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Abstract

After a self-contained development of continuous first-order logic, we study the phenom-

ena of definability and categoricity in continuous logic.

The classical Baldwin-Lachlan characterization of uncountably categorical theories

is known to fail in continuous logic in that not every inseparably categorical theory has

a strongly minimal set. We investigate these issues by developing the theory of strongly

minimal sets in continuous logic and by examining inseparably categorical expansions

of Banach space.

To this end, we introduce and characterize ‘dictionaric theories,’ theories in which

definable sets are prevalent enough that many constructions familiar in discrete logic

can be carried out, and we show that ω-stable theories and randomizations of arbi-

trary continuous theories are dictionaric. We also introduce, in the context of Banach

theories, ‘indiscernible subspaces,’ which we use to improve a result of Shelah and Usvy-

atsov [SU19]. Both of these notions are applicable outside of the context of inseparably

categorical theories.

We construct or present a slew of counterexamples, including an ω-stable theory with

no Vaughtian pairs which fails to be inseparably categorical and an inseparably categor-

ical theory with strongly minimal sets in its home sort only over models of sufficiently

high dimension.

In order to investigate notions of approximate categoricity, we give a formalism for

approximate isomorphism in continuous logic simultaneously generalizing those of Ben

Yaacov [BY08b] and Ben Yaacov, Doucha, Nies, and Tsankov [BDNT17], which are
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largely incompatible. We introduce distortion systems, which are a mild generalization

of perturbation systems [BY08b]. With this we explicitly exhibit Scott sentences for

perturbation systems, such as the Banach-Mazur distance and the Lipschitz distance

between metric spaces. Our formalism is simultaneously characterized syntactically, by

distortion systems, and semantically, by certain elementary classes of two-sorted struc-

tures that witness approximate isomorphism. We also make progress towards an analog

of Morley’s theorem for inseparable approximate categoricity, showing that if there is

some uncountable cardinal κ such that every model of size κ is ‘approximately satu-

rated,’ in the appropriate sense, then the same is true for all uncountable cardinalities.

Finally, we present some non-trivial examples of these phenomena and highlight an ap-

parent interaction between ordinary separable categoricity and inseparable approximate

categoricity.
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Introduction and Preliminaries

Continuous logic is a generalization of discrete first-order logic designed to study classes

of structures with complete metrics and uniformly continuous functions, referred to as

metric structures [BYBHU08, BYU10]. With it one can apply methodology common

in model theory to structures such as Banach spaces and Banach spaces with ‘acces-

sories,’ e.g. C∗-algebras and other operator algebras, systems, or spaces; probability al-

gebras, possibly with a designated group action such as those studied in ergodic theory;

Berkovich spaces and other R-trees; and randomizations [BYJK09], structures encoding

a family of random variables taking values in another structure.

For the last forty or so years, model theory has been dominated by stability theory

and its generalizations. These approaches focus on dividing lines, subtle combinatorial

tameness properties of theories that give strong structural information about definable

sets in their models. Identifying logically tame structures in everyday mathematics can

be extremely fruitful. For instance, Hrushovski’s lauded proof of the geometric Mordell-

Lang conjecture in arbitrary characteristic relies heavily on stability theory. Continuous

logic expands the applicability of stability theory by taming more structures of interest.

One of the most drastic known examples of this is the class of Hilbert spaces, which

when treated as discrete structures are not as tame as they ‘ought’ to be.

A discrete first-order theory T is called κ-categorical, for a cardinality κ, if any

two models of T of cardinality κ are isomorphic. Morley showed in the 1960s that a

countable theory that is categorical in some uncountable cardinality is categorical in

every uncountable cardinality. Familiar examples of this are infinite dimensional vector
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spaces over a fixed field and algebraically closed fields of a fixed characteristic. In the

1970s, Shelah’s work on generalizing Morley’s theorem to uncountable languages led to

the development of stability theory.

Also in the 1970s, Baldwin and Lachlan developed a better structural understanding

of uncountably categorical theories as part of their characterization of the countable

models of uncountably categorical theories. Central in this structural understanding is

the concept of a strongly minimal set, a definable set in which every definable subset

is finite or co-finite. Strongly minimal sets have good notions of dimension, analogous

to vector space dimension or transcendence degree in fields. The structural picture that

Baldwin and Lachlan gave is that a theory is uncountably categorical if and only if it is ω-

stable (which ensures the presence of strongly minimal sets) and has no ‘Vaughtian pairs,’

a condition that ensures that a model is entirely determined by any infinite definable

subset of it, such as in particular any strongly minimal set. Since strongly minimal sets

are entirely determined by dimension, the class of models of an uncountably categorical

theory is very simple. An uncountable model can only have a dimension equal to its

cardinality and a countable model can only have countable or finite dimension and

dimension is closed upwards, implying that the theory can only have either 1 or ℵ0

many countable models.

In the 2000s, Ben Yaacov was able to generalize the original proof of Morley’s theorem

to continuous logic [BY05] (with the understanding that ‘size’ is measured by density

character and non-compactness, rather than cardinality), and Usvyatsov independently

gave a proof using different methods [SU11]. Just as in discrete logic, a countable theory

that is categorical for some uncountable cardinality is categorical for all uncountable

cardinalities.



3

The structural picture of Baldwin and Lachlan does not work in continuous logic,

despite the fact that there is a natural generalization of strong minimality to continuous

logic. Hilbert spaces are uncountably categorical but have no strongly minimal sets.

This is particularly tantalizing because Hilbert spaces have an exceedingly clear notion

of dimension.

0.1 Outline

This thesis is split into roughly two themes, although these themes are not neatly re-

flected in the organization of its chapters and sections. We start with some introductory

and preliminary material followed by a largely self-contained formalization and exposi-

tion of continuous logic in Chapter 1. Chapter 2 explores various issues surrounding the

notion of definable sets in continuous logic, the first of our two themes. In that chapter,

we introduce and characterize a novel class of continuous first-order theories, dictionaric

theories, in which definable sets are in some sense prevalent enough that many con-

structions common in discrete logic can be carried out. While we use this for our main

results, this machinery ought to be of general use outside of the context of the particular

theorems in this thesis. Chapter 3 finishes some expository material involving many-

sorted signatures and imaginary sorts but also contains some further material regarding

definable sets. Furthermore, Section 5.5 contains some results regarding definable sets in

randomizations, Appendix C contains many counterexamples, and Appendix D contains

more results both regarding definable sets in general.

Chapters 4, 5, and 6 contain the second of our two themes, categoricity and ap-

proximate categoricity of continuous first-order theories. In Chapter 4, we develop the
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machinery of strongly minimal sets in continuous logic and prove our main result, a par-

tial Baldwin-Lachlan characterization of inseparably categorical theories that do contain

strongly minimal sets. In Chapter 5, we present results relevant to specific classes of

structures, including refinements of the Baldwin-Lachlan characterizations in the special

cases of ultrametric and locally compact theories, characterizations of strongly minimal

theories that do not interpret infinite discrete structures and continuous strongly minimal

groups, and some general results regarding inseparably categorical expansions of Banach

spaces. In the section on Banach spaces, Section 5.4, we introduce the concept of an

indiscernible subspace and use it to improve a result of Shelah and Usvyatsov in [SU19]

and to show that every expansion of a Banach space admits an infinite indiscernible

set. This concept ought to be generally applicable to the model theory of expansions of

Banach spaces. In Chapter 6, we present a formalism for approximate isomorphism of

metric structures simultaneously generalizing those of [BY08b] and [BDNT17], which are

largely incompatible; we extend some results to this broader context, specifically the ap-

proximate Ryll-Nardzewski theorem from [BY08b] and the existence of Scott sentences

characterizing approximate isomorphism from [BDNT17]; and we prove one direction of

an approximate version of Morley’s theorem for inseparably approximately categorical

theories. Appendix C contains counterexamples relevant to this second theme as well.

Appendices A and B are references containing, respectively, topological facts that

are frequently used but which may be unfamiliar to model theorists and proofs of gener-

alizations of familiar model theoretic facts to the context of continuous logic, including

two proofs of Morley’s theorem.
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0.2 Comparison of Discrete Logic and Continuous

Logic

In this informal and skippable section we will present an overview of the similarities and

differences between discrete and continuous model theory. Our focus is on the topics

relevant to this thesis as a whole.1 While attempting to communicate intuition directly

is often less than useless, it is inevitable that discrete model theorists are going to try

to port their intuition to continuous logic, at least implicitly, and our hope is that this

section will help with that. Despite appearances, continuous first-order logic is closely

related to discrete first-order logic, arguably more closely related than Lω1ω. Compact-

ness and the Löwenheim-Skolem theorem still hold—with some small modifications—for

instance. Many of these modifications are roughly predictable with enough experience.

The most important, but also the vaguest, intuitions are presented in Table 1.

Table 1: General Translation

Discrete Logic Continuous Logic

Equality (=)
Metric (d)
Equality (d(x, y) = 0)

Cardinality
Density character (where compact ∼ finite)
ε-covering/packing number, ε-metric entropy

Negation,
Disconnectedness

(Potential) connectedness

Finite
Finite at every ε > 0
(Metrically) compact

Finite or countable/separable
Countable
Uncountable Uncountable/inseparable

Each of these translations shows up in more than one way. Obviously structures

1The most notable omissions are stability theory beyond ω-stability and neo-stability in general.
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now have metrics, but there is also now a natural metric on type space, separate from

the compact logical topology. The sizes of structures and type spaces are both now

correctly measured with their metric density character, rather than their cardinality.

Type spaces can fail to be disconnected, but so can structures themselves. In the context

of approximate isomorphism, these translations even apply to the class of models of

a theory of a given size: it has a metric, its density character is meaningful, and it

can be connected. The blurring of the line between finite and countably infinite is felt

constantly. It is necessary to admit ω-product sorts into the definition of imaginary, and,

relatedly, finite tuples of parameters can behave like ω-tuples of parameters. Because

of this, pronounced changes tend to happen to the countable case:2 It is necessary to

introduce the notions of approximate ω-saturation and approximate ω-homogeneity, but

no analogous concepts are needed for larger cardinalities.

Key

Italics Represents failure of analogous fact
Grayed Represents object or property that corresponds closely but is no longer guar-

anteed to occur in analogous situations

There is, of course, some subjectivity with what constitutes the ‘correct’ analogous

fact. For example, Tables 6 and 5 are written with the tacit assumption that approximate

ω-saturation is the ‘correct’ continuous analog of ω-saturation, and as such the fact that

an ω-stable theory may fail to have an ω-saturated separable model isn’t regarded as an

italicized failure.

2Contradicting this trend, however, the Ryll-Nardzewski theorem is left remarkably unscathed, but
the characterization of inseparably categorical theories is one of the main topics of this thesis.
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Table 2: Types and Type Spaces

Discrete Logic Continuous Logic

Real formula
Clopen formula
Open formula

Formula

Closed formula (= zeroset)
Ctbl. partial type (ctbly. type-dfbl.)
Uncountable partial type Uncountable partial type
Type is a set of formulas Type is a set of closed formulas
Complete type is a maximal consistent set
of formulas

Complete type is a maximal consistent set
of closed formulas
(Uniformly) d-finite type [BYU07]

n-type, n finite

ω-type
α-type, α ≤ ω

α-type, α > ω α-type, α > ω
Topology on type space (Logic) topology on type space
Equality of types
(discrete topology on type space)

d-metric between types
(metric topology on type space)

Cardinality of type space Metric density character of type space
Definable set (zeroset that admits relative
quantification)

Definable set {0, 1}-definable set (type definable and
co-type-definable)
d-atomic type

Isolated/principal/atomic type
Topologically isolated type

Type determined by definable sets Non-trivial type space can fail to contain
any non-trivial definable sets

Table 3: Imaginaries

Discrete Logic Continuous Logic

Finitary product sort Finitary or countable product sort
Definable {0, 1}-valued eq. relation

Definable equivalence relation

Countably type-definable eq. relation
Definable pseudo-metric (= countably
type-definable equivalence relation)

Passing to definable set not taken as prim-
itive imaginary-forming operation

Passing to definable set not ‘derivable’
from passing to quotients
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Table 4: acl/dcl and Definable (Partial) Functions

Discrete Logic Continuous Logic

Type is algebraic iff has finitely many re-
alizations in any model

Type is algebraic iff has compactly many
realizations in any model

Realizations of algebraic partial type are
definable set

Realizations of algebraic partial type are
definable set

acl is same as bounded closure acl is same as bounded closure
acl/dcl are abstract closure operators (in-
creasing, idempotent)

acl/dcl are abstract closure operators (in-
creasing, idempotent)

acl/dcl have finite character
acl/dcl have approximate finite character
at every ε > 0
acl/dcl have countable character

a ∈ dcl(B) iff global type of a is isolated
by tp(a/B)

a ∈ dcl(B) iff global type of a is isolated
by tp(a/B)

a ∈ dcl(B) iff there is definable function
f such that a = f(b̄) for some b̄ ∈ B

a ∈ dcl(B) iff there is definable partial fn.
f such that a = f(b̄) for some b̄ ∈ B

The arity of a definable function is finite The arity of a definable (partial) function
is finite or countable

Every formula ϕ(x̄, y) defines a partial fn.
on some (possibly empty) dfbl. set

Every real fmla. ϕ(x̄, y) dfns. a partial fn.
on some (possibly empty) zeroset

Every definable partial function on a de-
finable set extends to a definable total
function

Not every dfbl. partial fn. on a zeroset ex-
tends to a dfbl. partial fn. on a dfbl. set,
and not every dfbl. partial fn. on a dfbl.
set extends to a dfbl. total fn.

A function is definable iff there is a for-
mula that defines its graph

A function is dfbl. iff there is a closed for-
mula that dfns. its graph and dfns. the
graph of a function in every model

Table 5: ω-stability

Discrete Logic Continuous Logic

ω-stable iff every type space over count-
ably many parameters is countable

ω-stable iff every type space over count-
ably many parameters is metrically sepa-
rable

ω-stable iff every type has ordinal Morley
rank

ω-stable iff every type has ordinal
ε-Morley rank for every ε > 0

ω-stable theory has saturated model of
every infinite cardinality

ω-stable theory has approximately
ω-saturated separable model
ω-stable theory has saturated model of ev-
ery uncountable cardinality
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Table 6: Models

Discrete Logic Continuous Logic

Cardinality of structure Density character of structure
Countable prime model iff isolated types
dense

Separable prime model iff d-atomic types
dense

Countable prime model is unique Separable prime model is unique
Approximately ω-saturated

ω-saturated
ω-saturated

Countable ω-saturated model is unique Separable apprx. ω-sat. model is unique
κ-saturated, κ > ω κ-saturated, κ > ω
Saturated model of card. κ is unique Sat. model of den. char. κ is unique

Omitting partial types in models is very
complicated [FM18]
A sequence of partial types in a countable
theory can be omitted in a pre-model iff
they are all nowhere dense.

A sequence of partial types in a count-
able theory can be omitted iff they are
all topologically nowhere dense.

A seq. of complete types can be omitted
in a model iff they are all non-d-atomic.

ω-categorical iff every type space finite ω-categorical iff every type space metri-
cally compact

ω-categorical theory is ω-categorical after
adding finitely many constants

ω-cat. theory is ‘apprx. ω-categorical’ af-
ter adding finitely many constants
ω-cat. theory can fail to be ω-cat. after
adding finitely many constants

Unique countable model of ω-categorical
theory is prime, ω-saturated, and
ω-homogeneous

Unique separable model of ω-categorical
theory is prime, approx. ω-saturated, and
approx. ω-homogeneous

A countable complete theory cannot have
precisely 2 countable models

There is a countable complete theory with
precisely 2 separable models

0.3 Metric Space Preliminaries

(Pseudo-)metric spaces are totally ubiquitous in continuous logic. Each of the following

objects has at least one natural (pseudo-)metric on it:
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• A given structure M.3

• The class of models of a given theory T . (Proposition 6.2.2)

• The collection of L-terms for a given signature L. (Definition 1.4.1)

• The collection of real L-formulas for a given signature L. (Definition 1.4.1)

• The set of n-types over a given theory T . (Definition 2.0.1)

• The collection of definable sets in a given theory T . (Definition 2.3.27)

• The collection of definable functions in a given theory T . (Definition 2.3.88)

• The collection of imaginary sorts over a given theory T . (Definition 3.4.10)

As such, it seems prudent to establish basic facts regarding and notation for metric

spaces at the beginning of this thesis, rather than in an appendix. Everything in this

section applies equally well to pseudo-metric spaces, but to avoid writing ‘pseudo-’ over

and over again, we have written everything in terms of metric spaces.

Definition 0.3.1. For any metric space (X, d), we define the following.

• For any x ∈ X, the open (resp. closed) ball of radius ε with center x, written Bd
<ε(x)

(resp. Bd
≤ε(x), is the set {y ∈ X : d(x, y) < ε} (resp. {y ∈ X : d(x, y) ≤ ε}).

• The diameter of X, written diamX, is sup{d(x, y) : x, y ∈ X}.

• For any set A ⊆ X, the point-set distance from x to A, written dinf(x,A) is

inf{d(x, a) : a ∈ A}, where inf ∅ = diamX.

3Even in continuous logic without a metric. (Remark 1.2.3)
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• The open (resp. closed) ε-fattening of A, written Ad<ε (resp. Ad≤ε), is the set

{y ∈ X : dinf(x,A) < ε} (resp. {y ∈ X : dinf(x,A) ≤ ε}). C

We will drop the superscript d when it is clear from context. Note that A<ε =⋃
y∈AB<ε(y), but an analogous statement is not true for A≤ε except in special circum-

stances. Fortunately these special circumstances occur frequently in the contexts that

we care about.

Definition 0.3.2. For two metric spaces X and Y and any r ≥ 1
2

min{diamX, diamY },

the disjoint union of X and Y with separation r, written X tr Y , is a metric space with

underlying set X t Y and a metric ρ satisfying ρ � X = dX , ρ � Y = dY , and for any

x ∈ X and y ∈ Y , ρ(x, y) = r. C

Definition 0.3.3. For any metric space (X, d), the density character of X, written #dcX

or #dc(X, d), is the smallest cardinality of a dense subset of X. X is called separable if

#dcX ≤ ℵ0 and inseparable if #dcX ≥ ℵ1. C

Definition 0.3.4 (Counting Notions). For any metric space (X, d), Y ⊆ X, A∈ {≥, >},

@∈ {<,≤}, and ε > 0, we define the following.

• A set Z ⊆ X is (A ε)-separated if for any distinct z0, z1 ∈ Z, d(z0, z1) A ε.

• The (A ε)-metric entropy of Y , written #ent
AεY , is

sup{|Z| : Z ⊆ Y, Z (A ε)-separated}.

• A set Z ⊆ X (@ ε)-covers Y if for any y ∈ Y there exists a z ∈ Z such that

d(y, z) @ ε.4

4Again, note that (≤ ε)-covering is not quite the same thing as Y ⊆ Z≤ε. If one was so inclined, one
could define a notion of weak (≤ ε)-covering number in terms of this weaker notion of covering, but it
doesn’t seem to be very natural in that it doesn’t fit into a statement like Proposition 0.3.5 neatly.
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• The external (@ ε)-covering number of Y in X, written #ecov,X
@ε Y , is

inf{|Z| : Z ⊆ X,Z (@ ε)-covers Y }.

• The internal (@ ε)-covering number of Y , written #icov
@ε Y , is #ecov,Y

@ε Y .

• The external (@ ε)-packing number of Y in X, written #epac,X
@ε Y , is

sup{|Z| : Z ⊆ Y, (∀z0, z1 ∈ Z)z0 6= z1 ⇒ B@ε(z0) ∩B@ε(z1) = ∅}.

• The internal (@ ε)-packing number of Y , written #ipac
@ε Y , is #epac,Y

@ε Y .

• The (@ ε)-partition number of Y , written #par
@ε Y , is

inf{|P | : P a partition of Y, (∀Z ∈ P )diam(Z) @ ε}.5

We may drop the superscript X if it is clear from context. If we need to refer to an

unspecified or partially specified counting notion, we may use notation such as #∗@Aε, #∗@ε,

or #∗Aε, with ∗ the symbolic name of some counting notion and @A, @, or A representing

some appropriate element of {<,≤, >,≥}. C

Proposition 0.3.5. Let (X, d) be a metric space, and let Y ⊆ X be some subsets. For

any ε > 0,

#ipac
≤ε Y

#ent
>2εY #epac,X

≤ε Y #icov
≤ε Y #ent

>εY #par
≤ε Y.

#par
≤2εY #ecov,X

≤ε Y

≤

≤
≤

≤

≤
≤ ≤

≤

≤

For any ε > 0 and any δ > 0 or δ = 0, if Y is compact,

5The (< ε)-partition number also doesn’t seem to be very natural outside of the context of compact
metric spaces. Specifically, note that while diamB≤ε(x) ≤ 2ε is always true, diamB<ε(x) < 2ε is not.
Perhaps the ‘correct’ notion is a partition into sets Z satisfying d(z0, z1) < 2ε for all z0, z1 ∈ Z.
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#ipac
<ε Y

#ent
≥2εY #epac,X

<ε Y #icov
<ε Y #ent

≥εY #par
<ε Y.

#par
<2ε+δY #ecov,X

<ε Y

≤

≤

≤

≤
≤ ≤

≤

≤

If 0 < ε < δ then

• #ent
≥δY ≤ #ent

>εY ≤ #ent
≥εY ,

• #∗<δY ≤ #∗≤εY ≤ #∗<εY , for ∗ ∈ {icov, ipac, par}, and

• #∗,X<δ Y ≤ #∗,X≤ε Y ≤ #∗,X<ε Y , for ∗ ∈ {ecov, epac}.

If Z ⊆ Y ⊆ X ⊆ W , then

• #ent
AεZ ≤ #ent

AεY ,

• #par
@ε Z ≤ #par

@ε Y , and

• #∗,W@ε Z ≤ #∗,X@ε Y for ∗ ∈ {ecov, epac}.

Proof. Let F be a set of minimal cardinality such that Y ⊆ F≤ε. For each f ∈ F , let Yf

be a subset of Y ∩B≤ε(f) chosen so that {Yf}f∈F is a partition of Y . By construction,

diamYf ≤ 2ε and
⋃
f∈F Yf = Y , so we have #par

≤2εY ≤ |F | = #ecov,X
≤ε Y . A similar

argument shows that #par
≤2ε+δY ≤ |F | = #ecov,X

≤ε Y for every δ > 0.

If Y is compact and F is a set of minimal cardinality such that Y ⊆ F<ε, then there

is some γ < ε such that Y ⊆ F<γ, and by the same argument we get #par
≤2εY ≤ |F | =

#ecov,X
≤ε Y .

We will write the rest of the proofs for counting notions corresponding to ≤ ε or > ε.

The proofs for < ε and ≥ ε are identical.
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Fix ε > 0. Let A be a maximal (> ε)-separated set. By definition this implies

that |A| ≤ #ent
>εY . Every y ∈ Y must satisfy dinf(y, A) ≤ ε, otherwise A wouldn’t be

maximal, so we have #icov
≤ε Y ≤ |A| ≤ #ent

>εY .

#ecov,X
≤ε Y ≤ #icov

≤ε Y is obvious (any witness to an upper bound on #icov
≤ε Y is also a

witness to an upper bound on #ecov,X
≤ε Y ).

Let B be a subset of Y of minimal cardinality such that Y ⊆ B≤ε. Let C be any

subset of Y such that for any distinct c0, c1 ∈ C, B≤ε(c0) ∩ B≤ε(c1) ∩ Y = ∅. For

every b in B there must be at most one c ∈ C such that d(b, c) ≤ ε, otherwise this

would contradict the packing condition (since B ⊆ Y ). Therefore |C| ≤ |B| = #icov
≤ε .

Since we can do this for any such C we have that #ipac
≤ε Y ≤ #icov

≤ε Y . The proof that

#epac,X
≤ε Y ≤ #ecov,X

≤ε is essentially the same.

#epac,X
≤ε Y ≤ #ipac

≤ε Y is obvious (any witness to a lower bound on #epac,X
≤ε Y is also a

witness to a lower bound on #ipac
≤ε Y ).

Let E be a (> 2ε)-separated subset of Y . By construction, for any distinct e0, e1 ∈ E,

B≤ε(e0) ∩ B≤ε(e1) = ∅, so we have that |E| ≤ #epac,X
≤ε Y . Since we can do this for any

such E we have that #ent
>2εY ≤ #epac,X

≤ε Y .

Let P be a partition of Y of minimum cardinality such that for every Z ∈ P ,

diamZ ≤ ε. For a (> ε)-separated set A, for every Z ∈ P , |A ∩ Z| ≤ 1, so we have

#ent
>εY ≤ #par

≤ε Y .

The inequalities after the two diagrams are all straightforward.

Note that we do not have any results of the form Z ⊆ Y ⇒ #icov
<ε Z ≤ #icov

<ε Y . Neither

of the internal counting notions are monotonic in the set (consider ε = 2
3

and the sets

{0, 1} ⊆ {0, 1
2
, 1} with the standard metric from R).
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One of the advantages of having many different counting notions is that it gives us

many different ways to prove that a subset of a metric space is compact.

Corollary 0.3.6. For any counting notion #∗@Aε, a set Y ⊆ X is pre-compact (i.e. has

compact metric completion) if and only if #∗@AεY is finite for every ε > 0.

Proof. By Proposition 0.3.5, we only need to show this for one particular counting

notion. The condition that #icov
<2εY ≤ #icov

<ε Y is finite for every ε > 0 is equivalent to

total boundedness, which is equivalent to pre-compactness.

Corollary 0.3.7. For any metric space X and any counting notion #∗@Aε, limε→0 #∗@AεX =

#dcX. In particular, if cf(#dcX) > ℵ0, then for any counting notion #∗@Aε for any

sufficiently small ε > 0, #∗@AεX = #dcX.

Proof. By Proposition 0.3.5, we only need to show this for one particular counting notion.

If #dcX is finite, then this is obvious, so assume that #dcX is infinite. It is obvious

that #icov
<ε X ≤ #dcX for every ε > 0. Conversely, if for each k < ω we let Ak ⊆ X have

minimal cardinality such that A
<1/k
k = X, then

⋃
k<ω Ak is a dense subset of X, and we

get the required limit.

It is easy to construct examples where (∀ε > 0)#∗@AεX < #dcX when cf(#dcX) = ℵ0

(see Counterexample C.0.1)).

The following is not completely obvious, as (≥ ε)-separated subsets of maximal

cardinality do not exist in general.

Proposition 0.3.8. For any metric space X, family {Yi}i∈I of subsets of X, A∈ {≥, >},

and ε > 0, #ent
Aε

⋃
i∈I Yi ≤

∑
i∈I #ent

AεYi.
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Proof. Let A be a (A ε)-separated subset of
⋃
i∈I Yi. By partitioning A into Ai ⊆ Yi we

see that |A| =
∑

i∈I |Ai| ≤
∑

i∈I #ent
AεYi. Since this holds for any (A ε)-separated subset

of
⋃
i∈I Yi we have #ent

Aε

⋃
i∈I Yi ≤

∑
i∈I #ent

AεYi.

Definition 0.3.9. A modulus, ω, is a continuous, non-decreasing function ω : R≥0 →

R≥0 with ω(0) = 0.

Given metric spaces (X, dX) and (Y, dY ) and a modulus ω, a function f : X → Y

is uniformly continuous with regards to modulus ω or ω-uniformly continuous if for all

x0, x1 ∈ X,

dY (f(x0), f(x1)) ≤ ω(dX(x0, x1)).

A function is uniformly continuous if it is ω-uniformly continuous for some modulus ω.

C

Note that this definition is actually slightly stronger than the standard definition of

uniformly continuous, although when Y is bounded, they are the same (see Corollary

A.1.9).
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Chapter 1

Syntax and Semantics

1.1 Signatures

Definition 1.1.1. A (single-sorted) metric signature L (also called a language or a

vocabulary) consists of a collection of predicate symbols P and a collection of function

symbols F . When it is necessary to specify the signature in question we will write

expressions such as P(L).

• For each predicate or function symbol s ∈ P ∪ F , there is an arity, a(s) ≤ ω.

• For each predicate or function symbol s ∈ P ∪ F with non-zero arity, there is a

modulus ωs, called the modulus of uniform continuity of s.

• For each predicate symbol P ∈ P , there is a codomain interval, a compact interval

in R, I(P ).

In addition there is a positive real number, the diameter bound (of L), written db(L).

There is a special predicate symbol d with a(d) = 2, ωd(x) = 2x, and I(d) = [0, db(L)].

Functions with zero arity are referred to as constants. The collection of constants is

denoted C.

The cardinality of a metric signature, written |L|, is |P|+ |F|.
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If L′ is a metric signature that contains a subset of the symbols of L, we say that L′

is a reduct of L and conversely we say that L is an expansion of L′.

The empty signature (with diameter bound r) is the signature L with db(L) = r,

P = {d}, and F = ∅. C

In the use of all following defined terms containing ‘L-,’ we will omit it if it is

unimportant or clear from context.

Remark 1.1.2. Given that formulas with finitely many free variables are logically com-

plete and that every theory is interdefinable with one in which every predicate and

function has finite arity, one might be tempted to restrict our formalism to these cases.

The problem with this is that definable sets may depend on countably many param-

eters non-trivially, and in this case we do not have the luxury to restrict attention to

those with only finitely many parameters. Likewise, dcl is witnessed by definable partial

functions which may in general have arity ω in a non-trivial way, which supports the

contention that function symbols of arity ω are natural.

1.2 (Pre-)structures

Part of Definition 1.2.2 depends on Definition 1.2.1, which depends on a different part

of Definition 1.2.2, but—be assured—there is no circularity.

Definition 1.2.1. For ā, b̄ ∈Mn, if n is finite, we will write dM(ā, b̄) to mean maxi<n d
M(ai, bi),

and if n = ω we will write dM(ā, b̄) to mean supi<ω 2−idM(ai, bi).
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We will also write d(x̄, ȳ) for the corresponding formulas, i.e. max{dx0y0, . . . , dxn−1yn−1}

and supi<ω 2−idaibi.

If we need to write out the elements of the tuple explicitly, we will write either

d(x0x1 . . . xn−1, y0y1 . . . yn−1) or d(x0, x1, . . . , xn−1; y0, y1, . . . , yn−1). C

Uniform continuity of functions on product spaces will always mean uniform conti-

nuity with regards to one of these product metrics, unless otherwise stated.

Note that we have defined the metrics on tuples so that they always satisfy dM(ā, b̄) ≤

dM(ai, bi), for every i < |ā|. Also note that while the max metric on finite products of

metric spaces is in some precise sense a canonical choice,1 the specific metric we have

for ω-tuples is an arbitrary choice. What is important is that it metrizes the product

topology and, in particular, that formulas on ω-many variables are uniformly continuous

with regards to this metric. There is no canonical choice accomplishing these things,

but any such choice will be uniformly equivalent to the one we have here, and typically

the precise choice of product metric will be unimportant.

Definition 1.2.2. Given a metric signature L, an L-pre-structure M is a (possibly

empty) pseudo-metric space (M,dM) of diameter ≤ db(L), together with the following

data:

• For each predicate symbol P ∈ P r {d}, PM : Ma(P ) → I(P ) is a function.

• For each function symbol f ∈ F , fM : Ma(f) →M is a function.

If the arity of s ∈ P ∪F is non-zero, then sM is required to be ωs-uniformly continuous.

1The max metric corresponds to the product in the category of metric spaces with 1-Lipschitz maps.
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A reduced L-pre-structure is an L-pre-structure M such that (M,dM) is a metric space

(i.e. for any x, y if d(x, y) = 0, then x = y), and an L-structure is an L-pre-structure

such that (M,dM) is a complete metric space.

By an abuse of notation we will typically write the underlying set of a (pre-)structure

as M, to emphasize that it is the underlying set of some (pre-)structure in question.

If M and N are (pre-)structures and M ⊆ N , if PM(ā) = PN(ā) for every predicate

symbol P ∈ P and tuple ā ∈ Ma(P ), and if fM(ā) = fN(ā) for every function symbol

f ∈ F and tuple ā ∈ Ma(f), then we say that M is a sub-(L-)(pre-)structure of N,

written M ⊆ N. Note that if A ⊆ N is a set that is closed under all functions fN, then

there is a canonical way of regarding A as the universe of a sub-L-pre-structure of N.

We refer to this as the induced structure on A.

Given a pre-structure, M, the reduction of M, written rM, is the pre-structure

resulting from modding (M,dM) by the equivalence relation x ∼ y ⇔ dM(x, y) = 0.

By the uniform continuity requirements, this is still an L-pre-structure. Moreover it

is clearly a reduced L-pre-structure. Given a reduced pre-structure, N, the completion

of N, written N, is the L-structure such that N is the metric completion of N . All

predicate and function symbols are extended by uniform continuity. We will regard N

as a sub-structure of N in the canonical way. If M is a pre-structure, we will write M

for rM, and we may refer to this as the completion of M.

If L′ is a reduct of L and M is an L-(pre-)structure, then the L′-reduct of M, written

M � L′ is the L′ structure with the same underlying set such that the interpretations of

the remaining predicate, function, and constant symbols are the same. C
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Remark 1.2.3. It is possible to formalize continuous logic without a metric, analogously

to first-order logic without equality [GK19]. From this point of view the requirements

that d be interpreted as a pseudo-metric are the analog of the axioms asserting that =

is an equivalence relation and the requirements that the interpretations of symbols be

uniformly continuous are equivalent to the predicate substitution axioms (e.g. ∀xy[x =

y → (P (x)↔ P (y))]), which are sometimes called the equality axioms.

This approach has the advantage that signatures do not need to specify moduli of

uniform continuity and that the definition of ultraproducts becomes simpler. In fact, in

the proof of  Loś’s theorem (Proposition 1.6.2), we need to implicitly use the notion of

continuous logic without a metric.

The difference, however, between continuous logic and continuous logic without a

metric is smaller than the difference between discrete logic and discrete logic without

equality. In a countable signature (or more generally a signature with countably many

non-constant symbols) without a metric and in which every predicate and function sym-

bol has finite arity,2 there is a (uniformly) definable pseudo-metric with regards to which

all predicates are automatically uniformly continuous. Namely, let {ϕi(x, z̄i)}i<ω be an

enumeration of all restricted atomic L(xz̄)-formulas containing no constant symbols,

with z̄ an ω-tuple of variables, and let ri = max{sup I(ϕi)− inf I(ϕi), 1} and

d(x, y) = sup
i<ω

1

2iri
sup
z̄i

|ϕi(x, z̄i)− ϕi(y, z̄i)|.

With regards to this metric all predicate and function symbols are automatically
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uniformly continuous (Lipschitz continuous, even). So for such signatures the two ap-

proaches are in some sense equivalent,3 although the natural notion of ‘structure’ is

different in that requiring structures to be complete with regards to that metric is less

well motivated than it is in continuous logic with a metric.

In this way it is also possible to regard discrete logic without equality as a special

case of continuous logic (although, again, the intended semantics are typically different,

discrete model theory without equality typically deals with what we are calling pre-

structures or sometimes reduced pre-structures [KM99]).

Definition 1.2.4. If L is a signature and C is a set of constant symbols (some of which

may be in L), then LC is the signature obtained by adding C to L as constant symbols.

If M is an L-pre-structure and A is a set of elements of M, then we define LA to be

a signature extending L with each element a of A as a new constant symbol, the name

of a, written n(a). We also define MA, also written (M, A), to be an LA-pre-structure

expanding M such that for each a ∈ A, n(a)M = a. By an abuse of notation we will

typically write a for n(a). C
2Predicates and functions with arity ω are slightly more difficult to formalize in continuous logic

without a metric, but every signature is interdefinable (Definition B.3.7) with a signature in which
every predicate and function symbol has finite arity.

3Even in uncountable signatures there is a subtler equivalence between the approaches given by
converting non-metric signatures to many-sorted metric signatures with a sort for each countable reduct
of the original signature with appropriate transition maps. See the discussion after Theorem 2.22 in
[BY05].
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1.3 Terms and Formulas

We allow arbitrary collections of variable symbols (in particular so that we can formalize

κ-types for arbitrarily large κ), but we have a special class of variable symbols called

the variable symbols for binding, written Vb = {v̇i}i<ω1 , indexed by ω1.

Definition 1.3.1. Given a metric signature L and a collection of variable symbols V

(which may or may not be disjoint from Vb), the collection of L(V )-terms is defined

inductively. We also simultaneously define the collection of restricted L(V )-terms.

• If v ∈ V is a variable symbol, then v is an L(V )-term and is restricted.

• If f ∈ F is a function symbol and t̄ is an a(f)-tuple of L(V )-terms, then f t̄ is

an L(V )-term. If t̄ is a tuple of restricted terms and is either finite or eventually

constant, then f t̄ is restricted.

When we want to emphasize that we are thinking of t as an L(V )-term, we will write

it as t(V ). V will frequently be a particular tuple of variables (e.g. L(x̄)-terms). An

L-term is an L(V )-term for some set of variable symbols V . C

Definition 1.3.2. G iven a metric signature L and a set of variable symbols V , real

L(V )-formulas are defined inductively. Also we define the codomain interval of ϕ, writ-

ten I(ϕ), (which is always a compact subinterval of R) and the free variables of ϕ,

written fv(ϕ).

• If P ∈ P is a predicate symbol and t̄ is an a(P )-tuple of L(V )-terms, then P t̄ is a

formula. I(P t̄) = I(P ). fv(P t̄) is the set of all variable symbols occurring in t̄.

• For any n ≤ ω, if F : ⊆Rn → R is a partially defined function and ϕ̄ is an n-tuple

of L(V )-formulas such that F is defined and continuous (in the product topology)
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on the set X =
∏

i<n I(ϕi), then Gϕ̄, with G = F � X,4 is an L(V )-formula. We

will write this as Fϕ̄. I(Fϕ̄) is the image of X under F . (Note that this is always

a compact interval, possibly of zero length.) fv(Fϕ̄) =
⋃
i<n fv(ϕi).

• If W is a finite or countable set or tuple of variable symbols for binding and ϕ

is an L(VW )-formula, then infW ϕ and supW ϕ are L(V )-formulas. I(infW ϕ) =

I(supW ϕ) = I(ϕ), and fv(infW ϕ) = fv(supW ϕ) = fv(ϕ) rW .

We will typically write quantification over a singleton set of variables as infv ϕ or

supv ϕ, rather than inf{v} ϕ or sup{v} ϕ.

When we need to write an expression that could be either inf or sup we will use the

metasyntactic variable Q, possibly with a subscript. In such cases we will not put the

variable in the subscript, so we will write expressions such as Q0xQ1yϕ.5

If ϕ is a formula, x̄ is a tuple of distinct variable or constant symbols, and t̄ is a tuple

of terms of the same length, then we write ϕ[ t̄
x̄
] for ϕ with all free instances of each xi

replaced with ti simultaneously.

If ϕ is a formula and x̄ is a tuple of distinct variable or constant symbols, then we

will write Qx̄ϕ for Q¯̇v(ϕ[
¯̇v
x
]), where ¯̇v = v̇iv̇i+1 . . . and i is the smallest index greater

than all indices of variable symbols for binding appearing in ϕ.

When we want to emphasize that we are thinking of ϕ as an L(V )-formula, we

will write it as ϕ(V ) (again, typically with a tuple of variables). An L-formula is an

L(V )-formula for some V . A real sentence is a real formula ϕ such that fv(ϕ) = ∅. A

quantifier-free formula is a formula containing no instances of inf or sup. An atomic

4The only reason for this convention of restricting to a specific domain on which the function is

continuous is that we would like to only have 2ℵ0 connectives, rather than 22ℵ0
connectives.

5We have not adopted it here, but a similarly compact and legible notation could be used for inf
and sup as well, with an inverted I and S, respectively, yielding expressions such as IxSyϕ.
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formula is a formula of the form P t̄. An affine atomic formula is a formula of the form

c +
∑

i<N ri · ϕi, with c and ri real numbers and ϕi atomic for every i < N . A finitary

formula is a formula containing no infinitary connectives. An unnested atomic formula

is one that is either of the form Px̄ or dyfx̄, with x̄ a tuple of variables. An unnested

formula is one in which all atomic sub-formulas are unnested.

By an abuse of notation we will denote the collection of L(V )-formulas by L(V ). C

The permissiveness of the second bullet point in this definition is largely for the sake

of three particular connectives, namely ϕ̄ 7→
∑

i<ω ϕi, ϕ̄ 7→ supi<ω ϕi, and ϕ̄ 7→ infi<ω ϕi,

which we would like to be able to use freely without equivocating. (In fact we have

already used one of these in Definition 1.2.1.) Note, however, that ϕ̄ 7→ supi<ω ϕi and

ϕ̄ 7→ infi<ω ϕi are not continuous on [0, 1]ω, even though they are well defined on that

set. Allowing sup and inf on [0, 1]ω would take us to a continuous analog of Lω1ω. We

will typically use sup as a connective on sets of the form
∏

i<ω[0, ri] with ri a sequence of

positive numbers limiting to 0 (as in Definition 1.2.1), and inf will be similarly limited.

Likewise, infinite sums will always be restricted to sets of the form
∏

i<ω[si, ri] with

si ≤ 0 ≤ ri and
∑

i<ω si and
∑

i<ω ri convergent.

We have chosen to restrict bound variables to a particular special class of variables

to compensate for allowing arbitrarily large collections of variables. We want to keep

the collection of L(V )-formulas a set, rather than an unbounded proper class.

Quantification over ω-tuples of variables may seem hopelessly non-first-order, but

consider the following: In discrete first-order logic, if ϕ is a formula, then ∃x0∃x1∃x2 . . . ϕ

is logically equivalent to a first-order formula, as ϕ only has finitely many free variables.

This is of course a fairly trivial observation, but an analogous thing is happening here.

To any ε > 0, the value of a formula with an infinite string of quantifiers only depends
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on finitely many of them. We won’t need it here, but we could have even allowed infinite

alternating quantifier strings and non-well-founded (but still linearly ordered) infinite

quantifier strings.

Formulas involving functions with standard non-Polish notation will be freely written

using the standard notation. So for instance, if ϕ and ψ are formulas then ϕ+ψ is also

a formula. We will also freely write expressions like ϕ+ ψ + χ, instead of (ϕ+ ψ) + χ.

Notation 1.3.3 (Common Connectives). The monus function, written x ·− y, is defined

as max{x− y, 0}. This notation is common in continuous logic literature, but we won’t

need it very often here.

If we need an infix notation for max and min, we will use ↑ and ↓, respectively.

We will avoid using ∨ and ∧ for these operations to avoid confusion with the logical

operations,6 which we will also be using.

For real numbers r, s with r ≤ s, the [r, s]-clamping function,7 written [x]sr, is

min{max{x, r}, s}. Note that [x]sr = r if x ≤ r, [x]sr = x if r ≤ x ≤ s, and [x]sr = s if

x ≤ s, and so in particular for any formula ϕ, I([ϕ]sr) ⊆ [r, s]. C

A common use of the clamping function is to force sums to converge: If {ri}i<ω is

a sequence of positive real numbers such that
∑

i<ω ri < ∞, then for any sequence of

formulas {ϕi}i<ω,
∑

i<ω[ϕi]
ri
−ri is a formula. This is closely related to the forced limit

function presented in [BYU10].

Definition 1.3.4. A restricted atomic formula is an atomic formula P t̄ such that t̄ is a

tuple of restricted terms that is either finite or eventually constant.

6And frankly, ∨ and ∧ are already confusing as lattice theoretic notation.
7The term clamp or clamping, while not established in mathematics, is common in computer graphics.
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Restricted formulas are the smallest class of formulas containing the restricted atomic

formulas and the formula 1 (i.e. the zero-ary connective 1) and closed under quantifi-

cation over 1-tuples of variables of the form v̇i for i < ω and the connectives x + y,

max{x, y}, min{x, y}, and x 7→ r · x for rational r. The collection of restricted L(V )-

formulas is written RL(V ). C

We will, of course, typically write r instead of r · 1 in restricted formulas and use

other common notational conveniences such as max{x, y, z}.

Remark 1.3.5. The notion of formula used in [BYBHU08] is equivalent to what we

are calling a finitary formula. I have elected to formalize continuous logic in terms of

infinitary connectives, which [BYBHU08] alludes to as a possibility (specifically around

Proposition 9.3). Instead of using infinitary connectives they use the notion of a definable

predicate for a fixed structure M. A definable predicate on M is a function that is

the uniform limit of the evaluations of formulas. [BYBHU08] also has a slightly more

restrictive definition of restricted formulas, which is a less significant difference.

Occasionally it will be convenient to allow formulas to take on values in topological

spaces other than R or to allow a formula to have some extra parameters in some

topological space.

Definition 1.3.6. For any topological space X, signature L, and set of variable symbols

V , an X-valued L(V )-formula, ϕ, is an expression of the form Fψ̄, with ψ̄ a tuple of

real L(V )-formulas and a partially defined function F : ⊆R|ψ̄| → X that is defined and

continuous on the set
∏

i<|ψ̄| I(ψi). We set fv(ϕ) =
⋃
i<|ψ̄| fv(ψi). If Y is some subspace
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of X and we are in a context in which we know Fψ̄ always evaluates to an element

of Y (such as in the context of a specific theory), we may refer to Fψ̄ as a Y -valued

formula. C

Obviously R-valued formulas are themselves real formulas. Most commonly X will

be C or some compact metric space (such as the unit circle in C). It is possible to give

an account of (first-order) quantifiers for X-valued formulas, but we will not.

Definition 1.3.7. Given a pre-structure M and a (possibly empty) set of variable sym-

bols V , a variable assignment (for V on M) or a V -assignment (on M), ι, is a function

ι : V →M.

If ι is a variable assignment, x̄ is a tuple of distinct variable symbols (possibly not in

the domain of ι), and ā is a tuple of elements of M of the same length, then ι[ ā
x̄
] is the

variable assignment where ι[ ā
x̄
](v) = ι(v) if v /∈ x̄ and ι[ ā

x̄
](v) = ai if v = xi ∈ x̄. C

Definition 1.3.8. Let M be an L-pre-structure, let x̄ be a tuple of variable symbols,

and let ι be a variable assignment for x̄ in M.

• Given an L(V )-term t, the evaluation of t (on ι in M), written tM(ι), is an element

of M defined inductively:

– If t = v ∈ dom(ι), then tM(ι) = ι(v).

– If t = fs̄, then tM(ι) = fM
(
sM0 (ι), sM1 (ι), . . .

)
.

• Given an L(V )-formula ϕ, the evaluation of ϕ (on ι in M), written ϕM(ι), is

defined inductively:

– If ϕ = P t̄, then ϕM(ι) = PM(tM0 (ι), tM1 (ι), . . . ).
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– If ϕ = Fψ̄, then ϕM(ι) = F (ψM
0 (ι), ψM

1 (ι), . . . ).

– If ϕ =

{
infW
supW

}
ψ, where W is some set of variable symbols, and v̄ is an

enumeration of W , then

ϕM(ι) =

{
inf

sup

}{
ψM
(
ι
[ ā
v̄

])
: ā ∈M

}
,

if M is non-empty, otherwise ϕM(ι) =

{
max

min

}
I(ψ).

We will typically drop M when it is clear from context, most commonly in expressions

involving d. In general for an L(V )-term, t, we will consider tM as a function MV →M

given by ι 7→ tM(ι). We will do likewise for formulas. C

Definition 1.3.9. For real L(V )-formulas ϕ, ψ, expressions of the form ϕ@Aψ with

@A ∈{≤,≥,=} are called closed L(V )-formulas and with @A ∈{<,>, 6=} are called open

L(V )-formulas. Open and closed L(V )-formulas are referred to collectively as topological

L(V )-formulas. Topological L-formulas are topological L(V )-formulas for any V . The

set of all closed L(V )-formulas is written CL(V ). The set of all open L(V )-formulas is

written OL(V ).

For a topological formula Q = (ϕ@Aψ), the the negation of Q, written ¬Q, is the

topological formula ϕ@A′ψ where @A′ is the logical negation of @A (i.e. ¬(ϕ ≤ ψ) = (ϕ >

ψ)). Note that the negation of a closed formula is an open formula and vice versa.

The free variables of a topological formula are the free variables of its constituent

real formulas. We will typically represent closed formulas with capital letters suggestive

of closed sets, such as F and G, and we will represent open formulas with capital letters

suggestive of open sets, such as U and V . When we wish to emphasize that these are
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L(V )-formulas we will write expressions such as F (V ). Quantifier-free, atomic, affine

atomic, finitary, unnested, or restricted topological formulas are topological formulas in

which both real formulas are quantifier-free, atomic, affine atomic, finitary, unnested,

or restricted, respectively. A topological sentence is a topological formula in which both

real formulas are real sentences.

If ϕ is a real L(V )-formula, ψ is a real L(V ′)-formula (which in particular may be

fixed real numbers), and @A ∈{<,>,≤,≥,=, 6=}, then we write M |= ϕ(ι)@Aψ(ι′) to

mean ϕM(ι)@AψM(ι′). We may also write expressions such as M |= ϕ ≤ ψ < χ, with the

obvious meaning.

If X(x̄, ȳ) is a topological formula, M is a pre-structure, and ā ∈ M is a tuple

assigned to ȳ, then X(M, ā) is the set of all tuples b̄ such that M |= X(b̄, ā).

If Σ is a set of topological L(V )-formulas, we write M |= Σ(ι) to mean M |= Q(ι)

for each Q ∈ Σ. If R is a topological L(V )-formula, then we write Σ |= R to mean

M |= R(ι) for every M and ι such that M |= Σ(ι).

If T is a theory, M is a pre-structure, and M |= T , we say that M is a pre-model

of T . If M is a reduced pre-structure, we say that it is a reduced pre-model of T . If M

is a structure, we say that it is a model of T . We may refer to a (pre-)structure as a

(pre-)model when we are implicitly thinking about a specific theory.

If we wish to emphasize that Σ is a set of L(V )-formulas, we will write Σ(V ) (again,

typically with a tuple of variables).

If an open L(V )-formula U is known to be logically equivalent (modulo a partial type

Σ) to a closed L(V )-formula F (i.e. M |= Σ(ι), U(ι) ⇔M |= Σ(ι), F (ι)), then we may

refer to either U or F as a clopen L(V )-formula (over Σ). C

Notation 1.3.10. Instead of writing ϕM(ι) we will typically have a particular tuple
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x̄ of variable symbols in mind, and we will write ϕM(ā) to mean ϕM(ι) where ι is the

variable assignment such that ι(xi) = ai. We will do likewise for terms, formulas, and

sets of formulas.

In all of these cases if we wish to emphasize the relevance of certain constants as

parameters, we will also write them explicitly in expressions such as ϕ(x̄, ā) or ϕ(x̄; ā).

C

Definition 1.3.11. Given a (pre-)structure M and a variable assignment ι for V , the

type of ι (in M), written tpM(ι), is the set of all closed L(V )-formulas F such that

M |= F (ι). If A ⊆M is a set of elements, we will write tpM(ι/A) for tpMA
(ι). When M

is clear from context we will typically write tp(ι) or tp(ι/A).

If ι and ι′ are variable assignments for the same set of variables, and A is some set

of parameters, we write ι ≡A ι′ to mean tp(ι/A) = tp(ι′/A). We will omit A when it is

empty.

The theory of M, written Th(M), is tpM(∅). The elementary diagram of M, writ-

ten eldiag(M), is the theory of MM as an LM-structure. Two L-(pre-)structures are

elementarily equivalent, written M ≡ N, if Th(M) = Th(N). C

Definition 1.3.12. Given (pre-)structures, M and N, and a function f : M → N ,

we say that f is an elementary map, written f : M � N, if for every tuple ā ∈ M

and formula ϕ ∈ L(x̄), we have ϕM(ā) = ϕN(f(ā)), where f(ā) is the tuple such that

(f(ā))i = f(ai).

If M is a sub-(pre-)structure of N, we say that M is an elementary sub-(pre-)structure

of N and conversely that N is an elementary extension of M, written M � N, if the

inclusion map is an elementary map. C
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Remark 1.3.13. [BYBHU08] uses the notational conventions of writing M |= ϕ to mean

M |= ϕ = 0. I will avoid using this notation as I feel that its primary functionality is

superseded by the language of open and closed formulas developed in Section 1.7, which

are more directly analogous to formulas in discrete logic. Relatedly, I will refrain from

any declaration that 0 represents true and 1 represents false (or vice versa).

What I am calling open and closed formulas are typically referred to as open and

closed conditions, in [BYBHU08] and elsewhere. I feel that this terminology would be

psychologically difficult to maintain while employing the machinery of Subsection 1.7,

which we will employ frequently. There are also two other notions of formula, which we

will use less frequently, specifically, X-valued formulas for arbitrary topological spaces

X and type-set formulas (Definition 1.7.7). Given this proliferous overloading of the

word ‘formula,’ I feel that it would be good to give a general organizing mindset for

these four concepts.

An L(V )-formula is an object that takes an L-structure and a V -assignment and

produces some kind of output, either an element of some topological space, such as R,

or one of the values true and false. The free variables of an L-formula are the smallest

V such that it is an L(V )-formula. (Such a set doesn’t automatically exist, but we

will always define formulas in such a way that they do.) This perspective might be

disturbingly broad, as it would tell us that the operation of finding the type of a tuple

is itself a type-space-valued formula, but I think that it is inevitable in the context

of continuous logic. After all, any discrete theory in a countable signature has a real

formula ϕ such that a ≡ b if and only if ϕ(a) = ϕ(b) (since every topologically separable,

totally disconnected compact Hausdorff space embeds into R).
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The formulas we will consider here are usually first-order, in the sense that the value

of the formula on some input (M, ι) only depends on the type of ι.8 (First-order) formulas

are very closely related to functions on or subsets of the relevant type space (Definition

1.5.5). The only distinction is that an L(V )-formula is defined in such a way that it

is automatically a L′(V ′)-formula for any L′ ⊇ L and V ′ ⊇ V , and this is primarily a

matter of bookkeeping.

It is possible to reduce true-false formulas to X-valued formulas, specifically with

different topologies on the set {>,⊥}. The discrete topology results in clopen formulas,

the two Sierpiński topologies result in open and closed formulas (in countable signatures),

and the indiscrete topology results in type-set formulas (arbitrary sets of types), but this

approach, while conceptually simpler, doesn’t seem very pragmatic.

We will typically use lowercase Greek letters (e.g. ϕ, ψ, χ, etc.) for formulas taking

on values in a topological space, and we will typically use uppercase Roman letters (e.g.

F , G, U , V , etc.) for formulas that evaluate to true or false. The only systematic

exception will be definable sets, in which case we will use D for both the corresponding

closed formula and the corresponding distance predicate. The meaning of an instance of

the word ‘formula’ without other clarifying words will hopefully be clear from context.

A phrase such as ‘a formula ϕ’ without additional context will typically refer to a real

formula, analogously to the implicit convention in topology that a phrase such as ‘a

continuous function f ’ refers to a real valued continuous function by default.

8There is some circularity in this statement, as types are themselves defined in terms of closed
formulas. A philosophically pure approach would be to formalize first-order types directly and then
define first-order formulas in terms of types. This is possible (without ultraproducts, even), but seems
somewhat tedious and unwise pedagogically speaking, given most logicians’ familiarity with the standard
formalization of discrete first-order logic.
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The following facts will be used frequently and implicitly.

Fact 1.3.14. Let L be a signature, M and N be L-pre-structures, V be a set of variables,

and ι be a V -assignment.

1. The concepts of quotient pre-structure and completion of a reduced pre-structure,

given in Definition 1.2.2, are well defined. (As in the quotient and completion are

themselves pre-structures.)

2. The collection of restricted L(V )-terms has cardinality at most ℵ0 + |L|+ |V |. The

collection of L(V )-terms has cardinality at most (|L|+ |V |)ℵ0.

3. The collection of restricted real L(V )-formulas has cardinality ℵ0 + |L|+ |V |. The

collection of real L(V )-formulas has cardinality (ℵ0 + |L|+ |V |)ℵ0.

4. Every restricted formula contains at most finitely many predicate and function

symbols and has at most finitely many free variables. Every formula contains at

most countably many predicate and function symbols and has at most countably

many free variables.

5. An L-formula ϕ is an L(V )-formula if and only if fv(ϕ) ⊆ V .

6. For any formula ϕ ∈ L(V ), ϕM(ι) ∈ I(ϕ).

7. If t is an L(x̄)-term where x̄ is an at most countable tuple of variable symbols,

then there is a modulus ωt, depending only on t and (if x̄ is infinite) the particular

enumeration x̄, such that tM is ωt-uniformly continuous (as a function on M |x̄|,

relative to the metric in Definition 1.2.1).
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8. If ϕ is an L(x̄)-formula where x̄ is an at most countable tuple of variable symbols,

then there is a modulus ωϕ, depending only on ϕ and (if x̄ is infinite) the particular

enumeration x̄, such that ϕM is ωt-uniformly continuous (as a function on M |x̄|,

relative to the metric in Definition 1.2.1).

9. We can freely convert between variable assignments and fresh constant symbols:

If V is a set of variable symbols, v̄ is a tuple of distinct variable symbols, c̄ is

a tuple of distinct constant symbols (not in C(L)) of the same length, and ā is

a tuple of elements of M of the same length, then for any L(V v̄)-formula ϕ(v̄),

ϕM(ι) = ϕ[ c̄
v̄
]M[ ā

c̄
](ι � V ), where ι is a V v̄-assignment mapping vi to ai for each

i, ϕ[ c̄
v̄
] is the Lc̄(V )-formula resulting from replacing each free instance of each vi

with ci, and M[ ā
c̄
] is the Lc̄-structure in which cMi = ai.

10. The natural quotient map of M to rM is an elementary map, and the natural

inclusion map of rM to M is an elementary map (so in particular a reduced pre-

structure is always an elementary sub-structure of its completion).

11. Elementary maps are isometries, so in particular an elementary map from a re-

duced pre-structure to a pre-structure is necessarily injective. (Although elementary

maps between pre-structures in general may fail to be injective.)

12. If there is an elementary map from M to N, then M ≡ N.

13. M � N if and only if M is a sub-pre-structure of N and MM ≡ NM.

Given Fact 1.3.14 parts 7 and 8 we will like to have canonical names for these moduli

of uniform continuity. It is possible to compute sufficient moduli more directly than

we do in the following definition, but for our purposes this is more trouble than it’s
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worth. (In particular, dealing with combining or rearranging infinite tuples of variables

is tedious.)

Definition 1.3.15. For an at most countable tuple of variable symbols x̄ and an L(x̄ȳ)-

term t(x̄ȳ), we define the (syntactic) modulus of uniform continuity of t with regards to

x̄ as

ωt,x̄(r) = inf
{
m · r + c : m, c ≥ 0,

(∀M, an L0-str.)(∀ā, b̄, c̄ ∈M)d
(
tM(āc̄), tM(b̄c̄)

)
≤ m · d(ā, b̄) + c

}
,

where L0 ⊆ L is the reduct consisting only of those predicate and function symbols oc-

curring in t. For an L(x̄ȳ)-formula ϕ(x̄ȳ), the (syntactic) modulus of uniform continuity

of ϕ with regards to x̄, written ωϕ,x̄, is defined similarly. If x̄ has finite length and ȳ = ∅,

we will typically write ωt or ωϕ. C

We are calling the moduli ‘syntactic’ to emphasize that they do not depend on the

particular structure in question, only the term or formula and the particular enumeration

of variable symbols. The complexity of this definition comes from the fact that we have

required that moduli of uniform continuity be continuous. The benefit of this is that

we can use them freely in formulas as connectives. It is a straightforward but somewhat

tedious exercise to verify that for any term t(x̄ȳ) and any structure M and tuple b̄ ∈M

of the same length as ȳ, the function (x̄ 7→ tM(x̄b̄)) : M|x̄| →M is indeed ωt,x̄-uniformly

continuous, and likewise for formulas. It is also not hard to verify (using Lemma A.1.7)

that ωt,x̄ and ωϕ,x̄

• are moduli, in the sense of Definition 0.3.9;
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• are convex downwards, and therefore sub-additive;

• are bounded above by db(L) and sup I(ϕ)− inf I(ϕ), respectively;

• do not depend on the particular enumeration x̄, if |x̄| is finite;

and that ωt,x̄ and ωϕ,x̄ only depend on t and ϕ and not on the ambient signature. Note

that a useful property of sub-additivity is that if d is a pseudo-metric and α : R≥0 → R≥0

is sub-additive and satisfies α(0) = 0, then α ◦ d is a pseudo-metric.

Now that we have syntactic moduli for formulas, we can define the following familiar

concept from discrete logic.

Definition 1.3.16. For any signature L, the Morleyization of L, written LMor, is an

expansion consisting of L together with for each real formula ϕ(x̄) a predicate symbol

Pϕ(x̄) with I(Pϕ(x̄)) = I(ϕ), a(Pϕ(x̄)) = |x̄|, and ωPϕ(x̄)
= ωϕ,x̄.

For any signature L, the admissibility axioms for L are axioms for each real formula

ϕ(x̄) of the form supx̄ |ϕ(x̄)− Pϕ(x̄)(x̄)| = 0.

For any L-theory T , the Morleyization of T , written TMor, is T together with the

admissibility axioms for L.

For any L-pre-structure M, the Morleyization of M, written MMor, is the expansion

of M to an LMor-pre-structure satisfying PMMor

ϕ(x̄) (ā) = ϕM(ā) for every formula ϕ and

ā ∈M. C

It is not hard to check that MMor is always an LMor-pre-structure and that if M |= T ,

then MMor |= TMor.
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1.4 The Logical Norm and the Density of Restricted

Formulas

Definition 1.4.1. Given an L(V )-formula, ϕ, the logical norm of ϕ, written ‖ϕ‖≡, is

given by

‖ϕ‖≡ = sup{|ϕM(ι)|; ι : V →M}.

Given a set of L(V )-formulas, Σ, the logical norm of ϕ modulo Σ, written ‖ϕ‖Σ, is

given by

‖ϕ‖Σ = sup{|ϕM(ι)|; ι : V →M |= Σ(ι)},

where sup∅ = 0.

Given two L(V )-formulas, ϕ, ψ, the logical distance between ϕ and ψ is ‖ϕ− ψ‖≡.

The logical distance between ϕ and ψ modulo Σ is defined similarly. ϕ and ψ are logically

equivalent, written ϕ ≡ ψ, if ‖ϕ− ψ‖≡ = 0. ϕ and ψ are logically equivalent modulo Σ,

written ϕ ≡Σ ψ, if ‖ϕ− ψ‖Σ = 0.

Given two L(V )-terms, t, s, and X ∈ {≡,Σ}, we define

dX(t, s) = ‖d(x, t)− d(x, s)‖X ,

where x is a variable symbol not in V . C

Note that if Σ ⊆ Σ′, then ‖ϕ‖≡ ≥ ‖ϕ‖Σ ≥ ‖ϕ‖Σ′ and likewise for the metric on

terms.

Lemma 1.4.2. For any formula ϕ(x̄, ȳ), ψ(x̄, ȳ), with x̄ at most countable, and partial
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type Σ(ȳ), ‖inf x̄ ϕ− inf x̄ ψ‖Σ ≤ ‖ϕ− ψ‖Σ, and likewise for sup.

Proof. For any M and ā ∈ M such that M |= Σ(ā), for any b̄ ∈ M, by assumption

we have that M |= ϕ(b̄, ā) ≤ ψ(b̄, ā) + ‖inf x̄ ϕ− inf x̄ ψ‖Σ, therefore M |= inf x̄ ϕ(x̄, ā) ≤

inf x̄ ψ(x̄, ā) + ‖inf x̄ ϕ− inf x̄ ψ‖Σ. Therefore, by symmetry the required inequality holds.

The sup case follows from the inf case by considering −ϕ and −ψ.

Proposition 1.4.3. d≡(t, s) = supM,ι d
M(tM(ι), sM(ι)), and a similar fact holds for dΣ.

Proof. For any r, if we have M and ι such that dM(tM(ι), sM(ι)) > r, then we have a

witness that d≡(t, s) > r as well, so we have that d≡(t, s) ≥ supM,ι d
M(tM(ι), sM(ι)).

Conversely, if we have N, ι, and a such that N |= |d(t(ι), a) − d(s(ι), a)| > r, then by

the reverse triangle inequality we have that N |= d(t(ι), s(ι)) > r, as well, so we have

that d≡(t, s) ≤ supM,ι d
M(tM(ι), sM(ι)), and the desired equality follows. The proof for

dΣ is the same.

For the following proposition, note that, through a hilarious accident of history, the

term ‘semi-norm’ is the norm analog of the term ‘pseudo-metric,’ as in both lift the

requirement that distance zero things are identical.

Proposition 1.4.4. For X ∈ {≡,Σ}, dX is a pseudo-metric on the set of L(V )-terms

and ‖·‖X is a semi-norm on the set of L(V )-formulas, where we treat the collection of

L(V )-formulas as an R-vector space in the obvious way.

Proof. dX is a supremum of a family of pseudo-metrics and is therefore a pseudo-metric.

‖·‖X is a supremum of a family of semi-norms and is therefore a semi-norm. (It does

not matter that the indexing family is a proper class rather than a set.)
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We will use the following fact from topology (which follows, in particular, from the

Stone–Weierstrass theorem (see Fact A.2.4) and some basic identities involving max,

min, and + which are mentioned in the proof of Proposition 1.4.12).

Fact 1.4.5. For any k ≤ ω, if {In}n<k is a sequence of compact intervals and F :∏
n<k In → R is a continuous function, then for any ε > 0 there is a function G : Rk → R

of the form G(x̄) = maxn<N minm<M Anm(x̄), where each Anm is an affine function with

rational coefficients and constant term (in particular, depending on only finitely many

variables in x̄), such that for all x̄ ∈
∏

n<k In, |F (x̄)−G(x̄)| ≤ ε.

Proposition 1.4.6. For any L and V ,

(i) the set of restricted L(V )-terms is dense in the set of L(V )-terms under d≡, and

(ii) the set of restricted L(V )-formulas is dense in the set of L(V )-formulas under

‖·‖≡.

Furthermore, an L(V )-term or formula X can be approximated arbitrarily well by re-

stricted L(V )-term or formulas Y such that fv(Y ) ⊆ fv(X).

Proof. (i) For v ∈ V , d≡(v, v) = 0, so v is in the closure of the collection of restricted

L(V )-terms. Let f t̄ be an L(V )-term, and assume that each ti is known to be the limit

under d≡ of restricted L(V )-term with no additional free variables. Fix ε > 0. Find

δ > 0 small enough that ωf (δ) < ε. Assume that a(f) < ω. Then for each i < ω, find

si, a restricted L(V )-term, with fv(si) ⊆ fv(ti). Then we have that d≡(f t̄, f s̄) < ε. Now

assume that a(f) = ω. Find n < ω large enough that 2−n < δ. For each i ≤ n, find si

such that d≡(ti, si) < δ. Now we have that d≡(f t̄, fs0s1 . . . sn−1snsnsn . . . ) < ε.
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So by induction, every L(V )-term can be approximated arbitrarily well by restricted

L(V )-terms containing no additional free variables.

(ii) Let P t̄ be an atomic L(V )-formula. By the same argument as in part (i), we can

find restricted atomic L(V )-formulas P s̄ containing no additional free variables, such

that ‖P t̄− P s̄‖≡ < ε for arbitrarily small ε > 0.

Now given a L(V )-formula (for some V ) of the form Fϕ̄ for some connective F and

some k-tuple of formulas ϕ̄, assume that for each ϕi we’ve shown that there are restricted

L(V )-formulas arbitrarily close to ϕi under ‖·‖≡.

Fix ε > 0. Using Fact 1.4.5, find a G (of the form described in the fact) such that

for all x̄ ∈ X, |F (x̄)−G(x̄)| ≤ ε
2
, and such that G only depends on the first ` variables

for some finite ` ≤ k. Since G is piecewise affine, it is Lipschitz, and there is a δ > 0

such that if ‖x̄− ȳ‖∞ ≤ δ, then |G(x̄)−G(ȳ)| ≤ ε
2
.

So now for each ϕi with i ≤ `, find a restricted L(V )-formula ψi such that ‖ϕi − ψi‖≡ ≤

δ. Now consider the formula Gψ̄ = Gψ0ψ1 . . . ψ`−1. By construction, for any M and

V -assignment ι, we have that

M |= |Gψ̄(ι)− Fϕ̄(ι)| ≤ |Gψ̄(ι)−Gϕ̄(ι)|+ |Gϕ̄(ι)− Fϕ̄(ι)| ≤ ε

2
+
ε

2
= ε.

Therefore
∥∥Fϕ̄−Gψ̄∥∥≡ ≤ ε. Since we can do this for any ε > 0, we have that

restricted L(V )-formulas are arbitrarily close to Fϕ̄ under ‖·‖≡.

Now given L(V )-formula of the form Qx̄ϕ (where Q ∈ {inf, sup}), assume that we’ve

shown that ϕ is approximated arbitrarily well by restricted L(V x)-formulas under ‖·‖≡.

Pick ε > 0, and let ψ be a restricted L(V x)-formula such that ‖ϕ− ψ‖≡ ≤ ε. Let x̄0

be the initial segment of x̄ consisting of those variables that actually occur in ψ (this is
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always finite). Direct computation shows that ‖Qx̄ϕ−Qx̄0ψ‖≡ ≤ ε. Since we can do

this for arbitrarily small ε > 0, we have that restricted L(V )-formulas are arbitrarily

close to Qxϕ under ‖·‖≡.

Therefore by induction (simultaneously for different choices of V ), we have that for

any V , any L(V )-formula ϕ can be approximated arbitrarily well by restricted L(V )-

formulas under ‖·‖≡.

All of the restricted formulas ψ constructed in this proof to approximate a formula

ϕ have the property that fv(ψ) ⊆ fv(ϕ), so the last statement holds as well.

Proposition 1.4.7. For any L and any V , the collection of L(V )-formulas modulo log-

ical equivalence is a complete metric space under ‖·‖≡. For any set of L(V )-formulas Σ,

the same statement holds for the collection of L(V )-formulas modulo logical equivalence

modulo Σ, with the norm ‖·‖Σ.

Proof. Let {χi}i<ω be a sequence of L(V )-formulas such that for each i < ω, ‖χi − χi+1‖ ≤

2−i. Let η0 = χ0, and for each i > 0, let ηi = χi−χi−1. Note that by construction, for any

i > 0, for any M, and for any V -assignment ι, we have that M |= −2−i ≤ ηi(ι) ≤ 2−i.

Let ζ0 = η0, and for i > 0 let ζ0 = [ηi]
2i

−2−i . Note that by construction ηi ≡ ζi, but

for i > 0, I(ζi) ⊆ [−2−i, 2−i]. So now we have that ψ =
∑

i<ω ζi is an L(V )-formula. A

direct computation shows that limi→∞ χ
M
i (ι) = ψM(ι) for all M and ι.

The same proof works for formulas modulo Σ.

Corollary 1.4.8. For any L and any V , the collection of L(V )-formulas modulo logical

equivalence is a unital real Banach algebra under ‖·‖≡, with operations ϕ 7→ r · ϕ,

(ϕ, ψ) 7→ ϕ+ ψ, and (ϕ, ψ) 7→ ϕ · ψ.
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For any set of L(V )-formulas Σ, the collection of L(V )-formulas modulo logical equiv-

alence modulo Σ also forms a real Banach algebra. If Σ is satisfiable (i.e. there exists

an M and an ι such that M |= Σ(ι)), then this algebra is unital. If Σ is unsatisfiable,

then this algebra is trivial.

Now we will see that, despite the formal similarity between the syntax of continuous

first-order logic and Lω1ω, continuous logic does not actually have meaningful formula

rank above ω (either in the sense of syntactic rank or the sense of quantifier rank) up to

logical equivalence.

Corollary 1.4.9. Every formula ϕ is logically equivalent to a formula ψ = Fχ̄, where

χ̄ = {χi}i<ω is a sequence of restricted formulas.

Proof. Follow the proof of Proposition 1.4.7 with χi being a sequence of restricted for-

mulas limiting to ϕ. Let ψ be the formula constructed from the χi’s. By construction

ψ is logically equivalent to ϕ.

Corollary 1.4.10. For any L(V )-formula ϕ and any ε > 0, there is a restricted L(V )-

formula ψ such that fv(ψ) ⊆ fv(ϕ) and such that ‖ϕ− ψ‖≡ ≤ ε and M |= ϕ(ι) ≥ ψ(ι)

for every M and V -assignment ι. (And likewise for ≤.)

Proof. Assume without loss that ε is rational. Find a restricted L(V )-formula χ such

that ‖ϕ− χ‖≡ ≤
ε
3

(and such that fv(χ) ⊆ fv(ϕ)), and let ψ = χ− ε
2
, which is a restricted

L(V )-formula that satisfies the required properties.

The ≤ case follows by applying the ≥ case to −ϕ.

Definition 1.4.11. A formula is in prenex form if it is a string of quantifiers followed

by a quantifier-free formula.
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A formula is in prenex maximal affine normal form, or p.max.a.n.f., if it is of the

form Q0x0Q1x1 . . .maxn<N minm<M ϕnm, with each ϕnm an affine atomic formula.

A formula is in prenex minimal affine normal form, or p.min.a.n.f., if it is of the

form Q0x0Q1x1 . . .minn<N maxm<M ϕnm, with each ϕnm an affine atomic formula. C

Proposition 1.4.12. Every restricted L(V )-formula is logically equivalent to a p.max.a.n.f.

restricted L(V )-formula (and to a p.min.a.n.f. restricted L(V )-formula).

Proof. For this proof we will write x ↑ y = max{x, y} and x ↓ y = min{x, y}.

We’ll say that a restricted formula is in scaling normal form, or s.n.f., if whenever it

has a subformula of the form r · ϕ, ϕ is either 1 or an atomic formula. A simple induc-

tive argument shows that every restricted formula is logically equivalent to a restricted

formula in s.n.f. We’ll say that a restricted formula is in prenex scaling normal form, or

p.s.n.f., if it is in s.n.f. and furthermore is of the form Q0x0Q1x1 . . . Qnxnϕ where ϕ is

quantifier-free.

We need to show that every restricted formula in s.n.f. is logically equivalent to

one in p.s.n.f. To show this, it is sufficient to show that one can move quantifiers

out of expressions involving binary connectives. The rest follows by induction. For

� ∈ {+, ↑, ↓}, ϕ�Qv̇iψ is logically equivalent to Qv̇jϕ�(ψ[
v̇j
v̇i

]), where j is the smallest

index such that v̇j does not occur in ϕ or ψ. The other cases follow by symmetry. A

restricted formula in s.n.f. is still in s.n.f. after applying these operations, so we have

shown that every restricted formula is equivalent to a p.s.n.f. formula.

Finally, we just need to show that a quantifier-free s.n.f. restricted formula is always

logically equivalent to one of the form maxn<N minm<M ϕnm, with each ϕnm a restricted

affine atomic formula. The proof of this is essentially identical to the proof in discrete
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propositional logic that a sentence is always equivalent to one in conjunctive normal

form. The extra wrinkle is the presence of the + connective. The relevant facts are

these: x ↑ (y ↓ z) = (x ↑ y) ↓ (x ↑ z), x ↓ (y ↑ z) = (x ↓ y) ↑ (x ↓ z), x + (y ↑ z) =

(x+ y) ↑ (x+ z), and x+ (y ↓ z) = (x+ y) ↓ (x+ z).

Applying this last step to the quantifier free part of a p.s.n.f. formula and noting

that if two prenex formulas have the same quantifier string and have logically equivalent

quantifier-free parts, then they are logically equivalent, we get that every restricted

formula is logically equivalent to a p.max.a.n.f. formula.

The proof of the p.min.a.n.f. case is essentially the same.

1.5 Compactness I: Type Spaces

Definition 1.5.1. A set of closed L(V )-formulas is called a partial L(V )-type, or just

a partial V -type if L is clear by context. A partial type is a partial L(V )-type for some

V . An n-type for some ordinal n is a V -type for some set of variables enumerated by n.

An (L-)theory is a partial L(∅)-type.

We say that a partial type Σ extends a partial type Π if Σ is a superset of Π.

A V -type Σ is satisfiable if there is a structure M and a V -assignment ι such that

M |= Σ(ι). A type is finitely satisfiable if every finite subset of it is satisfiable.

A complete L(V )-type is an L(V )-type that is maximally finitely satisfiable, i.e. it is

finitely satisfiable and no larger set of L(V )-formulas is finitely satisfiable. C

Lemma 1.5.2. Let p be a complete V -type. For every pair of L(V )-formulas, ϕ and ψ,

either (ϕ ≤ ψ) ∈ p or (ϕ ≥ ψ) ∈ p.

Proof. Assume that for some L(V )-formulas ϕ and ψ, neither p∪{ϕ ≤ ψ} nor p∪{ϕ ≥ ψ}
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are finitely satisfiable. This implies that there are finite Σ0,Σ1 ⊆ p such that Σ0 ∪ {ϕ ≤

ψ} and Σ1 ∪ {ϕ ≥ ψ} are each not satisfiable. Σ0 ∪ Σ1 is finite and so is satisfiable

by assumption. Let M |= Σ0 ∪ Σ1. Now either M |= ϕ ≤ ψ or M |= ϕ ≥ ψ. In the

first case, we contradict that Σ0 ∪ {ϕ ≤ ψ} is not satisfiable, and in the second case we

contradict that Σ1 ∪ {ϕ ≥ ψ} is not satisfiable. So we have a contradiction, and one of

p∪{ϕ ≤ ψ} and p∪{ϕ ≥ ψ} must be finitely satisfiable. By maximality it must be the

case that either (ϕ ≤ ψ) ∈ p or (ϕ ≥ ψ) ∈ p.

Corollary 1.5.3. Let p be a complete V -type. For every L(V )-formula ϕ, there is a

unique r ∈ I(ϕ) such that for every s < r, (ϕ ≥ s) ∈ p, and for every s > r, (ϕ ≤ s) ∈ p.

Proof. By the lemma, for every s ∈ I(ϕ), either (ϕ ≤ s) or (ϕ ≥ s) is in p. By maximal

finite satisfiability the set A = {s ∈ I(ϕ) : (ϕ ≥ s) ∈ p} must be an initial segment

of I(ϕ) and the set B = {s ∈ I(ϕ) : (ϕ ≤ s) ∈ p} must be a final segment of I(ϕ).

Furthermore, A ∩ B must be at most one point and in particular supA = inf B. Let

r = supA = inf B.

Definition 1.5.4. For any complete V -type p and any V -formula ϕ, let ϕ(p) denote the

unique r from Corollary 1.5.3. C

Note that if ϕ(p) = ϕ(q) for all L(V )-formulas, then p = q.

Definition 1.5.5. • Given a partial L(V )-type Σ, the space of (complete) L(V )-

types (over Σ) also called a type space or a Stone space,9 written SV (Σ,L) or

SV (Σ) if L is clear by context, is the set of all complete L(V )-types p such that

9By analogy with the Stone spaces in discrete logic, despite the fact that SV (Σ) is not necessarily
the Stone space of any Boolean algebra. By rights they should be called Gelfand spaces, in light of Fact
1.5.6, but c’est la vie.
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p ⊇ Σ. If Σ = ∅, we will write SV (L) or SV for SV (∅,L). In this notation V will

typically be an ordinal or an explicit tuple of variables.

• If M is a structure and A ⊆M is some set of elements, then SV (A) is SV (Th(MA)).

• For a closed formula ϕ@Aψ, Jϕ@AψKV,Σ,L = {p ∈ SV (Σ,L) : (ϕ@Aψ) ∈ p}. For an

open formula ϕ@Aψ, Jϕ@AψKV,Σ,L = SV (Σ,L)r J¬(ϕ@Aψ)K. When V , Σ, and L are

clear from context we will omit them. We will also write expressions of the form

Jϕ ≤ ψ < χK, with the obvious meaning.

• Sets of the form Jϕ = 0K (as well as their sets of realizations in structures) for

formulas ϕ are called zerosets. All closed formulas can be written in this form.

• Each type space SV (Σ) is endowed with a logic topology. This is the topology

generated by sets of the form Jϕ < ψK. C

Typically we will consider type spaces over an L-theory, rather than an arbitrary

partial L(V )-type.

We will present the following fact without proof, as it will not be used in this thesis.

Fact 1.5.6. SV (Σ) is the Gelfand spectrum of the Banach algebra of L(V )-formulas

modulo logical equivalence modulo Σ.

Lemma 1.5.7. For any V and Σ, sets of the form Jϕ < ψK form a base for the logic

topology (not just a sub-base). Jϕ > ψK and Jϕ 6= ψK are open sets as well. Furthermore,

sets of the form Jϕ < ψK for restricted ϕ and ψ form a base for the logic topology.

Proof. The second statement follows easily from the facts that Jϕ > ψK = Jψ < ϕK and

Jϕ 6= ψK = J0 < |ϕ− ψ|K.
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For the first statement, all we need to do is show that these sets are closed under

finite intersections. Since Jϕ < ψK = J0 < ψ − ϕK, it’s sufficient to consider sets of the

form J0 < ϕK. J0 < ϕK ∩ J0 < ψK = J0 < min{ϕ, ψ}K, so we have the required result.

To see that restricted open formulas form a base for the logic topology, note that we

just showed that the intersection of two restricted open formulas is still equivalent to a

restricted open formula, so they are closed under intersection. The fact that they form

a sub-base (and therefore a base) follows from Proposition 1.4.6.

Proposition 1.5.8 (Compactness, Part I). For any V and Σ, SV (Σ) is a compact

Hausdorff space under the logic topology. Furthermore, the topological weight of SV (Σ)

is at most ℵ0 + |L|+ |V |.

Proof. To see that SV (Σ) is Hausdorff, let p and q be distinct complete types. Since p

and q are distinct we have that ϕ(p) 6= ϕ(q) for some L(V )-formula ϕ. Assume without

loss that ϕ(p) < ϕ(q), and let r and s be such that ϕ(p) < r < s < ϕ(q). Then we have

that Jϕ < rK and Jϕ > sK are disjoint neighborhoods of p and q. Therefore the space is

Hausdorff.

For a closed formula F , JF K is non-empty if and only if it is satisfiable. By Lemma

1.5.7, it’s sufficient to show that if Π is a family of closed L(V )-formulas such that

Σ ∪ Π is finitely satisfiable, then there is a p ∈ SV (Σ) such that p ⊇ Π, but this follows

immediately from Zorn’s lemma.

To compute the topological weight of SV (Σ), note that restricted open formulas form

a base of the logic topology, by Lemma 1.5.7.

Proposition 1.5.9. Let V be a set of variables, and let Σ be a partial V -type.

(i) For any L(V )-formula ϕ, the function p 7→ ϕ(p) : SV (Σ)→ R is continuous.
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(ii) If f : SV (Σ) → R is continuous, then there is an L(V )-formula ϕ such that

f(p) = ϕ(p) for all p ∈ SV (Σ).

Proof. (i) It is sufficient to check that the preimages of half-infinite intervals in R are

open in SV (Σ), but ϕ−1((−∞, r)) = Jϕ < rK and ϕ−1((r,∞)) = Jϕ > rK, so this is

trivial.

(ii) By the Stone–Weierstrass theorem (Fact A.2.5), for any continuous f , there is a

sequence of formulas {ψi}i<ω such that sup{|ψi(p)− f(p)| : p ∈ SV (Σ)} → 0 as i→∞.

By thinning the sequence we may assume that sup{|ψi(p)−ψi+1(p)| : p ∈ SV (Σ)} ≤ 2−i

for all i < ω. Now ψ0 +
∑

i<ω[ψi+1 − ψi]2
−i

−2−i is the required formula.

In light of this proposition we will often conflate L(V )-formulas (especially modulo

logical equivalence modulo Σ) and continuous functions on SV (Σ).

Corollary 1.5.10. If U is an open subset of some type space SV (Σ), then U = J0 < ϕK

for some formula ϕ if and only if U is an Fσ set (i.e. a countable union of closed sets).

Likewise if F is a closed subset of SV (Σ), then F = J0 ≤ ϕK for some formula ϕ if

and only if F is a Gδ set (i.e. a countable intersection of open sets).

Proof. Proposition 1.5.9 and Fact A.2.9.

The proof of the following proposition technically needs full compactness (Corollary

1.6.5), but we have included it here because of its relevance to this subsection.

Proposition 1.5.11 (Maps between Type Spaces). Let L and L′ be signatures, V and

W be sets of variable symbols, and Σ and Π be sets of L(V )-formulas.

(i) If Σ ⊆ Π, then SV (Π) ⊆ SV (Σ). The inclusion map is continuous.



50

(ii) If f : W → V is a function, then for any complete type p ∈ SV (Σ), the set

f ∗(p) =

{
F ∈ CL(W ) : F

[
f(w̄)

w̄

]
∈ p
}
,

is a complete type in SW (Σ′) where w̄ is an enumeration of W , f(w̄)i = f(wi),

(ϕ@Aψ)[ ā
x̄
] = (ϕ[ ā

x̄
]@Aψ[ ā

x̄
]), and Σ′ =

{
F ∈ CL(W ) : F

[
f(w̄)
w̄

]
∈ Σ

}
.

Furthermore, the function f ∗ : SV (Σ) → SW (Σ′) is continuous, and if W ⊆ V ,

f : W → V is the inclusion map, and Σ is a partial L(W )-type (in particular, if

Σ is a theory), then f ∗ is an open map (image of an open set is open).

(iii) If L′ is a reduct of L, then for any complete type p ∈ SV (Σ), p � L′ is a complete

type in SV (Σ � L′).

Proof. (i) This is trivial.

(ii) Firstly, to see that f ∗(p) is finitely satisfiable, let q0 ⊆ f ∗(p) be a finite set of

formulas. Let M be a structure and ι a V -assignment such that M |= q0

[
f(w̄)
w̄

]
(ι), which

exists since p is finitely satisfiable. Then M |= q0(ι ◦ f), so f ∗(p) is finitely satisfiable.

Let ϕ and ψ be L(V )-formulas. χ
[
f(w̄)
w̄

]
(p) = rχ for χ ∈ {ϕ, ψ}. There are three

cases—

• rϕ < rψ, in which case (ϕ ≤ ψ)
[
f(w̄)
w̄

]
∈ p and (ϕ = ψ)

[
f(w̄)
w̄

]
, (ϕ ≥ ψ)

[
f(w̄)
w̄

]
/∈ p,

• rϕ = rψ, in which case (ϕ ≤ ψ)
[
f(w̄)
w̄

]
, (ϕ = ψ)

[
f(w̄)
w̄

]
, (ϕ ≥ ψ)

[
f(w̄)
w̄

]
∈ p,10 and

• rϕ > rψ, in which case (ϕ ≥ ψ)
[
f(w̄)
w̄

]
∈ p and (ϕ ≤ ψ)

[
f(w̄)
w̄

]
, (ϕ = ψ)

[
f(w̄)
w̄

]
/∈ p.

10This case needs full compactness.
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This implies that no proper superset of f ∗(p) is finitely satisfiable. Therefore f ∗(p) is a

complete V -type.

To see that f ∗ is continuous, note that if Jϕ < ψK is an L(W )-formula, then JUK =
r

(ϕ < ψ)
[
f(w̄)
w̄

]z
is an L(V )-formula such that JUK = (f ∗)−1(Jϕ < ψK). Therefore f ∗ is

continuous.

Now assume that W ⊆ V , that f is the inclusion map and that Σ is a partial L(W )-

type. It is sufficient to show that f ∗(Jϕ > 0K) is open for any real L(V )-formula ϕ.

Assume that p ∈ f ∗(Jϕ > 0K), then there exists q ∈ SV (Σ) such that p = f(q) and

q ∈ Jϕ > 0K. Let w̄ be an enumeration of fv(ϕ) r V . Let M and ι : W → M be

such that tp(ι) = q. Clearly we have that M |= supw̄(ι � V )ϕ > 0, so we have that

p ∈ Jsupw̄ ϕ > 0K. So we have shown that f ∗(Jϕ > 0KV,Σ) ⊆ Jsupw̄ ϕ > 0KW,Σ.

Now assume that p ∈ Jsupw̄ ϕ > 0K. Let M and ι : W → M be such that tp(ι) = p.

