposition. Then
g1gok = gilaeBO2Dyy = £3eB(91:920) 5 Bl92,2)y,

= 043¢B(91,922)+B92,) (673@2,@“363(92,1)“1)

is the Iwasawa decomposition. Hence
B(91927x) :B(91792$)+B(927x) O

When a fundamental weight is applied to the Iwasawa cocycle we obtain the
following formula.

Lemma 13.2. w;(B(g,z)) = log W where 7 = (vy,...,v;).

Proof. Suppose z = kxzo. Then 27 =k (eq,...,e;) and so

lgCos A--- Aol _ [lghkles A--- Aej)l
[or A== Ao llex A== Aesll

Further, if gk = £eB(9%)y is the Iwasawa decomposition, then
gkler A+~ Nej) = LePODy(ey Ao ney) = LB (ep Ao Ney)
.y (eB<g,x>1,lel) Ao A (emg@)j,jej)
= (eBlom)1atF+B@:2)id (e Ao A e;)

— ewj(B(g7w))£(el N A e])

Hence
loton - nwdl _ lgbes Ao hel oot
for A Agll - THenne)l
since O(d) acts orthogonally on A7 R%. O

14. PARTIAL IWASAWA COCYCLES

Using the fact that w,, (B(g,x)) only depends on 27, we will define a cocycle on
Fo.
For # C A non-empty, we let

ag:={H€e€a:a(H)=0if a ¢ 6}.

Observation 14.1. {wa|a, : @ € 6} spans aj and hence there exists a unique
projection pg : a — ay which satisfies

wa(po(H)) = wa(H)
for all & € # and H € a.

Proof. See Problem [25] O
For 6 C A, the partial Twasawa cocycle By : SL(d,R) x Fg — agy is defined by
30(97 .7}) = pe(B(g’ j))

where & € Fa is any lift of x € Fy.

Lemma 14.2. By is a well-defined cocycle.
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Proof. Using the fact that {wq|q, : @ € 8} is a basis for a, it suffices to fix a;; € 0
and show that w,; By is a well-defined cocycle. By the previous lemma,

lgor A --- Al
[[or A== A

wa, (po(B(9,F))) = wa, (B(g, %)) = log
where &7 = (v1,...,v;). S0 wa,(pe(B(g,Z))) only depends on the image of Z in Fp
and hence Wa, By is well-defined. Since
tog 101920 A= A0 (gaoa A A0 g A A
l[or A== Al lg2(v1 A== Avj)| [lor A= Al

)

we see that w,; Bg is a cocycle.
O

Next we show that the Iwasawa cocycles have a Busemann-like property. Let
kg :=pgok:SL(d,R) = ag.
Then w;kg = wjk for all a; € 6.
Proposition 14.3. If a(k(hy,)) — +oo for all « € 0 and Ug(h,,) — x, then
ko(ghyn) — kg(hn) — Ba(g, ).
We start with a lemma.

Lemma 14.4. If Z;EZT; — 400 and Uy (hy,) — (v), then

lgvll
o]

log ||ghy || — log th” — log

Proof. Tt suffices to consider the case where
log [|ghn|| —log ||| = L € [-00, +-00]

and prove that L = log %. Suppose h,, = kpanly is a singular value decomposi-

tion of h,, with Uy (h,) = k, {e1). We can assume that k, — k, £, — ¢. Then
(v) = nh_}rr;@ Ui (hy) = nh—>Irolo kn (e1) = k{e1).

Further, since Z;EZ"% — 400,
h
" — kPl
17|
where P is the orthogonal projection onto {(e;). Then
h
L= tim log 19— iy 10 ‘g" — log|lgkPe]| = log |gkes || = log 12
nooo 7 lhgll - n=oo [P [[o]
since ke; = £-%:. O
lloll

Proof. Using the fact that {wa|a, : & € 0} is a basis for aj, it suffices to fix o; € 0
and show that

(2) Wa, K(ghn) — Wa, K(hn) = wa, B(g, ).
(recall that wa,pg = wy,). Notice that
Wa,; K(ghn) — wa, k(hn) =1og ||7;(g)7; (k)| — log [|7;(hn)]| -
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. Is( I
glvr A--- Ny
wa,B(g,x) =1o
Do) =lo S
where 27 = (vy,...,v;). Further,
o)) _ ojnha)) s 4 og
o2(7j(hn))
and

Ul(Tj(hn)) = khn <€1 VARERWAN 6j> = Ug(hn)] — I = <U1 VARERIAN Uj> .
So Equation follows from the Lemma.

15. PATTERSON—SULLIVAN MEASURES

Following Quint [Qui02], given a subgroup I' < SL(d,R), 6 > 0, and ¢ € aj,
a Borel probability measure g on Fy is called ¢-Patterson—Sullivan measure of
dimension § for T' if for any v € T' the measures p, . are absolutely continuous
and

Ayt —8¢Bo(v"
3 x) = e 9¢Be(v™x)
3) )

for p-a.e. x € Fy.

Example 15.1. Let
w::Z(si—(SjECl*
i<j
where §;(diag(ay,...,aq)) = a;. If p is the unique O(d)-invariant probability mea-
sure on Fy, then p is a |q,-Patterson—Sullivan measure of dimension one for
SL(d,R).

