
 

Math 752
gy

Let be a chain complex indexedby

2 of abelian GPS

I d de 8 1 I
Cut Cu G 2

6
gp of a

n chains

Being d ox means 9 I o

Homology of E is

Huce her dying
Utc

kudu Eu gp f n cycles

Im dat Bu gp of boundaries



Cohomologyoff
let 6 be an abelian gp
go of coefficients

We dualize E by Hom ing
E into

G

Replace chain gps Ca w co charges

Cat Ham Cn G homomorphisms
Ca 26

and replace d with their dual maps.d

a It
What's 8 coboundary operator r

peat Hank G

indimension

do pod
S Cc Cdc



Complex et is sell charh complex

since 88 fooled o
w r

O

si

A An 2A
tifa

Exact kerk Immagelfat

homology of Cle is 0

in all d heaven

Bit Dual complex given coeds6

is still ch CX but not cree

exact So Cohomology Ice
can be neat.ua

jG cohmgyfEw
coefficients in G

4

Hulet



Huce 6 herd Imdin

cocycles Yboudaries

That'scohomology

leting E be chain ex of singular
chains on a space I gives

us singular cohomology HYE G

letting e be chain ex cellular
chains on a cell ex I gives

us cellular cohomology HYE G

T.ie
xadtahehadeg



What's relationship between H and Ha

Naive guess is that

HYGDENIADDLRIGUT

But that's too good to be true

Tafydesadou du.es

tar see

I cocycle E dd Io

pod o

I vanishes on boundaries

dcoboundry so 4 84 pod

In this case of Isles aces

If Z cycle z DX z

Y.dz p z

W Co o



If the homology groups are free Rea

of cobounday iff of vanishes on cycles

u
G of vanishes as

cycles herd

Idf d descends
to a map

G G
F C Zn 26Y 117

natator is free Re
Cn s I Zn c Br z Zu i Bu toZn la

So we can Rea project
C e I Ba ie Zn By to Bu z onto Bu i C IZ

iiiiiiiiiii.int
Epl L o 72521 32152170

E a co

H e 21 0 2

Hale 0 berlin

H e 21 221 torsion malin 1

Hole 2 0 2



let 6 21 tale deal ch ex et

o ZE ZE ZE Ze o

Ham 21,21

Jd

S c p Coo
2

of za

ZI

tea
H Ce z 211221 tdEE
H'Le z o

4 Ceja 21



I J

Cohomology gps are the same

except the torsion has moved

up a dimension

turnsotthargz
and if the Cn are Inntely gen

free abelian gps H will be

Banerphr to Un except each area

subgp is moved up a dimension

Then is

HE z I Hate tarsia Hale otorsiong

E
Chain complex Ig free abelian gps
can be decomposed as a direct

Cateach term



sum at finitely may chaxs of

O Z 20the form

242170
oxexe2.2445T

N.GE

Cat Ca G G a
112 112 112

o 2

o o o

g Z o

E e E

o a Z o

A

o 4 5 Z o



0 T z 4 Z o

E o

2 720237

t



So H isn't really Redualafth
when 6 21 but almost was

Description
was straightforward

But for arbitrary 6 little we

t
on HE 6 HamCHaces o

u

orIII Tania

free abele gps

the F natural tinge
h HCE 6 Horace G



let Zin herd CC

But lady cg

sales
boundaries

A class in H Ej 6 kerdland

is represented by 9 6

that vanishes on Bu

Ghat'swhat it means to be a coyote

Restrict to Eu

do ally Z G

But do vanishes on Bu

so it induces a map on Zuk

E I Ba 6
Hale



E Hom Hale 6

bl's to

e

by an element of land

So It suffices to show that if

I is in Imd Ren

of 0 this guarantees that

did reps
I have some image

de Ind

I vanishes on Gf go.e.az
on Eu

9 9 z



Ezo
So lice o

So be well defined

Nexttime h HE 6 Homeless

This map has a seniti
s Ham Hale 6 HE 6

hos an Hour

o 7 HYE 6 2 Homances
F

D

Tutallyhaesexacesend
section wears it Ets



 