Since M |= supw̄ ϕ(ι) > 0, we can find an extension ι′ : V → M of ι such that M |=

ϕ(ι′) > 0. Let q = tp(ι′). Since Σ is an L(W )-type, we have that tp(ι′) ∈ SW (Σ), so we

have that p ∈ f ∗(Jϕ > 0K). Therefore Jsupw̄ ϕ > 0KW,Σ ⊆ f ∗(Jϕ > 0KV,Σ), and we have

that f ∗(Jϕ > 0K)V,Σ = Jsupw̄ ϕ > 0KW,Σ, hence f ∗(Jϕ > 0K)V,Σ is an open set.

(iii) This follows immediately from the fact that any open L′(V )-formula is also an

open L(V )-formula.

1.6 Compactness II: Ultraproducts

There is a high brow definition of ultraproduct (in discrete logic) that makes  Loś’s

theorem compatible with empty structures [Bar86, appendix]. While it does generalize

to continuous logic, we will opt for an uglier equivalent definition.
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Definition 1.6.1. Let {Mi}i∈I be a family of L-pre-structures. Let U be an ultrafilter

on the index set I. The pre-ultraproduct of {Mi}i∈I (with regards to U), written M0
U , is

the L-pre-structure whose underlying set is MU where:

• If {i ∈ I : Mi = ∅} ∈ U , then MU = ∅.

• If {i ∈ I : Mi 6= ∅} = I ′ ∈ U , M0
U =

∏
i∈I′Mi.

For any predicate symbol P and any tuple ā ∈ (M0
U)a(P ), we have PM0

U (ā) =

limU P
Mi(āi), where limU is the ultrafilter assisted limit, i.e. PM0

U (ā) is the unique r

such that for every open neighborhood V 3 r, {i ∈ I : PMi(āi) ∈ V } ∈ U . Since the

values of PMi(āi) are contained in a compact interval, this is well defined.

For any function symbol f and any tuple ā ∈ (M0
U)a(f), we have fM0

U (ā)(i) = fMi(āi).

For any family of L-pre-structures {Mi}i∈I , the ultraproduct of {Mi}i∈I (with regards

to U), written MU , is rM0
U .

We extend (pre-)ultraproducts to families of the form {Mi, ιi}i∈I (L-(pre-)structures

and corresponding V -assignments for some fixed set of variables V ) in the obvious way.

We will write M0
U and ιU for this.

A (pre-)ultraproduct in which all factors are the same structure is called a (pre-)ultra-

power. We will write the pre-ultrapower M0,U and the ultrapower MU . C

Proposition 1.6.2 ( Loś’s theorem). For any set I, any family of L-pre-structures

{Mi}i∈I , any any family of V -assignments {ιi}i∈I , we have that M0
U is actually a pre-

structure (i.e. dM
0
U is actually a metric, for each s ∈ P ∪ F , sM

0
U is ωs-uniformly

continuous, and for each P ∈ P and ā ∈ M0
U , PM0

U ∈ I(P )) and for any L(V )-formula

ϕ we have ϕM0
U (ιU) = limU ϕ

Mi(ιi) (and the same holds for MU).
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Proof. First note that by the compactness of I(P ) we clearly have PM0
U (ā) ∈ I(P ) for

each P ∈ P and ā ∈M0
U .

Now, for any a, b, c ∈ M0
U , we clearly have dM

0
U (a, a) = 0, dM

0
U (a, b) = dM

0
U (b, a) ≥ 0,

and dM
0
U (a, c) ≤ dM

0
U (a, b) + dM

0
U (b, c), because these correspond to closed subsets of

I(d), I(d)2, and I(d)3, respectively, and ultrafilter assisted limits stay inside closed sets.

Similarly, for any P ∈ P with a(P ) finite, the same reasoning gives that |PM0
U (ā) −

PM0
U (b̄)| ≤ αP (dM

0
U (ā, b̄)), and for any f ∈ F with a(f) finite, the same reasoning

gives that dM
0
U (f(ā), f(b̄)) ≤ αf (d

M0
U (ā, b̄). For P with a(P ) infinite, by the uniform

continuity of αP on [0, db(L)], for any ε > 0 there is a k < ω such that for any i ∈ I,

Mi |= |P (ā(i))− P (b̄(i))| ≤ αP (supj<k 2−jd(aj(i), bj(i))) + ε. For this it follows that

|PM0
U (ā)− PM0

U (b̄)| ≤ αP (sup
j<k

2−jdM
0
U (aj, bj)) + ε ≤ αP (dM

0
U (ā, b̄)) + ε,

since αP is increasing. Since we can do this for any ε > 0, we have that |PM0
U (ā) −

PM0
U (b̄)| ≤ αP (dM

0
U (ā, b̄)), as required. A similar argument works for f with a(f) infinite.

Therefore M0
U is an L-pre-structure.

We will prove the second part of the statement by induction on formulas. It is clear

by definition that  Loś’s theorem holds for any atomic L(V )-formula ϕ for any {Mi, ιi}i∈I .

We first need to prove that M0
U is a pre-structure (and therefore that MU is a reduced

pre-structure).

If ϕ = Fψ̄ and we’ve shown  Loś’s theorem for each of the formulas ψk, then it follows

for ϕ by the continuity of the connective F (and the fact that ultrafilter assisted limits

commute with continuous functions).

If M0
U is empty then the quantifier case follows easily. Otherwise if M0

U is non-empty,
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then if ϕ = infx ψ and we’ve shown  Loś’s theorem for the formula ψ, then for each

ε > 0, let ai be an element of Mi such that ψMi(ιi[
ai
x

]) ≤ ϕMi(ιi) + ε. Now let a be the

corresponding element of M0
U . By the induction hypothesis we have that ψM0

U (ιU [a
x
]) ≤

ϕM0
U (ιU) + ε. Since we can do this for any ε > 0, we have that ϕM0

U (ιU) ≤ limU ϕ
Mi(ιi).

Now suppose that ϕM0
U (ιU) < r for some r, then there exists a b ∈ M0

U such that

ψM0
U (ιU [ b

x
]) < r. By the induction hypothesis this implies that {i ∈ I : ψMi(ιi[

b(i)
x

]) <

r} ∈ U , therefore for any ε > 0, {i ∈ I : ϕMi(ιi) < r + ε} ∈ U . Since we can do this for

any r > ϕM0
U (ιU) and any ε > 0, we have that ϕM0

U (ιU) ≥ limU ϕ
Mi(ιi).

Therefore we have that ϕM0
U (ιU) = limU ϕ

Mi(ιi), as required.

So by induction  Loś’s theorem holds for all formulas.

Definition 1.6.3. For any L-pre-structure M, there is a canonical map M → M0,U ,

called the diagonal embedding, defined by f(a)(i) = a. This extends naturally to a map

to MU . C

Corollary 1.6.4. For any L-pre-structure M, the diagonal embeddings into M0,U and

MU are elementary maps.

In light of this corollary, if M is a reduced pre-structure, we will regard it as an

elementary sub-pre-structure of M0,U and MU in this canonical way.

Corollary 1.6.5 (Compactness, Part II). A type is satisfiable if and only if it is finitely

satisfiable. In particular, every complete type is satisfiable.

The following proposition relies on definitions and results from further on, as well

as some infinitary model theory that is beyond the purview of this thesis, but given
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its limited relevance elsewhere we have included it here in order to keep it close to the

definition of ultraproduct. We have also elected to merely sketch the proof.

Proposition 1.6.6. If {Mi}i∈I is a family of L-pre-structures and U is an ultrafilter

on I, then MU is an L-structure (i.e. is metrically complete) if and only if either

• U is not ω1-complete (i.e. there exists {Xk}k<ω such that X0 ⊇ X1 ⊇ X2 ⊇ . . .

and Xk ∈ U for all k but
⋂
k<ωXk = ∅), or

• {i ∈ I : Mi is a complete metric space} ∈ U .

Proof. Since this is really a statement about the metric, we may assume that the signa-

ture is countable (empty, in fact).

Either U is not ω1-complete or it is ω1-complete. If it is not ω1-complete, then MU is

ℵ1-saturated, since the signature is countable. ℵ1-saturated reduced pre-structures are

automatically structures, so we have that MU is complete.

If U is ω1-complete, then it preserves discrete Lω1ω1-sentences [CK90, Thm. 4.2.11].

If we ‘discretize’ a metric signature by adding a predicate Pr for every P ∈ P and r ∈ Q

(and keeping the same function symbols), with the intent of encoding a metric structure

as a discrete structure wherein Mdis |= Pr(ā) if and only if M |= P (ā) ≤ r, and we

let this new signature be Ldis, then the class of discrete Ldis-structures arising from the

discretization of a reduced L-pre-structure is axiomatizable by an Lω1ω-sentence and

there is an Lω1ω1-sentence ϕ such that Mdis |= ϕ if and only if M is metrically complete

(where Mdis is the discretization of M) for any reduced L-pre-structure M.

Finally, definition chasing (and the fact that ω1-complete ultrafilters preserve Lω1ω1-

and therefore Lω1ω-sentences) shows that this discretization operation commutes with
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ultraproducts, as long as the ultrafilter in question is ω1-complete, so we have that if U

is ω1-complete, then MU is metrically complete if and only if Mi is metrically complete

on a U -large set of indices, and the full result follows.

1.7 Logical Operations on Topological Formulas

Often we will find that we want to manipulate topological formulas directly, in a manner

analogous to the typical logical operations on discrete formulas. We have already seen

some of this. We defined the negation of a topological formula in Definition 1.3.9, and

we had to compute the intersection of two topological formulas as a subset of type

space—which is logically speaking the conjunction of those two formulas—in the proof

of Lemma 1.5.7.

Definition 1.7.1. Let ϕ, ψ, and {χi}i<ω be formulas, and let t and s be terms. Fur-

thermore, let λ = infx
2dxx
db(L)

− 1. Note that M |= λ = 1 if and only if M is empty and

M |= λ = −1 if and only if M is non-empty. For closed formulas we define the following

operations:

• ∀x̄(0 ≤ ϕ) = (0 ≤ max{inf x̄ ϕ, λ}),

• @x̄(0 ≤ ϕ) = (0 ≤ min{supx̄ ϕ,−λ}),11

• (t = s) = (0 ≤ −dts), and

• (0 ≤ ϕ)∧(0 ≤ ψ) = (0 ≤ min{ϕ, ψ}),

• (0 ≤ ϕ) ∨ (0 ≤ ψ) = (0 ≤ max{ϕ, ψ}),

•
∧
i<ω(0 ≤ χi) =

(
0 ≤

∑
i<ω[χi]

0
−2−i

)
.

11This is weak existential quantification. The symbol @ is a slightly en-
larged schwa, also known as the letter ‘e’ upside down. Its LATEX definition is
\newcommand{\wexists}{\textnormal{\larger[2]\textschwa}}. The schwa requires the tipa

package, and the \larger command requires the relsize package.
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For open formulas we define the following operations:

• ∀∀x̄(0 < ϕ) = (0 < max{inf x̄ ϕ, λ}),12

• ∃x̄(0 < ϕ) = (0 < min{supx̄ ϕ,−λ}),

• (t 6= s) = (0 < dts), and

• (0 < ϕ)∧(0 < ψ) = (0 < min{ϕ, ψ}),

• (0 < ϕ) ∨ (0 < ψ) = (0 < max{ϕ, ψ}),

•
∨
i<ω(0 < χi) =

(
0 <

∑
i<ω[χi]

2−i
0

)
.

We have only stated these definitions for expressions of the form (0 ≤ ϕ) and (0 < ϕ).

To extend these to other expressions we use the following rules:

• (ϕ ≤ ψ) 7→ (0 ≤ ψ − ϕ),

• (ϕ ≥ ψ) 7→ (0 ≤ ϕ− ψ),

• (ϕ = ψ) 7→ (0 ≤ −|ϕ− ψ|), and

• (ϕ < ψ) 7→ (0 < ψ − ϕ),

• (ϕ > ψ) 7→ (0 < ϕ− ψ),

• (ϕ 6= ψ) 7→ (0 < |ϕ− ψ|).

For the sake of restricted open or closed formulas, by |ϕ − ψ| we technically mean

max{ϕ + −1 · ψ, ψ + −1 · ϕ}. Finally if F and U are a closed formula and an open

formula, respectively, we will write F → U for ¬F ∨ U , an open formula, and U → F

for ¬U ∨ F , a closed formula. C

We only need λ so that quantification has the correct vacuous behavior regardless

of I(ϕ); in an empty structure, ∀x0 ≤ −1 should be true, regardless of the fact that as

we’ve defined it 0 > supx−1. Another way to fix this would be to artificially require

that I(ϕ) always be a superset of [−1, 1], but that seems far more disruptive than

what we’ve done here. Note that any of the operations in Definition 1.7.1 (other than

12This is strong universal quantification. The LATEX definitions of the ∀∀ symbol is
\newcommand{\sforall}{\forall\mkern-7.2mu\forall}.
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the infinitary conjunction and disjunction) applied to restricted formulas results in a

restricted formulas.

Proposition 1.7.2 (Correctness of Standard Logical Symbols). All standard logical

symbols in Definition 1.7.1 are literally valid. Specifically: Let Q, R, and {Si}i<ω be

conditions (either open or closed).

• M |= (Q ∧R)(ι) if and only if M |= Q(ι) and M |= R(ι).

• M |= (Q ∨R)(ι) if and only if M |= Q(ι) or M |= R(ι).

• M |=
∧
i<ω Si if and only if M |= Si for every i < ω.

• M |=
∨
i<ω Si if and only if M |= Si for some i < ω.

• M |= ¬Q(ι) if and only if M 6|= Q(ι).

• M |= (Q→ R)(ι) if and only if whenever M |= Q(ι), M |= R(ι) as well.

• M |= (∃xQ)(ι) if and only if there is an a ∈M such that M |= Q(ι[a
x
]).

• M |= (∀xQ)(ι) if and only if for every a ∈M , M |= Q(ι[a
x
]).

• M |= (t = s)(ι) if and only if tM(ι) = sM(ι). (M a reduced pre-structure.)

Proposition 1.7.3 (Strong Universal and Weak Existential Quantification). Let Q be

a topological formula (either open or closed).

• M |= (∀∀xQ)(ι) if and only if for every N �M and every a ∈ N , N |= Q(ι[a
x
]).

• M |= (@xQ)(ι) if and only if there is an N � M and an a ∈ N such that N |=

Q(ι[a
x
]).
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Proof. Compactness.

Fact 1.7.4 ((Co-)preservation of Open and Closed Sentences). Let F be a closed L-

sentence, and let U be an open L-sentence. Let {Mi}i∈I be a family of L-structures, and

let U be an ultrafilter on I.

• U is co-preserved by U : If MU |= U , then {i ∈ I : Mi |= U} ∈ U .

• F is preserved by U : If {i ∈ I : Mi |= F} ∈ U , then MU |= F .

Proposition 1.7.5 (Logical Completeness of Limited Closed Formula). Call a closed

formula limited if it is in the smallest class of closed formulas containing P t̄ ≤ r and

P t̄ ≥ r for each predicate symbol P , each tuple of terms t̄, and each rational r ∈ Q,

and closed under ∧, ∨, ∀x, and @x (but not infinitary conjunction or infinite quantifier

strings). Call an open formula limited if it is the negation of a limited closed formula.

The class of limited closed formulas are logically complete, i.e. for any type p ∈

SV (Σ), {p} =
⋂
{JF K : F ∈ p, F a limited closed formula}.

Proof. It is sufficient to show that for any p.max.a.n.f. restricted formula ϕ such that

p ∈ [0 < ϕ], there is a limited closed formula F such that p ∈ intJF K ⊆ JF K ⊆ [0 < ϕ]

(since limited closed formulas are closed under finite conjunctions and disjunctions). We

will prove this by induction on the number of quantifiers.

Let p be a complete type, and assume that p ∈ J0 < ϕK for some quantifier-free ϕ.

Let ψ̄ be a list of the atomic formulas occurring in ϕ, let C =
∏

i<|ψ̄| I(ψi), let p0 ∈ C

be the point (ψ0(p), ψ1(p), . . . , ψ|ψ̄|−1(p)), and let U = {r̄ ∈ C : ϕ[ r̄
ψ̄

] > 0}, where ϕ[ r̄
ψ̄

] is

ϕ, with each instance of ψi replaced with ri evaluated as a real number. U is an open

neighborhood of p0, so there exists a sequence {ai, bi}i<|ψ̄| of pairs of rational numbers
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with ai < bi such that p ∈
∏

i<|ψ̄|(ai, bi) ⊂
∏

i<|ψ̄|[ai, bi] ⊆ U . Now we clearly have that∧
i<|ψ̄|(ai ≤ ψ) ∧ (ψ ≤ bi) is the required closed formula.

Now assume we’ve shown the statement for all p and ϕ with n quantifiers.

Let χ = supx ϕ be a real L(V )-formula, and assume that q ∈ J0 < χK. Definition

chasing shows that a type q is in J0 < χK if and only if there is a type p(V x) such that

p ∈ J0 < ϕK and q is the image of p under the projection map π : SV x → SV . So let F

be a closed L(V x)-formula such that p ∈ intJF K ⊆ JF K ⊆ J0 < ϕK. Now we have that

q ∈ π(intJF K) ⊆ intJ@xF K ⊆ J@xF K ⊆ J0 < ϕK (because the projection map is open).

Let χ = infx ϕ be a real L(V )-formula, and assume that q ∈ J0 < χK. Definition

chasing and compactness show that a type q is in J0 < χK if and only if for every p(V x) ∈

π−1(q), p ∈ J0 < ϕK. By the induction hypothesis, for each p ∈ π−1(q), we can find a

limited closed formula Fp such that p ∈ intJFpK ⊆ JFpK ⊆ J0 < ϕK. π−1(q) is a closed

set, so by compactness there is a finite set P ⊆ π−1(q) such that
⋃
p∈P intJFpK ⊇ π−1(q).

Therefore we have that q ∈ int
r
∀x
∨
p∈P Fp

z
⊆

r
∀x
∨
p∈P Fp

z
⊆ J0 < χK.

So by induction the result holds for all p and ϕ, and limited closed formulas are

logically complete.

Remark 1.7.6. In light of Proposition 1.7.5, it might be tempting to try to formalize

continuous logic in terms of (limited) open and closed formulas directly (similarly to

Iovino’s positive bound formulas for Banach spaces [Iov99], a precursor of continuous

logic). While it is possible, formalizing ∀∀ and @ directly is unpleasant, and real valued

formulas, while less intuitive, are fundamental in continuous logic (in particular it is

difficult to formalize definable sets and definable (partial) functions in terms of open



61

and closed formulas directly). Furthermore, it is useful to have both open and closed

formulas and real valued formulas at our disposal; a good example of this is Proposition

2.3.19, which is most naturally stated using both kinds of formulas.

For an explicit example of this, say that a real formula ϕ(x̄, y) defines a singleton

at ā if there is a unique b such that ϕ(ā, b) = 0 and d(b, y) ≤ ϕ(ā, y) (in any model

containing ā), and say that a closed formula F (x̄, y) defines a singleton at ā if there is

a unique b such that F (ā, b) (in any model containing ā). Just as in discrete logic, any

(real or closed) formula manages to define a partial function on some (possibly empty)

set of inputs. The difficulty is with the complexity of the set of inputs for which the

output is defined. “ϕ(x̄, y) defines a singleton at x̄” is equivalent to a certain closed

formula:

@y(ϕ(x̄, y) = 0) ∧ ∀z(d(y, z) ≤ ϕ(x̄, z)). (∗)

(Although a proof is required to show that that y actually always exists.) On the other

hand, “F (x̄, y) defines a singleton at x̄” is not equivalent to an open or closed formula.

Attempting to write it out literally gives something like:

@yF (x̄, y) ∧ ∀z(F (x̄, z)→ y = z).

(F (x̄, z) → y = z) is neither a closed nor an open formula, but rather the union of a

closed and open formula. A priori, the set of types p such that if ā |= p, then F (ā, y)

defines a singleton could fail to even be Borel. This is a good example of how open and

closed formulas are useful but also slightly dangerous. Thinking in terms of them recovers

much of the intuitive expressiveness of discrete first-order logic; the closed formula (∗)
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is easier for a typical logician to read and comprehend than

inf
y

max{ϕ(x̄, y), sup
z
dyz ·− ϕ(x̄, z)} = 0.13

But open and closed formulas do not and cannot fully recover discrete expressiveness.

Continuous logic is not discrete logic and many things one would like to say cannot be

said.

Finally, we will occasionally want to allow ourselves unrestricted logical operations

on formulas (we have already done this implicitly in Remark 1.7.6). Equivalently, we

will want to be able to think of arbitrary sets of types as a kind of formula.

Definition 1.7.7. For any signature L and set of variable symbols V , the class of type-

set L(V )-formulas is the smallest class containing topological L(V )-formulas and closed

under the following:

• If {Xi}i∈I is a set of type-set L(V )-formulas, then
∧
i∈I Xi is a type-set L(V )-

formula.

• If X is a type-set L(V )-formula, then ¬X is a type-set L(V )-formula.

• If v̄ is a tuple of distinct variables and X is a type-set L(V v̄)-formula, then @v̄X

is a type-set L(V )-formulas.

13Although some of this is down to notation. Imagine if discrete logic was written like

exiyand{ϕ(x̄, y), allze(y, z)← ϕ(x̄, z)},

and somehow the symbol← was symmetric, so that nothing like→ could be written in an immediately
intuitive way.
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∨
i∈I Xi is defined as ¬

∧
i∈I ¬Xi, X → Y is defined as ¬X ∨ Y , and ∀∀v̄X is defined as

¬@v̄¬X. Satisfaction is given by the following:

• M |= (
∧
i∈I Xi)(ι) if and only if M |= Xi(ι) for each i ∈ I,

• M |= ¬X(ι) if and only if M 6|= X(ι), and

• M |= (@v̄X)(ι) if and only if there is N � M and some tuple ā ∈ N of the same

length as v̄ such that N |= X(ι[ ā
v̄
]).

Free variables are defined in the obvious way.

Open type-set formulas are type-set formulas generated from open formulas using fi-

nite conjunctions, arbitrary disjunctions, @, and ∀∀. Closed type-set formulas are type-set

formulas generated from closed formulas using arbitrary conjunctions, finite disjunctions,

@, and ∀∀.

If X and Y are type-set formulas, we write X |= Y to mean M |= Y (ι) for any

(M, ι) such that M |= X(ι). If T is a (possibly incomplete) theory, we say X and Y are

logically equivalent modulo T if T,X |= Y and T, Y |= X. We say that X and Y are

logically equivalent if they are logically equivalent modulo ∅.

If X(x̄, ȳ) is a type-set formula, M is a structure, and ā ∈ M is a tuple assigned to

ȳ, then we write X(M, ȳ) for the set of tuples b̄ ∈M such that M |= X(b̄, ā).

If Σ is a partial L(V )-type, we regard it as the type-set formula
∧
F∈Σ F . If A is a

set of partial types (typically a set of complete types in some particular type space), we

regard it as the type-set formula
∨

Σ∈A Σ. Finally we set JXKΣ,L,V = {p ∈ SV (Σ,L) :

p |= X}. C

Its not hard to show that M |= X(ι) if and only if tpM(ι) ∈ JXK and that JXK

interpreted as a type-set formula is logically equivalent to X.
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Remark 1.7.8. There is an awkward terminological issue which only becomes relevant

in uncountable signatures. Open and closed formulas do not correspond to open and

closed sets of types. They actually correspond to open Fσ and closed Gδ sets of types,

respectively. Open and closed type-set formulas correspond to open and closed sets of

types. Nevertheless, open and closed formulas are the more useful notions, so I have

decided to reserve the shorter terms for them, despite the mismatch between topological

and formulaic terminology.

Proposition 1.7.9. If U is an open type-set formula, then it is logically equivalent to

one of the form
∨
i∈I Vi, with Vi open formulas. In particular, JUK is a topologically open

set.

If F is a closed type-set formula, then it is logically equivalent to one of the form∧
i∈I Gi, with Gi closed formulas. In particular, JF K is a topologically closed set.

Proof. The second part clearly follows from the first. We will prove the first part by

induction.

Let {Ui}i∈I be a family of open type-set formulas each of which is equivalent to∨
j∈Ji V

i
j , with V i

j open formulas.
∨
i∈I Ui is clearly logically equivalent to a type-set

formula of the required form.

Assume that I = {0, . . . , n} is finite. Then
∧
i∈I is logically equivalent to

∨
j0∈J0,...,jn∈Jn

V 0
j0
∧ · · · ∧ V n

jn .

Let U be an open type-set formula logically equivalent to
∨
i∈I Vi, with Vi open
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formulas. @v̄U is logically equivalent to
∨
i∈I @v̄iVi, where v̄i = v̄ � fv(Vi). By Proposition

1.7.2 and elementarity, this is logically equivalent to
∨
i∈I ∃v̄iVi.

Now assume that U =
∨
i∈I Vi is a L(x̄v̄)-formula and that for some M and some ι,

a x̄-assignment with tp(ι) = p(x̄), M |= (∀∀v̄U)(ι).

By compactness there is a closed formula Fp(x̄v̄) and an open formula Wp(x̄v̄) such

that p(x̄) |= Wp(x̄v̄) |= Fp(x̄v̄) |= U(x̄v̄) and for any N � M and any ā ∈ N , N |=

Wp(ι[
ā
v̄
]). Now consider

O(x̄) =
∨

p(x̄)∈J∀∀v̄UKx̄

Vip ∧ ∀∀v̄pWp,

where ip is chosen so that p ∈ JVipK and v̄p = v̄ � fv(Vp). By construction O |= U , and

we have just established that ∀∀v̄U |= W , so we have that U is logically equivalent to a

type-set formula of the required form.

Corollary 1.7.10. If U is an open type-set formula, then M |= (@v̄U)(ι) if and only if

there exists ā ∈M of the same length as v̄ such that M |= U(ι[ ā
v̄
]).

If F is a closed type-set formula, then M |= (∀∀v̄U)(ι) if and only if for every ā ∈M

of the same length as v̄, M |= F (ι[ ā
v̄
]).

Proof. Closed type-set formulas are clearly logically equivalent to negations of open

type-set formulas, so by duality it is enough to show the first statement. Let U be

logically equivalent to
∨
i∈I Vi, where Vi are open formulas. Then M |= @v̄U if and only

if M |= @v̄Vi for some i ∈ I. This clearly only depends on at most countably many

variables in v̄, so if we let v̄0 be the variables actually occurring in Vi, then we have that

M |= ∃v̄0Vi, so we can set the other elements of v̄ arbitrarily and we have a witness in

M.
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In light of this corollary we may use notation such as ∀xF (x, y) and ∃xU(x, y) for

closed and open type-set formulas.

1.8 Saturated, Special, and Monster Models

Just as in discrete logic, sufficiently saturated and special models can be used as a

shortcut in many proofs. As such, we will introduce the concepts here, in anticipation of

some of the proofs in the next chapter. Our treatment of saturated and special models

follows [Hod93] closely.

Definition 1.8.1. • For any cardinal κ, a pre-structure M is κ-saturated if for any

set A ⊆ M with |A| < κ, for every type p(x,A) ∈ Sx(A), p is realized in M (i.e.

there is b ∈M such that M |= p(b, A)).

• A pre-structure M is saturated if it is #dcM-saturated.

• A pre-structure M is κ-saturated over a dense sub-pre-structure if there is a dense

sub-pre-structure M0 ⊆M such that for any set A ⊆ M0 with |A| < κ, for every

type p(x,A) ∈ Sx(A), there is b ∈M such that M |= p(b, A).

• A pre-structure M is approximately ω-saturated if for any finite ā ∈M, any type

p(x, ā) ∈ Sx(ā), and any ε > 0, there is b̄, c ∈M such that d(ā, b̄) < ε, ā ≡ b̄, and

M |= p(c, b̄).

• A pre-structure M is strongly κ-homogeneous if for any ā, b̄ ∈M with |ā| = |b̄| < κ

and ā ≡ b̄, there is an automorphism σ of M such that ā = σ(b̄).
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• A specializing chain for a structure M of density character κ is an elementary chain

{Mλ}λ<κ (indexed by cardinals) such that M =
⋃
λ<κMλ and for each λ < κ, Mλ

is λ+-saturated. M is special if there is a specializing chain for M. C

One immediate use of sufficiently saturated models is computing quantifiers of the

form ∀∀ and @ without passing to an elementary expansion.

Proposition 1.8.2 (Strong Universal and Weak Existential Quantification in Suffi-

ciently Saturated Models). Let M be an L-structure that is ℵ1-saturated. Let Q be a

topological formula (either open or closed), possibly with parameters (note that by defi-

nition topological formulas may only have at most countably many parameters).

(i) M |= (∀∀xQ)(ι) if and only if for every for every a ∈M , M |= Q(ι[a
x
]).

(ii) M |= (@xQ)(ι) if and only if there is an a ∈M such that M |= Q(ι[a
x
]).

More generally, the same holds for Q an arbitrary type-set formula, as long as M is

κ+-saturated, where Q has at most κ many parameters.

Proof. (i) This follows from dualizing (ii).

(ii) The ⇐ direction is immediate. Suppose that M |= (@xQ)(ι), then there is some

N � M and a ∈ N such that N |= Q(ι[a
x
]). The type of a over the parameters in Q is

realized by b ∈M by ℵ1-saturation, so M |= Q(ι[ b
x
]).

The proof of the final statement is the same.

Now we will see that the concept of κ-saturation over a dense sub-pre-structure is

equivalent to κ-saturation when κ ≥ ℵ1.

Proposition 1.8.3. For any κ ≥ ℵ1, if M is κ-saturated over a dense sub-pre-structure,

then it is κ-saturated.
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Proof. Let the approximate κ-saturation of M be witnessed by M0. Let A ⊂ M be a

subset with |A| < κ. For each a ∈ A, find {bia}i<ω ⊆M0 such that dM(a, bia) ≤ 2−i. Now

let B = {bia : a ∈ A, i < ω}. Note that since κ ≥ ℵ0, |B| < κ still holds. By assumption,

M realizes every type in S1(B). Let p be a type in S1(A). Construct a partial type Σ as

follows: for each restricted formula ϕ(x, ā) such that p(x,A) |= ϕ(x, ā) ≤ 0 (note that

closed formulas of this form completely determine p), let ϕ(x, bia0
, . . . bia|a|−1

) ≤ αϕ(2−i)

be in Σ. It’s not hard to show that Σ(x,B) |= p(x,A) and that Σ(x,B) is consistent.

Let q(x,B) be a completion of Σ(x,B). By assumption, there is c ∈ M such that

M |= q(c, B). Therefore M |= p.

Corollary 1.8.4. For any λ ≥ ℵ0, M fails to be λ-saturated if and only if there is some

A ⊆M with |A| ≤ λ and a type p ∈ S1(A) such that for some ε > 0, M (> ε)-omits p

(i.e. for every q realized in M, d(p, q) > ε).

Remark 1.8.5. Note that Proposition 1.8.3 is false in general for κ = ω. A simple

example is the theory of ωω with the string metric (i.e. the distance between two points

is 2−n where n is the index of first disagreement) together with a function f which takes

a(i) to a(i + 1). This theory is ω-categorical, but for any a(i) such that a(i) 6= a(j) for

all i 6= j,14 there is a type for some b(i) such that a(i) 6= b(j) for all i and j (i.e. a and

b have disjoint image), but this type is not realized over a(i) = i. Note also that this is

an example of an ω-categorical theory which fails to be ω-categorical after the addition

of a constant (specifically a constant selecting out a(i)).

14This property is expressible in continuous first-order logic.
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In Section 2.5, we will show that for κ = ω, κ-saturation over a dense sub-pre-

structure implies approximate ω-saturation. For now, we will collect a couple more facts

regarding κ-saturation.

Proposition 1.8.6. Let L be a signature.

(i) If a pre-structure M is κ-saturated for κ ≥ ℵ1, then rM is κ-saturated and M is

κ-saturated over a dense sub-pre-structure.

(ii) A structure M is κ-saturated if and only if for every A ⊆M with |A| < κ, the set

{p ∈ S1(A) : p realized in M} is metrically dense in S1(A).

Proof. (i) This follows immediately from the fact that the natural quotient map M→r

M and the natural inclusion map rM → M are both elementary maps, as well as the

fact that the image of M in M is dense.

(ii) Fix A ⊆ M with |A| < κ. Let p ∈ S1(A) be some type. Let p0 = p. Find

type q0 ∈ S1(A) such that d(p0, q0) < 2−0 and such that q0 is realized by b0 ∈ M . Find

p1 ∈ S1(Ab0) extending p0 such that p1 ∈ Jdxb0 < 2−0K.

For any 0 < i < ω, given pi ∈ S1(Ab0 . . . bi−1) with pi ∈ Jdxbi < 2−iK, find a type

qi ∈ S1(Ab0 . . . bi−1) such that d(pi, qi) < 2−i and such that qi is realized by bi in M.

Find pi+1 ∈ S1(Ab0 . . . bi) extending pi such that pi+1 ∈ Jdxbi+1 < 2−i−1K.

Note that by construction we have that d(bi, bi+1) < 2−i + 2−i−1, so {bi}i<ω is a

Cauchy sequence with limit bω ∈ M (since M is a structure and not a pre-structure).

We also have that tp(bi/A)→ p as i→∞, so bω realizes p in M, as required.

The following proposition is largely a direct generalization of the analogous facts in

discrete logic. The most notable change is the lower bound on the cofinality in parts (v)

and (viii).
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Proposition 1.8.7. Let L be a signature.

(i) If M is a compact structure, then it is κ-saturated for every κ.

(ii) If M is a non-compact κ-saturated structure, then #dcM ≥ κ.

(iii) For any L-pre-structure M, if κ > #dcM + |L| is strongly inaccessible, then M

has a saturated elementary extension of density character κ.

(iv) If M is κ-saturated then for every A ⊆ M with #dcA < κ and every λ < κ, M

realizes every type in Sλ(A).

(v) If κ is a regular cardinal with κ > |L| and cf(κ) > ℵ0, then for any L-structure

M, there is a κ-saturated elementary extension N � M with #dcN ≤ (#dcM)<κ

(where λ<δ =
∑

γ<δ λ
γ).

(vi) For every non-compact L-structure M and every strong limit cardinal15 κ > #dcM+

|L|, M has a special elementary extension N of density character κ. If cf(κ) > ℵ0,

then |N| = κ as well.

(vii) If M is special with specializing chain {Mλ}λ<κ and ā ∈
⋃
λ<κMλ is a tuple of

parameters with |ā| < cf(κ), then (M, ā) is special as well.

(viii) If M is special with cf(#dcM) > ℵ0, then for any ā ∈M with |ā| < cf(κ), (M, ā)

is special as well.

(ix) If M is saturated, then it is special.

(x) If two structures M,N have M ≡ N, #dcM = #dcN, and are both special, then

there is an isomorphism M ∼= N.

15For every λ < κ, 2λ < κ.
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(xi) If M is special with cf(#dcM) > ℵ0, then it is strongly cf(#dcM)-homogeneous.

Proof. (i) M (regarded as a set of types) is topologically dense as a subset of S1(M).

Since it is metrically compact, it is topologically closed, therefore M = S1(M) and M

realizes every type over any subset of itself.

(ii) Since M is non-compact, there is some ε > 0 such that for any set A ⊆ M,

the partial type {dxa ≥ ε}a∈A is consistent. By induction, this implies that M has a

(≥ ε)-separated set of cardinality κ, therefore #dcM ≥ κ.

(iii) The proof is the same as it is in discrete logic.

(iv) Let p be a type in Sλ(A). Let A0 ⊆ A be metrically dense with |A0| < κ.

Claim. The reduct map r : Sλ(A)→ Sλ(A0) is a homeomorphism.

Proof of claim. Let p, q ∈ Sλ(A) be distinct types. Since they are distinct, there is a

restricted formula ϕ(x̄, ā) such that p |= ϕ(x̄, ā) = 0 and q |= ϕ(x̄, ā) = 1. We can find

ā0 ∈ A0 close enough to ā such that p |= ϕ(x̄, ā0) ≤ 1
3

and q |= ϕ(x̄, ā0) ≥ 2
3
. Therefore

r(p) and r(q) are distinct, so r is a continuous bijection between compact Hausdorff

spaces and is therefore a homeomorphism (see Fact A.2.11). claim

So for any p ∈ Sλ(A), q = p � A0 |= p, so it is enough to show that q is realized in

M. For each i < λ, let q � i be q restricted to the first i variables. Now the proof is

as it is in discrete logic, i.e. find b0 |= q0(x), find b1 |= q1(b0, x), etc. Then the sequence

{bi}i<λ realizes q and therefore realizes p.

(v) If M is compact then this is trivial, so assume that M is non-compact.

Let M0 = M. Clearly #dcM0 ≤ (#dcM)ℵ0 .

For ordinal i < κ, given Mi, let M0
i be a dense sub-pre-structure of Mi such that

|M0
i | = #dcMi ≤ (#dcM)ℵ0+|i|+|L|. Let Mi+1 be an elementary extension of Mi such

that for every A ⊆ M0
i with |A| ≤ ℵ0 + |i + 1| (where |i| is the cardinality of i as an
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ordinal), Mi+1 realizes every type in S1(A). |S1(A)| is at most 2ℵ0+|A|+|L|, so by the

Löwenheim-Skolem theorem (Proposition B.1.2) we can guarantee that

#dcMi+1 ≤ #dcMi + |L|+ (#dcMi)
ℵ0+|i+1| · 2ℵ0+|i+1|+|L|

≤ (#dcM)ℵ0+|i+1|+|L|.

For each limit ordinal i ≤ κ, let Mi =
⋃
j<iMj. By induction we have that

#dcMi ≤
∑
j<i

(#dcM)ℵ0+|j|+|L|

≤ (ℵ0 + |i|) · (#dcM)ℵ0+|i|+|L| = (#dcM)ℵ0+|i|+|L|.

Finally, let N = Mκ. Since cf(κ) > ℵ0, N is automatically complete. Furthermore,

we have that

#dcN ≤
∑
i<κ

(#dcM)ℵ0+|i|+|L|

=
∑
λ<κ

λ · (#dcM)λ+|L|

=
∑
λ<κ

(#dcM)λ = (#dcM)<κ,

where λ ranges over infinite cardinals.

Let A ⊂ N have |A| < κ. Since κ is a regular cardinal, A ⊆ Mi for some i < κ.

Therefore for any p ∈ S1(A), there is b ∈Mi+1 such that Mi+1 |= p(b, A), so p is realized

in N, and N is κ-saturated.

(vi) We will need the follow cardinal arithmetic fact from [Hod93, Fact 10.4.1]. If
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α is a limit ordinal, then there is a strictly increasing sequence {µi}i<cf(α) of regular

cardinals such that iα =
∑

i<cf(α) µi =
∑

i<cf(α) 2µi . Also note that cf(α) = cf(iα). Let

{µi}i<cf(κ) be such a sequence.

Let δ0 = #dcM+|L|+µ0. Let N0 be an elementary extension of M with #dcN0 = δ0.

Then, since cf(δ+
0 ) = δ+

0 > ℵ0, we can use part (v) to get M0, a δ+
0 -saturated elementary

extension of N0 with #dcM0 ≤ (#dcN0)<δ
+
0 = δδ00 = 2δ0 . Note that since κ is a strong

limit cardinal, 2δ0 < κ.

Now for each i < cf(κ), given Mi with #dcMi ≤ 2δi , let δi+1 = 2δi + µi+ 1, and

let Ni+1 be an elementary extension of Mi with #dcNi+1 = δi+1, and, again since

cf(δ+
i+1) = δ+

i+1 > ℵ0, we can let Mi+1 be a δ+
i+1-saturated elementary extension of Ni+1

with #dcMi+1 ≤ δ
<δ+

i+1

i+1 = 2δi+1 . Note that κ is a strong limit cardinal, 2δi+1 < κ.

For each limit ordinal i ≤ cf(κ), let Mi =
⋃
j<iMj, and let δi = µi +

∑
j<i δj. Note

that #dcMi ≤ δi < 2δi . Note that since i < cf(κ), 2δi < κ.

Finally let N = Mcf(κ). By construction we have that #dcMcf(κ) = κ. If cf(κ) > ℵ0,

then by Fact A.1.5, |N| = κ as well.

To see that N is special, for each infinite cardinal λ < κ, let i(λ) be the smallest i

such that δi ≥ λ. Now we have that {Mi(λ)}λ<κ is a specializing chain for N, since Mi(λ)

is δ+
i(λ)-saturated, and therefore also λ+-saturated.

(vii) This follows easily from the definition of special and the fact that ā ∈ Mλ for

some λ < κ.

(viii) This follows from part (vii) and the fact that the union of a chain of structures

of uncountable cofinality is metrically complete.

(ix) This is obvious.

(x) If M is compact, then N is as well, and we have M ∼= N, so assume that M and
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N are not compact.

Let {Mλ}λ<κ and {Nλ}λ<κ be specializing chains for M and N, respectively. Let

{mi}i<κ be an enumeration of
⋃
λ<κMλ, and let {ni}i<κ be an enumeration of

⋃
λ<κNλ

(note that these exist, since for any infinite cardinal λ, if X is a metric space with density

character λ, then |X| ≤ λℵ0 ≤ 2λ·ℵ0 = 2λ).

For each even j < κ, let aj be the first element of {mi}i<κ such that mi 6= ak for any

k < j and such that aj ∈Mℵ0+|j|. Note that by (ℵ0+|j|)+-saturation of Mℵ0+|j| (and the

fact that M is not compact), such an aj = mi always exists. Now let bj be an element

of Nℵ0+|j| such that a<jaj ≡ b<jbj. Such a bj always exists by (ℵ0 + |j|)+-saturation of

Nℵ0+|j|.

For each odd j < κ, let bj be the first element of {ni}i<κ such that ni 6= bk for any

k < j and such that bj ∈ Nℵ0+|j|. Again note that such an element always exists. Let

aj be an element of Mℵ0+|j| such that a<jaj ≡ b<jbj. Again, such a bj always exists.

Clearly we have that a<κ ≡ b<κ. We just need to argue that a<κ enumerates
⋃
λ<κMλ

and likewise for b<κ and
⋃
λ<κNλ. Assume that mj is not equal to ai for any i < κ, and

let λ < κ be the smallest infinite cardinality such that mj ∈Mλ. This implies that for

every even ` with λ ≤ ` < κ, a` = mo with o < j, but there are κ many such ` and

|[0, j)| < κ, so this is a contradiction. The same argument works for bi, so we have an

elementary map between dense sub-pre-structures of M and N. Therefore M ∼= N.

(xi) This follows immediately from parts (viii) and (x).

Definition 1.8.8. For a complete theory T , the monster model of T , written CT , is a

special model of T with cf(#dcCT ) much greater than any cardinalities we are explicitly

considering (in particular greater than ℵ0). Typically we will omit the subscript T when

it is clear from context.
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A cardinality is small if it is smaller than cf(#dcCT ). A set is small if its cardinality

is small. A metric space or pre-structure is small if its cardinality is small.

A global V -type is a type in SV (CT ). A global type is a global V -type for some V

(typically a single variable). C

By the typical convention, we will regard all of our structures as being elementary

substructures of CT (an easy argument shows that any M |= T with #dcM < cf(#dcCT )

can be elementarily embedded in CT ). For a topological or type-set formula X and some

ā ∈ CT , we write |= X(ā) for CT |= X(ā).
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Chapter 2

Topometry and Definability

Type spaces in continuous logic have additional natural structure, beyond the logic

topology. Specifically, there is a natural notion of the distance between two types.

Definition 2.0.1. For any n ≤ ω, n-tuple of variables v̄, and arbitrary tuple of variables

x̄, the induced metric on Sv̄x̄(L) over x̄ is given by

dLv̄/x̄(p, q) = inf{dM(ā, b̄) : M |= p(ā, c̄), q(b̄, c̄)},

where inf ∅ = db(L).1 We will drop the /x̄ if x̄ is empty. We will also typically drop

the L and v̄ subscripts.

Unless otherwise stated, we take the topometric on Sv̄(L) to be dLv̄.

If Σ is a partial L(v̄x̄)-type, the induced metric on Sv̄x̄(L,Σ) is the restriction of

dLv̄/x̄ to Sv̄x̄(L,Σ) ⊆ Sv̄x̄(L). C

We will defer verifying that this is actually a metric to Proposition 2.1.4.

The /x̄ subscript allows us to treat variables as if they were constants or parameters,

specifically, if x̄ is a tuple of variables and c̄ is a tuple of fresh constants of the same

length, then there is a natural bijection f between Sv̄x̄(Σ) and Sv̄(Σ[ c̄
x̄
]). Moreover, f is

1We could make this anything in [ 1
2db(L),∞] while maintaining that dΣ,L/x̄ is an (extended) metric

(although we need a choice in [db(L),∞] to ensure that it is in fact a topometric), but this choice is
consistent with our treatment of suprema and infima of empty sets in other cases.
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a topometric isomorphism between (Sv̄x̄(Σ), d/x̄) and (Sv̄(Σ[ c̄
x̄
]), d).

Notation 2.0.2. For any n ≤ ω, if A ⊆ M is a set of parameters and b̄, c̄ are n-

tuples in M, then dtp(b̄, c̄/A) = d(tp(b̄/A), tp(c̄/A)). If we need to write out the el-

ements of the tuples explicitly we will write either dtp(b0b1 . . . bn−1, c0c1 . . . cn−1/A) or

dtp(b0, b1, . . . , bn−1; c0, c1, . . . , cn−1/A). C

The following lemmas will be used frequently and implicitly.

Lemma 2.0.3. Let L be a signature and Σ(x̄) be a partial x̄-type. For any p, q ∈ Sv̄x̄(Σ)

if p and q contain the same L(x̄)-formulas, the there exists M and ā, b̄, c̄ ∈M such that

M |= p(āc̄), q(b̄c̄) and dM(ā, b̄) = d/x̄(p, q).

Proof. Compactness.

Lemma 2.0.4. Let v̄ be an at most countable tuple of variables, and let x̄ be a tuple of

variables. For any open type-set L(v̄x̄)-formula, U(v̄, x̄), for any pre-structure M and

b̄ā ∈M , with b̄ assigned to v̄ and ā assigned to x̄, if d/x̄,inf(tp(b̄, ā), JUK) < ε, then there

exists c̄ ∈M such that d(b̄, c̄) < ε and such that M |= U(c̄, ā).

Proof. Since d/x̄,inf(tp(b̄, ā), JUK) < ε, there exists a p ∈ JUK such that d/x̄,inf(tp(b̄, ā), p) <

ε. Therefore there exists an open formula V such that V |= U and p ∈ JV K. Finally, we

have that M |= ∃w̄U(w̄, ā) ∧ d(w̄, b̄) < ε, so the required c̄ exists.

2.1 Topometric Spaces

The following definition was introduced in [BY08c], motivated by type spaces in con-

tinuous logic as well as the interaction between the natural topology and metric on the

automorphism groups of metric structures.
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Definition 2.1.1. A topometric space, (X, τ, d), is a topological space (X, τ) together

with a metric d (or possibly an extended metric, allowing d(x, y) =∞) on X satisfying

the following compatibility conditions:

• d is lower semi-continuous, i.e. {(x, y) ∈ X2 : d(x, y) > ε} is open for every ε ≥ 0.

• The topology induced by the metric refines τ .

If X is a set, a topometry on X is a pair (τ, d) such that (X, τ, d) is a topometric

space. If (X, τ) is a topological space, a topometric for (X, τ) is a metric d on X such

that (X, τ, d) is a topometric space. If X is a topological space with an understood

topology, we may write (X, d) instead of (X, τ, d).

If Y ⊆ X, with (X, τ, d) a topometric space, then (Y, τ � Y, d � Y ) is a topometric

space as well. This is referred to as the induced topometry on Y .

If (X, τ) is a Hausdorff space, then the discrete topometric on X, written δ, is the

topometric such that δ(x, y) = 1 if and only if x 6= y. If (X, τ) is a topology induced by

a metric d, we say that d is the trivial topometric for X. C

Typically in our applications the topology of a space will be fixed and there will be

one or occasionally more topometrics for that topology.

While the metric in a topometric space does induce a topology, purely topological

properties of (X, d) are typically not as important as metric properties. As such, topolog-

ical words such as open, closed, continuous, and compact refer to the topology τ unless

otherwise specified by the adjective metric or the adverb metrically (e.g. metrically com-

pact). If we need to emphasize that we are talking about a property of (X, τ), we will

use the adjective topological or the adverb topologically. If a term applies exclusively to

metric spaces (e.g. 1-Lipschitz, open or closed balls) then it applies to (X, d).
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Here are a few important facts about topometric spaces. Most of these were originally

proven in [BY08c]. Part (vii) was proven in [BY10b], and the proof we give here is

essentially the same, although we are able to simplify the presentation somewhat as we

are assuming compactness.

Proposition 2.1.2. Let (X, τ, d) be a topometric space.

(i) (X, τ) is Hausdorff.

(ii) If F ⊆ X is closed, then it is metrically closed.

Now assume that (X, τ) is compact.

(iii) If F ⊆ X is closed, then x 7→ dinf(x, F ) is a lower semi-continuous function, i.e.

for any ε ≥ 0, F≤ε = {x ∈ X : dinf(x, F ) ≤ ε} is closed. In particular, closed balls

are topologically closed.

(iv) (X, d) is spherically complete (i.e. the intersection of a descending sequence of

closed balls is non-empty) and therefore metrically complete.

(v) If f : X → Y is a continuous function into a metric space (Y, ρ), then f is

metrically uniformly continuous.

(vi) For any non-empty closed F and G, there exists x ∈ F and y ∈ G such that

d(x, y) = dinf(F,G).

(vii) If F,G ⊆ X are closed, then for any r > 0 with r < dinf(F,G) there is a continuous

1-Lipschitz function f : X → [0, r] such that F ⊆ f−1(0) and G ⊆ f−1(r). In

particular, d(x, y) = sup{|f(x)− f(y)|;x, y ∈ X, f : X → R cont. 1-Lip.}.
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Proof. (i) A space X is Hausdorff if and only if the diagonal is closed. The fact that

the diagonal is closed in a topometric space follows from the fact that the metric is a

metric (and not a pseudo-metric) and the lower semi-continuity of the metric: {(x, y) :

d(x, y) = 0} is the diagonal and is closed.

(ii) This is equivalent to the fact that the metric refines the topology.

(iii) This follows from the fact that the projection maps π0,1 : X2 → X are closed

whenever X is compact and from F≤ε = π1(π−1
0 (F ) ∩ {(x, y) : d(x, y) ≤ ε}).

(iv) This follows from the fact that closed balls are topologically closed.

(v) For each ε > 0, let Uε = {(x, y) ∈ X2 : |f(x) − f(y)| < ε}. Each Uε is an open

subset of X2 that contains the diagonal. Since
⋂
δ>0{(x, y) ∈ X2 : d(x, y) ≤ δ} is the

diagonal, by compactness, there must exist a δ > 0 such that {(x, y) ∈ X2 : d(x, y) ≤

δ} ⊆ Uε. In other words, for every ε > 0 there exists a δ > 0 such that for all x, y ∈ X,

d(x, y) ≤ δ → |f(x)− f(y)| < ε, which is precisely metric uniform continuity.

(vi) Let r = dinf(F,G). For each ε > 0, we have that F ∩ G≤r+ε is a non-empty

closed set. Therefore F ∩
⋂
ε>0G

≤r+ε is non-empty. Let x be some element of that

set. By the symmetry of the metric, for each ε > 0, B≤r+ε(x) ∩ G is a non-empty

closed set, so
⋂

0<εB≤r+ε(x) ∩ G is non-empty. Let y be an element of that set. By

assumption, d(x, y) ≥ r, but we also have that d(x, y) ≤ r + ε for every ε > 0, so

d(x, y) = r = dinf(F,G).

(vii) Let {ri}0<i<ω be an enumeration of all rational multiples of r in the interval

(0, r). Let L0 = {(F, 0), (X, r)} and U0 = {(G, r), (X, 0)}. Note that L0 and U0 satisfy

the following condition (for i = 0):

(∗)i For every (A, a) ∈ Li and (B, b) ∈ Ui, A and B are closed and if a < b, then

dinf(A,B) > b − a. For every (A, a), (A′, a′) ∈ Li with a < a′, A ⊆ A′. For every
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(B, b), (B′, b′) ∈ Ui with b < b′, B ⊇ B′. For every (A, c) ∈ Li and (B, c) ∈ Ui,

A ∪B = X.

Given Li and Ui, satisfying (∗)i, construct Li+1 and Ui+1 as follows: By (∗)i and by

the triangle inequality, the sets

Li =
⋃
{A≤rk−ri+1 : (A, rk) ∈ Li, rk < ri+1} and

Ui =
⋃
{B≤ri+1−rk : (B, rk) ∈ Ui, rk > ri+1}

are disjoint. The sets in these unions are closed by part (iii). Since Li and Ui are finite

unions of closed sets they are closed. Since X is compact and Hausdorff, we can find

open Vi ⊇ Li and Wi ⊇ Ui such that Vi ∩Wi = ∅. Let Li+1 = Li ∪ {(X rWi, ri+1)},

and let Ui+1 = Ui ∪ {(X r Vi, ri+1)}.

Now to verify that Li+1 and Ui+1 satisfy (∗)i+1. Clearly XrWi and XrVi are closed.

By construction, if (B, b) ∈ Ui with b > ri+1, then X rWi and B≤b−rk are disjoint, so

by compactness dinf(X rWi, B) > b − rk. The same argument works for (A, a) ∈ Li

with a < ri+1. Clearly X rWi ⊇ Li ⊇ A for any A with (A, a) ∈ Li and a < ri+1, and

likewise for (B, b) ∈ Ui with b > ri+1. And finally, since Vi and Wi are disjoint, we have

that (X r Vi) ∪ (X rWi) = X.

Let L =
⋃
i<ω Li and U =

⋃
i<ω Ui. Set f(x) = inf{a ∈ (0, r) : x ∈ A, (A, a) ∈ L},

with inf ∅ = r. Note that for any s ∈ [0, r], {x : f(x) ≤ s} =
⋂
{A : (A, a) ∈ L, a >

s} (although note that even if there is an (A, s) ∈ L, it may not be the case that

{x : f(x) ≤ s} = A). Therefore {x : f(x) ≤ s} is a closed set. By construction, if

a < b < a′ are rational multiples of r in (0, r) and (A, a), (A′, a′) ∈ L and (B, b) ∈ U ,

then A ⊆ X r B ⊆ A′. Therefore if f(x) < s, for some s ∈ [0, r], then we can find
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a < b < a′ (rational multiples of r in (0, r)) such that f(x) < a < b < a′ < s, and we

have that for any y ∈ X r B, f(y) < a′ < s. Therefore, since we can do this for any

x such that f(x) < s, we have that {x : f(x) < s} is an open set. Therefore f(x) is a

continuous function. Also, note that by construction, if x ∈ F , then f(x) = 0, and if

x ∈ G, then f(x) = r, and so F ⊆ f−1(0) and G ⊆ f−1(r).

So now we just need to verify that f(x) is 1-Lipschitz. Let x and y be such that

|f(x)− f(y)| > ε with f(x) < f(y). For any a < b, rational multiples of r in [0, r], such

that f(x) < a < b < f(y), we have that x ∈ A with (A, a) ∈ L and y ∈ B with (B, b) ∈

U . By (∗)i for sufficiently large i, we have that d(x, y) ≥ dinf(A,B) > b−a. Since we can

do this for any a, b satisfying the above conditions, we have that d(x, y) ≥ |f(x)− f(y)|.

Since we can do this for any x and y, we have that f(x) is 1-Lipschitz.

Notation 2.1.3. For a topometric space (X, d, τ) with subsets Y,Q ⊆ X with Q ⊆ Y ,

we will write intY Q and clYQ for the topological interior and closure, respectively, of Q

in the subspace Y . We will write extY U for the topological exterior (i.e. intY (Y r U)).

We will write Q◦Y and Q
Y

for the metric interior and closure, respectively, of Q in the

subspace Y . If Y = X or if Y is otherwise clear from context we will typically drop the

subscript.

If we need to specify the relevant topology or metric, we will write intY,τ Q, clY,τQ,

extY,τ Q, Q◦Y,d, or Q
Y,d

. If we only need to specify the particular topology or metric, we

may drop the Y . C

Proposition 2.1.4. For any L, at most countable tuple v̄, tuple x̄, and partial L(v̄x̄)-

type, dLv̄/x̄ is a metric on Sv̄x̄(Σ,L). Furthermore, dLv̄/x̄ is a topometric for Sn(Σ,L).

Proof. To see that dLv̄/x̄ is a metric, first note that dLv̄/x̄(p, q) ≥ 0, dLv̄/x̄(p, q) =
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dLv̄/x̄(q, p), and dLv̄/x̄(p, p) = 0 all clearly hold. If we assume that dLv̄/x̄(p, q) = 0, then

for each k < ω, let (Mk, āk, b̄k, c̄k) be a structure with tuples such that Mk |= p(āk, c̄k),

Mk |= q(b̄k, c̄k), and d(āk, b̄k) < 2−k. Then if U is a non-principal ultrafilter on ω, we

have that MU |= d(āU , b̄U) = 0, so p = q.

For any three types p, q, r ∈ Sv̄x̄(L) which imply the same L(x̄)-type, let dLv̄/x̄(p, q) =

s and dLv̄/x̄(q, r) = t. We have that

Σ = {p(v̄, x̄), q(w̄, x̄), dv̄w̄ = s} and

Π = {q(w̄, x̄), r(ū, x̄), dw̄ū = t}

are both satisfiable by compactness. The Craig interpolation theorem (Proposition

B.1.8) implies that Σ ∪ Π is satisfiable (since q is a consistent type), and therefore

{p(v̄, x̄), r(ū, x̄), dv̄ū ≤ s+ t}

is satisfiable, so dLv̄/x̄(p, r) ≤ s+ t = dLv̄/x̄(p, q) + dLv̄/x̄(q, r), as required.

To show that dLv̄/x̄ is a topometric on Sv̄x̄(L), first note that if F is a filter of points

in Sv̄x̄(L)2 such that {(p, q) ∈ Sv̄x̄(L)2 : dLv̄/x̄(p, q) ≤ ε} ∈ F , then for any ultrafilter

U ⊇ F , if U converges to (r, s), then for each (p, q) ∈ Sv̄x̄(L)2 we can find a structure with

tuples (Mpq, āpq, b̄pq, c̄pq) such that Mpq |= p(āpq, c̄pq) ∧ q(b̄pq, c̄pq) ∧ dāpq b̄pq = dLv̄/x̄(p, q).

Taking an ultraproduct with U gives MU |= r(āU , c̄U) ∧ s(b̄U , c̄U) ∧ dāU b̄U ≤ ε, so dLv̄/x̄

is lower semi-continuous.

To see that dLv̄/x̄ refines the topology, let p be an L(v̄x̄)-type, and let Jϕ(v̄, x̄) > 0K

be an open neighborhood of it. Let ϕ(p) = r > 0. Find ε > 0 small enough that if
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d(ā, b̄) < ε, then |ϕ(ā, c̄) − ϕ(b̄, c̄)| < r. Now by construction we have that B
dLv̄/x̄
<ε (p) ⊆

Jϕ > 0K, so since we can do this for any p and any open neighborhood in a basis of the

topology, we have that the metric topology refines the logic topology.

There is a special property that the metrics in type spaces (over theories, rather

than arbitrary types) have over and above arbitrary compact topometric spaces. This

property was identified in [BY08c].

Definition 2.1.5. A topometric d for the space X is open if for every open set U ⊆ X

and every ε > 0, the set U<ε = {x ∈ X : (∃y ∈ U)d(x, y) < ε} is open as well. C

Note that this property is not preserved under passing to subspaces (see Counterex-

ample C.1.3).

Proposition 2.1.6. For any at most countable tuple of variables v̄, any tuple of variables

x̄, and any partial L(x̄)-type Σ, the metric d/x̄ on Sv̄x̄(Σ) is open.

Proof. Let U(v̄x̄) be an open formula. We want to argue that

JU(v̄x̄)Kd/x̄<εv̄x̄ = J∃w̄(U(w̄x̄) ∧ dv̄w̄ < ε)Kv̄x̄.

If ε > dbL, then JU(v̄x̄)K<ε = Sv̄x̄(Σ), so assume that ε ≤ dbL.

Assume that p ∈ JU(v̄x̄)K<ε, so there exists a q ∈ JU(v̄x̄)K such that d/x̄(p, q) < ε.

Note that since d/x̄(p, q) < db(L), p and q imply the same complete L(x̄)-type r(x̄). Let

M be a sufficiently saturated structure such that M |= r(c̄). Find some ā ∈ M such

that M |= p(āc̄). By saturation, there is a b̄ ∈ M such that M |= q(b̄c̄) and d(ā, b̄) =

dtp(ā, b̄/c̄) < ε. Therefore M |= ∃w̄(U(w̄x̄) ∧ dv̄w̄ < ε) and so p ∈ J∃w̄(U(w̄x̄) ∧ dv̄w̄ <

ε)K.
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Assume that p ∈ J∃w̄(U(w̄x̄) ∧ dv̄w̄ < ε)K. Let M |= p(āc̄). Now we have that there

is some b̄ ∈ M such that M |= U(āc̄) ∧ dāb̄ < ε. Therefore dtp(ā, b̄/c̄) < ε and hence

tp(b̄c̄) ∈ JU(v̄x̄)K (this is where we use that Σ is an L(x̄)-type and not an L(v̄x̄)-type)

and p ∈ JU(v̄x̄)K<ε.

Non-open metrics will be relevant to continuous logic in the context of approximate

isomorphism and approximate categoricity (Chapter 6). The induced metric on a type

space over a partial type (rather than just a partial theory) is also typically not open.

2.2 Example: The Halo

c

a = b′

c′ c

a
b

Figure 1: H and a, b, c

c

a
b

c

a = b′

c′

Figure 2: Minimizing d(ac, b′c′) for b′c′ ≡ bc

We should pause for a moment to highlight what is perhaps the subtlest aspect

of the induced metric on type spaces, namely, its interaction with parameters. Given

a parameter a, there is a natural embedding i : Sx(a) → Sxy(∅). Specifically, given

r ∈ Sx(a), we have i(r) = {F [y
a
] : F ∈ r}. This would more commonly be described as

taking types of the form p(x, a) to types of the form p(x, y). The subtlety is that while

this map is a topological embedding, it is not a metric embedding (although it is always

1-Lipschitz).
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Example 2.2.1 (The Halo Structure). Elements a, b, c in some structure such that

dtp(ac, bc) < dtp(a, b/c).

Description. Let H be a structure in the empty signature with db(L) = 4. Let S1 be

the unit circle in R2, and let M be S1 × {0, 1} with the following metric:

• d((x, 0), (y, 0)) is the distance in R2.

• d((x, 0), (y, 1)) = d((x, 0), (y, 0)) + 1.

• For x 6= y, d((x, 1), (y, 1)) = d((x, 0), (y, 0)) + 2.

Now let x and y be points in S1 such that dR
2
(x, y) = ε > 0, and let a = (x, 1),

b = (y, 1), c = (x, 0). Clearly we have that d(ac, bc) = 2 + ε. It’s not hard to show that

dtp(a, b/c) = 2 + ε as well.

On the other hand, when computing dtp(ac, bc), we are allowed to ‘shift’ the pair bc

so as to line up a and b. If y′ is the point on S1 such that d(x, y′) = ε, but y 6= y′, and

we set b′ = a and c′ = (y′, 0), then we have bc ≡ b′c′ (by an explicit automorphism) and

d(ac, b′c′) = ε.

So we have dtp(ac, bc) ≤ d(ac, b′c′) = ε < 2 + ε, as required. In fact it is actually the

case that dtp(ac, bc) = ε.

Let T = Th(H), then the type spaces Sxy(T ) and Sx(Tc) = Sx(c) can be described

explicitly and are pictured in Figure 3. Sxy(T ) is 4 disjoint closed semicircles and a

topologically isolated point. Sx(Tc) is 2 disjoint closed semicircles. The solid lines

indicate regions where the type space is topologically locally metrically compact, so in

particular the logic and metric topologies agree. The dotted lines indicate regions where

the metric is uniformly discrete, i.e. there is an ε > 0 such that if x 6= y, then d(x, y) > ε.
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x = y

dxy = 2

x = y dxy = 1

dxy = 1

y
∈
S

1
×
{0
}

y
∈
S

1
×
{1
}

x ∈ S1 × {0} x ∈ S1 × {1}

Sxy(T )

x = c dxc = 1

x ∈ S1 × {0} x ∈ S1 × {1}

Sx(Tc)

Figure 3: The type spaces Sxy(T ) and Sx(Tc)

Note, however, that the dotted lines are not topologically discrete. The inclusion map

i takes each semicircle in Sx(Tc) to its respective semicircle on the top row of Sxy(T ).

In the x ∈ S1 × {1} region i is mapping a uniformly discrete metric bijectively onto

a compact metric, which is the furthest an injection could possibly be from being an

isometric embedding.

2.3 Locatable and Definable Sets

Definable sets are perhaps the most notorious concept in continuous logic. They do

not match the immediate intuition that a formula ϕ(x) in discrete logic is like a closed

formula ϕ(x) = 0, which would imply that a definable set in a structure M should be the

set of elements a such that ϕM(a) = 0. The confusion is not helped here by the fact that

while the term ‘definable set’ in discrete logic typically refers to a subset of a particular
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structure, in the context of this thesis the term ‘definable set’ refers mostly to a certain

class of closed formulas, specifically those admitting relative existential quantification

for open formulas.

2.3.1 Locatable Sets

Some forms of relative quantification are free. For any closed formulas F (x, y) and G(x)

and open formulas U(x, y) and V (x), we have

(∀∀x ∈ G)U(x, y) ≡ ∀∀x(G(x)→ U(x, y)),

(@x ∈ G)F (x, y) ≡ @x(G(x) ∧ F (x, y)),

(∃x ∈ V )U(x, y) ≡ ∃x(V (x) ∧ U(x, y)), and

(∀x ∈ V )F (x, y) ≡ ∀x(V (x)→ F (x, y)).

Moreover, we can do this for open and closed type-set formulas as well. As it turns out

this is a characterization of closed type-set formulas up to logical equivalence:

Proposition 2.3.1. A type-set formula X(x̄) is logically equivalent to a closed type-set

formula if and only if for every closed type-set formula F (x, y), the type-set formula

@x̄(X(x̄) ∧ F (x̄, ȳ)) is logically equivalent to a closed type-set formula.

Proof. X(x̄) is logically equivalent to @z̄(X(z̄) ∧
∧
i<|x̄| xi = zi).

This characterization does not extend to open type-set formulas, because x = y is a

closed formula, not an open formula.
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Definition 2.3.2. Let T be a (possibly incomplete) theory and v̄ an n-tuple of variables

for n ≤ ω. A set L ⊆ Sv̄(T ) is locatable if for every open formula U(v̄, w̄), the type-set

formula @v̄L(v̄) ∧ U(v̄, w̄) is logically equivalent to an open type-set formula modulo T .

If v̄ is an n-tuple of variables for n ≤ ω and x̄ is an arbitrary tuple of variables,

we say that L ⊆ Sv̄x̄(T ) is x̄-uniformly locatable if for every open formula U(v̄, w̄, x̄),

the type-set formula @v̄L(v̄, x̄) ∧ U(v̄, w̄, x̄) is logically equivalent to an open type-set

formula modulo T .

For any L-theory T , a type-set L(v̄x̄)-formula L(v̄, x̄) is x̄-uniformly locatable over

T if JLKT,v̄x̄ is uniformly locatable. L(v̄) is locatable over T if it is uniformly locatable

in the empty tuple of variables over T . C

Note that this easily implies the same for open type-set formula (i.e. if L(v̄, x̄) is

uniformly locatable, @v̄L(v̄, x̄) ∧ U(v̄, w̄, x̄) is logically equivalent to an open type-set

formula for any open type-set formula U(v̄, w̄)), since relative existential quantification

distributes over arbitrary disjunctions. Also note that open sets are clearly locatable.

Furthermore, (uniform) locatability is preserved in expansions and extensions:

Proposition 2.3.3. Let T be an S-theory. Let L ⊆ Sv̄x̄(T,S) be x̄-uniformly locatable.

Let S ′ ⊇ S be an expansion, and let T ′ ⊇ T be an S ′-theory extending T . Then L′ =

{p ∈ Sv̄x̄(T ′,S ′) : p � S ∈ L} is x̄-uniformly locatable.

Proof. Let U(v̄, w̄, x̄) = (ϕ(v̄, w̄, x̄) > 0). For each i < ω, find εi > 0 such that if

d(ā, ā′) < εi then |ϕ(ā, b̄, c̄)−ϕ(ā′, b̄, c̄)| ≤ 2−i. Since the metric is part of S, we have that

for any i < ω, @v̄L(v̄, x̄)∧ d(v̄, ū) < εi is logically equivalent to an open type-set S(ūx̄)-

formula, Vi(ū, x̄) modulo T . So now let W (w̄, x̄) =
∨
i<ω ∃ūVi(ū, x̄) ∧ ϕ(ū, w̄, x̄) > 2−i.

Clearly T,@v̄L(v̄, x̄) ∧ U(v̄, w̄, x̄) |= W (w̄, x̄), so the same is true with T ′ in place of T .
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By construction we also have T,W (w̄, x̄) |= @v̄L(v̄, x̄) ∧ U(v̄, w̄, x̄), so again the same

is true with T ′ in place of T . Therefore we have that W (w̄, x̄) is logically equivalent to

@v̄L(v̄, x̄) ∧ U(v̄, w̄, x̄) modulo T ′.

The set of parameters over which a uniformly locatable family is non-empty is always

open.

Proposition 2.3.4. If L(v̄, x̄) ⊆ Sv̄x̄(T ) is x̄-uniformly locatable, then the set

X(x̄) = {p ∈ Sx̄(T ) : JLKT,v̄x̄ ∩ JpKT,v̄x̄ 6= ∅}

is open.

Proof. X(x̄) is logically equivalent to @v̄L(v̄, x̄) ∧ >(v̄, x̄), where > is the open formula

that is always true.

We can give a topometric characterization of locatable sets.

Definition 2.3.5. Let (X, τ, d) be a topometric space. We say that a set L ⊆ X is

locatable if for every ε > 0, L ⊆ intX L
<ε. C

Proposition 2.3.6. For any (possibly incomplete) theory T , any n-tuple v̄ with n ≤ ω,

any x̄, and any set X ⊆ Sv̄x̄(T ), X is uniformly locatable over x̄ in the sense of Definition

2.3.2 if and only if X is locatable with regards to the topometric d/x̄ in the sense of

Definition 2.3.5.

Proof. Assume that x̄ is empty and that X is locatable in the first sense. Then for any

ε > 0, we have that L<ε = J@w̄L(w̄) ∧ dw̄v̄ < εKv̄, so intL<ε = L<ε ⊇ L, and L is

locatable in the second sense.

Now assume that L is locatable in the second sense. Let U(v̄, w̄) = (ϕ(v̄, w̄) > 0) be

an open formula. For each i < ω, find εi > 0 such that if ϕ(ā, b̄) > 2−i and d(ā, ā′) < εi,
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then ϕ(ā′, b̄) > 0 (this always exists by uniform continuity). Let Vi = intL<2−i , and

consider the open formula

O(w̄) =
∨
i<ω

∃v̄Vi(v̄) ∧ ϕ(v̄, w̄) > 2−i.

Note that since T, L(v̄) |= Vi(v̄) for each i < ω, we clearly have that

T,@v̄L(v̄) ∧ U(v̄, w̄) |= O(w̄).

Now assume that M |= T,O(b̄). Then for some i < ω,

M |= ∃v̄Vi(v̄) ∧ ϕ(v̄, b̄) > 2−i.

So there is ā ∈ M such that M |= Vi(ā) ∧ ϕ(ā, b̄) > 2−i. In an elementary extension

N �M there is ā′ such that d(ā, ā′) < 2−i. Therefore by construction, ϕ(ā′, b̄) > 0, and

we have that M |= @v̄L(v̄)∧U(v̄, b̄). Therefore T,O(w̄) |= @v̄L(v̄)∧U(v̄, b̄), as required.

For the second statement, the entire proof relativizes to parameters. The easiest way

to see this is to note that we proved the first part for arbitrary incomplete theories and

to convert the variables x̄ to new constants.

Now we collect some facts about locatable sets in arbitrary topometric spaces. In

[BY10b] the concept of a normal topometric space is defined. The definition given there

is not the same as the definition we will give here, but was proven equivalent in [BY10b].

Definition 2.3.7. A topometric space (D, τ, d) is normal if for any closed sets F,G ⊆ X

with dinf(F,G) > r > 0, there is a 1-Lipschitz continuous function f : X → [0, r] such
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that F ⊆ f−1(0) and G ⊆ f−1r. C

As was mentioned in Proposition 2.1.2, compact topometric spaces satisfy this prop-

erty, so compact topometric spaces, and in particular type spaces, are normal.

Proposition 2.3.8. Let (X, τ, d) be a topometric space.

(i) Open sets are locatable.

(ii) L is locatable if and only if L (the metric closure) is locatable.

(iii) If L is locatable, then L is Gδ (countable intersection of open sets).

(iv) An arbitrary union of locatable sets is locatable, so in particular the locatable sets

form a complete lattice under ⊆, with t given by union.

(v) If L is locatable, Y ⊆ X has L ⊆ Y , τ ′ ⊇ τ � Y , and d′ ≤ d � Y , then L is locatable

in (Y, τ ′, d′).

Assume that X is normal (as a topometric space).

(vi) If L is locatable and U is open, then L ∩ U is locatable.

(vii) Locatability is local to the boundary: L is locatable if and only if for every x ∈ ∂L

(= clL r intL, the topological boundary of L) and every neighborhood U 3 x,

x ∈ int(L ∩ U)<ε for every ε > 0.

(viii) If L0 is locatable and L1 ⊆ L0 is locatable in (L0, τ � L0, d � L0), then L1 is

locatable in (X, τ, d).

Assume that d is an open metric and that X is possibly not normal.



93

(ix) L is locatable if and only if it is a Hausdorff metric limit of open sets (i.e. for

every ε > 0, there is an open set U such that dH(L,U) < ε, where dH(A,B) =

inf{ε : A ⊆ B<ε, B ⊆ A<ε}).

(x) L is locatable if and only if dinf(x, L) is upper semi-continuous (i.e. L<ε = {x :

dinf(x, L) < ε} is open for every ε > 0).

Assume that X is compact.

(xi) If F and G are closed and non-empty, then there exists x ∈ F and y ∈ G such

that d(x, y) = dinf(F,G).

Proof. (i)–(iv) are straightforward.

(v) For any ε > 0, we have Y ∩ Ld<ε ⊆ Ld
′<ε, and so

L ⊆ intX,τ L
d<ε ⊆ intY,τ ′(Y ∩ Ld<ε) ⊆ intY,τ ′ L

d′<ε.

Hence L is locatable in (Y, τ ′, d′).

(vi) Consider x ∈ L ∩ U , with U open. We have that dinf(x,X r U) > r > 0 for

some r (since the metric refines the topology), so let f : X → [0, r] be a 1-Lipschitz

continuous function such that f(x) = 0 and X r U ⊆ f−1(r).

Now consider ε > 0 with ε < r
2
. By assumption, x ∈ intL<ε. Find open V ⊆ intL<ε

such that x ∈ V . Now consider V ∩ {f < ε}. This is also an open neighborhood of x.

Now consider L ∩ (V ∩ {f < ε})<ε. Note that

(V ∩ {f < ε})<ε ⊆ {f < ε}<ε ⊆ {f < 2ε} ⊆ U,
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hence

L ∩ (V ∩ {f < ε})<ε ⊆ U,

as well. So now let y ∈ V ∩ {f < ε}. By the choice of V , there is a z ∈ L such that

d(y, z) < ε. This implies that that z is in (V ∩ {f < ε})<ε and therefore z ∈ U . Finally,

this gives that V ∩{f < ε} ⊆ (L∩U)<ε, and so we have x ∈ int(L∩U)<ε. Since we can

do this for any x ∈ L ∩ U , we have that L ∩ U ⊆ int(L ∩ U)<ε. This implies the same

for any δ > ε, so since we can do this for arbitrarily small ε > 0, we have that L ∩ U is

locatable.

(vii) The ⇐ direction is straightforward. The ⇒ direction follows from (vi).

(viii) Pick ε > 0. Since L1 is locatable in L0, we have that intL0 L
<ε/2
1 ⊇ L1. By the

definition of relative topology, intL0 L
<ε/2
1 = L0∩U for some open-in-X set U . Therefore

intL0 L
<ε/2
1 is locatable in X, by (vi). This implies that

L1 ⊆ intL0 L
<ε/2
1 ⊆ intX

(
intL0 L

<ε/2
1

)<ε/2
⊆ L<ε1 ,

and hence L1 ⊆ intX L
<ε
1 . Since we can do this for any ε > 0, L1 is locatable in X, as

required.

(ix) The ⇒ direction is straightforward, so assume that L is a Hausdorff limit of

open sets. For each ε > 0, let Uε be an open set such that dH(L,Uε) < ε. By openness,

U
<ε/2
ε/2 is an open set. By the definition of the Hausdorff metric we have that L ⊆ U

<ε/2
ε/2

and Uε/2 ⊆ L<ε/2. Therefore by the triangle inequality we have U
<ε/2
ε/2 ⊆ L<ε, so

L ⊆ U
<ε/2
ε/2 ⊆ intL<ε,
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as required. So L is locatable.

(x) The⇐ direction is obvious. Assume that L is locatable. By the triangle inequality

we have that for any ε > δ > 0, (intL<δ)<ε−δ ⊆ L<ε. Furthermore, by openness,

(intL<δ)<ε−δ is an open set. Therefore (intL<δ)<ε−δ ⊆ intL<ε. Since L is locatable, we

also have that L<ε−δ ⊆ (intL<δ)<ε−δ, and hence for a fixed ε > 0,

L<ε =
⋃

0<δ<ε

L<ε−δ ⊆
⋃

0<δ<ε

(intL<δ)<ε−δ ⊆ intL<ε ⊆ L<ε,

as required.

(xi) For any ε > dinf(F,G), F ∩ G≤ε is non-empty. Therefore by compactness,

H = F ∩
⋂
ε>dinf(F,G) G

≤ε is non-empty.

Part (vi) of Proposition 2.3.8 is completely trivial to prove in the context of type

spaces with the machinery we’ve developed for type-set formulas: If L(x̄) is a locatable

formula, then ∃v̄(L(v̄)∧U(v̄))∧V (v̄, w̄) is clearly logically equivalent to @v̄L(v̄)∧(U(v̄)∧

V (v̄, w̄)) (by the associativity of ∧), which is equivalent to an open type-set formula by

the locatability of L.

These seem to be about the only nice properties locatable sets have in general (and

in type spaces, for that matter).

Open formulas have a special property over and above arbitrary locatable formulas.

Open formulas do not just admit relative weak existential quantification with other open

formulas, they admit relative existential quantification. This motivates the following

definition:

Definition 2.3.9. A type-set formula L(v̄) is strongly locatable over T if for any structure

M |= T and any open formula U(v̄, w̄) such that M |= @v̄L(v̄) ∧ U(v̄, ā), there exists
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b̄ ∈M such that M |= L(b̄) ∧ U(b̄, ā).

A type-set formula L(v̄, x̄) is strongly and x̄-uniformly locatable2 over T or strongly,

x̄-uniformly locatable over T if for any structure M |= T , any parameters āb̄, and any

open formula U(v̄, w̄, x̄) such that M |= @v̄L(v̄, ā) ∧ U(v̄, b̄, ā), there exists c̄ ∈ M such

that M |= L(c̄, ā) ∧ U(c̄, b̄, ā). C

Note that we have defined this for structures M, rather than pre-structures. Open

formulas are ‘strongly locatable over pre-structures,’ but this requirement is too strong

in general.

Proposition 2.3.10. Let T be a (possibly incomplete) theory, let v̄ be an at most count-

able tuple of variables, and let x̄ be a tuple of variables.

(i) If {Li(v̄, x̄)}i∈I are strongly and x̄-uniformly locatable, then
⋃
i∈I Li(v̄, x̄) is strongly

and x̄-uniformly locatable.

(ii) If L(x̄, x̄) is x̄-uniformly locatable and JLK ⊆ Sv̄x̄(T ) is Gδ (countable intersection

of open sets), then it is strongly and x̄-uniformly locatable.

Proof. (i) This is straightforward.

(ii) Assume that L(v̄, x̄) is x̄-uniformly locatable and JLK is Gδ. Let L(v̄, x̄) be

logically equivalent to
∧
i<ωWi(v̄, x̄), where {Wi}i<ω is a sequence of open type-set for-

mulas. For any δ > 0 and open formula O(v̄, x̄), let V O
δ (v̄, x̄) be an open type-set

formula corresponding to JL(v̄, x̄)∧O(v̄, x̄)Kd/x̄<δ. Let O0(v̄, x̄) be an open formula such

that JO0K = Sv̄x̄(T ).

2There is neither a sense in which the uniformity is strong nor a sense in which the strength is
particularly uniform.
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Fix a structure M and āb̄ ∈ M and an open formula U(v̄, w̄). Assume that M |=

@v̄L(v̄, ā) ∧ U(v̄, b̄, ā). Let U(v̄, w̄, x̄) ≡ (ϕ(v̄, w̄, x̄) > 0). There is an r > 0 such that

M |= @v̄L(v̄, ā) ∧ ϕ(v̄, b̄, ā) > r. Find ε0 > 0 small enough that if d(c̄, c̄′) ≤ ε0, then

|ϕ(c̄, b̄, ā)− ϕ(c̄′, b̄, ā)| < r.

Note that M |= @v̄V O0

2−1ε0
(v̄, ā) ∧ W0(v̄, ā) ∧ ϕ(v̄, b̄, ā) > r, so since V O0

2−1ε0
and W0

are open type-set formulas, there actually is c̄0 ∈ M such that M |= V O0

2−1ε0
(c̄0, ā) ∧

W0(c̄0, ā)∧ϕ(c̄0, b̄, ā) > r. Note that by construction, M |= @v̄L(v̄, ā)∧ d(v̄, c̄0) < 2−1ε0.

For each i < ω, given c̄i, εi > 0, and Oi(v̄, x̄) such that M |= @v̄L(v̄, ā) ∧ d(v̄, c̄i) <

2−i−1εi and M |= V Oi
2−i−1εi

(c̄i, ā) ∧ Wi(c̄i, ā), let pi be a type in JL ∧ OiK such that

d/x̄(tp(c̄i/ā), pi) < 2−i−1εi. Find an open formula Oi+1(v̄, x̄) such that pi ∈ JOi+1K

and clJOi+1K ⊆ JWiK. Find εi+1 > 0 such that εi+1 ≤ εi and (clJOi+1K)d/x̄≤εi+1 ⊆ JWiK.

Now we have that M |= @v̄V Oi+1

2−i−2εi+1
(v̄, ā) ∧Wi+1(v̄, ā) ∧ d(v̄, c̄i) < 2−i−1εi (because

M has an elementary extension realizing pi). Therefore there exists c̄i+1 ∈M such that

M |= V
Oi+1

2−i−2εi+1
(v̄, ā) ∧Wi+1(v̄, ā) ∧ d(c̄i+1, c̄i) < 2−i−1εi.

By construction, we have that {c̄i}i<ω is a Cauchy sequence. Let c̄ω ∈ M be its

limit. For any i < ω, we have that d(c̄i, c̄ω) <
∑∞

k=i 2
−k−1εk ≤ εi (since {εi}i<ω is non-

increasing). Therefore by construction, we have that ϕM(c̄ω, b̄, ā) > 0, or in other words

M |= U(c̄ω, b̄, ā), and tp(c̄ω/ā) ∈ JWiK for each i < ω. Therefore in particular we have

that M |= L(c̄ω, ā), as required.

Therefore L is strongly, x̄-uniformly locatable.

Unlike locatable sets, there is almost certainly no hope for a precise characterization

(topometric or otherwise) of strongly locatable sets, given the complexity of omitting

types in structures in continuous logic [FM18].
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Corollary 2.3.11. Let L(v̄, x̄) be x̄-uniformly locatable. If L′ is the type-set formula

corresponding to JLK
d/x̄

, then JL′K is Gδ, and so in particular L′ is strongly and uniformly

locatable.

Proof. This follows from Proposition 2.3.8 part (ii).

Corollary 2.3.12. If L(v̄, x̄) is x̄-uniformly locatable, M is an |x̄|+-saturated structure,

and M |= @v̄L(v̄, ā) ∧ U(v̄, b̄, ā) for some open type-set formula U(v̄, w̄, x̄), then there

exists c̄ ∈M such that M |= L(c̄, ā) ∧ U(c̄, b̄, ā).

Proof. If we let L′ be the type-set formula corresponding to JLK
d/x̄

, then M |= @v̄L′(v̄, ā)∧

U(v̄, b̄, ā). By Proposition 2.3.10, L′ is strongly, x̄-uniformly locatable, so there is c̄′ ∈M

such that M |= L′(c̄′, ā) ∧ U(c̄′, b̄, ā). Find ε > 0 small enough that if d(c̄′, c̄) < ε, then

M |= U(c̄, b̄, ā). Find p(v̄, ā) such that d/x̄(tp(c̄′ā), p) < ε and such that p ∈ JlK. By |x̄|+-

saturation, there is c̄ such that M |= p(c̄, ā) and d(c̄′, c̄) < ε. Therefore by construction,

M |= L(c̄, ā) ∧ U(c̄, b̄, ā).

2.3.2 Definable Sets

Locatable sets are a kind of topometric generalization of open sets. The analogous

generalization for closed sets does not really produce a larger class of sets.3 Definable

sets are the corresponding analog of clopen sets: closed and locatable.

Definition 2.3.13. Given a topometric space (X, τ, d), we say that D ⊆ X is definable

or a definable set if it is closed and locatable. If X is itself a subspace, we may say that

D is relatively definable in X.

3Although this depends on precisely how one states it. If (X, τ, d) is a topometric space with an
open metric, then a set Y is locatable if and only if dinf(x, Y ) is upper semi-continuous, so one possible
analog would be to require that dinf(x, Y ) be lower semi-continuous. If X is compact, we have that
dinf(x, Y ) is lower semi-continuous if and only if Y is topologically closed.
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A point x ∈ X is called d-atomic if {x} is locatable (and therefore definable). x is

called weakly d-atomic if intBd
<ε(x) is non-empty for every ε > 0. If there is more than

one topometric on X we will use terms such as ρ-atomic or weakly d0-atomic.

Given an at most countable tuple of variables v̄ and a tuple of variables x̄, a closed

type-set formula D(v̄, x̄) is x̄-uniformly definable over T if JDKT,v̄x̄ is locatable with

regards to the topometric d/x̄. A closed type-set formula is definable over T if it is

locatable over T . If we need to specify the language, formulas, or theory, we will say

that D is x̄-uniformly L(v̄x̄)-definable over T or that D is L(v̄)-definable over T . C

Note that (uniformly) definable formulas are strongly (and uniformly) locatable by

Proposition 2.3.10 and the fact that topologically closed sets are metrically closed in

topometric spaces.

While technically we should have terms such as d-definable or d-locatable to specify

the metric, situations in which multiple topometrics are relevant occur most frequently

with the concepts of d-atomic and weakly d-atomic.

Remark 2.3.14. [BY08c] introduced the concept of weakly d-atomic points, although

there they are called d-isolated and weakly d-isolated. I though that the term ‘d-isolated’

was too easy to interpret as ‘isolated with regards to the metric.’

[BY08c] expressed a desire to maintain a separation between topometric terminology

and continuous logic terminology. We have not successfully maintained such a distinction

here, but if one did wish to do so I would recommend using the term ‘clocatable,’ or

perhaps ‘d-findable,’ in place of ‘definable.’

Proposition 2.3.15. Let (X, τ, d) be a topometric space.



100

(i) A definable set is Gδ.
4

(ii) A finite union of definable sets is definable.

(iii) Any clopen set is definable.

(iv) If X is normal (as a topometric space) and D, E, and ∂D∩∂E are definable, then

D ∩ E is definable (in particular if ∂D and ∂E are disjoint, such as when one of

D and E is clopen).

(v) If D is definable in (X, τ, d), Y ⊆ X has D ⊆ Y , τ ′ ⊇ τ � Y , and d′ ≤ d � Y , then

D is definable in (Y, τ ′, d′).