Question. When do Patterson—Sullivan measures exist?

A complete answer is unknown. Quint has studied this problem for Zariski dense
groups [Qui02] and in this mini-course we will focus on transverse groups.
Given a discrete subgroup I' < SL(d,R) and ¢ € aj, the associated critical
exponent is
6®(I") := lim sup 1 log #{v €T : ¢(ko(vy)) < R}.
R—o0 R
As in the hyperbolic case, the critical exponent is the critical exponent of a series

Q(s) = Z e sP(re (7))

yel
i.e. Q(s) = +oo for s < §2(I") and Q(s) < +oc for s > §%(T).

Proposition 15.2. IfT is a Py-divergent group and §%(I') < +oc, then there exists
a ¢-Patterson—Sullivan measure of dimension §%(I') for T

Proof. Using Propositions [[.5] and [[4:3] the argument is exactly the same as in
the hyperbolic case (Theorem !
Let 6 := 6?(I"). By [Pat76, Lemma 3.1], there exists a non-decreasing function
X: R — R>; such that
(1) For every € > 0 there exists R > 0 such that x(r +t) < e“x(r) for any
r>Randt>0,
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(2) >, er x(¢ro(7))e™?0 ) = 00
(when 37 e=94(079) — 450, we can take x = 1).

Recall that T' U Ag(T') has the topology of a compact metric space (see Propo-
sition [L.5). Then for s > §%(T") consider the measure us on I' U Ag(T') defined
by

1 —SQK
MS = Q (S) ZX((bK‘Q(’Y))e ¢ 9<’Y)D’Y’
X ~yel
where Q,(s) := Zver Y(drg(7))es¢re (™.

Arguing as in Theorem one can show that any limit point of u, as s \,d is

a Patterson—Sullivan measure.

O

16. ANOSOV GROUPS WITH SMOOTH LIMIT SET

For non-zero v € RY, consider the map ¢, : R? — T, (v) ]P’(Rd) given by

w(w) = — tw) .
o) = G| e
Then endow P(R?) with the O(d)-invariant Riemannian metric satisfying
[v A wll
||¢v(w)||(v> = 2
o]

(note ¢, (cw) = ¢, (w), which explains the power of 2).

Proposition 16.1. Suppose I' < SL(d,R) is P1-Anosov, A1(T") = 0xT" is a circle,
and A (T) is a C*-submanifold of P(R?). Let v denote the arc-length measure on
A1 (T) and let p = v where v : A1(T) — F1 2 is the map

vx) = (z, Vy),
where T, P(V,) = T, A1(T). Then p is a ay-Patterson—Sullivan measure of dimen-
sion 1 for T.

Remark 16.2. A similar construction is true when the limit set is a Lipschitz sub-
manifold of any dimension [PSW23].

Proof. Notice that if g € SL(d,R), v € R? is non-zero, and w € R?, then
Ag)ou(w) = T g+ tw)] = 6yu(gw).
t=0
So
1d(g)du(W)ll gy lgv A gw|| |v]?
[0 (W)l 1) B lgvl?>  llvAw|’
Soif y € I" and x € A;(T"), then

dy; v l7(ve A wg)]] ||'UrH2
(z) =

dv lyoul* Ilve Awsll
where = = [v,] and ¢, (w,) € T, A1(T) is non-zero. Then Lemma implies that
~1
d"}/* V(JC) _ 67(2w17w2)B1,2('y,L(z)) _ efalBLQ("/,L(ZL’)).
dv

Hence p = 1,V is a a;-Patterson—Sullivan measure of dimension 1 for T'. O
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17. THE GROMOV PRODUCT

In this section we introduce an analogue of the Gromov product from hyperbolic
geometry.
Fix 6 C A symmetric and let

]-'2,2) = {(z,y) : « transverse to y}.

Recall that {wjla,}a,eo is a basis for aj. Hence there is a unique function Gy :

F §2) — ag, called the Gromov product, satisfying

Ao e AU AW A ces AW s
w,Gola,y) = —log A A AL A ]
' [or A= Al A= Awa—g |

for all a; € 6, where 27 = (v1,...,v;) and y¢=7 = (wy,..., wa_;).
The Gromov product measures how transverse two flags are.

Observation 17.1. If {(z,,yn)} C .Féz) and x, — x, y, — y with z,y not
transverse, then

1Go(2n, yn)|| = +oc.

We first show that uniform bounds on the Gromov product provide uniform
bounds on the Iwasawa cocycle.

Proposition 17.2. For any R > 0 there exists C = C(R) > 0 such that: If
gvh € SL(dv R) Sa’tisfy HGO(UG(g_l)vUQ(h))H < R, then

1ko(gh) — ko(g) — ko(h)|| < C.
Proof. Since {wjla, }a,eo is a basis for aj, it suffices to fix a; € § and bound
wike(gh) — wjke(g) — wjke(h)|.
Notice that
w;ko(gh) = log|T;(gh)|| <logllm;(9)| 7 (A = wike(g) + w;ko(h).