Cohomology Chain ex

tree abelrangfse

aboutGe
2

ai a Ec 3 m

11

Honda G

Hence G tacet
herd Ind
w w

Cocydes co boundaries

vanish these vanish
c

on cycles
S

Cbut not ill



Constructed a map a homomorphism

h H e HomCHace 6

We want to analyze the kernel

Recall construction of h

H e Ren pole representative

q Cn G coade

restrict to Zucco to get

do Z G

and then pass to quotient

of Zin By 26 which is
a allowed since

III Eko



Claim h surjective

PI assuming
E ch ex dfreabelags

There is a short exact sequence

0 22 Cn Bu e
o

This is split since Bu is free abelian

cuz it's sub of a free

abelian op

oh
o Zu Cu Bu o

e
s dob

Ba

s defined by just sending
each generator to any of its

rigged'd



S is very unique
so we can Rite of

C as I Zuo Bu

I A B C 21

ÉEtÉcw

I abelian seedy

GE Zuo Bu Itza
So Dee's a projection

p G Zin
se Plz En

te
again p not unique



Now to show surjectivity of

h HE D Hattie G

we build a section of h

Construct a map

S Hamline 6 H EG
sit has Hom

s ayg.eaanele aftomh.ee G

It's represented by some home

do G

I can extend it to home

q Cn G
117 o f do
ZaBu Zu

of Poop



That's true of
any lot HamCZn G

14 do B
o then so does

since Cottam Zula 6 we here

out

If I vanishes on Bu Ren

de herd

of represents a cocycle

So we get amp

Ham Chace 6 Etihad
send

n Labounduresto 0

If

Stice 6

HomCHale G Amstutzand den Passes
to quotient
ZulBu



he undoes our extension

Zula 26

do zu

he represents

6

I extend

q Cu G

I neson

Sandy

9 Za G
I

Z
c

f ZulB 76

we lose info tic

www es

C I not Buy this decomposition is



E Etsouncer

o heh 7 H e 6 HomCHle 6 a

What is the mystery kernel

t

i

I Id et
o Zu Cat Bu a

to to to
o Za Cn Buy o

Id td

ww

ofChex
Ch Cx



So ohs is a SES of ch exs

Rows are split

Fact If o A B Ceo

13 a split short exact see

of abelian gas

de o At Btec a

Tainted ab

is also a SES

Splitness is important
In general if A BC o

is exact Ren it's alway
one that Ate Ceo

But

A BECK

Doesn't need be exact

do



consider quotient SES
EX

a 22 3 Z 2112270

6 6 2
icing

dual sequence is Ham 211221,2

o ZIZI o

i _sa
we get SES of chain exs

T T T
of Zak Cute I Buteo

To Toy to
zit cat But to

t t T

Any SES of chain complexes

gives you a long exact sequence in
homology

d



d
Bt ztEce É i

d's

t
Hom
of
ch ox

at lettlight
B goner
by terms

p

The boundary map d Zt But

is aborted by pull a d c Zuk
back to Cat apply d and

pull back to Bat

Polly
do back to Ct extends

do to q C G

Re second step recomposes w

d n dad
last step undoes that composite



and resorts to Bu

The total effect of 8h3 is

just restrict to Be

So d Zak Bat is

just restrtron to Bu
that's d alot of inclusion

in B Zn

T.ru agex

sequence to get
h

other in tile 6 Cake into

Caler A B

I Blanca



t

her out anas on Zu that
vanish on Bu 3
Zulte 263

Ham Hale 6

and jk L

So this funny sequence i3 of

sequence and huh

Coker int

E
o 2 7 HE G Hamas

only
depends
a Ha
a do



what is cake int
SES used

what is in of HomologyI

Bu Z Hance o
I

Wife Ha e as a quotient of

fr abelian Zn
with level Ba i

This is example of freenesoluti
If H abelian go Ren Ree is

always a freeresolutian ft
an exact sequence

E F IF H o

where Fi are free for all i



Given a free resolution Te of H

we can dualize by homing inte 6

to get

Effete tht o

Got nee exact it is a cham ox

So H CT 6 WAIT fat

In our case

o Ba É Zn Ha e so

I
o Bat É Z Hale

Fit It
É

H'CH G I coherent



bae a If I al Te ere hee
resolver s of H and H Ren

every home o H H induces
ch mp

E Fo TH o

to too to
F E TH o

and any two such Chain maps
are chain hamate I

b A toe resolutions I and I fH

I canon cal Bos

HCT 6 EH T 6

EXICH 6

É



In our case heh coherent

Ext Hall

The Universal cadent Theorem for

Cohomology
inoc

Fsplrts.e.s d
o Ext Hale 6 74 E 6 I Hom Hale G

FACTeasy to check

D Ext HoH G TECH 6 ExEGD
tale directs um of resolvers

2 Ext Ch G o if H free

or H 2 H o

is resolute

3 6 22112 G I GluG



ExtCB C

A B equivalenceclasses
of extensions of

by C

4E
A B

4

foe

I 44 G B I

order
min

Gins

GEA



 