(vi) If X is compact, then a closed set D ⊆ X is definable if and only if there is a

continuous function f : X → [0,∞] such that D = {x : f(x) = 0} and for all

x ∈ X, dinf(x,D) ≤ f(x). (Note that the topology on [0,∞] is chosen so that it

is homeomorphic to [0, 1].) If 0 < diam(X) < ∞, then f can be chosen such that

f(x) ∈ [0, diam(X)].

(vii) If X is compact and d is an open metric, then a closed set D ⊆ X is definable if

and only if dinf(x,D) is continuous.

(viii) If d is an open metric, then x is d-atomic if and only if x is weakly d-atomic.

(ix) If there exists a collection U , with |U| ≤ κ, of open sets such that for any closed

set F ⊆ X and open neighborhood V ⊇ F , there is U ∈ U with V ⊇ U ⊇ F (in

particular, if X is compact and has a basis of cardinality κ), then the collection of

4Compare this with the following fact: A clopen set is open.
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definable sets has metric density character at most κ with regards to the Hausdorff

metric (i.e. dH(X, Y ) = inf{ε > 0 : X ⊆ Y <ε, Y ⊆ X<ε}.

Proof. (i) Straightforward.

(ii) This follows from the facts that finite unions of closed sets are closed and arbitrary

unions of locatable sets are locatable.

(iii) Obvious.

(iv) D ∩ E = (D ∩ intE) ∪ (intD ∩ E) ∪ (∂D ∩ ∂E). By Proposition 2.3.8 part

(vi), D ∩ intE and intD ∩ E are locatable sets, so we have that D ∩ E is a union of

locatable sets and is therefore locatable. Furthermore we have that D ∩ E is closed, so

it is definable.

(v) This follows from Proposition 2.3.8 part (v) and the fact that D is still closed in

(Y, τ ′).

(vi) If X is empty then this is trivial. If X is a singleton and D is empty, let f(x) = 1.

If X is a singleton and D is non-empty, let f(x) = 0.

Assume that X has more than one point (so in particular diam(X) > 0). Let

U0 = X. Given Ui, find εi > 0 with εi <∞ such that εi < 2−i and εi < εi−1 (or εi <∞

if i = 0), and such that D≤εi ⊆ Ui (this exists by compactness, since D =
⋂
ε>0D

≤ε).

Let Ui+1 = intD≤εi . Note that Ui ⊇ D≤εi ⊇ Ui+1.

Now for each i < ω with i > 1, let gi : X → [0, 1] be a continuous function such that

D≤εi ⊆ g−1
i (0) and X r Ui ⊆ g−1

i (1). Such a gi exists by Urysohn’s lemma. Now let

h(x) =
∑

1<i<ω

(εi−2 − εi−1)gi(x).

Since {εi}i<ω is a strictly decreasing sequence of positive numbers that limits to 0,



102

this sum converges uniformly and h(x) is a continuous function. Note that h(x) ∈ [0, ε0].

For any x such that 0 < dinf(x,D) ≤ ε0, find k < ω such that εk ≥ dinf(x,D) > εk+1.

(Note that such a k always exists.) This implies that x /∈ D≤εk+1 ⊇ Uk+2. Since x /∈ Uk+2,

x /∈ U` for any ` > k + 1. Therefore

h(x) ≥
∑

k+1<i<ω

εi−2 − εi−1 = εk ≥ dinf(x,D).

For any x such that dinf(x,D) > ε0, we have x /∈ D≤εi for any i < ω with i > 1, so

h(x) =
∑

1<i<ω

εi−2 − εi−1 = ε0.

Finally, set

f(x) =
ε0h(x)

ε0 − h(x)

if h(x) < ε0 and f(x) = ∞ if h(x) ≥ ε0. Note that f(x) is continuous and that by

construction, f(x) ≥ h(x) and f(x) = 0 if and only if h(x) = 0.

For x /∈ D with dinf(x,D) ≤ ε0, we already have that dinf(x,D) ≤ f(x). For x with

dinf(x,D) > ε0, we have that h(x) =∞ ≥ dinf(x,D).

Now we just need to verify that D = {x : f(x) = 0}. Clearly we have that if x ∈ D,

then x ∈ D≤εi for every i < ω, so h(x) = 0 and therefore f(x) = 0. Conversely, assume

that x /∈ D, then there is some i < ω with i > 0, such that x /∈ D≤εi ⊇ Ui+1 (since D

is closed and the metric refines the topology), so h(x) ≥ εi−1 − εi > 0, and therefore

f(x) > 0. So we have that D = {x : f(x) = 0}, as required.

If 0 < diam(X) < ∞, we can use min{f(x), diam(X)} instead of f(x), to ensure

that the functions output is in [0, diam(X)].
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(vii) The ⇐ direction is clear. For the ⇒ direction, since X is compact, by Propo-

sition 2.1.2 for any closed set F and any ε > 0, F≤ε is closed, or equivalently that

dinf(x, F ) is lower semi-continuous. Since D is also locatable, dinf(x,D) is both lower

semi-continuous and upper semi-continuous, and therefore is continuous.

(viii) The ⇒ direction is clear. The ⇐ direction follows from Proposition 2.3.8 part

(ix).

(ix) Let {Di}i<κ+ be a collection of definable sets. Fix ε > 0. For each i < κ+, find

Ui ∈ U such that D ⊆ Ui ⊆ intD<ε. By the pigeonhole principle, there are i < j < κ+

such that Ui = Uj. Therefore Di ⊆ D<ε
j and Dj ⊆ D<ε

i , and so dH(Di, Dj) ≤ ε. Since

we can do this for any ε > 0, there is no κ+-sized (> ε)-separated set of definable sets,

and the collection of definable sets has Hausdorff metric density character at most κ.

Note the conspicuous absence of any particularly strong statements regarding inter-

sections in Proposition 2.3.15. In general the intersection of two definable sets may be

some frowzy, useless conglomeration.

Corollary 2.3.16. If D(v̄, x̄) is x̄-uniformly definable over Σ(x̄), then it is logically

equivalent modulo Σ(x̄) to a closed formula.

Proof. Proposition 2.3.15 part (vii) implies that JDK is the zeroset of the continuous

function p 7→ dinf(p, JDK). By Proposition 1.5.9, this implies thatD is logically equivalent

to a closed formula.

Notation 2.3.17. If D(v̄, x̄) is x̄-uniformly definable over T , by an abuse of notation we

will also write D(v̄, x̄) to mean a real formula corresponding to the distance predicate of

D (modulo T ). If we wish to emphasize that we are talking about the distance predicate

and not the closed formula, we will write dinf(v̄, D(·, x̄)) or dinf(v̄, D). C
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Proposition 2.3.18 (The Disconnect between Something and Nothing). If D(v̄, x̄) is

x̄-uniformly definable over Σ(x̄), a partial L(x̄)-type, then F (x̄) = @v̄D(v̄, x̄) is a clopen

formula over Σ (i.e. JF (x̄)K is clopen in Sx̄(Σ)).

Proof. F (x̄) is logically equivalent modulo Σ to ∃v̄(D(v̄, x̄) < db(L)).

The following proposition is largely equivalent to Theorem 9.12 in [BYBHU08], al-

though they don’t cover the case of uniformly definable sets and their axioms exclude

the possibility of an empty definable set.

Proposition 2.3.19 (Axiom for Definability). A real formula ϕ(v̄, x̄) is the distance

predicate of a x̄-uniformly definable set over Σ(x̄) if and only if

Σ(x̄) |= ∀v̄(ϕ(v̄, x̄) = db(L))

∨∀v̄[@w̄(ϕ(w̄, x̄) = 0 ∧ dv̄w̄ = ϕ(v̄, x̄))

∧∀w̄(ϕ(v̄, x̄) ≤ ϕ(w̄, x̄) + dv̄w̄)].

Proof. Assume that D(v̄, x̄) is x̄-uniformly definable over Σ(x̄), and let ϕ(v̄, x̄) be its

distance predicate. Let M be a structure and ā a tuple such that M |= Σ(ā). If

M 6|= @v̄D(v̄, ā), then by the definition of the induced metric on type space, we have

M |= ∀v̄ϕ(v̄, ā).

If M 6|= @v̄D(v̄, ā), then M |= ∀v̄(ϕ(v̄, x̄) = db(L)), since ϕ is the distance predicate

of an empty set.

If M |= @v̄D(v̄, ā), then we have M 6|= ∀v̄ϕ(v̄, ā) = db(L), hence for any b̄ ∈ M , we

have

M |= @w̄(ϕ(w̄, ā) = 0 ∧ db̄w̄ = d/x̄,inf(tp(b̄ā), JDK)),
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by the definition of d/x̄ and the fact that ϕ is the distance predicate for D. Therefore in

either case we have that ϕ satisfies the axiom for definability.

Now assume that ϕ(v̄, x̄) satisfies the axiom for definability over Σ(x̄). Pick M

and ā ∈ M such that M |= Σ(ā). Now we have two cases. First assume that M |=

∀v̄(ϕ(v̄, ā) = db(L)). Then we have that (ϕ(v̄, ā) = 0) is empty, so ϕ(x̄, ā) is the

distance predicate of its zeroset.

Now assume that

M |= ∀v̄[@w̄(ϕ(w̄, ā) = 0 ∧ dv̄w̄ = ϕ(v̄, ā)) ∧ ∀w̄(ϕ(v̄, ā) ≤ ϕ(w̄, ā) + dv̄w̄)].

By looking at sufficiently saturated elementary extensions of M, we have that for any q ∈

Sv̄x̄(tp(ā)) (which is canonically isomorphic to Sv̄(ā)), d/x̄,inf(q, Jϕ(v̄, ā) = 0K) ≤ ϕ(q, ā),

therefore (ϕ(v̄, ā) = 0) is definable. All that remains is to verify that d/x̄,inf(q, Jϕ(v̄, ā) =

0K) ≥ ϕ(q, ā) (so that in particular, they are equal). Find a type r ∈ Jϕ(v̄, ā) = 0K such

that d/x̄(q, r) = d/x̄,inf(q, Jϕ(v̄, ā) = 0K). By sufficient saturation, for any b̄ ∈ M such

that M |= q(b̄, ā), there is c̄ ∈M such that M |= r(c̄, ā) and such that d(b̄, c̄) = d/x̄(q, r).

This implies that ϕ(b̄, ā) ≤ ϕ(c̄, ā) + d(b̄, c̄) = 0 + d/x̄(q, r) = d/x̄,inf(q, Jϕ(v̄, ā) = 0K),

so the required equality holds, and we have that ϕ(v̄, ā) is the distance predicate of

(ϕ(v̄, ā) = 0).

Since this works for any M and ā such that M |= Σ(ā), we have that (ϕ(v̄, x̄) = 0)

is x̄-uniformly definable over Σ(x̄) and ϕ(v̄, x̄) is the witnessing distance predicate.

Corollary 2.3.20. For any real formula ϕ(v̄, x̄), there is a closed formula F (x̄) such

that for any structure M and ā ∈M , ϕ(v̄, ā) is the distance predicate of a definable set

over Th(M) if and only if M |= F (ā).
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Notation 2.3.21. For a real formula ϕ(v̄, x̄), we let

DEFv̄ϕ(v̄, x̄) = ∀v̄(ϕ(v̄, x̄) = db(L))

∨ ∀v̄ [@w̄(ϕ(w̄, x̄) = 0 ∧ dv̄w̄ = ϕ(v̄, x̄)) ∧ ∀w̄(ϕ(v̄, x̄) ≤ ϕ(w̄, x̄) + dv̄w̄)] ,

def
v̄
ϕ(v̄, x̄) = min{sup

x̄
|ϕ(v̄, x̄)− db(L)|,

sup
v̄

max

{
inf
w̄

max{|ϕ(w̄, x̄)|, |dv̄w̄ − ϕ(v̄, w̄)|}, 1

2
sup
w̄
ϕ(v̄, x̄) ·− (ϕ(w̄, x̄) + dv̄w̄)}

}
.C

So in particular, Σ(x̄) |= DEFv̄ϕ(v̄, x̄) if and only if ϕ(v̄, x̄) is the distance predicate

of a x̄-uniformly definable set over Σ(x̄). Note that DEFv̄ is, syntactically speaking, a

quantifier that takes a real formula and produces a closed formula, which is not something

we have seen before. Also note that DEFv̄ϕ(v̄, x̄) is logically equivalent to def v̄ ϕ(v̄, x̄) =

0, and moreover just like any other quantifiers, the free variables of DEFv̄ϕ(v̄, x̄) and

def v̄ ϕ(v̄, x̄) are contained in x̄. The factor of 1
2

is only required to make the following

statement true.

Lemma 2.3.22. For any pair of formulas ϕ(v̄, x̄), ψ(v̄, x̄) and any partial type Σ(x̄),

∥∥∥def
v̄
ϕ(v̄, x̄)− def

v̄
ψ(v̄, x̄)

∥∥∥
Σ
≤ ‖ϕ(v̄, x̄)− ψ(v̄, x̄)‖Σ .

Proof. This follows from the analogous fact for the quantifiers inf and sup (Lemma 1.4.2),

as well as the facts that |min{a, b} − min{c, d}| ≤ max{|a − c|, |b − d|}, |max{a, b} −

max{c, d}| ≤ max{|a− c|, |b− d|}, ||a− b| − |a− c|| ≤ |b− c|, and |(a ·− b)− (c ·− d)| ≤

|a− c|+ |b− d| ≤ 2 max{|a− c|, |b− d|}.

Proposition 2.3.23 (Relative Quantification of Real Formulas). A closed formula

D(v̄, x̄) is x̄-uniformly definable over Σ(x̄) if and only if for every real formula ϕ(v̄, w̄, x̄),
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there is a real formula χ(w̄, x̄) such that for every model M of T , for any ā and b̄ in M ,

χM(b̄, ā) = inf{ϕM(c̄, b̄, ā) : c̄ ∈M,M |= D(c̄, ā)}.

The same statement holds for sup.

Proof. For the ⇐ direction, we have that there is a formula χ(w̄, x̄) such that for any

structure M of T and ā, b̄ ∈ M such that M |= Σ(ā), we have χM(b̄, ā) = inf{d(c̄, b̄) :

c̄ ∈ M,M |= D(c̄, ā)}. This implies that for any p ∈ Sv̄,x̄(T ), d/x̄,inf(p, JDK) = χ(p), so

D is definable.

For the ⇒ direction, let

χ(w̄, x̄) = inf
v̄

min{ϕ(v̄, w̄, x̄) + ωϕ,v̄(|D(v̄, x̄)|), sup I(ϕ)},

where ωϕ,v̄ is given in Definition 1.3.15. Note that ωϕ,v̄(db(L)) = sup I(ϕ) − inf I(ϕ).

(The absolute value bars are so that χ is well-defined as a formula, as ωϕ,v̄ is only defined

for non-negative inputs.) Let M be a structure and ā, b̄ be chosen so that M |= Σ(ā).

Assume that D(M, ā) is empty. We have that M |= ∀v̄D(v̄, ā) = db(L), so M |=

∀w̄χ(w̄, ā) = sup I(ϕ) and we’re done.

Assume that D(M, ā) is non-empty. We have that s = inf{ϕM(c̄, b̄, ā) : c̄ ∈M,M |=

D(c̄, ā)}. Clearly by construction we have χM(b̄, ā) ≤ s.

Now assume that χM(b̄, ā) < r. Then there is some c̄′ ∈M such that M |= ϕ(c̄′, b̄, ā)+

α(D(c̄′, ā)) < r. By strong, uniform locatability of uniformly definable sets, for any ε > 0

there is c̄ ∈M with M |= D(c̄, ā), d(c̄, c̄′) < d(c̄, D(·, ā)) + ε. By the choice of α, we have

that M |= ϕ(c̄, b̄, ā) ≤ ϕ(c̄′, b̄, ā)+α(D(c̄, ā)), so in particular s ≤ ϕ(c̄′, b̄, ā)+α(D(c̄, ā)).
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Since we can do this for any ε > 0, by continuity of α we have that s ≤ ϕ(c̄′, b̄, ā) +

α(D(c̄′, ā)). Furthermore, since we can do this for any r > χ(b̄, ā), we have that s ≤

χ(b̄, ā), and hence

χ(b̄, ā) = s = inf{ϕM(c̄, b̄, ā) : c̄ ∈M,M |= D(c̄, ā)},

as required.

For sup, recall that supϕ = − inf −ϕ.

Corollary 2.3.24. If D(v̄, x̄) is x̄-uniformly definable over Σ(x̄), then for any open

formula U(v̄, w̄, x̄), @v̄D(v̄, x̄)∧U(v̄, w̄, x̄) is logically equivalent modulo Σ(x̄) to an open

formula, V (w̄, x̄).

Proof. Let U(v̄, w̄, x̄) = (ϕ(v̄, w̄, x̄) > 0) (as in Proposition 2.3.23). We have that

@v̄D(v̄, x̄) ∧ U(v̄, w̄, x̄) is logically equivalent to χ(w̄, x̄) > 0, with χ(w̄, x̄) given by

Proposition 2.3.23 (in the sup case).

Notation 2.3.25. For any real formula D(v̄, x̄), we write:

inf
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) = inf
v̄

min{ϕ(v̄, w̄, x̄) + ωϕ,v̄(|D(v̄, x̄)|), sup I(ϕ)} and

sup
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) = sup
v̄

max{ϕ(v̄, w̄, x̄)− ωϕ,v̄(|D(v̄, x̄)|), inf I(ϕ)}

where ωϕ,v̄ is given in Definition 1.3.15. We will only use this notation when we are

working in the context of a partial L(x̄)-type Σ(x̄) (or, in particular, a fixed theory T )

where D(v̄, x̄) is a real formula that is the distance predicate of a x̄-uniformly definable
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set over Σ. Let Λc(x̄) = ∀v̄(D(v̄, x̄) = db(L)) and Λo(x̄) = ∀∀v̄(D(v̄, x̄) > 0). We write

(∀∀v̄ ∈ D(·, x̄))(ϕ(v̄, w̄, x̄) > 0) = Λo(x̄) ∨ inf
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) > 0,

(∃v̄ ∈ D(·, x̄))(ϕ(v̄, w̄, x̄) > 0) = ¬Λc(x̄) ∧ sup
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) > 0,

(∀v̄ ∈ D(·, x̄))(ϕ(v̄, w̄, x̄) ≥ 0) = Λc(x̄) ∨ inf
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) ≥ 0, and

(@v̄ ∈ D(·, x̄))(ϕ(v̄, w̄, x̄) ≥ 0) = ¬Λo(x̄) ∧ sup
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) ≥ 0.

When x̄ is the empty tuple or when we don’t need to emphasize the role of x̄, we will

write D instead of D(x̄). Again, we will only use this notation when D(v̄, x̄) is known

to be the distance predicate of a x̄-uniformly definable set. C

The formulas Λc(x̄) and Λo(x̄) are closed and open formulas, respectively, saying that

D(x̄) is empty (if it is a definable set).

Remark 2.3.26. To make relative quantification over a real valued formula D(v̄, x̄) that

may or may not be a distance predicate better behaved, we could introduce notation

analogous to the notation we will have later for partial definable functions, namely

something to the effect of (∀v̄ ∈ D(·, x̄)↓)(ϕ(v̄, w̄, x̄) ≥ 0) for

DEFv̄D(v̄, x̄) ∧
[(

inf
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) ≥ 0

)
∨ Λc(x̄)

]
,

meaning ‘D(v̄, x̄) is a distance predicate in v̄ and for all v̄ in D(x̄), ϕ(v̄, w̄, x̄) ≥ 0 holds.’

The meaning of this expression only depends on (ϕ(v̄, w̄, x̄) ≥ 0) as a closed formula

rather than ϕ(v̄, w̄, x̄) as a real valued formula. (Although note that it does still depend
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on D(x̄, v̄) as a real valued formula and that this cannot generally be avoided as alluded

to in Remark 1.7.6.)

With regards to open formulas, since DEFv̄D(v̄, x̄) is a closed formula, we can’t say

‘D(v̄, x̄) is definable in v̄ and for all v̄ in D(x̄), strongly, ϕ(v̄, w̄, x̄) > 0 holds’ with a

topological formula; the closest we can get is ‘if D(v̄, x̄) is definable, then for all v̄ in

D(x̄), strongly, ϕ(v̄, w̄, x̄) > 0 holds,’ which would be

DEFv̄D(v̄, x̄)→
(

inf
v̄∈D(·,x̄)

ϕ(v̄, w̄, x̄) > 0

)
∨ Λo(x̄).

Again the meaning of this expression does not depend on ϕ(v̄, w̄, x̄) as a real valued

formula, only on (ϕ(v̄, w̄, x̄) > 0) as an open formula. That said, notation of the form

(∀∀v̄ ∈ D(·, x̄)↓)(ϕ(v̄, w̄, x̄) > 0) does not clearly suggest this meaning.

Definition 2.3.27. If D(v̄, x̄) and E(v̄, x̄) are x̄-uniformly definable over Σ(x̄), then

the Hausdorff distance between D and E is given by dH(D(x̄), E(x̄)) = supv̄ |D(v̄, x̄) −

E(v̄, x̄)|. This is a real formula with free variables among x̄. If x̄ is empty we will write

dH(D,E).

The logical Hausdorff distance between D and E over Σ is given by dH,Σ(D(x̄), E(x̄)) =

‖D(v̄, x̄)− E(v̄, x̄)‖Σ. When Σ is empty we will write dH .5 C

Note that in particular, fv(D) r v̄ and fv(E) r v̄ may be disjoint.

5Note that the first term defined here is a formula and the second is the supremal value of this
formula.
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Proposition 2.3.28. For any partial type Σ(x̄) and D(v̄, x̄) and E(v̄, x̄) which are x̄-

uniformly definable over Σ(x̄),

dH(D(·, x̄), E(·, x̄)) = max

{
sup

v̄∈D(·,x̄)

inf
w̄∈E(·,x̄)

d(v̄, w̄), sup
w̄∈E(·,x̄)

inf
v̄∈D(·,x̄)

d(v̄, w̄)

}
and

dH,Σ(D(·, x̄), E(·, x̄)) = sup{dH(D(·, p), E(·, p)) : p ∈ Sx̄(Σ)}.

In particular, if M is a structure such that M |= Σ(ā), then dMH (D(·, ā), D(·, ā)) is the

Hausdorff distance between D(M, ā) and E(M, ā).

Proof. The equality regarding dH,Σ follows by definition, and the final statement follows

from the equality regarding dH and the definition of the Hausdorff distance, so we only

need to show the equality regarding dH . By Fact A.1.6 we know that the first equality

holds in any structure M with Ā ∈ M such that M |= Σ(ā). Therefore the equality

holds.

Proposition 2.3.29. For any partial type Σ(x̄) and any at most countable tuple of

variables v̄, the set {D(v̄, x̄) : D x̄-uniformly definable over Σ(x̄)} is metrically com-

plete under dH,Σ and has metric density character at most ℵ0 + |L|+ |x̄|. Furthermore,

dH,Σ(D(·, x̄), E(·, x̄)) = 0 if and only if D and E are logically equivalent modulo Σ.

Proof. Let {Di(v̄, x̄)}i<ω be a sequence of x̄-uniformly definable sets over Σ(x̄) that is

a Cauchy sequence in the metric dH,Σ. This implies that the corresponding distance

predicates are also a Cauchy sequence relative to ‖·‖Σ. So by Proposition 1.4.6 we have

that there is a real formula ϕ(v̄, x̄) such that {Di(v̄, x̄)}i<ω converges to ϕ as a sequence

of distance predicates under ‖·‖Σ. Now we just need to argue that ϕ(v̄, x̄) is the distance

predicate of a x̄-uniformly definable set over Σ(x̄). By Fact A.1.6, in any M with ā ∈M
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such that M |= Σ(ā), the sequence Di(M, ā) converges to some closed set F ⊆M|v̄|. By

Fact A.1.6 again, ϕM(v̄, ā) must be the distance predicate of F . Therefore we have that

Σ(x̄) |= DEFv̄ϕ(v̄, x̄), as required.

The statement regarding metric density character follows from the fact that the

collection of distance predicates of x̄-uniformly definable sets over Σ is a subspace of the

collection of all L(v̄x̄)-formulas, which has metric density character at most ℵ0 + |L| +

|v̄x̄| = ℵ0 + |L| + |x̄|. The final statement regarding logical equivalence follows by the

definition of logical equivalence modulo Σ.

Corollary 2.3.30 (Union of Chain of Definable Sets). Fix a type Σ(x̄), and let {Di(v̄, x̄)}i<ω

be a sequence of x̄-uniformly definable sets over Σ(x̄) such that for each i, Σ(x̄), Di(v̄, x̄) |=

Di+1(v̄, x̄). The following are equivalent:

(i) For any M and b̄ ∈M such that M |= Σ(b̄), the set
⋃
i<ωDi(M, b̄) is definable by

some distance predicate ϕ(v̄, b̄).

(ii) The set of types
⋃
i<ωJDi(v̄, x̄)KΣ(x̄) is definable in (Sv̄x̄(Σ), d/x̄).

(iii) The set of types
⋃
i<ωJDi(v̄, x̄)KΣ(x̄) is type-definable in (Sv̄x̄(Σ), d/x̄).

(iv) limi→∞ sup{r : Σ(x̄) ∪ {dH(Di(x̄), Di+1(x̄)) ≥ r} is consistent} = 0, i.e.

{Di(v̄, x̄)}i<ω is a Cauchy sequence in the Hausdorff metric over Σ(x̄).

Proof. (iv) ⇒ (ii) follows from Proposition 2.3.29, and (ii) ⇒ (i) is obvious.

(i) ⇒ (iv). Assume that (i) succeeds but (iv) fails. This implies that there is

an ε > 0 such that for infinitely many i < ω, Σ(x̄) ∪ {dH(Di(x̄), Di+1(x̄)) ≥ ε}

is consistent. Let i(n) be an enumeration of this subsequence. Since the chain of

definable sets is nested, we actually have Σ(x̄) ∪ {dH(Di(n)(x̄), Di(n+1)(x̄)) ≥ ε} is
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consistent for every n < ω. For each n < ω, find Mn and ānb̄n ∈ Mn such that

Mn |= Σ(b̄n) ∧ Di(n+1)(ān, b̄n) ∧ Di(ān, b̄n) ≥ ε (which exist by compactness and the

fact that Di(x̄) is a subset of Di+1(x̄) over Σ(x̄)). Let (MU , āU , b̄U) be an non-trivial

ultraproduct of the sequence {Mn, ān, b̄n}n<ω. By (i), there is a formula ϕ(v̄, b̄U) that

is a distance predicate for
⋃
i<ωDi(MU , b̄U) =

⋃
n<ωDi(n)(MU , b̄U). This implies that

cl
⋃
n<ωJDi(n)(v̄, b̄U)K ⊆ Jϕ(v̄, b̄U) = 0K. So in particular we must have

tp(āU b̄U) ∈ cl
⋃
n<ω

JDi(n)(v̄, b̄U)K ⊆ Jϕ(v̄, b̄U) = 0K,

and hence M |= ϕ(āU , b̄U) = 0. But by construction,

dMUinf

(
āU ,

⋃
n<ω

Di(n)(MU , b̄U)

)
≥ ε,

so in particular, M |= ϕ(āU , b̄U) ≥ ε, which is a contradiction. Therefore we must have

that (i) ⇒ (iv), as required.

(ii) ⇔ (iii). The forward direction is obvious. The backward direction follows from

the fact that the metric closure of a locatable set is locatable.

2.3.3 Examples: The Discrete Interval and the Polarized Square

At this point it will be instructive to examine a couple of examples of the issues sur-

rounding locatable and definable sets in detail. Some of the issues here are relevant

to Section 2.4, but none of the results of that section are necessary to understand this

example.

The first example shows how a theory in continuous logic can have a non-trivial type
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Figure 4: S1(DI) with a cartoon of its ‘microscopic’ metric topology.

space that fails to have any non-trivial definable sets.

Definition 2.3.31. The discrete interval is the type space S1(DI) of the theory of the

following structure:

Let L be the signature with a single unary 1-Lipschitz predicate P with I(P ) = [0, 1]

and db(L) = 1. Let D be the L-structure whose universe is [0, 1] with PD(x) = x and

dD(x, y) = 1 if and only if x 6= y. C

Proposition 2.3.32. S1(DI) is homeomorphic to [0, 1], but the only definable subsets of

S1(DI) are ∅ and S1(DI).

Proof. A direct computation shows that if U is a non-principal ultrafilter on ω, then DU

is isomorphic to S× 2ℵ0 , with the distance between points in distinct copies of S equal

to 1. Since this is a non-trivial ultrapower and L is countable, DU realizes all types in

S1(DI). It is easy to see that the automorphism type of any a ∈ DU depends only on

PDU (a), so we have that for any a, b ∈ DU , that a ≡ b if and only if PMU (a) = PMU (b).

Therefore S1(DI) is homeomorphic to [0, 1]. Furthermore, we have that dtp(a, b) = 1 if

and only if a 6≡ b.

Let F ⊆ S1(DI) be a set. For any 0 < ε < 1, F<ε = F . This implies that a set can

only be locatable if it is open, and therefore a set can only be definable if it is clopen,

but the only clopen sets are ∅ and S1(DI).



115

We haven’t defined the concept yet, but it turns out that DI is superstable. In fact,

more is true.

Proposition 2.3.33. If T is a non-ω-stable discrete theory, then T interprets DI.

Proof. Find a sequence of formulas ϕi(x) such that for any σ ∈ 2<ω,
∧
i<|σ|±σ(i)ϕi(x)

does not have ordinal Morley rank, where ±1 = ¬ and ±0 is the empty string. Interpret

each ϕi as a {0, 1}-valued formula, with ϕi(a) = 0 if and only if |= ϕi(a). Now consider

ψ(x) =
∑

i<ω 2−i−1ϕi(x). The reduct in which we forget everything except = and ψ is

inter-definable with DI.

This gives us some clue that no stability assumption weaker than ω-stability is going

to ensure the presence of non-trivial definable sets.

The second example, the definiendum of the following Definition 2.3.34, is useful for

seeing non-trivial examples of different phenomena surrounding locatable and definable

sets (see Figure 6). It should also be noted that this second example is actually bi-

interpretable with the first.

Definition 2.3.34. The polarized square is the type space S1(PS) of the theory PS of

this structure:

Let L contain two 1-Lipschitz unary predicates, P and Q, with I(P ) = I(Q) = [0, 1],

and let db(L) = 1.

Let S be an L-structure whose universe is [0, 1]2. For each (x, y) ∈ S, let PS((x, y)) =

x and QS((x, y)) = y. Finally, for (x, y), (z, w) ∈ S, we set dS((x, y), (z, w)) = 1 if x 6= z

and dS((x, y), (z, w)) = |y − w| if x = z. C

Proposition 2.3.35. S1(PS) is homeomorphic to [0, 1]2. If we let f : [0, 1]2 → S1(PS)
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Figure 5: S1(PS) with a cartoon of its ‘microscopic’ metric topology.

be this homeomorphism, then tp((x, y)) = f((x, y)) for any (x, y) ∈ S. In particular,

every type in S1(PS) is realized in S.

Furthermore, for any (x, y), (z, w) ∈ S, dtp((x, y), (z, w)) = dS((x, y), (z, w)).

Proof. This proof is almost exactly the same as the proof of Proposition 2.3.32.

We will represent tpS((x, y)) by px,y. We will often conflate S1(PS) and [0, 1]2.

The point of this example is that it has a lot of definable sets, but it doesn’t have

enough definable sets.

Proposition 2.3.36. For any continuous function f : [0, 1]→ [0, 1], the set

JQ(x) = f(P (x))K

is definable.

Proof. The distance predicate of that set is |Q(x)− f(P (x))|.
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Figure 6: A locatable subset L of S1(PS) that is not definable and has empty interior,

together with L<
1
4 . (Note that the endpoints are missing.)

This gives us a good example of two definable sets whose intersection is not definable,

namely JP (x) = Q(x)K and JP (x) = 1−Q(x)K. Their intersection is {p1/2,1/2}, which is

not a definable set.

Proposition 2.3.37. For any definable set D ⊆ S1(PS) and any ε > 0, the set D≤ε is

definable as well.

Proof. If D is empty then this is obvious, otherwise if D is non-empty then for any

p ∈ S1(PS), we have that dinf(p,D
≤ε) = dinf(p,D) ·− ε.

Corollary 2.3.38. For any pa,b 6= pc,e, if b and e are not both equal to 0 and not both

equal to 1, then there exist disjoint definable sets D0, D1 ⊆ S1(PS) such that pa,b ∈ intD0

and pc,e ∈ intD1.

Proof. Assume without loss that b ≥ e. Consider f(x) = [b + |x − a|]10 and g(x) =

[e − |x − c|]10. Clearly pa,b ∈ JQ = f(P )K and pc,e ∈ JQ = g(P )K and these sets
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Figure 7: Separating pa,b and pc,e with definable neighborhoods (2.3.38).

are disjoint (this relies on the fact that b and e are not both 0 and not both 1). By

Propositions 2.3.36 these sets are definable. By compactness there is some ε > 0 such

that D0 = JQ = f(P )K≤ε and D1 = JQ = g(P )K≤ε are disjoint. By Proposition 2.3.37,

these are the required definable sets.

Corollary 2.3.39. S1(PS) has a basis of co-definable sets.

Proof. For any 〈a, b〉 ∈ [0, 1]× (0, 1), for ε > 0 small enough that

Bε
x,y = {〈x, y〉 ∈ [0, 1]2 :

√
(x− a)2 + (y − b)2 < ε} ⊆ [0, 1]× (0, 1),

we have that Bε
x,y is a co-definable neighborhood. Specifically, [0, 1]2 rBε

x,y is the union

of an open set and the graphs of the functions f(x) and g(x), where f(x) = g(x) = b

if |x − a| ≥ ε and f(x) = b +
√
ε2 − (x− a)2 and g(x) = b −

√
ε2 − (x− a)2, which is

necessarily a locatable set. Since it is also closed, it is a definable set.

For 〈a, b〉 ∈ [0, 1]× {0, 1}, a similar argument gives that Bε
x,y is co-definable for any
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ε < 1. Finally, sets of these forms form a basis of the topology on S1(PS).

Despite this prevalence of definable and co-definable sets, S1(PS) does not have what

we would really want, a basis or even a network of definable neighborhoods (which we

will see in Section 2.4 are actually equivalent), i.e. it is not true that for every p and

open neighborhood U , there exists a definable set D such that p ∈ D ⊆ U .

Proposition 2.3.40. A set R ⊆ S1(PS) is locatable if and only if for every px,y ∈ R

and every neighborhood U 3 px,y the set {z ∈ [0, 1] : (∃w)pz,w ∈ R∩U} contains an open

neighborhood of x in [0, 1].

Proof. For the ⇐ direction, pick ε > 0 and px,y ∈ R. Let

U =
((
x− ε

2
, x+

ε

2

)
×
(
y − ε

2
, y +

ε

2

))
∩ ([0, 1]× [0, 1]).

By assumption, for some open-in-[0, 1] set V 3 x, for every z ∈ V , there is w such

that pz,w ∈ U . This implies that R<ε contains V ×
(
y − ε

2
, y + ε

2

)
3 px,y, therefore

px,y ∈ intR<ε. Since we can do this for any px,y ∈ R and ε > 0, we have that R is

locatable.

For the ⇒ direction, assume that R is locatable. Fix px,y ∈ R and U 3 px,y, an open

neighborhood. Find ε > 0 small enough that ([x− ε, x+ ε]× [y − ε, y + ε]) ∩ ([0, 1] ×

[0, 1]) = V ⊆ U . By assumption px,y ∈ intR<ε. Therefore there is some δ > 0 such that

([x − δ, x + δ] ∩ [0, 1]) × {y} ⊆ V ∩ intR<ε. By definition, this implies that for every

z ∈ [x − δ, x + δ] ∩ [0, 1], there is w such that pz,w ∈ R<ε and |y − w| < ε. Therefore,

by definition, pz,w ∈ V . Therefore {z ∈ [0, 1] : (∃w)pz,w ∈ R ∩ U} contains all of

[x− δ, x+ δ] ∩ [0, 1] and hence contains an open neighborhood of x in [0, 1].
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Corollary 2.3.41. If D ⊆ S1(PS) is non-empty and definable, then for any x ∈ [0, 1]

there is px,y ∈ D for some y ∈ [0, 1].

Proof. Assume that D has no element px,y for some x. Then by compactness, there is

some ε > 0 such that D ∩ {pz,w : |x − z| < ε} = ∅, furthermore, there is a maximum

such ε. Let ε be maximal, so we have that D ∩ {pz,w : |x − z| = ε} is non-empty, but

by Proposition 2.3.40, this implies that D is not locatable, and therefore not definable

either, so we have a contradiction. Therefore no such x can exist.

Corollary 2.3.42. There is no definable set D ⊆ S1(PS) such that p0,0 ∈ D and D is

disjoint from {p1,x : x ∈ [0, 1]}.

Corollary 2.3.43. For any b, e ∈ [0, 1], any definable sets D,E with p0,b ∈ D and

p0,e ∈ E fail to be disjoint. The same holds for p1,b and p1,e.

Proof. If b = e we are done, so assume that this is not the case. Consider the functions

f(x) = inf{a ∈ [0, 1] : pa,x ∈ D} and g(x) = inf{c ∈ [0, 1] : pc,x ∈ E}. These functions

are well defined by Corollary 2.3.41. It follows from the fact that D and E are closed that

these functions are continuous. The required result then follows from the intermediate

value theorem.

The argument for p1,b and p1,e is much the same.

Corollary 2.3.44. Distinct types pa,b, pc,e can be separated by disjoint definable sets if

and only if a and c are not both 0 and are not both 1.

Proof. This follows from Corollaries 2.3.38 and 2.3.43.

So we see that the question of whether or not a pair of types can be separated by

definable sets can be very non-local.
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Characterizing the definable sets in S1(PS) explicitly is trickier. From Proposition

2.3.36 we know that closed sets that are unions of the graphs of continuous functions

are definable; the converse of this is only approximately true.

Definition 2.3.45. For any continuous f : [0, 1] → [0, 1] and ε > 0, the tubular neigh-

borhood of f of radius ε, written Uf,ε, is {(x, y) ∈ [0, 1]2 : |y − f(x)| < ε}. Sets of this

form are called tubular neighborhoods. An open set is totally tubular if it is a (possibly

empty) union of tubular neighborhoods. C

Proposition 2.3.46. For any definable set D, and any ε > 0, D<ε is totally tubular.

Proof. If D is empty, then D<ε is either empty or all of S1(PS) and the result is trivial.

Assume that D is non-empty.

It is sufficient to show that for any p ∈ D<ε, there is a tubular neighborhood Uf,δ

such that p ∈ Uf,δ ⊆ D<ε. Fix δ > 0 with δ < ε. By Proposition 2.3.37, we have that

D≤δ is a definable set, so Proposition 2.3.40 applies to D≤δ.

Let C be the collection of all sets of the form Br
z,w = {pu,v ∈ S1(PS) : (z−u)2 + (w−

v)2 < r} such that r is some positive real, pz,w ∈ D≤δ, and Br
z,w ⊆ D<ε.

Find s > 0 such that Bs
x,y ⊆ D<ε. If x = 1, skip to (♣), otherwise build a tree whose

nodes are labeled by elements of C by the following. Let the root node be Bs
x,y. Let the

children of Br
z,w be the set of all Bt

u,v such that z < u and Br
z,w ∩ Bt

u,v 6= ∅. Note that

in particular, if z = 1, then Br
z,w has no children.

(∗) Note that, by Proposition 2.3.40, if z < 1 and Br
z,w is on the tree, then it has

children.

Let t = sup{z : (∃w, r)Br
z,w is on the tree}. We want to argue that t = 1. Let pzi,wi

be a sequence of points that are the centers of balls on the tree such that zi → t. By
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compactness this has a convergent subsequence, converging to some pu,v ∈ D≤δ. We can

find t > 0 such that Bt
u,v ⊆ D<ε. Therefore for some i, the ball on the tree whose center

was pzi,wi has Bt
u,v as a child, so by (∗) we have a contradiction. The same argument

shows that there is some ball on the tree of the form Br
1,w.

Let B0, B1, . . . , Bn be a path on the tree with B0 = Bs
x,y and Bn = Br

1,w. Let

g : [x, 1] → [0, 1] be the piecewise linear function interpolating between the centers of

B0, B1, . . . , Bn. Clearly by construction we have that the graph of g is contained in D≤ε.

(♣) If x > 0, by the symmetric procedure we can get h : [0, x]→ [0, 1], a continuous

function satisfying h(x) = y and whose graph is contained in D≤ε. By setting f = g ∪ h

(or just g or h if only one of these exists), we have a continuous function f : [0, 1]→ [0, 1]

such that f(x) = y. Now, by compactness, there must be some γ > 0 such that

Uf,γ ⊆ D≤ε. Since we can do this for every δ < ε, we have that every p ∈ D<ε is

contained in some tubular neighborhood contained in D<ε, and hence D<ε is totally

tubular.

Lemma 2.3.47. An open set V ⊆ [0, 1]2 is totally tubular if and only if for every

p ∈ V , there exists a continuous function f : [0, 1] → [0, 1] whose graph contains p and

is contained in V .

Proof. (⇒) Assume that V it totally tubular. For any pz,w ∈ V , let Uf,ε be chosen

so that pz,w ∈ Uf,ε ⊆ V . Now we clearly have that pz,w is contained in the graph of

g(x) = [f(x) + y − f(z)]10. Since |f(x) − g(x)| ≤ |y − f(z)| < ε for every x ∈ [0, 1],

we have that the graph of g is contained in Uf,ε and therefore also contained in V as

required.

(⇐) Assume that V is an open set that is equal to a union of graphs of functions.
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For any pz,w ∈ V , let f : [0, 1] → [0, 1] be a continuous function whose graph contains

pz,w and is contained in V . By compactness, there is some ε > 0 such that Uf,ε ⊆ V ,

therefore we have that V is the union of such sets and is totally tubular.

Corollary 2.3.48. A closed set D ⊆ S1(PS) is definable if and only if there exists a

sequence {Fi}i<ω limiting to D in the Hausdorff metric such that each Fi is a finite

union of graphs of continuous functions.

Proof. (⇒) From Proposition 2.3.46 and Lemma 2.3.47 we have that for any i < ω, D is

covered by the graphs of continuous functions contained in D<2−i . By compactness, this

implies that D is covered by Uf0,2−i , . . . , Ufn−1,2−i for some finite list of continuous func-

tions f0, . . . , fn−1. Let Fi be the union of the graphs of these functions. By construction

we have that dH(D,Fi) ≤ 2−i (actually < 2−i by compactness).

(⇐) Any such Fi are definable, so as a closed Hausdorff metric limit of definable sets,

D is definable.

Despite this, it is not true that every definable D ⊆ S1(PS) is a union of the graphs

of continuous functions.

Proposition 2.3.49. Let

D = {px,y : x = 0 ∨ y = 1} ∪
⋃

0<n<ω

JQ = min{nP, 1}K .

D is a definable set that is not the union of graphs of continuous functions.

Proof. L = {px,y : y = 1}∪
⋃

0<n<ω JQ = min{nP, 1}K is a union of graphs of continuous

functions, and so is locatable. All we need to do is show that for every ε > 0, {px,y :

x = 0} ∪ L<ε contains an open neighborhood of {px,y : x = 0}. For any ε > 0, we have
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that {px,y : x ∈ (0, 2ε)} ⊆ L<ε, so {px,y : x = 0} ∪ L<ε contains an open neighborhood

of {px,y : x = 0}, thus we have that D is definable.

Let f : [0, 1]→ [0, 1] be a continuous function whose graph is a subset of D. Clearly

we have f(1) = 1. For each 0 < n < ω, if for some x ∈
(

1
n+1

, 1
n

)
, f(x) < 1, then f(x)

must be equal to min{kx, 1} for some k ≤ n. Otherwise if that never happens, then

f(x) = 1.

So in particular, we have that no graph of a continuous function that is a subset

of D contains p0,1/2, which is an element of D. Hence D is not a union of graphs of

continuous functions.

The example in Proposition 2.3.49 still has the property that it is the topological

closure of a union of graphs of continuous functions. It is easy to construct an example

of a family of continuous functions for which the closure of their union is not a definable

set, but there is still the question of the converse.

Question 2.3.50. Is every definable D ⊆ S1(PS) the topological closure of a union of
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graphs of continuous functions?

On the other hand, it is possible to completely characterize the minimal non-empty

definable sets.

Lemma 2.3.51. For any non-empty definable set D ⊆ S1(PS), the function f(x) =

sup{y : px,y ∈ D} is continuous and its graph is a subset of D.

Proof. First note that by Corollary 2.3.41, for any x, the set in the definition of f(x) is

non-empty.

Fix x ∈ [0, 1], and let {xi}i<ω be a sequence of elements of [0, 1] limiting to x. By

the compactness of D we have that f(x) ≥ limi→∞ f(xi). Conversely, by Proposition

2.3.40 we have that for any ε > 0, there is an open neighborhood U 3 x such that for

all z ∈ U , f(z) ≥ f(x)− ε. Therefore it must be the case that f(x) = limi→∞ f(xi), and

f(x) is continuous.

Proposition 2.3.52. A non-empty definable set D ⊆ S1(PS) is minimal (i.e. has no

non-empty proper subsets that are definable) if and only if it is the graph of a continuous

function f : [0, 1]→ [0, 1].

Proof. (⇒) By Lemma 2.3.51, if D is non-empty but also isn’t the graph of a definable

function, then it has a proper subset that is the graph of a definable function, thus D is

not minimal.

(⇐) By Corollary 2.3.41, no non-empty proper subset of the graph of a definable

function can be definable.

Turning our attention to arbitrary locatable sets, we know that any union of sets of

the form D ∩ U , with D definable and U open, is itself locatable, but the converse does

not hold.
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Proposition 2.3.53. There is a locatable set L ⊆ S1(PS) that does not contain any

non-empty sets of the form D ∩ U , with D definable and U open.

Proof. There are continuum many sets that are intersections of a definable set and

an open set. Let {Xi}i<2ℵ0 be an enumeration of them. Construct L by transfinite

induction. For each Xi, if Xi is non-empty, then there are continuum many x ∈ [0, 1]

such that for some y, px,y ∈ Xi. Find an x ∈ [0, 1] that has not been used yet such that

for some y, px,y ∈ Xi. Let (xi, yi) be this x and y.

Finally L = S1(PS)r{pxi,yi}i<2ℵ0 . For each x ∈ [0, 1], L contains all but at most one

px,y, so L = S1(PS) and L is locatable, but by construction if D ∩ U ⊆ L for definable

D and open U , then D ∩ U is empty.

Of course, in some sense this example isn’t very interesting. The real question is

whether or not every metrically complete or just Gδ locatable set can be written as a

union of sets of the form D ∩ U , with D definable and U open. The answer to this is

also no.

Proposition 2.3.54. There is a metrically complete locatable set L ⊆ S1(PS) that is

not the union of sets of the form D ∩ U with D definable and U open.

Proof. Let

L = {〈0, 0〉} ∪
⋃
i<ω

(2−i−1, 2−i+1)× {2−i}.

⋃
i<ω(2−i−1, 2−i+1) × {2−i} is clearly locatable. For any i < ω, we want to show that

[0, 2−i−1) × [0, 2−i−1) ⊆ intL<2−i . Let 〈x, y〉 be an element of [0, 2−i−1) × [0, 2−i−1). If

x = 0, then we have d(〈x, y〉 , 〈0, 0〉) < 2−i−1 < 2−i. On the other hand if x > 0, then

x < 2−i−1, so there is some j > i + 1 such that x ∈ (2−j−1, 2−j+1). This implies that
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dinf(〈x, y〉 , (2−j−1, 2−j+1)×{2−j}) ≤ 2−j < 2−i−1.So in either case we have 〈x, y〉 ∈ L<2−i .

Therefore L is locatable.

Now we want to show that if D ∩ U , with D definable and U open, is a subset of

L, then 〈0, 0〉 /∈ D ∩ U . If 〈0, 0〉 is an element of a definable set D, then it is also an

element of the graph of f(x) = inf{y : 〈x, y〉 ∈ D}. So if 〈0, 0〉 ∈ D ∩U ⊆ L, this would

imply that 〈0, 0〉’s connected component in L is non-trivial, but it is trivial, so no such

D and U can exist.

But unlike the example in Proposition 2.3.53, the example in Proposition 2.3.54

contains subsets of the form D ∩U with D definable and U open, so a natural question

is this:

Question 2.3.55. Does every Gδ locatable set in S1(PS) contain a non-empty subset of

the form D ∩ U with D definable and U open?
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2.3.4 Finite Counting Quantifiers and Algebraic Sets

There are many ways to ‘approximately count’ the number of elements of a subset of a

metric space at a given scale ε > 0, but only a few of them are natural for open and

closed formulas.

For the sake of simplicity, we will write these definitions for single variable formulas

only. The extension to multiple variables and parameters is obvious.

Definition 2.3.56. Let F (x) be a closed type-set formula, L(x) be a locatable type-

set formula (such as in particular an open formula or a definable set), and D(x) be a

definable set. Let n be a positive natural number. The finite metric entropy quantifiers

are defined as

∃ent≥n
>ε xL(x) = (∃x̄ ∈ L)

∧
i<j<n

dxixj > ε,

@ent≥n
≥ε xF (x) = (@x̄ ∈ F )

∧
i<j<n

dxixj ≥ ε, and

ent
x

nD(x) = sup
x̄∈D

min
i<j<n

dxixj.

The finite (external) covering number quantifiers are defined as

∃cov≥n
≤ε xL(x) = (Λ > 0) ∧ ∀∀x̄(∃y ∈ L)

∧
i<n−1

dxiy > ε,

@cov≥n
<ε xF (x) = (Λ = 1) ∧ ∀x̄(@y ∈ F )

∧
i<n−1

dxiy ≥ ε, and

cov
x

nD(x) = Λ · inf
x̄

sup
y∈D

min
i<n

dxiy,

where Λ is the {0, 1}-valued sentence such that M |= Λ = 0 if and only if M is empty. C
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Note that in general ε could be a formula, rather than just a fixed real number.

It is also possible to define quantifiers for the (external) packing number,6 but we

won’t need them. Here we are really feeling the pinch of not being able to form state-

ments like V (x) → U(x). We can’t form upper bounds on metric entropy or covering

numbers of open formulas that are equivalent to an open formula or on closed formulas

that are equivalent to a closed formula. Furthermore, we can’t formalize the internal

covering number in an open or closed way, except for definable sets. Beyond these

difficulties, most of these are only valid in sufficiently saturated models.

Proposition 2.3.57. Let M be an S-structure. Let F (x) be an open formula, and let

L(x) be a strongly locatable formula (such as in particular an open set or a definable

set). Fix ε > 0.

(i) M |= ∃ent≥n
>ε xL(x) if and only if #ent

>εL(M) ≥ n.

(ii) If #ent
≥εF (M) ≥ n, then M |= @ent≥n

≥ε xF (x).

(iii) If M |= ∃cov≥n
≤ε xL(x), then #cov,M

≤ε L(M) ≥ n.

(iv) If #cov,M
<ε F (M) ≥ n, then M |= @cov≥n

<ε xF (x).

The converses hold if M is ℵ1-saturated. Let D(x) be a definable set.

(v) M |= entnxD(x) > ε if and only if M |= ∃ent≥n
>ε xD(x).

(vi) M |= entnxD(x) ≥ ε if and only if M |= @ent≥n
≥ε xD(x).

(vii) M |= covnxD(x) > ε if and only if M |= ∃cov≥n
≤ε xD(x).

6Although not the real valued variant for definable sets.
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(viii) M |= covnxD(x) ≥ ε if and only if M |= @cov≥n
<ε xD(x).

So in particular,

(ent
x

nD(x))M = sup{ε > 0 : M |= ∃ent≥n
>ε xD(x)}

= sup{ε > 0 : M |= @ent≥n
≥ε xD(x)} and

(cov
x

nD(x))M = sup{ε > 0 : M |= ∃cov≥n
≤ε xD(x)}

= sup{ε > 0 : M |= @cov≥n
<ε xD(x)}.

Proof. These statements follow from the definition of strongly locatable, as well as basic

properties of ∀∀ and @ and Proposition 1.8.2.

Definition 2.3.58. For @A ∈{<,≤} and a theory T , a partial type Σ (or equivalently

a closed type-set formula) is called (@A ε)-algebraic (over T ) if for every model M |= T ,

#cov
@Aε Σ(M) is finite.

Σ is called algebraic (over T ) if it is (< ε)-algebraic (over T ) for every ε > 0. C

A few other characterizations of (< ε)-algebraic will be useful at some point.

Proposition 2.3.59. Let T be a complete theory, and let F (x̄) be a closed type-set

formula. The following are equivalent:

(i) F (x̄) is (< ε)-algebraic over T ,

(ii) for some model M, JF (x̄)KM ⊆ (Mn)<ε,

(iii) for every model M, JF (x̄)KM ⊆ (Mn)<ε, and

(iv) T |= ¬@cov≥k
<ε x̄F (x̄) for some k < ω with k > 1,
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where we regard Mn as a subset of Sx̄(M) (note that JF (x̄)KM ⊆ Sx̄(M)), specifically

the image of Mn under the map ā 7→ tp(ā/M).

Proof. If T has an empty model then this is trivial, so assume that T has a non-empty

model. If F (x̄) is inconsistent over T , then this is also trivial, so assume that F (x̄) is

consistent over T .

(i) ⇒ (iv). Assume that for every k < ω, T |= @cov≥k
<ε x̄F (x̄). This implies that in a

sufficiently saturated model of T , we have a witness that F is not (< ε)-algebraic.

(iv) ⇒ (i). Obvious.

(iv) ⇒ (iii). For k > 1, ¬@cov≥k
<ε x̄F (x̄) is logically equivalent (over a theory with

non-empty models) to ∃x̄0 . . . x̄k−2(∀∀ȳ ∈ F )
∨
i<k−1 d(x̄i, ȳ) < ε. This implies that there

are ā0, . . . , āk−2 ∈M such that JF (x̄)KM ⊆
⋃
i<k−1B<ε(tp(āi/M)) ⊆ (Mn)<ε.

(iii) ⇒ (ii). Obvious.

(ii) ⇒ (iv). By compactness there is a finite set M0 ⊆ Mn such that JF (x̄)KM ⊆⋃
ā∈M0

B<ε(tp(ā/M)). M0 must be non-empty, because F (x̄) is consistent. There-

fore M |= ∃x̄0 . . . x̄|M0|−1(∀∀ȳ ∈ F )
∨
i<|M0| d(x̄i, ȳ) < ε, or, in other words, M |=

¬@cov≥|M0|+1
<ε x̄F (x̄). Since M0 is non-empty, |M0|+ 1 > 1.

An easy compactness argument shows that if F (x̄, ā) is (< ε)-algebraic for any choice

of parameters ā, then there is a uniform n such that |= ¬@cov≥n
<ε x̄F (x̄, ā) for any ā. A

similar statement is true for incomplete theories.

Corollary 2.3.60. For any complete theory T , any set of parameters A, any n ≤ ω,

and any ε > 0, the set of non-(< ε)-algebraic types in Sn(A) is topologically closed.

Proof. Fix a model M ⊇ A. Consider the set Sn(M) r (Mn)<ε, which is closed since

Mn as a subset of Sn(M) is a union of definable sets and is therefore locatable. Let
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f : Sn(M) → Sn(A) be the natural restriction map. For any type p ∈ Sn(A), p is

(< ε)-algebraic if and only if f−1(p) ⊆ (Mn)<ε. This implies that f(Sn(M) r (Mn)<ε)

is precisely the set of non-(< ε)-algebraic types in Sn(A), which is closed since it is the

continuous image of a compact set.

Corollary 2.3.61. For any ε > 0 and any closed (type-set) formula F (x̄, ȳ), there

is an open (type-set) formula Uε(ȳ) such that M |= Uε(ā) if and only if F (x̄, ā) is

(< ε)-algebraic over Th(Mā). In particular, the set of types p(ȳ) in Sȳ(T ) such that if

M |= p(ā), then F (x̄, ā) is algebraic is Gδ.

Proof. Uε(ȳ) =
∨
n<ω ¬@cov≥n

<ε x̄F (x̄, ȳ).

F (x̄, ā) is algebraic if and only if M |=
∧
k<ω U2−k(ā).

Contrast Corollary 2.3.61 with the fact that the the analogous property in discrete

logic is open.

The following lemma is occasionally useful for verifying that a formula is algebraic.

Lemma 2.3.62. If F,G are closed formulas such that JF K ⊆ intJGK and G(M) is

metrically compact, then F is algebraic.

Proof. Find an open formula U(x̄) such that JF (x̄)K ⊆ JU(x̄)K ⊆ intJG(x̄)K. For each

ε > 0, there is an nε < ω such that M |= ¬∃cov≥nε
≤ε x̄U(x) (i.e. U(M) requires fewer than

nε closed ε-balls to cover). This implies that M |= ¬@cov≥nε
<2ε x̄F (x̄) (i.e.F (M) requires

fewer than nε open 2ε-balls to cover), so, by Proposition 2.3.57, F is algebraic.

Proposition 2.3.63. A closed type-set formula F (x̄) is algebraic over the theory T if

and only if it is bounded (i.e. there is a fixed cardinal κ such that for any M |= T ,

|F (M)| ≤ κ).
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Proof. It is obvious that algebraic closed type-set formulas are bounded with κ = 2ℵ0 .

For the converse, assume that a closed type-set formula is not algebraic, then for some

ε > 0, T |= @cov≥n
<ε x̄F (x̄) for every n < ω. By Proposition 0.3.5, this implies that T |=

@ent≥n
≥ε x̄F (x̄) as well (by considering sufficiently saturated models of T ). Therefore some

model of T has an infinite (≥ ε)-separated set of realizations of F , and by compactness

this implies that F can have arbitrarily many realizations.

In particular, an algebraic type always has at most 2ℵ0 realizations.

Lemma 2.3.64. If A is a set of parameters and B ⊆ An, for some n ≤ ω, is metrically

compact, then the set JF K = {tp(b̄)}b̄∈B ⊆ Sx̄(A) is definable.

Proof. Singleton sets of parameters are obviously definable, finite unions of definable

sets are definable, and JF K is a Hausdorff limit of finite sets of parameters.

Proposition 2.3.65. Let T be a complete theory. Any algebraic closed type-set formula

F (x̄) over T is definable over T .

Proof. By Lemma 2.3.64, F (C) is definable over the monster C, since it is a compact set

of parameters. By Proposition B.1.7, F (x̄) is definable without parameters, since it is

invariant under the automorphisms of C.

Corollary 2.3.66. If F (x̄) is an algebraic closed formula over T , then for any structures

M � N such that M |= T , F (M) = F (N).

Proof. Suppose that F (M) ⊂ F (N). Since these sets are both compact, this implies

that for some sufficiently small ε > 0, #ent
>εF (M) < #ent

>εF (N). But since #ent
>εF (M) is

finite, its value is a first-order property of M by Proposition 2.3.57 part (i), and so this

contradicts the fact that M is an elementary sub-structure of N.
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Note, however, that a pre-structure can omit an algebraic partial type.

Definition 2.3.67. Given a pre-structure M and a set A ⊆ M , the algebraic closure

of A, written aclM(A), is the set {b ∈ M : tp(b/A) is algebraic}. We will typically omit

the subscript M when it is clear from context. C

Note that by definition we have that if M � N, then for any A ⊆ M, aclM(A) =

aclN(A).

Proposition 2.3.68. For any M, A 7→ aclM(A) is a closure operator (i.e. A ⊆ B ⇒

A ⊆ aclM(A) ⊆ aclM(B) = aclM(aclM(B))) with countable character (i.e. b ∈ aclM(A) if

and only if b ∈ aclM(A0) for some countable A0 ⊆ A).

Proof. Reflexivity (A ⊆ aclM(A)): For any a ∈ A, tp(a/A) is algebraic.

Monotonicity (A ⊆ B ⇒ aclM(A) ⊆ aclM(B)): c ∈ aclM(A) if and only if for any

N �M, there are at most continuum many e such that c ≡A e. This implies that there

are at most continuum many e such that c ≡B e, so c ∈ aclM(A) as well.

Idempotence/Transitivity (aclM(A) = aclM(aclM(A))): By monotonicity we have that

aclM(A) ⊆ aclM(aclM(A)), so we just need to show that aclM(A) ⊇ aclM(aclM(A)).

Assume that b ∈ aclM(aclM(A)). By countable character, there is some at most countable

set C ⊆ aclM(A) such that b ∈ aclM(C). In the monster, there are at most continuum

many C ′ satisfying C ′ ≡A C. Since there are also at most continuum many b′ with

b′ ≡C b, this implies that there are at most continuum many C ′b′ with C ′b′ ≡A Cb, so

in particular there are at most continuum many b′ such that b′ ≡A b, and we have that

b ∈ aclM(A), as required.
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Countable Character: If p = tp(b/A) is algebraic, then there is an A-definable dis-

tance predicate for the realizations of p. This means that that distance predicate ax-

iomatizes the type p, but a distance predicate can only use at most countably many

parameters, so the type of p is axiomatized by some restriction of it to some countable

A0 ⊆ A, and we have that tp(b/A0) is algebraic as well.

Proposition 2.3.69 (Approximate Finite Character). If b ∈ aclM(A), then for every

ε > 0, there is a finite Aε ⊆ A such that b is (< ε)-algebraic over Aε.

Proof. Assume that for some ε > 0, b is not (< ε)-algebraic over any finite subset of A.

This implies that for any finite subset A0 ⊆ A, there exists an infinite (> ε)-separated

set of realizations of tp(b/A0). By compactness, this implies that there exists an infinite

(≥ ε)-separated set of realizations of tp(b/A), implying that b is not algebraic over A.

2.3.5 Definable Functions

A definable function is a special case of a uniformly definable set. We will also need the

broader notion of a definable partial function.

Definition 2.3.70. For any real formula ϕ(x̄, y) and partial L(x̄)-type Σ(x̄), we say

that ϕ(x̄, y) defines a partial function over Σ if

Σ(x̄) |= @yϕ(x̄, y) = 0 ∧ ∀zd(y, z) = ϕ(x̄, z).

If T is an L-theory, we say that ϕ(x̄, y) defines a function over T if

T |= ∀x̄@yϕ(x̄, y) = 0 ∧ ∀zd(y, z) = ϕ(x̄, z). C
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Proposition 2.3.71. If ϕ(x̄, y) defines a partial function over Σ(x̄), then ϕ(x̄, y) = 0

is x̄-uniformly definable over Σ(x̄).

Furthermore, for any structure M and ā ∈M such that M |= Σ(ā), the set (ϕ(ā,M) =

0) is a singleton.

Proof. Let M be a sufficiently saturated structure, and let ā ∈ M be such that M |=

Σ(ā). Then we have that there is a b ∈ M such that M |= ϕ(ā, b) = 0 ∧ ∀zd(b, z) =

ϕ(ā, z). Now we want to argue that M |= ∀v@w(ϕ(ā, w) = 0 ∧ d(v, w) = ϕ(ā, v). For

any c ∈M , we have that M |= ϕ(ā, b) = 0 ∧ d(b, c) = ϕ(ā, c), so we have that ϕ(ā, y) is

the distance predicate of its zeroset.

We also showed that this zeroset is a singleton in any sufficiently saturated structure

N such that N |= Σ(ā′). This implies that in any model it can have at most one

realization, but since ϕ(x̄, y) is x̄-uniformly definable, this realization must exist in any

structure N such that N |= Σ(ā′).

Corollary 2.3.72. If ϕ(x̄, y) defines a partial function over Σ(x̄), then for any real

formula ψ(x̄, y, z̄), there exists a real formula χ(x̄, z̄) such that if M |= Σ(ā) and b ∈M

is the unique element such that M |= ϕ(ā, b) = 0, then for any c̄ ∈M , M |= ψ(ā, b, c̄) =

χ(ā, c̄).

Furthermore for any topological formula X(x̄, y, z̄) there is a topological formula

Y (x̄, z̄) (of the same open-or-closed-ness) such that for any M and ā ∈ M such that

M |= Σ(ā), X(ā, b, z̄) is logically equivalent to Y (ā, z̄). The same holds for type-set

formulas.

Proof. χ(x̄, z̄) = (∃y ∈ (ϕ(x̄, ·) = 0))ψ(x̄, y, c̄). The statement for topological and type-

set formulas follows immediately.
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Notation 2.3.73. For any real formula ϕ(x̄, y), we let

FUNyϕ(x̄, y) = @y (ϕ(x̄, y) = 0 ∧ ∀z (dyz = ϕ(x̄, z))) and

fun
y
ϕ(x̄, y) = inf

y
max{|ϕ(x̄, y)|, sup

z
|dyz − ϕ(x̄, z)|}. C

Just as with DEFv̄, FUNy is a quantifier that takes a real formula and produces a

closed formula. Furthermore, FUNyϕ(x̄, y) is logically equivalent to funy ϕ(x̄, y) = 0.

FUN is somewhat similar to the quantifier ∃! in discrete logic, but it is more strict in

the sense that it requires ϕ(x̄, y) to be a very explicit witness of uniqueness.

Lemma 2.3.74. For any formulas ϕ(x̄, y), ψ(x̄, y) and partial type Σ(x̄),

∥∥∥∥fun
y
ϕ(x̄, y)− fun

y
ψ(x̄, y)

∥∥∥∥
Σ

≤ ‖ϕ(x̄, y)− ψ(x̄, y)‖Σ .

Proof. This follows from the same argument as Lemma 2.3.22.

Definition 2.3.75 (Definable (Partial) Functions). A definable partial function fϕ(x̄) is

an equivalence class of real formula ϕ(x̄, y) under an equivalence relation we will define

here. For F , a closed formula, and U , an open formula, we define:

fϕ(x̄)↓ = FUNyϕ(x̄, y),

fϕ(x̄)↑ = ¬fϕ(x̄)↓,

(fϕ(x̄)↓ = y) = fϕ(x̄)↓ ∧ (ϕ(x̄, y) = 0),

fϕ(x̄)↓ ∧G(x̄, fϕ(x̄), z̄) = fϕ(x̄)↓ ∧ (@y ∈ (ϕ(x̄, ·) = 0))G(x̄, y, z̄), and

fϕ(x̄)↑ ∨ U(x̄, fϕ(x̄), z̄) = fϕ(x̄)↑ ∨ (∃y ∈ (ϕ(x̄, ·) = 0))U(x̄, y, z̄).
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We may also write fϕ(x̄)↓ ∧ F (x̄, fϕ(x̄), z̄) as F (x̄, fϕ(x̄)↓, z̄), although never when it is

in the scope of a negation. We may use this notation with multiple partial functions at

once.

We say that fψ(x̄) extends fϕ(x̄), written fψ(x̄) ⊇ fϕ(x̄) or fϕ(x̄) ⊆ fψ(x̄), if

fϕ(x̄)↓ |= fϕ(x̄)↓ = fψ(x̄)↓.

We regard two definable partial functions, fϕ(x̄) and fψ(x̄), as identical if fϕ(x̄) ⊆

fψ(x̄) and fψ(x̄) ⊆ fϕ(x̄). We will write equivalence classes directly with expressions

such as f(x̄) or g(x̄), introducing them as definable partial functions. It is not hard to

show that the notation defined here is invariant under this equivalence relation.

For a theory T , a definable partial function f(x̄) is total over T if T |= ∀x̄f(x̄)↓. We

also say that f is a definable function over T . C

Note that f(x̄)↓, f(x̄)↓ = y, and f(x̄)↓∧F (x̄, f(x̄), z̄) are closed formulas and f(x̄)↑

and f(x̄)↑∨U(x̄, f(x̄), z̄) are open formulas. Also note that we have not explicitly defined

U(x̄, f(x̄)↓, z̄), as this is not a topological formula, although it is sensible as a type-set

formula.

We have engineered this notation so that the semantic meaning of each depends on

the value of ϕ(x̄, y) on Sx̄y(F ). For example, M |= f(ā)↓ ∧ F (ā, f(ā), c̄) if and only if

d(y, f(x̄)) defines a partial function over tp(ā), b is the unique element of (d(M, f(ā)) =

0), and M |= F (ā, b, c̄). Although note that the last two are literal if we permit a short-

circuiting interpretation of ∧ and ∨, as, for example, F (x̄, f(x̄), z̄) isn’t literally sensible

unless f(x̄)↓.
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Proposition 2.3.76. If f(x̄) is a definable partial function, then for any closed formula

F (x̄), there is a definable partial function g(x̄) such that g(x̄) ⊆ f(x̄) and g(x̄)↓ is

logically equivalent to f(x̄)↓∧F (x̄). By compactness there is a finite F0 ⊆ JF K such that⋃
p∈F0

Jχε,δ(ε,p)K ⊇ JF K.

Proof. Let f(x̄) = fϕ(x̄) and F (x̄) = (ψ(x̄) = 0). Then g(x̄) = f|ϕ|+|ψ|(x̄).

Notation 2.3.77. If f(x̄) is a definable partial function and F (x̄) is a closed formula,

we write (f � F )(x̄) for the definable partial function from Proposition 2.3.76. C

The following is more of an observation than a proposition, but it is very useful.

Proposition 2.3.78 (Metric Closure of Image of Definable Function is Definable). For

any theory T , if f(x̄) is a definable total function over T , then in any M |= T , the

distance predicate of f(M |x̄|) is ϕ(x̄) = inf ȳ d(x, f(ȳ)).

Proposition 2.3.79 (Pointwise Definable (Partial) Functions are Definable). If F (x̄)

and G(x̄, y) are closed formulas such that for any structure M and ā ∈ M such that

M |= F (ā) there is a unique b ∈M such that M |= G(ā, b), then there exists a definable

partial function f(x̄) such that F (x̄) ≡ f(x̄)↓ and (f(x̄)↓ = y) ≡ F (x̄) ∧G(x̄, y).

Proof. Let G(x̄, y) ≡ (ϕ(x̄, y) = 0). Assume without loss that |= ϕ(x̄, y) ≥ 0. Let

χε,δ(x̄) = ∀∀yz(ϕ(x̄, ȳ) ≤ δ ∧ ϕ(x̄, z̄) ≤ δ)→ dyz < ε.

For each type p(x̄) ∈ JF K and for every ε > 0, there is a δ(ε, p) > 0 such that for any ā ∈

M with M |= F (ā), M |= χε,δ(ε,p)(ā), by compactness. Also, clearly, M |= @yϕ(ā, y) = 0.

For each ε > 0, we have that {Jχε,δ(ε,p)K : p ∈ JF K} is an open cover of JF K. Therefore,
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by compactness there is finite F0(ε) ⊆ JF K such that
⋃
p∈F0(ε)Jχε,δ(ε,p)K ⊇ JF K. Let

γ(ε) = min{ε,min{δ(ε, p) : p ∈ F0(ε)}}.

Now we have that F (x̄) |= χε,γ(ε)(x̄).

So now we have that for any ε > 0, for any p(x̄, y) ∈ JF Kx̄y, if p ∈ Jϕ < γ(ε)K, then p ∈

JGKd/x̄<ε. Therefore G(x̄, y) is x̄-uniformly definable over F , and there is a real formula

η(x̄, y) such that for any p(x̄, y) ∈ JF Kx̄y, d/x̄(p, JGK) = η(p). By assumption we have

F (x̄) |= FUNyη(x̄, y), so G gives a definable partial function over F , as required.

What is remarkable about Proposition 2.3.79 is that the analogous fact fails for closed

formulas F (x̄, ȳ) such that F (ā, ȳ) is definable for every parameter tuple ā, even if we

require that F (ā, ȳ) be algebraic. Note that it is not enough to check Proposition 2.3.79

in a single model (see Counterexample C.1.1).

Corollary 2.3.80 (Definable Function iff Graph is Type-Definable). If Σ(x̄, y) is a

partial type (or, equivalently, a closed type-set formula) and T is a theory, then Σ(M)

is the graph of a function for any model M |= T if and only if there is a real formula

ϕ(x̄, y) defining a function over T such that Σ(x̄, y) ≡T (ϕ(x̄, y) = 0).

Proof. The⇐ direction is obvious. For the⇒ direction, we just need to show that there

is a closed formula F (x̄, y) such that Σ(x̄, y) |= F (x̄, y) and such that F has the same

unique witness property that Σ does.

Assume that for some ε > 0, for every closed formula G(x̄, y) such that Σ(x̄, y) |=

G(x̄, y), there exists M |= T and ābc ∈ M such that M |= G(ā, b) ∧ G(ā, c) ∧ dbc ≥ ε.

Then by compactness, there exists M |= T and ābc ∈ M such that M |= Σ(ā, b) ∧
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Σ(ā, c)∧ dbc ≥ ε, which contradicts our assumption, so there is some Gε(x̄, y) such that

T |= ∀∀yz(Gε(x̄, y) ∧Gε(x̄, z))→ dyz < ε and Σ(x̄, y) |= G<ε(x̄, y).

Let F (x̄, y) =
∧
n<ω G2−n(x̄, y). Then by construction we have that Σ(x̄, y) |= F (x̄, y)

and that F (x̄, y) has the same unique witness property that Σ(x̄, y) does. Therefore by

Proposition 2.3.79, there is a real formula ϕ(x̄, y) such that F (x̄, y) ≡T (ϕ(x̄, y) = 0) and

such that ϕ(x̄, y) defines a function over T . This implies that Σ(x̄, y) ≡T (ϕ(x̄, y) = 0),

as well.

Definition 2.3.81. Given a pre-structure M and a set A ⊆M , the definable closure of

A, written dclM(A), is the set {b ∈ M : tp(b/A) |= tp(b/M)}. We will typically omit

the subscript M when it is clear from context. C

Given our definition we get this immediately.

Proposition 2.3.82. For any signature L, any L-pre-structure, any set of parameters

A ⊆M, and any tuple of variables x̄, the natural reduct map Sx̄(dcl(A)) → Sx̄(A) is a

topological homeomorphism.

Proof. By the definition of dcl the map is a bijection. By Fact A.2.11, continuous

bijections between compact Hausdorff spaces are homeomorphisms.

Now we can give a roundabout characterization of structures among pre-structures.

Proposition 2.3.83. Let L be a signature. For any reduced L-structure M, any set

of parameters A ⊆ M, and L-structure N � M, A ⊆ dclN(A) ⊆ M. In particular,

dclN(M) = M.

Proof. Let ā ∈ A be a Cauchy sequence with limit aω. tp(aω/A) has a unique realization



142

in any model containing A, so tp(aω/A) |= tp(aω/M), and we have that aω ∈ dclM(A).

Corollary 2.3.84. A pre-structure M is a reduced pre-structure if and only if the map

a 7→ tp(a/M) is an injection. A reduced pre-structure M is a structure if and only if for

any reduced pre-structure N �M, the reduct map S1(N)→ S1(M) is a proper surjection

(i.e. a surjection that is not a bijection).

Almost as in discrete logic, the definable closure is witnessed by definable partial

functions.

Proposition 2.3.85. For any structure M and A ⊆M , b ∈ dclM(A) if and only if there

is a definable partial function f such that for some ā ∈ A, M |= f(ā)↓ = b.

Proof. For the⇐ direction, note that (f(ā)↓ = y) ∈ tp(b/A) and that therefore tp(b/A)

can have at most one realization in any N �M. This implies that tp(b/A) |= tp(b/N) |=

tp(b/M).

For the ⇒ direction, assume that tp(b/A) |= tp(b/M). Since tp(b/A) |= tp(b/M),

by compactness for each n < ω, there is a closed formula Fn(ān, y) ∈ tp(b/A) such that

Fn(ān, y) |= dby < 2−n. Let G(ā, y) =
∧
n<ω Fn(ān, y). Now we have that G(ā, y) |=

dby < 2−n for every n < ω, so G(ā, y) |= b = y, so since tp(b/A) |= G(ā, y), by

Proposition 2.3.79 there is a real formula ϕ(x̄, y) that defines a partial function over

tp(ā) such that G(ā, y) ≡ (ϕ(ā, y) = 0).

Unlike in discrete logic, there is in general no guarantee that definable closure will be

witnessed by a total function, because in general definable partial functions may fail to
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be extendable to definable total functions, even on a definable set (see Counterexample

C.1.2).7

Corollary 2.3.86. For any structures M � N and A ⊆M, dclM(A) = dclN(A).

Corollary 2.3.87. For any structure M, A 7→ dclM(A) is an abstract closure operator

with countable character and approximate finite character, i.e.

(i) A ⊆ dclM(A).

(ii) dclM(dclM(A)) = dclM(A).

(iii) If A ⊆ B, then dclM(A) ⊆ dclM(B).

(iv) (Countable Character) If b ∈ dclM(A), then there is at most countable A0 ⊆ A

such that b ∈ dclM(A0).

(v) (Approximate Finite Character) For any ε > 0, if b ∈ dclM(A), then there is a

finite A0 ⊆ A such that tp(b/A0) |= dby < ε.

Furthermore, dclM(A) ⊆ aclM(A).

Proof. (i) and (iii) are straightforward.

(ii) If c ∈ dclM(dclM(A)), then there exists a definable partial function f(x̄) and a

tuple b̄ ∈ dclM(A) such that M |= f(b̄)↓ = c. By definition, for each bi ∈ b̄, there is

a definable partial function gi(x̄i) and āi ∈ A such that M |= gi(āi)↓ = bi. Therefore

M |=
∧
i<ω g(āi)↓ ∧ f(g0(ā0), g1(ā1), . . . )↓ = c and so c ∈ dclM(A), as required.

(iv) This follows from compactness and the fact that a closed formula uses at most

countably many parameters.

7This answers a question raised in [BY10a] immediately after Lemma 1.23.
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(v) This follows from compactness, the logical completeness of restricted closed for-

mulas, and the fact that a restricted closed formula uses finitely many parameters.

For the furthermore statement, note that if b ∈ dclM(A), then tp(b/A) has one

realization in any elementary extension of M, which is bounded, so b ∈ aclM(A).

Definition 2.3.88. If x̄ is a Σ(x̄) is a partial type and f(x̄) and g(x̄) are definable

partial functions such that Σ(x̄) |= f(x̄)↓∧ g(x̄)↓, then the logical distance between f(x̄)

and g(x̄) over Σ(x̄), written dΣ(f, g), is given by

dΣ(f, g) = sup{dM(fM(ā), fM(ā)) : M |= Σ(ā)}.

If Σ is empty, we write d≡ for dΣ. C

Proposition 2.3.89. If f(x̄) and g(x̄) are definable partial functions such that Σ(x̄) |=

f(x̄)↓ ∧ g(x̄)↓ and if ϕ(x̄, y) and ψ(x̄, y) are real formulas representing f(x̄) and g(x̄),

then dΣ(f, g) = ‖ϕ− ψ‖Σ.

Proof. The proof of this is the same as the proof of Proposition 1.4.3.

Proposition 2.3.90. For any Σ(x̄) the set of definable partial functions f(x̄) such

that Σ(x̄) |= f(x̄)↓ is complete under the metric dΣ. Furthermore, the metric density

character of this set is at most ℵ0 + |L|+ |x̄|.

Proof. Let {fi(x̄)}i<ω be a Cauchy sequence under dΣ. Assume without loss that

dΣ(fi, fi+1) ≤ 2−i−1. Now consider the closed formula

F (x̄, y) =
∧
i<ω

fi(x̄)↓ ∧ d(y, fi(x̄)) ≤ 2−i.
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By construction, for any structure M and ā ∈M such that M |= Σ(ā), M |= F (ā, b)

for a unique b ∈M. Therefore by Proposition 2.3.79, there is a definable partial function

g(x̄) such that Σ(x̄) |= g(x̄)↓ and dΣ(g, fi) ≤ 2−i for every i < ω.

Now we can finally give an unexciting answer to a minor loose end that arose in

Proposition 1.4.4. Namely, what is the metric completion of the space of L(V )-terms

under d≡?

Corollary 2.3.91. If x̄ is an at most countable tuple of variables, Σ(x̄) is a partial L(x̄)-

type, then dΣ in the sense of Definition 1.4.1 agrees with dΣ in the sense of Definition

2.3.88. Furthermore, if {ti(x̄)}i<ω is a sequence of L(V )-terms that is a Cauchy sequence

under dΣ, then there is a definable partial function f(x̄) such that for any M and ā such

that M |= Σ(ā), fM(ā) = limi→∞ t
M
i (ā).

Proof. The equivalence of the two definitions follows from Proposition 2.3.89. The fur-

thermore statement follows from Proposition 2.3.90.

Although, note that the closure of the set of terms under dΣ is not in general the

whole collection of definable partial functions over Σ, just as it is in discrete logic where

not every definable function is witnessed by a term.

2.4 Dictionaric Type Spaces and Theories

It’s well known that definable sets are poorly behaved in continuous logic. As it will

turn out, totally transcendental theories (and in particular ω-stable theories) have better

behavior with regards to definable sets than arbitrary continuous first-order theories,
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even relative to strictly superstable theories. The specific property they have seems to

be important enough to have its own name.

Definition 2.4.1.

• Let X be a topometric space. We say that X is dictionaric if for every p ∈ X and

closed F ⊆ X with p /∈ F , there is a definable set D ⊆ X such that p ∈ intX D

and D ∩ F = ∅ (i.e. X has a basis of definable neighborhoods).

• A complete theory T is dictionaric if for every n < ω and parameter set A, Sn(A)

is dictionaric. C

Clearly every discrete theory is dictionaric, but, as we have already seen with Propo-

sition 2.3.32, not every continuous theory is dictionaric. We will now present a charac-

terization of dictionaric type spaces and definable sets.

Proposition 2.4.2. Let X be a compact topometric space with an open metric. The

following are equivalent:

(i) X is dictionaric.

(ii) For every ε > 0, X has a basis of open sets U satisfying cl(U) ⊆ U<ε.

(iii) Definable sets separate disjoint closed subsets of X.

(iv) For every closed F,G ⊆ X with F ∩ G = ∅, there is a definable set D such that

either F ⊆ D and D ∩G = ∅ or G ⊆ D and D ∩ F = ∅.

(v) X has a network of definable sets (i.e. for every p ∈ U ⊆ X, with U open, there is

a definable set D such that p ∈ D ⊆ U).
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(vi) For every p ∈ U ⊆ X, with U open, and every ε > 0, there is an open set V ⊆ U

and a closed set F ⊆ X such that p ∈ V and dH(V, F ) < ε (where dH is the

Hausdorff metric on sets).

Proof. We will prove (i) ⇒ (v) ⇒ (ii) ⇒ (i), (i) ⇒ (iv) ⇒ (iii) ⇒ (i), and (ii) ⇔ (vi).

(i) ⇒ (v). This is immediate.

(v) ⇒ (ii). For any definable set D and ε > 0, the set U = D<ε/2 satisfies clU ⊆

D≤ε/2 ⊆ D<ε. So since given x ∈ D ⊆ U we can always find ε > 0 small enough that

D≤ε/2 ⊆ U (by compactness), we have that (ii) holds.

(ii)⇒ (i). Let x ∈ X be a point with open neighborhood V ⊆ X. Find O open such

that x ∈ O and clO ⊆ V . Find ε0 > 0 small enough that (clO)≤2ε0 ⊆ V . Using the

assumption of (ii), find an open neighborhood U0 of x such that clU0 ⊆ O and such that

clU0 ⊆ U<ε0
0 . For each n < ω, given Un, find Vn open such that clUn ⊆ Vn and clVn ⊆

U<εn
n . Then find εn+1 > 0 small enough that (clVn)≤εn+1 ⊆ U<εn

n and εn+1 < εn ↓ 2−n.

Using the assumption of (ii), for each y ∈ clUn, find an open neighborhood On,y such

that clOn,y ⊆ Vn and such that clOn,y ⊆ O<εn+1
n,y . By compactness this cover has a finite

subcover. Let Un+1 be its union. Note that we have that

clUn ⊆ clUn+1 ⊆ U
<εn+1

n+1 ⊆ (clUn+1)≤εn+1 ⊆ U<εn
n ⊆ (clO)≤2ε0 ⊆ V.

Now finally let D =
⋂
n<ω(clUn)≤εn =

⋂
n<ω U

<εn
n . Clearly U0 ⊆ D ⊆ V , so D is a

neighborhood of x that is a sub-neighborhood of V . Furthermore D is clearly closed.

To see that D is definable, note that for any δ > 0 there is an n such that εn < δ, so we

have that D<δ ⊇ U<εn
n ⊇ D. Therefore D ⊆ intD<δ for every δ > 0 and D is definable.

Therefore X is dictionaric.
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(i)⇒ (iv). Let F and G be disjoint closed sets. For each point x ∈ F , find a definable

neighborhood Dx disjoint from G. By compactness finitely many of these cover F . Since

the union of finitely many definable sets is definable we have that their union D is a

neighborhood of F disjoint from G.

(iv) ⇒ (iii). Given F and G, disjoint closed sets, let U ⊇ F and V ⊇ G be disjoint

open neighborhoods, and let L = X r (U ∪ V ) be a closed separator between F and G.

Now let D be the guaranteed definable set separating F ∪G and L. If D ⊇ F ∪G, then

D∩U and D∩V are the required definable sets (because if the intersection of a definable

set and an open set is closed, then it is definable). If D ⊇ L, then consider the disjoint

closed sets F and D ∪ V . Find U ′ ⊇ F and V ′ ⊇ D ∪ V disjoint open neighborhoods,

and let L′ = X r (U ′ ∪ V ′) be a closed separator between F and D ∪ V . Let E be the

guaranteed definable set separating F ∪D∪V and L′. If E ⊇ F ∪D∪V , then E ∩U ′ is

the required definable set for F . If E ⊇ L′, then E ∪U ′ is the required definable set for

F . So in any case we have that there are definable, disjoint E and D such that F ⊆ E

and G ⊆ D.

(iii)⇒ (i), If x ∈ U ⊆ X with U open, we can find an open set V such that x ∈ V and

V ⊆ U . A definable set separating clV and XrU is the required definable neighborhood

of x.

(ii) ⇒ (vi). This is immediate.

(vi) ⇒ (ii). Given x ∈ V ⊆ X, with V open, find open V ′ such that x ∈ V ′ and

clV ′ ⊆ V . Fix ε > 0, find U ⊆ V ′ with x ∈ U and such that for some closed set F ,

dH(U, F ) < ε
5
. By the definition of the Hausdorff metric this implies that U ⊆ clU ⊆

F≤ε/3 ⊆ U≤2ε/3 ⊆ U<ε, so we get the required basis of open sets.



149

A notable omission in Proposition 2.4.2 is the following plausible separation property:

For every p, q ∈ X, with p 6= q, there are definable sets D and E such that

p ∈ intX D, q ∈ intX E, and D ∩ E = ∅.

Since the intersection of definable sets is not in general definable, there is no reason a pri-

ori to suppose that this implies dictionaricness (as this is the typical avenue of the proof

that compact Hausdorff spaces in which every point has a basis of clopen neighborhoods

are zero-dimensional), and indeed it does not follow (Counterexample C.1.12). In fact,

every theory is bi-interpretable with a theory with this property (Proposition 2.4.18).

We really only care about this result in the context of certain type spaces, as well as

definable subsets of those type spaces.

Proposition 2.4.3 (Hereditariness to Definable Subsets). If X is a dictionaric type

space or definable set, and D is a definable subset of X, then D is dictionaric.

Proof. Let D be a definable set in X. Let U satisfy x ∈ U ⊆ D be an open neighborhood

of x in D. Find V an open-in-D set such that x ∈ V and clV ⊆ U . Then let ε > 0 be

small enough that (clV )<3ε∩ (DrU) = ∅. Since a relatively open subset of a definable

set is locatable, we have that V <ε is open as a subset of X, so by dictionaricness we

can find a definable set E such that x ∈ intE and E ⊆ V <ε. Now consider the set

F = E≤ε ∩D. By the triangle inequality this is disjoint from D r U and so is a subset

of U . Furthermore it is a neighborhood of x in D. Also, since E ⊆ V <ε and V ⊆ D, we

have that E ⊆ F<2ε, so F ⊆ intD F
<4ε. Let O be an open-in-D set such that F ⊆ O,

clO ⊆ U , and clO ⊆ intD F
<4ε. Then we have that O is an open neighborhood of x,

smaller than U such that clO ⊆ O<4ε. Since we can do this for arbitrary x, U , and ε

we have by Proposition 2.4.2 that X is dictionaric.
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The analog of the previous result fails for arbitrary closed F ⊆ X, i.e. there is a

dictionaric type space with a closed subset that fails to be dictionaric (see Counterex-

ample 15). Compare this to the fact that any closed subspace of a totally disconnected

compact Hausdorff space is totally disconnected.