The other bound is more challenging. We can fix a singular value decomposition
g = ke*9)¢ such that

Then
|7 (gh)|| = Hrj(e“(g)ﬁkhe“(h))H > ‘<el A Aej, e D0 ke (ep Ao A ej)>‘
= ewiro(9)twiro(h) |(o) Ao A ej lkn(er A=+ Aej))l
= el @I+ MW e AL Aej coefficient of Cky(er A--- Aej)]
— IO e,y A A eg ALkl A--- A )
= @I |01 (e A Aea) An(er A Aey)]).
Now Up(g )47 =¢"(ej41 A+ Aeq) and Ug(h)? = kp(e1 A+ Aej). So

wike(gh) = log ||7;(gh)|| < log ||I7;(g)|| + log ||7;(h)|| — w;Ge(Us(g™"), Us(h))
> wike(g) +wjko(h) — |lw;| R. O
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Proposition 17.3. For any R > 0 there exists C = C(R) > 0 such that: If
g €SL(d,R), x € Fy, and ||Go(Us(g7'), )| < R, then

1Bo(g, ) — ra(g)|l < C.
Proof. Fix {h,} C SL(d,R) with Ug(h,) — = and ming,cg oj(k(h)) — oo. Then
Bo(g.2) ~ rola)]| = lim [[so(gha) (k) — (g)]
and
|Go(Us(g™). 2)|| = lim [|Go(Us(g™"), Un(h))]|-

So the result follow immediately form the last proposition.
O

Finally, we note that the Gromov product is linked with the Iwasawa cocycle.
Let ¢ : a — a be the opposite involution

L(diag(aly vy ad)) = diag(_ad7 —0d—1y-- -, _al)'
Notice that
ij(diag(al, - ,ad)) = —((Id +aqg—1+ -+ ad_j_l) =a1+- -+ aq—j
= wq—;(diag(ay, ..., aq)).
Proposition 17.4. If g € SL(d,R) and (z,y) € ]-"(92), then
Go(gz, gy) — Go(x,y) = By(g,x) + 1Bo(g, ).
Proof. Tt suffices to fix a; € 6 and show that
w;Go(gx, 9y) — w;Go(x,y) = w;Bo(g, ) + wa—;Bo(9,y)-

Let 27 = (v1,...,v;) and y¢=7 = (wy, ..., w4—;). Notice that
w;Golgz, gy) — w;iGo(z,y)

lg(oi A ANvj Awy A== Nwaj)|| - flos A== Aol [Jws A--- ANwa|
To(or A A vl TgCwn A Awa_y)] o1 A Avy Awy A Awas]|
|(det g)(v1 A~ Avj Awr A=+ Awa—j)||

loa A Avj Awy A=+ Awa—j|

= w;By(g,x) + w;tBo(g,y).

= —log

= —log +w;jBg(g,7) +wa—jBoe(g,y)

18. SHADOWS AND THE SHADOW LEMMA

Suppose I' < SL(d, R) is a non-elementary Pg-transverse group. Recall that T' :=
I'UAp(T") admits a topology of a compact metrizable space where ,, — x € Ap(T)
if and only if {~,} is escaping and Uy(y,) — z. Fix a distance dg that generates
this topology.

For vy €' and R > 0, let

Or() :=~{x € Ag(T) : dp(y~*,x) > 1/R}.
Theorem 18.1. Suppose p is a ¢-Patterson—Sullivan measure of dimension § for
I supported on Ag(T'). For any R > 0 sufficiently large, there exists C = C(R) > 1
such that

C~Le0(re(M) < w(Or(R)) < Ce9¢(ra ()
forallyeT.
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Notice that if v € I', we have
Or(M)) = u(ry ™ Or(7) = (V" en(y™ Or(7))

d(v=1).
:/ (7d ) Md,u :/ 6_6¢BQ(’Y’1)d/JJ(£K).
Y1 OR() H 71 OR()

So we need to estimate the Iwasawa cocycle on v~! Og(v) and also estimate the
measure of v~ Og(7).
We need two lemmas.

Lemma 18.2. For any R > 0 there exists D = D(R) > 0 such that: If z €
771 OR(’Y): then

k6 (7) = Bo(7, 2)|| < D.
Proof. Suppose not. Then for each n there exist v,, € I and z,, € v, * Or(v,) with
Ko (m) = Bo(m, x| > n.
Since
(9,2) € SL(d,R) x Fo — r9(g) — Bo(g,x) € ag
is continuous, the sequence {7,} is escaping. Passing to subsequences we can

suppose that v,! — y in T’ and zn — x. Then Up(y,!) — y € Ag(T') and
dg(y,x) > R™'. So x and y are transverse.

Using the Busemann-like formula for the Iwasawa cocycle, we can fix {h,} C
SL(d,R) such that Up(h,) — x and

+00 = nh_?go ”59(’}%) - BQ('men)” = nh_{rolo H"W(Vn) - (“9(7nhn) - He(hn))H .

However,
Tim [|Go(Up(v, 1), Ug(hn))|| = |Gy, )| < +o00

and so Proposition implies that
lim_([5g(1) — (Ro(utin) — o ()| < +o0.
So we have a contradiction. O
Lemma 18.3. For any R > 0 sufficiently large,
inf u(y™" Or(7)) > 0.
Proof. Suppose not. Then for each n > 1 there exists v, € I" with

p({z € Ag(D) 1 dg(v, s 2) > 1/n}) = p(r, " On(m)) < %

. =6
Passing to a subsequence we can suppose that 7,1 — y € I' . Then

p(Ao(I') = {y}) = 0.