LASTTIMI

11ge
iie ttifarcahanot

EiIgg
distances a o

Free resolution of

Ha ice

FFF th ice o

Hom into G

get

F Fat Hu E te o

there
ExtCt_ Ce

to compute Ext use following properties



1 ExtCHOH G I ExtCH G Ext HSG

Rt Take direct sum of Re
resolutions

E H to

o o

F H'to

2 Ext H G o if H free

R o so H H o

is a free resolute th

Dual ax is

a Hk H o

it is

3 Ext 211m21 6 I GlaG

Dualize f r

2 52 7211270
F



get

at Extenz 6 Ham21,6 E Hom 461 Hom 2 2,6

TT 112 112

GLEE G E G

000 1 aan

Ext
2141m

age penus Zt

at ft

GI If Hal and Ha ice are f g

with thetorean subsp of the denoted

Tu Ren

H'Ceja I Hate a Tu e

GI If I Face Re

H I Z H CECE Z



has no torsion since Ho CI Z

is free I

UCT is natural in that

if a E E is a chin up

Ren induces a up between

the short exact sequences

Care If a ch map
induces Bourphaus

on homology Then it induces

isomorphisms an cohomology

Weilheim
natural in a sense

And in cohomology There is a natural

multiplications t
if

He 6 q
Hice 6

then this object is a graded ring



Geometricintuition let I be a pace

Cohomology of XI will mean cham

of ECI sang
L d ex

or cell ch Cx

or simplicial oh ox

or Cw ch CX

HCI Z Hom CH.CI Z

Hole I Z
Copts

HOLE 2 IT Z
opts

HYED.FI

ag

so HOLE IZ

Since Ho has no torsion



H'CI Z I Hom H.CI D Z

supress coeds from now on

Consider Ham CH.CI Z

H.CI is t.CI Dab

Every homomorphism it I 221

factors through H CI meany

that if 9 it CI 1 Z

Rene's a commutative diagram

IT CIA IZ

quotient
E I f for some 4

It E HEY H CI



What
Ip Z

Z Transat Ex 3 common

in it LID Ren play deary
in 2

Since the commuter subp it I T.CI
dies under d we get an induced

mp E ICENI 378
Its

Hom it 1,2 g p

if 4 H.CI Z

_É



So HCI HamletCE Z

AssumetBIx
By collapsing a maximal tree in CD

i skeleton we can assume that

I'd this changes I

but not the homotopy type E

Claim Every homomorphism it s z

is realized by a map I S

dreaming that identifying Z with

it STA and given dit a 221

I cant up
f s D

St I IT CID it Sa 8

is equal to 4 4 4

nel



Rf Define f inductively on sheleta

Step one

4 CIG sie
IG

CA A

on IM what do we do

Cell by cell

let e be a t cell

HCI is generated by Re

imaged it 4,1 in it CI

we Re map is t.CI It a

induced by inclusion is surjective

De
eisatop Csna

Eat



lookgiven by Re l cells generate

IT CI because Rey generate

IT LEO CID VS's

8D
So e represents some ele Ced

ICI
Given our it CIA 72 7,65 3
we want tf to the Le to Ce

96637 21

Define an e by sending

e sits by any degree

q Ee map

De
ieece 3



Do that for every
e in Ia

So now we have a map

4 YD s D

2sheleton

let o be a 2 cell I

Or is a loop in 9

Notre Since do bounds

a 2 cell in I

r A is a nullhometers loop in a

DA
TAHOE

s D of



D
8D o 4s

So do IET LI

Since I is a homomorphism

90 7 1 e HLS Z CEE

flo Or sie

is null hometopic

do product of edge loops



So sua flo do s

13 null hometer

we can extend fld to

a p Cr Cst

Ftp solve It if I exoensa to

a ball

n

EE pig

s.tt

Do that for all 2 cells

Centre for higher shelter in
same

away have CS D
If t 3 cell do Sl is nullhere

52 S



52 2 Sl lifts to unite cover

52 7112 5 So it's nullhope

So we can extend do 251
to t s

get f I St

and so enter all higher shelete

mp an entire space

r.EC Ls D

and it's art since its cont

on all shelete

topology on cell ox is weak top

why is 4 0
let we at CI

write w as e ez r en

Eaten fedgelers



ie i cells In IG

W Ce en Le en

4 Cw fade e 3 Ice file fee

Ice s des day
by constrathy

ofLei en

he mom

of Cw
Have I
HCE 2 E Hom CHCa 2

E Hom G CE s Z

E LCE Cs D

Eas
of mps
CE Cs D



All of this works for

H'CE G if I a space

HCG D at It CKC D IG

and Re universal and

KCG D is
contractible

Hamlet.CI G
CI D Kcal

hey classes ope



NEFF

Hale tu o tu

Hom CE 2 Tn 2

TE
E É ZA E II Z

Ext Ha i
2

Ext It 2 a Tu i
Z

Ext E Z 2 A EXIT i 2
he



o o Extant Z

Ta 1 821.2
6 1

Extra Z ExtCEWez 2

É Exton d

Wnek



 

last time a

H I D HamCHILI Z

Hamlin CI Z

LED 567

I CI

IT CIO F free

T.CIGD H.CI Z

We built up CID Sia
inductively by sending edge loops at

I Cass ay Ia YS
to where they should go

according to

Caromed baldy up on higher
skeleton using that hem



and that un.li cover 451

is contractible

Only dogs we used here

Hamlet I 2 Hamlet I 2

just uses Zabel

Hom CH I G Ho lit I 6

when G abet

and IT S 3

and I s

If G abetan

If KCG D 13 a space with it G

a d KCG D t

e the argument works

So modulo ex Stena UCG D

we hone H'CI G KID CKLGD.rs



r Theses
of CE Ck b

UCG 1 always exists

d

Eilenberg MacLane space

We'll see later Carey at the end

that Y G abelian and ne IN

I space KCG u s.t

HCE 6 LCE Ga

u ia.im
map on IG a 2

s
Ss

realizes I CB3xs itCs's

could do BTS Is xs



0133 6 s xd

if you have something like this at some

stage you can't extend

OBVS É sus
Fe

has no extension
to 133 5

dB 5 5

not null hope

IR

s

57s
null hope

Tesla



92

ÉTQ
46,760,47

of it z defied by
Pca 1 916 Caz

d bz Z generatoroff
a b Car b 121621 z

Id IExoedt ziliezE
Bedale

ft fetraction
onto de Leep representing

b

forsnese to C
a

Derivative is just projects



1123 vernal axis in 1123

pray onto a circle

t
representing a cohomology
class Dual to it is

d and Cissie.ir jsf ca

ÉE ice connected

Also means that it is

a nontrivial l dime
g

homology class

Every 1 dime homology class

1h a surface is represented

by a l dime subatld



If I submanifold is connected

it is I o in H

if men separating

www
Thomdogy

on the other hand if you give me
a nonserony DCI

I maps s

St g x 8

I
I schematic

g



so there's a kind of duality here

between H E and H.CI
The homomorphism

of representing

a class in H can be thought

of as the intersection w J

B Ca d b Caz

b 3

É Exercise 445 27



É

I realize 2 cheh as

É ÉÉ

Thy Then If Maitld
then very

n dine homtogy

class is rpresented by a up

Nn M

t 7
I



by a map K Iiii

sÉÉ i amp

and as a single cycle
a S I null homologous

Ren F a sta E a 8281

St O S 2 I extends

to a map I I

Hint Build E directly Roma

2 chain C set OC

F actkam3
mdtepolegy.wsasmoothembeddy
Show 7 an embedded surface I



in S3 set I Images

doe

What if I were the a

3 Ald instead of stce

M be a 3 uld

f M3 7 S Saeed

assume transverse to c e S
Tay

7 Targeted
is i

d kernel has
dimension Z

Pullback f ca is a Zmanifeld
I



5 5 E S realises
4 2721

Kee Se te

z old dual tef
subsurface 8 f ka

plz measures

intersection of a cave

with surface 8

f represents an elf of

H.CI
cuz it's a non

separating
surface

and like bday given a nonseparatry
surface embedded on m3

get a map from M s



00
0

anti a weld nd is

a retract of the manifold

ragga

elements of H m3 grene

elements of HIM

If M is an n mtd

elements of H'Cm

eles of Halm



orientable self I'm holy

This will actually give an Bourpham

H'Cm Ha Cmn
I

Canty
This is a special case

very
important

dearer

qq.mn
Eie

one

compact orientable n unfold Rey

Doe as a natural Bomerphism

HIM E Ha Cmn

TI



BEX B EIB
In

Nettie Some tidying up
Go through a bunch of stuff from

Horology
how it shows

upinahadgy.tof.ae

to



OF

o

s'xp
Six

f

s XI



I



 