Compare the following Proposition 2.4.4 to the fact that if X is a totally disconnected

compact Hausdorff space, F ⊆ X is a closed subset, and Q ⊆ F is relatively clopen,

then there is a clopen set D ⊆ X such that D ∩ F = Q.

Proposition 2.4.4 (Extension). If X is a dictionaric type space or definable set and we

have Q ⊆ F ⊆ X with Q and F closed and Q definable-in-F , then there is a definable

set D ⊆ X such that D ∩ F = Q.

Proof. Use the following Lemma 2.4.5 with Fi = F for all i < ω to get some definable

set D and formula ϕ such that D ∩ F ∩ Jϕ ≤ 1K = Q, but Jϕ ≤ 1K = X, so D ∩ F = Q,

as required.

Although Proposition 2.4.4 is the more attractive statement, we will occasionally

need this technical strengthening.

Lemma 2.4.5. Let {Fi}i<ω be a family of closed sets in X, a type space or definable

set (not necessarily dictionaric), and let Q be a closed set such that Q ⊆ Fi and Q is

relatively definable in Fi for each i < ω (i.e. Q ⊆ intFi Q
<ε for every ε > 0).

(i) There is a closed set C ⊆ X and a [0, 1]-valued formula ψ with Q ⊆ Jψ = 0K, such

that

• Q ⊆ C and for each ε > 0, Q ⊆ intX C
<ε, and

• for each i < ω, C ∩ Fi ∩ Jψ ≤ 2−iK = Q (in particular, C ∩ F0 = Q).
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(ii) (Strong Extension) If X is dictionaric, then C can be taken to be definable.

Proof. In this proof, all instances of J·K are understood to be J·KX . Specifically, they

are subsets of X. Also, without loss of generality, assume that diam(X) ≤ 1. We may

accomplish this by replacing d with min{d, 1}. This is still a topometric, is still open,

and has the same definable sets.

(i) Without loss of generality we may assume that Fi ⊆ Fi+1, since we have that if Q

is relatively definable in two closed sets F and G, then Q is relatively definable in F ∪G

as well. So we can replace Fi by
⋃
j≤i Fj if necessary. To see that such a Q is relatively

definable in F ∪ G, fix ε > 0, and find U ⊆ F and V ⊆ G, each relatively open, such

that Q ⊆ U and Q ⊆ V and such that if a ∈ U or if a ∈ V , then d(a,Q) < ε. U ∪ V is a

relatively open neighborhood of Q in F ∪ G with the same property, so Q is relatively

definable in F ∪G.

Assume without loss of generality that the metric diameter of X is at most 1. For

each i < ω, let ϕi be a [0, 1]-valued formula witnessing in Fi that Q is relatively definable,

i.e. Q ⊆ Jϕi = 0K and for every type p ∈ Fi, dinf(p,Q) ≤ ϕi(p). These exist by the Tietze

extension theorem.8 Let ϕ =
∑

i<ω 2−iϕi. Note that Jϕ = 0K ∩ Fi = Q for every i < ω.

For each k < ω, let

Gk = Fk ∩ J4−k−1 ≤ ϕ ≤ 4−kK,

Uk = Jϕ < 4−kK, and

Vk = J4−k−2 < ϕ < 4−k+1K ∩ U<2−k+1

k+3 .

8There is a continuous function on Fi witnessing that Q is relatively definable by Proposition 2.3.15
part (vi). By the Tietze extension theorem (Fact A.2.8), this extends to a continuous function on the
whole type space, which is equivalent to some formula.
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Note that Vk is an open set. Also note that Gk ⊆ J4−k−2 < ϕ < 4−k+1K and that

if p ∈ Gk, then ϕ(p) ≤ 4−k. This implies in particular that 2−kϕk(p) ≤ 4−k, and so

ϕk(p) ≤ 2−k and dinf(p,Q) ≤ 2−k. This in turn implies that p ∈ Q≤2−k ⊆ U<2−k+1

k+3 , and

thus Gk ⊆ Vk.

Let A = X r
⋃
k<ω Vk. A is clearly closed. Note that Jϕ = 0K ∩ Vk = ∅ for each

k < ω, so we have that Q ⊆ Jϕ = 0K ⊆ A. We want to show that for any ε > 0,

Q ⊆ intX A
<ε.

Assume that q /∈ A. It must be in Vk for some k < ω. Let q0 = q and k(0) = k.

Assume we’re given q` and k(`) such that q` ∈ Vk(`). By construction there exists

q`+1 ∈ Uk(`)+3 such that d(q`, q`+1) < 2−k(`)+1. Stop if q`+1 ∈ A, otherwise q`+1 ∈ Vk(`+1)

for some k(`+ 1) strictly larger than k(`).

After the construction in either case the total distance traversed along the sequence

q0, q1, . . . is ≤
∑

k≤m<ω 2−m+1 = 2−k+2. If we stopped, then the final point is in A,

so dinf(q, A) < 2−k+3. If the sequence never stopped, then it is a Cauchy sequence

whose limit, qω, by continuity has ϕ(qω) = 0, so qω ∈ A as well. So we have that

Jϕ = 0K ⊆ Jϕ < 2−k−1K ⊆ A<2−k+3
, whence Q ⊆ Jϕ = 0K ⊆ intX A

<ε for every ε > 0.

Hence we have verified the first bullet point of the lemma for the set A.

Let ψ = min{4√ϕ, 1}. This is clearly a [0, 1]-valued formula.

We need to adjust A in order to satisfy the second bullet point in the i = 0 case;

specifically, we need to ensure that C ⊆ Jϕ < 2−0K = Jϕ < 1K. It is not hard to show

that if O ⊇ Q is any open neighborhood such that O ⊆ Jϕ < 1K, then B = A ∩ O still

satisfies the property stated in the first bullet point of the lemma and clearly satisfies

B ⊆ Jϕ < 1K.

Claim 1. C still satisfies the first bullet point of the lemma.
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Proof of claim 1. We will actually show that A ∩O satisfies the first bullet point of

the lemma, from which the same follows easily for C.

Fix x ∈ Q. Fix open Y 3 x such that (clY ) ⊆ O. Find ε > 0 small enough

that (clY )≤ε ⊆ O (this must exist by compactness). By assumption we have that

x ∈ intA<ε. Let Z = Y ∩ intA<ε. Note that this is an open neighborhood of x. By

construction, Z<ε ⊆ (clZ)≤ε ⊆ (clY )≤ε ⊆ O. Therefore Z ⊆ (A ∩ O)<ε, and we have

that x ∈ int(A ∩O)<ε for any sufficiently small ε, which implies it for every ε > 0.

Since we can do this for any x ∈ Q, we have that Q ⊆ int(A ∩O)<ε for every ε > 0,

and likewise we have that C satisfies the first bullet point of the lemma. claim 1

To verify the second bullet point, consider C ∩ Fi ∩ Jψ ≤ 2−iK. If i = 0, then since

C ⊆ Jψ < 2−0K, we have that for any p ∈ C that ψ(p) < 1, and so 4
√
ϕ(p) < 1 (this is

the particular point that we needed to shrink A for, given the definition of ψ). From this

it follows that
√
ϕ(p) < 1

4
and ϕ(p) < 4−2. If i > 0, then for any p ∈ Jψ ≤ 2−iK, we have

4
√
ϕ ≤ 2−i, so

√
ϕ(p) ≤ 2−i−2 and ϕ(p) ≤ 4−i−2. So for any i, if p ∈ C ∩Fi ∩ Jψ ≤ 2−iK,

then ϕ(p) ≤ 4−i−2.

Claim 2. For any i, Jϕ < 4−i−1K ∩ C ∩ Fi ⊆ Jϕ = 0K.

Proof of claim 2. Assume that p ∈ Jϕ < 4−i−1K ∩ A ∩ Fi but ϕ(p) > 0. Then

p ∈ J0 < ϕ < 4−i−1K and for all k ≥ i, p ∈ Fk (since Fk ⊇ Fi). So p must be in Gk

for some k > i, but the Gk are all disjoint from A by construction and therefore also

disjoint from C. Thus we have a contradiction. claim 2

This implies that Jϕ ≤ 4−i−2K ∩ C ∩ Fi ⊆ Jϕ = 0K, as well, since it’s a smaller

set. Therefore C ∩ Fi ∩ Jψ ≤ 2−iK ⊆ Jϕ = 0K, but Fi ∩ Jϕ = 0K = Q, so we have

C ∩ Fi ∩ Jψ ≤ 2−iK = Q, as required.

(ii) Assume that X is dictionaric. Continuing from just after the definition of ψ in
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the proof of part (i), we need to cover Ar Jϕ = 0K by definable sets so that the overall

union will be closed (this will be enough to imply that the union is definable) without

spoiling the property stated in the second bullet point of the lemma.

For each k < ω, let HK = A ∩ J4−k−1 ≤ ϕ ≤ 4−kK. Note that by construction

Hk ∩ Fk = ∅. Let Wk = J4−k−2 < ϕ < 4−k+1K r Fk, which is an open neighborhood of

Hk. Let Dk be a definable set such that Hk ⊆ Dk ⊆ Wk. Finally let E = A ∪
⋃
k<ωDk.

First to see that E is closed, note that any convergent net {qi}i∈I in E either eventu-

ally stays within someWk or has limi∈I ϕ(qi) = 0. In the first case, E∩(Wk−1∪Wk∪Wk+1)

is relatively closed in Wk−1 ∪Wk ∪Wk+1, since in that set it is a finite union of closed

sets, so the net converges to a point in E. In the second case, the net must be converging

to a point in Jϕ = 0K ⊆ A ⊆ E by continuity.

To see that E is definable, note that for any ε > 0,

intX E
<ε = intX

[
A ∪

⋃
k<ω

Dk

]<ε
⊇ intX A

<ε ∪
⋃
k<ω

intX D
<ε
k

⊇ Jϕ = 0K ∪
⋃
k<ω

Dk = E.

Since E is a definable set and X is dictionaric, we have that E is dictionaric as well.

Let D ⊆ E be a definable set such that Q ⊆ D ⊆ Jψ < 1K. (This is only necessary to

handle the i = 0 case.) Consider D∩Fi ∩ Jψ ≤ 2−iK. If i = 0, then since D ⊆ Jψ < 2−0K

we have that for any p ∈ D, ψ(p) < 1, so 4
√
ϕ(p) < 1,

√
ϕ(p) < 1

4
, and ϕ(p) < 4−2. If

i > 0, then 2−i < 1, so 4
√
ϕ(p) ≤ 2−i and we have

√
ϕ(p) ≤ 2−i−2 and ϕ(p) ≤ 4−i−2.

So for any i < ω we have that if p ∈ D ∩ Fi ∩ Jψ ≤ 2−iK, then ϕ(p) ≤ 4−i−2.

Claim 3. For each i < ω, Jϕ < 4−i−1K ∩D ∩ Fi ⊆ Jϕ = 0K.
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Proof of claim 3. Note that by construction

J4−k−2 < ϕ < 4−k+1K ∩ E = J4−k−2 < ϕ < 4−k+1K ∩
⋃

k−2≤`≤k+2

D`.

so we have that J4−k−2 < ϕ < 4−k+1K ∩ E ∩ Fk−2 = ∅, since D`, for ` ≥ k − 2,

are all disjoint from Fk−2 (because Fm ⊆ Fm+1 for all m < ω). This implies that

J0 < ϕ < 4−k+1K ∩ E ∩ Fk−2 = ∅ as well. Therefore Jϕ < 4−k+1K ∩ E ∩ Fk−2 ⊆ Jϕ = 0K.

Shifting by 2 gives Jϕ < 4−i−1K ∩D ∩ Fi ⊆ Jϕ = 0K. claim 3

Given claim 3, we also have Jϕ ≤ 4−i−2K ∩D ∩ Fi ⊆ Jϕ = 0K (since this is a smaller

set). This implies that Jψ ≤ 2−iK∩D ∩ Fi ⊆ Jϕ = 0K, but Fi ∩ Jϕ = 0K = Q, so we have

D ∩ Fi ∩ Jψ ≤ 2−iK = Q, as required. So we can satisfy part (ii) by setting C = D.

Lemma 2.4.6. If X is a dictionaric type space or definable set, D ⊆ X is a definable

set, F ⊆ X is a closed set, U ⊆ X is a (relatively) open set such that F ⊆ U , and

E ⊆ D is a definable set such that F ∩D ⊆ E, then there exists a definable set E ′ such

that F ⊆ E ′ ⊆ U and D ∩ E ′ = E.

Proof. We need to argue that E ∪F is relatively definable in D∪F ∪ (X rU), then the

result follows from Proposition 2.4.4.

To see that E ∪ F is relatively definable in D ∪ F ∪ (X r U), first note that since

E is definable in D, E is definable in X. Now notice that any net {xi}i∈I converging

to a point in E ∪ F must either be limiting to a point in G or be eventually contained

in E ∪ F , so in either case we have that limi∈I dinf(x,G ∪ F ) = 0, so E ∪ F is relatively

definable. Now let E ′ be an extension of E ∪ F to all of X. We have that E ′ is the

required definable set.
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Proposition 2.4.7 (Approximate Intersection). If X is a dictionaric type space or

definable set, D is a definable subset of X, F ⊆ X is a closed set, and U ⊇ F is an

open-in-X set, then there is a definable set E such that F ⊆ E ⊆ U , and such that

D ∩ E is definable.

Proof. First since D is definable it is itself dictionaric by Proposition 2.4.3. Let G ⊆ D

be a definable set such that G ⊆ U and intX G ⊇ F ∩ D. Then we can apply Lemma

2.4.6.

Corollary 2.4.8 (Approximate Intersection of Definable Sets). If D and E are definable

sets in a dictionaric type space, then for any ε > 0, there is a definable set E ′ ⊇ E with

dH(E,E ′) < ε such that D ∩ E ′ is also definable.

Proof. If E ⊆ E ′ ⊆ E<ε/2, then dH(E,E ′) ≤ ε
2
< ε.

Although Corollary 2.4.8 is an easy consequence of Proposition 2.4.7, for definable

sets D and E, dH(D,E) < ε can be a very useful condition. It implies that quantifying

over elements of D is ‘approximately the same As quantifying over elements of E to

within an accuracy of ε. If D is a uniformly discrete set, then there is an ε > 0 such

that dH(D,E) < ε implies that there is a definable equivalence relation ∼ on E such

that E/ ∼ has a canonical bijection with D.

Proposition 2.4.9. If X is a dictionaric type space or definable set and ρ is a definable

pseudo-metric on X, then X/ρ is dictionaric.

Proof. Let q ∈ U ⊆ X/ρ be a type with open neighborhood U , consider π−1(q) ⊆ π−1(U)

where π : X → X/ρ is the natural projection map. By continuity π−1(q) is closed and

π−1(U) is open. Let D be a definable set such that π−1(q) ⊆ D and D ∩ U = ∅. The
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projection π(D) is a definable set (with distance function infy∈D ρ(x, y)). It’s clearly

contained in U and contains q, so X/ρ has a network of definable sets, and by Proposition

2.4.2, X/ρ is dictionaric.

Proposition 2.4.10. If Sn(T ) is dictionaric for every n < ω, then Sω(T ) is dictionaric

as well.

Proof. This follows from the fact that given any type p ∈ Sω(T ) and an open neigh-

borhood U , there is a restricted formula ϕ(x̄) such that p(x̄, ...) ∈ Jϕ(x̄) < 1
3
K and

Jϕ(x̄) ≤ 2
3
K ⊆ U . By dictionaricness of Sx̄(T ) we can find a definable set D such that

Jϕ(x̄) < 1
3
K ⊆ D ⊆ Jϕ(x̄) ≤ 2

3
K and this set is still definable in the sort of ω-tuples under

the metric given in Definition 1.2.1, so Sω(T ) is dictionaric as well.

It is natural to think about strengthenings of dictionaricness, for instance one might

hope for a version that is uniform in parameters, such as in the following definition.

Definition 2.4.11. A (possibly incomplete) theory T is uniformly parametrically dic-

tionaric if for any finite tuples of variables v̄ and x̄ and any pair of inconsistent closed

formulas F (v̄, x̄) and G(v̄, x̄), there is a x̄-uniformly definable set D(v̄, x̄) (over T ) such

that F (v̄, x̄) |= D(v̄, x̄) and D(v̄, x̄) and G(v̄, x̄) are inconsistent. C

This is equivalent to requiring that each type space Sv̄x̄(T ) be dictionaric with regards

to the metric d/x̄. As it turns out this is an extremely strong condition.

Proposition 2.4.12. A theory T is uniformly parametrically dictionaric if and only if

Sx̄(T ) is totally disconnected for every tuple of variables x̄.

Proof. If T has totally disconnected type spaces, then by compactness, if F (v̄, x̄) and
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G(v̄, x̄) are inconsistent closed formulas, we can find a clopen formula Q(v̄, x̄) such that

F (v̄, x̄) |= Q(v̄, x̄) and Q(v̄, x̄) and G(v̄, x̄) are inconsistent.

Conversely, assume that T is uniformly parametrically dictionaric. Fix a finite tuple

of variables x̄, and let v be a distinct variable. For any pair of inconsistent closed

L(x̄)-formulas, F (x̄) and G(x̄), by assumption we can find a x̄-uniformly definable set

D(v, x̄) such that F (x̄) |= D(v, x̄) and D(v, x̄) and G(x̄) are inconsistent. By Proposition

2.3.18, the formula Q(x̄) = (∃v ∈ D(·, x̄))(v = v) is clopen and we have necessarily that

F (x̄) |= Q(x̄) and that Q(x̄) and G(x̄) are inconsistent. Therefore Sx̄(T ) has a basis of

clopen sets and is totally disconnected. This implies that Sx̄(T ) is totally disconnected

for every finite tuple of variables x̄, which in turn implies the same for arbitrary tuples

of variables.

We can weaken this, as in the following definition. This definition uses concepts from

Section 3.5, but we have included it here for the sake of organization.

Definition 2.4.13. For any (possibly incomplete) theory T , any at most countable tuple

v̄ of variables, and arbitrary tuple x̄ of variables, a closed type-set formula F (v̄, x̄) is

x̄-pointwise definable over T if for any tuple of parameters ā ∈ M |= T assigned to x̄,

F (v̄, ā) is a definable set over Th(M).

A (possibly incomplete) theory T is pointwise parametrically dictionaric if for finite

tuples v̄ and x̄ and any pair of inconsistent closed formulas F (v̄, x̄) and G(v̄, x̄), there

is a x̄-pointwise definable set D(v̄, x̄) over T such that T, F (v̄, x̄) |= D(v̄, x̄) and D(v̄, x̄)

and G(v̄, x̄) are inconsistent.

A (possibly incomplete) theory T is almost uniformly parametrically dictionaric if

for finite tuples v̄ and x̄ and any pair of inconsistent closed formulas F (v̄, x̄) and G(v̄, x̄),
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there is a formula ϕ(v̄, x̄, r) that gives an almost x̄-uniformly definable set over T such

that T, F (v̄, x̄) |= ϕ(v̄, x̄, r) = 0 and ϕ(v̄, x̄, r) = 0 and G(v̄, x̄) are inconsistent. C

It turns out that these weakened definitions are equivalent to dictionaricness and to

each other, and it allows us to characterize dictionaricness of a theory in terms of the

properties of the type spaces Sn(T ) for n < ω, rather than those of Sn(A) for arbitrary

sets of parameters A.9

Theorem 2.4.14. For a (possibly incomplete) theory T , the following are equivalent:

(i) Every completion of T is dictionaric.

(ii) T is pointwise parametrically dictionaric.

(iii) T is almost uniformly parametrically dictionaric.

(iv) For every restricted formula ϕ(v̄, x̄) and every rational ε > 0, there is a finite

list δ0(v̄, x̄), . . . , δn−1(v̄, x̄) of restricted formulas and a finite list γ0, . . . , γn−1 of

rational numbers such that 0 < γi < ε for every i < n and such that

T |= ∀∀x̄
∨
i<n

Uϕ,δi,γi(x̄),

where

Uϕ,δ,γ(x̄) = ∀∀v̄ [ (ϕ(v̄, x̄) = 0→ δ(v̄, x̄) < 2γ)

∧ (ϕ(v̄, x̄) = 1→ δ(v̄, x̄) > 3γ)

∧
(

def
v̄
δ(v̄, x̄) < γ

)]
.

9Although an easy compactness argument shows that it is sufficient to check for dictionaricness of a
theory over finite sets of parameters.
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Proof. (ii) ⇒ (i) is obvious.

(iii) ⇒ (ii): For any inconsistent closed formulas F (v̄, x̄) and G(v̄, x̄) let ϕ(v̄, x̄, r̄)

be a formula that gives an almost x̄-uniformly definable set over T and for which

T, F (v̄, x̄) |= ϕ(v̄, x̄, r̄) = 0 and {ϕ(v̄, x̄, r̄) = 0, G(v̄, x̄)} is inconsistent. Then it follows

that T, F (v̄, x̄) |= ∃rϕ(v̄, x̄, r) = 0∧DEFūϕ(ū, x̄, r). To see this, let āb̄ ∈M |= T be such

that M |= F (ā, b̄). Then by assumption, M |= ϕ(ā, b̄, c) = 0 for any c in the relevant

compact sort. Also by assumption there is a c in the sort such that M |= DEFūϕ(ū, b̄, c),

so we have that F (ā, b̄, c) |= ϕ(ā, b̄, c) = 0∧DEFūϕ(ū, b̄, c). Since we can do this for any

model and any tuples satisfying F , we have the required implication. By Lemma 3.5.5,

H(v̄, x̄) = ∃rϕ(v̄, x̄, r) = 0 ∧ DEFūϕ(ū, x̄, r) is x̄-pointwise definable over T , and we

have that T, F (v̄, x̄) |= H(V̄ , x̄). Furthermore, H(v̄, x̄) is necessarily inconsistent with

G(v̄, x̄), so we have that T is pointwise parametrically dictionaric.

(iv) ⇒ (iii): Fix inconsistent closed formulas G0(v̄, x̄) and G1(v̄, x̄). By compact-

ness there is a restricted formula ϕ(v̄, x̄) such that JG0(v̄, x̄)KT ⊆ Jϕ(v̄, x̄) = 0KT and

JG1(v̄, x̄)KT ⊆ Jϕ(v̄, x̄) = 1KT .

Now we will build a finitely branching tree T ⊆ ω<ω. Each node σ ∈ T will be

labeled with a triple 〈ησ(v̄, x̄), Fσ(x̄), εσ〉, where ησ is a restricted real formula, Fσ is a

closed formula, and εσ is a positive rational number. For the root node set η∅ = [ϕ]10,

F∅(x̄) = >, and ε∅ = 1
4
.

At each node σ ∈ T , given 〈ησ, Fσ, εσ〉, find a restricted formula ψσ(x̄, ȳ) such that

Jησ ≤ 2εσK ⊆ Jψσ = 0K and Jησ ≥ 3εσK ⊆ Jψσ = 1K. By assumption, we can find re-

stricted formulas δσ0 (v̄, x̄), . . . , δσnσ−1(v̄, x̄) and rational numbers γσ0 , . . . , γ
σ
nσ−1, satisfying

0 < γσi < εσ for each i < nσ, such that Fσ(x̄) |=
∨
i<nσ

Uψσ ,δσi ,γσi (x̄). By Fact A.2.16, we

can find a sequence of closed formulas Fσ_i(x̄) for i < nσ such that Fσ_i |= Uψσ ,δσi ,γσi
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and JFσK =
⋃
i<nσ

JFσ_iK. For each i < nσ such that Fσ_i is consistent, add the node

σ _ i to T , labeled by
〈
δσi , Fσ_i,min{γσi , 2−|σ|}

〉
.

Let X be the compact Hausdorff space of paths through T , for any σ ∈ ω<ω, let [σ]

be the clopen set of extensions of σ in X. For each i < ω, let Hi ⊆ Sx̄(T ) ×X be the

union of all sets of the form JFσK× [σ] for σ ∈ T with |σ| = i. By construction, we have

that Hi+1 ⊆ Hi, so let Hω =
⋂
i<ωHi. For any p ∈ Sx̄(T ), we have that ({p} ×X) ∩Hi

is non-empty for every i < ω, so ({p} ×X) ∩Hω is non-empty as well, by compactness.

Let

H = {〈p, α〉 ∈ Sv̄x̄(T )×X : 〈p � x̄, α〉 ∈ Hω}.

(Note that this is closed, since it is the pre-image of Hω under a continuous function.)

For each i < ω, let fi : H → R be the function defined by fi(p, α) = ηα�i(p). Note that,

by construction, each fi is a continuous function. We need to argue that the sequence

{fi}i<ω is converging in the uniform norm.

Fix 〈p, α〉 ∈ H. For any i > 0, we have that p(v̄, x̄) |= def v̄ ηα�i(v̄, x̄) < εα�i ≤ 2−i,

Jηα�i ≤ 2εα�iK ⊆ Jηα�i+1 < 2εα�i+1K, and Jηα�i ≥ 3εα�iK ⊆ Jηα�i+1 > 3εα�i+1K. Fix M and

āb̄ ∈M such that M |= p(ā, b̄). For any i < ω such that 5 · 2−i < db(L), let ηα�i(p) = r.

Since p(v̄, x̄) |= def v̄ ηα�i(v̄, x̄) < 2−i, there are two cases.

Case 1 (ηα�i is approximately the distance predicate of the empty set): p(v̄, x̄) |=

supx̄ |ηα�i(v̄, x̄) − db(L)| < 2−i. Since 4 · 2−i < db(L), this implies that ηα�i(ā, c̄) >

4
5
db(L) > 4 · 2−i for all v̄ ∈ M, therefore Jηα�i(ā, x̄) ≥ 3εα�iK is all of Sx̄(ā), and

we must have that Jηα�i+1(ā, x̄) < 2εα�i+1K is empty. This implies that p(v̄, x̄) |=

supx̄ |ηα�i+1(v̄, x̄) − db(L)| < 2−i−1 (i.e. case 1 holds for i + 1 as well), so we have

that |ηα�i(p)− ηα�i+1(p)| < 2−i + 2−i−1 < 2−i+1.
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Case 2 (ηα�i is approximately the distance predicate of a non-empty set):

p(v̄, x̄) |= sup
v̄

max{ inf
w̄

max{|ηα�i(w̄, x̄)|, |d(v̄, w̄)− ηα�i(v̄, x̄)|}

sup
w̄
ηα�i(v̄, x̄) ·− (ηα�i(w̄, x̄) + d(v̄, w̄))} < εα�i.

This implies that p(v̄, x̄) |= infw̄ max{|ηα�i(w̄, x̄)|, |d(v̄, w̄)− ηα�i(v̄, x̄)|} < εα�i, so we can

find c̄ ∈M such that M |= max{|ηα�i(c̄, b̄)|, |d(ā, c̄)− ηα�i(ā, b̄)|} < εα�i, so in particular

tp(c̄b̄) ∈ Jηα�i ≤ 2εα�iK ⊆ Jηα�i+1 < 2εα�i+1K, or in other words M |= ηα�i+1(c̄, b̄) < 2εα�i+1.

This implies that case 2 holds for i + 1 by the contrapositive of part of the argument

in case 1. Therefore M |= infw̄ max{|ηα�i+1(w̄, b̄)|, |d(c̄, w̄) − ηα�i+1(c̄, b̄)|} < εα�i+1, and

we can find ē ∈M such that M |= max{|ηα�i+1(ē, b̄)|, |d(c̄, ē)− ηα�i+1(c̄, b̄)|} < εα�i, so in

particular d(c̄, ē) < 2εα�i+1 + εα�i+1 = 3εα�i+1.

Finally, we also have that p(v̄, x̄) |= supv̄ supw̄ ηα�i(v̄, x̄) ·−(ηα�i(w̄, x̄)+d(v̄, w̄)) < εα�i,

as well as the same for i + 1. This is equivalent to saying that ηα�i(v̄, ā) and ηα�i(v̄, ā)

are 1-Lipschitz whenever ā satisfies p � x̄.

Putting this all together we get

ηα�i+1(ā, b̄) < d(ā, ē) + εα�i+1

< d(ā, c̄) + 3εα�i+1 + εα�i+1

< ηα�i + εα�i + 3εα�i+1 + εα�i+1

< ηα�i + 5 · 2−i.

For the other direction, since case 2 holds for i + 1, we have that there is a c̄ ∈ M

such that M |= ηα�i+1 < εα�i+1 and M |= |d(ā, c̄) − ηα�i+1(ā, b̄)| < εα�i+1. This implies
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that tp(c̄, b̄) ∈ Jηα�i+1(x̄, b̄) ≤ 3εα�i+1K ⊆ Jηα�i(x̄, b̄) < 3εα�iK, or in other words, M |=

ηα�i(c̄, b̄) < 3εα�i. There exists ē ∈M such that ηα�i(ē, b̄) < εα�i and |d(c̄, ē)−ηα�i(c̄, ā)| <

εα�i, implying that d(c̄, ē) < εα�i + 3εα�i = 4εα�i.

Putting this all together we get

ηα�i(ā, b̄) < ηα�(ē, b̄) + d(ē, ā)

< εα�i + d(ē, c̄) + d(c̄, ā)

< εα�i + 4εα�i + d(c̄, ā)

< εα�i + 4εα�i + ηα�i+1(ā, b̄) + εα�i+1

ηα�i+1(ā, b̄) + 6 · 2−i.

Therefore we have that |ηα�i(ā, b̄)− ηα�i+1(ā, b̄)| < 6 · 2−i.

So in either case, |ηα�i(p) − ηα�i+1(p)| < 6 · 2−i. Since we can do this for any 〈p, α〉,

we have that fi converges uniformly on H. Let fω be its limit.

By construction, we have that (JG0K × X) ∩ H ⊆ {fω = 0} and (JG1K × X) ∩ H ∩

{fω = 0} = ∅. Therefore, by compactness there is an r > 0 such that (JG1K × X) ∩

H ⊆ {fω ≥ r}. This implies that we can extend fω to a continuous function g on

H ∪ (JG0K ×X) ∪ (JG1K ×X) such that for all 〈p, α〉 ∈ JG0K ×X, g(p, α) = 0, and for

all 〈p, α〉 ∈ JG1K×X, g(p, α) ≥ r. Finally, we can extend g to a continuous function h

on all of Sv̄x̄(T ) × X. We can then find a real formula χ(v̄, x̄, r), with r a variable on

the compact parameter sort KX , such that χ agrees with h as a function on Sv̄x̄(T )×X

(identifying X with Sr(X)).

Now we have that G0(v̄, x̄) |= χ(v̄, x̄, r) = 0, G1(v̄, x̄) and χ(v̄, x̄, r) = 0 are inconsis-

tent, and χ(v̄, x̄, r) gives an almost x̄-uniformly definable set over T .
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So, since we can do this for any inconsistent G0(v̄, x̄) and G1(v̄, x̄), we have that T

is almost uniformly parametrically dictionaric, as required.

(i)⇒ (iv): Fix a restricted formula ϕ(v̄, x̄) and a rational ε > 0. For each type p(x̄) ∈

Sx̄(T ), find M and ā such that M |= p(ā). Let Tp be the set of closed sentences contained

in p. By dictionaricness, there is a definable set D(v̄, ā) such that Jϕ(v̄, ā) = 0KTp ⊆

JD(v̄, ā)KTp and such that D(v̄, ā) and ϕ(v̄, ā) = 1 are inconsistent. By compactness, we

can find a restricted formula δp(v̄, x̄) and a rational γp > 0 with γp < ε such that

JD(v̄, ā)KTp ⊆ Jδp(v̄, ā) < 2γpKTp ⊆ Jδp(v̄, ā) ≤ 2γpKTp ⊆ JD(v̄, ā) < εKTp and

Jϕ(v̄, x̄) = 1KTp ⊆ Jδ(v̄, x̄) > 3γpKTp .

So in particular, p(x̄) |= Uϕ,δp,γp(x̄). This is an open formula, so by compactness, there

is a finite list p0, . . . , pn−1 of types such that
⋃
i<nJUϕ,δpi ,γpi (x̄)KT = Sx̄(T ). If we set

δi = δpi and γi = γpi , then we have that T |= ∀∀x̄
∨
i<n Uϕ,δi,γi(x̄), which is precisely the

required condition.

Corollary 2.4.15. In a countable signature L, for any theory T , the set of completions

T ′ ∈ S0(T ) which are dictionaric is Gδ (i.e. a countable intersection of open sets).

Much later, in Theorem 5.1.1, we will show that a theory for which Sn(T ) is totally

disconnected for every n < ω has Sn(A) totally disconnected for every n and parameter

set A (actually, we really only need that S2(T ) is totally disconnected). Dictionaricness

is a weakening of total disconnectedness, and so a natural question arises.

Question 2.4.16. If Sn(T ) is dictionaric for every n < ω, does it follow that T is

dictionaric?
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The characterization of theories with totally disconnected type spaces takes advan-

tage of the fact that there is a canonical obstruction to total disconnectedness, namely

a non-trivial continuum as a subspace. This raises the question as to whether or not

there is a canonical obstruction or class of obstructions to dictionaricness.

Question 2.4.17. Is there a simple class of (ideally compact) topometric spaces O such

that a type space Sn(T ) fails to be dictionaric if and only if there is some X ∈ O which

embeds into Sn(T )?

We will not need the following proposition for anything. We have just included it for

completeness.

Proposition 2.4.18. Every complete theory T is bi-interpretable with a theory T ◦ with

the property that for any n < ω, any set of parameters A, and any distinct p, q ∈ Sn(A),

there are disjoint definable sets D,E ⊆ Sn(A) such that p ∈ D and q ∈ E.

Proof. If models of T have a single element, then this statement is trivial, so assume

that models of T have more than one element.

Let M be a model of T . Consider the structure (M × S1, P,Q), where S1 is the

circle (with its typical metric) and P and Q are unary [−1, 1]-valued predicates chosen

so that for any (a, b) ∈ M × S1, P ((a, b)) is the x coordinate of b and Q((a, b)) is the

y coordinate of b (as a point in R2). We will regard P and Q as a single S1-valued

predicate R. We give M× S1 the max metric (but leave the original metric on M as a

predicate symbol).

It is not hard to show that this structure is bi-interpretable with M, and moreover

that this interpretation is uniform in models of T . Let T ◦ be the theory of this structure.

It is also not hard to show that if ϕ(x̄) is any [0, 1]-valued formula in the original language
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of M and f : [0, 1]→ S1 is any continuous function, then JR(x0) = ϕ(x̄)K is a definable

subset of Sx̄(T ).

Let A be a set of parameters, and let p, q ∈ Sn(A) be a pair of distinct types. If for

some i < n, p and q entail distinct values r and s, respectively, of R(xi), then JR(xi) = rK

and JR(x0) = sK are disjoint definable sets separating p and q, so assume that for each

i < n, p and q entail the same value for R(xi).

Find a [0, 1]-valued A-formula ϕ(x̄) such that ϕ(p) = 0 and ϕ(q) = 1. Let r be

the value of R(x0) entailed by both p and q. We have that JR(x0) = r + ϕ(x̄)K and

JR(x0) = r + ϕ(x̄) − 1K are disjoint definable sets containing p and q, respectively,

where we understand addition to be in the sense of radians parameterizing S1 and we

understand ϕ(x̄) as a formula on M× S1 in the obvious way.

2.5 Small Type Spaces and ω-stability

Here, first of all, we will complete some discussion of approximate ω-saturation from

Section 1.8. Recall that a pre-structure M is κ-saturated over a dense sub-pre-structure

if there is a dense sub-pre-structure M0 ⊆ M such that for any set A ⊆ M0 with

|A| < κ, for every type p(x,A) ∈ Sx(A), there is b ∈ M such that M |= p(b, A). Also

recall that a pre-structure M is approximately ω-saturated if for any finite ā ∈ M, any

type p(x, ā) ∈ Sx(ā), and any ε > 0, there is b̄, c ∈M such that d(ā, b̄) < ε, ā ≡ b̄, and

M |= p(c, b̄).

Proposition 2.5.1. Let M be a structure.

(i) If M is ω-saturated over a dense sub-pre-structure, then it is approximately ω-

saturated.
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(ii) If M is approximately ω-saturated, then for any finite or countable ā ∈ M, any

n ≤ ω, any p(x̄, ā) ∈ Sn(ā), any any ε > 0, there is a b̄ ∈M with d(ā, b̄) < ε and

ā ≡ b̄ such that p(x̄, b̄) is realized in M.

Proof. (i) Let M0 ⊆ M be a dense sub-pre-structure such that for any finite ā ∈ M0,

every type in S1(ā) is realized in M.

Claim. For any ā ∈ M0 and any type p(x̄, ā) ∈ Sn(ā) and any ε > 0, there exists

b̄ ∈M0 such that d(tp(b̄ā), p) < ε.

Proof of claim. For each i ≤ n, let pi(x0, . . . , xi−1, ā) be the restriction of p to the

variables x0, . . . , xi−1. First, find c0 ∈ M such that M |= p1(c0, ā). Find b0 ∈ M0 such

that d(c0, b0) < ε. Note that d(tp(b0, ā), p1) < ε. Now, for each positive i < n, given

b0, . . . , bi−1 ∈ M0, satisfying d(tp(b0, . . . , bi−1, ā), pi) < ε, find an elementary extension

N �M such that for some ē ∈ N, N |= p(ē, ā) and dN(b0, . . . , bi−1; e0, . . . , ei−1) < ε. Let

qi = tp(b0, . . . , bi−1, ei, ā), and note that d(pi+1, qi) < ε. By approximate ω-saturation,

there is ci ∈ M such that M |= qi(b0, . . . , bi−1, ci, ā). Find bi ∈ M0 close enough to ci

such that d(tp(b0, . . . , bi, ā), pi+1) < ε.

By induction, b̄ = b0, . . . , bn−1 has the required properties. claim

Fix ā ∈ M, and let p(x, ā) ∈ Sω(ā) be an 1-type over ā. Fix ε > 0. Let c̄0 ∈ M0

satisfy d(ā, c̄0) < 2−2ε (and so also < 2−1ε). Let N0 � M be an elementary extension

such that for some f0 ∈ N0, N0 |= p(f, c̄). Let q0 = tp(f0, c̄0). By approximate ω-

saturation, there is e0 ∈M such that M |= q0(e0, c̄0). Note that we have d(q0, p) < 2−2ε.

For any i < ω, given ei, c̄i ∈ M0 and qi = tp(ei, c̄i) such that d(qi, p) < 2−i−2ε,

find an elementary extension Ni+1 � M such that for some fi+1, āi+1 ∈ Ni+1, Ni+1 |=

p(fi+1, āi+1) and d(ei, c̄i; fi+1, āi+1) < 2−i−2ε. Let qi+1(y, x̄, z, w̄) = tp(ei, c̄i, fi+1, āi+1).

By the claim, there exists ei+1, c̄i+1 ∈M0 such that d(tp(ei, c̄i, ei+1, c̄i+1), qi+1) < 2−i−3ε.
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Note that this implies that

d(ei, c̄i; ei+1, c̄i+1) < 2−i−3ε+ d(ei, c̄i; fi+1, āi+1) + 2−i−3ε < 2−i−1ε.

Therefore, {eic̄i}i<ω forms a Cauchy sequence. Let eω c̄ω ∈M be its limit. We have

that d(p, tp(eω, c̄ω)) < δ for every δ > 0, so p = tp(eω, c̄ω). Finally, we have that

d(ā, c̄ω) <
∑

i<ω 2−i−1ε = ε, so setting b̄ = c̄ω we get the required conclusion.

(ii) It is sufficient to prove this for n = ω. First assume that ā is finite. Let

p(x̄, ā) be an ω-type over ā, and fix ε > 0. By approximate ω-saturation, we can find

c1
0, ā

1 ∈ M such that c1
0, ā

1 satisfies the restriction of p(x̄, ȳ) to x0, ȳ and such that

d(ā1, ā) < 2−1ε. For each positive i < ω, given ci0, . . . , c
i
i−1, ā

i satisfying p(x̄, ȳ) restricted

to x0, . . . , xi−1, ȳ, by approximate ω-saturation, we can find ci+1
0 , . . . , ci+1

i , āi+1 ∈M such

that ci+1
0 , . . . , ci+1

i , āi+1 satisfies the restriction of p(x̄, ȳ) to x0, . . . , xi, ȳ and such that

d(ci0, . . . , c
i
i−1, ā

i; ci+1
0 , . . . , ci+1

i−1, ā
i+1) < 2−i−1ε.

By construction, {āi}i<ω is a Cauchy sequence and for each j < ω, {cji}j<i<ω is a

Cauchy sequence. Let āω and cωi be the limits of these Cauchy sequences. By construc-

tion, M |= p(c̄ω, āω) and d(ā, āω) <
∑

i<ω 2−iε = ε, so setting b̄ = āω we get the required

conclusion.

Now assume that ā is countable. Given p(x̄, ā) ∈ Sn(ā) and δ > 0, we can find k < ω

such that for any ω-tuple c̄ ∈M, d(ā; a0, . . . , ak−1, c̄) <
1
2
δ. Then we can apply the finite

case to the type p(x̄, a0, . . . , ak−1, ȳ) with ε = 1
2
δ, and we get the required conclusion.
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Remark 2.5.2. Propositions 1.8.3 and 2.5.1 part (i) are evidence that approximate ω-

saturation is the ‘correct’ generalization of ω-saturation to continuous logic. This con-

tention is further evidenced by the facts that ω-categoricity and ω-stability in general

only guarantee the existence of approximately ω-saturated separable models, as well as

the fact that an approximately ω-saturated separable model (of a theory in a countable

language) is always unique [BYU07, Fact 1.5].

In my opinion, the strongest evidence is the fact that every continuous theory T

is bi-interpretable with a continuous theory S with the property that a model of S is

ω-saturated if and only if it is ℵ1-saturated. Specifically, S it the theory of structures of

the form Mω for M |= T .

The following proposition is the topometric analog of the fact that in a countable

Baire space (i.e. a space in which the Baire category theorem holds, such as a locally

compact Hausdorff space or a completely metrizable space) isolated points are dense.

This result was originally proven in greater generality in [BY08c], but this specific case

can be proven more directly using the Baire category theorem.

Proposition 2.5.3. Let (X, τ, d) be a topometric space. If (X, τ) is locally compact or

completely metrizable and #dc(X, d) ≤ ℵ0, then d-atomic points are dense in X.

Proof. Since #dcX ≤ ℵ0, for any ε > 0 there is a countable set Xε ⊆ X such that

X ⊆
⋃
x∈Xε B≤ε(x). By the Baire category theorem and since each B≤ε(x) is closed,

for any non-empty open set U there must be x ∈ Xε such that B≤ε(x) ∩ U has non-

empty interior. This implies that for every ε > 0, the set Yε =
⋃
x∈X intB≤ε(x) is open

and dense. Therefore by the Baire category theorem, Z =
⋂
k<ω Y2−k is non-empty and
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dense. For any z ∈ Z, for each ε > 0, there is k < ω such that 2−k < ε
2

and there is x

such that z ∈ intB≤2−k(x) ⊆ B≤ε(z). Therefore z ∈ intB≤ε(z) for every ε > 0 and z is

d-atomic.

For a generalization of Proposition 2.5.3, see Proposition B.2.12.

Definition 2.5.4. A type space SV (Σ) is ρ-small if #dc(SV (Σ), ρ) ≤ ℵ0. We will just

say small if ρ = d, the induced metric on type space. A complete theory T is small if

each Sn(T ) for n < ω is small. C

Proposition 2.5.5. A countable complete theory T is small if and only if it has an

approximately ω-saturated separable model.

Proof. (⇒) Assume that T is small, and assume without loss that L is relational. For

every type p(ȳ) ∈ Sn(T ) and every j < ω let {qip,j(x̄, ȳ)}i<ω, where x̄ is a j-tuple, be a

metrically tail-dense sequence in Sx̄ȳ(p(ȳ)) (i.e. every final segment is metrically dense)

with the metric d (i.e. the metric on Sxȳ(T ) restricted to Sx̄ȳ(p(ȳ)), not the metric d/ȳ,

note that these are all metrically separable as they are subspaces of metrically separable

spaces).

It is not hard to build a countable pre-structure M0 such that for every finite tuple

ā ∈M0, if p(ȳ) = tp(ā), then every type qip,j(x, ā) is realized in M0 for every i and j. Let

M be the completion of M0. We need to argue that M is approximately ω-saturated.

Let ā ∈M be a finite tuple, and let p(x, ā) ∈ Sx(ā) be a type over ā. Fix ε > 0. Let b̄0

be a tuple of elements of M0 such that d(ā, b̄0) < 2−1ε, so in particular dtp(ā, b̄0) < 2−1ε.

Let r0(ȳ) = tp(b̄0). There is a type s(x, ȳ) extending r(ȳ) such that d(p, s0) < 2−1ε.

This implies that we can find some qi0r0,1 such that d(p, qi0r0,1) < 2−1ε (by the triangle

inequality). Therefore by construction there is c0 ∈M0 such that M |= qi0r0,1(c0, b̄0).
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Now for each k < ω, given b̄k, ck ∈ M0 such that d(p, tp(ckb̄k)) < 2−k−1ε. Let

uk(x, ȳ) = tp(ckb̄k), and let tk(x, ȳ, z, w̄) be a type such that

tk(x, ȳ, z, w̄) |= uk(x, ȳ)

|= p(z, w̄)

|= d(xȳ, zw̄) ≤ δk < 2−k−1ε

for some δi > 0. Now by construction we can find a type q`kuk,|zw̄|(x, ȳ, z, w̄) such that

d
(
tk, q

`k
uk,|zw̄|

)
< min

{
2−k−1ε− δk

2
, 2−k−2

}
,

and by construction there are ck+1, b̄k+1 ∈M0 such that M |= q`kuk,|zw̄|(c
k, b̄k, ck+1, b̄k+1).

This implies that

d(ckb̄k, ck+1b̄k+1) < δk + 2 min

{
2−k−1ε− δk

2
, 2−k−2

}
≤ δk + 2−k−1ε− δk = 2−k−1ε,

and

d(p, tp(ck+1b̄k+1)) < min

{
2−k−1ε− δk

2
, 2−k−2

}
≤ 2−k−2.

So we have that {ckb̄k}k<ω is a Cauchy sequence. Let its limit be cω b̄ω, and note that

d(ā, b̄ω) <
∑
k<ω

2−k−1ε = ε.

We have by construction that d(p, tp(cω b̄ω)) < γ for every γ > 0, so M |= p(cω, b̄ω),

which in particular implies that ā ≡ b̄ω, so we have that b̄ω is the required tuple for
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which p(x, b̄ω) is realized in M.

Since we can do this for any ā ∈M, p(x, ā) ∈ Sx(ā), and ε > 0, we have that M is

approximately ω-saturated.

(⇐) Assume that T has an approximately ω-saturated separable model. This implies

that it realizes every type in Sn(T ) for every n < ω. Since the map from tuples to their

type is metrically 1-Lipschitz, this implies that each Sn(T ) is metrically separable, or in

other words small.

The following Lemma 2.5.6 is equivalent to Proposition 12.8 in [BYBHU08], and

Proposition 2.5.7 and Corollary 2.5.8 are direct10 consequences of Corollary 12.9 in

[BYBHU08], but we have included proofs and in particular a more detailed proof of

Proposition 2.5.7 for completeness. These facts and their proofs are also very similar to

Fact 1.5 in [BYU07] (the uniqueness of approximately ω-saturated separable models).

Lemma 2.5.6. If tp(ab̄) is atomic and M is any model containing b̄, then for every

ε > 0 there exists a′b̄′ ∈M such that ab̄ ≡ a′b̄′ and d(b̄, b̄′) < ε.

Proof. Let D(x, ȳ) be a distance predicate for the definable set tp(ab̄). We have that

M |= infxD(x, b̄), since this is part of the type of b̄. Let a0 be such that D(a0, b̄) < ε.

SinceD is a distance predicate this implies that there is a′b̄′ ∈ D(M) with d(a0b̄, a
′b̄′) < ε.

a′b̄′ is the required sequence of elements.

Proposition 2.5.7. If a countable theory T has a prime model, it has a unique prime

model. Moreover if ā ≡ b̄ with ā ∈M and b̄ ∈ N, with M and N prime, then for every

ε > 0 there is an isomorphism f : M→ N such that d(f(ā), b̄) < ε.

10[BYBHU08] does not state the conclusion that in countable theories a model is prime if and only
if it is separable and atomic, but this is immediate from what is stated there.
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Proof. Let M and N be prime. Let ā ∈ M and b̄ ∈ N with ā ≡ b̄. Fix ε > 0. By the

omitting types theorem, every type realized in M or N is atomic. Let {ai}i<ω be an

enumeration of a tail dense sequence in M (i.e. every final segment is dense), starting

with ā, and let {bi}i<ω be an enumeration of a tail dense sequence in N , starting with

b̄. We are going to build an array {cij}i<ω,j≤i ⊆ M and an array {eij}i<ω,j≤i ⊆ N with

the following properties:

• For every i < ω and j ≤ i, d(cij, c
i+1
j ) < 2−i−2ε and d(eij, e

i+1
j ) < 2−i−2ε.

• At each stage i, ci0c
i
1 . . . c

i
i ≡ ei0e

i
1 . . . e

i
i.

• For every k < ω, c2k
2k = ak and e2k+1

2k+1 = bk.

For the initial step, let c0
0 = a0. Since tp(a0) is atomic, we can find e0

0 ∈ M such that

c0
0 ≡ e0

0.

On odd step 2k + 1, given c2k
≤2k and e2k

≤2k satisfying c2k
≤2k ≡ e2k

≤2k, let e2k+1
j = e2k

j for

j ≤ 2k, and let e2k+1
2k+1 = bk. In particular note that d(e2k

j , e
2k+1
j ) = 0 < 2−2k−2ε for each

j ≤ 2k. Now by the lemma we can find c2k+1
≤2k+1 ∈ M such that d(c2k

≤2k, c
2k+1
≤2k ) < 2−2k−3ε

and such that c2k+1
≤2k+1 ≡ e2k+1

≤2k+1.

On even step 2k+2, given c2k+1
≤2k+1 and e2k+1

≤2k+1 satisfying c2k+1
≤2k+1 ≡ e2k+1

≤2k+1, let c2k+2
j = c2k

j

for j ≤ 2k + 1, and let c2k+2
2k+2 = ak. In particular note that d(c2k+1

j , c2k+1
j ) = 0 <

2−2k−3ε for each j ≤ 2k + 1. Now by the lemma we can find e2k+2
≤2k+2 ∈ N such that

d(e2k+1
≤2k+1, e

2k+2
≤2k+1) < 2−2k−4ε and such that e2k+2

≤2k+2 ≡ c2k+2
≤2k+2.

For each j < ω, let cj = limi→ω c
i
j and ej = limi→ω e

i
j. By construction these are

all Cauchy sequences and thus have limits in M and N respectively. Also by uniform

continuity of formulas we have that c0c1 · · · ≡ e0e1 . . . .
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We need to show that the sequences c<ω and e<ω are metrically dense in M and N

respectively. This follows by the fact that the sequences a<ω and b<ω were tail dense.

For any x ∈ M and any δ > 0 there is an ai such that d(x, ai) <
1
2
δ and d(ai, cj) <

1
2
δ

for some cj, implying that d(x, cj) < δ. Therefore c<ω is dense in M. Likewise for e<ω

in N, so we have that the elementary map f0 : c<ω → e<ω extends to an isomorphism

f : M→ N.

Now note that if c̄ is the initial segment of c<ω of the same length as ā, then we have

by construction that d(c̄, ā) <
∑

i<ω 2−i−2ε = 1
2
ε. Likewise if ē is the initial segment of

e<ω of the same length as b̄, then by construction we have that d(ē, b̄) < 1
2
ε. Therefore

we have that d(f(ā), b̄) ≤ d(f(ā), f(c̄)) + d(ē, b̄) < 1
2
ε+ 1

2
ε, as required.

We will finish the characterization of countable theories with prime models in Propo-

sition B.1.5.

Corollary 2.5.8. If M is a prime model of a countable theory, then it is approximately

ℵ0-homogeneous (i.e. for any finite tuples ā ≡ b̄ and for any ε > 0 there is an automor-

phism σ of M such that d(σ(ā), b̄) < ε).

For the following lemma, note that there is no requirement that f be a continuous

function. See Proposition 4.5.9 for an example of using this lemma with a discontinuous

function.

Lemma 2.5.9. If (X, d) is a separable metric space and f : X → R is a (not necessarily

continuous) function, then for all but countably many r ∈ R,

{f = r} ⊆ {f < r}.
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Proof. Assume that for an uncountable set R ⊆ R and for each r ∈ R, {f ≤ r} 6⊆

{f < r}. By definition this means that for each r ∈ R there is xr ∈ X with f(x) = r

such that dinf(xr, {f < r}) > εr. Since there are uncountably many such r, by the

cofinality of R, there is an R0 ⊆ R and an ε > 0 such that for all r ∈ R0, εr > ε. This

implies that for any distinct r, s ∈ R0 with r > s, d(xr, xs) ≥ dinf(xr, {f < r}) > εr > ε,

so R0 is an uncountable (> ε)-separated set, contradicting that (X, d) is separable.

Proposition 2.5.10. If Sn(T ) is small, then for any real formula ϕ, for all but countably

many r, (ϕ ≤ r) is a definable set.

Proof. By Lemma 2.5.9, for all but countably many r, Jϕ ≤ rK ⊆ Jϕ < rK. Jϕ < rK is

open and therefore locatable, so Jϕ ≤ rK is locatable and therefore definable.

Note, however, that we cannot guarantee that (ϕ = r) will be definable for any

r ∈ I(ϕ) (see Counterexample C.1.7).

Definition 2.5.11. A complete theory T is ω-stable if #dcS1(A) ≤ ℵ0 for every count-

able set of parameters A. C

Corollary 2.5.12. If a countable theory T has the property that for every n < ω and

every ā, Sn(ā) is small (in particular if T is ω-stable, T has an exactly ω-saturated

separable model, or Tā is ω-categorical for every ā), then T is dictionaric.

Proof. If F,G are inconsistent closed A-formulas, then there is a restricted formula

ϕ(x̄, ā) such that F (x̄) |= ϕ(x̄, ā) = 0 and G(x̄) |= ϕ(x̄, ā) = 1. For some r, s ∈ (0, 1),

with r < s, (ϕ(x̄, ā) ≤ r) and (ϕ(x̄, ā) ≥ s) are definable. Since we can do this for any

pair of inconsistent closed formulas, T is dictionaric.

See Definition B.2.1 for the definition of totally transcendental.
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Corollary 2.5.13. If T is totally transcendental, then for any real formula ϕ, for all

but countably many r, (ϕ ≤ r) is a definable set.

Proof. Pass to a countable reduct T � L0 such that ϕ is an L0-formula.

Corollary 2.5.14 (Strong Intersection Property). If Sn(T ) is a small type space and

{Di}i<κ is a family of definable sets with κ < 2ℵ0, then for all but ℵ0 + κ many r,

(ϕ ≤ r), (ϕ ≥ r), (ϕ ≤ r) ∩Di, and (ϕ ≥ r) ∩Di are definable for every i < κ.
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Chapter 3

Imaginaries and Interpretations

3.1 Many-Sorted Signatures

Just as in discrete logic, the passage from single-sorted to many-sorted signatures is

straightforward but tedious. Unsurprisingly, in continuous logic it is even more fraught

with tedium than it is in discrete logic. We will not bother proving any many-sorted

analogs of many of the earlier results in this thesis, as the generalizations should be

obvious, but we do need to set conventions and notation.

Definition 3.1.1. A many-sorted signature L contains the following data:

• A non-empty set of sorts, S(L). For each sort O ∈ S(L), there is a diameter bound

db(O), a positive real number.

• A set of predicate symbols, P(L). For each P ∈ P , we have a compact interval

I(P ) ⊆ R, an arity a(P ) ∈ S(L)≤ω, and if a(P ) 6= ∅, a modulus ωP . For each

sort O ∈ S(L), there is a special designated predicate symbol dO with I(dO) =

[0, db(O)], a(dO) = OO, and ωdO(r) = 2r.

• A set of function symbols F(L). For each f ∈ P , we have a codomain sort S(f) ∈

S(L), an arity a(f) ∈ S(L)≤ω, and if a(f) 6= ∅, a modulus ωf . Function symbols f
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with a(f) = ∅ are called constant symbols. The set of constant symbols is written

C(L).

For any many-sorted signature L, the cardinality of L, written |L|, is |S(L)|+|P(L)|+

|F(L)|.

A many sorted signature L′ is an expansion of L, written L′ ⊇ L or L ⊆ L′, if

S(L′) ⊇ S(L), P(L′) ⊇ P(L), and F(L′) ⊇ F(L), with a(P ), a(f), ωP , ωf , I(P ), and

S(f) the same in L and L′ for all P, f ∈ L. We also say that L is a reduct of L′. C

Note in particular that we allow expansions to include additional sorts.

Notation 3.1.2. For any many-sorted signature L and any non-empty S0 ⊆ S, we

write L � S0 for the reduct of L containing only the sorts S0 and any predicate or

function symbols whose arity sorts and, in the case of function symbols, codomain sorts

are contained in S0. If Σ is an L-type (in particular, an L-theory), then we write Σ � S0

for the reduct of Σ to L � S0. C

For each sort O in some signature L, we allow arbitrary collections of variable symbols

of sort O. There is also a special set of variable symbols of sort O, the variable symbols

for binding of sort O, written Vb(O) = {v̇Oi }i<ω1 , indexed by ω1. The important thing is

that if two signatures have a sort O in common, then variable symbols of sort O are the

same objects for both sorts. If we need to emphasize the sort of a variable symbol v, we

will write expressions such as v:O. This will typically be in the context of quantifiers,

such as in expressions like (∀v:O)F (v). We extend the notation for codomain sorts from

functions to terms in general. For any variable symbol v, S(v) is the sort of v and for

any term f t̄, S(f t̄) = S(f).
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The definitions of L(V )-terms and L(V )-formulas and most other concepts for many-

sorted L are obvious. Although note that in quantification with infinite sets or tuples of

variables, we allow arbitrary collections of variables, possibly of infinitely many distinct

sorts. There are only two tricky things: the metric on ω-products and the notion of a

restricted terms and formulas.

Definition 3.1.3. If L is a many-sorted signature and Ō is an ω-tuple of sorts in L,

then we take the metric on tuples ā, b̄ of the same sorts as Ō to be

d(ā, b̄) = sup
i<ω

db(O0)

2idb(Oi)
dOi(ai, bi).

We will use this freely in formulas. C

The factor of db(O0) is only there so that this will agree with the single-sorted

definition of the metric on ω-products. We require uniform continuity with regards to

this metric in the definition of an L-structure for many-sorted L. The metric on finite

product sorts is still the max metric.

The notions of restricted term and formula do not generalized in a direct way to

many-sorted signatures, so we need to do something new. Generally the problem is that

we may have arities involving infinitely many distinct sorts. The solution to this is to

require for any given term f t̄ that for all but finitely many i and all but finitely many

sorts O, if ti = O, then ti is some particular fixed dummy variable, and then to quantify

over these dummy variables in front of each atomic formula.
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Remark 3.1.4. This shaded section deals with a precise definition of a notion of restricted

formula for many-sorted continuous logic. The combination of having many sorts and

allowing ω-ary terms and predicates creates the need for some very baroque bookkeeping

in defining such a concept. This section can be safely skipped if one buys the following

statement: There is a systematic way of constructing a class of restricted L-formula,

given any many-sorted signature L and any set of variable symbols V , RL, such that

• there are precisely ℵ0 + |L|+ |V | restricted formulas,

• RL is dense in L under ‖·‖≡,

• each restricted formula involves only finitely many symbols in L and has finitely

many free variables, and

• if L is single-sorted, then RL(V ) agrees with Definition 1.3.2.

Definition 3.1.5. If X is a predicate or function symbol, t̄ is a tuple of terms of the

same sorts as a(X), and k < ω, then we say that t̄ is restricted for X with index k if

either a(X) is finite or a(X) is infinite and there exists N < ω such that for all i, j > N ,

• if S(ti) = S(tj), then ti = tj, and

• for all but finitely many sorts O ∈ S(L), if S(ti) = O, then ti = v̇Ok .

We say that t̄ is restricted for X if it is restricted for X with index k for some k < ω. C

The only reason why we need dummy variables of different indices is that we might

be using some variable symbols for binding as free variables. If we were content to never

use v̇O0 as a free variable, we could require that k = 0.
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Definition 3.1.6. Let L be a many-sorted signature. The class of restricted L(V )-terms

with index k is defined inductively:

• Each variable symbol v ∈ V is a restricted L(V )-term.

• For each function symbol f and tuple t̄ of restricted L(V )-terms with index k of

the same sorts as a(f), if t̄ is restricted for f with index k, then f t̄ is a restricted

L(V )-term with index k.

A restricted L(V )-term is a restricted L(V )-term with index k for some k < ω. C

Definition 3.1.7. Let L be a many-sorted signature. For any k < ω and any set of

sorts S, let Vb(S, k) be the set of variables of the form v̇Ok with O ∈ S. The class of

restricted L(V )-formula are defined as follows:

(i) If P is a predicate symbol such that a(P ) contains only finitely many sorts, then

for any tuple of restricted L(V )-terms t̄ which is restricted for P , then P t̄ is a

restricted L(V )-formula.

(ii) If

• P is a predicate symbol such that a(P ) contains infinitely many sorts,

• k is an ordinal less than ω,

• t̄ is a tuple of restricted L(V ∪ Vb(S, k))-terms which is restricted for P with

index k, and

• S0 is the set of all sorts of variable symbols in t̄ (which, note, is always at

most countable),
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then infVb(S0,k) P t̄ and supVb(S0,k) P t̄ are restricted L(V )-formula.

(iii) 1 is a restricted L(V )-formula.

(iv) If ϕ is a restricted L(V )-formula, then for any r ∈ Q, r · ϕ is a restricted L(V )-

formula.

(v) If ϕ and ψ are restricted L(V )-formulas, then ϕ + ψ, max{ϕ, ψ}, and min{ϕ, ψ}

are restricted L(V )-formulas.

(vi) If i < ω, O ∈ S(L), and ϕ is a restricted L(V v̇Oi )-formula, then supv̇Oi ϕ and inf v̇Oi ϕ

are restricted L(V )-formulas. C

We don’t actually need both sup and inf in part (ii) of Definition 3.1.7. Also, parts (i)

and (ii) are only separated to ensure that these definitions are literally generalizations

of the definitions of restricted terms and formulas for single-sorted signatures given

in Section 1.3. The issue being that technically supxy ϕ and supx supy ϕ are different

formulas.

Proposition 3.1.8. Let L be a many-sorted signature and V a set of variable symbols

with sorts in L.

(i) The collection of restricted L(V )-terms has cardinality at most ℵ0 + |L|+ |V |.

(ii) The collection of restricted L(V )-formulas has cardinality ℵ0 + |L|+ |V |.

(iii) Every restricted formula contains at most finitely many predicate and function

symbols and has at most finitely many free variables.
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(iv) If for every P ∈ P(L), a(P ) contains finitely many sorts, then the set of restricted

L(V )-terms is dense in the set of L(V )-terms under d≡.

(v) For any k < ω, every L(V )-term is a limit of L(V ∪ Vb(S, k))-terms under d≡.

(vi) The set of restricted L(V )-formulas is dense in the set of L(V )-formulas under

‖·‖≡.

(vii) Every restricted real formula is logically equivalent to one of the form

Q0V0Q1V1 . . . Q`−1V`−1 max
n<N

min
m<Mn

anm +
∑

k<Knm

bnmk · Pnmk t̄nmk

with `,N,Mn, Knm < ω, with anm, bnmk ∈ Q, with t̄nmk a tuple of restricted terms

restricted for Pnmk, with each Qi a quantifier, and with each Vi either a singleton

or a set of the form Vb(S0, i) for some S0 ⊆ S(L) and i < ω. And likewise with

max and min switched.

The proofs of the parts of Proposition 3.1.8 are either straightforward or very similar

to corresponding proofs in Section 1.3. The only vaguely notable differences are parts

(iv) and (v).

3.2 Imaginary Sorts and T eq

In discrete logic, we typically take imaginaries to be formed by two operations: passing

to finite product sorts and passing to definable quotients. There is another operation

that would be admissible, but is not really needed, which is passing to definable subsets.
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This is because whenever ϕ(x) is a formula (and there is a definable element a ∈ M

such that M |= ϕ(a)), the set ϕ(M) can canonically be identified with a quotient by a

certain definable equivalence relation, namely

xEy = (x = y) ∨ (¬ϕ(x) ∧ y = a) ∨ (x = a ∧ ¬ϕ(y)) ∨ (¬ϕ(x) ∧ ¬ϕ(y)).

In continuous logic, we can already guess that we will need to alter this picture. We

will probably need to consider ω-product sorts, in addition to finitary product sorts,

and we will need to consider definable pseudo-metrics, rather than definable equivalence

relations (although see Lemma 3.4.4), but more than this we need to allow the operation

of passing to definable subsets, because of examples like this:

Counterexample 3.2.1. A structure with a definable set that is not metrically home-

omorphic to any quotient of a Cartesian power of it.

Description. Let L be the signature with a single 1-Lipschitz unary predicate P with

I(P ) = [0, 1] and with db(L) = 1. Let I be the L-structure with [0, 1] as its universe,

with P I(x) = x, and with dI(x, y) = |x− y|.

Let D(x) = (P (x) = 0) ∨ (P (x) = 1). This is a definable set which is topologically

disconnected, but any continuous quotient of any Cartesian power of I will be connected,

so D(I) is not metrically homeomorphic to any quotient of In for any n ≤ ω.

This is clearly a wholly continuous obstacle.

Remark 3.2.2. That said, a similar situation to Counterexample 3.2.1 can occur in dis-

crete logic in the absence of parameters. Consider the discrete theory of a single infinite
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and co-infinite predicate, P . The set of realizations of P feels like it ought to be an imag-

inary of this theory, but no ∅-definable quotient of the sort of n-tuples is in definable

bijection with P , for any n < ω. The analog of Theorem 3.2.18 in discrete logic states

that any harmless expansion is equivalent to a definable subset of a quotient of some

power of the home sort, which lends further credence to the idea that passing to defin-

able sets should be allowed as an imaginary forming operation. Admittedly, however,

this issue is rarely important in discrete logic.

Definition 3.2.3. Given a (possibly many-sorted) signature L and a (possibly incom-

plete) L-theory T with a finite sequence of sorts {Oi}i<n, a (finitary) product sort imag-

inary expansion of T by {Oi}i<n, also called a (finitary) product sort, is an expansion

T ′ ⊇ T in an expanded language L′ ⊇ L containing a single new sort P with diam-

eter bound maxi<n{db(Oi)} and in which the only new predicate symbol is dP and

the only new function symbols are the 1-Lipschitz function symbols πi : P → Oi and

〈·, . . . , ·〉 : O0 × · · · ×On−1 → P . Finally, T ′ is T with the following new axioms added:

• (∀x0:O0) . . . (∀xn−1:On−1)πi(〈x0, . . . , xn−1〉) = xi for each i < n and

• (∀xy:P )dP (x, y) = maxi<n dOi(πi(x), πi(y)). C

Definition 3.2.4. Given a (possibly many-sorted) signature L and a (possibly incom-

plete) L-theory T with a countable sequence of sorts {Oi}i<ω, an (infinitary) product

sort imaginary expansion of T by {Oi}i<ω, also called an (infinitary) product sort, is

an expansion T ′ ⊇ T in an expanded language L′ ⊇ L containing a single new sort P

with diameter bound db(O0) and in which the only new predicate symbol is dP and
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the only new function symbols are the function symbols πi : P → Oi, which are each

2i db(Oi)
db(O0)

-Lipschitz, and 〈·, . . . 〉 : O0 × O1 × · · · → P , which is 1-Lipschitz. T ′ is T with

the following new axioms added:

• (∀x0:O0)(∀x1:O1) . . . πi(〈x0, x1, . . . 〉) = xi for all i < ω and

• (∀xy:P )dP (x, y) = supi<ω
db(O0)

2idb(Oi)
dOi(πi(x), πi(y)). C

Definition 3.2.5. A product sort is either an infinitary or a finitary product sort. A

product sort of the sequence of sorts {Oi}i<n for some n ≤ ω is written
∏

i<nOi. The

maps πi are called projection maps, and the map 〈·, . . . 〉 is called the product map. C

Definition 3.2.6. Given a (possibly many-sorted) signature L and a (possibly incom-

plete) L-theory T with a sort O and an L-formula ρ(x, y) with two free variables in O

such that T |=

• ∀x(ρ(x, x) = 0),

• ∀xyz(ρ(x, z) ≤ ρ(x, y) + ρ(y, z)),

• ∀xy(ρ(x, y) ≥ 0), and

• ∀xy(ρ(x, y) = ρ(y, x)).1

A quotient sort imaginary expansion of T by ρ, also called a quotient sort, is an expansion

T ′ ⊇ T in an expanded language L′ ⊇ L containing a single new sort Q with diameter

bound max{sup I(ρ), 1} and in which the only new relation symbol is dQ (which by

an abuse of notation we will typically write ρ) and the only new function symbol is

q : O → Q, which is ωρ-uniformly continuous. T ′ is T with the following new axioms

added:
1Or, equivalently as a single axiom, T |= ∀xyz(|ρ(x, z)− ρ(z, y)|+ 2|ρ(z, z)| ≤ ρ(x, y)).
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• (∀xy:O)dQ(x, y) = ρ(q(x), q(y)) and • (∀y:Q)(@x:O)y = q(x).

Q is typically written as O/ρ. The map q is called the quotient map. C

Note that in a quotient sort O/ρ, it is not generally true that for every b ∈ (O/ρ)(M)

there is an a ∈ O(M) such that qM(a) = b. Also note that just as in discrete logic, for

any real formula ϕ(x, ȳ), the formula

ρϕ(x, z) = sup
ȳ
|ϕ(x, ȳ)− ϕ(z, ȳ)|

is a definable pseudo-metric, and furthermore if ρ is a definable pseudo-metric, then

ρρ ≡ ρ, so every definable pseudo-metric is of this form. Furthermore, we will see

in Lemma 3.4.4 that pseudo-metrics are closely related to type-definable equivalence

relations.

Definition 3.2.7. Given a (possibly many-sorted) signature L and a (possibly incom-

plete) L-theory T with a sort O and a closed L-formula D(x) with a single free variable

in O such that D(x) is definable over T , a definable set sort imaginary expansion of T

by D, also called a definable set sort, is an expansion T ′ ⊇ T in an expanded language

L′ ⊇ L containing a single new sort E with diameter bound db(O) and in which the

only new relation symbol is dE and the only new function symbol is i : E → O, which

is 1-Lipschitz. T ′ is T with the following new axioms added:

• (∀xy:E)dE(x, y) = dO(i(x), i(y)) and • (∀y ∈ D)(@x:E)y = i(x).

E is typically written D(O). The map i is called the inclusion map. C

Note that in a definable set sort D(O), it is always true that for every b ∈ D(M)
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there is an a ∈ (D(O))(M) such that iM(a) = b. It should also be noted that unlike

product and quotient sorts, definable set sorts depend very strongly on T . Product sorts

do not depend on any way in the particular theory T and quotient sorts can be restricted

to pseudo-metrics of the form ρϕ without weakening the concept. In contrast to this

there is no simple syntactic transformation, like ϕ 7→ ρϕ, which can take an arbitrary

closed formula F (x) and produces a closed formula DF (x) such that

• DF (x) is definable over the empty theory and

• for any theory T , if F (x) is definable over T , then DF (x) is logically equivalent to

F (x) modulo T .

This is impossible for the simple reason that one can construct a closed formula F (x)

such that for every complete theory T , F (x) is definable over T , but which is not itself

definable over the empty theory.

Finally, in order to make certain results more uniform we will allow ourselves one

more kind of imaginary.

Definition 3.2.8. Given a (possibly many-sorted) signature L and a (possibly incom-

plete) L-theory T , the imaginary expansion of T by 2, also called the imaginary sort 2,

is an expansion T ′ ⊇ T in an expanded language L′ ⊇ L containing a single new sort 2

with diameter bound 1 and in which the only new non-metric symbols are two constant

symbols 0 and 1. T ′ is T with the following new axioms added:

• d(0,1) = 1 and • (∀x:2)d(x,0) = 0 ∨ d(x,1) = 0. C
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Remark 3.2.9. Of course, the sort 2 is very trivial by itself. We are really after the sort

2ω and quotients of it, which can be any compact metric space (Fact A.2.14). In this

way we can freely treat as imaginary sorts compact metric spaces in which each point is

uniquely definable, which treatment we will explore more in Section 3.5. Also, as we will

see in Section 3.5, formulas with variables in these sorts of sorts are equivalent to RK-

valued formulas, where K is some compact metric space and we give RK the topology of

uniform convergence. This kind of formula can also be thought of as a family of formulas

continuously indexed by K.

Explicitly allowing the imaginary sort 2 is only necessary in theories in which it is

possible for every sort to simultaneously have cardinality 0 or 1. If there is a sort O

such that T |= (@xy:O)dOxy ≥ r, for some r > 0, then we can realize 2 by the following

operations: Take the quotient of O2 by the pseudo-metric

ρ(xy, zw) =
1

r
|min{dOxy, r} −min{dOzw, r}|.

This sort is necessarily a compact metric space homeomorphic to some closed subset of

[0, 1] with a homeomorphism witnessed by a [0, 1]-valued formula ϕ. By assumption we

have that there are unique a, b ∈ O2/ρ (in any model) with ϕ(a) = 0 and ϕ(b) = 1.

In particular these form a definable set D, and we can take the sort D(O2/ρ). This

sort is now equivalent to 2. A similar procedure can be performed in theories T with

a pair of sorts O and R such that T |= (@xy:O)dOxy ≥ r ∨ (@xy:R)dRxy ≥ r, and

other such situations, but no such procedure can be completely uniform in a theory in

which all sorts can simultaneously be trivial. This occurs most frequently with empty
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theories or universal theories. Given that it would be tedious to continually state the

assumption “T cannot consistently have all sorts empty or singleton” and given that the

addition of 2 is useful, harmless (both informally and in the sense of Definition 3.2.14),

and reducible to RK-valued formulas, I felt that this slightly more permissive definition

of imaginary was appropriate.

The following proposition almost goes without saying, although note that it only

partially extends to pre-structures.

Proposition 3.2.10. For any L-theory T , any model M |= T , and any imaginary

expansion T ′ ⊇ T , M has a unique extension to a model of T ′.

Proof. This obviously follows for product, quotient, and definable set sorts, and the sort

2. The full statement follows by induction.

For reduced pre-models, this only works with product sorts and the sort 2. Reduced

pre-models have a canonical extension by quotient sorts, but it is not the unique such

extension. Pre-models in general never have unique extensions to imaginary expansions,

unless the new sort is empty.

Definition 3.2.11. Given a (possibly incomplete) L-theory T , an imaginary expansion

of T is an expansion T ′ ⊇ T in an expanded language L′ ⊇ L such that there exists

chains {Li}i<α and {Ti}i<α such that

• L0 = L and T0 = T ,

• for each i < α, Ti+1 is either a product, quotient, or definable set sort expansion

of Ti in the expanded language Li+1,
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• for each limit ordinal β < α, Lβ =
⋃
i<β Li and Tβ =

⋃
i<β Ti, and

• L′ =
⋃
i<α Li and T ′ =

⋃
i<α Ti. C

Definition 3.2.12. Given a (possibly incomplete) L-theory T , the complete imaginary

expansion of T , written T eq, is defined iteratively. Let T0 = T and L0 = L. For each

i < ω1, let TO ⊇ Ti be a single sort imaginary expansion in the language LO ⊇ Li. For

distinct imaginary expansions with sorts O and O′, we take LO ∩ LO′ = Li. We let

Ti+1 =
⋃
TO and Li+1 =

⋃
LO, where the unions are taken over all single sort imaginary

expansions of Li. For each limit ordinal α < ω1, let Tα =
⋃
i<α Ti and Lα =

⋃
i<α Li.

Finally, let T eq =
⋃
i<ω1

Ti and Leq(T ) =
⋃
i<ω Li. C

In general, Leq(T ) depends on T and not just L, but when no confusion can arise we

will write Leq for Leq(T ).

Note that if T1 is an extension of T0, then T eq1 is not necessarily an extension of T eq0 ,

although T eq0 is interpretable in T eq1 (in the sense of Definition 3.6.1). Usually we will

only care about T eq for complete T , so this won’t be an issue. As in discrete logic, we

will often freely pass to imaginary expansions, and we will often conflate T and T eq.

Here we will see that although our construction of T eq was in ω1 stages, we could

have stopped at 4.2

Proposition 3.2.13 (Imaginary Normal Form). Let T be a (possibly incomplete) L-

theory.

(i) For any sort O ∈ Leq, there are sorts P,Q,E ∈ Leq and definable maps f : O → E

and g : E → O over T such that P is a product of sorts in L and the sort 2,

2Technically we also need to know that imaginary expansions are harmless in the sense of Definition
3.2.14 to know that all of the relevant formulas in the proof of Proposition 3.2.13 are actually definable
over a 4-step version of T eq, but this isn’t a very critical point.
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Q = P/ρ is a quotient of P , and E = D(Q) is a definable subset of Q and such

that f and g are isometries and inverses over T eq.

(ii) If T is of the form T ′A for some complete L′-theory T ′ and some set of parameters

A, then P and Q can be taken to be imaginary sorts over T ′.

Proof. (i) The statement is trivial for sorts of L. Assume that we’ve shown the result

for all sorts constructed before stage α < ω1, and let O be an imaginary sort constructed

at stage α.

• If O =
∏

i<nOi is a product sort (for some n ≤ ω), then for each i < n, we can find

Pi, ρi, Qi, Di, Ei, fi, gi with Pi a product of sorts in L, Qi = Pi/ρi, and Ei = Di(Qi), with

fi : Ei → Oi and gi : Oi → Ei definable maps that are isometries and inverses over T eq.

Assume that each Pi is
∏

k<ni
Ri,k, with Ri,k either sorts in L or 2. Let {Ri(`),k(`)}`<m (for

some m ≤ ω) be an enumeration of all Ri,k, and let P =
∏

`<mRi(`),k(`). For each i, k,

let xi,k and yi,k be variables of sort Ri,k, let x̄ and ȳ be listings of all of these variables,

and for each i < n, let ϕi(x̄, ȳ) = ρi(〈xi,0, xi,1, . . . 〉 , 〈yi,0, yi,1, . . . 〉). Now we have that

ρ(x̄, ȳ) = sup
i<ω

max{sup I(δ0), 1}
2i max{sup I(δi), 1}

ρi(x̄, ȳ)

is a pseudo-metric on P and that there is a definable bijection with definable inverse

between Q = P/ρ and
∏

i<nQi. Let h : Q →
∏

i<nQi be this map. We necessarily

have that ρ(z, w) and d∏
i<nQi

(h(z), h(w)) are uniformly equivalent. Furthermore, the

closed formula F (x) =
∧
i<nDi(πi(x)) is a definable set on

∏
i<nQi, so we have that

the image h−1(F ) is a definable subset of Q as well. Let this definable set be D(z),

and let E = D(Q), and now we have that h restricts to a bijection between
∏

i<nDi

and E. If we let ci : Ei → Qi be the inclusion maps, then we have that g(x) =
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h−1(〈c0 ◦ π0(x), c1 ◦ π1(x), . . . 〉) is the required definable bijection between O and E.

Since it is a bijection in every model, by Proposition 2.3.79 we have that the inverse is a

definable function as well, so let the inverse be f . By unpacking definitions, we get that

the metric ρ we put on Q and therefore by extension on E agrees with the metric on O

under the maps f and g, so we have the full required statement.

• If O = R/δ is a quotient sort with quotient map u : R→ O, then by the induction

hypothesis we have that there are sorts P,Q,E with P a product of sorts in L and 2,

Q = P/ρ a quotient of P with quotient map q : P → Q, and E = D(Q), a definable set

sort with inclusion map i : E → Q, and we have that there are definable isometries that

are inverses f : R→ E and g : E → R. Let

ϕ(x:E, y:E) = δ(g(x), g(y)).

By construction this is a pseudo-metric on E. Let

ψ(x:Q, y:Q) = inf
z,w∈D

ϕ(x, y) + ωϕ(dQ(xy, zw)).

We want to argue that for a, b ∈ E, ψ(i(a), i(b)) = ϕ(a, b). Clearly by construction

we have that ψ(i(a), i(b)) ≥ ϕ(a, b), furthermore by the definition of ωϕ, we have that

for any other c, e ∈ D, that ϕ(c, e) ≤ ϕ(i(a), i(b)) + ωϕ(dQ(i(a)i(b), ce)), implying that

ψ(i(a), i(b)) ≤ ϕ(a, b) as well, so we have that they are equal. Let

χ(x:Q, y:Q) = sup
z∈D
|ψ(x, z)− ψ(y, z)|.

By construction, χ(x, y) is a pseudo-metric on Q and furthermore we have that for
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a, b ∈ D, ψ(a, b) = χ(a, b). Now if we let η(x:P, y:P ) = χ(q(x), q(y)) we get that η is

a pseudo-metric on P as well. Let q0 : Q → Q/χ and q1 : P → P/η be the quotient

maps. We have that F (x, y) = (@z:P )x = q0(z)∧y = q1(q(z)) is the graph of a bijection

between Q/χ and P/η in every model of T , so by Proposition 2.3.79, we get a definable

bijection map h : Q/χ→ P/η.

Now we have that the (metric closure of the) image D′ = h(q0(i(E))) is a definable

subset of P/η. Let E ′ = D′(P/η), with inclusion map c : E ′ → P/η. Now by unpacking

what we have done we get that the formula

G(x, y) = (@z:R)x = u(z) ∧ c(y) = h(q0(i(f(z))))

is the graph of a bijection between O and E ′ in every model of T and that furthermore

it is an isometry, so P, P/η, E ′ is the required sequence of sorts for O.

• If O = D(R) is a definable set sort with inclusion map i : O → R, then by the

induction hypothesis we have that there are sorts P,Q,E ′ with P a product of sorts in

L and 2, Q a quotient of P , and E ′ = D′(P ) a definable set sort, such that there are

definable isometries that are inverses f : R → E ′ and g : E ′ → R. Definable subsets of

definable sets are themselves definable, so we have that the formula D′′(x) = D(i′(x)),

where i′ : E ′ → Q is the inclusion map, is a definable subset of Q. Taking E ′′ = D′′(Q),

with inclusion map i′′ : E ′′ → Q, we have that the formula i′(f(i(x))) = i′′(y) is the

graph of a bijection between O and E ′′ in every model, so by Proposition 2.3.79, we get

the required bijections. These are isometries by construction.

• If O is a copy of the sort 2, then the statement is trivial.

Therefore by induction we have that the result holds for all sorts in Leq.
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(ii) By part (i), we can find for any sort O over T eq, sorts P,Q,E with P a product

of sorts in L = L′A (which, note, are the same as the sorts in L′), Q = P/ρ, a quotient

sort with quotient map q : P → Q, and E = D(Q), a definable set sort with inclusion

map i : E → Q. Write ρ as ρ(x, y, ā), where ā ∈ A is an at most countable tuple of

parameters sufficient to define ρ.

Now, Definition 3.2.11 is all well and good, but how can we say that it is the correct

notion of imaginary expansion, rather than some admissible forms of imaginary expan-

sion? As it happens we can give a tight characterization of this notion of imaginary

expansion.

Definition 3.2.14. Given a signature L and a (possibly incomplete) L-theory T , a

(single sort) harmless expansion of T is an expansion T ′ ⊇ T in an expanded language

L′ ⊇ L that contains a single new sort O′ such that

• T ′ is conservative over T , i.e. for any closed L-sentence F , T ′ |= F if and only if

T |= F ,

• for any L′-formula ϕ(x̄) such that the sort of each xi is in L, there is an L-formula

ψ(x̄) such that T ′ |= ∀x̄(ϕ(x̄) = ψ(x̄)), and

• for any M |= T ′, O′(M) ⊆ dcl(M � L), where M � L is the set of elements of M

contained in the sorts of L.

An expansion T ′ ⊇ T in an expanded language L′ ⊇ L is a harmless expansion of T ,

or just harmless, if there is an enumeration {Oi}i<α of the new sorts in L′ such that for

each i < α, T ′ � O≤i is a harmless expansion of T ′ � O<i. C

It is straightforward but tedious to verify the following:
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Proposition 3.2.15. Any imaginary expansion is harmless.

The point of the concept of a harmless expansion is to validate our definition of

imaginary expansion. Every harmless expansion is equivalent to an imaginary expansion

in a strong sense. The proof of the following theorem uses concepts from a later section

(Section 3.5), but we have chosen to put it here for the sake of organization.

Lemma 3.2.16. Fix a theory T . Suppose that {Hi}i∈I and O are sorts such that for

any M |= T , Hi(M) and O(M) are non-empty3 and O(M) ⊆ dcl
⋃
i∈I Hi(M), then

there exists a definable partial function f(x̄, r) with S(r) ∈ 2ω, S(xk) ∈ {Hi}i∈I , and

S(r) = K, such that for any M |= T and a ∈ O(M), there is b̄ ∈
⋃
i∈I Hi(M) and

c ∈ K(M) such that f(b̄, c)↓ = a.

Proof. Let y be a variable of sort O. Fix a type p(y) ∈ Sy(T ). For every k < ω, by

compactness there must be a finite list ϕ0
p(x̄

0
p, y), . . . , ϕ

np−1
p (x̄

np−1
p , y) of real formulas

(where the sorts of each tuple x̄ip come from {Hi}i∈I) such that for any M |= T and

a ∈M with M |= p(a), for some i < n, M |= ∃x̄ipϕip(x̄ip, a) < 2−k∧∀∀z(ϕip(x̄
i
p, z) ≤ 2−k →

d(a, z) < 2−k+1). Or in other words,

p(y) |=
∨
i<np

∃x̄ipϕip(x̄ip, y) < 2−k ∧ ∀∀z(ϕip(x̄
i
p, z) ≤ 2−k → d(y, z) < 2−k+1),

but since p(y) is a complete type, there must be some i < np such that p(y) |=

∃x̄ipϕip(x̄ip, y) < 2−k ∧ ∀∀z(ϕip(x̄
i
p, z) ≤ 2−k → d(y, z) < 2−k+1). Call this formula Uk

p (y),

and let ikp be the corresponding i.

3This is necessary to avoid situations like this: Let L be a signature with three sorts A,B,C and
function symbols f : A → C and g : B → C. Let T be an L-theory that says that all three metrics
are discrete and that f and g are injections with disjoint images that cover C. There is no definable
function f(x:A, y:B, i:2) witnessing that C is always contained in dcl(A ∪ B) because one of A or B
could be empty.
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By compactness, there is a finite list pk0, . . . , p
k
`k−1 of types in Sy(T ) such that

⋃
j<`k

JUk
pkj

K =

Sy(T ). By Fact A.2.16, we can find a family of closed formula F k
j such that for each

j < `k, JF k
j K ⊆ JUk

pkj
K and such that

⋃
j<`JF

k
j K = Sy(T ).

Let K =
∏

k<ω `k, and let x̄ be a concatenation of the tuples x̄
ik
pk
j

pkj
for each k < ω and

j < `k. For sanity’s sake let ikj = ik
pkj

, x̄kj = x̄
ikj
j , ϕkj = ϕ

ikj

pkj
, and Uk

j = Uk
pkj

. Let r be a

variable of sort K. For each k < ω, let

Gk(x̄, r, y) =
∨
j<`k

r(k) = j

∧F k
j (y)

∧ϕkj (x̄kj , y) ≤ 2−k

∧∀z(ϕkj (x̄
k
j , y) < 2−k → d(y, z) ≤ 2−k+1).

(Note that the last two lines are weaker than the corresponding sub-formula of Uk
j .) By

construction, for any M |= T and ā, c ∈M, if Gω(ā, c, y) is consistent, there is a unique

b ∈ M such that M |= Gω(ā, c, b), so by Proposition 2.3.79 there is a definable partial

function χ(x̄, r, y) such that Gω(x̄, r, y) ≡T (χ(x̄, r, y) = 0).