So u = D, is a Dirac mass at y. Since I' is non-elementary, there exists v € I" with
vy # y. Then v,p = D, is singular to p = D,;, which is a contradiction. O

With the two lemmas, the rest of proof is exactly the same as in the hyperbolic
case.
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Proof of the Shadow Lemma. Fix R > 0 so that
:= inf 1o
m = inf p(y™" Or(7))

is positive. Then if v € I', we have
#ORM)) = (1™ Or(M)) = (77 1) enly™! Or())

d(y1).
:/ ('yd ) Md,u:/ 6_6¢Be(’y’x)du(l‘).
Y~ ORr() H Y~ tOrR(M)

Thus by the Lemmas,
1(OR(7y)) < LIl =06r0(7)
and
((Or(Y)) > me PPNl g=06r0(7)

19. THE ErRGoODIC DICHOTOMY

In this section we state a version of the Hopf—Sullivan dichotomy for Patterson—
Sullivan measures of transverse groups. Unlike the hyperbolic case, the conclusion is
not in terms of the dynamics of the product of the Patterson—Sullivan measure with
itself, but instead the product of the Patterson—Sullivan measure with a Patterson—
Sullivan measure associated to the “opposite” functional.

Given ¢ € aj, let ¢ := ¢ o where ¢ is the opposite involution. Notice that if

¢ = q,coCiwj, then
6=2_ cajw;

a; el
and so ¢ € ap.

Observation 19.1. §(T") = 6%(T).
Proof. Notice that ¢r(y~!) = ¢ur(y) = ¢r(7) and hence
#{y €T : ¢r(7) < R} = #{y € T : ox(y) < R}. O

Recall that a Py-transverse group I' < SL(d, R) acts as a convergence group on its
limit set Ag(T") and so there is a well-defined notion of conical limit points AG°*(T').

Theorem 19.2 (Canary—Zhang-Z. [CZZ24]). Suppose T' < SL(d,R) is a non-
elementary Pg-transverse group, ¢ € aj, and 6*(I') < +o0.

Let p be a ¢-Patterson—Sullivan measure of dimension B for I' and let i be a
¢-Patterson-Sullivan measure of dimension 3 for T, both supported on Ag(T). If

dv(z,y) == SN dp(x) @ da(y)| e

then v is a I'-invariant measure. Moreover, we have the following dichotomy:
(1) If > er e PP = too, then:
(a) B = 5°(T).
(b) p(Ag*(T)) =1 = p(A™(T)) and p, i have no atoms.
(¢) TheT action on (Féz), v) is ergodic.
(2) If 3 er e Por)) < yoo, then:
(a) §> 0°(T).
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(b) u(Ag™(I) = 0 = (A ().
(¢) TheT action on (féz), v) is non-ergodic.

For relatively Anosov groups, the Poincaré series diverges at its critical exponent.

Theorem 19.3 (Canary—Zhang-Z. [CZZ25]). Suppose I' < SL(d,R) is a non-
elementary relatively Pg-Anosov group. If ¢ € aj and 6*(I") < 400, then

Z e 0 Mdre(M) — 40
yel’
Combined with the ergodic dichotomy, we have the following existence/uniqueness

result.

Corollary 19.4. Suppose I' < SL(d,R) is a non-elementary relatively Py-Anosov
group. If ¢ € a} and 6%(T') < +oo, then there is a unique ¢-Patterson—Sullivan
measure p of dimension §%(I') supported on Ag(T'). Moreover, the T' action on
(Fo, 1) is ergodic.

Proof. The proof is identical to the analogous result for convex cocompact groups
in hyperbolic geometry, see Corollary O

For hyperconvex Anosov groups, we can use the ergodic dichotomy to determine
the critical exponent for a;.

Theorem 19.5. [PS17, PSW2I] If T’ < SL(d,R) is hyperconver and OsI is a
circle, then 6*1(T") = 1.

Proof. Let 6 = {a1, a2, vg—2,a9—1}. Since aq = 2wy — ws, we have oy € aj.
By definition I' is Pg-Anosov and by Theorem the projective limit set Aq(T)
is a C'-smooth submanifold with tangent spaces

T, Ay (D) = 22

for x € Ap(T"). Hence by Proposition there exists a a;-Patterson—Sullivan
measure of dimension 1 for I'" supported on

{(z, T.AM(T)) : z€ A(T)} C Fr 2,

which coincides with A; 2(I"). Let u be the push-forward of this measure under the
homeomorphism A; 2(I') — Ag(T"). Then p is also a o;-Patterson—Sullivan measure
of dimension 1. Since I' is Anosov, Ag(I') = A§°*(T") and so

L= u(Ag™ (D).
Thus the ergodic dichotomy implies that the dimension of p equals the critical
exponent, i.e. 1 =40 (T).
|
20. PROBLEMS
20.1. Partial Cartan algebras. Recall that
ap:={H €a:qa;(H)=0for all a; ¢ 0}.
Problem 25.
(1) Prove that {wjla,}a,eo is a basis of aj.
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(2) Prove that there exists a unique linear map pyg : a — ag such that
wjPe = Wy
for all o; € 6.
(3) Show that Image(pg) = ag and pj = py (i.e. py is a projection).
Problem 26. Suppose 0 = {a1,aq—1} and compute ag and py.