Cohomology to

Grad Cell ox of dimension 1 T

ti

CellularCamplaral ch complex

a C Co o

Dualize

o C Cot o

HCT held Cat C K

If de Cat what does d to mean

Jack pedab o

o i ex do do v

Evo v v L v
ro

Is 4
pcos o

É o v.v r

u
r Crow PCG day o



If I

0

So off o means that

value of of doesn't change
across a L SX I

r

na o

l ll
l

0 Cycles are Re 0 cochamsdsuch that

when resonated to o cells in

a path component
of T

q B constant

HEP E locally constant functions I

functions from The set of

copies of T to G



If I space To I path components
of I

HER 6 To 6 I Edison

176
ITOI

Hajong

City mad
metre de cabonderies

If deck when is there a x

se dy p Q is

Is dtakin realizedYod
as the ditherer
between the

4 0 cocharh values fame
a cochan Y
across i cells



ee

cavil
Does

dosai
p duo v

uh yard

on each cell sure

Let's assume T 13 connected

By Zorn's lemma I maxime

tree TCM

So T A and P T Winter

É

É Differences
z are

5 wrong
across blue
edges



I cochin I chase in nontrivial colonel

class I dy

On maximal tree you can always

build 4 Et 94 844
Start at basepomtit
defile ya angry O say

FpadgÉ Sole

not ambiguous cuz I edge path
in T between any

two verses

But on edges outside T

Re value on edge may not equal

dike



you

C 26
Given d can build a p s t

on bree 84 9
but Ren 7 I sit I 84

0

So result is that

H'CT 6 MG
tell

Where

Re set of

edges outside

Weineshanaff
if de Ct Re One is

a cloudy I that agrees with

d on edges of mox tree

T So g t H is reseal



by 9 I
in

13 o on all edges in tree

and so of always
represented by

Cachan supported an M T

stint
titi
CBT

I p typ
I Ts



Goupadmens.in let I beaste

let G 211221 supress in notation

cat Gk Cotto

H'CI H'CE 2122

What does it mean to be a coach

of E C
t den cocycle

if 89 0

dad
consider a Z cell t Evo re V

Mjf

4.53 Gorgan
T
EGIL E Yi

to Eo



Ipa Cdo o

o dwn fo vegan
cycle card

II
c e I is Eddie

mm

iii
odes

I

In all cases Re addanby is exactly

the condition that exactly 0 an 2



values of d on da are 1

Lim ant that 6 21 22

ETEIY ai d.me subtle

É

only ever Z 2 cells
7

get 1 odd



I cocycle gives you a t mfldin

I aka logos coaches

homologous cures

What if p dy

Sa y o c chain and valued d

across edge is difference de

values of Y

Clay I mfldbassecrated to is separating

cuts the surface into two

pieces on one piece 4 1

on de oder 4 0

tf 8 hits edges

604.7140
where
does 4 Lap oedges

each the we cross I
valve on wares

8 Changes



i

go suppose 8hr Leep

curse only intersectsunless
I nit g f oh a shat

t I single point
l

so conclude 8 separating

Insisted

de dual come

give by I 25

t
that induces



no a
tale will hope up

pullback neg value
will be

separately

81



What if we're true

Let 6 2

V2

arent

tea

3No

quiz ofEar Cy ve
CO CYCLE

Build a dual cone



also could pack orientation on D 2

E

to orientation
compatibility of

Value of d on edge is

den intersection of 8 with
oriented

that edge 46 id o



OIE

of den 8 separating
O

_cpgcomponent corresponds
to

_i i
we will use this interpretation

to build a cochin representing

a
a representative

É Ét

I



fattiness a p on a surface

define ice p as follows

hope d p so that every intersection

point is transverse

t A

to compute ice B

A

At an intersection point Il contributed

to Egp accords to right hand

rule



local intersection IGP
at intersection ft x is Il

depending on patine

Egp Ii.co p

XeonB



 

Cohomology of Spaces and carrying over

sorktrnt dg
gab.gp.IT

pace Cale singular n chains

CE 6 Ham GCE 6 Gat

out vogue sruti

Singular City siplex 13 cant map

t O I

If PECCI D Re

deco pdo
E Girl it vnto

Tfithux



asiecrk ir.is

Iq defined on Ca G ext nearly

Reduced Cohomology

Feel singular chair ox E 3

ECCE 84 GCE GG 52 20

E augmentation map

sends death to sun its coeds
K

i e.ec Fcioi Ea
E i

ro I



Reduced cohomology is horology af

Et So we hav E into G

and take ha logy

FYI 6 HYE G Menu o

UCT tells us that

FOCI 6 Ham CECE 6

ICE 6 is Re get
functions I 76 constant on

path components i e

Hom CHI G

Ifb see Roop's
to 6

Who's ICE 6



Think about augmentation If Tsx

ECO 1

Et Hom 21,6 HomCoo G

If GHam 21,6

Ek takes of to de composition

C CE 52 86

TE
Ete take every single sing

sext

to 4G
So Etc is a constant function

on IT singular
o simplices

Et Z is set of constant functions

I G



So ICE G herding
HCE 6 last
locally cast

break s

functions
I 26

am
usually when you're cop tyche lag

using some LEE

terce
want rel gas HCI Aj G
To do that
Dualize The SES

o CA GCE CEA
I

In combos GLEICH
or O a



get fr fr tf

o A 6 G 6 HE G A 6 e

Ts Tr T

ELENA
toRemember not immediate out

Re dual sequence 13 exact

Exactness my fail at left

We only need to check exactness

at left We lack at right a litle too

far clarity

Dual mop it is dual inclusion

so it just resorts a cachan

to A

Why is it surjective



take a A 6

can extend to CI 26

u just delay Ics ont

t O I doesn't the snitch

acre
iÉ

i_a
lfyouheinkucoty.az

vanish an all siphresthitand RA

But Re homomorphisms Cale 26

Out na ish on Cuca are

in a correspondence w homomorphisms

C Cellach 76

Kock I A 6

thought of as a subset CLE



desubsettcdehs
nzlza.LU

W
É

cacaos

reborn d ECE ICICI

so it jt 1 d

The SES above is pert Asos
of Chan complexes

So 7 LES in Cohomology

HCI 6 HYE 6 HAGI H A 6

and a reduced versa



god Micaa
o cat A 6 EcÉÉoec ciliate

to to to

A 6 Ce6 GA 6 to

a a

god Io j since cocycle

So dad E C't I A i.e vanishes
on A

he resorts to relate cycles aye
cycles whose is in A

so on Z EI H od pod Haha

H A EH CE

ht o th
HomCant 6 Ham Hatice 14,6



É
RICCI GCE

O Ca for

r O I for O 5 III

Dal up

CE 6 CI G

pull back to em s

usry

f D Of 84 p d
cham map

So we get a induced up on

ft HEE G HYE G



Kate
CE A CI B up fans

Rt HYE B 6 HYE A 6

and krone
indie up between

Loss of pairs

A
Ig I 9

I I

If g gift al D



UCtHalegs
and E A CEB
Ren I a commutative diagram

o Extata CEA 6 H I A 6 Hana.CA 6 TO

TEH TA TEH
ExtCan CEB 6 THEEB 6 Ham Ha B 6 20

Tina

Reg E A E B
Treas mps pars

Ra fK g



Excision ZCACI

ECI

Ren

E I E A 7 CIA induces

isomorphisms

HCE A 6

fit
H I 2,4 256
fu

Eg H 5 Northern Hepler
112

MM film OD



we had dos for homology but

her to me more if overtochromelgy

Rt Excision for Homology

natural t of UCT

t 5 lemma

o Ext Ha A 6 H'LEA 6 HomCHIEH 6 e

To a flat fit a flip I

o Ext Ha I 9A4 6 HYE2 7 6 HomCHCE Z A Z 6 o

By excision for homology Be it ups are

Bonaphs s So Rein duels are

5 lemma tells us since wert map an led

in epi plan wet up aight

monomophsm that It is I



É

den 7 Los

H 6 HH 6 HEBD H ADB 6 HYED

4 N

cellular cohomology

complaint ale lazy
cu cohomology



Next New sat

Cup product Cohomology is any

14 G were a rig Ren

we can multiply caches pantuse
V2

If

I don't have a 2 callin

But I do have some

l cachans d 4 say

9 VEC

IecVo Vi Va

to

Icu.ua Coii.yCr.vz

Tagum ring Gguy
Cup product HEI 2 Effing

guy Iud



 