For any type p(y) ∈ Sy(T ), we have by construction that Jp(y)Kx̄ry ∩
⋂
m<kJGmKx̄ry

is non-empty for every k < ω. Therefore by compactness if we set Gω(x̄, r, y) =∧
k<ω Gk(x̄, r, y) we have that Jp(y)Kx̄ry ∩ JGωKx̄ry is non-empty. This implies that

T |= ∀y@x̄rGω(x̄, r, y). We need to show actual existence, though.

Fix M |= T and a ∈ O(M). For each k < ω, we have that M |= F k
j (a) for some

j < `k. Let c be the sequence of these j’s. We have that M |= Uk
j (a). This implies that

there exists b̄k, of the same sorts as x̄kj , such that M |= ϕkj (b̄
k, a) < 2−k ∧ ∀∀zϕkj (b̄k, z) ≤
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2−k → d(a, z) < 2−k+1. Let b̄ be a tuple of elements of the same sorts as x̄, where the

spots corresponding to each x̄kj are filled in with b̄k and the others are filled in arbitrarily

(here we use that each Hi is always non-empty). Now we clearly have for each k < ω

that

M |= F k
c(k)(a) ∧ ϕkc(k)(b̄

k, a) ≤ 2−k ∧ ∀z(ϕkj (b̄
k, a) < 2−k → d(a, z) ≤ 2−k+1),

and therefore M |= Gω(b̄, c, a), as required.

By embedding K in 2ω, we may change the sort of r to 2ω. Extending χ with the

Tietze extension theorem (Fact A.2.8) gives the required f(x̄, r).

The following lemma is essentially the same as Lemma 1.24 in [BY10a].

Lemma 3.2.17. Fix a theory T . If f(x̄) is a partial definable function with codomain

O (and such that S(xi) = Hi) such that T |= (∀y:O)@x̄f(x̄)↓ = y, then there exists a

definable pseudo-metric ρ(x̄, ȳ) on
∏

i<|x|Hi such that the image of Jf(x̄)↓K under the

natural quotient map q :
∏

i<|x|Hi →
∏

i<|x|Hi/ρ is a definable set, D. Furthermore,

there is a definable isometry g : D → O such that whenever f(ā)↓, then f(ā) = g(q(ā)).

Proof. Let ϕ(x̄, y) be a real formula defining f(x̄). Let ρ(x̄, ȳ) = supz:O |ϕ(x̄, z)−ϕ(ȳ, z)|.

This is a pseudo-metric by construction. Also by construction there is a real formula

ψ(w, z) with S(w) =
∏

i<|x|Hi/ρ such that for any x̄, ϕ(x̄, z) = ψ(q(x̄), z). Let χ(w) be

the formula infz:O supu:O |ψ(w, z)− dO(u, z)|.

We want to argue that χ(w) is the distance predicate of the required definable set.

Let ā be such that f(ā)↓ = b. Then we have that χ(q(ā)) = 0, so Jχ(w) = 0K contains

the image of Jf(x̄)↓K under q. Suppose that χ(ā) = r. Then in the monster there
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is some b in sort O such that supu:O |ψ(w, b) − dO(u, b)| = r. By assumption there is

also c̄ such that f(c̄)↓ = b. This implies that ρ(ā, c̄) = r. Therefore we have that

dinf(p, Jχ(w) = 0K) ≤ χ(p) for all types p in the appropriate variables. Conversely,

assume that dinf(p, Jχ(w) = 0K) = r, then there exists a type q ∈ Jχ(w) = 0K such that

d(p, q) = r. If ā is a realization of p and b̄ is a realization of q such that d(ā, b̄) = r, then in

the monster there exists c in sortO such that ϕ(b̄, e) = d(c, e) for all e in sortO, but this is

the same as saying that f(b̄)↓ = c, therefore we have that supu:O |ψ(q(ā), c)−dO(u, c)| = r

and we have that χ(q(ā) ≤ r, so dinf(p, Jχ(w) = 0K) ≥ χ(p), and hence dinf(p, Jχ(w) =

0K) = χ(p) for all types p in the appropriate variables.

The required function g exists by Proposition 2.3.79.

Theorem 3.2.18. Let T be an L-theory, and let T ′ be a single sort harmless expansion

of T in the language L′ ⊇ L with new sort O′. There is an imaginary expansion T ′′ ⊇ T

in a language L′′ ⊇ L (which we take such that L′ ∩L′′ = L) with an imaginary sort O′′

such that there are definable functions f : O′ → O′′ and g : O′′ → O′ over T ′ ∪ T ′′4 such

that

T ′ ∪ T ′′ |= ∀xg(f(x)) = x ∧ ∀xf(g(x)) = x ∧ ∀xydO′′(f(x), f(y)) = dO′(x, y).

Moreover, O′′ can be taken to be a definable subset of a quotient of a product of sorts

of the form H t 1 (for H ∈ L) and the imaginary sort 2.

Proof. Let T ∗ be an imaginary expansion of T where we add 2ω and H t1 for each sort

H ∈ L. T ∗ ∪ T ′ has the property that for any M |= T ∗ ∪ T ′, O′(M) is contained in the

definable closure of the sorts of the form H t 1 (with H ∈ L), so by Lemma 3.2.16 for

4Which is consistent by the Craig interpolation theorem (Proposition B.1.8).
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some n ≤ ω we can find a definable partial function h : 2ω ×
∏

i<n(Hi t 1) → O such

that for any M |= T ∗ ∪ T ′, O(M) is contained in the image of h.

By Lemma 3.2.17, we can find a definable pseudo-metric ρ on 2ω×
∏

i<n(Hit1) and

a definable subset D ⊆ 2ω ×
∏

i<n(Hi t 1)/ρ with a definable isometry g : D → O′. Let

f be its inverse.

Now we just need to argue that ρ and D are definable over T ∗. For each α, β ∈ 2ω,

let Aα,β be the definable subset of 2ω ×
∏

i<n(Hi t 1) of elements of the form
〈
α, b̄
〉

where bi ∈ Hi if and only if β(i) = 1 (note that this is definable over L∗). For each

α, β ∈ 2ω, the restrictions ρ � Aα,β × Aα,β and D � Aα,β (where we’re thinking of D as

its distance predicate) correspond to some formulas ϕα,β(x̄, ȳ) and ψα,β(x̄), where x̄ and

ȳ are sequences of variables corresponding to Hi for i such that β(i) = 1. These are L′-

formulas whose only free variables are in L, therefore, since T ′ is a harmless expansion,

there are L-formulas ϕ†α,β(x̄, ȳ) and ψ†α,β(x̄) which are logically equivalent modulo T ′.

Since we can do this for any α and β, this implies that there are L∗-formulas ρ′ and

D′ equivalent to ρ and D over T ∗ ∪ T ′. Let T ′′ be the imaginary expansion of T ∗ were

we add a sort O′′ for D. We have that O′′ satisfies the required properties.

3.3 T eq for Dictionaric T

Now that we have the machinery in place, we can discuss the properties of definable sets

in T eq.

Proposition 3.3.1. If T is dictionaric, then T eq is dictionaric over parameters from the

home sort (i.e. if A is a set of parameters from the home sort and I is some imaginary,

then the type space SI(A) is dictionaric). In particular T eq is dictionaric over models.
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Furthermore, if T is dictionaric over models, then T eq is as well.

Proof. By Proposition 3.2.13 every imaginary is equivalent to a definable subset of a

definable quotient of the sort of ω-tuples, so the result follows from Propositions 2.4.3,

2.4.9, and 2.4.10.

Unfortunately in general we cannot conclude that T eq is itself dictionaric. There are

even discrete counterexamples, such as RCF, where if we consider the hyperimaginary

given by quotienting by the ‘infinitesimally close’ equivalence relation (which can be

seen as a continuous imaginary sort) and if we let a be any infinite element of this

hyperimaginary, then S1(a) fails to be dictionaric in the connected component of tp(a).

This phenomenon is related to failure of elimination of hyperimaginaries. If T is a

discrete theory that eliminates hyperimaginaries, then the continuous T eq is dictionaric,

so this will hold for any stable or supersimple discrete theory [PP87, BPW00]. It would

be nice to know if this extends to continuous dictionaric theories.

Question 3.3.2. If T is a continuous dictionaric theory and T is also stable or super-

simple, does it follow that T eq is dictionaric?

This issue, fortunately, is not relevant in the main results of this thesis, as every

totally transcendental (and in particular ω-stable) theory is dictionaric (and so also

has dictionaric T eq). This is a topometric analog of the fact that scattered compact

Hausdorff spaces are automatically totally disconnected.

3.4 Additional Imaginary Constructions

Given the primitive imaginary-forming operations, many more are ‘constructible.’
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Proposition 3.4.1 (Compact Metric Space Sorts). For any compact metric space X,

there is an imaginary sort KX (over the empty theory) such that for each x ∈ X, there

is a fix formula ϕx(y) such that in any structure M, KX(M) is isometric to K with

isometry f : X → KX(M).

Proof. If X is empty, then we can pass to an empty definable set to get KX . Otherwise,

if X is non-empty, by Fact A.2.14 there is a pseudo-metric on 2ω, ρ such that 2ω/ρ is

isometric to X. Since every element of 2ω is defined by a term in every model, Sxy:2ω(L)

is homeomorphic to (2ω)2×S0(L), so ρ is actually a definable pseudo-metric on 2ω, and

we can take KX = 2ω/ρ.

Notation 3.4.2 (Finite Ordinal Sorts). For any n < ω, we let n denote Kn, where n

is taken to be a compact metric space with n points with pairwise distance 1. We take

the elements of n to be labeled by constants 0,1, . . . ,n− 1 (technically 0-ary functions

definable over the empty theory). Furthermore, we may write quantifiers annotated with

one of these sorts with expressions such as (∀x < n), rather than (∀x:n). C

Just as with ordinary ordinals, the severe overloading of boldface numerals should

not cause any confusion. Note though, that there is in general no sort n with n ≥ ω.

Proposition 3.4.3 (Finite Disjoint Union Sorts). For any pair of sorts O and O′,

for any r ≥ 1
2

max{db(O), db(O′)}, there is an imaginary sort O tr O′ (over the empty

theory) with definable functions f : O → OtrO′ and g : O′ → OtrO′ and a [0, 1]-valued

formula ϕ(x) such that the following hold:

• (∀xy:O)d(x, y) = d(f(x), f(y)), • (∀xy:O′)d(x, y) = d(g(x), g(y)),



203

• (∀x:O)(∀y:O′)d(f(x), g(y)) = r,

•
(∀x:OtrO′)(@y:O)x=f(y)

∨(@z:O′)x=g(z), and

• (∀x:O)ϕ(f(x)) = 0,

• (∀x:O′)ϕ(g(x)) = 1.

In particular, in any structure M, (O tr O′)(M) is isometric to O(M)tr O′(M), as

witnessed by fM and gM.

Proof. Consider the imaginary sort O ×O′ × 2 and the definable pseudo-metric

ρ((x, y, i), (z, w, j)) = d(i,1)d(j,1)d(x, z) + d(i,0)d(j,1)d(y, w) + d(i, j)r.

O × O′ × 2/ρ is the required imaginary sort. If we let q : O × O′ × 2 → O × O′ × 2/ρ

be the natural quotient map, then

d(f(x), y) = inf
z∈O′

ρ(q(x, z,0), y) and

d(g(x), y) = inf
z∈O

ρ(q(z, x,1), y).

We could have taken finite disjoint unions as a primitive imaginary forming operation

and allowed empty products (where an empty product contains a single element 〈〉, the

empty tuple), and this would also have allowed us to construct 2 in a uniform way.

The following proposition was originally shown by Ben Yaacov in the context of

CATs [BY05, Thm. 2.20].

Lemma 3.4.4. Let T be a theory, and suppose that E(x̄, ȳ) is a closed type-set formula

with x̄, ȳ tuples of variables of the same sorts such that for any M |= T and ā, b̄, c̄ ∈M,

• M |= E(ā, ā),
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• if M |= E(ā, b̄), then M |= F (b̄, ā), and

• if M |= E(ā, b̄) ∧ E(b̄, c̄), then M |= E(ā, c̄)

(i.e. T entails that E(x̄, ȳ) is an equivalence relation). Then

(i) E(x̄, ȳ) is logically equivalent modulo T to a conjunction of closed formulas F (x̄, ȳ)

which are equivalence relations over T , and

(ii) if E(x̄, ȳ) is a closed formula, then there is a real formula ρ(x̄, ȳ) such that E(x̄, ȳ) ≡T

(ρ(x̄, ȳ) = 0) and ρ(x̄, ȳ) is a pseudo-metric over T .

Proof. (i) Let U0(x̄, ȳ) be an open formula such that JE(x̄, ȳ)KT ⊆ JU0(x̄, ȳ)K. By com-

pactness, for any i, there exists a closed formula Fi+1(x̄, ȳ) and open formula Ui+1(x̄, ȳ)

such that JE(x̄, ȳ)KT ⊆ JUi+1(x̄, ȳ)K ⊆ JFi+1(x̄, ȳ)K ⊆ JUi(x̄, ȳ)K and such that

T |= ∀∀x̄ȳz̄Ui+1(x̄, x̄)

∧(Fi+1(x̄, ȳ)→ Ui(x̄, ȳ))

∧(Fi+1(x̄, ȳ) ∧ Fi+1(ȳ, z̄)→ Ui(x̄, ȳ)).

Therefore the closed formula E ′(x̄, ȳ) =
∧
i<ω Fi(x̄, ȳ) is an equivalence relation over T

with T |= ∀∀x̄ȳE(x̄, ȳ) → E ′(x̄, ȳ). Since we can do this for any open neighborhood of

E(x̄, ȳ), we have that E(x̄, ȳ) is logically equivalent to the conjunction of such formulas.

(ii) Assume that E(x̄, ȳ) is a closed formula, and by removing variables that are not

actually free in E, assume that x̄ and ȳ are at most countable tuples of the same sorts.

Pass to a countable reduct L0 ⊆ L such that E(x̄, ȳ) is still an L0-formula. Let T0

be the set of all L0-sentences entailed by T . Note that E(x̄, ȳ) is still an equivalence
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relation over T0. Now consider the type space Sx̄z̄(T0), with z̄ a tuple of variables of the

same sorts as x̄. Define an equivalence relation ∼ on Sx̄z̄(T0) by p(x̄, z̄) ∼ q(x̄, z̄) if and

only if there exists M |= T0 with ā, b̄, c̄ ∈ M such that M |= p(ā, c̄) ∧ q(b̄, c̄) ∧ E(ā, b̄).

By considering automorphisms of the monster model of Th(M), we have that this is an

equivalence relation.

We need to argue that for any open set U ⊆ Sx̄z̄(T0), the set

U∼ = {p ∈ Sx̄z̄(T0) : (∃q ∈ U)p ∼ q}

is also an open set. (We will use this notation for arbitrary sets of types.) Fix U(x̄, z̄) =

(ϕ(x̄, z̄) > 0). Since L0 and x̄z̄ are countable, every open subset of Sx̄z̄(T0) is of this

form (Facts A.1.3 and A.2.12). Let ψ(x̄, ȳ) be a [0, 1]-valued formula such that E(x̄, ȳ) ≡

(ψ(x̄, ȳ) = 0). By compactness, for each k < ω, there exists εk > 0 such that if

p /∈ Jϕ ≥ 2−kK∼T0
(which is closed, by compactness), then for every āb̄c̄ ∈ M |= T0, if

M |= p(ā, c̄) ∧ ϕ(b̄, c̄) ≥ 2−k, then M |= ψ(ā, b̄) ≥ εk. This implies that J∃ȳϕ(ȳ, z̄) >

2−k ∧ ψ(x̄, ȳ) < εkKT0
⊆ JU(x̄, z̄)K∼T0

. Therefore in particular we have that

t∨
k<ω

∃ȳϕ(ȳ, z̄) > 2−k ∧ ψ(x̄, ȳ) < εk

|

T0

⊆ JU(x̄, z̄)K∼T0
.

For the reverse inclusion, find q ∈ JU(x̄, z̄)K∼T0
and p ∈ JU(x̄, z̄)KT0

with p ∼ q. For

any M |= T0 and b̄c̄ ∈M with M |= q(b̄, c̄), we can find an elementary extension N �M

such that for some ā ∈ N, N |= p(āb̄) ∧ E(ā, b̄). Therefore

N |=
∨
k<ω

∃ȳϕ(ȳ, c̄) > 2−k ∧ ψ(b̄, ȳ) < εk,
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so by elementarity M does as well. Since we can do this for any q ∈ JU(x̄, z̄)K∼T0
, we have

the reverse inclusion and the two sets are the same.

Let X be Sx̄z̄(T0)/∼, the quotient space, with quotient map f : Sx̄z̄(T0) → X. X is

automatically compact. We need to argue that X is Hausdorff. For any pair of distinct

a, b ∈ X, we have that f−1(a) and f−1(b) are disjoint. Furthermore, they are each

the equivalence class of a single type, so they are in fact closed, by compactness. By

compactness we have that f−1(a) =
⋂
{(clU)∼ : U ⊇ f−1(a), U open}, and likewise

for b. Therefore, since f−1(a) and f−1(b) are disjoint, there must be U ⊇ f−1(a) and

V ⊇ f−1(b) such that (clU)∼ and (clV )∼ are disjoint. Therefore U∼ and V ∼ are disjoint.

Since these are open we have that f(U∼) and f(V ∼) are disjoint open neighborhoods of

p and q and X is Hausdorff.

Since L and x̄z̄ are countable, X is metrizable as well. Therefore the collection of

continuous functions X → [0, 1] is separable under the uniform norm. Let {gi}i<ω be a

countable sequence of continuous functions from X to [0, 1] dense in the uniform norm.

For each i < ω, the function gi ◦ f is continuous on Sx̄ȳ(T0), so we can find an L(x̄z̄)-

formula ϕi(x̄, z̄) with I(ϕi) ⊆ [0, 1] such that for any p ∈ Sx̄ȳ(T0), ϕi(p) = gi ◦f(p). Now

let

ρ(x̄, ȳ) = sup
i<ω

sup
z̄

2−i|ϕi(x̄, z̄)− ϕi(ȳ, z̄)|.

Note that since each ϕi has I(ϕi) ⊆ [0, 1], this is a real formula, and it is a pseudo-metric

by construction. We want to argue that E(x̄, ȳ) and (ρ(x̄, ȳ) = 0) are logically equivalent

over T0. For any M |= T0 and āb̄ ∈M, if M |= E(ā, b̄), then for any c̄ ∈M of the same

sorts as ā, we have that f(tp(āc̄)) = f(tp(b̄c̄)) by construction, so M |= ϕi(ā, c̄) = ϕi(b̄, c̄)

for each i < ω and we have that M |= ρ(ā, b̄) = 0. Conversely, assume that M |=
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ρ(ā, b̄) = 0. This implies that for every i < ω, M |= ϕi(ā, b̄) = ϕi(b̄, b̄). By assumption,

the closed formula E(x̄, z̄) satisfies JE(x̄, z̄)K∼T0
= JE(x̄, z̄)KT0

, so let F = f(JE(x̄, z̄)KT0
).

This is a closed subset of X. Since X is a compact metrizable space, we have that there

is a continuous function h : X → [0, 1] whose zeroset is precisely F . Since the gi’s are

dense in the uniform norm, there is a sequence {gi(n)}n<ω that limits to h in the uniform

norm. This implies that h(f(tp(ā, b̄))) = h(f(tp(b̄, b̄))) = 0. Therefore f(tp(ā, b̄)) ∈ F

and we have that tp(ā, b̄) ∈ JE(x̄, z̄)K∼T0
= JE(x̄, z̄)KT0

, therefore M |= E(ā, b̄), and we

have the required logical equivalence.

The following lemma was originally shown in [BY10a].

Lemma 3.4.5. Let F (x̄) be a closed type-set formula, and let ρ(x̄, ȳ) be a real formula

with x̄ and ȳ at most countable tuples of variables of the same sorts. Suppose that for

any M and ā, b̄, c̄ such that M |= F (ā) ∧ F (b̄) ∧ F (c̄), M |= ρ(ā, ā) = 0 ∧ ρ(ā, b̄) =

ρ(b̄, ā) ≥ 0 ∧ ρ(ā, c̄) ≤ ρ(ā, b̄) + ρ(b̄, c̄) (i.e. ρ is a pseudo-metric on realizations of F ),

then there is a real formula ρ′(x̄, ȳ) such that ρ′(x̄, ȳ) is a pseudo-metric and ρ(x̄, ȳ) and

ρ′(x̄, ȳ) are uniformly equivalent on realizations of F (x̄), i.e. for any ε > 0 there exists

a δ > 0 such that if ā, b̄ are realizations of F (x̄) and ρ(ā, b̄) < δ, then ρ′(ā, b̄) < ε, and

vice versa.

Proof. Let U0(x̄) = >. Note that JF (x̄)K ⊆ JU0(x̄)K. For each i < ω, by compact-

ness, there is a closed formula Gi(x̄) and an open formula Ui+1(x̄) such that JUi(x̄)K ⊇

JGi(x̄)K ⊇ JUi+1(x̄)K ⊇ JF (x̄)K and such that if ā, b̄, c̄ satisfy Ui+1(x̄), then ρ(ā, ā) < 2−i,

ρ(ā, b̄) > −2−i, |ρ(ā, b̄) − ρ(b̄, ā)| < 2−i, and ρ(ā, c̄) − ρ(ā, b̄) − ρ(b̄, c̄) < 2−i. Therefore

G(x̄) =
∧
i<ω Gi(x̄) is the required closed formula.
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We now have that

E(x̄, ȳ) = (x̄ = ȳ ∨ (G(x̄) ∧G(ȳ) ∧ ρ(x̄, ȳ) = 0))

is a closed formula that is an equivalence relation. Therefore, by Lemma 3.4.4, we can

find a real formula ρ′(x̄, ȳ) such that ρ′(x̄, ȳ) is a pseudo-metric and E(x̄, ȳ) ≡ (ρ′(x̄, ȳ) =

0). By compactness, ρ(x̄, ȳ) and ρ′(x̄, ȳ) must be uniformly equivalent for realizations of

G(x̄), and therefore for realizations of F (x̄) as well.

Remark 3.4.6. In [BY10a], Ben Yaacov mentions that the problem of whether or not

Lemma 3.4.5 holds with ρ(x̄, ȳ) = ρ′(x̄, ȳ) for realizations of F (x̄) is open. As far as I

know it is still.

Proposition 3.4.7. For any theory T , any sort O, any quotient R = O/ρ with quotient

map q : O → R, any tuple of variables x̄ of sort O, and tuple ȳ of the same length of

tuples of sort R, the natural induced map Sx̄(T ) → Sȳ(T ) induced by tp(ā) 7→ tp(q(ā))

is open and continuous.

Proof. It’s enough to show this for open formulas. Let U(x̄) be an open formula logically

equivalent to (ϕ(x̄) > 0). Just as in the proof of Lemma 3.4.4, for any k < ω there is an

εk > 0 such that J∃x̄′ϕ(x̄′) > 2−k ∧ ρ(x̄, x̄′) < εkKT ⊆ q−1(q(U)). So again by the same

reasoning we have

t∨
k<ω

∃x̄′ϕ(x̄′) > 2−k ∧ ρ(x̄, x̄′) < εk

|

T

= q−1(q(U)).
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Therefore, J
∨
k<ω ∃x̄ϕ(x̄) > 2−k ∧ ρ(q(x̄), ȳ) < εKKT,ȳ = q(U), and we have that q is an

open map.

To see that these maps are continuous, note that for any closed formula F (ȳ),

J@ȳF (ȳ) ∧ q(x̄) = ȳK is the preimage of JF (ȳ)K under the induced map, so there is

a basis of closed sets in which the preimage of every closed set is closed, and it follows

that the induced function is continuous.

Proposition 3.4.8 (Limited Unions of Chains of Sorts). For any theory T , if {Oi}i<ω

is a sequence of imaginary sorts over T , {fi}i<ω is a sequence of definable functions

over T with fi : Oi → Oi+1, and {ri}i<ω is a sequence of positive real numbers with∑
i<ω ri < ∞, such that for each i < ω, T |= (∀xy:Oi)dxy = d(fi(x), fi(y)) and T |=

(∀x:Oi+1)(@y:Oi)d(x, f(y)) ≤ ri, then there exists an imaginary sort S with definable

functions gi : Oi → S such that for each i < ω,

T |=(∀x:Oi)gi(x) = gi+1(fi(x)),

T |=(∀xy:Oi)d(x, y) = d(gi(x), gi(y)), and

T |=(∀x:S)(@y:Oi)d(x, gi(y)) ≤
∑
j≥i

rj.

So in particular, in every model M |= T , S(M) is the metric closure of the union of

the isometric images of Oi(M) under the maps gi, and R(M) is isometric to the metric

closure of the union of {Oi}i<ω interpreted as a chain with the maps fi.

Proof. Consider the imaginary sort
∏

i<ω Oi. Let

C(x̄) =
∧
i<ω

d(fi(xi), xi+1) ≤ ri and
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ψ(x̄, ȳ) = d(x0, y0) +
∑
i<ω

[d(xi+1, yi+1)− d(xi, yi)]
ri
−ri .

To unpack, C(x̄) says that x̄ is (morally speaking) a Cauchy sequence converging at a

certain prescribed rate. By construction, we have that ψ(x̄, ȳ) is a pseudo-metric over

T for realizations of C(x̄). By Lemma 3.4.5 there is a pseudo-metric ρ(x̄, ȳ) on
∏

i<ω Oi

that is uniformly equivalent to ψ(x̄, ȳ) on realizations of C(x̄). Let R =
∏

i<ω Oi/ρ with

quotient map q. Let q1 : Sx̄(T )→ Sz(T ) and q2 : Sx̄ȳ(T )→ Szw(T ) be the induced map

on type spaces, where z and w are variables of sort R.

For each i < ω, consider the closed formula

Fi(xi, z) = (@x0 . . . xi−1)C(x0, . . . , xi−1, xi, fi(xi), fi+1(fi(xi)), . . . )

∧q(x0, . . . , xi−1, xi, fi(xi), fi+1(fi(xi)), . . . ) = z.

By assumption, for any M |= T and ai ∈ Oi(M), there is an elementary extension

N � M in which there are a0, . . . , ai−1 with aj ∈ Oj(M) and d(fj(aj), aj+1) = rj for

each j < i. Therefore b = q(a0, . . . , ai, fi(ai), fi+1(fi(ai)), . . . ) is a realization of C(x̄).

By construction, b is unique among the elements of R(M). Therefore, by Proposition

2.3.79, Fi(xi, y) is the graph of a definable function, hi : Oi → R, over T . By Proposition

2.3.78, for each i < ω, the metric closure of the image of Oi in R under hi is definable.

Let Di(z) be that image. Note that by construction, Di(M) ⊆ Di+1(M) for any M |= T .

Also, since ρ(x̄, ȳ) is uniformly equivalent to ψ(x̄, ȳ), we have that in each Di, ρ(x̄, ȳ)

is uniformly equivalent to dOi , in the sense that for every ε > 0 there is a δ > 0 such

that T |= ∀xiyid(xi, yi) < δ → d(hi(xi), hi(yi)) ≤ ε and T |= ∀xiyid(hi(xi), hi(yi)) <

δ → d(xi, yi) ≤ ε. Therefore in particular, there is some sequence of real numbers si
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with limi<ω si = 0 such that for each i, T |= dH(Di, Di+1) ≤ si. By Corollary 2.3.30,

the metric closure of the union of the chain {Di(z)}i<ω is definable. Let this set be

D(z). Note that it must be the case that T,D(q(x̄)) |= C(x̄). Take the imaginary sort

D(R), and let e : D(R) → R be the inclusion map. For each i < ω, we have that for

any ai ∈ Oi(M) with M |= T , there is a unique ci ∈ D(R) such that hi(ai) = e(ci).

Therefore, by Proposition 2.3.79, there is a definable function, h′i : Oi → D(R), over T ,

such that for any ai ∈ Oi(M), hi(ai) = e(h′i(ai)).

By construction, for any p ∈ Szw(T ), there is a unique r ∈ R such that if tp(q(ā), q(b̄)) =

p (for ā, b̄ ∈ M |= T ∧ C(ā) ∧ C(b̄)), then ψ(ā, b̄) = r. Therefore we can define a

function, ψ∗ on q2(JC(x̄) ∧ C(ȳ)K) by this. By Proposition 3.4.7, for any r, the sets

q2(Jψ(x̄, ȳ) < rKT ) and q2(Jψ(x̄, ȳ) > rKT ) are open, therefore the function ψ∗ is contin-

uous on ψ∗ on q2(JC(x̄)∧C(ȳ)K), and by the Tietze extension theorem and Proposition

1.5.9 we can find a formula ψ∗∗(z, w) extending ψ∗ to a continuous function on all of

Szw(T ). Now we have that ρ′(u, v) = ψ∗∗(e(u), e(v)) is a pseudo-metric on D(R). More-

over, it is uniformly equivalent to the metric on D(R). So now consider the imaginary

sort S = D(R)/ρ′, and let q′ : D(R) → S be the quotient map (although this isn’t so

much a quotient as just an adjustment of the metric). Now finally gi = q′ ◦ h′i : Oi → S

are the required maps.

Corollary 3.4.9 (Countable Disjoint Union of Sorts). For any countable sequence of

sorts {Oi}i<ω in a theory T (such that for each i < ω, T |= (@x:Oi)x = x) there is an

imaginary sort R, a formula ϕ(x) with x a variable of sort R, definable maps fi : Oi → R,
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and a definable zero-ary function ∞ of sort R, such that for each i < j < ω,

T |=(∀xy:Oi)d(fi(x), fi(y)) =
d(x, y)

2idb(Oi)
,

T |=(∀x:Oi)(∀y:Oj)d(fi(x), fj(y)) = |2−i − 2−j|,

T |=(∀x:Oi)d(fi(x),∞) = 2−i,

T |=(∀x:Oi)ϕ(fi(x)) = 2−i,

T |=ϕ(∞) = 0,

and such that in any M |= T , R(M) = {∞M} ∪
⋃
i<ω fi(Oi(M)).

Proof. By passing to quotients by scaled metrics, we may assume that db(Oi) = 2−i

for each i < ω. By using Proposition 3.4.3, we can construct finite disjoint unions of

{Oi}i<n for each n < ω with metrics that satisfy the statements in the proposition

for small enough i. (It is not hard to check that the conditions in the proposition are

consistent with the axioms of a metric.) By Proposition 2.3.79 we get inclusion maps

fi :
⊔
i<nOi →

⊔
i≤nOi and now we can apply Proposition 3.4.8 to get the required sort.

The density of the images of the sorts Oi in R, together with the specification of the

sort and the fact that the sorts Oi are non-empty, implies that there is always a unique

point not in the image of any of the inclusion maps. This element is the unique element

that satisfies
∧
i<ω(@y:Oi)d(x, fi(y)) = 2−i. Therefore by Proposition 2.3.79 there is a

zero-ary definable function ∞ which is equal to this point in every model of T . It is not

hard to check that the required properties of ϕ(x) specify a unique continuous function

on Sx:R(T ). Therefore by Proposition 1.5.9 the required formula exists.

Definition 3.4.10 (Gromov-Hausdorff Metric on Imaginaries). For any theory T and
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any two (imaginary) sorts O0 and O1 over T , a metric correspondence between O0 and

O1 over T , written ϕ : O0 ≈T O1 is a formula ϕ(x:O0, y:O1) such that

δϕ(x, y) = (1− |ψ(x)− ψ(y)|)d(x, y) + (ψ(x) + ψ(y)− ψ(x)ψ(y))ϕ′(x, y)

is a pseudo-metric on O0 tr O1 (the specific r is unimportant), where x, y are variables

of sort O0 tr O1, ψ(x) is a formula that is 0 on the image of O0 and 1 on the image

of O1, and ϕ′(x, y) is some extension of ϕ(x, y) to a formula on O0 tr O1 (the specific

extension is unimportant, but note that such an extension always exists).

For any two (imaginary) sortsO0, O1 over T , the definable Gromov-Hausdorff distance

between O0 and O1 over T , written dTdGH(O0, O1), is

inf{r ≥ 0 : (∃ϕ : O0 ≈T O1)(∀i < 2)T |= (∀xi:Oi)(@x1−i:O1−i)ϕ(x0, x1) ≤ r}. C

Such a function for metric spaces in general is also called a bi-Katětov function. Note

that it is possible for two sorts to have dTdGH(O0, O1) = 0 without there being a definable

isometry between O0 and O1 over T (see Counterexample C.1.4).

Corollary 3.4.11 (Uniform Limits of Sorts). For any theory T , the collection of (imag-

inary) sorts over T is a complete pseudo-metric space under dTdGH .

Proof. dTdGH(O0, O0) = 0 and dTdGH(O0, O1) = dTdGH(O1, O0) ≥ 0 are immediate from the

definition. Assume that dTdGH(O0, O1) < r and dTdGH(O1, O2) < s. Let ϕ : O0 ≈T O1

and ψ : O1 ≈T O2 be witnesses of these bounds. Then χ(x, y) = infz:O1 ϕ(x, z) +

ψ(z, y) is a witness that dTdGH(O0, O2) ≤ r + s. Since we can do this for any upper

bounds of dTdGH(O0, O1) and dTdGH(O1, O2), we have that dTdGH(O0, O2) ≤ dTdGH(O0, O1)+
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dTdGH(O1, O2), as required. Therefore dTdGH is a pseudo-metric.

For completeness, assume that {Oi}i<ω is a Cauchy sequence in dTdGH . By thinning

the sequence, we may assume that dTdGH(Oi, Oi+1) < 2−i, for each i < ω. For each i < ω,

let ϕi(xi:Oi, xi+1:Oi+1) be a witness that dTdGH(Oi, Oi+1) < 2−i. For each n < ω, we

can construct a sort that is a quotient of
⊔
i<nOi by a metric δ equal to the normal

metric on Oi for each i < n and such that for i < j < n, xi ∈ Oi, and xj ∈ Oj,

δ(xi, xj) = infxi+1
. . . infxj−1

ϕi(xi, xi+1) + · · ·+ ϕj−1(xj−1, xj). By Proposition 2.3.79 we

get isometric inclusion maps fi :
⊔
i<nOi →

⊔
i≤nOi, so we can apply Proposition 3.4.8

to get a sort R that is
⊔
i<ω Oi modulo the appropriate metric. For each i < ω, we

have an isometric inclusion gi : Oi → R. By construction, the sequence of definable sets

{gi(Oi)}i<ω are a Hausdorff-Cauchy sequence in R. Therefore by Proposition 2.3.29, the

limit is a definable set D(x) as well. Taking the definable set sort D(R), we have that

for each i < ω, dR(gi(x), h(y)), where h : D(R) → R is the inclusion map, is a metric

correspondence between Oi and D(R) witnessing that dTdGH(Oi, D(R)) ≤
∑

i≤j<ω 2−j =

2−i+1. Therefore D(R) is a limit of the sequence {Oi}i<ω under dTdGH .

3.5 Compact Parameter Sorts and Almost Uniformity

Definition 3.5.1. For any theory T , a compact sort over T is a (possibly imaginary)

sort K such that for any M |= T , K(M) ⊆ acl(∅). A compact parameter sort over T is

a (possibly imaginary) sort K such that for any M |= T , K(M) ⊆ dcl(∅). C

By Proposition 2.3.63, in both cases this implies that when M is a model of T , O(M)

is metrically compact. Just as how finite imaginary sorts are important in discrete sta-

bility theory (e.g. for the notion of strong types), compact imaginary sorts are important
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in continuous stability theory, but here we are more concerned with compact parameter

sorts.

Commonly in discrete logic, a formula or definable function is constructed by patching

together a finite collection of definable formulas, where the collection is guaranteed to be

finite by a compactness argument. A good example of this is in the definable closure. In

discrete logic, if we have a formula ϕ(x̄, y) and we know that for any tuple ā, if ∃yϕ(ā, y),

then there is b ∈ dcl(ā) such that ϕ(ā, b), then we can show that this is witnessed by

a definable Skolem function. Compactness gives us that there’s a finite list of definable

partial functions f0, . . . , fn−1 such that if ∃yϕ(ā, y), then for some i < n, ϕ(ā, fi(ā))

holds. Then we can patch these together with

F (x̄) =


fi(x̄) i is the smallest such that ϕ(x̄, fi(x̄)↓) holds

x0 otherwise

. (∗)

With this, F (x̄) is a definable total function and we have that ∀x̄(∃yϕ(x̄, y))→ ϕ(x̄, F (y))

holds.

These sorts of discrete shenanigans simply do not fly in continuous logic. Firstly, we

are not guaranteed a clean clopen separation between the case in which something we

want is happening and the case in which it is not, even if it is first-order. Secondly, the

formula corresponding to our desired situation (analogous to ∃yϕ(x̄, y)) will typically

be a closed formula, so compactness does not apply. We do have an extremely weak set

theoretic form of compactness, specifically JF K for a closed formula F is a closed Gδ set.

By results of [Usu19], any cover of a compact Hausdorff space by Gδ sets has a subcover

of size at most the smallest ω1-strongly compact cardinal (and furthermore this property
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characterizes the first ω1-strongly compact cardinal which consistently does not exist).

Needless to say, this bound is slightly too large for comfort.

An abstract perspective on the example (∗) is to think of F (x̄) as being given by a

formula ψ(x̄, i, y) where i is a variable in an imaginary sort with precisely n+1 elements,

which are each distinguishable. If we take each partial function fi to be given by the

formula χi(x̄, y) then we can construct a formula

ψ(x̄, i, y) =
∨
j<n

i = j ∧ χj(x̄, y) ∨ (i = n+ 1 ∧ x0 = y), (♥)

and now we have that

∀x̄∃i∃!y(∃zϕ(x̄, z))→ ψ(x̄, i, y) ∧ ϕ(x̄, y).

The point of this odd way of looking at (∗) is that (♥) does generalize to continuous

logic, with the familiar stipulation that the imaginary sort of the parameter i is in general

metrically compact, rather than actually finite. The only barrier to stitching together

a function like F is that while there is a way of picking a canonical witness, there is no

continuous way.

A simple, but important, observation is that in compact sorts, weak existence implies

existence.

Proposition 3.5.2. If y is a variable in a compact sort and a structure M has M |=

@yF (ā, y) for some closed formula F and some tuple of parameters ā ∈ M, then there

exists b ∈M such that M |= F (ā, b).

Proof. @yF (x̄, y) ≡ (supy ϕ(x̄, y) ≥ 0) for some real formula ϕ. Continuous function
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attain their suprema on compact spaces, so we have that the required witness exists.

Notation 3.5.3. If we are working in the context of a theory T over which some sort

K is compact, we may write (∃x:K) or just ∃x in closed formulas for variables from the

sort K, instead of (@x:K) or @x. C

The two kinds of ‘almost uniformity’ that will occur in this thesis are almost uni-

formly definable sets and almost functions. Really we only care about this definition for

compact parameter sorts, but only one of the results in this subsection actually depends

on this extra assumption.

Definition 3.5.4. Fix a theory T , partial type Σ(x̄) ⊇ T , compact sort K over T , and

variable r in sort K.

• A real formula ϕ(v̄, x̄, r) gives an almost x̄-uniformly definable set over Σ(x̄) with

parameter r if Σ(x̄) |= ∃rDEFv̄ϕ(v̄, x̄, r). We say ϕ gives an almost x̄-uniformly

definable set over T with parameter r if T |= ∀x̄∃rDEFv̄ϕ(v̄, x̄, r).

• A real formula ϕ(x̄, y, r) gives a definable partial almost function over Σ(x̄) with pa-

rameter r if Σ(x̄) |= ∃rFUNyϕ(x̄, y, r). We say ϕ gives a definable almost function

over T with parameter r if T |= ∀x̄∃rFUNyϕ(x̄, y, r). C

Note that a definable partial almost function on x̄ is actually just a special kind of

definable partial function on x̄r.

These concepts are only non-trivial if there are parameters ā for which multiple

parameters from the compact parameter sort work.
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Lemma 3.5.5. For any partial type Σ(x̄), any formula ϕ(v̄, x̄, r) that gives an almost

x̄-uniformly definable set over Σ(x̄), and any parameter ā ∈ M |= Σ(ā), the formula

F (v̄, ā) = ∃r(ϕ(v̄, ā, r) = 0) ∧DEFūϕ(ū, ā, r) gives a definable set.

Proof. By converting parameters to constants, it is sufficient to show that for any com-

plete theory T with compact sort K and variable r of sort K and any formula ϕ(v̄, r),

the closed formula F (v̄) = ∃r(ϕ(v̄, r) = 0) ∧DEFūϕ(ū, r) gives a definable set.

The closed formula G(r) = DEFūϕ(ū, r) gives a definable set by Proposition 2.3.65,

so we have that ψ(v̄) = infr∈G ϕ(v̄, r) is a distance predicate such that F (v̄) ≡ (ψ(v̄) = 0),

hence F (v̄) gives a definable set.

Specifically, in the previous proof the definable set F has F (M) =
⋃
{(ϕ(M, r) =

0) : r ∈ K(M),M |= DEFv̄ϕ(v̄, r)}. Note that it actually is the union, not the metric

closure of the union, as the union of ‘compactly many’ closed sets is closed (Fact A.2.15).

Proposition 3.5.6. Fix a theory T and a partial type Σ(x̄) ⊇ T .

(i) Suppose that ϕ(v̄, x̄, r) gives an almost x̄-uniformly definable set over Σ(x̄) with

parameter r of sort K and furthermore suppose that for any ā ∈ M such that

M |= Σ(ā), there is a unique b ∈ K(M) such that M |= DEFv̄ϕ(v̄, ā, b), then there

is a x̄-uniformly definable set over Σ(x̄), D(v̄, x̄) such that for any āb ∈ M such

that M |= Σ(ā) and M |= DEFv̄ϕ(v̄, ā, b), (ϕ(M, ā, b) = 0) and D(M, ā) are the

same set.

(ii) Suppose that ϕ(x̄, y, r) gives a definable partial almost function over Σ(x̄) and

furthermore suppose that for any ā ∈ M such that M |= Σ(ā), there is a unique

b ∈ K(M) such that M |= FUNyϕ(ā, y, b), then there is a definable partial function
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f such that Σ(x̄) |= f(x̄)↓ and for any āb ∈ M such that M |= Σ(ā) and M |=

FUNyϕ(ā, y, b), we have M |= ϕ(ā, f(ā)↓, b) = 0.

Proof. Part (ii) follows easily from part (i), so we just need to show part (i).

Consider Sv̄x̄r(T ). Let f : Sv̄x̄r(T )→ Sv̄x̄(T ) be the natural projection map. Consider

F (v̄, x̄, r) = DEFūϕ(ū, x̄, r) ∧ (ϕ(v̄, x̄, r) = 0). By assumption we have that f � JF K is a

continuous bijection between compact Hausdorff spaces. Therefore by Fact A.2.11 f �

JF K is a homeomorphism. Let g be its inverse, and let ψ(v̄, x̄) be a formula corresponding

to the continuous function ϕ(g(tp(v̄x̄))) on Sv̄x̄(T ). By construction, ψ(v̄, x̄) is the

required distance predicate of the required x̄-uniformly definable set.

Remark 3.5.7. Another application of almost uniformity, which we did not have the

chance to develop in this thesis, is to the issue of Skolemization in continuous logic.

There are several different ways of generalizing the notion of Skolemization to continuous

logic, but a seemingly natural one is this: A theory T is weakly Skolemized if for any set

of parameters A, dclA is a model of T . It is not hard to show in discrete logic that this

is equivalent to ordinary Skolemization.

It is possible to prove, using an argument similar to the one used in the proof of The-

orem 2.4.14, that a continuous theory is weakly Skolemized if and only if for each open

formula U(x̄, y) such that T |= ∀∀x̄∃yU(x̄, y), it has definable almost Skolem function f ,

i.e. a definable almost function fz(x̄), with z a variable in a compact parameter sort K,

such that for every ā, there exists a b ∈ K such that U(ā, fb(ā)↓) holds.
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3.6 Interpretations

Definition 3.6.1. Given an L0-theory T0 and an L1-theory T1, an interpretation of T1

in T0, I , consists of

• a sort I (O) ∈ S(Leq(T0)) for each sort O ∈ S(L1),

• an Leq(T0)-formula I (P )(x̄), where S(xi) = I (a(P )(i)) and I(I (P )) ⊆ I(P ),

for each predicate symbol P ∈ P(L1), with I (dO) = dI (O)(x, y), and

• an Leq(T0)-formula I (f)(y, x̄), where S(xi) = I (a(P )(i)) and S(y) = I (S(f))

and I(I (P )) ⊆ I(dS(y)), for each function symbol f ∈ F(L1),

such that if we extend the map to arbitrary unnested L1-formulas by

• I (Px̄) = I (P )(I (x0),I (x1), . . . ) (note that P may be dO), where for each

variable symbol x of sort O ∈ S(L1), I (x) is a corresponding variable symbol of

sort I (O),

• I (dyfx̄) = I (f)(I (y),I (x0),I (x1), . . . ),

• I (Fϕ̄) = F (I (ϕ0),I (ϕ1), . . . ), for any connective F ,

• I (Qvϕ) = QI (v)I (ϕ), for Q ∈ {sup, inf}, and

• I (ϕ@Aψ) = I (ϕ)@AI (ψ), for any @A ∈{<,>,≤,≥,=, 6=},

then we have that for any closed L1-sentence G, if T0 |= G, then T eq1 |= I (G).

We say that T1 is interpretable in T0 if there exists an interpretation of T1 in T0.

We say that T0 and T1 are mutually interpretable if T0 is interpretable in T1 and T1 is

interpretable in T0. C
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Proposition 3.6.2. For any L0-theory T0 and L1-theory T1, any interpretation I of

T1 in T0 extends to an interpretation I eq of T eq1 in T0.

Proof. Define I eq(O) iteratively in the obvious way (note that if D is a definable set

over T eq1 , then by Lemma B.1.1 I eq(D) will be a definable set over T eq0 , so the obvious

definition is well defined). A straightforward but tedious induction shows that I eq is

an interpretation of T eq1 in T0.

Definition 3.6.3. Given an L0-theory T0 and an L1-theory T1, a bi-interpretation be-

tween T0 and T1 is a pair (I0,I1) such that for both i < 2, Ii is an interpretation of T1−i

in Ti and for each sort O ∈ S(Li), there is a definable isometry fO : O → I1−i(Ii(O))

with definable inverse over T eqi such that for any definable function g : O → O′,

T eqi |= (∀x:O)fO′(g(x)) = I1−i(Ii(g))(fO(x)).

We say that T0 and T1 are bi-interpretable if there is a bi-interpretation between

them. C

There are two special kinds of bi-interpretation that we will commonly use.

Definition 3.6.4. An L0-theory T0 and an L1-theory T1 are inter-definable if there is a

bi-interpretation (I0,I1) between them such that as I0 maps the sorts of L0 bijectively

onto the sorts of L1, I1 is its inverse, and for both i < 2, for every Li-formula ϕ,

I1−i(Ii(ϕ)) is logically equivalent to ϕ. C

Usually we will consider pairs of inter-definable theories where the two languages

have the same set of sorts (such as a theory and a reduct of that theory with the same

sorts).

The second special kind of bi-interpretation is the one guaranteed by the following

proposition.
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Proposition 3.6.5. Fix a signature L and an L-theory T . If {Hi}i∈I and {Oj}j∈J are

two families of sorts in L such that for any M |= T ,
⋃
i∈I Hi(M) ⊆ dcl

(⋃
j∈J Oj(M)

)
and

⋃
i∈I Oi(M) ⊆ dcl

(⋃
j∈J Hj(M)

)
, then TH = TMor � {Hi}i∈I and TO = TMor �

{Oj}j∈J are bi-interpretable.

Proof. After passing to TMor, we may assume that {Hi}i∈I and {Oj}j∈J exhaust the

sorts of L by passing to the reduct containing only those sorts.

By Theorem 3.2.18, we have that every Hi is equivalent to an imaginary of TO and

that every Oj is equivalent to an imaginary of TH (since the theory is Morleyized). This

gives interpretations I0 : TH → TO and I1 : TO → TH . The required maps witnessing

that (I0,I1) is a bi-interpretation come from the fact that TH and TO are themselves

Morleyized.
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Chapter 4

Minimality and Categoricity

The classical Baldwin-Lachlan characterization of uncountably categorical theories gives

detailed structural information about such theories. In particular each such theory has

a strongly minimal set definable over its prime model and every model of the theory is

‘controlled’ by any such strongly minimal set. This structural picture fails in continuous

logic in the context of inseparably categorical theories. In particular the theory of

infinite dimensional Hilbert spaces (IHS) does not contain anything resembling a strongly

minimal set.

Nevertheless, there is a meaningful notion of strongly minimal sets in continuous

logic which is a non-trivial generalization of the notion in discrete logic. In this chapter

we will examine this notion and related machinery.

Section 4.3 deals with a few mild variations on the notion of Vaughtian pairs in

continuous logic. It is shown that none of them can occur in an inseparably categorical

theory.

Section 4.1 deals with (strongly) minimal sets in continuous logic. The theory of

(R,+) is shown to be strongly minimal and to not interpret any infinite discrete struc-

tures. The general development of strongly minimal sets in continuous logic resembles

their development in discrete logic, so much so that some of the proofs here follow Tent

and Ziegler [TZ12] closely, but there are a few important differences:
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• The definition needs to be slightly different from the most obvious direct translation—

“Every definable subset is either compact or co-pre-compact.”—which does not

work. There are two problems with this definition:

– It might be that the set in question has many distinct non-algebraic types

but not enough definable subsets to distinguish between them.

– Under the correct definition, a strongly minimal set can have a definable

subset that is neither compact nor co-pre-compact.

• It’s not clear whether or not the property of having no Vaughtian pairs is sufficient

to ensure that any minimal set is strongly minimal in an arbitrary theory. There

are two stronger hypotheses, both satisfied by ℵ1-categorical theories, both of

which are strong enough to ensure that any minimal set is strongly minimal. In

particular if T is dictionaric and has no Vaughtian pairs, or if T has no open-in-

definable Vaughtian pairs, then any minimal set is strongly minimal.

• The proof that minimal sets over ℵ0-saturated structures are strongly minimal still

works, but in continuous logic sometimes we need to work with approximately ℵ0-

saturated structures. Fortunately minimal sets over approximately ℵ0-saturated

structures are strongly minimal.

• In general, algebraic closure in continuous logic does not have finite character,

only countable character and approximate finite character, but in strongly minimal

sets algebraic closure does have finite character. This is notable because there are

ℵ1-categorical theories in which acl is a pregeometry that does not have finite

character, namely IHS.
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• In discrete logic if p is a strongly minimal type based on some set A, then a

corresponding strongly minimal set is definable over A. In continuous logic if A

is not a model we need to invoke an extra assumption and work with a weaker

notion than strongly minimal set.

– If T is dictionaric then for any strongly minimal p based on some set A, there

is an A-definable ‘approximately strongly minimal set’ corresponding to p.

– Conversely (with no assumptions about T ) if D is an approximately strongly

minimal set definable over A, then it corresponds to a strongly minimal type

based on A.

– If D is an approximately strongly minimal set definable over A and M ⊇ A is

any model, then there is a (D(M)∪A)-definable strongly minimal set E ⊆ D

corresponding to the same strongly minimal type (again with no assumptions

about T ).

– Every known example of an A-definable approximately (strongly) minimal

set has an A-definable (strongly) minimal imaginary quotient, but it is not

clear that this is always true.

• In discrete logic if Sn(M) is topologically scattered (if T is totally transcendental,

for instance), then every non-algebraic open set contains a type that is minimal over

M. In continuous logic the correct topometric analog of topologically scattered

(i.e. CB-analyzable [BY08c]) is not strong enough to guarantee the existence of

any minimal or strongly minimal types. In particular there is an ℵ1-categorical

theory that does not even interpret a strongly minimal set, namely IHS.



226

Each of these differences with the exception of the last one are either mild technical

issues or the fortuitous lack of a potential mild technical issue. The last difference is

the most important one in that not every inseparably categorical theory is in some way

‘based on’ a strongly minimal set.

Section 4.4 contains a partial generalization of the Baldwin-Lachlan characterization

to the context of continuous logic. A counterexample to the most direct translation is

presented. Examples of inseparably categorical theories that do have strongly minimal

sets in their home sort, but only over models of sufficiently high dimension, are also pre-

sented. Finally the issue of the number of separable models of an inseparably categorical

theory is discussed, with some mild progress.

In another chapter (Chapter 5), we will present a couple of common conditions that

ensure the presence of minimal sets in an ω-stable theory. Namely, theories with a locally

compact model have minimal sets and ultrametric theories have minimal imaginaries.

The relationship between ultrametric theories and theories with totally disconnected

type spaces is characterized in this section. This chapter also contains a novel proof

that infinite dimensional Hilbert spaces do not interpret any non-trivial locally compact

theories and in particular any strongly minimal theories, a fact which is implicit in

[BYB04].

4.1 (Strongly) Minimal Sets in Continuous Logic

There are existing definitions of minimal set and strongly minimal set in the literature

given in [Noq17], but both of these definitions are too weak. The definition of strongly

minimal set given there fails to generalize the notion of strongly minimal in discrete
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logic and instead corresponds to a countably type-definable set containing a unique non-

algebraic type which furthermore is minimal (i.e. a type for which every forking extension

is algebraic). The definition of minimal set given there is trivial in the sense that under

it every countable theory with non-compact models has a minimal zeroset over any given

separable model. The definitions given here are equivalent to the definitions given in

[Noq17] with the extra stipulation that the sets are definable rather than just zerosets.

In particular this means that the notion of a strongly minimal theory given in [Noq17]

is equivalent to the one given here.

Definition 4.1.1.

(i) A non-algebraic definable set D is minimal (over the set A) if for each pair F,G ⊆

D of disjoint A-zerosets, at most one of F or G is non-algebraic.

(ii) A definable set is strongly minimal if it is minimal over every set of parameters. C

The näıve translation of the definition of minimal set—every set JP (M) = 0K∩D(M)

is either compact or co-pre-compact (i.e. has a complement with a compact closure)—

does not work:

Example 4.1.2. A strongly minimal set D with a definable set E ⊆ D that is neither

compact nor co-pre-compact.

Verification. Let M be a structure whose universe is ω × S1, where S1 ⊆ C is the

unit circle with the standard Euclidean metric. Let the distance between any points in

distinct circles be 1. Let D be the entire structure, and let E be the subset of S1(M)

given by {(n, e2πki/(n+1)) : k ≤ n} (where we are identifying elements of M with their

types in S1(M)) together with the unique non-algebraic type. This set is clearly closed.
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To see that it is a definable set, pick ε > 0, and consider E<ε. For any n > 4π
ε

, E<ε

contains all of the circle {n} × S1. There are only finitely many n ≤ 4π
ε

, and on each

of these E<ε is an open set since the logic topology agrees with the metric topology on

each individual circle in M. Therefore E<ε is an open set, and so E is definable.

Another example is (−∞, 0]∪ {ln(1 + n) : n < ω}, which is an R-definable subset of

R (which will be shown to be strongly minimal as a metric space with the appropriate

metric in Theorem 5.3.3).

4.1.1 Some Characterizations

Here we present some more traditional characterizations of minimal sets.

Proposition 4.1.3. For a definable set D over the structure M the following are equiv-

alent:

(i) D is minimal.

(ii) For each restricted M-formula ϕ, at most one of Jϕ(M) ≤ 1
3
K or Jϕ(M) ≥ 2

3
K is

non-compact. 1 (In particular we only need to check compactness in M, not in

arbitrary elementary extensions of M.)

(iii) D is dictionaric (as a subset of Sn(M)) and for every M-definable subset E of D,

either E(M) is compact or D(M) ∩ Jd(M, E) ≥ εK is compact for every ε > 0.

Proof. In this proof we will use the notation A≥ε for the set types with distance from A

greater than or equal to ε.

1Note that there is nothing special about 1
3 and 2

3 (beyond the fact that they are distinct) or the
fact that these are inequalities rather than equalities, so we get the same statement with Jϕ = 0K and
Jϕ = 1K. The proof of the statement in the proposition is conceptually clearer, however.
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(i)⇒ (ii). This is obvious.

(ii) ⇒ (iii). First we will show that D has a network of definable sets, which is

sufficient by Proposition 2.4.2 part (v). Let p ⊆ D be a type, and let U be an open-in-D

neighborhood of p. If p is algebraic, then we are done, as {p} is a definable set. If p is

non-algebraic, then find V such that p ∈ V ⊆ V ⊆ U .

We want to argue that every q ∈ ∂V is an algebraic type. For each q ∈ ∂V find

restricted formula ψ such that p ∈ Jψ < 1
3
K and q ∈ Jψ > 2

3
K. Since p is non-algebraic and

V is open, it must be the case that Jψ(M) ≤ 1
3
K is non-compact. Therefore Jψ(M) ≥ 2

3
K

is compact. Since q is contained in the interior of a zeroset that is compact in some

model, it is algebraic by Lemma 2.3.62. Since every q ∈ ∂V is algebraic, and therefore

definable, V is a union of open and definable sets that is topologically closed, and

therefore definable. Hence D has a network of definable sets and is dictionaric.

If E ⊆ D is an M -definable set, then for any ε > 0, we can find a restricted formula

ϕ such that E ⊆ Jϕ < 1
3
K and D ∩ E≥ε ⊆ Jϕ > 2

3
K. Either Jϕ(M) ≤ 1

3
K and therefore

E(M) is compact, or Jϕ(M) ≥ 2
3
K and therefore D(M)∩Jd(M, E) ≥ εK is compact. This

implies that either E(M) is compact or D(M) ∩ Jd(M, E) ≥ εK is compact for every

ε > 0, as required.

(iii) ⇒ (i). If F,G ⊆ D are disjoint, M -zerosets then we can find E ⊇ F such that

E ⊆ D is a definable set disjoint from G. E(M) is either compact or D(M)∩Jd(M, E) ≥

εK is compact for every ε > 0. If E(M) is compact then E(N) and therefore F (N) is

compact in every model N � M, since E is definable. Otherwise there is some ε > 0

small enough that G ∩ E<ε = ∅. In that case find H ⊇ E≥ε such that H ⊆ D is a

definable set disjoint from E. Since H is disjoint from E there is some δ > 0 small

enough that H ∩ E<δ = ∅, so H(M) ⊆ D(M) ∩ Jd(M, E) ≥ δK is a compact set. Since
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H is definable we have that H(N) is compact in every model N � M, therefore G(N)

is as well.

We will ultimately show that any minimal set contains a unique non-algebraic type,

but this will be a corollary of something slightly more technical so we will defer this

to later (Proposition 4.1.12 and Corollary 4.1.13). The condition that D be dictionaric

when restricting attention to definable sets is necessary in light of Example 2.3.32, since

the theory there has more than one non-algebraic ∅-type, but appears ‘strongly minimal’

with regards to definable sets in that every definable set is either finite or co-finite.

Compare the following Proposition 4.1.4 to the classical facts that minimal sets in

theories with no Vaughtian pairs or over ω-saturated models are strongly minimal.

Proposition 4.1.4.

(i) If D is a minimal set over a model M and either

• T is dictionaric and has no Vaughtian pairs, or

• T has no open-in-definable Vaughtian pairs,

then D is strongly minimal.

(ii) If D is a minimal set over M, an approximately ℵ0-saturated model, then D is

strongly minimal.

Proof. (i) Assume without loss of generality that T is countable (if we prove this for

each countable reduct of T over which D is definable, then it will be true for the whole

theory). Assume that D is a minimal set containing the non-algebraic type p and that

p is not a strongly minimal type. Let q0, q1 be distinct non-algebraic extensions of p



231

to some parameter set A ⊇ M. Let ϕ(x̄; ā) be a restricted formula with ā ∈ A such

that ϕ(qi; ā) = i for both i < 2. Let {b̄i}i<ω be a sequence of tuples from M such

that tp(b̄i/M) → tp(ā/M). It must be the case that either infinitely many i < ω have

ϕ(p; b̄i) <
2
3

or infinitely many i < ω have ϕ(p; b̄i) >
1
3
. Without loss of generality

assume that infinitely many i < ω have ϕ(p; b̄i) >
1
3

and restrict to a sub-sequence on

which this is always true.

Now we have that for each i < ω, D ∩ Jϕ(·; b̄i) ≤ 1
3
K is algebraic. Let N � M be

a proper elementary extension. Note that since D ∩ Jϕ(·; b̄i) ≤ 1
3
K is algebraic we have

that D(M) ∩ Jϕ(M; b̄i) ≤ 1
3
K = D(N) ∩ Jϕ(N; b̄i) ≤ 1

3
K for each i < ω.

Let Ai = (N,M, b̄i), and take a non-principal ultraproduct Aω =
∏

i<ω Ai/U =

(Nω,Mω, b̄ω). Note that Nω � Mω,2 that D(Mω) ∩ Jϕ(Mω; b̄ω) ≤ εK = D(Nω) ∩

Jϕ(Nω; b̄ω) ≤ εK for any 0 < ε < 1
3

and that tp(b̄ω/M) = tp(ā/M). Therefore p

has two non-algebraic extension r0, r1 to Sn(Mω) such that ϕ(ri; b̄ω) = i for both i < 2.

This implies that D(Mω) ∩ Jϕ(Mω; b̄ω) ≤ εK is not metrically compact for any ε > 0.

If T is dictionaric we can find a definable set E such that D ∩ Jϕ(·; b̄ω) ≤ 1
6
K ⊆ E ⊆

D ∩ Jϕ(·; b̄ω) < 1
3
K, then we will have that E(Mω) = E(Nω) is a non-compact definable

set, witnessing that (Nω,Mω) is a Vaughtian pair.

Otherwise the set D ∩ Jϕ(·; b̄ω) < 1
3
K is open-in-definable and unbounded (it is

unbounded because D ∩ Jϕ(·; b̄ω) ≤ 1
6
K is closed and non-algebraic), witnessing that

(Nω,Mω) is an open-in-definable Vaughtian pair.

(ii) Let D(x; ā) with ā ∈M, our approximately ℵ0-saturated model, be a definable set

such that over some set of parameters B there are distinct non-algebraic types p0, p1 ∈ D.

2This is not true for arbitrary ultraproducts of proper elementary pairs; you need a uniform ‘width’
of the extensions, as in you need a fixed ε > 0 such that most Ni contain an a with dinf(a,Mi) > ε.
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Let ϕ(x; b̄) be a formula such that ϕ(pi; b̄) = i for both i < 2. Since p0 and p1 are non-

algebraic we have that D ∩ Jϕ(·; b̄) ≤ 1
6
K and D ∩ Jϕ(·; b̄) ≥ 5

6
K are both non-algebraic.

Let ε > 0 be small enough that #ent
>εD(N)∩Jϕ(N; b̄) ≤ 1

3
K and #ent

>εD(N)∩Jϕ(N; b̄) ≥ 2
3
K

are both infinite in any model N (this is always possible because D ∩ Jϕ(·; b̄) < 1
3
K and

D ∩ Jϕ(·; b̄) > 2
3
K are relatively open in D).

Find δ > 0 small enough that δ < 1
3
ε and that if d(x, y) < δ, then |ϕ(x; b̄)−ϕ(y; b̄)| <

1
9
. Find γ > 0 small enough that if d(z̄, w̄) < γ, then supx |D(x; z̄) −D(x; w̄)| < δ. By

approximate ℵ0-saturation we can find c̄ē ≡ āb̄ such that d(ā, c̄) < γ and c̄ē ∈ M. Let

{ui}i<ω be an infinite (>ε)-separated set in D(M; c̄) ∩ Jϕ(M; ē) ≤ 1
3
K, and let {vi}i<ω

be an infinite (>ε)-separated set in D(M; c̄) ∩ Jϕ(M; ē) ≥ 2
3
K. By construction we have

that dH(D(M; ā), D(M; c̄)) < δ (where dH is the Hausdorff metric), so we can find

{wi}i<ω ⊆ D(M; ā) and {ti}i<ω ⊆ D(M; ā) such that d(vi, wi) < δ and d(ui, ti) < δ for

each i < ω. By construction this implies that ϕ(wi; ē) <
4
9

and ϕ(ti; ē) >
5
9

for every

i < ω, and hence we have that D(M; ā) ∩ Jϕ(M; ē) ≤ 4
9
K and D(M; ā) ∩ Jϕ(M; ē) ≥ 5

9
K

are both not metrically compact and therefore not algebraic. Therefore D(x; ā) is not

minimal over M.

So by the converse we have that if D is a minimal set over an approximately ℵ0-

saturated model, then it is strongly minimal.

It is unclear whether or not Proposition 4.1.4 part (i) can be improved to theories

with no Vaughtian pairs in general, in that while a minimal set over A is dictionaric

over A, it may not be dictionaric over some B ⊇ A.
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4.1.2 The Pregeometry of a Strongly Minimal Set

Proposition 4.1.5. If D is a strongly minimal set definable over the set A, then X 7→

acl(XA) restricted to D is the closure operator of a pregeometry with finite character.

Proof. acl automatically obeys reflexivity and transitivity, so all we need to verify is

finite character and exchange.

For finite character, suppose that a ∈ D(C) and a ∈ acl(B) for some set B ⊇ A

(not necessarily in D). Let χ(x̄; b̄) be a distance predicate for an algebraic subset of

D containing a, with b̄ ∈ B. Let p be the unique non-algebraic global type in D.

Find a restricted formula ϕ such that supx̄,ȳ |χ(x̄; ȳ) − ϕ(x̄; ȳ)| < 1
4
d(p,C). ϕ(x̄; b̄) only

depends on finitely many parameters in the tuple b̄. Note the following: Jχ(·; b̄) = 0K ⊆

D ∩ Jϕ(·; b̄) ≤ 1
4
d(p,C)K ⊆ Jχ(·; b̄) ≤ 1

2
d(p,C)K 63 p. Therefore D ∩ Jϕ(·; b̄) ≤ 1

4
d(p,C)K

contains a and is algebraic, so a ∈ acl(B0) for some finite B0 ⊆ B.

For exchange, let b ∈ D(C) r acl(A), and let c ∈ D(C) r acl(Ab). We want to show

that b /∈ acl(Ac). Since D has a unique non-algebraic type over any parameter set,

any such pair like bc has the same type. Let B′ be a set of realizations of tp(b/A) of

cardinality (|L| + |A| + 2ℵ0)+, and let c′ be a realization of the unique non-algebraic

type in D over the set AB′. For any b′0, b
′
1 ∈ B′ we have that b′0c

′ ≡A b′1c′, but there are

too many realizations of tp(b′0/Ac
′) for it to be algebraic, so we must have b′ /∈ acl(Ac′)

for any b′ ∈ B′. Since b′c′ ≡ bc, the same must be true for b and c, so b /∈ acl(Ac), as

required.

Note that in a strongly minimal set, acl has finite character relative to arbitrary

parameters, not just those in the strongly minimal set. In fact it has finite character

in a particularly strong sense in that if c ∈ acl(AB), where c is in a strongly minimal
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set over A, then there is a finite tuple c̄ ∈ C and an ε > 0 such that for any ē with

d(c̄, ē) < ε, b ∈ acl(Aē).The following corollary summarizes this more precisely.

It follows from this proposition that all of the machinery of pregeometries, such

as bases and invariant dimension number, works in continuous logic just as it does in

discrete logic. The following corollary summarizes this more precisely.

Corollary 4.1.6. If D is a strongly minimal set definable over the set A (which we may

assume without loss of generality is countable), then for any model M ⊇ A, we have that

D(M) ⊆ acl(AB) for any B ⊆ D(M) which is a basis with regards to the pregeometry

induced by the closure operator X 7→ acl(X ∪ A).

Any two bases of D(M) have the same cardinality, any two bases of the same cardinal-

ity are elementarily equivalent, and any basis is an A-indiscernible set. So in particular

if Bi ⊆ D(Mi) for both i < 2 are bases of the same cardinality, then any bijection

f : B0 → B1 extends to an elementary map f ′ : D(M0) ≡ D(M1).

Finally, for any X ⊆ D(C), if #dcX > #dcacl(A) + |L| then dim(X) = #dcX. So

in particular, if T and A are countable then for any X ⊆ D(C) with #dcX uncountable,

dim(X) = #dcX.

The following lemma is useful for understanding the metric properties of strongly

minimal sets. Perhaps unsurprisingly, the metric in a strongly minimal set always be-

haves somewhat like a locally finite edge relation in a discrete strongly minimal set. We

are including it in this subsection because its proof relies on the pregeometric structure

of strongly minimal sets.

Lemma 4.1.7 (Uniform Local Compactness). Let D be a strongly minimal set definable

over the set A. There exists an ε > 0 such that for every δ > 0, there exists an n < ω
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such that for any model M ⊇ A, every closed ε-ball B in D(M) can be covered by at

most n open δ balls.

So in particular for any a, b ∈ D(M) with d(a, b) < ε, we have that a ∈ acl(b).

Proof. For the purposes of this proof we will use the notations B≤α(x) and B<α(x) to

represent closed and open balls in D (rather than in the ambient structure).

Let p be the generic type in D over A. Let b be a realization of p. Let q be the

generic type in D over Ab. We have that d(b, q) > 0. Find ε > 0 satisfying ε < d(b,q)
2

.

The set Jd(x, b) ≤ εK does not contain q, so it must be algebraic. This implies that for

every δ > 0 there is an mδ < ω such that B≤ε(b) can be covered by mδ open δ-balls.

Consider the formula

χδ(x) := sup
y0,...,ymδ−1

inf
z

max{d(x, z) ·− ε,max
i<mδ

δ ·− d(yi, z)}.

Note that χδ(x) cannot take on negative values. Let c0, . . . , cmδ be chosen so that the

open δ-balls centered at these points cover B≤ε(b). Since B≤γ is compact for some γ > ε,

by compactness there is a γ > ε such that B≤γ(b) is also covered by
⋃
i<mδ

B<δ(ci).

Then by compactness again we get that there is some θ < δ such that
⋃
i<mδ

B<θ(ci)

covers B≤γ(b). By plugging in these ci’s for the yi’s in γδ(b), we get a witness that

χδ(a) > min{γ−ε, δ−θ} > 0. Conversely, we have that for any b |= D, if χδ(b) > 0, then

B≤δ(b) can be covered by mδ open δ-balls. The set Jχδ(x) > 0K is an open neighborhood

of p, so we have that D ∩ Jχδ(x) = 0K is algebraic. For any e ∈ D with χδ(e) = 0,

we must have that d(e, p) > ε. To see this, let f be a realization of q. We have that

d(b, f) ≥ d(b, q) > 2ε, by the choice of ε. Since e is in acl(∅), b and f have the same type

over Ae, implying that d(b, e) = d(f, e). By the triangle inequality, these must both be
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greater than ε. This implies that the set F = (Jχδ(x) = 0K∩D)≤ε ∩D does not contain

p and is therefore also algebraic. This implies that there is some kδ < ω such that F (C)

is covered by kδ open δ-balls, which implies that for any e ∈ D with χδ(e) = 0, B≤ε(e)

is also covered by kδ open δ-balls (since it is a subset of F (C)). Therefore we have that

for any g ∈ D, B≤ε(g) is covered by no more than nδ = max{mδ, kδ} open δ-balls.

Since we can do this for any δ > 0, and since this property is clearly preserved under

passing to substructures (possibly increasing n as a function of δ), we have the required

result.

4.1.3 Strongly Minimal Types

Now we would like to give definitions of strongly minimal types directly and relate

them to the notion of strongly minimal sets. As part of this we will need a notion of

‘approximate algebraicity.’

Definition 4.1.8.

(i) A type p ∈ Sn(A) is said to be (< ε)-algebraic if for any M ⊇ A and any q ∈ Sn(M)

such that q � A = p, d(q,M) < ε (thinking of M as the set of types it realizes in

Sn(M)).

(ii) A set of types is said to be (< ε)-algebraic if every type in it is.

(iii) A type p ∈ Sn(A) is pre-minimal (over A) if for all sufficiently small ε > 0, p is

d-atomic in the set of non-(< ε)-algebraic types in Sn(A).3

3Pre-minimal types have the same relationship with minimal sets that strongly minimal types have
with strongly minimal sets. There is a terminological issue we are inheriting from discrete logic here.
In discrete logic, strongly minimal sets have strongly minimal types, and weakly minimal sets have
minimal types, but minimal sets do not get a name for their special types (which are admittedly not
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(iv) A type p ∈ Sn(A) is strongly minimal if it has a unique pre-minimal global exten-

sion. C

Note that if a zeroset F is (< ε)-algebraic, then in any model M, by compactness

F (M) is covered by finitely many (< ε)-balls with centers in M. Something approxi-

mating the converse is true as well, but we won’t need it. Also note that a zeroset F is

algebraic if and only if it is (< ε)-algebraic for every ε > 0.

Note that the set of non-(< ε)-algebraic types is always closed, and if M is a model,

then the set of non-(< ε)-algebraic types in S1(M) is precisely S1(M) r M<ε, so in

particular a type p ∈ Sn(A) is strongly minimal if for all sufficiently small ε > 0, p has

a unique global extension in the set Sn(C) r C<ε (where C is the monster model), and

furthermore that extension is relatively d-atomic in Sn(C) r C<ε.

Compare this with the following definition of strongly minimal types in discrete

logic: A type p ∈ Sn(A) is strongly minimal if it has a unique global extension in the

set Sn(C) r C, and furthermore that extension is relatively isolated in Sn(C) r C.

Note that the definition of strongly minimal type implies that if p is a strongly

minimal type and q is a global extension of it that is not equal to p’s special extension,

then q ∈ C<ε for all sufficiently small ε > 0, so in particular q is realized and therefore

algebraic. This implies that over any parameter set containing the domain of p, p has a

unique non-algebraic extension.

The following is a characterization of strongly minimal types in terms of Morley

rank and degree, which is developed in the context of continuous logic in [BY08c].

very special). Calling such types ‘weakly minimal,’ while arguably sensible, would invite confusion.
‘Locally minimal’ is another option, but this is unfortunate when talking about ‘locally minimal global
types’ and erroneously suggests a direct relationship with local types.
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The notion of Morley rank used here is the one corresponding to the (f, ε)-Cantor-

Bendixson derivative defined in that paper, but the statement of this proposition is not

sensitive to the particular kind of Morley rank used, since they are all asymptotically

equivalent as ε → 0 and since in a totally transcendental theory the statement that

Mdε(p) = 1 for all sufficiently small ε > 0 is precisely the same as the statement

that p is a stationary type. The machinery of Morley rank is not used anywhere else

in this section, and this proposition is included only for comparison to the classical

statement that a type p is strongly minimal if and only if M(R, d)(p) = (1, 1), where

M(R, d)(p) = (MR(p),Md(p)), so we will omit actually defining Morley rank here.

Proposition 4.1.9. A type p ∈ Sn(A) is strongly minimal if and only if M(R, d)ε(p) =

(1, 1) for all sufficiently small ε > 0.

Proof. (⇒). Assume that p ∈ Sn(A) is strongly minimal. Let q be the unique pre-

minimal global extension, so that in particular for all sufficiently small ε > 0, q is

relatively d-atomic in Sn(C) r C<ε. (Sn(C))′ε = Sn(C) r C<ε, so q is relatively d-atomic

in (Sn(C))′ε. Therefore q /∈ (Sn(C))′′ε and q is contained in open subsets of (Sn(C))′ε of

arbitrarily small diameter, so M(R, d)ε(q) = (1, 1). q is the unique extension of p to

(Sn(C))′ε, so M(R, d)ε(p) = (1, 1) as well.

(⇐). Since p has ordinal Morley ranks it has global non-forking extensions. Since

Mdε(p) = 1 for all sufficiently small ε > 0, it has a unique global non-forking extension.

Let q be its unique global non-forking extension. For each sufficiently small ε > 0, we

have that p is contained in a relatively open subset of (Sn(C))′ε of diameter ≤ 2ε. For

any 0 < δ < ε, we have that (Sn(C))′δ ⊇ (Sn(C))′ε, therefore q has open neighborhoods of

arbitrarily small diameter in (Sn(C))′ε = Sn(C) r C<ε. And thus q is relatively d-atomic
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in Sn(C) r C<ε, and q is a pre-minimal global extension of p.

We still need to show that q is the unique pre-minimal global extension of p. Assume

that p has another pre-minimal global extension r. By the (⇒) direction we’d have that

MRε(r) = 1 for all sufficiently small ε > 0, but that would contradict that Mdε(p) = 1

for all sufficiently small ε > 0.

There is one additional hiccup in the development of strongly minimal sets in con-

tinuous logic. Although we typically think of strongly minimal types as coming from

strongly minimal sets, it is not hard to show that the following is true in discrete logic:

If p ∈ S1(A) is a type whose unique non-algebraic extension to some parameter set

B ⊇ A is contained in a strongly minimal set D, definable over B, then there is a

strongly minimal set E definable over A containing p as its unique non-algebraic

type.

This pleasant fact fails in continuous logic (see Counterexample C.2.2). Assuming we

are working over models, the relationship between strongly minimal types and strongly

minimal sets is precisely as it is in discrete logic. Curiously, this arguably relies on the

same kind of behavior that gives us the mild pathology of Counterexample C.2.1.

Proposition 4.1.10. If p ∈ S1(M) is a strongly minimal (resp. pre-minimal) type

with M a model, then there is an M-definable strongly minimal (resp. minimal) set D

containing p (with no assumptions on S1(M) or T ).

Proof. For each k < ω, let Fk = S1(M)rM<2−k . Let ` < ω be large enough that p ∈ Fk

for any k ≥ `. By Lemma 2.4.5 part (i), we can find a closed set A ⊆ S1(M) and a

formula ϕ : S1(M)→ [0, 1] such that
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• p ∈ Jϕ = 0K ⊆ A,

• p ∈ Jϕ = 0K ⊆ intA<ε for every ε > 0, and

• Jϕ ≤ 2−k−1K ∩ A ∩ Fk = {p} for every ` ≤ k < ω.

Note that while Jϕ = 0K may contain types other than p, if q ∈ Jϕ = 0K r {p}, then

q /∈ Fk for every ` ≤ k < ω, so in particular q is algebraic and realized in M.

For each k with ` ≤ k < ω, let Gk = A ∩ J2−k−2 ≤ ϕ ≤ 2−k−1K. Note that

Gk ∩ Fk = ∅, since at most it could contain {p}, but it cannot contain p. This implies

that Gk ⊆ M<2−k =
⋃
a∈MB<2−k(a), so by compactness there is a finite set Mk ⊆ M

such that Gk ⊆ M<2−k

k . By restricting to a subset if necessary we may assume that

Mk ⊆ G<2−k

k as well, i.e. dH(Gk,Mk) < 2−k. Note that as a finite union of elements of

M, each Mk is an M-definable set.

Let D = Jϕ = 0K ∪
⋃
`≤k<ωMk. To see that D is closed, note that Jϕ = 0K is

clearly closed so we only need to argue that the accumulation points of
⋃
`≤k<ωMk are

all contained in D. Let q be an accumulation point of
⋃
`≤k<ωMk, and assume that

ϕ(q) > 0. Find U , an open neighborhood of q, such that U is disjoint from Jϕ = 0K.

Find ε > 0 small enough that U
≤ε

is disjoint from Jϕ = 0K. By compactness there is a

k < ω large enough that (A ∩ Jϕ ≤ 2−kK)≤2−k is disjoint from U
≤ε

. This implies that

D ∩ U≤ε is a finite set, so q must be in D. If ϕ(q) = 0 then q ∈ Jϕ = 0K ⊆ D, therefore

D is closed.

To see that D is definable, pick ε > 0, and note that D<ε/2 ⊇ Jϕ = 0K ∪
⋃
m≤k<ω Gk

for some m < ω (since dH(Gm,Mm) < 2−m for every m < ω), so we have

D<ε ⊇

(
Jϕ = 0K ∪

⋃
m≤k<ω

Gk

)<ε/2

∪
⋃

`≤k<ω

M<ε
k .
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So we just have to argue that Jϕ = 0K ⊆ int
(
Jϕ = 0K ∪

⋃
m≤k<ω Gk

)<ε/2
. Find δ > 0

small enough that δ < ε
2

and Jϕ ≤ δK≤δ ∩ A ⊆ Jϕ = 0K ∪
⋃
m≤k<ω Gk, which must be

possible by compactness. Let q ∈ Jϕ < δK ∩ intA<δ. We have that dinf(q, A) < δ, so

let r ∈ A such that d(q, r) < δ. This implies that r ∈ Jϕ ≤ δK≤δ, so in particular

r ∈ Jϕ = 0K ∪
⋃
m≤k<ω Gk. Therefore

Jϕ ≤ δK ∩ intA<δ ⊆ int

(
Jϕ = 0K ∪

⋃
m≤k<ω

Gk

)<δ

⊆ int

(
Jϕ = 0K ∪

⋃
m≤k<ω

Gk

)<ε/2

,

as required. So D ⊆ intD<ε for every ε > 0, and thus D is definable. By construction

every type q ∈ D r {p} is algebraic (and realized in M), so D is a minimal set. If

the unique non-algebraic type in D is strongly minimal then D is a strongly minimal

set as well, by Proposition 4.1.12 (the proof of that proposition does not rely on this

proposition).

Really if A is any parameter set, p ∈ S1(A) is a strongly minimal type, D is any

definable set containing p, and M ⊇ A is a model, then we get an A ∪D(M)-definable

strongly minimal set containing p. And we also have the same for any open or open-in-

definable set containing p.

4.1.4 Approximately (Strongly) Minimal Pairs

We can recover a fact analogous to Proposition 4.1.10 without assuming anything about

the parameter set, but we need a dictionaric theory and a slight weakening of the notion

of strongly minimal set.
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Definition 4.1.11.

(i) A pair (D,ϕ) of a definable set D ⊆ Sn(A) and an A-formula ϕ is approximately

minimal if the zeroset Jϕ = 0K ⊆ D is non-algebraic and for every pair F,G ⊆ D

of disjoint A-zerosets, every model M ⊇ A, and every ε > 0, at least one of

F ∩ Jϕ ≤ εK and G ∩ Jϕ ≤ εK is (< ε)-algebraic.

(ii) A pair (D,ϕ) is approximately strongly minimal if it is approximately minimal

over every set of parameters over which it is definable.

(iii) A definable set D is approximately (strongly) minimal if there is some formula ϕ

such that (D,ϕ) is approximately (strongly) minimal. C

Obviously a (strongly) minimal set is approximately (strongly) minimal if we just

let ϕ be the distance predicate of the set. Note that for any kind of minimality it is

sufficient to check sets of the form Jϕ ≤ rK with ϕ restricted and r rational.

Proposition 4.1.12.

(i) If (D,ϕ) is approximately minimal (over the set A) then there is a unique non-

algebraic A-type p ∈ Jϕ = 0K ⊆ D. We say that p is the generic type of (D,ϕ).

(ii) If (D,ϕ) is approximately strongly minimal (resp. approximately minimal) then its

generic type is strongly minimal (resp. pre-minimal).

(iii) If (D,ϕ) is (approximately) minimal and its generic type is strongly minimal,

then (D,ϕ) is (approximately) strongly minimal (where a pair (D,ϕ) is strongly

minimal if D is strongly minimal).
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Proof. (i) Assume that there are two distinct non-algebraic types, q0 and q1 contained

in Jϕ = 0K ⊆ Sn(A). Let F0, F1 ⊆ Jϕ = 0K be disjoint A-zerosets such that pi ∈ Fi for

both i < 2. Since for each ε > 0, at least one of F0 and F1 must be (< ε)-algebraic, it

must be that for some i < 2, Fi(C) ⊆ C<ε for arbitrarily small ε > 0, so in particular

Fi(C) ⊆ C, implying that Fi is algebraic. This is a contradiction, therefore there cannot

be two non-algebraic types in Jϕ = 0K ⊆ Sn(A), but Jϕ = 0K is non-algebraic so there

must be at least one.

(ii) Let X = A if (D,ϕ) is approximately minimal over A, and let X = C if (D,ϕ)

is approximately strongly minimal. We need to show that p is d-atomic in the set

of non-(< ε)-algebraic types in Sn(X). For any ε > 0 let Fε denote the (closed) set

of non-(< ε)-algebraic types in Sn(X). Fix ε > 0 small enough that p ∈ Fε. Find

δ > 0 small enough that δ < 1
2
ε and p /∈ (D ∩ Jϕ ≥ 1

2
εK)≤δ, and then consider U =(

D<δ r (D ∩ Jϕ ≥ 1
2
εK)≤δ

)
∩ Fε. Note that p ∈ U and that U is relatively open in Fε.

We want to show that U ⊆ B≤δ(p). Let q ∈ U . By construction this implies that

d(q,D) < δ so there is some r ∈ D such that d(q, r) < δ. Also by construction r

cannot be in D ∩ Jϕ ≥ 1
2
εK. Assume that r ∈ D ∩ J0 < ϕ < 1

2
εK. There must be some

0 < γ < σ < 1
2
ε such that r ∈ D∩Jγ ≤ ϕ ≤ σK, but D∩Jγ ≤ ϕ ≤ σK is (< 1

2
ε)-algebraic,

so in particular r /∈ Fε/2. But this is a contradiction since for any model M ⊇ X (i.e.

M ⊇ A or M = C) and extension q′ to Sn(M), there is an extension r′ to Sn(M) such

that d(q′,M) ≤ d(q′, r′) + d(r′,M) < δ + 1
2
ε < ε. But q ∈ Fε, so q has an extension q′′

with d(q′′,M) ≥ ε.

Therefore r must be in Jϕ = 0K. Assume that r 6= p. This implies that r is algebraic

so that in particular r ∈M for any M ⊇ X, which is again a contradiction since for any

extension q′ of q there is an extension r′ of r such that d(q′,M) ≤ d(q′, r′) + d(r′,M) <
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δ + 0 < 1
2
ε < ε. Hence it must be the case that r = p. Since this is true for any q ∈ U ,

this implies that U ⊆ B<δ(p) ⊆ B≤δ(p). Since we can do this for any sufficiently small

δ > 0, we have that p is relatively d-atomic in Fε and the same is true for any sufficiently

small ε > 0.

(iii) If D is approximately minimal but not approximately strongly minimal then its

generic type has two distinct non-algebraic extensions to some set of parameters, so it is

not strongly minimal. The only thing to prove is that if D is minimal and its generic type

is strongly minimal then D is strongly minimal (and not just approximately strongly

minimal). This follows from the fact that if p is the global strongly minimal type in

D ⊆ Sn(C), then any q ∈ D r {p} must be an extension of some type in D ⊆ Sn(A). If

it is an extension of p � A, then it is algebraic, and if it is an extension of some r 6= p � A

then it also must be algebraic.

It is easy to come up with an example of a definable set D such that (D,ϕ) and

(D,ψ) are approximately strongly minimal but have different generic types—the union

of two disjoint strongly minimal sets for instance.

Corollary 4.1.13.

(i) If D ⊆ Sn(A) is minimal then there is a unique non-algebraic type p ∈ D.

(ii) If D is strongly minimal then there is a unique non-algebraic type p ∈ D ⊆ Sn(A)

for any set of parameters A over which D is definable.

The strongly minimal type whose existence is guaranteed by Corollary 4.1.13 is also

referred to as the generic type of the corresponding set.

Finally we come to the advantage we gain by passing to this weaker notion, as

promised at the beginning of this section. Given a strongly minimal type in a dictionaric
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theory we can always find an approximately strongly minimal pair pointing to that type

and definable over the same set that the type is over, and likewise with pre-minimal

types and minimal sets.

Proposition 4.1.14.

(i) If Sn(A) is dictionaric and p ∈ Sn(A) is a pre-minimal type, then there is an

A-definable approximately minimal pair (D,P ) pointing to p.

(ii) If D ⊆ Sn(A) is approximately minimal over a model M, then there is a (D(M)∪

A)-definable minimal set E ⊆ D pointing to the same type.

(iii) If D ⊆ Sn(A) is approximately strongly minimal (as part of the pair (D,P )),

then for any model M ⊇ A, there is a (D(M) ∪ A)-definable strongly minimal

set E ⊆ D pointing to the same type. Furthermore, for any model N � M,

E(N) r JP (N) = 0K ⊆ D(M).