20.2. Patterson—Sullivan measures.

Problem 27. Prove: If I" < SL(d, R) is Pyp-transverse, §' C 6 is non-empty, ¢ € a},,
and p is a ¢-Patterson-Sullivan measure supported on Ag(T), then the pushforward
of p under the homeomorphism Ag(I') — Ag/(T') is also a ¢-Patterson-Sullivan
measure.

Problem 28. Write down a careful proof of Proposition [15.2]in the special case
3 e 0 Oom0) = oo
vyel’
Hint: In this case you can take x = 1 and try to adapt the proof from the hyperbolic
case (see Theorem[8.5).
Problem 29. If g € SL(d,R) and (z,y) € }"§2), then
Go(gz, gy) — Go(x,y) = By(g,x) + 1Bo(g, ).
Problem 30. Prove that the measure v = 7¢¢o ) ® ﬂ|}.(2> in the statement of
6

Theorem [[9.2] is I'-invariant.

20.3. Calculations in the Klein—Beltrami model. In this set of problems, we

will relate the classical Busemann cocycle, Patterson—Sullivan measures, and Gro-

mov product from hyperbolic geometry to the ones introduced for SL(d, R).
Recall that

(T, y) =x1y1 + -+ + TaYd — Td+1Yd+1
and we can view the Klein—Beltrami model as the subset

HY = {[z: 1] € PR : ||lz]| < 1} = {[v] € P(RY) : (v,v) < 0}
of real projective space. Then we can identify
Isom(H*) = 07 (d,1) < SL(d + 1,R),
where O"(d, 1) < O(d, 1) is the subgroup preserving
{fv e R (v,0) =1, vgqq > 0}
We fix the base point 0 =[0:---: 0 : 1] € H?. Recall:
e The distance satisfies
A(p.q) = cosh ™ (W>
(B,9) (4, )
(notice that the formula is independent of which lifts we use, since any

difference in scalar cancels).
e The Busemann function based at 2 € 9H? is defined by

bz(p) = lim d(p, q) — d(o,9)-
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e The Busemann cocycle B : Isom(H?) x 9H? — R is defined by
B(g,x) = ba(g™"0).
e The Gromov product of (z,y) € 9 H? is defined by
Glz,y)= 1 d(p, d(o,q) — d(p, q).
(@,y) = _lim d(p,0)+d(0,q) —d(p,q)

Given z € H? C ]P’(Rd+l), we use & to denote some representative of x in R4
with positive (d + 1)-component.
Problem 31. For z € 9 HY, let
Ve = {v € R*™ : (v,7) = 0}.
Convince yourself that 7,0 H? = T, P(V,).
Hint: It may be easier to consider x = [e1 + eqy1] first.
The main goal of this set of problems is the following.
Theorem 20.1. Let 6 = {o, g—1}.
(1) If g € O%(d,1) and = € DH?, then
B(g,z) = w1Bo(g, (z, Vz))-
(2) If z,y € OHY are distinct, then
Gz, y) = wiGo((x, Va), (y, Vy))-
(3) IfT' < O"(d,1) is discrete, then T is Pg-transverse and
Ag(L) = {(2,Ve) s & € Aga(I)}.

Remark 20.2. Notice that OF(d, 1) is a subgroup of SL¥(d + 1,R) = {g € GL(d +
1,R) : det g = £1}, however all our definitions for SL(d + 1, R) extend verbatim to
SL*(d 4 1,R).

Problem 32. Prove part (3) of Theorem [20.1]

Problem 33.
(1) Show that

b, (p) = log (@’ NG ‘?) .

(0,7) | (p,D)
(2) Show that
(0,0) (,9)
G z,y) = —log <~~~~ .
) 2(3.0) (5.0
(3) Identify H? with the unit ball B* ¢ R via the map [z : 1] + z. Write
down formulas for b, (p) and G(z,y) in these coordinates.

Hint: Recall that
cosh™(z) = log (m + Va2 — 1)
when x > 1. Hence if x,, — 0o, then

cosh™*(x,,) — log(2x,) — 0.
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Problem 34. Show: If 2,y € H?, then
@9 _ |zl
(@,0) |l
Problem 35. Prove part (1) of Theorem [20.1]

Problem 36. Show that
|Z Awyp A= Awgl|
12| flwr A=+ Awql]

G(z,y) = —log

where V, = (w1,...,wq) (notice that the right hand side only depends on z and y).

Hint: Let
|Z Awp A Awgl|

12wy A -+ Awall

f(xay> = —log

Show that f and G are both invariant under the action of

{(g (D :UeO(d)}.

Then verify the identity in the special case when y = [e1 + eg41].
Problem 37. Prove part (2) of Theorem [20.1]

In the next problem, identify H? with the unit ball in R? via the map [z,1] €
H? 2 € R and let ||-||z denote the standard norm on R%.

Problem 38. For g € Isom(H?) and R > 0, let
Or(g) == g{ly € 9H" : [ly — g (0)[| > 1/R}.

Compare these new Shadows to the original ones:

(1) For any R > 0, there exists R’ > 0 such that O(0,¢(0)) C Or/(g).
(2) For any R > 0, there exists R’ > 0 such that Or(g) C Or/(0, g(0)).