Cup Product

Assume that our ceettrient gf is

a ring
R usually a nice R

There are important stunners

where 12 i3 non commutate

Most important
example is

12 217 for some nonableton

ge r

217 formal In combos at

des f r

HTM Zoom

let I be a space w singular

Ch complex



If of c CECE R KEYES

and y c CECE D

Re uct fury of d

and y is a fete codham

whose value on

abettor ru e3 IT
is

guy G

Hola ir D 99 rated

my multiplication in 12

Give us a product pramop u



u CECI D xC4I D CHEE D
Thus ihebees a map on cohomology

by
the tallowy k en

lem_m98ceuuD

f8duytL i5qu
yyawheneuerofECkanlyc

Ch.f

let a O'etet I

a Speyer

c Diablo ir irueiD

4Ctlcvuei vueeeiD



b CDYING
no

III Cola there it green
Ek

if we add these together
the last term of a

namely

qCola va 4 true grate
and first term of b

t thug a YET Even grater
cancel
So we're left with

II 1 1 d Cola ir vee 4tkva n raee d



Ktla

I CDid Hargrove leva Emirates
E KAI

yup r do y
D

Falta
Sq o dy o

den DC up Spupttiteudy
O X t C 1 duo

O

So duty also a c cycle

Also if ester dem is

a co boundary Den cup product

is a coboundary



To see Out If 89 0 Cd cocycle
x any cockade

Scaup deux dude
004 I dude

I p dy
w
arbitrary

7 arbitrary Funday

For an cacycle of and any
cochran

have faux Id dy
arbitrary
cabouorder

so if I accede and is caboudary

du SCI depux
ox DCI dux



I

So descends to amp

HEI D HEI D THYME D
Associative and Distributive since it's

is in at Cachan
level She

12 is assoc distr.b

has an identity namely

1 CH.CI D Decade

Out takes every
a suplex

to I



Fact Canonical Los between

simple.nl and syfahomology
aspect cup product

Exam Mccadornnabbsurt
of genus

2

H m

o

H.CM IHomCHCD Z

IZatxZb xZaxZ5

gen gen.by
by 9 Pe

o tales takes
9 1 21 b 171

Ij

meadows
gens t.toto o

cf.ux T.ci I dicaz e o

s



a
icb o

Bi bi pic bz d o

Belaj e

to compute cop product we want

to represent di Bi w 1 codeine

Build cachain that's no coyote represents

dese homomorphisms

Tantdcating
green loop

Remember
b being a coc de

dddare on edges

is.IE E
urple have a geometric

interpretation of

42 9
as intersection

rep with a t uldB 2 blue loop



p

Assign values of d ready to

intersection s with blue loop

That defines d and it's a cagle

green loop defines dz

i

29 If no y vis SE corner
G

dicky p BedserblueGep

4 Car 77 13 4
orange

so for SE corner loop

guy Corina l

on eastern sx d Evan o 4 Ccu u

9 Pillar y o

4104 Cergy vis
l if Carissa
o otherwise



If C 13 2 chain that's just sum

of sas in the picture
dc So Clyde

In fact it generates Helm

d 4 c generates Z

Iyaz
So d 4 genanter of ticalD

feshadawingedayj
a.am

do Pj o if i J

di Bj Pj Uti
Inattentive



not

Gout o Bourj o

te
aredrjoints

The di Bo generate.tl so

this determines all cup

ped et
B

U not commutate

saw Tu B I put

Those
non coma can be

later

see É
always ere on H
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Cupproduct