Proof. (i) This follows from applying Lemma 2.4.5 to the closed set {p} which is rela-

tively definable in the set Fi ⊆ Sn(A), where Fi is the set of all non-(< 2−i−k)-algebraic

types and k > 0 is chosen so that p ∈ Fi for every i < ω. The lemma gives us a definable

set D and a formula ϕ such that for each i < ω, D∩Fi∩Jϕ ≤ 2−iK = p. To see that (D,ϕ)

is an approximately minimal pair, pick ε > 0. Find i < ω such that 2−i−1 < ε ≤ 2−i,

and let G,H ⊆ D be disjoint zerosets. At most one of G or H can contain p, so as-

sume without loss of generality that p /∈ G. We have that G ∩ Fi ∩ Jϕ ≤ 2−iK ⊆ p,

so G ∩ Fi ∩ Jϕ ≤ εK ⊆ p as well, but p /∈ G, so G ∩ Fi ∩ Jϕ ≤ εK. This implies that

G ∩ Jϕ ≤ εK is contained in the set of (< 2−i−k)-algebraic types so in particular since

2−i−k ≤ 2−i−1 < ε, we have that every type in G∩ Jϕ ≤ εK is (< ε)-algebraic. Therefore

(D,ϕ) is an approximately minimal pair.
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(ii) This follows from the comment after Proposition 4.1.10.

(iii) Most of this follows from part (ii) and Proposition 4.1.12. The only thing we

need to verify is the last sentence, which follows from the fact that anything in D(N)

not realizing the strongly minimal type over M must be algebraic over M in the first

place and so realized in it. The strongly minimal type is contained in Jϕ = 0K, so the

result follows.

Note that parts (ii) and (iii) do not require any assumptions about the type space.

The following example shows that the dictionaricness stipulation in part (i) cannot be

removed.

Example 4.1.15. A non-dictionaric superstable theory with a strongly minimal type

over ∅ but no approximately strongly minimal sets over ∅.

Verification. Let L = {P0, P1} be a language with two unary 1-Lipschitz [0, 1]-valued

predicates, and let M be an L-structure whose universe is ω × [0, 1] and whose metric

is given by d((n, x), (m, y)) = 1 if n 6= m and d((n, x), (n, y)) = 2−n + d(x, y) if x 6= y.

Let P0((n, x)) = 2−n and P1((n, x)) = x. Finally let T = Th(M).

The type space S1(∅) is homeomorphic to (ω + 1)× [0, 1].

Note that if a definable set has non-empty intersection with one of the sets of types

of the form {n} × [0, 1] for n < ω, then it must contain all of it, because this set is

metrically isolated from the rest of the type space and is topologically connected but

uniformly metrically discrete. So to show that none of the types in {ω} × [0, 1] are

pointed to by an approximately strongly minimal set, all we need to do is show that if

a definable set contains one such type then it must contain some type in {n}× [0, 1] for

some n < ω. This follows immediately because if p ∈ {ω} × [0, 1] then it is the limit of
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types in {n}× [0, 1] for n < ω that are uniformly metrically separated, so if F is a closed

set whose intersection with {n} × [0, 1] for n < ω is empty and whose intersection with

{ω} × [0, 1] is precisely p, then p /∈ intF<ε for any 0 < ε < 1, and so F is not definable.

So if D is a definable set containing some p ∈ {ω} × [0, 1], then D must contain all

of {n} × [0, 1] for sufficiently large n < ω, so since D is closed it must contain all of

{ω}× [0, 1]. If we let ϕ be a formula such that ϕ(p) = 0, then for any ε > 0, D∩ Jϕ ≤ εK

contains some q ∈ {ω} × [0, 1] with q 6= p.

In all of the examples of approximately minimal sets we know of there is an obvious

pseudo-metric ρ on D such that D/ρ is a minimal set whose generic type corresponds

exactly to the generic type in the original set. For instance, in Counterexample C.2.2

there is a definable pseudo-metric ρ such that ρ(x, y) = 0 if and only if either x and y

are both in the same Hilbert space sphere, or they are not in a Hilbert space sphere and

x = y. It is not clear if this is always possible. In the case of discrete strongly minimal

types, however, it is so.

Definition 4.1.16. A type p is discrete if there is an ε > 0 such that if a, b |= p and

d(a, b) < ε, then a = b. C

Proposition 4.1.17. If (D,ϕ) is an approximately minimal pair over some parameter

set A pointing to a discrete pre-minimal type p in a dictionaric type space, then there is

an A-definable set E ⊆ D containing p and an A-definable equivalence relation ρ on E

such that E/ρ is minimal and such that the quotient map is a bijection when restricted

to the pre-minimal type. (In particular this means that if p is strongly minimal, then the

corresponding type in E/ρ is strongly minimal as well.)

Proof. Let ε > 0 be such that if a, b |= p and d(a, b) < ε then d(a, b) = 0.
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By compactness there must be a δ > 0 such that for any a, b ∈ D(C) ∩ Jϕ(C) ≤ δK,

if d(a, b) < 3
4
ε, then d(a, b) < 1

4
ε. This implies that in the zeroset D ∩ Jϕ ≤ δK, the

formula ρ(x, y) = 4
3ε

(d(x, y) ·− 1
4
ε) ↓ 1 is a {0, 1}-valued equivalence relation which is

equality on the set of realizations of p. Let E be a definable subset of D such that

Jϕ = 0K ⊆ E ⊆ Jϕ < δK. Clearly ρ is the required equivalence relation on E.

This leaves the question in general.

Question 4.1.18. If D ⊆ Sn(A) is approximately minimal with generic type p then,

does there always exist an A-definable pseudo-metric ρ on D such that D/ρ is minimal

with generic type q and the quotient map D → D/ρ restricted to the set of realizations

of p is a bijection with the set of realizations of q?

4.2 Categoricity

Here we recall a few definitions and facts that will be relevant to the rest of this chapter.

Definition 4.2.1. A theory T is κ-categorical if any two models M,N |= T with

#dcM = #dcN = κ are isomorphic. C

Fact 4.2.2 (Morley’s Theorem for Continuous Logic, [BY05, SU11]). If a countable

theory is κ-categorical for some κ ≥ ℵ1, then it is λ-categorical for all λ ≥ ℵ1.

In light of this fact we have the following definition.

Definition 4.2.3. A theory is inseparably categorical if it is κ-categorical for some (or

equivalently all) κ ≥ ℵ1. C
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Fact 4.2.4 ([BY05]). An inseparably categorical theory is ω-stable, in the sense of Def-

inition 2.5.11.

Fact 4.2.5. Any totally transcendental theory is atomic (i.e. for any set of parameters

A, d-atomic types are dense in S1(A)), so in particular atomic models exist over any set

of parameters.

Just as in discrete logic, if a model M is atomic over A, then it is prime over A.

4.3 Vaughtian Pairs

Definition 4.3.1. If X ⊆ S1(A) is a definable (resp. open, open-in-definable, or lo-

catable) set containing a non-algebraic type, with A countable, and if M � N ⊇ A

is a proper elementary pair such that X(M) = X(N), then we say that (M,N) is a

definable (resp. open, open-in-definable, or locatable) Vaughtian pair (with regards to

X). A Vaughtian pair with no qualifier is a definable Vaughtian pair. C

Note that if a theory has no open-in-definable Vaughtian pairs then it has no open

Vaughtian pairs and no definable Vaughtian pairs, since open sets and definable sets are

special cases of open-in-definable sets. In discrete logic these three notions are essentially

the same, however in continuous logic they are all distinct (see Counterexample C.2.4).4

Proposition 4.3.2. Suppose that T is a countable theory, U ⊆ D ⊆ Sn(B) is an open-

in-definable set, and B ⊆ N ≺M is a Vaughtian pair over U , then there exists a model

A such that for some open V ⊆ D containing a non-algebraic type, #dcA = ℵ1 but

#dcV (A) = ℵ0.
4Although, at the moment it is unknown, but unlikely, that no open-in-definable Vaughtian pairs

implies no locatable Vaughtian pairs.
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Proof. Find p ∈ U that is non-algebraic, and find ϕ such that p ∈ Jϕ < 1
2
K ⊆ U . Since

ϕ is restricted and D is definable, they are definable over some countable set B0 ⊆ B.

Now it is clear that (M,N) is still an open-in-definable Vaughtian pair with regards to

V = Jϕ < 1
2
K.

Let (D1,D0) be a countable elementary sub-pre-structure of (M,N) such that D0 ⊇

B0. By the same argument as in discrete logic, we can find countable pre-structures

(A1,A0) � (D1,D0) such that A1 and A0 realize the same types, and are both (exactly)

ℵ0-homogeneous (as pre-structures, i.e. only over parameters that are actually in them),

so that in particular A1
∼= A0. We can also ensure that A1 and A0 both realize dense

subsets of D, which implies that A0 realizes a metrically dense subset of U(A0) = U(A1),

since U is open-in-D.

We can run the same elementary chain argument as in discrete logic, the argument

that Ai for limit i is still isomorphic (as a countable pre-structure) to A0 still works, but

we need to argue that at each stage i the set U(A0) is still metrically dense in U(Ai).

Obviously, by construction, U(A0) is metrically dense in U(A1). Suppose that for some

i < ω1, U(A0) is metrically dense in U(Ai) and (Ai+1,Ai) ∼= (A1,A0). We get from this

that U(Ai) is metrically dense in U(Ai+1), implying that U(A0) is metrically dense in

U(Ai+1) as well. Suppose that for some limit i < ω1 we have that for all j < i, U(A0)

is metrically dense in U(Aj). Then any a ∈ U(Ai) is actually in U(Aj) for some j < i,

so it is still in the metric closure of U(A0), therefore U(A0) is still metrically dense in

U(Ai).

After taking the union and metric completion to get A =
⋃
i<ω1

Ai, we need to

argue that U(A0) is still metrically dense in U(A). Suppose that a ∈ U(A). Since it

is a relatively open set in a definable set, it must be the metric limit of some sequence
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ak ∈
⋃
i<ω1

U(Ai). Therefore since U(A0) is dense in every U(Ai), it must be in the

metric closure of U(A0) as well, so in particular #dcU(A) = ℵ0.

Finally we need to show that #dcA = ℵ1. Let ε > 0 be such that for some a ∈ A1,

d(a,A0) > ε. By isomorphism, for each i < ω1, we can find an ai ∈ Ai+1 rA<ε
i , this is a

(> ε)-separated set of size ℵ1, so #dcA ≥ ℵ1. On the other hand A clearly has a dense

subset of size ℵ1, so #dcA = ℵ1, as required.

Corollary 4.3.3. If T is a countable ℵ1-categorical theory, then T has no open-in-

definable Vaughtian pairs.

Proof. Suppose that T is a countable theory with an open-in-definable Vaughtian pair.

By Proposition 4.3.2, T has a model A with #dcA = ℵ1 but for which some non-

algebraic type over a countable set p satisfies #dcp(A) ≤ ω. This implies that A is not

ℵ1-saturated, implying that T is not ℵ1-categorical.

Corollary 4.3.4. If T is a countable ℵ1-categorical theory, then T has no open Vaugh-

tian pairs in any imaginaries. In particular it has no imaginary Vaughtian pairs.

Proof. An imaginary expansion of a κ-categorical theory is still κ-categorical.

Given the existence of Counterexample C.2.10, we arrive at a natural question:

Question 4.3.5. If T is a countable ℵ1-categorical theory, does it follow that T has no

locatable Vaughtian pairs?
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4.4 Theories with Strongly Minimal Sets over the

Prime Model

4.4.1 Main Theorem

Assuming T is a theory with strongly minimal sets, part of the Baldwin-Lachlan charac-

terization goes through exactly. This statement is analogous to the discrete statement

‘For a countable theory T , if T has a prime model and a minimal set definable over it,

then for any κ ≥ ℵ1, T is κ-categorical if and only if T has no Vaughtian pairs.’ Our

continuous generalization of this statement is made more complicated by a few factors.

We strengthen the result by using the weakening of strongly minimal set given in Def-

inition 4.1.11. We also need one of two strengthenings of no Vaughtian pairs, either

of which is sufficient. And, given the presence of certain counterexamples in continu-

ous logic (such as Counterexample C.2.10), we would like to state the result both for

definable sets in the home sort and for arbitrary imaginaries.

Theorem 4.4.1. Let T be a countable complete theory with non-compact models, and

let κ be any uncountable cardinal.

(i) If T has a prime model and an approximately minimal set definable over it, then

the following are equivalent.

(a) T is κ-categorical.

(b) T is dictionaric and has no Vaughtian pairs.

(c) T has no open-in-definable Vaughtian pairs.
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(ii) If T has a prime model and an approximately minimal imaginary definable over

it, then the following are equivalent.

(a) T is κ-categorical.

(b) T is dictionaric, and T eq has no Vaughtian pairs.

(c) T eq has no open Vaughtian pairs.

Proof. Since T has an approximately minimal set definable over its prime model, by

Proposition 4.1.14 we have that there is a minimal set definable over its prime model.

(i). If T is κ-categorical, then T is ω-stable, and therefore dictionaric, and also has

no open-in-definable Vaughtian pairs, and therefore no Vaughtian pairs.

If either (b) or (c) is true, then by Proposition 4.1.4, the definable minimal set

is strongly minimal. Let D be this strongly minimal set. Let A be a basis in D of

cardinality κ, and let A be prime over acl(A). If B is a model of density character κ,

then since T has no Vaughtian pairs, D(B) has density character κ, and so we can find a

basis B of D(B) of cardinality κ. Therefore we can find an isomorphism D(A) ∼= D(B).

Since A is prime over D(A) we can extend this isomorphism to an embedding A � B,

but since T has no Vaughtian pairs this must be an isomorphism. Therefore all models

of density character κ are isomorphic to A.

(ii). The proof here is the same as the proof of (i) with the following notes: If T is

dictionaric, then T eq is dictionaric over models, which is enough to show that minimal

sets are strongly minimal in case (b). In case (c), if T has no open Vaughtian pairs

in imaginaries, then it has no open-in-definable Vaughtian pairs in imaginaries, since

definable subsets of imaginaries are imaginaries.

Note that the conclusion of Theorem B.3.2 also holds if we know that T has an
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approximately minimal set (or imaginary) definable over every model, as then we can

show that TA for some countable set of constants is κ-categorical, and therefore ω-stable,

implying that T has a prime model with an approximately minimal set (or imaginary)

definable over it.

4.4.2 Strongly Minimal Sets over the Prime Model

One might hope that if an inseparably categorical theory has a strongly minimal set

over some model, then it has one over its prime model, but this is not true (see Theorem

C.2.9). What is unclear at the moment is the possibility of an inseparably categorical

theory that has a strongly minimal imaginary over some models but not others. What

we do have is that this cannot happen if the strongly minimal set is discrete.

Proposition 4.4.2. If T is a dictionaric theory with no imaginary Vaughtian pairs

such that for some model M there is an infinite discrete M-definable imaginary, then

for every model N there is an infinite discrete N-definable imaginary.

Proof. Assume that T is countable. By the imaginary normal form lemma, we may

assume that the infinite discrete imaginary over M is a definable subset D(x, ā) of some

∅-definable imaginary I. Assume without loss that the metric on D(·, ā) is {0, 1}-valued.

Since D(x, ā) is a distance predicate, part of tp(ā) says that

χ0(ā) = sup
x

inf
y
D(y, ā) ↑ |D(x, ā)− d(x, y)|

and

χ1(ā) = sup
x
|D(x, ā)− inf

y
((D(y, ā) + d(x, y)) ↓ 1)|
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both vanish. (These are the axioms for distance predicates given in [BYBHU08] right

before Theorem 9.12.) tp(ā) also says that

η(ā) = sup
x,y

(d(x, y) ↓ (1 ·− d(x, y))) ·− 4(D(x, ā) +D(y, ā))

vanishes. (This is just supx,y∈D(·,ā)(d(x, y) ↓ (1 ·− d(x, y)) expanded out.)

Fix N another model of M, and let {b̄i}i<ω be a sequence of elements of N such that

tp(b̄i)→ tp(ā) (we can choose it to be a sequence rather than a net since T is countable),

such that in particular χ0(b̄i), χ1(b̄i), η(b̄i) < 2−i for every i < ω. For each i < ω let Ei

be a b̄i-definable set such that [D(·, b̄i) < 2−i+1] ⊇ Ei ⊇ intEi ⊇ [D(·, b̄i) ≤ 2−i].

For each i < ω, we have that

A |= sup
x,y∈Ei

(d(x, y) ↓ (1 ·− d(x, y))) ·− 8 · 2−i+1.

So in particular for sufficiently large i < ω, for any x, y ∈ Ei, either d(x, y) < 1
4

or

d(x, y) > 3
4
, implying that we can define a {0, 1}-valued equivalence relation on Ei by

ρ(x, y) = 2(d(x, y) ·− 1
4
) ↓ 1 for sufficiently large i < ω.

Now assume that for all i < ω for which ρ defines an equivalence relation on Ei,

there are finitely many ρ-equivalence classes in Ei. Let A � N be a proper elemen-

tary extension. Fix a non-principal ultrafilter U on ω, and consider the ultraproduct

(B,N′, c̄) =
∏

i<ω(A,N, b̄i)/U , where (A,N, b̄i) is a structure whose universe is A with a

distance predicate for N and constants for b̄i. Note that B is a proper elementary exten-

sion of N′, because A is uniformly a proper elementary extension of N in the product.

Clearly we have that tp(c̄) = tp(ā), so D(·, c̄) is a definable set which is infinite and has
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a {0, 1}-valued metric.

We want to argue that B � N′ is a Vaughtian pair with regards to the set D(·, c̄). Let

α(i) be a sequence such that α(i) ∈ (A,N, b̄i) and such that the limit α/U is in D(·, c̄).

This means that we must have limU D(α(i), b̄i) = 0. Pick ε > 0. For each α(i) we have

that there is a β(i) such that D(β(i), b̄i) < 2−i and |D(x, b̄i) − d(α(i), β(i))| < 2−i, so

in particular β(i) ∈ Ei(A). Since Ei only has finitely many ρ-classes, there must be a

γ(i) ∈ Ei(N) such that d(β(i), γ(i)) < 1
4
, implying that d(α(i), γ(i)) < 1

4
+ 2−i+1 and

in particular d(α(i),N) < 1
4

+ 2−i+1. So then in the limit we have d(α/U ,N′) ≤ 1
4
, but

since D(·, c̄) has a {0, 1}-valued metric this implies that α/U ∈ D(N′, c̄), so (B,N′) is a

Vaughtian pair.

Since T has no imaginary Vaughtian pairs this is a contradiction and some Ei must

have infinitely many ρ-classes, so then Ei/ρ is an infinite discrete imaginary over N.

Corollary 4.4.3. If T is an inseparably categorical theory with a discrete strongly min-

imal imaginary over some set, then it has a discrete strongly minimal imaginary over

the prime model.

Proof. By the previous proposition there is an infinite discrete imaginary over the prime

model, maybe not strongly minimal, but by ω-stability we can find a minimal set in it

which must by no imaginary Vaughtian pairs be strongly minimal.

4.4.3 The Number of Separable Models

We immediately get the following, generalizing a result originally due to Morley [Mor70].

Proposition 4.4.4. If T is an inseparably categorical theory with a minimal set or

imaginary definable over the prime model then T has at most countably many separable
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models.

Proof. By Proposition 3.2.13 we may assume that D is a strongly minimal set (rather

than a strongly minimal imaginary) by appending a ∅-definable imaginary sort. Let

D(x; ā) be a minimal set definable over the prime model. Since T is dictionaric and has

no Vaughtian pairs, this is a strongly minimal set. Let A be any separable model of T .

The prime model M embeds into A so we can find b̄ ∈ A with b̄ ≡ ā, and we get that

D(x; b̄) is a strongly minimal set. It must be the case that dim(D(A; b̄)) ≤ ω, since A

is separable. Assume that we chose b̄ so that dim(D(A; b̄)) ≤ ω among parameters with

the same type as b̄. If B is any other separable model we may find c̄ ∈ B with c̄ ≡ ā

and dim(D(B; c̄)) minimal. If dim(D(A; b̄)) = dim(D(B; c̄)), then we get an elementary

map f : D(A; b̄)∪ b̄→ D(B; c̄)∪ c̄, which extends to an isomorphism between A and B,

since T has no (imaginary) Vaughtian pairs. Therefore since there are only countably

many possible dimensions for separable models we get that there are at most countably

many separable models.

Lemma 4.4.5. If T is an inseparably categorical theory and (D,ϕ) is a ∅-definable

approximately minimal pair, then every model M of T is prime over {ϕ(M) = 0}.

Proof. Assume that some model A is not prime over {ϕ(A) = 0}. Let B ≺ A be prime

over {ϕ(A) = 0}, so in particular {ϕ(A) = 0} = {ϕ(B) = 0}. Let M be the prime model

of T , and find some embedding M � B. Since D is ∅-definable, we can find a strongly

minimal E ⊆ M definable over M. Note that every element of E(C) r {ϕ(C) = 0},

where C is the monster model, is algebraic over M. This implies that E(B) = E(A) as

well, but then this is a Vaughtian pair, which is a contradiction. Therefore every model

M of T is prime over M.
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The difficulty in characterizing the number of separable models of an inseparably

categorical theory seems to be related to the phenomenon of non-d-finite types, identified

by Ben Yaacov and Usvyatsov in [BYU07]. Finitary types in continuous logic can behave

analogously to ω-types in discrete logic. Ben Yaacov and Usvyatsov identified a class of

types they call d-finite which behave like discrete finitary types. In their paper they were

able to prove that a superstable theory with ‘enough uniformly d-finite types’ (where

uniformly d-finite is a technical strengthening of d-finite) has either 1 or infinitely many

separable models, whereas in general an ω-stable continuous theory can have any finite

number of separable models, including 2 (they also showed that in the presence of

‘enough d-finite types,’ a continuous theory cannot have exactly 2 separable models).

So in some easy cases we get the full Baldwin-Lachlan theorem on the number of

separable models of an inseparably categorical theory:

Theorem 4.4.6. If T is an inseparably categorical theory and any of the following occur,

then T has either 1 or ω separable models.

• T has a ∅-definable approximately minimal pair (possibly in an imaginary).

• T is ultrametric or has totally disconnected type spaces.

• T has enough uniformly d-finite types.

Proof. The only difficult case is the first one, but this is covered by Lemma 4.4.5. The

second case follows from the fact that such theories are interdefinable with many-sorted

discrete theories, and the third case is a direct corollary of Theorem 4.7 in [BYU07].

Counterexample C.2.6 shows that we cannot hope to show that every model of an

inseparably categorical theory is exactly homogeneous, although at the moment they
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seem to always be approximately homogeneous. The problem in Counterexample C.2.6

is that the strongly minimal set requires non-d-finite parameters. We can get some

traction by assuming that we have a strongly minimal set definable over a d-finite tuple

of parameters, but adapting the proof of the Baldwin-Lachlan theorem any further than

this is unclear at the moment.

Proposition 4.4.7. Suppose that p(x, ā) is a strongly minimal type, tp(ā) is d-finite,

and T is a dictionaric theory. If M is a model containing ā and there is n < ω such

that for every ε > 0, there is b̄ ∈ M with d(ā, b̄) < ε and dim(p(M, b̄)) ≥ n, then

dim(p(M, ā)) ≥ n.

Proof. Let q(ȳ, ā) be the type of an n-element independent sequence in p(x, ā). Find

ε > 0 small enough that B≤2ε(c)∩p(C, ā) ⊆ acl(cā) for every c |= p(x, ā). (Note that this

works because we can define an approximately strongly minimal pair over ā pointing at

p(x, ā). By then examining the definition of approximately strongly minimal pair, we get

that for any c |= p(x, ā) there is some ε > 0 such that the inclusion B≤2ε(c) ∩ p(C, ā) ⊆

acl(cā) holds, but then by automorphisms of C this works for every c |= p(x, ā).) Fix

an approximately strongly minimal pair (D(x, ā), ϕ(x, ā)) pointing at p(x, ā), and find

a γ > 0 small enough that if ā ≡ b̄ and d(ā, b̄) < γ, then dH(D(C, ā), D(C, b̄)) < ε.

By d-finiteness (of tp(b̄)), we can find a δ > 0 such that for any b̄ with d(ā, b̄) < δ

and any c̄ |= q(ȳ, b̄), we can find ē such that āē ≡ b̄c̄ and d(ē, c̄) < ε.

Let b̄ ∈ M be such that ā ≡ b̄ and d(ā, b̄) < δ ↓ γ. By construction we have that

dH(D(M, ā), D(M, b̄)) < ε. Let c̄ be an independent tuple of length n of realizations of

p(x, b̄). Let ē0 be a tuple of elements of D(M, ā) such that d(c̄, ē0) < ε. By construction

we also have that there is a tuple ē (in the monster model) such that āē ≡ b̄c̄ and
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d(ē, c̄) < ε. For each i < n, we have that d(e0
i , ei) ≤ d(e0

i , ci)+d(ci, ei) < ε+ε. Therefore

ei ∈ B≤2ε(e
0
i ) ∩ p(C, ā) for each i, but this implies by construction that ei ∈ acl(e0

i ā), so

in particular ei ∈M. Therefore ē ∈M, and we have that dim(p(M, ā)) ≥ n.

Corollary 4.4.8. If tp(ā) is d-finite, p(x, ā) is strongly minimal, and T is dictionaric,

then in any approximately homogeneous model M, for any ā, b̄ ∈M with ā ≡ b̄, we have

that dim(p(M, ā)) = dim(p(M, b̄)).

For the following recall that in continuous logic there is an ω-stable theory with

precisely 2 separable models. Also note that we do not know whether or not inseparably

categorical theories have enough d-finite types (in the technical sense of [BYU07]).

Corollary 4.4.9. If T is an inseparably categorical theory with a strongly minimal type

definable over a d-finite tuple in the prime model, then T does not have precisely 2

separable models.

Proof. Assume that T is not ℵ0-categorical. The prime model and the approximately ℵ0-

saturated model are both approximately ℵ0-homogeneous by Proposition 2.5.7 and Fact

1.5 in [BYU07], respectively, so if D(x; ā) is a strongly minimal set with tp(ā) atomic

and d-finite, then for any b̄ ≡ ā, dim(D(M; ā)) = dim(D(M; b̄)) where M is either prime

or approximately ℵ0-saturated. We know that the approximately ℵ0-saturated model

must have dim(D(M; ā)) = ω, so we must have that dim(D(N; ā)) = n < ω where N is

the prime model (otherwise T would be ℵ0-categorical).

All we need to do is argue that there is a model A � N which is neither prime nor

approximately ℵ0-saturated. Let b realize the non-algebraic type over N in D(x; ā), and

let A be atomic over Nb. Clearly dim(D(A; ā)) > n. We need to argue that it is n+ 1.
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By Lemma 4.5 in [BYU07] if dim(D(A; ā)) > n + 1, then there is some c realizing

the non-algebraic type in D(x; ā) over Ab, implying that tp(c/A) forks over Ab, but this

can only happen if c ∈ acl(Ab), contradicting that c realizes the strongly minimal type

over Ab. Therefore dim(D(A; ā)) = n + 1 and A is neither prime nor approximately

ℵ0-saturated and T has at least 3 separable models.

4.5 Generalizations of Strongly Minimal Sets

Here we will explore two generalizations of strongly minimal sets motivated by trying

to characterize inseparably categorical theories.

4.5.1 Orthonormalizable Sets

While IHS is not strongly minimal, it still behaves very similarly to a strongly minimal

set in some important ways. The following definition is motivated by this more general

behavior.

Definition 4.5.1. A definable set D(x̄) is orthonormalizable if it is non-algebraic and

for any set of parameters A and any two non-algebraic types p, q ∈ JDKA ⊆ Sx̄(A), any

realization of p is inter-algebraic with a realization of q over A.

A theory is orthonormalizable if (d(x, x) = 0) is orthonormalizable. C

Note that a strongly minimal set is clearly orthonormalizable. That said, orthonor-

malizable is strictly weaker, even in discrete logic. Consider, for example, a theory

consisting of two infinite definable sets with a bijection between them. This theory is

orthonormalizable, but not strongly minimal. Counterexample C.2.5 gives an example
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of a theory in which the home sort is orthonormalizable and has no strongly minimal

sets, but which also has a strongly minimal imaginary.

Proposition 4.5.2. Any countable orthonormalizable theory is ω-stable.

Proof. Fix a countable parameter set A. Let p ∈ S1(A) be a non-algebraic type. Let

b be some realization of p, and consider acl(Ab). This set is metrically separable. By

assumption, every type in S1(A) is realized in acl(Ab), so S1(A) must be metrically

separable as well, since the map c 7→ tp(c/A) is 1-Lipschitz.

More generally, one can show that an orthonormalizable theory (in any size language)

is always totally transcendental.

While strongly minimal sets allow for a generalization of the process of finding a basis

of a vector space, orthonormalizable sets allow for a generalization of Gram–Schmidt

orthonormalization.

Proposition 4.5.3. If T is an orthonormalizable theory with prime model M, then

for any non-algebraic type p ∈ S1(M) and any N � M, there is a Morley sequence

{ai}i<β ⊆ N in p over M such that N = acl(Ma<κ).

Proof. Pick some non-algebraic type p0 ∈ S1(M), and let p be the unique global non-

forking extension of it. For each ordinal i, find bi ∈ N such that bi /∈ acl(Ma<i), if this

is possible, otherwise stop. By orthonormalizability there is ai which is inter-algebraic

with bi over Ma<i and which realizes p �Ma<i.

This process must stop at some β. By construction N = acl(Ma<β) and {ai}i<ω is a

Morley sequence over M.

Corollary 4.5.4. If T is a countable orthonormalizable L-theory then it is κ-categorical

for every κ > |L|.



263

Proof. By ω-stability, indiscernible sequences are indiscernible sets so all we need to do is

show that if #dcM = #dcN > ℵ0, then the Morley sequences constructed in Proposition

4.5.3 are the same cardinality. But this follows from the fact that for any set B in any

structure A, #dcaclA(B) ≤ ℵ0 + |L|+ #dcB and the fact that a non-trivial indiscernible

sequence is (> ε)-separated, so if I is a non-trivial indiscernible sequence in F, then

#dcF ≥ |I|.

Proposition 4.5.5. If T is a a countable orthonormalizable theory, then acl restricted

to D is the closure operator of a pregeometry with countable character.

Proof. acl automatically obeys reflexivity, monotonicity, transitivity, and countable char-

acter, so all we need to verify is exchange.

Let M be a model, and fix a and b such that a /∈ acl(M) = M and b /∈ acl(Ma).

Since M is a model, tp(a/M) is stationary. Let p be its unique global non-forking

extension. By orthonormalizability, there is b′ realizing p � Ma such that b and b′ are

inter-algebraic over Ma. By construction, ab′ is a two element Morley sequence in p.

If we let {ci}i≤κ with κ = (#dcM + 2ℵ0)+ be a Morley sequence in p over M, then we

have that for any i < κ, ab′ ≡M cicκ. This implies that tp(a/Mb′) can have too many

realizations to be algebraic, so a /∈ acl(Mb′), but now if we assume that a ∈ acl(Mb), then

acl(Mb) = acl(Mb′) (since b and b′ are inter-algebraic over Ma), which is a contradiction.

Therefore a /∈ acl(Mb). So for any model M and a and b, we have that b ∈ acl(Ma) if

and only if a ∈ acl(Mb).

Now for the general case, let E be a set of parameters, and assume that a /∈ acl(E)

and b /∈ acl(Ea) but that a ∈ acl(b). Since b is in acl(a), we can find a set {ci}i<λ

of distinct realizations of tp(b/a), with λ = (#dcE + 2ℵ0)+. For any ci we have that
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a ∈ acl(ci). Now, since tp(a) is not algebraic, if we fix a model M ⊇ E with #dcM =

ℵ0 + #dcE, we can find a′ ≡ a such that a′ /∈ M. Let σ be an automorphism of the

monster taking a to a′, and for each i < λ, let c′i = σci. By cardinality considerations,

there must be λ many c′i’s that are not in acl(Ma′), and furthermore, by the infinitary

pigeonhole principle, there must be some type p(x, a′) ∈ Sx(Ma′) such that λ many c′i’s

that are not in M realize p(x, a′). This implies that p(x, a′) is not algebraic over Ma′. Let

ci be such that c′i realized p(x, a′). Now we have that a′ /∈ acl(M) and c′i /∈ acl(Ma′), but

a′ ∈ acl(Mc′i), contradicting the conclusion of the earlier part of this proof. Therefore

we must have that if a /∈ acl(E) and b /∈ acl(Ea), then b /∈ acl(Ea), and so acl satisfies

exchange.

Question 4.5.6. Is there a characterization of orthonormalizable sets on the level of

formulas or definable sets, analogous to the definition of a strongly minimal set?

Unfortunately Counterexample C.2.7 shows that there are inseparably categorical

theories that do not have any orthonormalizable sets in their home sort. Just as with

strongly minimal sets, the natural question is then whether or not they are always

present in some imaginary.

Question 4.5.7. Does every inseparably categorical theory have an orthonormalizable

imaginary?

4.5.2 Peripheral Types

The unique orthonormal type in Hilbert space has a special property that can be seen

as a finite ε generalization of minimality, specifically if o ∈ S1(H) is the unique type of

a norm 1 element orthogonal to the Hilbert space H, then for any p ∈ S1(H) we have
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Figure 10: d(p, o) ≤
√

2(1− dinf(p,H)) in S1(H)

that d(p, o) ≤
√

2(1− dinf(p,H)) (see Figure 10). (Actually, every non-algebraic type

in IHS has something like this property.) Peripheral sets and types are defined as a

generalization of this property.

Definition 4.5.8. Given a model M, for any p ∈ Sx(M), the degree of non-algebraicity

of p, written nalg(p), is sup{ε > 0 : p /∈M<ε}, where sup∅ = 0. For a type p ∈ Sx(A),

with A not necessarily a model, we define nalg(p) to be sup{nalg(q) : q ∈ Sx(M), q ⊇

p,M ⊇ A}. This agrees with the other definition when A is a model.

A M-definable set D(x) is ε-peripheral (over M) if the set JDKrM<ε is a singleton,

{p}, such that there is a modulus α : R≥0 → R≥0 for which we have

d(p, q) ≤ α ([nalg(p) ·− nalg(q)] +D(q)) .

In such a case, we say that D points to p.

An A-definable set D(x) is strongly ε-peripheral if it is ε-peripheral over every model
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M ⊇ A.

A type p is (strongly) ε-peripheral if it is pointed to by a (strongly) ε-peripheral

set. C

The concept of peripheral set can be formalized in the context of arbitrary sets of

parameters, and, likewise, the concept of peripheral types can be formalized directly,

without relying on an ambient definable set, but we have not bothered to formalized

these here.

Note that unlike strongly minimal sets and orthonormalizable sets, there isn’t a clear

pregeometry on the set of realizations of a strongly peripheral type.

In discrete logic, a strongly minimal type is a non-algebraic set that is isolated by a

clopen condition (some definable set) and a simple closed condition (non-algebraicity).

A strongly peripheral type, likewise, is ‘d-atomized’ by a definable set and some simple

semi-continuous information (degree of non-algebraicity). Note that if p ∈ S1(M) is

ε-peripheral, then it is d-atomic-in-S1(M) rM<ε, but the converse does not hold (see

Counterexample C.2.8).

Like minimal sets, peripheral sets always exist in ω-stable theories.

Proposition 4.5.9. Let T be a countable ω-stable theory. For any separable model

M |= T , any non-empty open U ⊆ S1(M), and any interval (δ, γ) with 0 < δ < γ such

that U rM<η is non-empty for any η ∈ (δ, γ), there exists an ε-peripheral type p ∈ U

such that ε ∈ (δ, γ).

Proof. Let f(p) = dinf(p,M). By Lemma 2.5.9, there exists some η0 ∈ (δ, δ+γ
2

) such that

{f = η0} ⊆ {f > η0}. Since T is ω-stable, d-atomic-in-{f ≥ η0} types are dense in

{f ≥ η0}. Let p0 be a d-atomic-in-{f ≥ η0} type in {f ≥ η0} ∩ U (which is non-empty
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by assumption). Let U0 = U .

At any stage i < ω, given ηi ∈ (δ, δ+γ
2

) such that {f = ηi} ⊆ {f > ηi} and pi ∈ Ui,

if f(pi) > ηi, then stop and set p = pi, otherwise we have that pi ∈ {f = ηi}, and so in

particular dinf(pi, {f > ηi}) = 0. Find ζi > 0 small enough that ζi < 2−i and B≤ζi(pi) ⊆

Ui. Since pi is d-atomic-in-{f ≥ ηi}, we have that pi ∈ int{f≥ηi}B≤ζi(pi). Let Ui+1 be

an open subset of S1(M) such that Ui+1 ⊆ Ui and Ui+1 ∩ {f ≥ ηi} = int{f≥ηi}B≤ζi(pi).

Since pi ∈ {f > ηi}, it must be the case that {f ≥ σ} ∩ Ui+1 is non-empty for some

σ > ηi. Let ηi+1 be some such σ with ηi+1 <
δ+γ

2
. Since T is ω-stable, d-atomic-in-

{f > ηi+1} types are dense in {f > ηi+1}, and we can find a d-atomic-in-{f > ηi+1}

type pi+1 ∈ {f > ηi+1} ∩ Ui+1. Note that, by construction, d(pi, pi+1) ≤ ζi < 2−i.

Case 1: The construction did not stop at any stage.

{pi}i<ω is a metric Cauchy sequence. Let p be its limit. By construction we have

that f(p) > δ and f(p) ≤ δ+γ
2
< γ, or in other words f(p) ∈ (δ, γ). Let ε = f(p), and

note that this is the limit of ηi as i → ∞. Also note that for each i < ω, we have that

p is contained in an open subset of {f ≥ ε} with metric diameter less than 2−i, namely

{f ≥ ε} ∩ Ui+1. This implies that p is d-atomic-in-{f ≥ ε}. Since T is ω-stable and

therefore dictionaric, we can find a definable set D such that D ∩ {f ≥ ε} = {p}.

Now we need to argue that for every λ > 0, there exists a χ > 0 such that if q ∈ JDK

and f(q) > f(p)−χ, then d(p, q) < λ. Find i < ω such that 2ζi < λ. Since D∩
⋂
j<ω{f ≥

ηj} = {p} ⊆ Ui+1, there must exist a j < ω such that D ∩ {f ≥ ηj} ⊆ Ui+1. We may

assume that j > i. So since diamUi+1 ≤ 2ζi < λ, we have that if f(q) > f(p)− ηj, then

d(p, q) < λ, so set χ = ηj.

Case 2: The construction did stop at some stage.

p is d-atomic-in-{f ≥ ηi}. Let ε = f(p). Since T is ω-stable and therefore dictionaric,
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we can find a definable set D such that D ∩ {f ≥ ηi} = {p}.

We need to argue that for every λ > 0, there exists a χ > 0 such that if q ∈ JDK

and f(q) > f(p) − χ, then d(p, q) < λ. Set χ = ε−ηi
2

. Suppose that q ∈ D and

f(q) > f(p)− ε−ηi
2

= ε+ηi
2

> ηi. This implies that q ∈ {f ≥ ηi}, but by construction this

implies that q = p, and so d(p, q) = 0 < λ.

In either case, by Proposition A.1.8 part (ii), we can find a modulus β : R≥0 → R≥0

such that for any q ∈ JDK, we have d(p, q) ≤ β(f(p) ·− f(q)).

Now for any q ∈ S1(M), there exists an r ∈ JDK such that d(q, r) = dinf(q, JDK). This

implies that f(q) ≥ f(r)− dinf(q, JDK), and so f(p) ·− f(q) ≤ f(p) ·− f(r) + dinf(q, JDK).

So if we set α(x) = β(x) + x, we get that d(p, q) ≤ d(p, r) + d(r, q) ≤ β(f(p) ·− f(r)) +

D(q) ≤ α((f(p) ·− f(q)) +D(q)), so we have that D is a peripheral set pointing to p, as

required.

Just as with minimal sets, over an approximately ω-saturated model peripheral sets

are strongly peripheral.

Lemma 4.5.10. For any closed formula F (x) and any model M of a complete theory

T , the set JF KM rM<ε is non-empty if and only if T |= ∀x̄@yF (y) ∧
∧
i<ω d(xi, y) ≥ ε.

Proof. (⇒) Since JF KM rM<ε is non-empty, for any ā ∈M, JF KM r ā<ε is non-empty,

which implies that T |= ∀x̄@yF (y) ∧
∧
i<ω d(xi, y) ≥ ε.

(⇐) If T |= ∀x̄@yF (y) ∧
∧
i<ω d(xi, y) ≥ ε, then by compactness JF KM r M<ε is

non-empty.

Lemma 4.5.11. If M is an approximately ω-saturated structure and D(x, ā) is a defin-

able set with ā some ω-tuple of parameters from M, then for any type p(x̄, ā) ∈ Sx̄(ā),
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with x̄ a tuple of length at most ω, and any ε > 0, there exists b̄c̄ ∈ M such that

M |= p(c̄, b̄) and dH(D(ā), D(b̄)) < ε.

Proof. By uniform continuity, for any ε > 0, there exists an n < ω and a δ > 0 such

that if b̄ has d(ā � n, b̄ � n) < δ and ā ≡ b̄, then dH(D(ā), D(b̄)) < ε. The result follows

from applying Proposition 2.5.1 part (ii) to the type tp(b̄≥nc̄/b̄<n).

Proposition 4.5.12. If D(x, ā) is ε-peripheral over M and M is approximately ω-

saturated, then D(x, ā) is strongly ε-peripheral.

Proof. Suppose that there is some N �M such that D is not an ε-peripheral set. There

are two ways this can happen, either JDKNrN<ε is not a singleton (note that it must be

non-empty), or it is a singleton {p} and there is some δ > 0 such that for every γ > 0,

there exists a type q ∈ JDKN with dinf(q,N) > dinf(q,M)− γ but d(p, q) > δ.

First assume that JDKN rN<ε is not a singleton. Let p and q be two distinct types

in it. Let ϕ(x, b̄) be a restricted formula such that ϕ(p, b̄) = 0 and ϕ(q, b̄) = 1, with

b̄ ∈ N. By Lemma 4.5.10, the type tp(b̄/ā) contains the formula

∀x̄@yD(y, ā) ∧ ϕ(y, b̄) = k ∧
∧
i<ω

d(xi, y) ≥ ε

for both k < 2. Let r(b̄, ā) be tp(b̄/ā).

Find δ > 0 small enough that if |ϕ(e, b̄) − ϕ(f, b̄)| ≥ 1 then d(e, f) > δ. Let α be

the modulus witnessing that D(x, ā) is ε-peripheral. Find γ > 0 small enough that

α(γ) < 1
2
δ. By Lemma 4.5.11, we can find ā′c̄ ∈ M such that M |= r(c̄, ā′) and

dH(D(ā), D(ā′)) < γ. Since c̄ satisfies r(x̄, ā′), by Lemma 4.5.10, we have that the sets

JD(x, ā′)K rM<ε are non-empty for both k < 2. Let sk be a type in JD(x, ā′)K rM<ε
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for both k < 2. Both sk satisfy nalg(sk) ≥ ε = nalg(t), where t is the unique type in

JD(x, ā)KM r M<ε, so we have that d(t, sk) <
1
2
δ for both k < 2, but by the triangle

inequality this implies that d(s0, s1) < δ, contradicting the fact that ϕ(s0, c̄) = 0 and

ϕ(s1, c̄) = 1. Therefore JDKN rN<ε must be a singleton for every N �M.

Second assume that there is an elementary extension N �M and a δ > 0 such that

for every γ > 0, there exists a types q ∈ JDKN with dinf(q,N) > dinf(q,M) − γ but

d(p, q) > δ. By the same argument as before this implies that there is some δ′ > 0 such

that for every γ > 0, there are two types s0, s1 ∈ JDKM r M<ε−γ with d(s0, s1) > δ′,

which also contradicts that D(x, ā) is ε-peripheral.

Corollary 4.5.13. Every countable ω-stable theory has strongly peripheral types over

some model.

Although peripheral types were motivated by the specific case of types in IHS, at

the moment is it unclear if this relationship generalizes to other inseparably categorical

Banach theory.

Question 4.5.14. If T is a Banach theory and p is a minimal wide type, does it follow

that p is strongly peripheral?

The construction of a peripheral type in Proposition 4.5.9 has two different outcomes.

Either the construction continues for ω steps or at some point we find a type p and an

ε > 0 such that dinf(p,M) > ε but p is d-atomic-in-S1(M)rM<ε. A strongly peripheral

type in this second category has the property that there is a δ > 0 such that any forking

extension q of p has nalg(q) ≤ nalg(p) − δ, i.e. there is a discrete jump in any forking

extension. All know examples of types like this have strongly minimal quotients. If
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this were always the case it would be helpful with the characterization of inseparably

categorical theories.

Question 4.5.15. If T is a countable ω-stable theory and p is a strongly peripheral type

over T with the property that there is some δ > 0 such that for any forking extension q

of p, nalg(q) ≤ nalq(p)− δ, does there exist a quotient sort such that the image of p in

this sort is strongly minimal?
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Chapter 5

Structures and Theories

In this chapter we will collect various facts about specific classes of structures and

theories.

5.1 Ultrametric Structures

p-adic Banach spaces are a natural example of ultrametric structures (i.e. ultrametric

metric structures). `∞ and c0 spaces over p-adic fields are known to behave somewhat

analogously to Hilbert spaces. In particular they have a good notion of orthonormal

bases [Roo78, Thm. 5.16] and as such they are also inseparably categorical. This is not

surprising as the unit balls of these spaces are in a precise sense the inverse limit of the

sequence of structures (Z/pnZ)ω as n→ ω.

The relationship between ultrametric theories and theories with totally disconnected

type spaces is summarized in the following theorem.

Theorem 5.1.1. Let T be a countable theory, the following are equivalent:

(i) For every n < ω and every parameter set A, Sn(A) is totally disconnected (where

we take a single point to be totally disconnected).

(ii) For every finite parameter set ā, S1(ā) is totally disconnected.
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(iii) For every n < ω, Sn(∅) is totally disconnected.

(iv) The diagonal in S2(∅) (i.e. Jd(x, y) = 0K) has a basis of clopen neighborhoods.

(v) T is dictionaric, and there is a definable metric ρ, uniformly equivalent to d, such

that the distance set, ρ(T ) = {ρ(a, b)|a, b ∈M |= T}, contains no neighborhood of

0.

(vi) T is dictionaric, and there is a definable ultrametric ρ, uniformly equivalent to d,

such that ρ(T ) ⊆ {0} ∪ {2−i|i < ω}.

Proof. (i)⇒ (iii). This is immediate.

(iii)⇒ (i). Assume that some Sn(A) has a nondegenerate continuum C. Let p, q ∈ C

be distinct types. By compactness there must exist a restricted formula ϕ(x̄; ā) and a

finite parameter set ā ∈ A such that p(x̄) |= ϕ(x̄; ā) = 0 and q(x̄) |= ϕ(x̄; ā) = 1. This

implies that p � ā and q � ā are still distinct types, so since the natural projection

π : Sn(A) → Sn(ā) is continuous, π(C) must be a nondegenerate continuum, thus

Sn(ā) ⊆ Sn+|ā|(∅) fails to be totally disconnected.

(iii)⇒ (ii). Each S1(ā) is a subspace of S1+|ā|(∅), so this is immediate as well.

(ii)⇒ (iii). If S1(∅) is not totally disconnected, then we’re done.

Let n be the first n < ω such that Sn(∅) is totally disconnected but Sn+1(∅) is

not totally disconnected. Consider the projection π : Sn+1(∅)→ Sn(∅). Since Sn(∅) is

totally disconnected, any continuum in Sn+1(∅) must be contained in a single fiber. This

fiber is isomorphic to S1(ā) for some parameter set ā, so S1(ā) is not totally disconnected.

(iii)⇒ (iv). This is immediate.

(iv)⇒ (vi). Let {ϕi}i<ω be an enumeration of {0, 1}-valued restricted formulas of two

variables corresponding to indicator functions of clopen neighborhoods of the diagonal
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in S2(∅) (note that there are only countably many of them since every {0, 1}-valued

definable predicate is equal to some {0, 1}-valued restricted formula). Define ρ by

ρ(x, y) = sup
i<ω

2−isup
z
|ϕi(x, z)− ϕi(y, z)|.

This is a definable predicate and so is continuous on S2(∅). It is an ultra-pseudo-metric

since it is the supremum of a family of ultra-pseudo-metrics. It also clearly only takes

on values in the set {0} ∪ {2−i|i < ω}.

Since it vanishes on the diagonal, it must be uniformly dominated by d. Let p be

a 2-type not on the diagonal. There is some clopen neighborhood Q of the diagonal

which does not contain p. Let ϕi be its indicator function. We then have ρp ≥ 2−i, so ρ

does not vanish anywhere besides the diagonal, so by compactness it must be uniformly

equivalent to d.

(vi)⇒ (v). This is immediate.

(v) ⇒ (iii). For any p ∈ U ⊆ Sn(∅), let D be a definable set such that p ∈ D ⊆ U .

Note that a set definable relative to d is definable relative to any metric uniformly

equivalent to d. By compactness there is an ε > 0 small enough that Dρ≤ε ⊆ U . Since

there are arbitrarily small gaps in the distance set we can find 0 < δ < ε such that

δ /∈ ρ(T ), and we have that Dρ≤ε = Dρ<ε is a clopen set. Therefore Sn(∅) has a basis

of clopen sets and is totally disconnected.

Lemma 5.1.2. If X is a metrically separable ultrametric space, then its distance set,

d(X) = {d(x, y)|x, y ∈ X}, is countable.

Proof. Let {xi}i<ω be a countable dense subset of X. There are only countably many

distances d(xi, xj). By the ultrametric inequality if we choose xi close enough to y and
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xj close enough to z, d(y, z) = d(xi, xj).

Lemma 5.1.3. If T is an ultrametric theory, then the underlying metric of each Sn(A)

is an ultrametric. (Recall that the metric on n-tuples is defined as the maximum of the

componentwise distances.)

Proof. Let p, q, r ∈ Sn(A). We can find a model M containing n-tuples ā |= p, b̄ |= q,

and c̄ |= r such that d(ā, b̄) = d(p, q) and d(b̄, c̄) = d(q, r). Then d(p, r) ≤ d(ā, c̄) ≤

d(ā, b̄) ↑ d(b̄, c̄) = d(p, q) ↑ d(q, r).

Note that Lemma 5.1.3 isn’t entirely trivial in the sense that not all metric properties

of models of theories transfer directly to the type spaces of that theory.

Corollary 5.1.4. If T is an ultrametric theory whose distance set,

d(T ) := {d(a, b)|a, b ∈M |= T},

is somewhere dense, then its type space S2(T ) is not small (and in particular T is not

ω-stable).

Proof. Assume that d(T ) is dense in some interval (r, s). Assume without loss that 0 < r.

Since d(T ) is dense in (r, s), for every t ∈ (r, s) and every ε > 0 we can find a, b ∈M for

some model such that |t−d(a, b)| < ε, so by compactness there exists c, e ∈ N such that

d(c, e) = t. This means that the set [|d(x, y) − t| = 0] is non-empty in S2(∅) for every

t ∈ (r, s). Let p and q be 2-types such that dp = u > v = dq. Let ab |= p and ce |= q in

some model. If d(ab, ce) < v, then we have that d(a, b) ≤ d(a, c) ↑ d(c, e) ↑ d(e, b) ≤ v,

which is a contradiction, so we have d(ab, ce) ≥ v.
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Since r > 0, if we pick a type pt ∈ [|d(x, y) − t| = 0] for each t ∈ (r, s), the set

{pr|t ∈ (r, s)} will be uncountable and (> r)-separated, so S2(T ) is not small.

It is possible for an ultrametric theory T with somewhere dense distance set to

have S1(T ) be a single point (even if we require that T be superstable). for T to be

superstable.

Corollary 5.1.5. Every totally transcendental ultrametric theory T has totally discon-

nected type spaces.

Proof. Every countable reduct T0 of T is ω-stable, so by Corollary 5.1.4, d(T0) is nowhere

dense in [0, 1], so Theorem 5.1.1 applies and T0 has totally disconnected type spaces.

Since this is true for every countable reduct, {0, 1}-valued formulas are logically complete

in the full theory and T has totally disconnected type spaces as well.

As a word of warning, not all ultrametric theories have totally disconnected or even

dictionaric type spaces.

Corollary 5.1.6. Every theory T with totally disconnected type spaces is bi-interpretable

with a many-sorted discrete theory Tdis.

Proof. Since T has totally disconnected type spaces, it is dictionaric. By Theorem 5.1.1,

we can find an ultrametric ρ uniformly equivalent to d such that ρ(T ) ⊆ {0} ∪ {2−i|i <

ω}. This means that we can define a sequence of {0, 1}-valued equivalence relations

Ek(x, y) = 2k+1(2−k ·− ρ(x, y)) ↓ 1.

Each imaginary Tk = T/Ek is metrically discrete and dictionaric by Proposition 3.3.1,

so for every parameter set A, Sn((T/Ek)A) is totally disconnected and metrically dis-

crete (the distance set of a type space is always a subset of the distance set of the



277

theory). If we form a many-sorted theory
⊔
k<ω T/Ek with all the definable relations

between different imaginaries, all of the type spaces will still be totally disconnected and

metrically discrete, because for any finite set T/Ek0 , ..., T/Ekn−1 , the largest ki theory

has surjectively defined maps to the others, so the mixed-sort type spaces are discrete

quotients of some Sn(T/Ek) and are thus totally disconnected and metrically discrete.

To see that this is a bi-interpretation note that the discrete theory has an ω-ary imag-

inary consisting of the direct limit lim
→
T/Ek; specifically we can consider the imaginary

sort
∏

k<ω T/Ek, and then note that the set

D = {α ∈
∏
k<ω

T/Ek : (∀k < ω)α(k)Ekα(k + 1)}

is definable. To see that D is definable, note that for each k < ω, the set

Dk = {α ∈
∏
k<ω

T/E` : (∀` < k)α(`)E`α(`+ 1)}

is clopen and satisfies D ⊆ Dk ⊆ D<2−k . D is identical to the home sort of the original

theory.

Now that we know that ω-stable ultrametric theories are discrete theories in disguise,

a Baldwin-Lachlan characterization is immediate.

Corollary 5.1.7. If T is an ultrametric theory or has totally disconnected type spaces,

then T is inseparably categorical if and only if it is ω-stable and has no imaginary

Vaughtian pairs.
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5.2 Locally Compact Structures

In this section we will show that ω-stable theories with a locally compact model have

strongly minimal sets, and at the end we will also discuss some points related to d-

finiteness and raise some related questions. We should note that having a locally compact

model is not equivalent to having every model locally compact.

Proposition 5.2.1.

(i) If T is a theory with a non-compact, locally compact model M, and S1(M) is CB-

analyzable (in particular if T is ω-stable or S1(M) is small), then pre-minimal

types are dense in S1(M) rM (which is closed).

(ii) If T is a totally transcendental theory with non-compact models such that every

model is locally compact, then strongly minimal global types are dense among non-

algebraic global types.

Proof. (i) First we need to see that S1(M) rM is closed. For every a ∈ M there is a

ε > 0 such that B≤2ε(a) is compact. This implies that B≤ε(a) is algebraic over a by

Lemma 2.3.62. Therefore in particular B<ε(a) ∩M = B<ε(a) ⊆ S1(M). Therefore M

as a subset of S1(M) is a union of open sets and is itself open. Since S1(M) is CB-

analyzable, d-atomic-in-S1(M) rM types are dense in S1(M) rM. Let p be any such

type. Since S1(M) is CB-analyzable, it is dictionaric, so let D ⊆ S1(M) be a definable

set such that D ∩ (S1(M) r M) = {p}. Then D is a minimal set: If F,G ⊆ D are

two M -zerosets, at most one of them can contain p, so at most one of them can be

non-algebraic. Since this is true of any type that is d-atomic-in-S1(M) r M, we have

that pre-minimal types are dense in S1(M) rM.
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(ii) This is immediate from the fact that pre-minimal types over ℵ0-saturated struc-

tures are strongly minimal.

Corollary 5.2.2. If T is a theory with a locally compact model, then T is inseparably

categorical if and only if it is ω-stable and has no Vaughtian pairs.

Given where Section 4.4.3 leaves off in attempting to reproduce in continuous logic

the Baldwin-Lachlan theorem on the number of separable models, an exceedingly natural

question is to wonder when the assumption in Corollary 4.4.9 holds. [BYU07] does not

establish any conditions under which d-finite types can be found in abundance.

It is even trivial to construct an example of an ω-stable theory in which d-finite types

do not occur in the home sort (the theory of an ω-product sort, for instance). This case,

however, is sometimes covered by passing to imaginaries (which is part of the definition

of ‘enough d-finite types’ given in [BYU07]), but it is easy to blame the lack of local

compactness for this kind of issue in this case.

Local compactness is not enough to ensure a good selection of d-finite types, even in

superstable theories. The theory presented in Example 2.2.1, for instance, is a super-

stable theory whose models are all locally compact but which has non-d-finite1 types.

Over a model it has no non-d-finite types, but it is not too hard to modify the example

to have non-d-finite types over any set of parameters. If we take infinitely many disjoint

copies of a model of Example 2.2.1, for instance, with no relationship between them,

then such a theory would likely fail to have enough d-finite types (in the technical sense

of [BYU07, Def. 2.7]).

This leaves a very narrow window in which we might hope to always have many

d-finite types at hand.

1Or should it be d-infinite, or perhaps in-d-finite?
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Question 5.2.3. If T is an ω-stable theory whose models are all locally compact, is it

true that every type p ∈ Sn(A) is d-finite, for any finite n and any set of parameters A?

Uniformly d-finite? What if T has uniformly locally compact models?

Another obvious, more pointed question is this:

Question 5.2.4. Does an inseparably categorical theory with locally compact models

always have a strongly minimal set over some finite set of parameters in its prime model?

5.3 Strongly Minimal Theories

In this section we will characterize those strongly minimal theories that do not inter-

pret an infinite discrete structure (the essentially continuous strongly minimal theories),

and also present a general characterization of strongly minimal groups, identifying the

essentially continuous among them.

5.3.1 Strongly Minimal Theories That Do Not Interpret Infinite

Discrete Theories

Obviously if M is a discrete strongly minimal structure and X is some compact metric

space with a transitive automorphism group, then M×X is strongly minimal, but this

example is in some sense trivial, as M and M × X are bi-interpretable. In [Noq17],

Noquez raised the question of whether or not there are any non-trivially continuous ex-

amples of strongly minimal theories. Here is a minimally non-trivial continuous example,

giving a positive answer:
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Example 5.3.1. Consider R with the metric d(x, y) = |x−y|
1+|x−y| . Th(R,+) is strongly

minimal but does not interpret any infinite discrete structure.

Verification. We will verify these statements in Theorems 5.3.3 and 5.3.22.

A similar argument shows that the same is true of (Rn,+) for any n < ω. Similarly,

one can show that the underlying additive group of a p-adic field, Qp, with the appro-

priate metric, is strongly minimal, although it does have a discrete strongly minimal

imaginary.

It turns out that, in the context of strongly minimal theories, this condition of being

unable to interpret an infinite discrete structure has a very tight topological character-

ization in terms of models and also is very constraining in the special case of strongly

minimal groups.

Definition 5.3.2. A continuous theory T is essentially continuous if it does not interpret

an infinite discrete structure.2 C

The goal of the rest of this subsection is to prove the following characterization of

essentially continuous strongly minimal theories.

Theorem 5.3.3. Let T be a continuous strongly minimal theory. T is essentially con-

tinuous if and only if some model of T has a non-compact connected component.

Proof of ⇒. We will prove the contrapositive. Assume that every model of T has com-

pact connected components (although note for later that we only actually use the fact

that connected components of generic elements are compact). For any ε > 0, we will

let Eε be the equivalence relation on models of T induced by aEεb if and only if there

2This term is somewhat folkloric. The only reference containing it we could find is [EG12].
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exists a sequence c0, . . . , cn with c0 = a, cn = b and d(ci, ci+1) < ε for every i < n. We

want to show the following.

(∗) There is a ξ > 0 such that the equivalence relation Eξ is definable (by a {0, 1}-

valued formula) and has infinitely many equivalence classes in any model of T .

From which it is immediate that T is not essentially continuous, as the imaginary

quotient by this equivalence relation is infinite and discrete.

Let M be some model of T , and let p be the generic type over M.

Claim: There is some ε > 0 such that for any a ∈ C with a |= p, the Eε-equivalence

class of a is compact.

Proof of claim. Fix a ∈ C with a |= p. Let F be the connected component of a. By

assumption F is compact, and by Lemma 4.1.7, there is some δ > 0 such that every

closed δ-ball in any model of this theory is compact. Let b0, . . . , bn−1 be elements of F

chosen so that U =
⋃
i<nB<δ(bi) covers F . Since clU ⊆

⋃
i<nB≤δ(bi) is compact and F

is a connected component of it (and in particular is closed), we have that there is some

clopen-in-clU set Q ⊆ U such that F ⊆ Q. Since Q is relatively closed in clU , it is

closed, and since Q is relatively open in U , it is open, so it is actually clopen. Moreover,

there is some ε > 0 such that Q≤ε is disjoint from the complement of Q, since clU is

compact. Clearly we have that the Eε-equivalence class of a is contained in Q. It’s not

hard to see that an Eε-equivalence class must be closed (for any ε > 0), so we have that

it is compact. claim

Fix ε > 0 as in the claim. Now note that for any b |= p, the Eε-equivalence class of b

must be isometric to the Eε-equivalence class of a, since there is an automorphism of the

monster model taking b to a. By the compactness of the equivalence class, there exists
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a natural number n such that if aEεc, then there exists a sequence e0, . . . , en such that

a = e0, c = en, and d(ei, ei+1) < ε for each i < n (even if we only need a shorter chain,

we can just use repetitions). This fact is uniformly true for any b |= p. By compactness,

there is a ξ > 0 with ξ < ε such that this statement is still true and such that for

realizations of p, the Eξ-equivalence classes are the same as the Eε-equivalence classes.

By construction, we have that if aEξb and ¬aEξc, then d(b, c) ≥ ε.

Now consider the formulas

λ(x, y) := inf
z1,...,zn

max
i≤n

d(zi, zi+1) ·− ε,

η(x, y) := sup
z1,...,zn

min
i≤n

ξ ·− d(zi, zi+1), and

χ(x) := inf
y

max{λ(x, y), η(x, y)},

where z0 is understood to mean x and zn+1 is understood to mean y (note the +1, but

also note that the +1 is not actually essential, rather it just makes the formulas λ and

η easier to write).

To unpack what these mean, given a and b, λ(a, b) > 0 implies that for any sequence

c0, ..., cn+1 with c0 = a and cn+1 = b, for some i ≤ n, we have d(ci, ci+1) > ε (although

note that λ(a, b) > 0 is actually slightly stronger than this statement in insufficiently

saturated models). On the other hand, η(a, b) > 0 means that there is a chain c0, . . . , cn+1

with c0 = a, cn+1 = b, and d(ci, ci+1) < ξ for every i ≤ n. So, putting it together,

χ(a) > 0 implies that for every b, one of these two conditions holds. By the above

statements regarding any a satisfying p, we have that χ(a) > 0.

So we have that Jχ(x) > 0K is an open neighborhood of p in S1(M), so in particular,
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Jχ(x) = 0K is compact (note, also, that χ always takes on non-negative values).

Claim: There is a natural number k, such that for any a and b, if aEξb, then this is

witnessed by a chain of length no more than k.

Proof of claim. Let X be a finite subset of Jχ(C) = 0K such that Jχ(C) = 0K ⊆ X<ξ.

For any a ∈ Jχ(C) = 0K, let Fa ⊆ Jχ(C) = 0K be the Eξ-equivalence class of a computed

inside Jχ(C) = 0K, i.e. the set of all elements b of Jχ(C = 0)K satisfying aEξb with a

witnessing chain contained entirely in Jχ(C) = 0K. Note that by construction, Jχ(C) =

0K =
⋃
x∈X Fx. Also note that each Fa is closed, and therefore compact (as a set of

elements of C).

For each x ∈ X, we have that

Fx ⊆ B<ξ(x) ∪ (B<ξ(x))<ξ ∪ ((B<ξ(x))<ξ)<ξ ∪ . . . .

By the compactness of Fx, some finite initial segment of this is sufficient to cover Jχ(C) =

0K. Let ` be the longest length of one of these initial segments. Let k = `+ 1 + n.

To see that this k is sufficient, we need to consider three cases.

1. χ(a) > 0. In this case, by our previous discussion of χ(x), we know that there is

a chain of length no more than n+ 1 witnessing aEξb, which is no more than k.

2. χ(a) = 0 and the chain witnessing aEξb is entirely contained in Jχ(C) = 0K. In

this case, we have that b ∈ Fa. There is some x ∈ X with d(a, x) < ξ, so by the

definition of ` we get a chain of length 1 + ` witnessing that aEξb.

3. χ(a) = 0 and the chain witnessing aEξb is not entirely contained in Jχ(C) = 0K.

In this case, let c0, . . . , cm, with c0 = a and cm = b, be the chain witnessing that
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aEξb. Let ci be the first such that χ(ci) = 0 but χ(ci+1) > 0. By construction,

we can find a chain of length no more than ` witnessing that aEξci and a chain of

length no more than n witnessing that ci+1Eξb. Concatenating these chains gives

a witnessing chain of length no more than `+ 1 + n, which is k. claim

Now, since this is true for all a and b, by compactness, there must actually be some

δ > 0 with δ < ξ such that for any a and b, with aEξb, there is a chain c0, . . . , ck, with

c0 = a, ck = b, and d(ci, ci+1) < δ for all i < k. We have just established that for any

a and b, if aEξb, then η(a, b) > ξ − δ, but if ¬aEξb, then η(x, y) = 0. So consider the

formula

E(x, y) := min

{
(ξ − δ) ·− η(x, y)

ξ − δ
, 1

}
.

We now have that this E(x, y) is {0, 1}-valued and has E(x, y) = 0 if and only if xEξy, as

required. To see that this equivalence relation has infinitely many equivalence classes in

every model, note that if it had finitely many equivalence classes then that model would

itself be compact, since its equivalence classes are compact, which is a contradiction.

It is not hard to show that if some model of T has non-compact connected compo-

nents, then every non-prime model has non-compact connected components. The set

E in the example mentioned in the text after Counterexample C.2.1 (i.e. the definable

subset of R) shows that this can fail for the prime model.

In order to prove the other direction of Theorem 5.3.3 we will need to collect some

lemmas.

Lemma 5.3.4. If T is a strongly minimal theory, M |= T , and for any a realizing the

generic type over M, the connected component of a (in the monster model) is compact,

then no model of T has a non-compact connected component.
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Proof. Since the proof of Theorem 5.3.3 only uses that the connected components of

generic elements are compact, we have that there is some ξ > 0 such that the equivalence

relation Eξ (as defined in that proof) has compact equivalence classes. For any a the

connected component of a is contained in the Eξ-equivalence class of a, and so since

connected components are always closed, we have that the connected component of a is

compact.

The following is a (weak) analog of a well known fact in discrete logic that given

two strongly minimal sets in an uncountably categorical theory, there is a definable

finite-to-finite correspondence between them.

Lemma 5.3.5. Let T be a strongly minimal theory. Suppose that I is a strongly minimal

imaginary. There exists a formula ϕ(x, y) (using at most the parameters needed to define

I), with x a variable in the sort I and y a variable in the home sort, such that for any

generic a ∈ I, the zeroset of ϕ(a, y) is algebraic and has each realization generic over M

and for any generic b in the home sort, the zeroset of ϕ(x, b) is algebraic and has each

realization generic over M.

Proof. Let A be the set of parameters needed to define I, and let M be a separable

model of T containing A. Let c be an element of I(C) that is generic over M, and let

N � M be a model of T that is prime over Mb. Because N is a proper elementary

extension of M we must have that H(N) is strictly larger than H(M), where H is the

home sort. Let b be some element of H(N) r H(M). We necessarily have that b is

generic over M, but tp(c/Mb) is d-atomic, which by strong minimality means that it

must be algebraic. Let ϕ0(x, y) be a formula such that ϕ0(b, y) is the distance predicate

of tp(c/Mb).
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A symmetric argument gives that tp(b/Mc) is also algebraic and therefore d-atomic,

so let ϕ1(x, y) be a formula such that ϕ1(x, c) is the distance predicate of tp(b/Mc). The

formula ϕ(x, y) = max{ϕ0(x, y), ϕ1(x, y)} has the required properties.

Remark 5.3.6. As an aside, one might wonder whether or not two strongly minimal

sets in an inseparably categorical theory always have a definable compact-to-compact

correspondence. The answer is yes. In Lemma 5.3.5 (which, of course, generalizes to

arbitrary inseparably categorical theories), the set Jϕ(x, y) = 0K∩F (x, y), where F (x, y)

is the partial type consisting of all types for which at least one of the projections is

generic, is relatively definable in F (x, y). By Proposition 2.4.4, we can find a definable

set D(x, y) such that D(x, y)∩F (x, y) = Jϕ(x, y) = 0K∩F (x, y). By strong minimality, it

is easy to show that D(x, y) is a compact-to-compact relation between the two sets, but

it may fail to be either total or surjective. By uniform local compactness, for sufficiently

small ε > 0, JD(x, y) ≤ εK is still a compact-to-compact relation. By Lemma 2.5.9, we

may choose ε so that JD(x, y) ≤ εK is definable. Since the interior of JD(x, y) ≤ εK

contains the ‘rank 2’ type (type of a pair of mutually generic elements), we have (where

A and B are the strongly minimal sets in question) that the sets U = {a ∈ A : ¬(∃b ∈

B)D(a, b) ≤ ε} and V = {b ∈ B : ¬(∃a ∈ A)D(a, b) ≤ ε} are both pre-compact, so we

have that JD(x, y) ≤ εK ∪ (A × B) is a definable compact-to-compact correspondence

between A and B.

This is still true for any pair of non-orthogonal strongly minimal types in an arbitrary

theory, but a minor technicality is that one would need to show that the type spaces

corresponding to A×B are dictionaric.
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The original correspondence is actually slightly nicer than merely definable. It has

the property that for any generic a ∈ A, the set Jϕ(a, y) = 0K is definable and likewise for

any generic b ∈ B, as well as the property that the distance predicates of these definable

sets are uniformly definable, i.e. there is a formula ψ(x, y) = 0 such that for any generic

a ∈ A, ψ(a, y) = 0 is the distance predicate of Jϕ(a, y) = 0K (with a similar statement for

B). This additional niceness is not always possible. Consider R as a metric space and

the R-definable subset E = {± ln(1 +n) : n < ω} (which is very similar to the definable

set mentioned after Counterexample C.2.1). Although the strongly minimal types in the

home sort H and E are non-orthogonal in that they are literally the same type, there is

no compact-to-compact correspondence between H and E with this additional property.

To see this, note that if a formula χ(a, y) is a distance predicate for any parameter a,

then the function a 7→ Jχ(a, y) = 0K is continuous with regards to the Hausdorff metric.

Assume that ϕ(x, y) = 0 is a definable compact-to-compact correspondence between H

and E, where x is a variable of sort H and y is a variable of sort E. Then consider the

set Jϕ(x, 0) = 0K. This must contain some a ∈ H. By continuity, we have that ϕ(a′, 0)

must be 0 for all a′, but this implies that 0 is related to a non-compact set of a′’s in A,

which is a contradiction.

In this example it can be arranged that Jϕ(x, b) = 0K is uniformly definable as a

function of b, but it is not too difficult to show that if we take E ∪ R≥0 and E ∪ R≤0

as our two strongly minimal sets, then neither direction can be taken to be uniformly

definable.

Now we can finish the proof of the characterization.
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Proof of Theorem 5.3.3 ⇐. Let M be the prime model of T . Assume that some model

N � M of T has a non-compact connected component C. If C does not contain an

element that is generic over M, then by Lemma 5.3.4 there is a model of T that contains

a non-compact connected component C ′ which contains an element that is generic over

M, so we may assume without loss of generality that C contains an element generic over

M. Let a be some such generic element.

Now assume that T is not essentially continuous. Let I be an imaginary sort of

T that is infinite and discrete. Since T is inseparably categorical, there is a strongly

minimal set D ⊆ I (possibly over some larger set of parameters). Let J be the imaginary

sort corresponding to D. Let N � M be a separable elementary extension containing

the parameters necessary to define D. By Lemma 5.3.5, there is an M-formula ϕ(x, y),

with x a variable in J and y a variable in the home sort, such that for any a in J(C),

generic over N, the set of b’s in the home sort for which ϕ(a, b) = 0 holds is compact

and consists only of elements generic over N.

Fix b ∈ H(C) generic, and note that the connected component of b is non-compact.

By compactness there must exist an ε > 0 such that for any generic a, if ϕ(a, b) > 0,

then ϕ(a, b) > ε. So consider the formula ψ(x, y) := min{1
ε
ϕ(x, y), 1}. We have that

for generic a, ψ(a, b) ∈ {0, 1}. This is part of the type of b, so for any generic b this

must be true as well. By uniform continuity of ψ(x, y), this implies that there is a δ > 0

such that if generic b, b′ ∈ H(C) satisfy d(b, b′) < δ, then ψ(a, b) = ψ(a, b′), but this

implies that for any b′ in the connected component of b, ψ(a, b′) = ϕ(a, b′) = 0, which is

a contradiction. Therefore no such I can exist, and T is essentially continuous.

Corollary 5.3.7. For any strongly minimal theory T , the following are equivalent:
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• T is essentially continuous.

• Some model of T has a non-compact connected component.

• Every generic element of a model of T has a non-compact connected component.

• T does not have a ∅-definable {0, 1}-valued equivalence relation on its home sort

with infinitely many equivalence classes.

The example given immediately after Counterexample C.2.1 (i.e. R with the appro-

priate metric), as well as some of the examples given in Remark 5.3.6, show that the

prime model may fail to have a non-compact connected component in an essentially

continuous strongly minimal theory.

After all of this, it is natural to wonder about the kinds of (pre-)geometries that can

occur in essentially continuous strongly minimal theories. There are a myriad of specific

questions in this vein. It is possible that characterizing essentially continuous strongly

minimal theories might be easier than characterizing discrete strongly minimal theories.

A negative answer to either of the following two questions would be an indication that

essentially continuous strongly minimal sets admit less complexity than discrete strongly

minimal sets.

Question 5.3.8. Is there an essentially continuous strongly minimal set with the geom-

etry of an algebraically closed field?

Question 5.3.9. Is there an essentially continuous strongly minimal set with non-locally

modular, flat pregeometry?

A difficult-to-rigorize follow-up question would be this: Can a Hrushovski construc-

tion build an essentially continuous strongly minimal set?
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Question 5.3.10. Is there an essentially continuous strongly minimal set whose geom-

etry is not isomorphic to the geometry of any discrete strongly minimal set?

Is there a continuous, but not essentially continuous, strongly minimal theory with

the same?

This last question becomes trivial on cardinality grounds if we consider pregeometries,

rather than geometries.

5.3.2 Characterization of Strongly Minimal Groups

In this section we will give a topological group theoretic characterization of strongly

minimal groups in continuous logic and identify which among them are essentially con-

tinuous.

Definition 5.3.11. A theory of groups is a theory T in a language containing a binary

function symbol x · y (which we will freely write as concatenation), a unary function

symbol x−1, and a constant symbol e such that T implies that

• supxyz d(x(yz), (xy)z) = 0,

• supx d(ex, x) = 0, and

• supx d(x−1x, e) = 0.

A group structure is a model of a theory of groups. C

Note that despite appearances, IHS is not an example of a theory of groups. In fact,

it is possible to show that IHS does not even interpret a non-compact group. If we

had taken the whole Hilbert space as the structure, rather than just the unit ball, and

modified the metric accordingly, then the result theory would be a theory of groups.
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The following was originally shown in [BY10a, Prop. 3.13]. We have given a full

proof here for completeness.

Proposition 5.3.12. Let T be a theory of groups. There is a definable bi-invariant

metric ρ that is uniformly equivalent to d (the original metric).

Proof. Consider the formula ρ(x, y) = supz,w d(zxw, zyw). First note that the formula

is clearly bi-invariant in the sense that ρ(x, y) = ρ(uxv, uyv) for any x, y, u, v. Also note

that it is clearly symmetric, non-negative, and satisfies ρ(x, x) = 0.

To verify the triangle inequality, consider a, b, c, and assume we are working a suf-

ficiently saturated model (since the triangle inequality is first-order, this will imply

the same for all models of the theory). For any f, g we have that d(fag, fcg) ≤

d(fag, fbg) + d(fbg, fcg) ≤ ρ(a, b) + ρ(b, c), so the triangle inequality holds.

This establishes that ρ(x, y) is a pseudo-metric. To establish that it is a metric we

need to show that it is uniformly equivalent to d. Since it is a definable pseudo-metric, it

is automatically uniformly dominated by d, so we only need to show that d is uniformly

dominated by it. By compactness, it is enough to show that in any model M if ρ(a, b) =

0, then d(a, b) = 0. Let a and b in M have ρ(a, b) = 0. Pass to an elementary extension

N � M containing c and f such that d(caf, cbf) = 0, so in particular caf = cbf . By

the group axioms we have that a = c−1caff−1 = c−1cbff−1 = b, i.e. d(a, b) = 0. By

elementarity, this is true in M as well, so we are done.

Proposition 5.3.12 seems to be in conflict with the well known fact that there are

metrizable groups that do not admit a bi-invariant metric. There is a hidden assumption

here, which is that the group operations are uniformly continuous, and not merely

continuous.
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Our proof that strongly minimal groups are Abelian in continuous logic is heavily

based on the proof of the analogous statement in [Bue17, Cor. 3.5.5], originally proven

in [Rei75].

One should think of the following condition as being a natural analog of having finite

order.

Definition 5.3.13. Given a topological group G, we say than an element a has pre-

compact orbit if the orbit of a, aZ, is pre-compact (i.e. has compact closure).3 C

Lemma 5.3.14. Let G be a topological group with a topology induced by the metric d.

If a ∈ G has pre-compact orbit, then for every ε > 0 there are arbitrarily large ` such

that d(a`, e) < ε.

Proof. For any δ > 0, the set
⋃
n∈ZB<δ(a

n) covers the closure of the orbit of a. By

compactness we can find a finite set X ⊂ Z such that
⋃
n∈X B<δ(a

n) covers the closure

of the orbit of a, and therefore the orbit of a. This implies that for any m < ω there

exists n ∈ X and k > n + m such that d(an, ak) < δ. Since we can do this for any

δ > 0 and by considering aka−n, we have that there are arbitrarily large ` such that

d(a`, e) < ε.

Lemma 5.3.15. Let G be a metric group with bi-invariant metric d. If all elements of

G have pre-compact orbit and all elements of Gr {e} are conjugate, then |G| ≤ 2.

Proof. We may assume that G has more than one element. Fix a ∈ Gr {e}. We need

to show that a2 = e. If a2 = e, then we are done, so assume that a2 6= e.

3Elements of a topological group with this property are referred to in some literature as just ‘com-
pact.’
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For any ε > 0, find the smallest positive nε such that d(anε , e) < ε, which, note,

is larger than 1 whenever ε ≤ d(a, e). Note that by the conjugacy condition and the

bi-invariance of the metric, nε does not depend on the choice of a.

Claim: nε is either 1 or a prime number.

Proof of claim. Assume that nε is not 1 and is the composite number mk, with

m, k > 1. By assumption, am 6= e, so since anε and am are conjugate, we can find b

such that b−1anεb = am. By the bi-invariance of the metric we have that d(anε , e) =

d(b−1anεb, b−1eb) = d(am, e) < ε, contradicting the minimality of nε. claim

Suppose that nε is not eventually 2 as ε→ 0. Since a−1 6= e, we can find a b ∈ G such

that b−1ab = a−1. This implies that for any k, b−kabk = a(−1)k . By our assumption, for

any γ > 0, there is an ε > 0 with ε < δ such that nε is odd and such that if d(c, e) < ε,

then d(c−1ac, a) < γ. Now we have that b−nεabnε = a−1, since nε is odd, implying that

d(a, a−1) < γ. Since we can do this for any γ > 0, we have that a = a−1, which is a

contradiction. Therefore nε must be eventually 2 as ε→ 0, but this implies that in fact

a2 = e.

So, by the conjugacy condition, we have that every element a of G satisfies a2 = e.

It is not hard to show that this implies that G is Abelian, but this implies that every

element’s conjugacy class consists solely of itself, and hence |G| = 2, as required.

Lemma 5.3.16. If G is a strongly minimal group and H is a type-definable, non-compact

subgroup of G, then H = G.

Proof. If H is a proper subgroup of G, then the cosets of H are also non-compact type-

definable subsets of G. Furthermore, H is disjoint from its non-trivial cosets, which

contradicts strong minimality.
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Proposition 5.3.17. Let T be a strongly minimal theory of groups. T is Abelian.

Proof. For the sake of this proof we will write A\B to mean the collection of right cosets

of A in the set B, i.e. {Ab : b ∈ B}, as opposed to the set theoretic relative complement,

which is written Ar B elsewhere in this thesis. The Ar B notation does not occur in

this proof, and the A\B notation does not occur outside of this proof.

Assume that T is not Abelian. By Proposition 5.3.12 we may assume that T has a

bi-invariant metric. Let Z be the center of G (i.e. the set of all elements g satisfying

gh = hg for all h ∈ G). For any g ∈ G, let C(g) be the centralizer of g (i.e. the set of all

elements h satisfying h−1gh = g). Note that the orbit of g is contained in C(g). This is

a type-definable group defined by the closed condition d(h−1gh, g) = 0. For any g ∈ G

with g /∈ Z, C(g) is a type-definable proper subgroup of G, so by Lemma 5.3.16 it is

compact, hence g has pre-compact orbit.

Claim: For any g ∈ G with g /∈ Z, the set of conjugates of g, aG := {h−1gh : h ∈ G},

is not pre-compact (i.e. has compact closure).

Proof of claim. We want to argue that there is a natural topological isomorphism

between (the metric closure of) C(g)\G and (the metric closure of) aG, where C(g)\G

is made into a metric space by the Hausdorff metric on sets, which, by bi-invariance and

the fact that C(g)\G is a set of cosets, is equal to ρ(x, y) = infz∈C(g) d(x, zy). Then we

will show that C(g)\G is not pre-compact.

It is a basic algebraic fact that there is a natural bijection between C(g)\G and gG.

Explicitly, for any a and b, we have that if a−1ga = b−1gb, then gab−1 = ab−1g, so

ab−1 ∈ C(g), implying that C(g)b = C(g)ab−1b = C(g)a. This gives a natural function

from gG to C(g)\G. To see that it is surjective, note that for any C(g)a, the element

a−1ga maps to C(g)a. To see that it is injective, if G(g)a = G(g)b, then this implies
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that a = cb for some c ∈ C(g), so we have that a−1ga = b−1c−1gcb = b−1gb, as required.

All we need to do is argue that this bijection is metrically uniformly continuous with

metrically uniformly continuous inverse. I claim that for any ε > 0, there is a δ > 0 such

that if d(ag, ga) < δ, then d(a, C(g)) < ε. This follows from compactness and the fact

that C(g) is an algebraic set. For any given ε > 0, find such a δ > 0, and consider a and b

such that d(a−1ga, b−1gb) < δ. By bi-invariance, this implies that d(gab−1, ab−1g) < δ, so

we have that there is some c ∈ C(g) with d(ab−1, c) < ε. This implies that d(a, cb) < ε,

so we have that the distance between C(g)a and C(g)b in the ρ-metric is less than ε.

Since we can do this for any ε > 0, we have that the map is uniformly continuous.

Now we just need to show that the map has uniformly continuous inverse. For any

ε > 0, find a δ > 0 small enough that for any c if d(a, b) < δ, then d(a−1ca, b−1cb) < ε.

Assume that C(g)a and C(g)b have ρ-distance less than δ. By bi-invariance, this implies

that there is some c ∈ C(g) such that d(a, cb) < δ. This implies, by the choice of ε, that

d(a−1ga, b−1c−1gcb) < ε, and so d(a−1ga, b−1gb) < ε. Since we can do this for any ε > 0,

we have that the inverse of the bijection is uniformly continuous.

To show that C(g)\G is not pre-compact, first note that we have already established

that C(g) is compact. If C(g)\G were pre-compact, then this would imply that for any

ε > 0 there is a finite set of elements X ⊆ C(g)\G such that G ⊆
⋃
x∈X q

−1(x)<ε, where

q : G → C(g)\G is the natural quotient map. Since each pre-image q−1(x) is isometric

to C(g), this is enough to imply that G is compact, which contradicts our assumptions.

claim

Now we have that for any a and b not in Z, the metric closure of aG is equal to

the metric closure of bG, because these sets are definable and non-compact, and so,

by strong minimality, must have non-empty intersection in some elementary extension,
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which implies in the elementary extension that there is some c such that c−1ac = b. By

passing to a sufficiently saturated elementary extension, we may assume that every pair

a and b not in Z are conjugate. This implies that in G/Z any two non-identity elements

are conjugate (because conjugacy commutes with group homomorphisms). We also still

have that every element has pre-compact orbit (after endowing G/Z with the Hausdorff

metric on cosets, as we did with C(g)\G), so by Lemma 5.3.15 we have that |G/Z| ≤ 2.

This implies that Z must be non-compact (otherwise G would be compact), but then

by Lemma 5.3.16 we have that G = Z, which contradicts our assumption that G was

not Abelian.

The corresponding result in [Bue17]—namely, Proposition 3.5.2—is the statement

that any infinite ω-stable group has an infinite definable Abelian subgroup. The proof

as stated does not generalize to continuous ω-stable groups, as we now have many

different Morley ranks rather than a single one.

Question 5.3.18. To what extent does [Bue17, Prop. 3.5.2] generalize to arbitrary ω-

stable groups in continuous logic? Is it true that every non-compact ω-stable group has

a definable non-compact Abelian subgroup? Does it follow if we assume that models of

the theory are locally compact?

It is known that type-definable subgroups in ω-stable theories are definable [BY10a],

so it is not preposterous to hope that there may be nice definable subgroups in arbitrary

ω-stable continuous groups.

We would like to take a moment to negatively answer a question given in the in-

troduction of [BY10a], which to our knowledge does not have an answer at least in

the published literature. In [BY10a], Ben Yaacov asked whether or not type-definable
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groups in stable theories are always intersections of some family of definable groups. It

turns out that, unlike in discrete logic, superstability is not enough to ensure that type-

definable groups are the intersections of families of definable groups in continuous logic.

It is not hard to show that the structure (Q,+, cos, sin)4 with the discrete metric has

a weakly minimal and therefore superstable theory but also has the property that the

type-definable group given by {cos(x) = 1, sin(x) = 0} is not, in sufficiently saturated

elementary extensions, the intersection of any family of definable subgroups. In fact,

the only definable subgroups in this theory are the trivial subgroup and the group itself.

This is in line with the general phenomenon, discussed in Chapter 2, that, while ω-stable

theories are well behaved with regards to definable sets, even superstable theories are

not.

For a full characterization of essentially continuous strongly minimal groups, we will

need the following significant fact from the theory of topological groups.

Fact 5.3.19 ([MHS77, Thm. 25]). Every locally compact Hausdorff Abelian group has

an open subgroup topologically isomorphic to Rn × K for some compact group K and

some non-negative integer n.

We will also need the following well known algebraic fact regarding Abelian groups.

Fact 5.3.20. An Abelian group G is divisible if and only if it is an injective object in the

category of Abelian groups, i.e. if and only if for any group H with subgroup F ⊆ H and

any homomorphism f : F → G, there exists a homomorphism g : H → G extending f .

Facts 5.3.19 and 5.3.20 imply that every locally compact Hausdorff Abelian group can

be written in the form Rn×G, with n a non-negative integer and G a totally disconnected

4One should think of this as (Q,+) with a non-trivial homomorphism to the circle group S1.
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locally compact Hausdorff group. (To see this note that any homomorphism extending

the inclusion map of Rn into Rn×K to the entire group must be continuous, and G can

be taken to be the kernel of this extension.)

Lemma 5.3.21. If G is a group structure with a bi-invariant metric and H is a definable

subgroup of G, then the imaginary sort given by quotienting by the definable pseudo-

metric ρ(x, y) = infz∈H d(x, yz) corresponds to the set G/H of left cosets of H. (And a

similar metric gives the set of right cosets of H.)