Bonus Topic: Entropy Rigidity for Hitchin Representations
21. PROPERTIES OF SHADOWS

Fix a Py-transverse group I' < SL(d,R) and, as in Section fix a distance dg

—0 . . .
on I that generates this topology. Also, as in that section, for v € I" and R > 0,
let

Or(v) :=~{x € Ag(T) : dp(y*,x) > 1/R}.
Lemma 21.1. If {y,} C T are distinct, then
Jim_diam(Or(7,)) = 0,
where the diameter is with respect to dg.
Proof. See Problem O
Lemma 21.2. For any R > 0 there exists R’ > 0 such that:
(1) Ifyv2 €T, lka(y)ll < llko(v2)ll; and Or(11) N Or(y2) # 0, then
Or(72) € Or(m)-
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(2) For any I C T there exists J C I such that: the shadows {Ogr(y) : v € J}
are disjoint and

U or( c | ort.

yel yeJ

Proof. Part (1) is surprisingly difficult, for a proof in a more general setting see [BCZZ24],
Proposition 5.1]. Part (2) is an exercise (assuming part (1)), see Problem O

Recall that = € Ag(T") is a conical limit point if there exist {7, } C I and distinct
a,b € Ag(T) such that v, — a and v,y — b for all y € Ap(T") \ {z}. Let AG>*(T")
denote the set of conical limit points.

Then for R > 0, let Ag;(I") denote the subset of conical limit points z € Ag**(I")
where there exist {v,} C T and a,b € Ay(T") such that v,2 — a, v,y — b for all
y € Ap(T) ~ {z} and

dg(a,b) > 1/R.

Lemma 21.3.
(1) AGPR(T') is -invariant.
(2) AG(T) = UrsoAgR(T).
(3) If z € AGR(T) and R < R, then there exist {,} C I' distinct such that

x € ﬂ Or/(vn)-
n>1
(4) If ¢ € Ap(T') and there exist {y,} CT' distinct such that
HARS m OR(fY’I’L>7
n>1
then x € AG°R(D).
Proof. See Problem [A1] O

Proposition 21.4. Suppose ¢ € a}, §%(T") < 400, and
3O o,
~yerl

If p is a ¢-Patterson—Sullivan measure of dimension §(I') for T supported on Ag(T),
then

n(AgR(T)) =1
for R > 0 sufficiently large.

Proof. Using the ergodic dichotomy, one can show that I" acts ergodically on (Fg, 1)
(see the proof of Corollary [10.3]). The ergodic dichotomy also implies that

p(Ag™ (1)) =1
By Lemma |21.3
AFm(ID) = (J AFR (@)
n=1

and so there exists some n with p(A§9)(I)) > 0. Then AgS}(T') has positive measure
and is I-invariant (by Lemma . Hence by ergodicity,

H(AGR(D)) = 1. O

O,n
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22. STRICT CONVEXITY OF CRITICAL EXPONENTS

As an application of the Ergodic Dichotomy, it is possible to show that the
critical exponent has a strict convexity property. In what follows, for g € SL(d, R),
let

Ag) = diag(log Ai(g), - - -, 1og Aa(9))
where A1(g) > -+ > Ai(g) are the absolute values of the eigenvalues of g.
]

Theorem 22.1. [CZZ24] Assume T' < SL(d,R) is non-elementary Pgy-transverse.
Suppose ¢1,¢2 € a and 6%*(T) = 1 = §?2(T). If ¢ := A1 + (1 — N2 for some
A€ (0,1), then

5*(T) < 1.

Moreover, if §*(I') = 1 and > er e M) = 400, then
P1(A(7) = ¢2(A(7))
forally €T.

When T is Zariski dense, a result of Benoist [Ben04] implies that the set {A(7) :
v € T'} spans a (in the vector space sense). Further, when T' is relatively Anosov,
the Poincaré series diverges at its critical exponent (see Theorem[19.3). So we have
the following corollary.

Corollary 22.2. AssumeI' < SL(d,R) is a Zariski dense non-elementary relatively
Po-Anosov. If ¢1,¢2 € aj are distinct and 6% (T') = 1 = §%2(T"), then

sro1+(1-N) g2 () <1
for all X € (0,1).
Now we start the proof of Theorem Applying Hélder’s inequality with

pz%andq:ﬁ,wehave
Z e—s¢ro(7) — Z e~ SAP1r0 (7)) —s(1=A)d2re(7)
yel el
A 1-X
< Z e sP1r0(7) Z e 5P2r0(7)
yel yel

Hence
6%(I") < max{d® (I"),5%2(I")} = 1.
The “moreover” part is substantially more difficult. For the rest of the section
suppose that
§*(I)=1 and Ze*‘z’("(r)) = +o0.
el

Let [, i, fi1, jt1, fiz, ft2 be 1-dimensional Patterson—Sullivan measures for ¢, ¢, @1, ¢1, da, o
supported on Ag(T'), respectively. The key ideas in the proof are

(1) Use the Shadow Lemma to show that the measures

pp and  pn ® fin + p2 ® fiz

are non-singular.
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(2) Use ergodicity to show that after possibly relabelling

6¢G9M®ﬁ — C€¢1G6,LL1 ®,E1

on ]-'((,2) for some ¢ > 0.
(3) Use the Shadow Lemma again to show that

sup |px(y) — p16(0)] < +oo.
~yel’

(4) Use the fact that A(y) = lim,, . L#(y™) to the finish the proof.

n

Step 1. By Proposition there exists Ry > 1 such that
(4) 1(AG R, (1) = p(AGR, () = 1.
Fix R > Ry such that the Shadow Lemma holds for any number at least R.
Lemma 22.3. There exists C > 0 such that
p@ i< Cpr @ fiy + p2 ® fiz).