H CE D HEI D ME D

Relate supress coeds R

HCI x HECIA HEE A

HEE A x HEE THULE A

HUI A x HEEAS I HEE A

since if I g y
miles on GCA

Ren so does p p

H CI A X HEI B HEE Avis

T.irIa
Rt H CI D HCI R

satisfies Co B Rto ftp



Rf q u f y f guy since

Ee REE

Cola uy 444hr inte

of for us ua
N orlcua irate

dux Ks HC uXKA.g

GET H'CE D Hom GE Z

L I s

So Every element of H CE 2 realizes

by f I S

IT CI IS Z H'S Z



HIS Z LS s

11

Ham it s I Cs

Hom CZ 21 generated by

é s s ie
by up f s

then of to

Homem 9 IT I 22

T.CI

Soinstort every
ele f HCE 2

is De pullback ft of fundamental

class In H's z under amp



So let of
be a class R H

then consider dug
It fto gen

H S Z
f G D
f Co since HE z o

O

So in H'CI Z p p
o

thecetes
H'CI G I I KCGu

Forde mystery space KCGn

H'CK Ga has a fundamental

class and every

den CE 6 looks the Rto



where ELI KCGn

represents d

1 ritegtof.ca R

Idea put and yup

Tito by amain
d

verses of 04th Nice peremettra

Co in ra ira

r F

product of a can t ti IE
fr post i

each fringes to

nemeses the order
of Ren Sx

So we expect a sign
change of Eac gnats



define e E Race

by eco Ent

Proof shows that e C Ca

13 a che up
char hereto

I



Company
etiquette o

ofCentre at yCEecvute na

tug r

Eutet rate ve Can al
Cute Can ta y crate Ye
Shee R commetthey

So

EaEecekupty84,1491min
Ente titled

Etp eh C 1 pkwy

f ch to I

63 43 13443 4



de ed
0pct E CDita I i ua

ear e Mera it gun

En I 1 t
Can Fa e id

En C D C ya
i

cnn.FI e

Prism gum
OPtPd_

ftp.qq.igyn.gg



Etta
For simple t leave out t I TI

for readably

JP
II

1 Gijon vo is fi un w
i I

jzi
W K ti t it i jtiiiiiiiiiiii

antised

I C giant En its Vi un ja wi

É



II c
Dic idea ito fi fi un D A

I C giant En its vi un i wi

j_nsn

EIyfdtEoEn itonii i.wa io

Icy en i Va Vi wn Titi
den

Luo gun



En wa Wa

I eu i Voisin wa to

Data En intro Yi won d
é o

do in

e can ws
t

En iti
e

fistic i

ÉÉ
en est

4 ga
it

n



m o
So 0 5 terms

are Ca t

so we need if J terms

to be Pd But
i

Pdr PC IC J Lua it gun

Igc
15C D En i Vai Viswa it fi

fly 1 lead

ftp.f 1 DsEn iCuo fiigViswn gwi

o



Erisa

s into

En i i and

so OPtPd p 11

The pores it went p
also works with Afd

D
next

Contemp



Ei
En i i G

EE
Ei ie

i

En i i En ie p
ith it

ED



 

EIIE.IE

icem
formal th combos 149 TEH

w product

Eia B ours
ja i j

So she makes HEE D into

a ring
This has 1 in Ho if R has 1

HEE is Graded Ring
a called de

g
pure class

grading

lol L if oath



E H CAP E

Ho IRP IE E IE

H IRP IE E IE

HC UP IE E IE

mop
ii

of th IRP IF as in labeled prove

que CA pug Eris
a car vis econ vis

I I

dug B q q won wa



Awo w s eccwi.ua
Z l o

Se

qua ATB I so

ATB generates Hz IRP IR

and dud generates HUGE
So HKCRP IF

I left 103 a sea HEAP E

yodgen but 23 0

H cuz no H

my 13 truncated polynomial nay



the H CRP E E Falcon
HKCIRPYIEJEIE.co

where lol L

Also HKCEP 2 I 2103 Conte

HK Cape 2 I 2163

Feed
19 2

FarshadtRecall sand

mere HCE G ELI K Gul

myth
Ipo KC 21,2

so

HEEE.org
t

family of lies that sa

Tbd P's
called a lone



É

spaces HP 114Pa where

IH a tbitejedk
Hamilton's quaternions
w multiplication C2 5342 1

given by relates éjE I

HMIxcaling

HKCIHP ZO Canty 1 1 4

HECHT Zo



HELEN IHRETEA

mop whose cards are induced

by inclusions in LEI
B a ring

Bo morphism

since each card forces is

Same wedge products

FCU IDE TIMEOed

reducedwhom is cohomology nel

basepoint
and should assume that wedge

ports are defamation retracts

at small abhds wedge paints
award weird things like

I contractible and IVIA



G e on E CE

a
bhp

CEV CE

a

Qi

Dohuk
IT CEV CE b

is not I ably generated



WIN

nottecontractible










































































































































HELEN IHRETEA

mop whose cards are induced

by inclusions in LEI
B a ring

Bo morphism

since each card forces is

Same wedge products

FCU IDE TIMEOed

reducedwhom is cohomology nel

basepoint
and should assume that wedge

ports are defamation retracts

at small abhds wedge paints
award weird things like

I contractible and IVIA






































































































































G e on E CE

a
bhp

CEV CE

a

Qi

Dohuk
IT CEV CE b

is not I ably generated






































































































































My
cane o E

nottecontractible

Yin






































































































































Cohomology is skew comas

graded rig
d p L DMB T 14 6

Ipl L

Reminiscent of Extent
algebra

E Arai on

I coma Ring
Free R module w bass

die Tia C C C Ey

w relations dig jog
and fo

The enc ad is Re 1






































































































































Htt R A RG Te

We will pre scandent

HKCT R 11,19 if
UR afield Ris G din I

t put.ie
and the computation of

HCP 12 we need

to understand Hk and

products






































































































































Products
Ix

TI

I

There is a crossproduct
MI

HYE D HEE R HEINI R

ax b pika pet b

Cup product is distribute
and so X is bilined
i.e loner in each factor






































































































































indeed ally

b honor mps aren't

usually homomorphisms
e g

q AxB C bitner

9 Ca b Ca b

Cata 5 5

Ca b dca b

q a b 96 b

we






































































































































There is a my.z tree

to fix this called de
tenser product

A B abele groups

AaB is The abelange wish

generators
a b for act bet

we added relations

Cata ab a be a lab

a b bi a b t a b

Zero elt of AaB is 000

Oo b a Go

and a b a ab a b






































































































































PEETA BE BoA

2 Ai OB I CA B

3 CA B C EA BOC

4 ZOA EA

5 21440A ALA

G homomorphisms fit 2A

g B D

Ree's an
induced homomorphisms

fog AaB AaB

fog a b fca ago
7 it p AxB C B

Elmer or Rene is a
1

h h






































































































































homomorphism
I A Be C

Ica b pca
b

Indian
commonore My R

A ORB is g arent d AaB

Were
Crates b a orb

for ret sett StB

This makes A Or B into an R made

If R not committee Den you
assume A right R unable

B left R module

and Re relation is arab aorb






































































































































in that case A onB only anabeling

AFAO BMnr E.ro
but not same in general

Example 12 01,6 2 done us

Roar D but ROI TER

is four dimensional vector space

a

IIE.IE

4 becomes RARA IA

roa i ra






































































































































Since cross product X is bilinear

we have acrosspradet
HKCE D ORHEI D HKCEE R

a a b axb

This tensor product on left

can be made into a ring
by

La b cod C D acabd
Cross product is a my lemon

I






































































































































X ab cod

i
b dacxbd

i picard patch d

y
bl'd
p a up up b upild

y i pika pics up up d

pica patchup couped

Laxb Cox d

x aah x cod B






































































































































The Chinned Formula

Let I I cwoxs Y1IEE.s
and suppose

that

1449 D is a finely generated

free R module Kk

Then

HEI D ORHEI D HERE R

is an isomorphism rings






































































































































Proffkined fund is beautiful

Use axioms
for catty

Reducedcohand ythey is a

sequence of contravariant functors

t from Cw axs to category of

abelian groups R modules my

natural c boundary maps

S tical ELITA
forcapairs IA s t

1 if fig I Ren

k
g

Iicentice






































































































































2 You pervs E A Flos

FICIDEICE Finca IAEA

where i is inclusion A I

q I IIA quotient up
naturally of d mems ups btw Les have

commutative squares

3 for I YI MEEEE

FYI E Title
r e

is an Bourphism

Tae
contra functor from Cw pairs to ab gps

Car R modules

lice A WE O lice






































































































































Replace axiom D w rel Nesan

2 B split Ate two axioms

2 cos of pans wi rel gas

2 Excision

lice A IKEA ACA

fun
UCE A EliCB ARB

whenever AUB I

3 same but my d spoilt union

instead d wedgepredico

Inseminatetics o nine

kilos are cattients dray






































































































































hey

Forfeit Fix

lice A HICEAir H EED
i

K CI A H CIXI AXE R

At
Kinner formula

h LHS

Show that h and k are

unred cohomology Meanies and

show that h KK

hi k





 