If H is a normal subgroup, then the natural group structure on G/H is definable on

G/ρ.

Proof. The fact that ρ is a pseudo-metric follows from the bi-invariance of the metric

(really we only need right invariance). The easiest way to see this is that ρ(x, y) is equal

to dH(xH, yH), where dH is the Hausdorff metric on sets.

We clearly have that if a and b are conjugate by an element of H, then ρ(a, b) = 0.

Conversely, assume that ρ(a, b) = 0. This implies that for any ε > 0 we can find a c

such that d(a, bc) < ε. By bi-invariance, this is equivalent to d(e, a−1bc) < ε. So we

have that for every ε > 0, dinf(a
−1b,H) < ε, which implies that a−1b ∈ H, since H is

definable and therefore closed.

Now we just need to show that if H is a normal subgroup, then the group structure

on G/H is definable on G/ρ. Let q : G→ G/ρ be the quotient map. For any a, b, c ∈ G,

we have that ρ(q(a)q(b), q(c)) is equal to ρ(ab, c), since H is a normal subgroup. This is

therefore a ρ-invariant formula and corresponds to a formula on the imaginary sort.

Theorem 5.3.22. A completely metrizable topological group G can be given a metric

under which it is a strongly minimal group if and only if it is non-compact and
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• there is a prime p such that every element of G has order p or

• G is divisible and can be written as Qκ⊕Rn⊕H, where H has a compact subgroup

K such that H/K =
⊕

p(Z/p∞Z)αp, with n and each αp finite and κ arbitrary,

where Z/p∞Z is the p-Prüfer group.5

Furthermore, the resulting theory is essentially continuous if and only G is of the second

form with n > 0.

Proof. (⇒). Suppose that G is a strongly minimal group structure. By Proposi-

tion 5.3.17, G is Abelian.

For any prime p, let pG denote the metric closure of {px : x ∈ G}, which is a

subgroup. It is definable by d(x, pG) = infy d(x, py). Suppose that for some p, pG is

a proper subgroup of G. By Lemma 5.3.16, this implies that pG is compact. Consider

the type-definable subgroup {x ∈ G : px = e}. If this is compact, then we have that G

is homeomorphic to a product of two compact sets, which is a contradiction, therefore

{x ∈ G : px = e} must be all of G, by Lemma 5.3.16, and so G falls under the first

bullet point.

Now assume that for every p, pG is all of G. Let G′ be an ω-saturated elementary

extension of G. We now have that G′ is a divisible group. By Fact 5.3.19, G′ can be

written as Rn ⊕ H, where H has a compact subgroup K such that H/K is a discrete

Abelian group. n must be finite by local compactness. By replacing K with G ∩ K,

we may assume that K is a subgroup of G. Since G′ is divisible, we must have that

H is divisible as well. By the characterization of divisible Abelian groups, H/K can

be written as Qκ ⊕
⊕

p(Z/p∞Z)αp . By Fact 5.3.20, we have that H can be written as

5The p-Prüfer group is isomorphic to the group of pnth roots of unity under multiplication.
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Qk⊕L, where K is a subgroup of L and L/K is isomorphic to
⊕

p(Z/p∞Z)αp . For each

prime p, the type-definable subgroup {x ∈ G′ : px = e} cannot be all of G′ and so by

Lemma 5.3.16 is compact. This implies that αp must be finite. Since we can do this for

every prime p, we have that G′ falls under the case in the second bullet point.

G is an open subgroup of G′. This implies that Rn ⊕ {e} ⊆ G′ is also a subgroup

of G. This implies that we can write G as Rn ⊕ L with K ⊆ L and L/K a discrete

group. Each subgroup {x ∈ G : px = e} is algebraic, so we must have that {x ∈ G :

px = e} = {x ∈ G′ : px = e}. Thinking of L/K as a subgroup of H/K, this implies

that each factor of the form Z/p∞Z is contained in L/K. Therefore L/K must be of

the form Qλ ⊕
⊕

p(Z/p∞Z)αp for some λ ≤ κ, and G falls under the case in the second

bullet point.

(⇐). Let G be a completely metrizable group such that every element of G has order

p. Let K be a compact open subgroup of G such that G/K is discrete. By standard

group theory, G and K are, algebraically speaking, vector spaces over Fp. Let dK be an

arbitrary bi-invariant metric on K inducing the topology with diameter at most 1
2
. Let

d be a metric on all of G defined by d(a, b) = dK(ab−1, e) if ab−1 ∈ K and d(a, b) = 1

otherwise. Because dK is bi-invariant, this is a metric. Under this metric, K is contained

in the 2
3
-ball of e and so is in the algebraic closure of ∅ and is in every model of Th(G).

If G′ is any model of Th(G) and G′′ is any elementary extension of G′, it is not hard to

show that any two elements of G′′ rG′ are automorphic, so Th(G) is strongly minimal.

Let G be a completely metrizable group falling under the case in the second bullet

point. Let K be the compact subgroup, and let dK be an arbitrary bi-invariant metric

giving the topology on K with diameter at most 1
2
. Given a, b ∈ G, write them as (a0, a1)

and (b0, b1), where a0, b0 ∈ Rn and a1, b1 ∈ Qκ ⊕ H. Put a metric on G by d(a, b) = 1



302

if a1b
−1
1 /∈ K and d(a, b) = max

{
‖a0−b0‖∞

1+‖a0−b0‖∞
, dK(a1b

−1
1 , e)

}
otherwise. This is a metric

which induces the topology on G. Note that
‖a0−b0‖∞

1+‖a0−b0‖∞
is a metric on Rn, so d can be

written as the maximum of a metric on Rn and a metric on Qκ ⊕H and therefore is a

metric inducing the product topology. Note that since G is non-compact, the diameter

of G with regards to d is 1.

Let G′ be an elementary extension of (G, d). The theory of (G, d) entails that the

metric on G′ is [0, 1] valued, but also entails that for any ε > 0 with ε < 1, the closed

ε-ball of any element is compact (and isometric to the corresponding closed ball around

e).

Claim: For any prime p and any positive integer n, the type-definable set {x : pnx =

e} is definable and algebraic.

Proof of claim. Each of these sets is compact in G, so we only need to show that they

are definable. Fix ε > 0, and find δ > 0 small enough that for a ∈ K if dK(pna, e) < δ,

then there exists a b ∈ K with d(a, b) < ε such that pnb = e (this always exists by

compactness). We may take δ to be less than 1
2

and less than ε.

For a ∈ G, suppose that d(pna, e) < δ. If we write a as (a0, a1) with a0 ∈ Rn

and a1 ∈ Qκ ⊕ H, then this implies that
‖pna0‖∞

1+‖pna0‖∞
< pnε and also that pna1 ∈ K

with d(pna1, e) < δ. By our choice of δ, this implies that there is some b1 ∈ K such

that d(a1, b1) < ε and pnb1 = 0. This implies that d((a0, a1), (0, b1)) < max{ε, δ} < ε.

Therefore, we have that the relevant set is definable. claim

The claim implies that any a ∈ G′ r G is divisible and torsion free. By the classi-

fication of divisible Abelian groups and the fact that G′/K is locally homeomorphic to

G/K, we have that G′ is topologically isomorphic to G⊕Qλ for some cardinal λ. Fur-

thermore, we have that for any a, b ∈ G′, if d(a, b) < 1, then b− a is in G. This implies
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that G′ can be realized as G ⊕ Qλ with the discrete metric on Qλ and the max metric

on the product. From this we get that any two elements of G′rG are automorphic, and

the same argument will work for any elementary extension G′′ of G′, so we have that T

is strongly minimal.

The ‘furthermore’ statement follows directly from Theorem 5.3.3.

It is possible that G in the statement of Theorem 5.3.22 is not of the form K×G/K.

An example of this is the additive group of the p-adic numbers with the appropriate

metric, as discussed after Example 5.3.1. K will be the subgroup of p-adic integers or

some scaling of them, and the p-adic numbers do not decompose as a direct sum with

any of these groups as a factor.

It is also possible to give a bi-invariant metric to a group of one of the forms given in

Theorem 5.3.22 which will make it fail to be strongly minimal. This is very easy when

the group is discrete—Q with the metric d(x, y) which is 1 when x− y ∈ Zr {0} and 2

when x−y /∈ Z—but it is also possible when the group is of a form that would result in an

essentially continuous theory—R with the metric d(x, y) = min{|x− y|, 1}+ d(x, y+Z),

which is a metric as it is the sum of a metric and a pseudo-metric.

Characterizing the metrics which make the groups identified in Theorem 5.3.22

strongly minimal seems difficult. We were unable to answer what ought to be the

easiest question related to this issue.

Question 5.3.23. If (G, d,+) is a group structure such that (G, d,+) is topologically

one of the groups specified in Theorem 5.3.22, d is a bi-invariant metric, and (G, d) is

a strongly minimal metric space, does it follow that (G, d,+) is strongly minimal?
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Another direction for future study would be to replicate the very tight characteriza-

tion of transitive faithful ω-stable group actions on strongly minimal sets:

Fact 5.3.24 ([Bue17, Thm. 3.5.2]). If (G,X) is a (discrete) ω-stable transitive faithful

group action with X strongly minimal, then MR(G) ≤ 3 and

1. if MR(G) = 1, then G has a definable finite index subgroup H which acts regularly

on X and

2. if MR(G) ≥ 2, then there is a field K definable on X or X r {a} for some point

a.

Recall that a group action is transitive if the orbit of every element is the entire set,

it is faithful if Stab(X) is trivial, and it is regular if for any a ∈ X, the function g 7→ ga

is a bijection. Note that in the first case, H is strongly minimal.

A completely reckless conjecture would be that only the first case of Fact 5.3.24 can

occur in an essentially continuous theory (this would be related to a negative answer to

Question 5.3.8).

Question 5.3.25. Is it possible to have a locally compact metric group G with bi-

invariant metric acting faithfully and transitively on a metric space X such that Th(G,X)

is essentially continuous, ω-stable, and has X strongly minimal, without G having a de-

finable strongly minimal group with compact index that acts regularly on X?

Local compactness also adds a new parameter to these questions regarding these

kinds of characterizations.

Question 5.3.26. If G is a (not necessarily locally compact) metric group with bi-

invariant metric acting faithfully and transitively on a metric space X such that Th(G,X)



305

is ω-stable and has X strongly minimal, is G necessarily locally compact?

5.4 Banach and Hilbert Structures

In this section we will consider expansions of Banach spaces. We introduce the notion

of an indiscernible subspace. An indiscernible subspace is a subspace in which types of

tuples of elements only depend on their quantifier-free types in the reduct consisting of

only the metric and the constant 0. Similarly to indiscernible sequences, indiscernible

subspaces are always consistent with a Banach theory (with no stability assumption,

see Theorem 5.4.9) but are not always present in every model. We will show that an

indiscernible subspace always takes the form of an isometrically embedded real Hilbert

space wherein the type of any tuple only depends on its quantifier-free type in the Hilbert

space. The notion of an indiscernible subspace is of independent interest in the model

theory of Banach and Hilbert structures, and in particular here we use it to improve the

results of Shelah and Usvyatsov in the context of types in the full language (as opposed to

∆-types). Specifically, in this context we give a shorter proof of Shelah and Usvyatsov’s

main result [SU19, Prop. 4.13], we improve their result on the strong uniqueness of

Morley sequences in minimal wide types [SU19, Prop. 4.12], and we expand on their

commentary on the “induced structure” of the span of a Morley sequence in a minimal

wide type [SU19, Rem. 5.6]. This more restricted case is what is relevant to inseparably

categorical Banach theories, so our work is applicable to the problem of characterizing

such theories.
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5.4.1 Banach Theory Background

For K ∈ {R,C}, we think of a K-Banach space X as being a metric structure X whose

underlying set is the closed unit ball B(X) of X with metric d(x, y) = ‖x− y‖.6 This

structure is taken to have for each tuple ā ∈ K an |ā|-ary predicate sā(x̄) =
∥∥∥∑i<|ā| aixi

∥∥∥,

although we will always write this in the more standard form. Note that we evaluate this

in X even if
∑

i<|ā| aixi is not actually an element of the structure X. For convenience,

we will also have a constant for the zero vector, 0, and an n-ary function σā(x̄) such that

σā(x̄) =
∑

i<|ā| aixi if it is in B(X) and σā(x̄) =
∑
i<|ā| aixi

‖∑i<|ā| aixi‖
otherwise. If |a| ≤ 1, we will

write ax for σa(x). Note that while this is an uncountable language, it is interdefinable

with a countable reduct of it (restricting attention to rational elements of K). These

structures capture the typical meaning of the ultraproduct of Banach spaces. We will

often conflate X and the metric structure X in which we have encoded X.

Definition 5.4.1. A Banach (or Hilbert) structure is a metric structure which is the

expansion of a Banach (or Hilbert) space. A Banach (or Hilbert) theory is the theory of

such a structure. The adjectives real and complex refer to the scalar field K. C

C∗- and other Banach algebras are commonly studied examples of Banach structures

that are not just Banach spaces. The theory of an infinite dimensional Hilbert space is

written IHS.

A central problem in continuous logic is the characterization of inseparably cate-

gorical countable theories, that is to say countable theories with a unique model in

each uncountable density character. The analog of Morley’s theorem was shown in con-

tinuous logic via related formalisms [BY05, SU11], but no satisfactory analog of the

6For another equivalent approach, see [BYBHU08], which encodes Banach structures as many-sorted
metric structures with balls of various radii as different sorts.
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Baldwin-Lachlan theorem or its precise structural characterization of uncountably cat-

egorical discrete theories in terms of strongly minimal sets is known. Some progress in

the specific case of Banach theories has been made in [SU19], in which Shelah and Usvy-

atsov introduce the notion of a wide type and the notion of a minimal wide type, which

they argue is the correct analog of strongly minimal types in the context of inseparably

categorical Banach theories.

Definition 5.4.2. A type p in a Banach theory is wide if its set of realizations consis-

tently contain the unit sphere of an infinite dimensional real subspace.

A type is minimal wide if it is wide and has a unique wide extension to every set of

parameters. C

In [SU19], Shelah and Usvyatsov were able to show that every Banach theory has

wide complete types using the following classical concentration of measure results of

Dvoretzky and Milman, which Shelah and Usvyatsov refer to as the Dvoretzky-Milman

theorem.

Fact 5.4.3 (Dvoretzky-Milman theorem). Let (X, ‖·‖) be an infinite dimensional real

Banach space with unit sphere S, and let f : S → R be a uniformly continuous function.

For any k < ω and ε > 0, there exists a k-dimensional subspace Y ⊂ X and a Euclidean

norm7 |||·||| on Y such that for any a, b ∈ S ∩ Y , we have |||a||| ≤ ‖a‖ ≤ (1 + ε)|||a||| and

|f(a)− f(b)| < ε.8

Shelah and Usvyatsov showed that in a stable Banach theory every wide type has

a minimal wide extension (possibly over a larger set of parameters) and that every

7A norm |||·||| is Euclidean if it satisfies the parallelogram law, 2|||a|||2 +2|||b|||2 = |||a+ b|||2 + |||a− b|||2,
or, equivalently, if it is induced by an inner product.

8Fact 5.4.3 without f is (a form of) Dvoretsky’s theorem.



308

Morley sequence in a minimal wide type is an orthonormal basis of a subspace isometric

to a real Hilbert space. Furthermore, they showed that in an inseparably categorical

Banach theory, every inseparable model is prime over a countable set of parameters and

a Morley sequence in some minimal wide type, analogously to how a model of a discrete

uncountably categorical theory is always prime over some finite set of parameters and a

Morley sequence in some strongly minimal type.

The key ingredient to our present work is the following result, due to Milman. It

extends the Dvoretzky-Milman theorem in a manner analogous to the extension of the

pigeonhole principle by Ramsey’s theorem.9

Definition 5.4.4. Let (X, ‖·‖) be a Banach space. If a0, a1, . . . , an−1 and b0, b1, . . . , bn−1

are ordered n-tuples of elements of X, we say that ā and b̄ are congruent if ‖ai − aj‖ =

‖bi − bj‖ for all i, j ≤ n, where we take an = bn = 0. We will write this as ā ∼= b̄. C

Fact 5.4.5 ([Mil71], Thm. 3). Let S∞ be the unit sphere of a separable infinite dimen-

sional real Hilbert space H, and let f : (S∞)n → R be a uniformly continuous function.

For any ε > 0 and any k < ω there exists a k-dimensional subspace V of H such that

for any a0, a1, . . . , an−1, b0, b1, . . . , bn−1 ∈ S∞ with ā ∼= b̄, |f(ā)− f(b̄)| < ε.

Note that the analogous result for inseparable Hilbert spaces follows immediately,

by restricting attention to a separable infinite dimensional subspace. Also note that

by using Dvoretsky’s theorem and an easy compactness argument, Fact 5.4.5 can be

generalized to arbitrary infinite dimensional Banach spaces.

9The original Dvoretzky-Milman result is often compared to Ramsey’s theorem, such as when Gro-
mov coined the term the Ramsey-Dvoretzky-Milman phenomenon [Gro83], but in the context of Fact
5.4.5 it is hard not to think of the n = 1 case as being analogous to the pigeonhole principle and the
n > 1 cases as being analogous to Ramsey’s theorem.



309

Connection to Extreme Amenability

A modern proof of Fact 5.4.5 would go through the extreme amenability of the unitary

group of an infinite dimensional Hilbert space endowed with the strong operator topol-

ogy, or in other words the fact that any continuous action of this group on a compact

Hausdorff space has a fixed point, which was originally shown in [GM83]. This connec-

tion is unsurprising. It is well known that the extreme amenability of Aut(Q) (endowed

with the topology of pointwise convergence) can be understood as a restatement of Ram-

sey’s theorem. It is possible to use this to give a high brow proof of the existence of

indiscernible sequences in any first-order theory T :

Proof. Fix a first-order theory T . Let Q be a family of variables indexed by the rational

numbers. The natural action of Aut(Q) on SQ(T ), the Stone space of types over T in the

variables Q, is continuous and so by extreme amenability has a fixed point. A fixed point

of this action is precisely the same thing as the type of a Q-indexed indiscernible sequence

over T , and so we get that there are models of T with indiscernible sequences.

A similar proof of the existence of indiscernible subspaces in Banach theories (Theo-

rem 5.4.9) is possible, but requires an argument that the analog of SQ(T ) is non-empty

(which follows from Dvoretzky’s theorem) and also requires more delicate bookkeeping

to define the analog of SQ(T ) and to show that the action of the unitary group of a

separable Hilbert space is continuous. In the end this is more technical than a proof

using Fact 5.4.5 directly.
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5.4.2 Asymptotically Hilbertian Spaces Do Not Interpret a

Strongly Minimal Set

For an overview of the properties of asymptotically Hilbertian spaces in the context of

continuous logic, see [HR16].

Compare the following with the fact that every discrete theory interprets a strongly

minimal set.

Proposition 5.4.6. If T is the theory of an asymptotically Hilbertian space then it

does not have any non-algebraic locally compact imaginaries. In particular it does not

interpret a strongly minimal set.

Proof. Assume that T has a non-algebraic locally compact imaginary. By the same

argument as in Proposition 5.2.1 this implies that it has a strongly minimal imaginary.

We may assume that this is definable over the unique approximately ℵ0-saturated model

M. Since T is ℵ1-categorical this implies that every model is prime over this strongly

minimal imaginary. Let A � B �M be a pair of proper elementary extensions such that

in each extension the dimension of the strongly minimal set increases by 1. Since B �M

is a minimal extension it must be the case that the vector space dimension of the home

sort increases by precisely 1. Likewise since A � B is a minimal extension it must be the

case that vector space dimension of the home sort increases by precisely 1. Let b ∈ BrM

realize the unique type of an element of norm 1 orthogonal to M. Likewise let a ∈ ArB

realize the unique type of an element of norm 1 orthogonal to B. It must be the case that

A = M⊕V where V is a 2-dimensional Hilbert space generated by the orthogonal basis

{a, b}. Find ε > 0 small enough that inf{d(x, y) : x ∈ I(M), y ∈ I(B)r I(M)} > ε and

inf{d(x, y) : x ∈ I(B), y ∈ I(A)rI(B)} > ε, where I is the strongly minimal imaginary.
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Such an ε must exist since I is strongly minimal. Now find δ > 0 small enough that if

σ is a home sort automorphism fixing M and satisfying d(x, σ(x)) < δ for every x, then

the induced automorphism of I, σI , satisfies d(x, σI(x)) < ε for every x (such a δ must

exist). Now let σ be the automorphism of A that fixes M and rotates V by an angle

π
2n

small enough that d(x, σ(x)) < δ for every x ∈ A. Assume without loss of generality

that σn(a) = b and σn(b) = −a. Now if we look at σnI , by construction it must be the

case that σnI (I(B)) ⊆ I(B) and σnI (I(B)) 6⊆ I(M). Therefore if we look at the structure

N = σnI (B), it must be the case that a ∈ N and I(B) = I(N), but since T has no

imaginary Vaughtian pairs this implies that N = A, which is a contradiction.

5.4.3 Indiscernible Subspaces

Definition 5.4.7. Let T be a Banach theory. Let M |= T , and let A ⊆M be some set

of parameters. An indiscernible subspace over A is a real subspace V of M such that for

any n < ω and any n-tuples b̄, c̄ ∈ V , b̄ ≡A c̄ if and only if b̄ ∼= c̄.

If p is a type over A, then V is an indiscernible subspace in p (over A) if it is an

indiscernible subspace over A and b |= p for all b ∈ V with ‖b‖ = 1. C

Note that an indiscernible subspace is a real subspace even if T is a complex Banach

theory. Also note that an indiscernible subspace in p is not literally contained in the

realizations of p, but rather has its unit sphere contained in the realizations of p. It

might be more accurate to talk about “indiscernible spheres,” but we find the subspace

terminology more familiar.

Indiscernible subspaces are very metrically regular.

Proposition 5.4.8. Suppose V is an indiscernible subspace in some Banach structure.
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Then V is isometric to a real Hilbert space.

In particular, a real subspace V of a Banach structure is indiscernible over A if and

only if it is isometric to a real Hilbert space and for every n < ω and every pair of

n-tuples b̄, c̄ ∈ V , b̄ ≡A c̄ if and only if for all i, j < n, 〈bi, bj〉 = 〈ci, cj〉.

Proof. For any real Banach space W , if dimW ≤ 1, then W is necessarily isometric

to a real Hilbert space. If dimV ≥ 2, let V0 be a 2-dimensional subspace of V . A

subspace of an indiscernible subspace is automatically an indiscernible subspace, so V0

is indiscernible. For any two distinct unit vectors a and b, indiscernibility implies that

for any r, s ∈ R, ‖ra+ sb‖ = ‖sa+ rb‖, hence the unique linear map that switches a

and b fixes ‖·‖. This implies that the automorphism group of (V0, ‖·‖) is transitive on

the ‖·‖-unit circle. By John’s theorem on maximal ellipsoids [Joh48], the unit ball of

‖·‖ must be an ellipse, so ‖·‖ is a Euclidean norm.

Thus every 2-dimensional real subspace of V is Euclidean and so (V, ‖·‖) satisfies the

parallelogram law and is therefore a real Hilbert space.

The ‘in particular’ statement follows from the fact that in a real Hilbert subspace of

a Banach space, the polarization identity [BB02, Prop. 14.1.2] defines the inner product

in terms of a particular quantifier-free formula:

〈x, y〉 =
1

4

(
‖x+ y‖2 − ‖x− y‖2) .10

As mentioned in [SU19, Cor. 3.9], it follows from Dvoretzky’s theorem that if p is a

10There is also a polarization identity for the complex inner product:

〈x, y〉C =
1

4

(
‖x+ y‖2 − ‖x− y‖2 + i ‖x− iy‖2 − i ‖x+ iy‖2

)
.
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wide type and M is a sufficiently saturated model, then p(M) contains the unit sphere of

an infinite dimensional subspace isometric to a Hilbert space. We refine this by showing

that, in fact, an indiscernible subspace can be found.

Theorem 5.4.9. Let A be a set of parameters in a Banach theory T , and let p be a wide

type over A. For any κ, there is M |= T and a subspace V ⊆ M of dimension κ such

that V is an indiscernible subspace in p over A. In particular, any ℵ0 +κ+ |A|-saturated

M will have such a subspace.

Proof. For any set ∆ of A-formulas, call a subspace V of a model N of TA ∆-indiscernible

in p if every unit vector in V models p and for any n < ω and any formula ϕ ∈ ∆ of

arity n and any n-tuples b̄, c̄ ∈ V with b̄ ∼= c̄, we have N |= ϕ(b̄) = ϕ(c̄).

Since p is wide, there is a model N |= T containing an infinite dimensional subspace

W isometric to a real Hilbert space such that for all b ∈ W with ‖b‖ = 1, b |= p. This

is an infinite dimensional ∅-indiscernible subspace in p.

Now for any finite set of A-formulas ∆ and formula ϕ, assume that we’ve shown that

there is a model N |= T containing an infinite dimensional ∆-indiscernible subspace V in

p over A. We want to show that there is a ∆∪{φ}-indiscernible subspace in V . By Fact

5.4.5, for every k < ω there is a k-dimensional subspace Wk ⊆ V such that for any unit

vectors b0, . . . , b`−1, c0, . . . , c`−1 in Wk with b̄ ∼= c̄, we have that |ϕN(b̄)−ϕN(c̄)| < 2−k. If

we let Nk = (Nk,Wk) where we’ve expanded the language by a fresh predicate symbol

D such that DNk(x) = d(x,Wk), then an ultraproduct of the sequence Nk will be a

structure (Nω,Wω) in which Wω is an infinite dimensional Hilbert space.

Claim: Wω is ∆ ∪ {ϕ}-indiscernible in p.

Proof of claim. Fix an m-ary formula ψ ∈ ∆ ∪ {ϕ}, and let f(k) = 0 if ψ ∈ ∆ and
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f(k) = 2−k if ψ = ϕ. For any k ≥ 2m and b0, . . . , bm−1, c0, . . . , cm−1 in the unit ball ofWk,

there is a 2m dimensional subspace W ′ ⊆ Wk containing b̄, c̄. By compactness of B(W ′)m

(where B(X) is the unit ball of X), we have that for any ε > 0 there is a δ(ε) > 0 such

that if | 〈bi, bj〉 − 〈ci, cj〉 | < δ(ε) for all i, j < m, then |ψN(b̄)− ψN(c̄)| ≤ f(k) + ε. Note

that we can take the function δ to only depend on ψ, specifically its arity and modulus

of continuity, and not on k, since B(W ′)m is always isometric to B(R2m)m. Therefore, in

the ultraproduct we will have (∀i, j < m)| 〈bi, bj〉−〈ci, cj〉 | < δ(ε)⇒ |ψN(b̄)−ψN(c̄)| ≤ ε

and thus b̄ ∼= c̄⇒ ψNω(b̄) = ψNω(c̄), as required. �Claim

Now for each finite set of A-formulas we’ve shown that there’s a structure (M∆, V∆)

(where, again, V∆ is the set defined by the new predicate symbol D) such that M∆ |= TA

and V∆ is an infinite dimensional ∆-indiscernible subspace in p. By taking an ultra-

product with an appropriate ultrafilter we get a structure (M, V ) where M |= TA and

V is an infinite dimensional subspace. V is an indiscernible subspace in p over A by the

same argument as in the claim.

Finally note that by compactness we can take V to have arbitrarily large dimen-

sion and that any subspace of an indiscernible subspace in p over A is an indiscernible

subspace in p over A, so we get the required result.

Together with the fact that wide types always exist in Banach theories with infinite

dimensional models [SU19, Thm. 3.7], we get a corollary.

Corollary 5.4.10. Every Banach theory with infinite dimensional models has an infinite

dimensional indiscernible subspace in some model. In particular, every such theory has

an infinite indiscernible set, namely any orthonormal basis of an infinite dimensional

indiscernible subspace.
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5.4.4 Minimal Wide Types

Characterization of Morley Sequences in Terms of Indiscernible Subspaces

Compare the following Theorem 5.4.11 with this fact in discrete logic: If p is a minimal

type (i.e. p has a unique global non-algebraic extension), then an infinite sequence of

realizations of p is a Morley sequence in p if and only if it is an indiscernible sequence.

Here we are using the definition of Morley sequence for (possibly unstable) A-

invariant types: Let p be a global A-invariant type, and let B ⊇ A be some set of

parameters. A sequence {ci}i<κ is a Morley sequence in p over B if for all i < κ,

tp(ci/Bc<i) = p � Bc<i. Note that this definition of Morley sequence agrees with the

standard definition for types that are stable in the sense of Lascar and Poizat (as de-

scribed in [SU19, Def. 4.1]).

Theorem 5.4.11. Let p be a minimal wide type over the set A. For κ ≥ ℵ0, a set

of realizations {bi}i<κ of p is a Morley sequence in (the unique global minimal wide

extension of) p if and only if it is an orthonormal basis of an indiscernible subspace in

p over A.

Proof. All we need to show is that an orthonormal basis of an indiscernible subspace

in p over A is a Morley sequence in p. The converse will follow from the fact that all

Morley sequences in a fixed invariant type of the same length have the same type along

with the fact that minimal wide types have a unique global wide extension, which is

therefore invariant.

Let V be an indiscernible subspace in p over A. Let {ei}i<κ be an orthonormal basis

of V . By construction, tp(e0/A) = p. Let q be the global minimal wide extension of p.

Assume that for some j < κ we’ve shown for all i < j that tp(ei/Ae<i) = q � Ae<i. Let
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W = span(e≥j). Since V is an indiscernible subspace over A, for all unit norm b, c ∈ W ,

b ≡Ae<j c, so in particular tp(b/Ae<j) is wide. Since p is minimal wide we must have

tp(b/Ae<j) = q � Ae<j. Therefore {ei}i<κ is a Morley sequence.

What is unclear at the moment is the answer to this question:

Question 5.4.12. If p is a minimal wide type over the set A, is it stable in the sense

of [SU19, Def. 4.1]? In other words, is every type q extending p over a model M ⊇ A a

definable type?

Strongly Minimal Wide Types

At the moment the contents of this section are little more than an observation, but

hopefully in the future it may be a fruitful one.

In [SU19], Shelah and Usvyatsov construct minimal wide types in an arbitrary stable

theory.11 This is analogous to the construction of minimal types in discrete stable

theories (i.e. fork until you do not have a non-algebraic forking extension), but just

as with that construction, the method in [SU19] does not give precise control over the

resulting type.

There is a natural analog of strongly minimal types in the context of wide types.

The relevant notion to generalize is Definition 4.1.8. This gives the following.

Definition 5.4.13. In a Banach theory T , a global type p ∈ S1(C) is strongly minimal

wide if it is d-atomic in the set of wide global types.

An arbitrary type is strongly minimal wide if it has a unique wide global extension

and that extension is strongly minimal wide. C

11More specifically, they showed that any stable wide type has a minimal wide extension.
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Just as with minimal and strongly minimal types in discrete logic, in a stable, non-

ω-stable Banach theory (with infinite dimensional models) there may fail to be any

strongly minimal wide types, although there are always minimal wide types. Even in an

ω-stable theory, there may be minimal wide types that are not strongly minimal wide.

Nevertheless, we do have following.

Proposition 5.4.14. Let T be an ω-stable Banach theory. Any open subset U of S1(C)

(the space of global types) containing a wide type contains a strongly minimal wide type.

Proof. It is not hard to see that the stated proposition is equivalent to saying that

strongly minimal wide types are dense in the set of wide types. This follows immediately

from Proposition 3.7 in [BY08c].

Given a strongly minimal wide type p, by Proposition 2.4.4 we can find a definable

set D ⊆ S1(A) such that D ∩W = {p}, where W is the (closed) set of wide types in

S1(A). Since the set of norm 1 types is always definable (by the formula 1 − ‖x‖), we

can require that D(x) |= ‖x‖ = 1 as well.

The issue with continuing the analogy with strongly minimal types is that while

there is an easy characterization of definable sets containing a unique non-algebraic type

which happens to be strongly minimal, there is not a clear analogous characterization

of definable sets containing a unique wide type which happens to be strongly minimal

wide.

Without the requirement that D(x) |= ‖x‖ = 1, we have a counterexample.

Proposition 5.4.15. Let T be a Banach theory. For any zeroset F (x) |= ‖x‖ = 1, there

is a definable set D(x) such that D(x) ∩ J‖x‖ = 1K = F (x).
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Proof. Let ϕ(x) be a [0, 1]-valued formula such that Jϕ(x) = 1K = F (x).

We need to show that the set

D := {0} ∪
{
p ∈ S1(A) : p(x) |= 0 < ‖x‖ ≤ ϕ

(
x

‖x‖

)}

is definable.12

First we need to show that D is closed. Let {qi}i∈I be a net limiting to some type

in D. There are two cases. Either limi∈I‖qi‖ is 0 or it is strictly positive. The first case

is covered by the fact that 0 ∈ D, so assume that the second case holds. There must

be some ε > 0 and some i ∈ I such that for all j ≥ i, ‖qj‖ > ε. So now we have that

limi∈I qi ∈ D if and only if limi∈I‖qi‖ ≤ limi∈I ϕ
(

x
‖x‖

)
by the continuity of ϕ

(
x
‖x‖

)
away

from 0.

To establish that D is definable we need to show that if {qi}i∈I limits to a type in

D, then limi∈I d(qi, D) = 0. If {qi}i∈I limits to 0, then d(qi, D) ≤ d(qi,0) = ‖qi‖ → 0 as

well. If {qi} is limiting to a point other than 0, then {‖qi‖}i∈I is eventually uniformly

positive. So there is an i ∈ I such that for all j ≥ i,

d(qj, D) ≤ d

(
qj, qj min

{
1, ‖qj‖−1ϕ

(
qj
‖qj‖

)})
= ‖qj‖ ·− ϕ

(
qj
‖qj‖

)
.

We have already established that this quantity must go to 0 if {qi}i∈I is limiting to

D r {0}, so we have that D is definable.

Now by construction we have that D(x) ∩ Jϕ(x) = 0K = F (x).

This implies that given a minimal wide type p we can always find a definable set D

12Note that while ϕ
(

x
‖x‖

)
is not technically a formula, D is nevertheless well defined.
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such that D ∩ J‖x‖ = 1K = {p}.

A natural attempt at a characterization would be definable sets which are wide but

for which

for every formula ϕ(x) and every ε > 0, there is an n < ω and a δ > 0 such that if

a finite dimensional subspace V with dimension at least n has dinf(a,D) < δ for all

a ∈ V of norm 1, then for any a, b ∈ V with norm 1, we have that |ϕ(a)−ϕ(b)| ≤ ε.

But it is only clear that this establishes that D contains a unique wide type (which is

therefore minimal wide).

The fundamental problem is that in general if D is a definable set and F is a closed

set, then D∩F may fail to be relatively definable in F , in the sense of Definition 2.3.13.

This is of course in opposition to the behavior of relative definability in discrete logic.

Even beyond this, what we really want is D to be a nice definable subspace containing

a unique wide type that happens to be strongly minimal wide, but it is still entirely

unclear that this is always possible.

This all leaves the following questions.

Question 5.4.16. If D(x) is a definable set such that D(x) |= ‖x‖ = 1 and D(x)

contains a unique global wide type p, is p strongly minimal wide?

Question 5.4.17. Is there a nice characterization of those definable sets which contain

a unique wide type which happens to be strongly minimal wide?

Question 5.4.18. Is every strongly minimal wide type contained in a definable subspace

in which it is the unique wide type?
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5.5 Randomizations

In this section we will present a proof that randomizations of discrete theories are dictio-

naric and a proof that randomizations of arbitrary continuous theories are dictionaric.

We have included both proofs because the proof in the discrete case gives more detailed

information about definable sets in the randomization of a discrete theory. We should

note, though, that the second proof is considerably simpler.

See [BYJK09, AK15] for an introduction to randomizations in continuous logic and

the relevant definitions. However, to avoid overloading the notation J·K, we will use some

slightly different notation.

Notation 5.5.1. For a discrete formula ϕ, we will represent the element of the cor-

responding probability algebra in a randomization as [ϕ]. We will write comparisons

between elements of the probability algebra with v, and we will write u, t, and ¬ for

the Boolean algebra operations.

For any discrete formula ϕ, Eϕ is the continuous formula in the corresponding ran-

domization that gives the expected value of ϕ (i.e. the probability that ϕ is true). C

Lemma 5.5.2. Given a and b in a model of a randomization of a discrete theory and c

in the probability algebra sort, there is an e such that [a = e] w c and [b = e] w ¬c.

Proof. This follows from Facts 2.5 and 2.6 in [AK15].

Proposition 5.5.3. The randomization TR of any discrete theory T is dictionaric.

In particular, for any finite list ϕ0(x̄, ȳ), . . . , ϕn−1(x̄, ȳ) of discrete formulas and any

closed set F ⊆ [0, 1]n, the closed formula

G(x̄, ȳ) = ((Eϕ0(x̄, ȳ), . . . ,Eϕn−1(x̄, ȳ)) ∈ F )
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is ȳ-pointwise definable over TR (i.e. for any fixed tuple of parameters ā, G(x̄, ā) is a

definable set).

Proof. Quantifier elimination tells us that every neighborhood U of a type p(x̄) ∈ Sn(A)

has a sub-neighborhood of the form
∧
i<k |Eϕi(x̄, ā) − Eϕi(p, ā)| < ε for some sequence

of restricted formulas {ϕi}i<k, some finite list of parameters ā, and some ε > 0.

For each γ̄ ∈ 2k, let ψγ̄(x̄, ȳ) =
∧
i<k ¬γiϕi(x̄, ȳ) for γ̄ ∈ 2k (where ¬0 is ignored

and ¬1 is ¬). We are really going to show that the set
∧
γ̄∈2k Eψγ̄(x̄, ā) = Eψγ̄(p, ā) is

definable.

For each pair (γ̄, A), with γ̄ ∈ A ⊆ 2k, let

ξγ̄,A(x̄, ȳ) = ψγ̄(x̄, ȳ) ∧
∧
η̄∈2k


∃z̄ψη̄(z̄, ȳ) η̄ ∈ A

¬∃z̄ψη̄(z̄, ȳ) η̄ /∈ A
.

Let Q be the set of all pairs (γ̄, A) with γ̄ ∈ A ⊆ 2k, and note that for any give b̄ and c̄

(in a model in the original theory), ξγ̄,A(b̄, c̄) is true for precisely one (γ̄, A) ∈ Q.

We may assume that ā occurs in a model consisting of measurable maps from a given

measure space into some structure (not necessarily finitely or countably valued maps).

Let the relevant measure space be Ω.

For each non-empty A ⊆ 2k, let

XA = {ω ∈ Ω : {γ̄ ∈ 2k : ∃x̄ψγ̄(x̄, ā(ω))} = A},

and let rA = µ(XA). Note that the XA form a partition of Ω.

Let Z be the set of A ⊆ 2k such that rA > 0. For each A ∈ Z, let CA ⊆ [0, 1]2
k

be
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the set of all elements of [0, 1]2
k

which sum to 1 and whose support is contained in A.

This is clearly a compact set.

Let

f :
∏
A∈Z

CA → [0, 1]2
k

be the function defined by

f(τ) =
∑
A∈Z

rAτ(A),

where τ(A) is understood to be an element of CA ⊆ [0, 1]2
k
.

Let P be the element of [0, 1]2
k

given by P (γ̄) = Eψγ̄(p, ā). Note that since p is a

consistent type, P is in the range of f .

By compactness, for every ε > 0, there is a δ > 0 such that if d(f(R), P ) < δ, then

d(R, f−1(P )) < ε, where d is the max metric (with the metric on each CA also the max

metric).

Fix σ > 0. Let ε = σ
2k

find the corresponding δ > 0. Let b̄ be an element of the

randomization such that |Eψγ̄(b̄, ā)− Eψγ̄(p, ā)| < δ for every γ̄ ∈ 2k.

If we let B be the element of
∏

A∈Z CA given by B(A)(γ̄) = 1
rA
Eξγ̄,A(b̄, ā), then by

the choice of b̄ we have that d(f(B), P ) < δ, and so by the choice of δ, we have that

d(B, f−1(P )) < ε. Let B′ be some element of f−1(P ) with d(B,B′) < ε.

For each (γ̄, A) ∈ Q, let Yγ̄,A = {ω ∈ Ω : ξγ̄,A(b̄(ω), ā(ω))}. Note that Yγ̄,A is

automatically a subset of XA.

What we have now is that for each (γ̄, A) ∈ Q, |µ(Yγ̄,A) − B′(A)(γ̄)| < rAε = rAσ
2k

.

(Note that µ(Yγ̄,A) = Eξγ̄,A(b̄, ā).)

We are going to construct an element c̄ by changing the values of b̄ on a small subset of

the corresponding measure space, using Lemma 5.5.2 and the fact that in any (metrically
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complete) atomless probability algebra, for any element u and any 0 ≤ r ≤ µ(u), there

exists disjoint v0, v1 with v0 t v1 = u and µ(v0) = r.

Now for each A ∈ Z, we can change the value of b̄ on XA on a set of measure at most

rAσ so that the measures of each “new Yγ̄,A” is now B′(A)(γ̄). This is always possible

(possibly passing to a larger model) because of the definition of ξγ̄,A(x̄, ȳ).

The overall change is therefore limited to be on a set of measure at most σ. So we have

that there is an element of J
∧
γ̄∈2k Eψγ̄(x̄, ā) = Eψγ̄(p, ā)K that is distance no more than σ

away from b̄. Since we can do this for every b̄ satisfying that |Eψγ̄(b̄, ā)−Eψγ̄(p, ā)| < δ

for every γ̄ ∈ 2k, and since we can do this for arbitrarily small σ > 0, we have that

J
∧
γ̄∈2k Eψγ̄(x̄, ā) = Eψγ̄(p, ā)K is definable.

So Sn(ā) has a network of definable sets and is therefore dictionaric.

The second part of the proposition follows from the fact that any set of the form given

in the statement of the proposition—once particular parameters have been chosen—is a

union of the kind of definable sets we have constructed here, and is therefore definable,

since it is closed.

Since T eq of a dictionaric theory T is not necessarily itself dictionaric, we need to

be slightly careful about our statements here, as he have not proven anything about the

probability algebra sort in a randomization of a dictionaric theory. We can work around

this by noting that the above proof automatically generalized to many-sorted theories

and that the probability algebra sort is clearly equivalent to the randomization of the

sort 2.

Note that the formulas G(x̄, ȳ) in Proposition 5.5.3 are certainly not uniformly ȳ-

definable in general. To see this, note that the type space Sȳ(A) is always connected,
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but there are formulas G(x̄, ȳ) of this form such that G(x̄, ā) is empty for some choices

of ā and non-empty for other choices, which by Proposition 2.3.18 implies that G(x̄, ȳ)

cannot be ȳ-uniformly definable.

By quantifier elimination and compactness, we get the following characterization of

the definable sets in a randomization of a discrete theory.

Corollary 5.5.4. If T is a discrete theory, then for any set of parameters A in the

randomization TR, any definable set D ⊆ Sn(A) is a Hausdorff limit of definable sets of

the form

G(x̄, ā) = ((Eϕ0(x̄, ā), . . . ,Eϕk−1(x̄, ā)) ∈ F ),

where ā is a tuple of parameters from A, F ⊆ [0, 1]k is some closed set, and ϕ0, . . . , ϕk−1

is some tuple of discrete formulas.

A natural question arising from this corollary is the following.

Question 5.5.5. What are the uniformly definable families in a randomization of a

discrete theory?

For continuous theories, we will use Eϕ to mean the expected value of the continuous

formula ϕ.

Proposition 5.5.6. For any continuous theory T , the randomization TR is dictionaric.

Proof. Let A be a set of parameters in TR, and let Sx̄(A) be a type space over these

parameters. Fix a finite list of [0, 1]-valued A-formulas ϕ0(x̄, ā), . . . , ϕk−1(x̄, ā), where ā

is some tuple of parameters from A.

Let F ⊆ [0, 1]k be the set of values (r0, . . . , rk) such that
∧
i<k Eϕi(x̄, ā) = ri is

consistent.
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Claim: F is a convex set.

Proof of claim. Let r and s be any points in F . Let b̄ and c̄ be elements of some

model M containing A such that b̄ ‘satisfies’ r and c̄ ‘satisfies’ s in the obvious way

(i.e. they take on those values on those formulas). We can find an elementary extension

N � M which contains, for any t ∈ (0, 1), an element et in its probability algebra sort

with the property that for any f in the probability algebra of M, µ(et u f) = tµ(f).

We can therefore construct (possibly in a larger elementary extension) a tuple ḡ with

the property that [ḡ = b̄] w et and [ḡ = c̄] w ¬et.13 Now we have that E(ϕi(ḡ, ā)) =

E(ϕi(b̄, ā) ·et)+E(ϕi(c̄, ā) ·¬et), where we are thinking of et as a {0, 1}-valued formula on

the probability algebra. By the defining characteristic of et, we have that E(ϕi(b̄, ā)·et) =

E(ϕi(b̄, ā))E(et) = E(ϕi(b̄, ā))t and likewise for c̄ and ¬et, giving the required result.

claim

Let ι : Sx̄(A)→ F be the obvious projection map.

Claim: For any type p ∈ Sx̄(A), if G ⊆ F is a closed convex set such that ι(p) ∈

intF G, then ι−1(G) is a definable set containing p in its interior.

Proof of claim. Let M be an |A|+-saturated model containing A. Let b̄ be a fixed

realization of p in M. We need to show that for every ε > 0, there is a δ > 0 such that

for every tuple c̄, if ι(tp(c̄/A)) is distance less than δ from G in F , then c̄ is distance

less than ε away from J(ι−1(G))(M)K in M.

Fix ε > 0, and suppose that ι(tp(c̄/A)) is close enough to G that for some t < ε
diam(T )

(where diam(T ) is the diameter of models of T ), tι(p) + (1 − t)ι(tp(c̄/A)) is in G.

There is a Euclidean distance δ which is small enough that this is possible whenever

13Note that there is a subtlety here which is that the [−] function operating on closed formulas is not
actually part of the language of randomizations of continuous structures. This statement nevertheless
makes sense.
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d(ι(tp(c̄/A)), G) < δ. Also, note that this is always possible because ι(p) is in the

interior of G. This can in general fail to happen if ι(p) is not in the interior.

Find an elementary submodel N � M of density character |A| containing Ab̄c̄. By

the same argument as in the previous claim and by |A|+-saturation, there is an element

e of the probability algebra of M such that for every element f of the probability algebra

of N, µ(e u f) = tµ(f), and there is a tuple ḡ of elements of M such that [ḡ = b̄] w e

and [ḡ = c̄] w ¬e. From this we get that ι(tp(ḡ/A)) = tι(tp(b̄/A)) + (1− t)ι(tp(c̄/A)) =

tι(p) + (1 − t)ι(tp(c̄/A)) and therefore also that tp(ḡ/A) ∈ ι−1(G). We also get that

d(c̄, ḡ) ≤ t diam(T ) < ε, by the choice of t and the fact that E(ḡ 6= c̄) = 1− E(ḡ = c̄) ≤

1− (1− t) = t.

Since we can do this for any ε > 0, we have that ι−1(G) is definable. The fact that

p is in the interior of ι−1(G) is immediate. claim

Since we can do this for any finite list of formulas and any arbitrarily small closed

convex set surrounding ι(p), we have that for any type p ∈ Sn(A) and any open neigh-

borhood U 3 p, there is a definable set D such that p ∈ D ⊆ U , and so Sn(A) is

dictionaric. Since we can do this for any A and any n, we have that TR is dictionaric as

well.

Note that again, this argument clearly extends to many-sorted structures, and so

by including the imaginary sort 2, the statement extends to formulas involving the

probability algebra sort.

What is interesting is that the convex structure of the set F really does seem relevant.

It is not too hard to construct examples in randomizations of continuous theories (such

as DIR) where not every closed subset of F corresponds to a definable set, in opposition
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to the situation with randomizations of discrete theories. This raises a natural question.

Question 5.5.7. When does a closed subset of F (as defined in the proof of Proposi-

tion 5.5.6) correspond to a definable set?

It would be good to understand the structure of the definable sets in the randomiza-

tion of a very simple14 theory with non-trivial definable sets.

Question 5.5.8. What are the definable sets in S1(PSR) (Definition 2.3.34)?

14Simple in the colloquial sense, not the technical sense.
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Chapter 6

Approximate Isomorphism and

Approximate Categoricity

Introduction

There are many different notions of ‘approximate isomorphism’ in various branches of

mathematics. The two that are best known are perhaps the Banach-Mazur distance be-

tween Banach spaces and the Gromov-Hausdorff distance between metric spaces. These

two—as well as their lesser known cousins the Kadets distance between Banach spaces

and the Lipschitz distance between metric spaces—seem to have fruitful interaction

with continuous logic,1 as explored in [BY08b], [Tel10], and [BDNT17]. This chapter is

a synthesis of some ideas presented in [BY08b] and [BDNT17].

In [BY08b], Ben Yaacov introduces perturbation systems—a broad notion of approxi-

mate isomorphism—in order to generalize an unpublished result of Henson’s, specifically

a Ryll-Nardzewski type characterization of Banach space theories that are ‘approxi-

mately separably categorical’ with regards to the Banach-Mazur distance. Ben Yaacov’s

formalism requires that approximate isomorphisms be witnessed by uniformly continuous

1There are also more specialized examples—namely the completely bounded Banach-Mazur distance
in the context of operator spaces as well as another, unnamed distance (inducing what is referred to as
the ‘weak topology’ on the class of operator spaces in question)—which have shown up in the context
of model theory of C∗-algebras [GS15].
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bijections with uniformly continuous inverses. As such, while it comfortably covers the

Banach-Mazur and Lipschitz distances, it cannot accommodate the Gromov-Hausdorff

or Kadets distances.

In [BDNT17], Ben Yaacov, Doucha, Nies, and Tsankov generalize Scott analysis to a

family of continuous analogs of Lω1ω. Among other results, they use this to exhibit Scott

sentences that characterize separable metric structures not only up to isomorphism, but

also up to Gromov-Hausdorff or Kadets distance 0. Their formalism does not seem to

be able to capture the Banach-Mazur or Lipschitz distances, although the existence of

Scott sentences capturing these was shown indirectly by their continuous Lopez-Escobar

theorem and together with results in [CDK18]. In this chapter we will show that with

a small modification the formalism of [BDNT17] can give Scott sentences for Banach-

Mazur and Lipschitz distances, as well as other ‘well behaved’ notions of approximate

isomorphism.

All four of the distances mentioned—Banach-Mazur, Kadets, Gromov-Hausdorff, and

Lipschitz—can be expressed in terms of ‘correlations,’ i.e. total surjective relations be-

tween the structures in question (bijections being a special case of correlations) and some

notion of ‘distortion’ that measures how good of an approximation of isomorphism the

given correlation is. Our formalism will use this as a starting point, defining distortion

in terms of certain appropriate designated collections of formulas, called ‘distortion sys-

tems.’ This is a more syntactic way of looking at something very similar to the objects

studied in [BY08b], but without the requirement that the correlations in question be

functions.

After giving three characterizations of our family of notions of approximate isomor-

phism and giving an explicit collection of formulas that captures the Banach-Mazur
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distance, we will extend the result of [BDNT17] by giving Scott sentences for perturba-

tion systems.

Despite the limitations of [BY08b] and [BDNT17] it seems that they each settled on

fairly natural formalisms. As we will see there are two well-behaved classes of distortion

systems. The first includes the Banach-Mazur and Lipschitz distances and is roughly

the same thing as the class of perturbation systems. The second includes the Gromov-

Hausdorff and Kadets distances and fits fairly well into the weak modulus formalism of

[BDNT17].

Later we will present an extension of Ben Yaacov’s separable categoricity result to

distortion systems in general and one direction of an approximate Morley’s theorem;

specifically, we will define an appropriate notion of ‘∆-saturation’ for a distortion sys-

tem ∆, show that if a theory is ∆-κ-categorical for some uncountable κ, then every

model of it of density character κ is ∆-saturated, and then show that if every model of

density character κ is ∆-saturated for some uncountable κ, then the same is true for any

uncountable λ. The difficulty arises in trying to show that two inseparable ∆-saturated

structures of the same density character are ‘almost ∆-approximately isomorphic’, where

the ‘almost’ is a technical weakening that’s only non-trivial in certain poorly behaved

‘irregular’ distortion systems (all of the four motivating examples are regular). The best

we seem to be able to get is that they are ‘potentially almost ∆-approximately isomor-

phic,’ i.e. almost ∆-approximately isomorphic in a forcing extension in which they are

collapsed to being separable.

Finally, we will present some examples of theories with various combinations of exact

and approximate categoricity, highlighting a gap in the currently known examples. Our

explicit examples are in the context of pure metric spaces with Gromov-Hausdorff and
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Lipschitz distances, but we should note that there is an earlier explicit construction

due to Tellez of a Banach-Mazur-ω-categorical Banach space that is not ω-categorical

[Tel10].

6.1 Approximate Isomorphism

Definition 6.1.1. Fix a language L with sorts S, L-pre-structures M and N, and tuples

m̄ ∈M and n̄ ∈ N of the same length with elements in the same sorts.

(i) The sort-by-sort product of M and N, written M×SN, is the collection
⊔
s∈S s(M)×

s(N). If L is single-sorted we will take ×S to be the ordinary Cartesian product.

(ii) A correlation between M and N is a set R ⊆M×SN such that for each sort s, R �

s := R � s(M)× s(N) is a total surjective relation. We will write cor(M, m̄;N, n̄)

for the collection of correlations between M and N such that for each index i less

than the length of m̄, (mi, ni) ∈ R (for any binary relation we will abbreviate this

condition as (m̄, n̄) ∈ R). If m̄ and n̄ are empty we will write cor(M,N).

(iii) An almost correlation between M and N is a correlation between dense sub-pre-

structures of M and N. We will write acor(M, n̄;N, m̄) for the collection of almost

correlations R between M and N such that (m̄, n̄) ∈ R. C

Note that there is no requirement that correlations or almost correlations are closed.

This will turn out to be inessential, but it is convenient for constructing them.

Almost correlations are natural to consider for two reasons. If (M,N, R) is a metric

structure in which R is a definable subset of M×N, then there is a sentence that holds

if and only if R is an almost correlation. There is no sentence that holds precisely when
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R is a correlation. The other reason is that many constructions, such as back-and-forth

constructions, naturally build an enumeration of a dense sub-pre-structure rather than

an enumeration of the entire structure in question. This means that when one tries to

build a correlation with some kind of iterative construction, one will often only build an

almost correlation.

Definition 6.1.2. Let ∆ be a collection of (finitary) L-formulas, and let T be an L-

theory. Let M,N |= T with m̄ ∈M and n̄ ∈ N.

(i) For any relation R ⊆M×S N, we define the distortion of R with respect to ∆ as

dis∆(R) = sup{|ϕM(m̄)− ϕN(n̄)| : ϕ ∈ ∆, (m̄, n̄) ∈ R}.

(ii) We define the ∆-distance between (M, m̄) and (N, n̄) as

ρ∆(M, m̄;N, n̄) = inf{dis∆(R) : R ∈ cor(M, m̄;N, n̄)}.

If m̄ and n̄ are empty we will just write ρ∆(M,N).

(iii) We define the almost ∆-similarity between (M, m̄) and (N, n̄) as

a∆(M, m̄;N, n̄) = inf{dis∆(R) : R ∈ acor(M, m̄;N, n̄)}.

If m̄ and n̄ are empty we will just write a∆(M,N).

(iv) We say that (M, m̄) and (N, n̄) are ∆-approximately isomorphic, written (M, m̄) ∼∼∼∆

(N, n̄), if ρ∆(M, m̄;N, n̄) = 0.
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(v) We say that (M, m̄) and (N, n̄) are almost ∆-approximately isomorphic if a∆(M, m̄;

N, n̄) = 0. C

Note that a∆(M, m̄;N, n̄) = 0 does not necessarily imply that there are dense sub-

pre-structures M0 ⊆M and N0 ⊆ N such that M0
∼∼∼∆ N0.

Given that the composition of correlations is a correlation, it is very easy to verify

that ρ∆ is a pseudo-metric and that ∼∼∼∆ is an equivalence relation on the class of models

of T . a∆ in general is somewhat pathological. It can fail the triangle inequality and

therefore in particular be different from ρ∆. It can even occur that ρ∆(M,N) =∞ while

a∆(M,N) = 0. We will examine an example of this in Section C.4.1. Since it is likely

(although currently unknown) that almost approximate isomorphism is not transitive,

we won’t give it a symbol that suggests an equivalence relation. These difficulties only

occur with unfamiliar notions of approximate isomorphism. Later on we will identify

two common conditions that each ensure ρ∆ = a∆.

Here are some familiar examples:

• If ∆ is the collection of all L-formulas, then ρ∆(M,N) <∞ if and only if M ∼= N.

• If T is the empty theory in the empty signature and ∆ = {1
2
d(x, y)}, then ρ∆ =

dGH, the Gromov-Hausdorff distance.

• If T is the theory of (the unit balls of) Banach spaces, and ∆ is the collection of

all formulas of the form ‖
∑

i λixi‖, with
∑

i |λi| ≤ 1, then ρ∆ = dK , the Kadets

distance between M and N.

• If T is the empty theory in the empty signature and ∆ is the collection of all

formulas of the form [log d(x, y)]r−r, then ρ∆ = dLip, the Lipschitz distance.
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• If ∆ is the collection of formulas that are 1-Lipschitz in any model of T , then

ρ∆(M,N) = inf{dCH(f(M), g(N))|f : M � C, g : N � C},

where dH is the Hausdorff metric. This is a sort of elementary embedding variant

of the Gromov-Hausdorff and Kadets distances.

The Banach-Mazur distance can also be formalized in this way but the specification

of ∆ is somewhat more complicated, so we will leave it to later.

Proposition 6.1.3. Fix ∆, a collection of formulas.

(i) For any relation R ⊆M×S N, dis∆(R) = dis∆(R), where R is the metric closure

of R (in each sort).

(ii) There is a subset ∆0 ⊆ ∆ with |∆0| = |L|, such that dis∆ = dis∆0.

Proof. (i) This follows from the uniform continuity of each ϕ ∈ ∆.

(ii) Choose a subset which is dense in ∆ with regards to uniform convergence. Since

the density character of the space of all L-formulas under uniform convergence is |L|, it

is always possible to find such a ∆0.

Given a collection ∆, we can often enlarge it in a natural way without changing the

value of ρ∆.

Definition 6.1.4. If ∆ is a collection of formulas, let ∆ be the closure of ∆ under

renaming variables, quantification, 1-Lipschitz connectives, logical equivalence modulo

T , and uniformly convergent limits. C
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Recall that 1-Lipschitz is meant in the sense of the max metric, i.e. a connective

F (x̄) is 1-Lipschitz if |xi − yi| ≤ ε for all i implies |F (x̄)− F (ȳ)| ≤ ε.

Proposition 6.1.5. For any M,N |= T and m̄ ∈M, n̄ ∈ N, dis∆(R) = dis∆(R), so in

particular ρ∆(M, m̄;N, n̄) = ρ∆(M, m̄;N, n̄).

Proof. It’s clear that if ∆ is any set of formulas and Σ is ∆ closed under renaming vari-

ables, 1-Lipschitz connectives, logical equivalence modulo T , and uniformly convergent

limits, then disΣ ≤ dis∆. Since Σ ⊇ ∆, we also clearly have dis∆ ≤ disΣ, so disΣ = dis∆.

Furthermore if {Σi}i<λ is some increasing chain of sets of formulas such that dis∆ =

disΣi for every i < λ, then we also have that dis∆ = disΣλ , where Σλ =
⋃
i<λ Σi.

So the only difficulty is showing that quantification is safe. Suppose that ϕ(x̄, y) ∈ Σ.

We want to show that for any structures M,N |= T , m̄ ∈ M, n̄ ∈ N, and R ∈

cor(M, m̄;N, n̄), | infy ϕ
M(m̄, y)− infy ϕ

N(n̄, y)| ≤ disΣ(R).

For each ε > 0, find an a ∈M such that ϕM(m̄, a) < infy ϕ
M(m̄, y) + ε. Since R is a

correlation we can find a b ∈ N such that (a, b) ∈ R, so we must have that

inf
y
ϕN(n̄, y) ≤ ϕN(n̄, b) < ϕM(m̄, a) + disΣ(R) and

inf
y
ϕN(n̄, y) < inf

y
ϕM(m̄, a) + disΣ(R) + ε.

By symmetry we have that | infy ϕ
M(m̄, y)− infy ϕ

N(n̄, y)| ≤ disΣ(R) + ε, and since we

can do this for any ε > 0 we have that | infy ϕ
M(m̄, y) − infy ϕ

N(n̄, y)| ≤ disΣ(R) as

required. Since x 7→ −x is a 1-Lipschitz connective, we have this for sup as well.

So by iteratively alternating between closing under renaming variables, 1-Lipschitz

connectives, logical equivalence modulo T , and uniformly convergent limits on the one
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hand and closure under connectives on the other, we can form a chain {∆i}i<ω1 whose

union is ∆ and which has the property that for every i < ω1, dis∆i
(R) = dis∆(R).

Therefore we have that dis∆(R) = dis∆(R), as required.

If we require one more thing from ∆ we get something more, and we can justify the

name ‘approximate isomorphism’ in that it is, naturally, approximately isomorphism:

Proposition 6.1.6. Let ∆ = ∆ be logically complete. If (M, m̄) and (N, n̄) are almost

∆-approximately isomorphic (so in particular if (M, m̄) ∼∼∼∆ (N, n̄)), then for any non-

principal ultrafilter U on ω, (M, m̄)U ∼= (N, n̄)U , and therefore (M, m̄) ≡ (N, n̄).

Proof. Let {Ri}i<ω be a sequence of closed almost correlations between M and N such

that (m̄, n̄) ∈ Ri and dis∆(Ri) ≤ 2−i. Let U be a non-principal ultrafilter on ω. For

each i, let (M,N, Ri) be a metric structure containing M and N in different sorts and

having distance predicates for the sets Ri � s ⊆ s(M) × s(N) for each s ∈ S. Consider

the structure (M′,N′, R′) =
∏

i<ω(M,N, Ri)/U . Clearly M′ and N′ are elementary

extensions of M and N, respectively. Furthermore by ℵ1-saturation (in a countable

reduct if the language is uncountable) we have that R′ is a correlation, rather than just

an almost correlation.

Finally for each formula ϕ ∈ ∆, we have that

(M,N, Ri) |= sup
(x̄,ȳ)∈Ri

|ϕM(x̄, m̄)− ϕN(ȳ, n̄)| ≤ 2−i.

This is expressible because Ri is a definable set. Therefore we have that

(M′,N′, R′) |= sup
(x̄,ȳ)∈Ri

|ϕM(x̄, m̄′)− ϕN(ȳ, n̄′)| ≤ 0
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for each formula ϕ ∈ ∆. By the logical completeness of ∆, this implies that R′ is the

graph of an isomorphism between M′ and N′ with (m̄′, n̄′) ∈ R′.

So we will give ∆’s with these properties a name.

Definition 6.1.7. A set of formulas ∆ is a distortion system for T if it is logically

complete and closed under renaming variables, quantification, 1-Lipschitz connectives,

logical equivalence modulo T , and uniformly convergent limits. C

In many of the motivating examples we aren’t given a ∆ that is already a distortion

system and it’s not immediately clear whether or not ∆ will be logically complete. There

is an easy test, however.

Definition 6.1.8. A collection of L-formulas ∆ is atomically complete if, after closing

under renaming of variables, any quantifier free type p is entirely determined by the

values of ϕ(p) for ϕ ∈ ∆. C

Proposition 6.1.9. If ∆ is atomically complete, then ∆ is a distortion system.

Proof. Clearly we only need to show that ∆ is logically complete. Let ϕ be an atomic

formula, and let r < s be real numbers.

Claim: There is a ∆-formula ψ and real numbers u < v such that ϕ ≤ r ` ψ < u

and ϕ ≥ s ` ψ > v.

Proof of claim: Let p be a quantifier free type with ϕ(p) ≤ r. By compactness

there must exist a finite list χ1, . . . , χk of ∆-formulas and an εp > 0 such that J|χ1 −

χ1(p)| ≤ εpK ∩ · · · ∩ J|χk − χk(p)| ≤ εpK is disjoint from Jϕ ≥ sK. In particular ξp =

|χ1 − χ1(p)| ↑ . . . ↑ |χk − χk(p)| is a ∆-formula. By compactness there is a finite

list p1, . . . , p` of quantifier free types such that Jξp1 < εp1K ∪ · · · ∪ Jξp` < εp`K covers
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Jϕ ≤ rK. Furthermore we still have that Jξp1 ≤ εp1K ∪ · · · ∪ Jξp` ≤ εp`K is disjoint from

Jϕ ≥ sK. Let θ = (ξp1 − εp1) ↓ . . . ↓ (ξp` − εp`), and note that this a ∆-formula. We

have that Jϕ ≤ rK ⊆ Jθ < 0K, and by compactness there must be some δ > 0 such that

Jϕ ≥ sK ⊆ Jθ > δK, as required. claim

Let Σ be the set of formulas ϕ that are in prenex form with quantifier free part ψ

such that ψ is a maximum of minimums of formulas of the form α− r, r−α, or r where

α is an atomic formula and r a real number. Σ is logically complete in any signature.

Fix a type p ∈ Sn(T ), and consider a formula ϕ ∈ Σ such that p ` ϕ ≤ 0. Fix ε > 0,

and let the quantifier free part of ϕ be ψ = maxi<k minj<`(i) χi,j. Define formulas χ′i,j

like so:

• If χi,j = r, then χ′i,j = r and δi,j = 1.

• If χi,j = α − r, find a ∆-formula η and real numbers u < v such that Jα ≤ rK ⊆

Jη < uK and Jα ≥ r + εK ⊆ Jη > vK, and set χ′i,j = η − u, and let δi,j = v−u
2

.

• If χi,j = r−α, find a ∆-formula η and real numbers u < v such that Jα ≤ r−εK ⊆

Jη < uK and Jα ≥ rK ⊆ Jη > vK, and set χ′i,j = v − η, and let δi,j = v−u
2

.

Set δ = mini,j δi,j and ψ′ = maxi<k minj<`(i) χ
′
i,j. Then let ϕ′ be ψ′ with the same

quantifiers that ϕ has. Now we have constructed a ∆-formula, ϕ′ such that for any type

q, if q ` ϕ ≤ 0, then q ` ϕ′, and if q ` ϕ′ ≤ δ, then q ` ϕ ≤ ε. Since we can do this for

any ϕ ∈ p and any ε > 0, we have that p is entirely determined by {ϕ : p ` ϕ ∈ ∆}, as

required.

Now is a convenient time to introduce the following notions:

Definition 6.1.10. Let ∆ be a distortion system for T .
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(i) We say that ∆ is regular if there is an ε > 0 such that for any models M,N |= T ,

any almost correlation R ∈ acor(M,N) with dis∆(R) < ε, and any δ > 0, there

exists a correlation S ∈ cor(M,N) such that S ⊇ R and dis∆(S) ≤ dis∆(R) + δ.

(ii) We say that ∆ is functional if there is an ε > 0 such that for any models M,N |= T

and any closed R ∈ acor(M,N), if dis∆(R) < ε, then R is the graph of a uniformly

continuous bijection between M and N with uniformly continuous inverse.

(iii) We say that ∆ is uniformly uniformly continuous or u.u.c. if for every ε > 0 there

exists a δ > 0 such that for any models M,N |= T and any almost correlation

R ∈ acor(M,N), dis∆(R<δ) ≤ dis∆(R) + ε. C

Obviously functional and u.u.c. distortion systems are regular. It’s easy to construct

regular distortion systems that are neither by ‘gluing’ together functional and u.u.c.

distortion systems, such as a two-sorted theory in which both sorts are metric spaces and

we simultaneously consider Gromov-Hausdorff distance on the first sort and Lipschitz

distance on the second sort.

Functional distortion systems are essentially the same as Ben Yaacov’s perturbations.

The Gromov-Hausdorff and Kadets distances are u.u.c., and u.u.c. distortion systems

are natural generalizations of the Gromov-Hausdorff and Kadets distances. Furthermore

one can show that in some common cases the back-and-forth metrics of [BDNT17] must

be either isomorphism itself or be equivalent to ρ∆ for ∆, a u.u.c. distortion system.

Proposition 6.1.11. Let ∆ be a distortion system.

(i) If ∆ is regular, then for any (M, n̄) and (N, n̄), ρ∆(M, m̄;N, n̄) = a∆(M, m̄;N, n̄).
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(ii) ∆ is functional if and only if there is an ε > 0 such that for any δ > 0 there is a

formula ϕ(x, y) ∈ ∆ such that for any M |= T and a, b ∈M,

– ϕM(a, a) = 0 and

– if ϕM(a, b) < ε, then dM(a, b) < δ.

(iii) ∆ is u.u.c. if and only if it is uniformly uniformly continuous as a set of formulas,

i.e. there is a single modulus α : R→ R (continuous and with α(0) = 0) such that

for any ā, b̄ ∈M |= T , |ϕM(ā)− ϕM(b̄)| ≤ α(dM(ā, b̄)).

Proof. (i) Given any almost correlations witnessing the value of a∆, regularity immedi-

ately gives us correlations witnessing the same value for ρ∆.

(ii) We will defer the proof of this until later (also labeled Proposition 6.1.11 after

Proposition 6.1.20) when machinery is available to make the proof easier.

(iii) The (⇒) direction follows easily from considering the identity as a correlation

on models of T . The (⇐) direction is obvious.

Cauchy sequences in ρ∆ give us a way of constructing a limiting structure.

Lemma 6.1.12. Let ∆ be a distortion system. For every predicate symbol P and every

ε > 0 there is a δ > 0 such that if ρ∆(M, m̄;N, n̄) < δ then |PM(m̄)− PN(n̄)| < ε.

Proof. This follows from the fact that ∆ is logically complete and compactness.

Proposition 6.1.13. Let ∆ be a distortion system for T .

(i) If {Mi, m̄i}i<ω is a sequence of pre-models of T such that for each i < ω,

ρ∆(Mi, m̄i;Mi+1, m̄i) < 2−i,
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then there is a pre-structure Mω |= T with m̄ω such that for each i < ω,

ρ∆(Mi, m̄i;Mω, m̄ω) ≤ 2−i+1.

Furthermore #dcMω ≤ supi #
dcMi, and if all the Mi are metrically compact, then

Mω is metrically compact.

(ii) If ∆ is regular and the Mi are complete structures, then Mω can be taken to be a

complete structure.

Proof. (i) For each i < ω find closedRi+ 1
2
∈ cor(Mi, m̄i;Mi+1, m̄i+1) such that dis∆(Ri+ 1

2
) <

2−i.

Let M0
ω = {x ∈

∏
iMi : (∀i)(x(i), x(i + 1)) ∈ Ri+ 1

2
}. For any ā ∈ M0

ω and predicate

symbol P , define PM0
ω(ā) to be limi→∞ P

Mi(ā(i)). By Lemma 6.1.12 this limit always

exists. Furthermore we have that dMω is a pseudo-metric on M0
ω and that all predicate

symbols P obey the correct moduli of continuity for the signature L. So let Mω be M0
ω

modded by dMω = 0, and we have that this is an L-pre-structure.

Now to see that Mω |= T , we will show that for any restricted formula ϕ(x̄), ϕMω(ā) =

limi→∞ ϕ
Mi(ā(i)) and furthermore that this convergence is uniform in ā. We already have

that this is true for atomic formulas, and if F is a connective and we’ve shown that this

holds for some tuple ϕ̄ of formulas, then it clearly holds for F (ϕ̄) as well. So all that we

need to do is show that this is true for quantification. Let ϕ(x̄, y) be a formula for which

ϕMω(ā, b) = limi→∞ ϕ
Mi(ā(i), b(i)) uniformly in āb. Fix ε > 0, and find a j < ω large

enough that |ϕMω(ā, b) − ϕMi(ā(i), b(i))| < 1
2
ε for all āb and i ≥ j. Now find c ∈ Mj

such that ϕMj(ā(j), c) < infy ϕ
Mj(ā(j), y) + 1

2
ε. Extend c to a sequence e(i) ∈ M0

ω such
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that e(j) = c. Now we have that

ϕMω(ā, e) < ϕMj(ā(j), e(j)) +
1

2
ε,

so in particular

inf
y
ϕMω(ā, y) ≤ ϕMω(ā, e) < inf

y
ϕMj(ā(j), y) + ε.

Since we can do this for ϕ and −ϕ and for any ε > 0, we have shown the required

property for infy ϕ(x̄, y). Therefore, by induction, this holds for all restricted formulas

and thus, by uniform convergence, for all formulas.

Since sentences are formulas we have that for any ϕ such that Mi |= ϕ ≤ 0 for all

i < ω, Mω |= ϕ ≤ 0 as well.

To show the bound on the density character of Mω, assume that #dcMi ≤ κ (for

some infinite κ) for each i < ω, and for each such i find a dense subset Xi ⊆ Mi of

cardinality ≤ κ. For each a ∈ Xi, choose some ba ∈ M0
ω such that ba(i) = a, and let

X = {ba : (∃i)a ∈ Xi}. Since d uniformly converges this clearly is a dense subset of Mω

as well.

For the statement regarding compact structures, Lemma 6.1.12 implies that the

sequence of underlying metric spaces of the Mi are converging in the Gromov-Hausdorff

metric to the underlying metric space of Mω. It is well known that a sequence of compact

metric spaces converging in the Gromov-Hausdorff metric converges to a compact metric

space, so the result follows.

(ii) This follows easily from the fact that the correlations between the Mi and Mω
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are almost correlations between the Mi and the completion of Mω.

Corollary 6.1.14. Let ∆ be a distortion system for T . Let PreMod(T,≤ κ) be the

collection of pre-models of T with density character ≤ κ, Mod(T,≤ κ) be the collection

of models of T with density character ≤ κ, and let Mod(T,≤ ω−) be the collection of

compact models of T . For every κ,

(i) (PreMod(T,≤ κ), ρ∆) is a complete pseudo-metric space.

(ii) If ∆ is regular then (Mod(T,≤ κ), ρ∆) is a complete pseudo-metric space.

(iii) (Mod(T,≤ ω−), ρ∆) is a complete metric space. Furthermore, for compact models,

ρ∆ = a∆.

Proof. (i) and (ii) are obvious from the previous proposition.

(iii) The furthermore statement follows from the fact that almost correlations between

compact structures are actually correlations, by compactness.

The furthermore statement in part (i) of the previous proposition implies that (Mod(T,≤

ω−), ρ∆) is complete, so we just need to show that for compact structures, M ∼∼∼∆ N if

and only if M ∼= N. But this is easy: Take an ultraproduct of the structures (M,N, Ri)

where Ri is the correlation taken as a definable subset of M and N with dis∆(Ri) ≤ 2−i.

Then you will get a structure of the form (M,N, Rω) with Rω the graph of an isomor-

phism.

There is an example of an irregular distortion system ∆ for a theory T such that

(Mod(T,≤ κ), ρ∆) is not complete, see Section C.4.1.
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6.1.1 Induced Metrics on Type Space

Any distortion system ∆ for some theory T naturally induces a family of topometrics

on the type spaces of T . We will define this for one-sorted theories for readability, but

the extension to many sorted theories is obvious.

Definition 6.1.15. Let ∆ be a distortion system for T . For each λ and any p, q ∈ Sλ,

let

δλ∆(p, q) = inf{ρ∆(M, m̄;N, n̄) : m̄ |= p, n̄ |= q}.

We will typically drop the λ when it is clear from context. C

We’re using δ instead of d to emphasize that δ is not the natural counterpart of the

ordinary d-metric. Instead it is the natural counterpart of

δ(p, q) =


0 p = q

∞ p 6= q

,

i.e. a metric encoding equality of types. Later on there will be a metric, d∆, derived from

δ∆ that plays an analogous role to the d-metric on types. In some very special cases,

such as Gromov-Hausdorff distance or Kadets distance, we will have δ∆ = d∆. This in

turn will entail some nice properties of ∆-approximate isomorphism.

δλ∆ enjoys the following properties.

Proposition 6.1.16. Let ∆ be a distortion system for T .

(i) δλ∆(p, q) = supϕ∈∆ |ϕ(p) − ϕ(q)|, where ϕ(r) means the unique value of ϕ entailed

by the type r.
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(ii) δλ∆ is a topometric on Sλ(T ), i.e. it is lower semi-continuous and refines the topol-

ogy.

(iii) (Monotonicity) For any p, q ∈ Sλ+α(T ), if p′, q′ ∈ Sλ(T ) are restrictions of p and

q to the first λ variables, then δλ∆(p′, q′) ≤ δλ+α
∆ (p, q).

(iv) For any p, q ∈ Sλ(T ) and any permutation σ : λ→ λ, dn∆(p, q) = dn∆(σp, σq), where

σr is the type r(xσ(0), xσ(1), . . . ).

(v) (Extension) For any p, q ∈ Sλ(T ) and p′ ∈ Sλ+α(T ) extending p, there exists a

q′ ∈ Sλ+α(T ) extending q such that dλ∆(p, q) = dλ+α
∆ (p′, q′).

(vi) For any infinite λ, δλ∆(p, q) = sup δn∆(p′, q′), where p′ and q′ range over restrictions

of p and q to finite tuples of variables.

Proof. (ii)-(iv) and (vi) all follow immediately from (i).

It will be easier to prove (i) once we have (v). To see that (v) holds, let (Mi, m̄i,Ni, n̄i, Ri)

be structures such that m̄ |= p, n̄ |= q, Ri is a correlation between Mi and Ni with

(m̄i, n̄i) ∈ Ri and dis∆(Ri) ≤ δλ∆(p, q) + 2−i. By taking an ultraproduct of these struc-

tures we get an exact witness, i.e. a structure (M, m̄,N, n̄, R) with m̄ |= p, n̄ |= q, and

R, a correlation between M and N with dis∆(R) = δλ∆(p, q).

Now by compactness (M, m̄,N, n̄, R) has a ℵ1-saturated elementary extension (M′, m̄′,

N′, n̄′, R′) in which M′ realizes p′(x̄, m̄′) with some tuple ā. By ℵ1-saturation, R′ is a

correlation, so we have that there is some tuple b̄ with (ā, b̄) ∈ R′. So we can take

q′ = tp(n̄′b̄) and get the required extension.

Now for (i). It’s clear that δλ∆(p, q) ≥ supϕ∈∆ |ϕ(p) − ϕ(q)|. All we need, given p, q

with supϕ∈∆ |ϕ(p) − ϕ(q)| = ε, is to build a structure (M, m̄,N, n̄, R) witnessing that
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δλ∆(p, q) ≤ ε, but this is almost immediate from the extension property, by a ‘back-and-

forth Henkin construction.’ So we have shown (i) as well.

As it happens, given a family of metrics {δn}n<ω satisfying some of these properties

we can find a distortion system giving the same metrics. Again this is for a single-sorted

theory but the extension to many-sorted theories is obvious.

Metrics satisfying these properties are very similar to the ‘perturbation (pre-)systems’

of [BY08b], but what we require here is more than a perturbation pre-system and less

than a perturbation system.

Proposition 6.1.17. Suppose that {δn}n<ω is a family of topometrics on Sn(T ) such

that:

• (Monotonicity) For any p, q ∈ Sn+1(T ), if p′, q′ ∈ Sn(T ) are restrictions of p and

q to the first n variables, then δn(p′, q′) ≤ δn+1(p, q).

• For any p, q ∈ Sn(T ) and any permutation σ : n→ n, δn(p, q) = δn(σp, σq), where

σr is the type r(xσ(0), xσ(1), . . . , xσ(n−1)).

• (Extension) For any p, q ∈ Sn(T ) and p′ ∈ Sn+1(T ) extending p there exists a

q′ ∈ Sn+1(T ) extending q such that δn(p, q) = δn+1(p′, q′).

Then there is a distortion system ∆(δ) (namely the collection of δ-1-Lipschitz for-

mulas) such that δ = δ∆(δ).

Furthermore for any distortion system ∆ we have that ∆ = ∆(δ∆).

Proof. Let ∆(δ) be the collection of formulas that are 1-Lipschitz with regards to δ (in

the relevant variables). Note that by the monotonicity property ∆(δ) is closed under
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adding dummy variables (i.e. if ϕ(x̄) is δ-1-Lipschitz in Sn(T ), then it is δ-1-Lipschitz in

Sn+1(T )). ∆(δ) is also clearly closed under renaming variables, 1-Lipschitz connectives,

logical equivalence modulo T , and uniformly convergent limits. So all we need to do is

show that ∆(δ) is closed under quantification and that it is logically complete.

By a result of Ben Yaacov [BY10b], if (X, d) is a compact topometric space and

F,G ⊆ X are disjoint closed sets with dinf(F,G) := inf{d(x, y) : x ∈ F, y ∈ G} > ε,

then there is a 1-Lipschitz continuous function f : X → [0, ε] such that F ⊆ f−1(0) and

G ⊆ f−1(ε). This in particular implies that for any type p ∈ Sn(T ), p is determined

entirely by {ϕ : p ` ϕ ∈ ∆(δ)}, i.e. that ∆(δ) is logically complete. Another corollary

of his result, as pointed out by him, is that d(x, y) = sup{|f(x) − f(y)| : f : X →

R 1-Lipschitz continuous} in any compact topometric space X, so we clearly have that

δn = δn∆(δ) for each n < ω.

To see that ∆(δ) is closed under quantification, let ϕ(x̄, y) ∈ ∆(δ). It is sufficient to

show that infy ϕ(x̄, y) ∈ ∆(δ). For any p, q ∈ Sn(T ) (where n = |x̄|), find a realization

ā |= p in the monster model, and then find b such that |= ϕ(ā, b) = infy ϕ(ā, y). Let

p′ = tp(āb). Find q′ extending q such that δ(p′, q′) = δ(p, q). Now we have that

|ϕ(p′) − ϕ(q′)| ≤ δ(p′, q′) = δ(p, q), implying that q′(x̄, y) |= ϕ(x̄, y) ≤ ϕ(p′) + δ(p, q).

This implies that q(x̄) |= infy ϕ(x̄, y) ≤ ϕ(p′) + δ(p, q), so by symmetry we have that

| infy ϕ(p, y) − infy ϕ(q, y)| ≤ δ(p, q). Since we can do this for any p, q we have that

infy ϕ(x̄, y) is δ-1-Lipschitz and infy ϕ(x̄, y) ∈ ∆(δ).

Therefore ∆(δ) is a distortion system.

For the furthermore part, we clearly have that every ∆-formula is δ∆-1-Lipschitz.

We just need to show that every δ∆-1-Lipschitz formula is a ∆-formula.

Let ϕ(x̄) be a δ∆-1-Lipschitz formula. Pick p ∈ Sn(T ) (where n = |x̄|). We have that
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ϕ(q) ≤ ϕ(p) + δ(p, q) for all q, so in particular

ϕ(q) ≤ ϕ(p) + sup
ψ∈∆
|ψ(p)− ψ(q)|,

for all q. For any ε > 0, by compactness there must be a finite set {ψ1, . . . , ψk} ⊂ ∆

such that

ϕ(q) ≤ ϕ(p) + |ψ1(p)− ψ1(q)| ↑ . . . ↑ |ψk(p)− ψk(q)|+ ε,

for all q. |ψ1(p) − ψ1(x̄)| ↑ . . . ↑ |ψk(p) − ψk(x̄)| + ε is a ∆-formula, so we have shown

that

ϕ(q) = inf{ψ(q) : ψ ∈ ∆, ψ ≥ ϕ},

for all q. Now for each i < ω, by compactness there must be a finite set {ψi1, . . . , ψik(i)} ⊂

∆ such that

ϕ(q) ≤ ψ1(q) ↓ . . . ↓ ψk(q) < ϕ(q) + 2−i

for all q.

So if we let χ0 = ψ0
1 ↓ . . . ↓ ψ0

k(0) and χj+1 = χj ↓ ψj+1
1 ↓ . . . ↓ ψj+1

k(j+1), we get

that {χj}j<ω is a sequence of ∆-formulas that uniformly converges to ϕ, so ϕ ∈ ∆, as

required.

6.1.2 Theories of Approximate Isomorphism

Implicit in a lot of the arguments so far has been the fact that if ∆ is a distortion

system for T , then for any ε there is a first-order theory whose models are precisely

structures (M,N, R), with R a closed almost correlation between M and N such that
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dis∆(R) ≤ ε. This is how notions of approximate isomorphism are typically presented,

at least implicitly. There is some kind of ambient structure relating M and N witnessing

a certain degree of closeness, such as a mutual embedding into a larger structure or a

certain special kind of function between them. We will give a precise characterization

of these theories in our context and show that ∆ can be reconstructed from them.

Definition 6.1.18. If ∆ is a distortion system for T , the for any ε ∈ [0,∞] let Th(∆, ε)

be the common theory of all structures of the form (M,N, R) with M,N |= T and closed

R ∈ cor(M,N) with dis∆(R) ≤ ε, where R is taken as a family of definable subsets of

s(M)× s(N) for sorts s ∈ S. C

Proposition 6.1.19. Let ∆ be a distortion system for T . For any ε ∈ [0,∞], a triple

(M,N, R) |= Th(∆, ε) if and only if R is a closed almost correlation between M and N

and dis∆(R) ≤ ε.

Proof. (⇒) Assume that (M,N, R) |= Th(∆, ε). Clearly we have that M,N |= T and

that for all (n̄, m̄) ∈ R, δ∆(tp(n̄), tp(m̄)) ≤ ε, so the only thing to really check is that

R is an almost correlation. This follows because it is equivalent to the first-order axiom

schema consisting of

sup
x∈s(M)

inf
y∈s(N)

Rs(x, y) ↑ sup
y∈s(N)

inf
x∈s(M)

Rs(x, y)

for each sort s ∈ S, where Rs is the distance predicate for the set R � s.

(⇐) Take an ℵ1-saturated elementary extension of (M′,N′, R′) � (M,N, R). By

ℵ1-saturation, R′ is a closed correlation between M′ and N′, and we still have that

dis∆(R′) ≤ ε, so by definition (M′,N′, R′) |= Th(∆, ε), thus by elementarity, (M,N, R) |=

Th(∆, ε).
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Unsurprisingly, ∆ is recoverable from the theories Th(∆, ε).

Proposition 6.1.20. Fix a theory T , and suppose that {Aε}ε∈[0,∞] is a family of first-

order theories that satisfy the following conditions:

• For every ε, every model of Aε is of the form (M,N, R) with M and N models of

T where R is a family of distance predicates Rs on s(M)× s(N).

• A triple (M,N, R) is a model of A∞ if and only if R is a closed almost correlation

between M and N, namely if for each sort s, it satisfies

sup
x∈s(M)

inf
y∈s(N)

Rs(x, y) ↑ sup
y∈s(N)

inf
x∈s(M)

Rs(x, y).

• A triple (M,N, R) is a model of A0 if and only if R is the graph of an isomorphism

between M and N.

• For each ε < δ, Aε logically entails Aδ and
⋃
δ>εAδ is logically equivalent to Aε.

• (Symmetry) If (M,N, R) |= Aε, then (N,M, R−1) |= Aε, where R−1 := {(y, x) :

(x, y) ∈ R}.

• (Composition) For every ε, δ > 0 if (M,N, R) |= Aε and (N,O, S) |= Aδ and

(M,N, R) and (N,O, S) are ℵ1-saturated, then (M,O, S ◦R) |= Aε+δ, where S ◦R

is understood to mean the family of distance predicates of the metric closure of the

relation S ◦R.

• (Sub-structure) If (M,N, R) |= Aε and M′ � M and N′ � N are elementary

sub-structures such that (M,N, R), M′, and N′ are all ℵ1-saturated, and R′ = R �

M′ ×S N′ is a correlation, then (M′,N′, R′) |= Aε.
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Then there is a distortion system ∆ such that Aε ≡ Th(∆, ε) for every ε ∈ [0,∞].

Proof. First we will show that {Aε}ε∈[0,∞] induces a family of topometrics {δnA}n<ω sat-

isfying the conditions of Proposition 6.1.17. Then we will show that Aε = Th(∆(δ), ε)

for every ε ∈ [0,∞].

Let δA(p, q) = inf{ε : (M,N, R) |= Aε, R ∈ cor(M, m̄;N, n̄), m̄ |= p, n̄ |= q}.