Proof. Tt suffices to consider a measurable set of the form A; x Ay C F, 3. Fixnp > 0.
By outer regularity, we can find an open neighborhood of the form U; x Us where
(11 @ fin + pg @ fiz)(Ur x Uz) <+ (1 ® fin + p2 @ fiz) (A1 x Az).

Let
I :={yeTl:0gr(y) CU}.
Then by Lemma and Lemma part (3),
Ap x Aa N AR, (T) C U Or(71) X Ogr(72)-
(11:72) €L X I2
Let R’ > R and J; C I; satisfy part (2) of Lemma Then by Equation and

the Shadow Lemma,

p @ (A x Ag) = p @ fi(Ar x Ay VA (1)) < > wOr(1)AOr (12))
(71,72) X J1 X J2

< Z e—¢f€e(’¥1)e—f5'€9(’>’2)
(v1,72)€J1 % J2

— Z e~ 0150 (11) o= (1=N)d2ro (1) o= Ab1ko (V2) o= (1= N)p2rio (72)
(71,72)€J1 X T2

S Y m(OrM)) u2(Or(1)) 1 (Or(12)) B2(Or(12)
(71,72)€J1 X J2

Then by the weighted Arithmetic Mean-Geometric Mean Inequality,
p@ AL x A) S Y p(Or(n)E(Or(12)) + n2(Or(11))i2(Or(12))

(v1,72)€J1 X J2

= Y (@ +p2® i) (Or(n) x Or(12))
(71,72)€J1 X J2

< (1 @ i+ p2 @ fi2)(Ur X Us) < m+ (1 @ iy + p2 @ fiz) (A X Ag).

Since n > 0 was arbitrary, the proof is complete. O
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The above Lemma implies that v := % @ ji| -2 is non-singular to at least
0
one of v == e® % ® i1 z2) or vg = e®2%0 11y ® fi2| 7. By relabelling, we can
0 0
suppose that v and v; are non-singular.

Step 2. Since p(Ag*(I')) = 1, we must have p;(A§g°*(I')) > 0. Then, by the
ergodic dichotomy, the I" action on v and v, are both ergodic.

Lemma 22.4. v = cvy for some ¢ > 0.

Proof. We first show that v < v;. If not, there exists a measurable set A C F ((,2)
with v(A) # 0 and v4(A) = 0. Then, since vy is I'-invariant and I" is countable, we
have v1(I"- A) = 0. Also, by ergodicity, any I'-invariant set has either full or zero
v-measure. Hence I' - A has full measure. Thus v and v; are singular, which is a
contradiction.

Now v = fuv, for a unique f € L'(v;). By I-invariance, if v € T, then

v="=7(fr)=foy = foy i

So by uniqueness, f is I'-invariant. Hence, by ergodicity, f is constant almost
everywhere. Hence v = cr; for some ¢ > 0.
O

Step 3.
Lemma 22.5. sup, cr|prg(7) — ¢p1re(7)| < +oo.

Proof. Suppose not. Then there exists a sequence of distinct elements {v,} C T
such that

|prg(Yn) — P10 (n)| > 1.
Fix R > 0 large enough to satisfy the Shadow Lemma. By Lemma [21.1]

So, after passing to a subsequence, we can fix y € Ag(T") and an open neighborhood
U of y such that

UNUn>1 Or(n) = 0.
Since G : F, éQ) — ag is continuous, then there exists C' > 1 such that
e?Colmy) h1Go(ey) ¢ (01 (]
when (z,y) € Up>1 Or(n) x U.

One can show that I' - U D Ap(I') and hence we must have a(U) > 0 and
f1(U) > 0. Now by the Shadow Lemma,

e~ m) = (OR () A(U) < v(Or(vn) x U)

and

e~ @150 () < 1 (O (Y )L (U) < v1(Og () x U).

Then since v = cry, we see that

|pro(Yn) — d160(1n)

is bounded, which is a contradiction. [l
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Step 4: Finishing the proof. Now we use the following general fact.
Theorem 22.6. If g € SL(d,R), then

I
nh_}rrgo En(g ) = A(n).

Proof. Check! (]

Now using Lemma [22.5 we have

(A7) = d1(A(7))
for all v € T. Since ¢ = Ap1 + (1 — A)¢2, this implies that

P(A(Y)) = d1(A(7))
for all v € T.