HEI R x HEE D HEINI D

Cross product

p IxI
zX2pi.IxE7I
pJi

7pirupfp.X

is a Bitner map

So This isnt usually loner

But 1 her up

P
HEI D HEE R HEExIjR

a 0 b axb

Tensor product on left is a rug
when you define multoptcarren

by b Cc d fD he bd

with his mutt



Cross produce is a
r

homonrpL3u.P

x0bjCcoxdJ C Dlb1klacxbd

fDlblldpfCauc3upIC.b ud

C Dlb pfcajupfcdupfcbjupfcdj

C ijbkdfiyblklp.ITpICb pEdup D
I
1

axis cc xd

pcaoxbl.PE d

The Ckenned formula
If I I oe cu as a d

HYE D is kg beer module

for all k Ren

HEI D HEI D HkCIxIjR



s

is an isomorphism

CW hypothesis is unnecessary

Freeness of H'E can't be relaxed

HCS HES
D

f exterior algebra

Top pot

Red uses axioms of cohomology

Unreduced coho elegy Reagle
contenders t

relate cohomology 2ps fu ct.co Ab

UCI A ACE LEE

When CIA cw pair
satisfy axioms

D Reg g



2 Les pains

3 Excision h A Eh GA

equivalent
lice A EliCBARB
when I AUB

AND

4 I YI we in I

do II it L E TUE
CA

is isomorphism

Don't require
that lick o

When neo

That would be the Dimension Ax.cn

utca coefficients toe homologythy



I

FixI_Can in the Kinner tr la

Dre hears

lice A H'CEA D H CI D

KCI A H EXE AXE R

X product a map

n ICE A ECI A

We want u to be baptism

when I Cw ox and A 0

todo D ht and let are cohomology

dearies on category fcwpe.rs

2 M is a natural transformation

i e it commutes w

induced homomorphisms and
abound on maps in Less of peers



any weep

3 observe u b KYI
B an i3omorphrs if

I p s nee

is is just scalar indeptest

Roxie HEI D HYED
4 The tallowy popes Em

PreI If a natural transfer between
unreduced cohomology deoieson
Cu pins is an iso when A

The is is isomorphism fan

pairs CIA
fffpI Let me HII A KHIA
be Re natural transformation

By 5 le na applied to

me LES LES

it's enough to prove prop ch



absolute case

Finite dimensional case Infante dhe seal

case u sees telescoping argument
suter to proof of 2.34 in Hatcher

Theorem holds by assumption and

Disjoint unren axiom

gu shelf
at Shel

Inductransted
Consider pain I In i

m agnes
us a up btw LES

w commuting squares

f

6mm
A B GD E

E E HE bids
A B C D 26



he CI htxiI h4x hCx htyE I

In In In the t
E CI ktxjxa J skecx j kcxnJ sket.CI x

Blue arrows are i3es by induction

Go by 5 G ma we'll Lure

u L CE KYE so

if

heCITI 5 like D

is isomorphism V l

Let IT 4CD dDj CITE D

D spout union

of all fore
n cells

OI ca DD B j stated p



an D is just ihchsu

By excision axiom It is isomerism

for both bet and let

ia

B A

BRA USD5
So excosm says

like A E B Bna
s tank

5 by manlity
only need to check The case

at 4 CDI IDF



By disjoint vn e acx.cz only
need us for CDI dDI

For that

he dis 71 795 145 h4dDa h
idEd fu In Edm Edm In

E kectgdDD 2KCDT HGDY k 9e.sn

Rs c3e
S hee DIA
alohenres
agree on a H

B learner tells us 8h t Renest are

isomorphisms D
I as done ease

i

Now need to check the Reyne
Col theories

Need to check axons for our

theories hk and kt



lice A HEEA D H EI D

K'CI A H EXE AXE R

Xie s

1 htry invariance fig Regt
clear for each

2 Excision ARB

need MCI A I LFB ANB

for A B subexs I HUB
follows from excision HCI A

also for Kt by fact that

AXIUDXE CA B XI
al AXE NCBI CANDIE
and excises her usual cohomology



3 Los trivial for Kt

for lek

tensor Les of ordinary cohomology

with bee Raad HEE
for fixed k

This produces a LES since

HEE D R

and so te song shes a direct
sum of copies of the angel
LES and so still exact

Now let k very take direct

sum w heth sequence shifted

by k

4 Disjoint une axiom

Clear for ht

For hk



Canonical isomorphism

me qn II cmon

for R Modules M and f g

free R mad N

N A Rp
Bell

Rp ER

Alas

Moan I

g Mop g Marks

then what we want is

ITpIMopEITITMap



Natty off
Cup product is natural went

maps at ao n meet wer t

mfs
Namely w r t J
we want

HAI KYE A
In d

WCA I k
I A 7

fo ca te

this is one

H'CA HEE ITH CEA HEE

tx tx

µhtl AxI H XE.AE
c mutes



d 4 representing sadly in ur left

Recall construe of J HEA H EA

god diced
o cat A 6 EcÉoecÉ Ale

to to to

o A 6 Ce6 GA 6 to

a a
extend of to of

6,4 9,411 7 9,4

Te
cross me do it

pitfall pity



other way

9,4 Eid p g petty

then t dcp of pity
since p of upty extends

Pid pity over CCExI

b C AXE

finally

Sept pity

ftp d uptytc i5ptguJpiy

Spit u pity to

perdu pity A



Relaekinned
for CI A FEB Brass prod Ga

HEI A ORHEI B
H CIXI AXE I B R

is of rays
if

HELE B s to beer nod

m xton.ws



 

The HKCEE E E LEG Conte

HKCAP E I FED 101 1

HKCOP 2 26 Conte

HKCapd Z 203 14 2

e on.sm.ie
Int E3 deny he

Inclusion i p top there's an incl
to every
colon I stop

alternately P B antipodal
of 112

map on

der

1
Inclusion on cells

indices Be phism on her c ha ien

cellular cochah gps i all ineaddin



C't cation catty
dit de ti

Ch Cpa pm'D creepy

groups on top IE as long as ks u

goes
a baton IE k e ke n 1

when bool damn and cedown

I E are IE Ele é B

isomorphism Snee d o ads

we get 130s on Hk as long

as Ken 1

Sgt pre them we alert and show

that cup product d generator

of Hk PK and H Pk gentes

HEPA Uk



At

t

steals
cap pred A gas I fane

generates H

Let j n i itjen

p Cx x e1R Xxx their

Pi sits as image of subspace IEEE

in 112

pi Can xa Xin Xa o n



Ps Exo Yin x Yo Xo 1 031

pimps p Go Xi na Xa o if

keypi i

i p

p f pep

pills
def retraces
ante P

Ii

y
pa

pa
i

let U Cx Xa Xo to

everything that has representative

Yo Xin I X it s n Xu

Tg fare



NoteihanageneesExo X X I X y

MEIR Uop

Imagine here U 112

prog

112 1125 112 Ekin n
11

exo X D

H xtp HCPJ

rcpypa.pt ÉÉÉÉ
p p ÉÉÉÉp p p

lot o f it

ice D 1125 4 2,11291125 THEIR D e

gen x gen 7 sea

take



7

Hi CI DID
so we have H Ii dI H Ii DI Iti I dI

i

t.SI

1

IM in cube

I II

Want map at top to the genxgentegen

Want vertral mps to be Bos

SE MAP Iso by excision

Name HIP P p Hep

p p p
det
ret



that H'Cp p Ep 24 pyp y
is an so by 5 k un

spliced to de up Between

254 of Pairs
But
µ p p is isomorph to H cp

just by compony
cellular cohomology

Cpa Hip p Hep p pig jizya my

i

I dis E I by oLattin.EE E
tips nice p

gg1
P e3 EHiarsrEby excision

If you want exploit P pig pit
I

p pi x all at least one Xo veto
C Xo n Xin Li e xi G e xu tell



this is a
deformation retraction onto

Xo Xi 1,90 0

I pi
i

4G makes sense on P p

saw 441 144

So all water's in our first dogs
are isomorphisms and Reede

Cup pred at gen at ti ad gem

H generates H

Fort wewe
phu p ne Bos on H ien

by cell cohomology

there ter pas

For Eph Mun entire argument replacing

Rule and IE wi Z D



Exit
HER PIED EELS

Kinned
HKCATHY E EEG EG

E Ild do

HKCap x Gpa 8 I 219 ez



 

HFCA xtpd.IE
I HERPTIE A HEAP IF

E TEE B

HKCE.MY E IELa on

I L

HHC Gpd E EZE gon

Oo 2

HKCY.IS Z 1128 a

if ni odd t i

Itil ni

tacking on even dimensional leges

adds O factors the 2 03 62
to



Consequent

The Capt
If 14 has Resorcone

of a dursian algebra Ren

n is a power
of 2

harder Recrem is that 4 1,348
Frobenius and Hopf and Bot M her

PE Algebra is a ring t iitiz

together with ring home

R A

1,2171A
seat

RCR C CenterCA

It's an R made that's also ray
co trig R and de R is

a sub th

If 112 is an algebra or IR

RenJm L IR 7112
ur te ab mla b sit



albtc abide and Cats c ache
and Cab a b aco b too

pin algebra if ax b and xa b
have sol's clever ago

xeax xat.es Karate
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Manifolds

An a mild m is a second

counted Hausdorff space such

that any port x has a ub hd

that's homeomorphic to 1124

A manifold is closed if it's

compact

An unfldwithbanday is

a second car table Hausdorff

Space Mist very pent x hes

a abled homeomorphic to 112

or Egos x 112
1

B Ie IR I 11 1 13

is a weld w d

The set of points x 3 t Re

ubhd is I Ees x 112
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Often in told wears manifold wld
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is closed 2 mild

y
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w d
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Fun theorem Define large mfld

def but
to be sane

not require
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The C
The of connected

lose 2 melds is 2

X is the first uncountable

colonel
six Longline

e
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as 1124 6 G group acting
on 1124 Clacton
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beloved you aright get

a non Hausdorff mfld
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generator of local homology
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HIB dB jZ Botox
E Z a ball
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orientation otter
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co deg c
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non orientable
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E s yes S XIA dy l
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The Duey n mfLdM has a degree
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Mx is a generator
of Halm M x z

Want a topology on I so that AT 13

a Ibl

Given a pen ball around
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of Mx and Re other a copy

of tix
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Mx
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n
and Ree B an

obvious covering

map AT M
That sends my X
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component is a c told coner M
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E milo
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very special cw ex
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simplicial homology detail just

the Cw homology

One Hanley is defined

why 13 cht e.g a homeomorphism

invent

LETÉ LÉ

Why would Homology be Re same

In this example I 13 a

subdivision of T

Say I a polyhedron and

T I are triangulations

Tz is a subdivision of T
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Idea
show that a subduer

gives Isomorphic homology

Show that if K and Kane

homeomorphic polyhedra then

the two translations have
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if possible

Q Hauptvermutung Main Conjecture
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and

Hauptuermuting the for surfaces
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of a disk have

ifeng.gsed.us
Hauptvermotung
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Seems like at least for vertices

seems like Lha s as long

as M is a fld

That's false for arbitrary triangulates

as we saw last the

Ideirangdonngies
you a dual cell decomposition

It r is a sx

É

is de barycenter

toggle Re one tetra M

gives us an ore tta d Dr

DE simplex is a Z cell



in the convex

hull of the

barycenter of r

and the bazaar
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of d
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says that a tin
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Dunoz
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of sxs ino

of 4
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I that container

the barycenter

w
of all the
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that contain u
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RD
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barycenter
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simplex that contain T

Tisdall
Claim Do is an C k all
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If r is a k sx in 0
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Notice also that D is de join
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