23. ENTROPY RIGIDITY FOR HITCHIN REPRESENTATIONS

For notational convenience we identify

d
a= (al,...,ad)ERd:Zaj:O

Let .
1 d+1-25
Gai= 5(@d—1,d=3,....3-d,1-d) ;U]ej.
We consider the symmetric space
X4 := PSL(d, R)/PSO(d)

with base point 0o = [PSO(d)] and distance

d

dx,(go, ho) = |_, i H h)HIE |q H z_:loga7

Example 23.1. When d = 2, we have #, = (1/2,1/2) and o2(g) = o1(g) " for all
g € PSL(2,R). Hence ||vs||p = 27/2 and
dx, (9o, ho) = V2y/[log 71 (g~ h)]2 + [log 71 (g~ 11) |2
=2logoyi (g 'h).

Further, one can show that

a b ai+b
<C d)'Ochere{ZEC Im(z) > 0}

induces an isometry between X, and the hyperbolic plane.

Given a subgroup I' < PSL(d, R), the symmetric space critical exponent is
1
dx,(T) :=limsup = log#{y € ' : dx,(y0,0) < R}.
R—o00 R

As before let &4 : PSL(2,R) — PSL(d,R) denote the standard irreducible repre-
sentation (see Section .
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Theorem 23.2 (Potrie-Sambarino [PS17]). If p : T' — PSL(d,R) is Hitchin, then

ox,(p(I)) <1
with equality if and only if p(T') can be conjugated into ®4(PSL4(R)).

Consider the function ¢ = W (Ug,-) € a*, where (-,-) denotes the standard
E

inner product on R?. Then

B(5(9)) = —— (@, 5(9)) < = [5(9)llg = dx, (90, 0).
A1 ||
Hence
(5) Sx,(T) < 6°(T).

Thus Theorem reduces to the following.

Theorem 23.3. Suppose p: I' — PSL(d,R) is Hitchin.
(1) §%(p(T")) < 1 with equality if and only if p(T') can be conjugated into
D4 (PSL4(R)).
(2) 6x,(p(I)) =1 if and only if §%(I') = 1.

Suppose that p: I' — PSL(d, R) is Hitchin.

23.1. Proof of Theorem m part (1). We start by expressing ¢ in terms of
the basis ag,...,aq_1.

Proposition 23.4.

d—1
=

1 . d—1
2||Vallg j=1
Moreover, the sum of the coefficients relative to the basis o, ...,aq_1 is 1.
Proof. Check! O

Each representation AZp : I' — PSL(d,R) is hyperconvex (see Example and
hence by Theorem we have
1= 4§ (N p(I)) = 5% (p(T))

forall j=1,...,d—1.

Since ¢ = Y ¢ja; where Z?Zl ¢j=1land¢,...,c4—1 > 0, Theorem implies
that

5(p(I) < 1
with equality if and only if

a;j(A(g)) = ai(A(g))

for all 4,5 and g € p(T).
Now we use two theorems.

Theorem 23.5 (Sambarino [Sam24] Theorem A]). The Zariski closure of p(T') is
conjugate to either ®4(PSL(2,R)), PSL(d,R), PSp(2n,R) when d = 2n, PSO(n,n—
1) when d =2n—1, or Gy whenn =T1.
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Theorem 23.6 (Benoist [Ben97]). Suppose G < PSL(d,R) is a subgroup with
Zariski closure G- If there exist a function ¢ € a* such that

t(A(g)) =0
for all g € G, then

t(A(g)) =0
forall g € o™

By Benoist’s theorem and the discussion above, we see that 6?(p(I')) = 1 if and
only if
a;(Ag)) = ai(Mg))

——Zar
for all ¢,7 and g € p(I") ™. Tor each group in Sambarino’s theorem not equal to
®,4(PSL(2,R)) one can explicitly construct an element g in the group and i, j such
that

a;(A(9)) # @i(A(9))-
So we see that d%(p(T")) = 1 if and only if p(l“)zar is conjugate to ®4(PSL(2,R)).
23.2. Proof of Theorem part (2). Since

dx,(p(T)) < 62(p(T))
(see Equation (5)), we see that dx,(p(I')) = 1 implies that §¢(p(I)) = 1.
Suppose that §%(p(I')) = 1. Then by part (1), there exists h € PSL(d, R) such
that
hp(T)h™! < ®4(PSL(2,R)).
Since
’dxd(hgh_lo7 0) — dXd(go,o)’ < 2dx, (o, ho)
we have 6x, (p(T)) = dx, (hp(T')h~1). Thus we can assume that p(T') < ®4(PSL(2,R)).

Lemma 23.7. There exists C1 = C1(d) > 1 such that

1 _ .
aal(g)d“*% < 0j(Pa(g)) < Cron(g)*H %
for all g € PSL(2,R).
Proof. Check! O
Then
d
I5(@a(g)) — 21og o1(9)Tulls = 4| D _[loga;(Ra(g)) — log a1 (g)*+1-2]?
Jj=1

< ||(log Cy,...,1og Cy) ||z = Vdlog Cy.

Thus k(®4(g)) is essentially in same the direction as ;. So there exist a constant
B > 0 such that

(5(®a(9)) = ——5 ((Balg)). ) >

> —
1l 1l

for all g € PSL(2,R). Finally, this implies that
1=6%(p(I)) < éx,(p(I)).

(@a(9) |Vallg—B = dx,(®a(g)o, 0) B
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24. PROBLEMS

Problem 39. Prove Lemma 21.1]

Hint: use Proposition [1.7)
Problem 40. Prove Lemma [21.2] part (2).
Problem 41. Prove Lemma 213
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