It’s clear that δA(p, q) ≥ 0 and that δA(p, p) = 0. By symmetry we have that

δA(p, q) = δA(q, p).

Pick p, q, r ∈ Sn(T ). Pick (M,N, R) witnessing δA(p, q) ≤ ε and (N′,O, S) witnessing

that δA(q, r) ≤ δ. By passing to elementary extensions we can find triples (M′,N′′, R′)

and (N′′,O′, S ′) with tuples m̄ and n̄ such that M′ 3 m̄ |= p and N′′ 3 n̄ |= q, and

O′ 3 ō |= r such that all structures involved are ℵ1-saturated. By composition we have

that (M′,O′, S ◦R) |= Aε+δ, witnessing that δ(p, r) ≤ ε + δ. Since we can do this for

any ε and δ, we have that δ(p, r) ≤ δ(p, q) + δ(q, r).

Finally by taking ultraproducts of witnesses it’s clear that if δ(p, q) = 0 then p = q.

So we have that δn are metrics. They are clearly lower semi-continuous, again by

taking ultraproducts of relevant witnesses, so they are a family of topometrics. Now

we just need to verify the other conditions of Proposition 6.1.17. Monotonicity and

permutation invariance are both clear. For extension, suppose that (M,N, R) is an

exact witness for the value of δn(p, q), i.e. there are m̄ ∈M and n̄ ∈ N such that m̄ |= p

and n̄ |= q and (m̄, n̄) ∈ R, a correlation. Then by passing to a saturated enough

elementary extension we can find a such that |= p′(m̄, a). By picking some b correlated

to a and picking q′ = tp(n̄b), we get the required extension.

So we have that Proposition 6.1.17 applies and ∆(δA) is a distortion system with

δA = δ∆(δA).
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So now clearly by construction we have that for any ε ∈ [0,∞], Aε ` Th(∆(δA), ε).

So all we need to do is show that Th(∆(δA), ε) ` Aε. Let (M,N, R) |= Th(∆(δA), ε). As-

sume that (M,N, R) is ℵ1-saturated, by passing to an elementary extension if necessary.

By construction for every pair of finite tuples, (m̄, n̄) ∈ R there exists (Am̄,n̄,Bm̄,n̄, Sm̄,n̄) |=

Aε such that (m̄, n̄) ∈ S(m̄,n̄). Let F be the filter on R<ω ordered by extensions of tu-

ples, and let U be an ultrafilter extending F . Take the ultraproduct (A′,B′, S ′) =∏
(n̄,m̄)∈R<ω(Am̄,n̄,Bm̄,n̄, Sm̄,n̄)/U , and assume that this is ℵ1-saturated (taking an ele-

mentary extension if necessary). By construction we have that M � A′, N � B′, and

R = S ′ � M ×S N is a correlation, so by the sub-structure property we have that

(M,N, R) |= Aε. Since we can do this for any theory completing Th(∆, ε), we have that

Th(∆, ε) ` Aε, so Th(∆, ε) = Aε as required.

Now we can finally tie up a loose end.

Proposition 6.1.11. Let ∆ be a distortion system.

(ii) ∆ is functional if and only if there is an ε > 0 such that for any δ > 0 there is a

formula ϕ(x, y) ∈ ∆ such that for any M |= T and a, b ∈M,

– ϕM(a, a) = 0 and

– if ϕM(a, b) < ε, then dM(a, b) < δ.

Proof. (⇒) For any ϕ(x.y) ∈ ∆, let χϕ(x, y) = 1
2
|ϕ(x, y)− ϕ(x, x)|, and note that χϕ is

always a ∆-formula.

Assume that for every ε > 0 there exists a δ > 0 such that for any ϕ ∈ ∆ there exists

a, b ∈M |= T , either ϕM(a, a) 6= 0 or (ϕM(a, b) < ε and dM(a, b) ≥ δ).
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In particular this implies that for every ε > 0 there exists a δ > 0 such that for

any ϕ1, . . . , ϕk ∈ ∆ there exists a, b ∈ M |= T , χM
ϕ1

(a, b) ↑ . . . ↑ χM
ϕk

(a, b) < ε and

dM(a, b) ≥ δ.

By compactness this implies that for any ε > 0 there is a δ > 0 and c, e ∈ N |= T

such that for every ϕ ∈ ∆, χN
ϕ (c, e) ≤ ε and dM(c, e) ≥ δ. In particular this implies that

δ∆(tp(ce), tp(cc)) ≤ 2ε. So we can build a structure witnessing this and we have that ∆

cannot be functional at ε > 0. Since we can do this at any ε > 0, ∆ is not functional.

(⇐) Assume that there is an ε > 0 such that for any δ > 0 there is a formula

ϕδ(x, y) ∈ ∆ such that for any a, b ∈ M |= T , if ϕM
δ (a, b) < ε, then dM(a, b) < δ. Pick

0 < γ < ε, and let (M,N, R) be an ℵ1-saturated model of Th(∆, γ). For each a, b ∈M

and c ∈ N with (a, c), (b, c) ∈ R, we have that |ϕM
δ (a, b)−ϕN

δ (c, c)| ≤ γ, so in particular

ϕM
δ (a, b) ≤ γ < ε. So we have that dM(a, b) < δ. Since we can do this for any δ > 0, we

have that dM(a, b) = 0 and a = b.

Therefore R is the graph of a bijection in every ℵ1-saturated model of Th(∆, γ). By

Proposition 2.3.80, this implies that it is actually the graph of a definable bijection, so

this fact must be true in every model of Th(∆, γ). By compactness this implies that

there is a modulus αγ such that in every model of Th(∆, γ), R and R−1 are αγ-uniformly

continuous. So we have that every closed R ∈ acor(M,N) with dis∆(R) < ε is the graph

of a uniformly continuous bijection with uniformly continuous inverse, therefore ∆ is

functional.

A corollary of this is that when checking functionality of ∆ it is enough to check

closed correlations, rather than closed almost correlations.
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6.2 Special Cases

Here we will examine a few specific cases of notions of approximate isomorphism arising

from distortion systems.

6.2.1 Elementary and Finitary Gromov-Hausdorff-Kadets

Distances

Definition 6.2.1. Let ∆0 and ∆1 be distortion systems.

We say that ∆1 uniformly dominates ∆0 if for every ε > 0 there is a δ > 0 such that

if δ∆1(p, q) < δ then δ∆0(p, q) < ε. We may also say that ∆0 is coarser than ∆1 or that

∆1 is finer than ∆0.

If ∆0 and ∆1 uniformly dominate each other we say that they are uniformly equiva-

lent. C

Note that ∆1 uniformly dominates ∆0 if and only the collection of ∆0-formulas are

u.u.c. with regards to δ∆1 .

Proposition 6.2.2. Fix a signature L.

(i) There is a collection of formulas, eGHK0, such that for any L-theory T , eGHK0

generates the finest u.u.c. distortion system for T , up to uniform equivalence. Fur-

thermore δeGHK0 = d, the d-metric on types.

(ii) If L is countable then there is a collection of formulas, fGHK0, such that for any

L-theory T , fGHK0 generates the coarsest distortion system for T , up to uniform

equivalence.
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Proof. (i) For any L-formula ϕ, let χϕ(x̄) = inf ȳ ϕ(ȳ) + d(x̄, ȳ). χϕ has the property

that it is 1-Lipschitz in any L-structure and furthermore that if ϕ is 1-Lipschitz in every

model of T , then T |= χϕ = ϕ. Let eGHK0 = {χϕ : ϕ ∈ L}. Note that ϕ ∈ eGHK0 for

any sentence ϕ.

By a previously mentioned result of Ben Yaacov [BY10b], for any types p, q in the

same complete theory, d(p, q) = δeGHK0(p, q) (and for types in different complete theories

δeGHK0(p, q) =∞). This implies that eGHK0 uniformly dominates any u.u.c. distortion

system.

(ii) Let {Pi}i<ω be an enumeration of all atomic L-predicates. For each i, if Pi’s

codomain interval is [a, b], let ri = 1 + |a| ↑ |b|.

Let fGHK0 =
{

1
2iri

Pi

}
i<ω

. This is clearly atomically complete. By Lemma 6.1.12,

in any theory T , any distortion system for T uniformly dominates fGHK0.

Definition 6.2.3. Fix a theory T and an enumeration of atomic L-formulas.

• eGHK = eGHK0, as defined in the proof of Proposition 6.2.2. ρeGHK(M,N)is the

elementary Gromov-Hausdorff-Kadets distance between M and N.

• If T is countable, let fGHK = fGHK0, as defined in the proof of Proposition 6.2.2.

ρfGHK(M,N)is ‘the’ finitary Gromov-Hausdorff-Kadets distance between M and

N. C

Clearly ρfGHK depends on the choice of enumeration, but ∼∼∼fGHK does not.

Proposition 6.2.4. M ∼∼∼fGHK N if and only if for every ε > 0, finite collection S0 ⊆ S

of sorts, and finite collection Σ of atomic L-formulas whose variables are from sorts in

S0, there exists a correlation R ⊆M×S0 N such that disΣ(R) < ε.
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You may have noticed that the condition in Proposition 6.2.4 makes sense in un-

countable languages. Indeed there is a canonical uniform structure analog of ρfGHK,

given by a family of pseudo-metrics. It is possible to develop the whole theory of distor-

tion systems with this more general context in mind, similar to [Iov99]. Rather than a

single collection of formulas we would need a directed family of collections of formulas.

In the absence of motivating examples we opted to develop this simpler framework.

Clearly, for the empty signature, ρfGHK is uniformly equivalent to ρGH. This is true

of ρK in the theory of (unit balls of) Banach spaces as well, justifying the name.

Proposition 6.2.5. Let T be the theory of unit balls of Banach spaces. ρfGHK is uni-

formly equivalent to dK, the Kadets distance.

Proof. Fix two unit ball Banach space structures M and N.

Claim: For every ε > 0, there is a δ > 0 such that if ρfGHK(M,N) < δ, then there

exists a correlation R ∈ cor(M,N) such that:

• (0M,0N) ∈ R

• If (a, c), (b, d) ∈ R, then (1
2
(a+ b), 1

2
(c+ d)) ∈ R.

• If (a, b) ∈ R then (−a,−b) ∈ R.

• (For complex Banach spaces) If (a, b) ∈ R then (eia, eib) ∈ R.

• If (a, c), (b, d) ∈ R, then |‖a− b‖M − ‖c− d‖N| ≤ ε.

Proof of claim: Fix ε > 0. There is a δ > 0 such that for any S ∈ cor(M,N) with

disfGHK(S) ≤ δ, then:

• For every (a, b) ∈ S, |‖a‖M − ‖b‖N| ≤ 1
5
ε.
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• For every (a, c), (b, d) ∈ S, |‖a− b‖M−‖c−d‖N| ≤ 1
5
ε, |‖a+ b‖M−‖c+d‖N| ≤ 1

5
ε,

and (if the Banach spaces are complex) |‖eia− b‖M − ‖eic− d‖N| ≤ 1
5
ε.

• For every (a, d), (b, e), (c, f) ∈ S, |‖1
2
(a+ b)− c‖M − ‖1

2
(d+ e)− f‖N| ≤ 1

5
ε.

Such a δ exists because this is a finite list of atomic formulas. Consider the correlation

R =

{
(a, b) : (∃(c, d) ∈ S)‖a− c‖M ≤

1

5
ε ∧ ‖b− d‖N ≤

1

5
ε

}
.

Now we have what we want:

• (0M,0N) is in R because if (a,0N) ∈ S, then the distance between a and 0M is

≤ 1
5
ε.

• If (a, c), (b, d), (1
2
(a+ b), e) ∈ S, then the distance between e and 1

2
(c+ d) is ≤ 1

5
ε.

• If (a, b), (−a, c) ∈ S, then the distance between c and −b is ≤ 1
5
.

• (For a complex Banach space) If (a, b), (eia, c) ∈ S, then the distance between c

and eib is ≤ 1
5
ε.

• If (a, c), (b, d) ∈ R, then there are (a′, c′), (b′, d′) ∈ S each distance 1
5

to the corre-

sponding element. By several applications of the triangle inequality this implies

that |‖a− b‖M − ‖c− d‖N| ≤ 4
5
ε < ε. claim

By iterating the second bullet point in the claim we get the following: For any n < ω,

and any (a1, b1), . . . , (a2n , b2n) ∈ R, (2−n
∑

i ai, 2
−n∑

i bi) ∈ R. By using duplicates we

get that if λ1, . . . , λn are a sequence of positive dyadic rationals with
∑

i λi = 1, then

for any (a1, b1), . . . , (am, bm) ∈ R, (
∑

i λiai,
∑

i λibi) ∈ R.
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Using the third and fourth bullet points we get that if λ1, . . . , λn are a sequence of

numbers of the form ad with a = ±eik with k < ω and d a positive dyadic rational

≤ 1, if
∑

i |λi| = 1, then for any (a1, b1), . . . , (am, bm) ∈ R, (
∑

i λiai,
∑

i λibi) ∈ R, so in

particular ∣∣∣∣∣
∥∥∥∥∥∑

i

λiai

∥∥∥∥∥
M

−

∥∥∥∥∥∑
i

λibi

∥∥∥∥∥
N

∣∣∣∣∣ ≤ ε.

Since λi of this form are dense in the set of all coefficients γi satisfying
∑

i |γi| = 1 (for

complex Banach spaces this relies on the fact that ei is an irrational rotation), and by

Fact 3.4 in [BY14], this implies that dK(M,N) ≤ ε.

The other direction follows from the minimality of ρfGHK under uniform domination.

6.2.2 Banach-Mazur Distance

Difficulty arises with the Banach-Mazur distance in that the witnessing correlations are

bijections between the entire Banach spaces in question. To deal with this we will use

Ben Yaacov’s emboundment concept [BY08a] to encode the entire Banach space as a

bounded structure.

We could in principle do this more cleanly using the full logic for unbounded struc-

tures in [BY08a], but then we would have to re-develop the machinery of distortion

systems in that broader context. We should note that Ben Yaacov does develop a the-

ory of perturbations for unbounded metric structures in [BY08a].

Definition 6.2.6. An embounded Banach space structure is a metric structure {M, d,

0,∞, P, Sr}r∈K , where M is a Banach space over the field K ∈ {R,C} together with an

additional point ∞.
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Let θ(x) = x
1+x

. The metric is

dM(x, y) =
θ(‖x− y‖)

1 + ‖x‖ ↓ ‖y‖

for x, y 6=∞ and d(x,∞) = 1
1+‖x‖ . We also have

P (x, y, z) =
θ(‖x+ y − z‖)

1 + ‖x‖ ↑ ‖y‖ ↑ ‖z‖

if x, y, z 6=∞, and P (x, y, z) = 0 if any of x, y, z are ∞. Finally,

Sr(x, y) =
θ(‖rx− y‖)

1 + ‖x‖ ↑ ‖y‖

if x, y 6=∞, and Sr(x, y) = 0 if either x or y are ∞. C

Note that even though the language as stated is uncountable it is actually interde-

finable with a finite sub-language2 in unit ball Banach space structures.

In order to describe the formulas that capture the Banach-Mazur distance we will

freely use the following facts:

Fact 6.2.7. There is a theory whose models are precisely emboundments of Banach

spaces. Let T be that theory.

1. For any r > 0 there is a formula that is the distance predicate of the ball of (norm)

radius r, Br, in any model of T .

2. For any r > 0 there is a formula that defines ‖x‖ in Br in any model of T .

2For K = R, S 1
2

is sufficient, and for K = C, we also need Si.
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3. For any r > 0 there is a formula that defines the function + : B2
r → B2r in any

model of T .

4. For any s ∈ K and any r > 0 there is a formula that defines the function (x 7→

sx) : Br → B|s|r in any model of T .

Also note that inclusion maps between definable sets are always uniformly definable.

This lemma follows immediately from the previous set of facts, although a careful

proof would be slightly involved.

Lemma 6.2.8. Let T be the theory of emboundments of Banach space structures. There

are formulas that define the quantities

• ϕr(x, y, z) = [r − r−2 log(‖x‖ ↑ ‖y‖ ↑ ‖z‖)]10 · [(2− r−1) log‖x+ y − z‖]r−r and

• ψr,s(x, y) = [r − r−2 log(‖x‖ ↑ ‖y‖)]10 · [(2− r−1) log‖sx− y‖]r−r

in any model of T for any real r > 0 and t ∈ K, where these quantities are understood

to be 0 if any of their inputs are ∞.

To clarify what we’re doing, intuitively we’re after expressions of the form 2 log‖. . .‖,

with . . . replaced with various linear combinations, to capture the Banach-Mazur dis-

tance. These are unbounded so we need to use bounded approximations. Unlike with the

Lipschitz metric, we can’t just use [2 log‖. . .‖]r−r as they aren’t by themselves continuous

on the emboundment (specifically the problem is at ∞). Given this, we need the more

complicated expressions of the form [. . . ]10 as cutoff functions which are 1 whenever the

maximum norm of the inputs is less than er
3−r2

and which are 0 whenever it is greater

than er
3
. The specific form of these cutoffs and the coefficient 2− r−1 are chosen so that

the (⇐) direction of the next result, Proposition 6.2.10, will work.



361

Definition 6.2.9. Let BM0 be the formulas in Lemma 6.2.8 allowing substitution of

the constant 0. Let BM = BM0. C

To see that BM0 is atomically complete, note that by choosing large enough values

for r (so that the cutoff function is 1) and appropriate values of s and t, the formulas in

BM0 clearly fix the values of d(x, y), P (x, y, z), Sr(x, y) for any x, y, z ∈ {a, b, c,0} with

a, b, c any triple of elements of a structure. The only unclear thing is determining the

value of d(a,∞), but this 1 − d(a,0), so BM0 is atomically complete. Therefore BM is

a distortion system.

Proposition 6.2.10. Let M and N be emboundments of the Banach spaces X and Y ,

respectively. For R ∈ cor(M,N) a closed correlation, disBM(R) ≤ ε < ∞ if and only if

R is the graph of a linear bijection between X and Y (together with the tuple (∞M,∞N))

such that ‖R‖ ≤
√
eε and ‖R−1‖ ≤

√
eε.

Proof. (⇒) Assume that R is a closed correlation between M and N with disBM(R) ≤

ε <∞.

Pick m ∈M, and assume that (m,∞N) ∈ R. Consider the formula ψr,s(x,0). Since

ψN
r,s(∞N,0N) = 0 for any r, s, we have that |ψM

r,s(m,0
M)| ≤ ε for any r, s. Assume

that a 6= ∞M. When r is large enough (relative to the choice of s) we have that

ψM
r,s(m,0

M) = [(2− r−1) log‖sm‖]r−r, but this quantity is unbounded in r and s (even if

a = 0M), so we must have that a =∞M.

By symmetry (∞M,∞N) is the only instance of a pair containing either copy of ∞.

Pick a, b ∈ X, and consider d, e, f ∈ Y such that (a, d), (b, e), (a+ b, f) ∈ R. For any

sufficiently large r, we have that ϕM
r (a, b, a+ b) = −r. Assume that f 6= d+ e. Then for
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any sufficiently large r, we have that

ϕN
r (d, e, f) = (2− r−1) log‖b+ e− f‖ > log‖b+ e− f‖ > −∞.

Since we can choose r arbitrarily large, this contradicts that disBM(R) ≤ ε. Therefore

f = d+ e.

The same argument shows that if (a, b), (ua, c) ∈ R, then b = ua. In particular this

implies that (0M,0N) is the only correlation involving a copy of 0.

Therefore, by symmetry, R � X × Y is the graph of a linear bijection.

Now consider a ∈ X r {0} and b ∈ Y r {0} such that (a, b) ∈ R. Considering the

formula ϕr(x,0,0) for sufficiently large r, we have that

(2− r−1)| log‖a‖ − log‖b‖| = (2− r−1)

∣∣∣∣log
‖a‖
‖b‖

∣∣∣∣ ≤ ε.

Since we can do this for arbitrarily large r, this yields

2

∣∣∣∣log
‖a‖
‖b‖

∣∣∣∣ ≤ ε.

So we have that ‖R‖ ≤ eε/2 =
√
eε and by symmetry ‖R−1‖ ≤

√
eε.

(⇐) Let A be a linear bijection between X and Y such that ‖R‖, ‖R−1‖ ≤
√
eε. Let

R = A ∪ {∞M,∞N}. We need to compute disBM(R) = disBM0(R). Since we know that

(0M,0N) ∈ R, we only need to check the formulas in Lemma 6.2.8.

Let (a, e), (b, f), (c, g) ∈ R, and consider the quantity |ϕM
r (a, b, c) − ϕN

r (e, f, g)|. If

any of a, b, c, e, f, g are ∞ then this is 0, so assume that none of them are. To estimate
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this we will need the following facts:

|x1y1 − x0y0| ≤ |x1 − x0|(|y0| ↑ |y1|) + |y1 − y0|(|x0| ↑ |x1|) and

|[x]ba − [y]ba| ≤ |x− y|.

Applying these to this case gives

|ϕM
r (a, b, c)− ϕN

r (e, f, g)| ≤ r−2

∣∣∣∣log
‖a‖ ↑ ‖b‖ ↑ ‖c‖
‖e‖ ↑ ‖f‖ ↑ ‖g‖

∣∣∣∣ r
+ (2− r−1)

∣∣∣∣log
‖a+ b− c‖
‖e+ f − g‖

∣∣∣∣ ,
since the first term in ϕr can have magnitude at most 1 and the second term can have

magnitude at most r. Now finally note that we must have

∣∣∣∣log
‖a‖ ↑ ‖b‖ ↑ ‖c‖
‖e‖ ↑ ‖f‖ ↑ ‖g‖

∣∣∣∣ ≤ ε

2
and∣∣∣∣log

‖a+ b− c‖
‖e+ f − g‖

∣∣∣∣ ≤ ε

2
.

Putting this all together gives

|ϕM
r (a, b, c)− ϕN

r (e, f, g)| ≤ r−1 ε

2
+ (2− r−1)

ε

2
= ε.

The same proof works for ψr,s, so we have that disBM(R) ≤ ε.

Corollary 6.2.11. If X and Y are Banach spaces and M and N are their corresponding

emboundments, then ρBM(M,N) = dBM(X, Y ).

Proof. Clearly we have dBM(X, Y ) ≤ ρBM(M,N). To get the other direction, let A :
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X → Y be a linear bijection with ‖A‖ · ‖A−1‖ ≤ eε. If we set r =
√
‖A−1‖
‖A‖ , then we have

that rA is a linear bijection between X and Y with ‖rA‖ ≤
√
eε and ‖(rA)−1‖ ≤

√
eε,

so we get ρBM(M,N) ≤ dBM(X, Y ).

6.2.3 Approximate Isomorphism in Discrete Logic

Perhaps surprisingly, the concept of a distortion system is non-trivial in discrete logic.

Definition 6.2.12. A stratified language is a language L together with a designated

sequence of sub-languages {Li}i<ω whose union is L. (Note that the sub-languages may

have fewer sorts than the full language.)

In the context of a stratified language L, two L-structures M, N are said to be

approximately isomorphic, written M ∼∼∼L N, if M � Li ∼= N � Li for every i < ω. In

general let ρL(M,N) = 2−i where i is the largest such that M � Li ∼= N � Li but

M � Li+1 6∼= N � Li+1, or 0 if no such i exists.

We may drop the subscript L if the relevant stratified language is clear by context. C

Clearly ρL is a pseudo-metric on L-structures.

Proposition 6.2.13. Let T be a discrete first-order theory (i.e. every predicate is {0, 1}-

valued in every model of T ), and let ∆ be a distortion system for T .

(i) For every finite set S0 ⊆ S there is an ε > 0 such that if dis∆(R) < ε, then R

restricted to the sorts in S0 is the graph of a bijection. For every predicate symbol

P there is an εP > 0 such that whenever dis∆(R) < εP , then R is the graph of a

bijection that respects R.



365

(ii) There is a stratification of L such that ρ∆ and ρL are uniformly equivalent. In

particular M ∼∼∼∆ N if and only if M ∼∼∼L N.

Proof. (i) This follows immediately from Lemma 6.1.12.

(ii) Choose εP as in part (i) for all predicate symbols. For each i < ω, let Si be the

set of sorts such that ε=s ≥ 2−i. Set Li to be the set of all predicate symbols P such

that εP ≥ 2−i and for every sort s of a variable in P , ε=s ≥ 2−i.

Then, for sufficiently small distances, ρL and ρ∆ never differ by more than a factor

of 4, so they are uniformly equivalent.

Note that ∆ for a discrete theory will still contain continuous formulas (since we

are implicitly considering it as a continuous theory) and these will be what gives it its

structure.

6.3 Scott Sentences for Functional Approximation

Fragments

Here we will develop back-and-forth pseudo-metrics, r∆
α , for arbitrary distortion systems,

an extension of [BDNT17]. In the case of separable structures with functional or u.u.c.

distortion systems, r∆
∞ will be equal to the corresponding ρ∆, but for some irregular

distortion systems we will show that r∆
∞ 6= ρ∆ (in particular because r∆

∞ ≤ a∆ < ρ∆).

As a corollary of this we will explicitly exhibit Scott sentences for ∆-equivalence with

functional ∆ (which are precisely the same as Ben Yaacov’s perturbations [BY08b]).

This covers Banach-Mazur equivalence for Banach spaces and Lipschitz equivalence for

metric spaces, which were not expressible in the framework of [BDNT17], although the
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existence of these was shown indirectly by the continuous Lopez-Escobar theorem in

[BDNT17] and results in [CDK18].

Many of the proofs in this section are nearly identical to the corresponding proofs in

[BDNT17], so we will only sketch the important parts. We should pause to emphasize

that for bookkeeping purposes in this section we are not treating all variables

as interchangeable. For n < m we are thinking of xm as being (potentially) ‘more

sensitive’ than xn, so more formulas are allowed to have xm as a variable than xn. See

section 2 of [BDNT17].

Definition 6.3.1. Let ∆ be a collection of formulas closed under renaming variables

(typically a distortion system).

For any L-structures M,N, m̄ ∈ M, n̄ ∈ N, and weak modulus Ω, we define the

(∆,Ω)-back-and-forth pseudo-metrics, r∆,Ω
α (M, m̄;N, n̄), as follows:

• r∆,Ω
0 (M, m̄;N, n̄) is

sup{|ψM(m̄)− ψN(n̄)| : ψ ∈ ∆, ψ respects Ω in every L-structure}.

• r∆,Ω
α+1(M, m̄;N, n̄) is

sup
a∈M

inf
b∈N

r∆,Ω
α (M, m̄a;N, n̄b) ↑ sup

b∈N
inf
a∈M

r∆,Ω
α (M, m̄a;N, n̄b).

• r∆,Ω
λ (M, m̄;N, n̄) is

sup
α<λ

r∆,Ω
α (M, m̄;N, n̄),

for λ a limit or ∞. C
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This is the analog of Lemma 3.2 in [BDNT17]; the proofs are essentially identical.

Lemma 6.3.2. (i) For fixed α ∈ Ord ∪ {∞} and k, r∆,Ω
α is a pseudo-metric on the

class of all pairs (M, m̄), with |m̄| = k.

(ii) For every α, M, and ā, b̄ ∈M, r∆,Ω
α (M, ā;M, b̄) ≤ dΩ(ā, b̄).

(iii) For every α, M, and N, and k, the function (m̄, n̄) 7→ r∆,Ω
α (M, m̄;N, n̄) on pairs

of k-tuples is uniformly continuous on Mk ×Nk with regards to the max metric.

This is the analog of Lemma 3.3 in [BDNT17]; again the proofs are essentially iden-

tical.

Lemma 6.3.3. (i) For every α ≤ β, r∆,Ω
α ≤ r∆,Ω

β .

(ii) For every pair of structures M,N with #dcM,#dcN ≤ κ, there is an α < κ+

such that r∆,Ω
α (M, m̄;N, n̄) = r∆,Ω

α+1(M, m̄;N, n̄) for all pairs of tuples m̄ ∈M and

n̄ ∈ N, which implies that in fact r∆,Ω
α (M, m̄;N, n̄) = r∆,Ω

∞ (M, m̄;N, n̄) for all such

pairs of tuples.

This is the analog of Proposition 3.4 in [BDNT17]. See [BDNT17] for the definition

of shift increasing.

Proposition 6.3.4. Let M,N |= T be separable. For any m̄ ∈ M and n̄ ∈ N,

r∆,Ω
∞ (M, m̄;N, n̄) < ε if and only if there exists tail-dense sequences {ai}i<ω ⊆ M and

{bi}i<ω ⊆ N starting with m̄ and n̄, respectively, such that

sup
n<ω

r∆,Ω
0 (M, a<n;N, b<n) < ε,

where a sequence is tail-dense if every final segment of it is metrically dense.
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Corollary 6.3.5. Let ∆ be a distortion system for T , a theory in a countable language.

Let Ω be a weak modulus.

(i) For any models M and N and tuples m̄ and n̄, we have that r∆,Ω
∞ (M, m̄;N, n̄) ≤

a∆(M, m̄;N, n̄). (In particular since r∆,Ω
∞ is a pseudo-metric, this implies that the

function (M, m̄;N, n̄) 7→ r∆,Ω
∞ (M, m̄;N, n̄) is 2-Lipschitz in ρ∆.)

(ii) If ∆ is u.u.c. and Ω is shift increasing with the property that for any ϕ ∈ ∆,

ϕ(x0, x1, x2, . . . ) is an Ω-formula, then for any separable models M and N |= T

and tuples m̄ and n̄, we have that r∆,Ω
∞ (M, m̄;N, n̄) = ρ∆(M, m̄;N, n̄).

(iii) If ∆ is functional then for any sequence {ϕi}i<ω ⊂ ∆ dense in ∆ in the uniform

norm and if Ω is shift increasing such that for any i < ω there exists an n < ω such

that ϕi(xn, xn+1, . . . , xn+k) is an Ω-formula, then there is an ε > 0 such that for any

separable models M and N |= T , if r∆,Ω
∞ (M,N) < ε, then r∆,Ω

∞ (M,N) = ρ∆(M,N).

Proof. (i) If M and N are separable we can just use the previous proposition.

The idea of the proof is that we can use an almost correlation between M and N

as a back-and-forth strategy. We will proceed by induction, showing that for every α,

r∆,Ω
α (M, m̄;N, n̄) ≤ a∆(M, m̄;N, n̄).

r∆,Ω
0 (M, m̄;N, n̄) ≤ a∆(M, m̄;N, n̄) clearly holds, as does the limit case.

Assume that r∆,Ω
α (M, m̄;N, n̄) ≤ a∆(M, m̄;N, n̄) holds for all tuples m̄ and n̄, and

consider r∆,Ω
α+1(M, m̄;N, n̄). Fix an ε > 0, and find R ∈ acor(M, m̄;N, n̄) such that

dis∆(R) < a∆(M, m̄;N, n̄) + 1
2
ε.

Now for any a ∈ M find an a′ such that there is some b ∈ N with (a′, b) ∈ R and
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such that a and a′ are close enough that

|r∆,Ω
α (M, m̄a;N, n̄b)− r∆,Ω

α (M, m̄a′;N, n̄b)| ≤ 1

2
ε.

(This exists since r∆,Ω
α is uniformly continuous in the tuple arguments.) By the induc-

tion hypothesis, r∆,Ω
α (M, m̄a′;N, n̄b) ≤ a∆(M, m̄a′;N, n̄b) ≤ dis∆(R), so we have that

r∆,Ω
α (M, m̄a;N, n̄b) < a∆(M, m̄;N, n̄) + ε. Since we can do this for any ε > 0 and we

can do the same thing for any b ∈ N, we have that r∆,Ω
α+1(M, m̄;N, n̄) ≤ a∆(M, m̄;N, n̄).

(ii) From part (i) we already have that r∆,Ω
∞ ≤ ρ∆, so we just need to show that

ρ∆ ≤ r∆,Ω
∞ .

Fix ε > 0, and assume that r∆,Ω
∞ (M, m̄;N, n̄) < ε. As guaranteed by Proposition

6.3.4, let ā, b̄ be tail-dense sequences in M and N which begin with m̄ and n̄, respectively,

such that for every n < ω, r∆,Ω
0 (M, a<n;N, b<n) < ε. By the condition on Ω this implies

that R = {(ai, bi) : i < ω} is an almost correlation between (M, m̄) and (N, n̄) such that

dis∆(R) ≤ ε. Since ∆ is regular this implies that ρ∆(M, m̄;N, n̄) ≤ ε. Since we can do

this for any ε > r∆,Ω
∞ (M, m̄;N, n̄), we have that ρ∆(M, m̄;N, n̄) ≤ r∆,Ω

∞ (M, m̄;N, n̄).

(iii) From part (i) we already have that r∆,Ω
∞ ≤ ρ∆, so we just need to show that

ρ∆ ≤ r∆,Ω
∞ .

By Proposition 6.1.11 part (ii), there is a δ > 0 such that for any γ > 0 there is

a formula ψ(x, y) ∈ ∆ such that for any M |= T and a, b ∈ M, ψM(a, a) = 0, and if

ψM(a, b) < δ, then dM(a, b) < γ. By the density of the sequence {ϕi}i<ω, there is an

m(γ) such that ‖ϕm(γ) − ψ‖∞ < 1
3
δ (in any L-structure). This implies that for any

M |= T and a, b ∈M, if ϕM
m(γ)(a, a) < 1

3
δ and ϕM

m(γ)(a, b) <
2
3
δ, then dM(a, b) < γ.

Now assume that r∆,Ω
∞ (M,N) < 1

6
δ and pick η such that r∆,Ω

∞ (M,N) < η < 1
6
δ. As
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guaranteed by Proposition 6.3.4, let ā, b̄ be tail-dense sequences in M and N, respectively,

such that for every n < ω, r∆,Ω
0 (M, a<n;N, b<n) < η.

Let R be the set of all pairs (c, e) ∈M×N such that there exists a sequence {i(j)}j<ω

of natural numbers such that limj→∞ i(j) = ∞ and {ai(j)}j<ω is a Cauchy sequence

limiting to c and {bi(j)}j<ω is a Cauchy sequence limiting to e. By the uniform continuity

of formulas and the fact that Ω is shift-increasing, it’s clear that dis{ϕi}(R) ≤ η. Since

{ϕi} is dense in ∆ this implies that dis∆(R) ≤ η.

So now we just need to show that R is a correlation. Pick c ∈M, and let {i(j)}j<ω

be a sequence of natural numbers such that limj→∞ i(j) =∞ and {ai(j)}j<ω is a Cauchy

sequence limiting to c, which must exist by the tail-denseness of {ai}i<ω. Consider the

sequence {bi(j)}j<ω.

Pick γ > 0, and consider the formula ϕm(γ), as specified above. Find a σ > 0 such

that if d(xy, zw) < σ, then |ϕm(γ)(x, y)− ϕm(γ)(z, w)| < 1
6
δ (in any L-structure).

Find an N(γ) such that ϕm(γ)(xN(γ), xN(γ)+1) is an Ω-formula and such that for all

j, k ≥ N(γ), dM(ai(j), ai(k)) < σ. This implies that for any j, k ≥ N(γ),

|ϕM
m(γ)(ai(j), ai(k))− ϕM

m(γ)(ai(j), ai(j))| <
1

6
δ,

so in particular

ϕM
m(γ)(ai(j), ai(k)) <

1

3
δ +

1

6
δ =

1

2
δ <

2

3
δ.

This implies that for any j, k ≥ N(γ),

ϕN
m(γ)(bi(j), bi(k)) <

1

2
δ + η <

1

2
δ +

1

6
δ =

2

3
δ.
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By construction this implies that dN(bi(j), bi(k)) < γ. Since we can do this for any γ > 0,

we have that {bi(j)}j<ω is a Cauchy sequence in N, converging to some point e, so we

have that (c, e) ∈ R.

By symmetry we can do the same for Cauchy sequences in N, showing that R is a cor-

relation, so we have that ρ∆(M,N) ≤ r∆,Ω
∞ (M,N). Therefore r∆,Ω

∞ (M,N) = ρ∆(M,N)

whenever r∆,Ω
∞ (M,N) < ε = 1

6
δ.

We should note that the case of u.u.c. distortion systems is very close to something

that can be captured by the original formalism in [BDNT17]. In particular if ∆ is a

u.u.c. distortion system for a first-order theory T , then T is interdefinable with a theory

T ′ in a uniformly Lipschitz language [Han] and the back-and-forth pseudo-metric coming

from the 1-Lipschitz weak modulus will be uniformly equivalent to the original ρ∆ for

separable structures.

In cases where we know that a∆ is not a pseudo-metric, we automatically know from

part (i) that r∆,Ω
∞ < a∆ < ρ∆, since r∆,Ω

∞ and ρ∆ are pseudo-metrics.

So now we can continue on to construct Scott sentences. This the analog of Definition

3.6 in [BDNT17].

Definition 6.3.6. Let ∆ be a collection of formulas closed under renaming variables

and Ω a weak modulus. For a pair of models M,N |= T , αM,N is the least ordinal α

such that for all tuples m̄ ∈M and n̄ ∈ N, r∆,Ω
α (M, m̄;N, n̄) = r∆,Ω

α+1(M, m̄;N, n̄). This

is called the (∆,Ω)-Scott rank of the pair M and N. If M = N we just write αM, which

is the (∆,Ω)-Scott rank of M. C

Just like Lemma 3.7 in [BDNT17] we have that if r∆,Ω
∞ (M,N) = 0, then αM =

αM,N = αN.
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To define Scott sentences we need to specify what we mean by L∆,Ω
ω1ω

.

Definition 6.3.7. Given a collection of first-order formulas ∆, closed under renaming

variables, and a weak modulus Ω, n-ary L∆,Ω
ω1ω

-formulas are defined inductively. We also

need to inductively define the codomain interval, written I(ϕ), of such formulas. For

first-order formulas this is the convex closure of the set of possible values of the formula

in L-structures, which is always a compact interval.

• If ϕ ∈ ∆ and ϕ(x0, . . . , xn−1) obeys Ω, then ϕ(x0, . . . , xn−1) is an n-ary L∆,Ω
ω1ω

-

formula. I(ϕ) is the codomain interval of ϕ as a first-order formula.

• For any compact interval I, if {ϕi}i<ω is a sequence of n-ary L∆,Ω
ω1ω

-formulas such

that I is the closure of
⋃
i<ω I(ϕi), then ψ = supi ϕi and χ = infi ϕi are n-ary

L∆,Ω
ω1ω

-formulas and I(ψ) = I(χ) = I.

• If ϕ is an (n + 1)-ary L∆,Ω
ω1ω

-formula then ψ = supxn ϕ and χ = infxn ϕ are n-ary

L∆,Ω
ω1ω

-formulas and I(ψ) = I(χ) = I.

• If ϕ1, . . . , ϕk is a finite list of n-ary L∆,Ω
ω1ω

-formulas and F : Rk → R is a 1-Lipschitz

connective, then ψ = F (ϕ1, . . . , ϕk) is an n-ary L∆,Ω
ω1ω

-formula and I(ψ) is the image

of I(ϕ1)× · · · × I(ϕk) under F (which is always a compact interval).

An L∆,Ω
ω1ω

-formula is an n-ary L∆,Ω
ω1ω

-formula for some n, and an L∆,Ω
ω1ω

-sentence is a

0-ary L∆,Ω
ω1ω

-formula. C

The interpretation of an L∆,Ω
ω1ω

-formula in a L-structure is obvious. It’s also not hard

to show that an n-ary L∆,Ω
ω1ω

-formula ϕ is always Ω�n-uniformly continuous and can only

take on values in the interval I(ϕ) in L-structures. Next, just like in [BDNT17] we get
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that for every countable ordinal α, n < ω, separable model M |= T , and tuple m̄ ∈M,

there is an L∆,Ω
ω1ω

-formula ϕα,M,m̄ such that for all models N |= T and tuples n̄ ∈ N,

ϕN
α,n,M,m̄(n̄) = r∆,Ω

α (M, m̄;N, n̄) ↓ 1.

Fix a countable dense sub-pre-structure M0 = {ai}i<ω. We define these formulas induc-

tively.

ϕ0,n,M,m̄(x0, . . . , xn−1) = sup
i
|ψM
i (ā)− ψi(x̄)|,

where {ψi}i<ω is a countable sequence of n-ary ∆-formulas respecting Ω that are dense

in the uniform norm in the collection of n-ary ∆-formulas respecting Ω.

For a successor stage we define ϕα+1,n,M,m̄(x0, . . . , xn−1) to be

sup
i

inf
xn
ϕα,n+1,M,m̄ai(x0, . . . , xn) ↑ sup

xn

inf
i
ϕα,n+1,M,m̄ai(x0, . . . , xn).

And then for limit λ, obviously we define

ϕλ,n,M,m̄(x0, . . . , xn−1) = sup
α<λ

ϕα,n,M,m̄(x0, . . . , xn−1).

Now finally if α = αM is the (∆,Ω)-Scott rank of M, then we define the (∆,Ω)-Scott

sentence, σM, by

σM = ϕα,0,M ↑ sup
n<ω,ā∈Mn

0

sup
x0,...,xn−1

1

2
|ϕα,n,M,ā − ϕα+1,n,M,ā|,

i.e. N |= σM ≤ 0 if and only if αN = αM and r∆,Ω
α (M,N) = 0.

Now we get the following analog of Theorem 3.8 in [BDNT17].
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Theorem 6.3.8. If ∆ is a u.u.c. or functional distortion system for T , then for any

separable M,N |= T , N |= σM ≤ 0 if and only if ρ∆(M,N) = 0.

Given the comment after Corollary 6.3.5, we know that Theorem 6.3.8 is simply false

for irregular distortion systems (and we will examine an example in Section C.4.1), so

two natural questions arise:

Question 6.3.9. Do Corollary 6.3.5 and Theorem 6.3.8 hold for any regular distortion

system with the appropriate choice of Ω?

Question 6.3.10. For a fixed separable model M |= T , are either of the collections of

separable models {N : ρ∆(M,N) = 0} or {N : a∆(M,N) = 0} Borel in the sense of

[BDNT17] when ∆ is an irregular distortion system?

6.4 Parameters in Distortion Systems and d∆

Eventually we will need the correct analog of the d-metric for counting types in stability

considerations and other things. This concept was introduced by Ben Yaacov in the

slightly less general context of perturbations [BY08b]. Our δ∆ is analogous to his p and

our d∆ is analogous to his p0
ā.

Given a complete theory T and a collection of parameters A in some M |= T , TA

is the theory in the language LA with constants added for the parameters A. Given a

distortion system ∆ for T , there is a natural way to extend it to a distortion system

∆(A) for TA.

Definition 6.4.1. Let ∆ be a distortion system for a complete theory T . Let A ⊆M |=

T be some set of parameters. ∆(A) = {ϕ(x̄, ā) : ϕ ∈ ∆, ā ∈ A}. C
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Clearly ∆(A) is still a distortion system and it’s easy to see that for models M, N

containing A, we have ρ∆(A)(M,N) = ρ∆(M, A;N, A).

Definition 6.4.2. For any distortion system ∆ and set of fresh constant symbols C, let

D(∆, C) be D0(∆, C), where D0(∆, C) = ∆ ∪ {d(x, c)}c∈C . C

Proposition 6.4.3. If ∆ is a distortion system, then for any set of fresh constant

symbols C, D(∆, C) is a distortion system.

Proof. This follows immediately from Proposition 6.1.9.

The fact that D(∆, C) is a distortion system isn’t what is important about it, al-

though it is convenient. What is important is that δ0
D(∆,c̄) plays an analogous role to

that of the d-metric in type spaces. In particular if ∆ is the collection of all formulas and

p, q ∈ Sn(T ) are two types, then δ0
D(∆,c̄)(p(c̄), q(c̄)) = d(p, q) (note that in this expres-

sion p(c̄) and q(c̄) are 0-types, i.e. complete Lc̄-theories). To this end we will introduce

notation to make the analogy more prominent.

Definition 6.4.4. If T is a complete theory, ∆ is a distortion system for T , and A is

some set of parameters in some model of T , then for any λ and p, q ∈ Sλ(A), we let

d∆,A(p, q) = δ0
D(∆(A),c̄)(p(c̄, A), q(c̄, A)).

We will drop A when it is empty. C

Given how many layers there are to the definition of d∆,A, the following will be useful

for computing estimates of d∆,A and is really the best way to think about it.

Proposition 6.4.5. Let T be a complete theory, let ∆ be a distortion system for T .
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(i) For every ε > 0 there is a δ > 0 such that if there are models M,N |= T both

containing some set of parameters A, tuples m̄ ∈M and n̄, b̄ ∈ N such that m̄ |= p

and n̄ |= q, and an R ∈ cor(M, Am̄;N, Ab̄), and dis∆(R), dN(n̄, b̄) ≤ δ, then

d∆,A(p, q) ≤ ε.

(ii) For any set of parameters A, if d∆,A(p, q) ≤ ε, then there exists models M,N |= T

containing A, tuples m̄ ∈ M and n̄, b̄ ∈ N such that M |= p(m̄) and N |= q(n̄),

and an R ∈ cor(M, Am̄;N, Ab̄) such that dis∆(R) ≤ ε and dN(n̄, b̄) ≤ ε.

Proof. (i) Fix ε > 0, By Lemma 6.1.12, there is a δ > 0 such that if δ∆(tp(ab), tp(ce)) ≤

δ, then |d(a, b)− d(c, e)| ≤ 1
2
ε. Without loss assume that δ < 1

2
ε. Assume that there are

models M,N |= TA with tuples m̄ ∈M and n̄, b̄ ∈ N such that m̄ |= p and n̄ |= q, and

an R ∈ cor(M, Am̄;N, Ab̄), such that dis∆(R) ≤ δ and dN(n̄, b̄) ≤ δ.

We need to compute disD(∆(A),c̄)(R) = disD0(∆(A),c̄)(R). Clearly we already have that

disD0(∆(A),c̄)(R) ≥ dis∆(A)(R). We just need to compute supc∈c̄,(u,v)∈R |dM(u, c)−dN(v, c)|.

For any i < |m̄|, we have that (mi, bi) ∈ R. So for any (u, v) ∈ R, we have that

|dM(mi, u) − dN(bi, v)| ≤ 1
2
ε, so we also have |dM(mi, u) − dN(ni, v)| ≤ 1

2
ε + δ < ε.

Therefore all together we have that disD(∆(A),c̄)(R) = disD0(∆(A),c̄)(R) ≤ ε, as required.

(ii) We have that since d∆(p, q) = δ0
D(∆(A),c̄) ≤ ε, we can construct models (M, m̄) |=

p(m̄) and (N, n̄) |= q(n̄) and an R ∈ cor(M, m̄;N, n̄) such that disD(∆(A),c̄)(R) ≤ ε.

Find b̄ ∈ N such that (m̄, b̄) ∈ R. Now we have that |dM(m̄, m̄) − dN(b̄, n̄)| ≤ ε, so in

particular dN(n̄, b̄) ≤ ε, as required.

In particular d∆,A is always uniformly dominated by d on Sn(A) and δ∆ restricted

to Sn(A). Moreover as witnessed by the identity correlation on a sufficiently saturated

model of TA, d∆,A ≤ d always holds.



377

Corollary 6.4.6. If T is a complete theory and ∆ is a u.u.c. distortion system for T ,

then for every ε > 0 there is a δ > 0 such that for any λ and any types p, q ∈ Sλ(T ), if

d∆(p, q) < δ then δ∆(p, q) < ε, i.e. δ∆ and d∆ are uniformly equivalent.

In fact it’s not hard to see that δ∆ and d∆ being uniformly equivalent like this (in a

way that is uniform across all parameter free type spaces) characterizes u.u.c. distortion

systems. Furthermore this means that with u.u.c. ∆ we don’t need to be careful about

the distinction between (Sn(A), d∆) and (Sn(A), d∆,A), as these two metrics are always

uniformly equivalent.

6.5 Approximately Atomic Types

The material in this section will only be important in Subsection 6.6.2 in the context of

inseparable approximate categoricity.

Corollary 6.5.1. Fix a complete first-order theory T , distortion system ∆ for T , pa-

rameter set A, and a type p ∈ Sn(A).

(i) p is δ∆(A)-atomic if and only if there is an A-formula ϕ such that ϕ(p) = 0 and

for any formula ψ(x̄, ȳ) ∈ ∆ and ā ∈ A, |ψ(q, ā) − ψ(p, ā)| ↓ 1 ≤ ϕ(q) for all

q ∈ Sn(A).

(ii) p is d∆,A-atomic if and only if there is an A-formula ϕ such that ϕ(p) = 0 and for

any formula ψ(c̄, ȳ) ∈ D(∆(A), c̄) and ā ∈ A, |ψ(q, ā)− ψ(p, ā)| ↓ 1 ≤ ϕ(q) for all

q ∈ Sn(A).

We will make use of the following fact [BY08c].
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Fact 6.5.2. If (X, d) is a topometric space then any continuous function f : X → R is

uniformly continuous with regards to d.

Proposition 6.5.3. Fix a complete first-order theory T , distortion system ∆ for T ,

parameter set C, and tuples ā and b̄ with |ā| = n and |b̄| = m.

(i) tp(b̄/C) is δ∆(C)-atomic and tp(ā/Cb̄) is δ∆(Cb̄)-atomic if and only if tp(āb̄/C) is

δ∆(C)-atomic.

(ii) If tp(b̄/C) is d∆,C-atomic and tp(ā/Cb̄) is d∆,Cb̄-atomic, then tp(āb̄/C) is d∆,C-atomic.

(iii) If tp(āb̄/C) is d∆,C-atomic, then tp(b̄/C) is d∆,C-atomic.

(iv) If ∆ is u.u.c. and tp(āb̄/C) is d∆,C-atomic, then tp(ā/Cb̄) is d∆,Cb̄-atomic.

(v) If tp(b̄/C) is δ∆(C)-atomic or d-atomic, then it is d∆,C-atomic.

Proof. (i, ⇒) Let ϕ(ȳ) be a C-formula witnessing that tp(b̄/C) is δ∆(C)-atomic, and let

ψ(x̄, ȳ) be a C-formula such that ψ(x̄, b̄) witnesses that tp(ā/Cb̄) is δ∆(Cb̄)-atomic. By

the fact above we have that ψ(x̄, ȳ), a function on Sn+m(C), is uniformly continuous in

the metric δ∆(C). Let α : R → R be a modulus of uniform continuity for ψ(x̄, ȳ) with

regards to δ∆(C), i.e. α is a continuous function with α(0) = 0 such that for any tuples

c̄, ē, ū, v̄, |ψ(c̄, ē) − ψ(ū, v̄)| ≤ α(δ∆(C)(tp(c̄ē/C), tp(ūv̄/C))). We may assume that α is

strictly increasing and in particular invertible.

Consider the formula χ(x̄, ȳ) = ψ(x̄, ȳ) +α(ϕ(ȳ)). Pick ε > 0 with ε < 1, and let c̄, ē

be such that χ(c̄, ē) < ε. This implies that ϕ(ē) < α−1(ε), so δ∆(C)(tp(ē/C), tp(b̄/C)) <

α−1(ε). Let (M,N, R) be a structure witnessing this, i.e. R ∈ cor(M, Cē;N, Cb̄) and

dis∆(R) < α−1(ε). Furthermore assume that c̄ ∈M as well, and let ā′ ∈ N be such that
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(c̄, ā′) ∈ R. Now by construction we have that δ∆(C)(tp(ēc̄/C), tp(ā′b̄/C)) < α−1(ε).

This implies that |ψ(c̄, ē)− ψ(ā′, b̄)| < α(α−1(ε)) = ε, so in particular ψ(ā′, b̄) < 2ε, and

by construction δ∆(C)(tp(ā′, b̄/C), tp(āb̄/C)) ↓ 1 < 2ε. By the triangle inequality this

implies that δ∆(C)(tp(c̄ē/C), tp(āb̄/C)) < 2ε+α−1(ε). Since α is strictly increasing, α−1

is strictly increasing and the function ε 7→ 2ε+α−1(e) is invertible. Let f be its inverse.

We now have that f(ψ(x̄, ȳ) ↓ 1) is a formula witnessing that tp(āb̄/C) is δ∆(C)-atomic.

(i,⇐) Let ϕ(x̄, ȳ) be a C-formula witnessing that tp(āb̄/C) is δ∆(C)-atomic. Consider

the formula ψ(ȳ) = inf x̄ ϕ(x̄, ȳ). To see that this witnesses that tp(b̄/C) is δ∆(C)-atomic,

let χ(ȳ) be a ∆(C)-formula such that |= χ(b̄) ≤ 0. Let b̄′ be a tuple such that |= ψ(b̄′) ≤ 0.

In a sufficiently saturated model there exists a tuple ā′ such that |= ϕ(ā′b̄′) ≤ 0, so we

have that b̄′ ≡C b̄. Now let c̄ be any tuple, and assume that ψ(c̄) < ε ≤ 1. That implies

that there exists a tuple ē such that ϕ(ē, c̄) < ε, so δ∆(C)(tp(āb̄/C), tp(ēc̄/C)) < ε. This

implies that δ∆(C)(tp(b̄/C), tp(c̄/C)) < ε as well, so tp(b̄/C) is δ∆(C)-atomic.

Finally, consider the formula ϕ(x̄, b̄). This witnesses that tp(ā/Cb̄) is δ∆(Cb̄)-atomic

by the previous corollary and since ∆(Cb̄) is the same set of formulas as {ϕ(x̄, b̄) :

ϕ(x̄, ȳ) ∈ ∆(C)}.

(ii) We will prove a stronger version of this in Lemma 6.5.4.

(iii) The proof of this is the same as the proof of the corresponding statement in part

(i).

(iv) If ∆ is u.u.c. then d∆,C and δ∆(C) are uniformly equivalent and d∆,Cb̄ and δ∆(Cb̄)

are uniformly equivalent, so the statement follows from part (i).

(v) This follows from the facts that d∆,C ≤ δ∆(C) and d∆,C ≤ d on Sn(C).

Compare this proposition to these analogous non-approximate statements:
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(i) tp(āb̄/C) is topologically isolated in Sn+m(C) if and only if tp(b̄/C) is topologically

isolated in Sm(C) and tp(ā/Cb̄) is topologically isolated in Sn(Cb̄).

(ii) If tp(b̄/C) and tp(ā/Cb̄) are d-atomic, then tp(āb̄/C) is d-atomic.

(iii) If tp(āb̄/C) is d-atomic, then tp(b̄/C) is d-atomic.

(v) If tp(b̄/C) is topologically isolated in Sm(C), then it is d-atomic.

Topological isolation in Sn(C) is of course the same thing as δ∆(C)-atomicity when

∆ is the collection of all formulas.

What fails in the statement ‘tp(āb̄/C) d∆,C-atomic implies tp(b̄/Cā) is d∆,Cā-atomic’

is just the fact that d∆,Cā will in general be larger than d∆,C on Sm(Cā). This is the

exact same phenomenon that happens with the ordinary d-metric.

A slightly beefier version of Proposition 6.5.3 part (ii) will be useful later for ‘approx-

imately constructible’ models. We will prove this for a sequence of singletons for the

sake of notational simplicity, but the proof is the same for a sequence of finite tuples.

Lemma 6.5.4. Let T be a complete theory, ∆ a distortion system for T , C a param-

eter set, ā a tuple of elements, and {bi}i<ω a sequence of elements. If tp(b<i/C) is

d∆,C-atomic for every i < ω and tp(ā/Cb<ω) is d∆,Cb<ω-atomic, then tp(āb<i/C) is

d∆,C-atomic for every i < ω.

Proof. For each i < ω, let ϕi(y0, . . . , yi−1) be a [0, 1]-valued C-formula witnessing that

tp(b<i/C) is d∆,C-atomic, and let ψ(x̄, ȳ) be a C-formula such that ψ(x̄, b<ω) witnesses

that tp(ā/Cb<ω) is d∆,Cb<ω -atomic. Since ψ(x̄, ȳ) can be realized as a uniformly con-

vergent limit of formulas in finitely many variables, we have that ψ(x̄, ȳ) is uniformly
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continuous with regards to the metric

d†(x̄ȳ, x̄′ȳ′) = sup
i<ω

2−id∆,C(tp(x̄y<i/C), tp(x̄′y′<i/C)).

Let α be a modulus of uniform continuity for ψ with regards to d†. We may assume that

α is strictly increasing and so in particular invertible. Consider the formulas

χj(x̄, y0, . . . , yj−1) = inf
yj ,yj+1,...

ψ(x̄, ȳ) + sup
i<ω

2−iα(ϕi(y<i)).

(Despite appearances these are first-order formulas.) For any ā′b′<i such that |= χi(ā
′b′<i) ≤

0 there is an elementary extension with an ω-tuple b′ib
′
i+1 . . . such that |= ψ(ā′, b′<ω) ≤ 0

and |= ϕi(b<i) ≤ 0 for each i < ω, so ā′b′<i ≡C āb<i.

Let β : R → R be a continuous strictly increasing function with β(0) = 0 that

witnesses Proposition 6.4.5 part (i) in this situation, i.e. for every ε > 0 if there are

models M,N |= T both containing C, tuple m̄ ∈ M and n̄, b̄ ∈ N, and an R ∈

cor(M, Cm̄;N, Cn̄) with dis∆(R), dN(n̄, b̄) ≤ β(ε), then d∆,C(tp(m̄/C), tp(n̄/C)) ≤ ε.

Pick ε > 0 with ε ≤ 1 and j < ω, and let c̄e<j be a tuple such that

|= χj (c̄, e<j) <
1

2
β−1

(
1

2
ε

)
↓ 2−jβ−1

(
α−1

(
1

2
β−1

(
1

2
ε

))
↓ 2−j−1ε

)
.

Let ejej+1 . . . be a tuple witnessing the infimum in χj(c̄, e<j), so in particular

|= ψ (c̄, e<ω) <
1

2
β−1

(
1

2
ε

)
↓ 2−jβ−1

(
α−1

(
1

2
β−1

(
1

2
ε

))
↓ 2−j−1ε

)
.
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We also have that |= 2−jϕj(e<j) < 2−jβ−1(α−1(1
2
β−1(1

2
ε)) ↓ 2−j−1ε), so

d∆,C (tp (e<k/C) , tp (b<j/C)) < β−1

(
α−1

(
1

2
β−1

(
1

2
ε

))
↓ 2−j−1ε

)
.

By Proposition 6.4.5 part (ii) we can find a triple (M,N, R) such that e<j ∈M, b<j ∈ N,

R ∈ cor(M, Ce<j;N, Cn̄), and there is a tuple n̄ ∈ N such that dN(n̄, b<j) and dis∆(R)

are both less than β−1(α−1(1
2
β−1(1

2
ε)) ↓ 2−j−1ε). We may assume that all of b<ω is in

N.

If we let ā′ ∈ N be a tuple such that (ē, ā′) ∈ R, then we have that d∆,C(tp(c̄e<k/C),

tp(ā′b<k/C)) < α−1(1
2
β−1(1

2
ε)) ↓ 2−j−1ε, for each k ≤ j, by Proposition 6.4.5 part (i).

By construction this implies that

d† (c̄e<ω, ā
′b<ω) < α−1

(
1

2
β−1

(
1

2
ε

))
↓ 2−j−1ε.

Now by the choice of α we get that |ψ(c̄, e<ω)−ψ(ā′, b<ω)| < 1
2
β−1(1

2
ε) and in particular

ψ(ā′, b<ω) < β−1(1
2
ε), since ψ(c̄, e<ω) < 1

2
β−1(1

2
ε).

This implies that d∆,Cb<ω(tp(ā′/Cb<ω), tp(ā/Cb<ω)) < β−1(1
2
ε). Proposition 6.4.5

now implies that d∆,C(tp(ā′b<j/C), tp(āb<j/C)) < 1
2
ε.

Since d†(c̄e<ω, ā
′b<ω) < 2−j−1ε, we have by definition that

2−jd∆,C (tp (c̄e<j/C) , tp (ā′b<j)) < 2−j−1ε

and so d∆,C(tp(c̄e<j/C), tp(ā′b<j/C)) < 1
2
ε.

By the triangle inequality we have that d∆,C(tp(c̄e<j/C), tp(āb<j/C)) < 1
2
ε+ 1

2
ε = ε.

Since we can do this for any ε > 0 and j < ω, we have that tp(āb<j/C) is d∆,C-atomic
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for every j < ω.

6.6 Approximate Categoricity

Given an approximate notion of isomorphism it is natural to consider a corresponding

notion of approximate categoricity.

Definition 6.6.1. Fix a theory T and a distortion system ∆ for T .

• T is ∆-κ-categorical if for any two models M,N |= T of density character κ,

a∆(M,N) = 0.

• T is strongly ∆-κ-categorical if for any two models M,N |= T of density character

κ, M ∼∼∼∆ N. C

Of course ∆-κ-categoricity and strong ∆-κ-categoricity are equivalent when ∆ is

regular. The motivating examples of distortion systems are regular and certainly strong

∆-κ-categoricity is the more compelling notion, but all of the results in this section easily

generalize to what we are calling ∆-κ-categoricity, with no apparent gain from assuming

strong ∆-κ-categoricity and no clear way to characterize strong ∆-κ-categoricity. This,

together with the necessity of introducing a weaker version of ∆-κ-categoricity in Section

6.6.2, lead us to this naming convention.

Of course a natural question is whether or not this distinction even matters.

Question 6.6.2. Does there exist a theory T , a distortion system ∆ for T , and an

infinite cardinal κ such that T is ∆-κ-categorical but not strongly ∆-κ-categorical?
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6.6.1 Separable Categoricity

We can restate Ben Yaacov’s generalization of the Engeler–Ryll-Nardzewski–Svenonius

theorem to the context of perturbations in our language. In this section we will extend

this result to distortion systems in general.

Theorem 6.6.3 (Ben Yaacov [BY08b]). Let T be a complete theory with non-compact

models in a countable language and ∆ a functional distortion system for T .

• The following are equivalent.

– T is ∆-ω-categorical.

– For every finite tuple of parameters ā and n < ω, every type in Sn(ā) is weakly

d∆-atomic-in-Sn(ā).

– The same but with n restricted to 1.

• If (Sn(T ), d∆) is metrically compact for every n < ω (equivalently if every ∅-type

is d∆-isolated), then T is ∆-ω-categorical.

d∆ on S1(ā) is the restriction of d∆ on S1+|ā|(T ) to the subspace corresponding to

S1(ā). This is d̃p in Ben Yaacov’s notation. Note that d∆ on S1(ā) is not the same

thing as d∆,ā on S1(ā). For example, if ∆ is the collection of all formulas, so that ρ∆

corresponds to isomorphism, then d∆ = d for the type spaces Sn(T ), but over parameters

the topometric space (Sn(ā), d), where d is the ordinary d-metric on Sn(ā), is not the

same topometric space as (Sn(ā), d∆) = (Sn(ā), dSn+|ā|(T )) in general, where dSn+|ā|(T ) is

the d-metric on Sn+|ā|(T ).

Lemma 6.6.4. Fix a countable first-order theory T and a distortion system ∆ for T .

For any type p(x̄) ∈ Sn(T ) for some n, and any extension q(x̄, ȳ) ∈ Sn+m(T ), there is
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a separable model M |= T such that M realizes p and for any n-tuple ā ∈ M and any

ε > 0 there is an m-tuple b̄ ∈M such that d∆(q, tp(āb̄)) < d∆(p, tp(ā)) + ε.

Proof. Let M0 be a countable pre-model of T realizing p. Proceed inductively. At stage

i, given Mi, a countable pre-model of T , find Mi+1 � Mi such that for every n-tuple

ā ∈Mi there is an m-tuple b̄ ∈Mi+1 such that d∆(q, tp(āb̄)) < d∆(p, tp(ā)) + 2−i. Note

that this is always possible since d∆ has the extension property.

Now let M be the completion of the union
⋃
i<ωMi. Let ā be an n-tuple in M.

For any ε > 0, find āi ∈ Mi such that d(ā, āi) <
1
3
ε and such that 2−i < 1

3
ε. Then

by construction there is b̄ ∈ M such that d∆(q, tp(āib̄)) < d∆(p, tp(āi)) + 1
3
ε. This

implies that d∆(q, tp(āib̄)) < d∆(p, tp(ā)) + 2
3
ε, but we also have that d∆(q, tp(āb̄)) <

d∆(q, tp(āib̄)) + d(āib̄, āb̄). Finally d(āib̄, āb̄) = d(āi, ā) < 1
3
ε, so putting this together

gets d∆(q, tp(āb̄)) < d∆(q, tp(āib̄)) + ε, as required.

Definition 6.6.5. A structure M is approximately ∆-ω-saturated if for every ā ∈ M,

every p ∈ Sn(ā), and every ε > 0, there is b̄ ∈M such that d∆(p, tp(āb̄)) < ε. C

When ∆ is the collection of all formulas, a structure is approximately ∆-ω-saturated

if and only if it is approximately ω-saturated, hence the redundant sounding name.

Proposition 6.6.6. A structure M is approximately ∆-ω-saturated if and only if it is

for 1-types, i.e. for every ā ∈M, every p ∈ S1(ā), and every ε > 0, there is b ∈M such

that d∆(p, tp(āb)) < ε.

Proof. The ⇒ direction is obvious, so we only need to show that if M is ∆-ω-saturated

for 1-types, then it is ∆-ω-saturated.

Let ā ∈M be a tuple, and let p ∈ Sn(ā) be some type. Pick ε > 0. For each i with

0 < i ≤ n, let pi be the restriction of p to the first i variables.
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First find b1 ∈M such that d∆(p1, tp(āb1)) < ε
n
.

Now at any stage i ≥ 1, given b1 . . . bi, find qi+1 ∈ S1(āb1 . . . bi) such that d∆(pi+1, qi+1) =

d∆(pi, tp(āb1 . . . bi)).

Lemma 6.6.7. If M is approximately ∆-ω-saturated, then for every tuple ā and every

type p(ā, ȳ) ∈ Sn(ā) and ε > 0 there is b̄c̄ ∈M such that d(ā, b̄) < ε and δ∆(p, tp(b̄c̄)) < ε.

Proof. Pick ε > 0. Let b̄0 = ā, and find c̄0 such that d∆(p, tp(b̄0c̄0)) < 1
2
ε. By Proposition

6.4.5 there exists a type q0 such that δ∆(p, q0) < 1
2
ε and d(q0, tp(b̄0c̄0)) < 1

2
ε. Let r0

be a completion of the type {d(b̄0c̄0, x̄ȳ) < 1
2
ε, q0(x̄, ȳ)} (i.e. a type in twice as many

variables).

Now at stage i, given b̄ic̄i and ri, find b̄i+1c̄i+1 such that d∆(ri, tp(b̄ic̄ib̄i+1c̄i+1)) <

2−i−1ε. So in particular d∆(qi, tp(b̄i+1c̄i+1)) < 2−i−1ε. By Proposition 6.4.5 there exists

a type qi+1 such that δ∆(qi, qi+1) < 2−i−1ε and d(qi+1, tp(b̄i+1c̄i+1)) < 2−i−1ε. Let ri+1

be a completion of the type {d(b̄i+1c̄i+1, x̄ȳ) < 2−i−1ε, qi+1(x̄, ȳ)}.

Now by construction {b̄ic̄i}i<ω is a Cauchy sequence in d. Let it limit to b̄c̄. By con-

struction we have that d(ā, b̄) < ε. {qi}i<ω is also a Cauchy sequence in δ∆. Let it limit to

q. By construction we have that δ∆(p, q) < ε. Furthermore since d(qi+1, tp(b̄i+1c̄i+1)) <

2−i−1ε, we have that b̄c̄ |= q, so in particular δ∆(p, tp(b̄c̄)) < ε, as required.

Proposition 6.6.8. For any countable theory T (not necessarily complete) and distor-

tion system ∆ for T , if M,N |= T are separable models that are both approximately ∆-ω-

saturated, then a∆(M,N) is as small as possible, i.e. a∆(M,N) = δ∆(Th(M),Th(N)).

In particular if M ≡ N then a∆(M,N) = 0.

Proof. Pick ε > δ∆(Th(M),Th(N)). Let {m2i}i<ω be an enumeration of a tail-dense (i.e.

every final segment is dense) sequence in M, and let {n2i+1}i<ω be a tail-dense sequence
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in N. We will construct an almost correlation between M and N with a back-and-forth

argument with the typical continuous modification that the sequence built will need to

‘slide around’ a little at each stage to make things line up.

{aji}j≤i<ω will be an array of elements of M and {bji}j≤i<ω will be an array of elements

of N chosen so that for each fixed i, aji and bji are Cauchy sequences in j. Their limits,

aωi and bωi , will be the desired correlation with distortion ≤ ε.

On stage 0, let a0
0 = m0, and find b0

0 such that

δ∆(tp(a0
0), tp(b0

0)) = δ∆(Th(M),Th(N)) < ε.

On odd stage 2k+1, let b2k+1
i = b2k

i for i < 2k+1, and let b2k+1
2k+1 = n2k+1. By the induction

hypothesis, δ∆(tp(a2k
≤2k), tp(b2k

≤2k)) < ε. Let p2k+1 be an extension of the type tp(a2k
≤2k)

such that δ∆(tp(a2k
≤2k), tp(b2k

≤2k)) = δ∆(p2k+1, tp(b2k+1
≤2k+1)). Now by Lemma 6.6.7 we can

find a2k+1
≤2k and a2k+1

2k+1 such that dM(a2k
≤2k, a

2k+1
≤2k ) < 2−k and with δ∆(p2k+1, tp(a2k+1

≤2k+1))

small enough that δ∆(tp(a2k+1
≤2k+1), tp(b2k+1

≤2k+1)) < ε.

On even stage 2k + 2 we do the same with the roles reversed.

Now clearly for each fixed i, aji and bji are Cauchy sequences in j, so let aωi and bωi

be their limits. Note that dM(aω2k,m2k) ≤ 2−2k+1 and similarly for bω2k+1 and n2k+1, so

we have that {aωi }i<ω is dense in M and {bωi }i<ω is dense in N by the tail-density of the

sequences {m2i} and {n2i+1}. So R = {(aωi , bωi ) : i < ω} is an almost correlation between

M and N.

By induction we have for each j < ω that δ∆(tp(ak≤j), tp(bk≤j)) < ε for all k such that

this quantity is defined. By lower semi-continuity of δ∆ this implies that δ∆(tp(aω≤j),

tp(bω≤j)) ≤ ε for all j < ω. Therefore we have that dis∆(R) ≤ ε as well.
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Since we can do this for any ε > δ∆(Th(M),Th(N)), we have that a∆(M,N) ≤

δ∆(Th(M),Th(N)). Since a∆(M,N) ≥ δ∆(Th(M),Th(N)) always holds, we have a∆(M,

N) = δ∆(Th(M),Th(N)), as required.

Corollary 6.6.9. If ∆ is a regular distortion system and M,N |= T are approximately

∆-ω-saturated separable models then ρ∆(M,N) = δ∆(Th(M),Th(N)). In particular if

M ≡ N, then M ∼∼∼∆ N.

Proposition 6.6.10. For any countable complete theory T and distortion system ∆

for T , if T is ∆-ω-categorical, then every separable model of T is approximately ∆-ω-

saturated.

Proof. Fix a separable M |= T . Fix ā ∈ M and p(x̄, ā) ∈ Sm(ā). Let N be the

model for tp(ā) and p guaranteed by the previous lemma. Pick γ > 0. Find δ > 0

according to Proposition 6.4.5 (ii) with ε < 1
4
γ. Without loss assume that δ < 1

4
γ.

Let R ∈ acor(M,N) be closed and have dis∆(R) < δ. Find ā′ in the domain of R

such that dM(ā, ā′) < δ, and let b̄ ∈ N be such that (ā′, b̄) ∈ R. By passing to an

ℵ1-saturated elementary extension of (M,N, R) and by using Proposition 6.4.5 we get

that d∆(tp(ā), tp(b̄)) ≤ ε < 1
4
γ.

This implies that there exists c̄ ∈ N such that d∆(p, tp(b̄c̄)) < d∆(tp(ā), tp(b̄)) +

1
4
γ. Now find c̄′ ∈ N in the range of R such that dN(c̄, c̄′) < 1

4
γ. Now we have that

d∆(p, tp(b̄c̄′)) < d∆(p, tp(b̄c̄)) + d(c̄, c̄′) and thus d∆(p, tp(b̄c̄′)) < d∆(p, tp(b̄c̄)) + 1
4
γ.

Putting this all together gives that d∆(p, tp(b̄c̄′)) < 3
4
γ.

Now find ē ∈ M such that (ē, c̄′) ∈ R, so in particular we have that (ā′ē, b̄c̄′) ∈ R.

By passing to an ℵ1-saturated elementary extension of (M,N, R) and using Proposition

6.4.5 again, we have that d∆(tp(āē), tpb̄c̄′) ≤ ε < 1
4
γ. By the triangle inequality this
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gives that d∆(p, tp(āē)) < 1
4
γ + 3

4
γ = γ.

Since we can do this for any separable M |= T , any ā, any p ∈ Sm(ā), and any γ > 0,

we have that every separable models of T is approximately ∆-ω-saturated.

Corollary 6.6.11. A countable theory T with distortion system ∆ is ∆-ω-categorical if

and only if every separable model is approximately ∆-ω-saturated.

Proposition 6.6.12. Fix a countable complete theory T and a distortion system ∆ for

T . For any parameters ā and a type p(x̄, ā) ∈ Sn(ā) the following are equivalent:

• For every M |= T containing b̄ ≡ ā and for every ε > 0, there is c̄ ∈M such that

d∆(p(x̄, b̄), tp(c̄b̄)) < ε.

• p is weakly d∆-atomic-in-Sn(ā).

Proof. The second bullet point clearly implies the first bullet, since if p is weakly

d∆-atomic-in-Sn(ā), then for every ε > 0, intSn(ā)B
d∆
≤ε (p) is non-empty and non-empty

open subsets of type space are always realized.

So assume that the second bullet point fails. This implies that there is an ε > 0

such that intSn(ā)B
d∆
≤ε (p) = ∅. intSn(ā)B

d∆
≤ε (p) is a closed set, so we can build a pre-model

M0 3 ā omitting it. Passing to the completion M = M0, note that any type realized in

M must be in the metric closure under the ordinary d-metric of the set of types realized

in M0, but since d ≥ d∆ this implies that they’re in the metric closure under d∆ of the

set of types realized in M0, so we have that any type q ∈ Sn(ā) realized in M must have

d∆(p, q) ≥ ε, contradicting the first bullet point.

Theorem 6.6.13. For any countable complete theory T and distortion system ∆ for T ,
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(i) T is ∆-ω-categorical if and only if for every tuple of parameters ā and every n < ω,

every p ∈ Sn(ā) is weakly d∆-atomic-in-Sn(ā).

(ii) Same as the previous statement but only considering types in S1(ā).

(iii) If every Sn(T ) is metrically compact relative to d∆, then T is ∆-ω-categorical.

Proof. (i) If T is ∆-ω-categorical then for any finite tuple ā, any type p(x̄, ā), and any

separable model M 3 ā, the condition in the first bullet point of Proposition 6.6.12

holds (since M is approximately ∆-ω-saturated), i.e. the type must be ‘approximately

realized.’ Therefore p must be weakly d∆-atomic-in-Sn(ā).

Conversely, if for every ā and p ∈ Sn(ā), p is weakly d∆-atomic-in-Sn(ā), then by

Proposition 6.6.12 no type over a tuple of parameters can be ‘approximately omitted,’

i.e. the first bullet point in Proposition 6.6.12 always holds. This implies that every

separable model of T is approximately ∆-ω-saturated, therefore T is ∆-ω-categorical.

(ii) Clearly if every p ∈ Sn(ā) is weakly d∆-atomic-in-Sn(ā), then the same is true

restricting n to 1.

So assume that for every finite tuple of parameters ā, every p ∈ S1(ā) is weakly

d∆-atomic-in-S1(ā). It’s clear that the proof of Proposition 6.6.8 only requires approxi-

mate ∆-ω-saturation for 1-types, so we get that for any two separable models M,N |= t,

a∆(M,N) = 0, i.e. T is ∆-ω-categorical.

(iii) This is enough to imply that every Sn(ā) is metrically compact with regards to

d∆ as well (since d∆ is just the restriction to Sn(ā) as a subspace of Sn+|ā|(T )). Therefore

every p ∈ Sn(ā) is d∆-atomic, and therefore in particular weakly d∆-atomic.

Corollary 6.6.14. If T is a countable theory, ∆ is a distortion system for T , ā is any

tuple of parameters, and T is ∆-ω-categorical, then Tā is D(∆, ā)-ω-categorical, i.e. for
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any two separable models M,N |= Tā and ε > 0 there is an almost correlation R between

M and N such that dis∆(R) < ε and for all (m̄, n̄) ∈ R, |dM(m̄, āM)− dN(n̄, āN)| < ε.

Proof. Unpacking definitions gives that dD(∆,ā) in Sn(āb̄) is the same thing as d∆ in

Sn(āb̄). So we clearly have that Tā is D(∆, ā)-ω-categorical. All we need to do is verify

that the alternative statement of D(∆, ā)-ω-categoricity is equivalent, but this follows

from the definition of D0(∆, ā).

Note that in particular if ∆ is the collection of all formulas, so that ∆-ω-categoricity

corresponds to ω-categoricity, then D(∆, ā)-ω-categoricity is not the same thing as ω-

categoricity for Tā. Rather, it says that given any two separable models M,N |= Tā, for

any ε > 0 there is an isomorphism f : M ∼= N such that d(f(āM), āN) < ε. Similar weak-

enings occur when ∆ is a distortion system with an ‘obvious’ extension to Tā, although

in some cases, such as with the Gromov-Hausdorff distance, the obvious extension is

equivalent to D(∆, ā) (in particular because δ∆ and d∆ are uniformly equivalent).

Recall the definition of the ‘elementary Gromov-Hausdorff distance’ (Definition 6.2.3).

Corollary 6.6.15. If a countable theory T is eGHK-ω-categorical, then it is ω-categorical.

Proof. δeGHK = d and for any type p ∈ Sn(T ) (it is important that there are no pa-

rameters), p is weakly d-atomic if and only if it is d-atomic. Every type in Sn(T )

being d-atomic is equivalent to Sn(T ) being metrically compact, so it follows that T is

ω-categorical.

It may seem that there is a contradiction here, given the knowledge that ordi-

nary ω-categoricity isn’t always preserved under adding constants. This stems from

the fact that given a theory T and the corresponding eGHK(T ), eGHK(T )(ā) is not
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the same thing as eGHK(Tā) and the difference is related to what happens with ω-

categorical theories that fail to be ω-categorical after adding constants. Witnesses for

ρeGHK(T )(ā)(M,N) < ε for M,N |= Tā are elementary embeddings f : M � C and

g : N � C such that dCH(f(M), g(N)) < ε and dC(f(ā), g(ā)) < ε. On the other hand

witnesses for ρeGHK(Tā)(Mā,Nā) < ε require that f(ā) = g(ā) because in this case we’re

thinking of the big model C as a model of Tā and we need f and g to be elementary

embeddings for Tā, not just T .

We were unable to show the analogous result for uncountable cardinalities but we

were also unable to construct a counterexample, so a natural question arises.

Question 6.6.16. Does there exist a countable theory T and an uncountable cardinality

κ such that T is eGHK-κ-categorical but not κ-categorical?

This question is obviously trivial in single-sorted discrete theories, but there is a

specific case of it with a many-sorted discrete theory that is non-trivial and can be

resolved negatively (i.e. eGHK-κ-categoricity implies κ-categoricity). If we have a many-

sorted discrete theory with sorts {Si}i<ω and we take the metric on sort Si to be {0, 2−i}-

valued, then the question is non-trivial. This is equivalent to taking a Morleyized many-

sorted language L and letting Li be the set of all formulas with free variables in the

first i sorts (but, crucially, we’re implicitly allowing quantification over arbitrarily high

sorts). Assume that such a theory is eGHK-κ-categorical for some uncountable κ. By

Corollary 6.6.34 in the next section, this implies that it is GHK-λ-categorical for every

uncountable λ (since this is a discrete theory). Therefore it cannot have any Vaughtian

pairs. Now to show that it is actually uncountably categorical we just need to show that

it is ω-stable. What we have is that it is eGHK-ω-stable (as defined in the next section).
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Unpacking the definition in this case, this implies that it cannot have an infinite binary

tree whose parameters all come from a finite collection of sorts (whereas in principle a

binary tree in general could have parameters from all of the sorts). However, by stability

and in particular the fact that the sorts are stably embedded, all of the formulas in the

binary tree are definable with parameters from the sort that the tree is in, so we have

that in this case eGHK-ω-stability implies ω-stability. Therefore the theory is actually

uncountably categorical. By the results of [Han20], this is enough to resolve Question

6.6.16 in the context of continuous theories with totally disconnected type spaces (which

include ω-stable ultrametric theories) since these are bi-interpretable with many-sorted

discrete theories.

6.6.2 Inseparable Approximate Categoricity

Definition 6.6.17. For any topological space X and metric d : X2 → R, a (d, ε)-perfect

tree in X is a family of non-empty closed sets {Fσ}σ∈2<ω such that for any σ ∈ 2<ω and

i < 2, Fσ_i ⊂ intXFσ and dinf(Fσ_0, Fσ_1) > ε. C

Definition 6.6.18. Fix a complete theory T and a distortion system ∆ for T .

• T is ∆-κ-stable if for any parameter set A of size ≤ κ, #dc(S1(A), d∆,A) ≤ κ.

• T is ∆-totally transcendental or ∆-t.t. if for any parameter set A there does not

exist a (d∆,A, ε)-perfect tree in S1(A). C

Proposition 6.6.19. Fix a theory T and a distortion system ∆ for T .

(i) If T is ∆-ω-stable, then it is ∆-t.t.

(ii) If T is ∆-t.t., then it is ∆-κ-stable for any κ ≥ |L|.
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(iii) If T is countable and ∆-κ-stable for some κ = κω, then it is stable. In particular

a ∆-ω-stable countable theory is stable.

Proof. (i) Assume that for some set of parameters A and some ε > 0 there is a (d∆,A, ε)-

perfect tree {Fσ}σ∈2<ω in S1(A).

Fix σ ∈ 2<ω. Fix p ∈ Fσ_0 and q ∈ Fσ_1. We have by assumption that d∆,A(p, q) >

ε. This implies that there exists a D(∆(A), c̄)-sentence, ϕσ,p,q, such that |ϕσ,p,q(p) −

ϕσ,p,q(q)| > ε. There are open sets U 3 p and V 3 q such that for all r ∈ U and s ∈ V ,

|ϕσ,p,q(r) − ϕσ,p,q(s)| > ε. Therefore by compactness there is a finite collection Σσ of

D(∆(A), c̄)-sentences such that for any p ∈ Fσ_0 and q ∈ Fσ_1 there is a ϕ ∈ Σσ such

that |ϕ(p)− ϕ(q)| > ε.

For each σ ∈ 2<ω, let ψσ be a restricted A-formula such that Jψσ ≤ 2
3
K ⊆ intS1(A)Fσ

and such that Fσ_0, Fσ_1 ⊆ Jψσ < 1
3
K. Now let A0 be the collection of all parameters

used in some ϕ ∈ Σσ or ψσ for some σ ∈ 2<ω. Note that A0 is a countable set of

parameters. For each σ ∈ 2<ω, let Gσ = Jψσ ≤ 2
3
K, and note that by construction for

any σ ∈ 2<ω and i < 2, Gσ_i ⊆ intS1(A0)Gσ.

To verify that {Gσ}σ∈2<ω is a (d∆,A0 , ε)-perfect tree in S1(A0) we now just need to

verify that d∆,A0(p, q) > ε for any p ∈ Gσ_0 and q ∈ Gσ_1, but this follows easily from

the inclusion of the parameters from Σσ. For any such p, q there is some sentence ϕ ∈ Σσ

such that |ϕ(p)−ϕ(q)| > ε. So we have that {Gσ} is a (d∆,A0 , ε)-perfect tree. Therefore

#dc(S1(A0), d∆,A0) ≥ 2ℵ0 and T is not ∆-ω-stable.

(ii) Suppose that T fails to be ∆-κ-stable for some κ ≥ |L|. Let A be a collection of

parameters of cardinality ≤ κ such that #dc(S1(A), d∆,A) > κ. This implies that there

is some ε > 0 such that ent>ε(S1(A), d∆,A) ≥ κ+.

Let B be a base for the topology of S1(A) of cardinality κ (this exists because κ ≥ |L|).
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Define a transfinite sequence of closed subsets:

• X0 = S1(A),

• Xα+1 = Xα r
⋃
{U ∈ B : ent>ε(U ∩Xα) ≤ κ}, and

• Xλ =
⋂
α<λXα for λ a limit or ∞.

For each U ∈ B, let α(U) be the smallest ordinal such that ent>ε(U ∩ Xα(U)) ≤ κ if

it exists, and ∞ otherwise. Let β = sup{α(U) : α(U) < ∞}. Since κ+ is a regular

cardinal, we must have that β < κ+. In particular this implies that Xβ = Xβ+1 = X∞.

Now assume that Xβ = ∅. Let Y be a (> ε)-separated subset of S1(A) of cardinality

κ+ (this must exist because κ+ is a regular cardinal). Since κ+ is a regular cardinal, there

must be some α such that |Y ∩ (XαrXα+1)| = κ+. Furthermore since B has cardinality

κ this implies that there must be a U ∈ B such that |Y ∩(XαrXα+1)∩U | = κ+, but this

implies that ent>ε(U ∩Xα) ≥ κ+, which is a contradiction. Therefore Xβ is non-empty.

Now Xβ must have the property that for any U ∈ B, ent>ε(U ∩ Xβ) ≥ κ+, so in

particular in any non-empty open subset of Xβ there exists p, q with d∆,A(p, q) > ε.

Let F∅ = S1(A). For each σ ∈ 2<ω, given Fσ, a closed set whose interior has

non-empty intersection with Xβ, find p, q ∈ Xβ ∩ intS1(A)Fσ such that d∆,A(p, q) > ε.

Find Fσ_0, a closed set such that p ∈ intS1(A)Fσ_0, Fσ_0 ⊂ intS1(A)Fσ, and such that

Fσ_0 ∩ B
d∆,A

≤ε (q) = ∅. Then find a Fσ_1, a closed set such that q ∈ intS1(A)Fσ_1,

Fσ_1 ⊂ intS1(A)Fσ, and such that Fσ_1∩F
d∆,A≤ε
σ_0 = ∅. Then by construction {Fσ}σ∈2<ω

is a (d∆,A, ε)-perfect tree, so T is not ∆-t.t.

(iii) The cardinality of a complete metric space of density character λ is always either

λ or λω. This implies that the cardinality of S1(A) for any set of parameters A with
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|A| ≤ κ must be ≤ κ, since it’s d∆,A-density character is ≤ κ = κω. Therefore T is stable

with regards to the discrete metric and in particular stable.

Proposition 6.6.20. For any theory T and distortion system ∆ for T , if T is ∆-t.t.,

then for any set of parameters A and any closed set F ⊆ Sn(A), d∆(A)-atomic-in-F types

are dense in F .

Proof. This is follows from Corollary 3.8 of [BY08c].

Proposition 6.6.21. For any countable first-order theory T , there are models of any

density character that only realize separably many types over countable parameter sets.

Proof. This follows from Proposition 3.37 of [BY05].

Corollary 6.6.22. If a countable theory T with distortion system ∆ is ∆-κ-categorical

for uncountable κ, then T is ∆-ω-stable, so in particular it is ∆-t.t. and ∆-κ-stable for

every κ ≥ ℵ0.

Proof. Assume that T is not ∆-ω-stable. Then there is some countable parameter set

A and an ε > 0 such that there is an uncountable (d∆,A > ε)-separated set of types P

in S1(A). Let M be a model of density character κ that realizes A and every element of

P . Let N be a model of T of density character κ such that for any countable B ⊂ N,

the set of types in S1(B) realized in N is separable with respect to the d-metric.

Find a δ > 0 small enough that δ∆(tp(ab), tp(ce)) < δ then |d(a, b) − d(c, e)| < ε
9
.

Find an almost correlation R between M and N with dis∆(R) < ε
9
↓ δ. By replacing

each element of A with a Cauchy sequence if necessary we may assume that A is in the

domain of R (extending each element of P so that they are still realized in M, note that
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they are still (d∆,A > ε)-separated). Let B be some ω-tuple of elements of N correlated

with A by R.

Now for each p ∈ P , find a type p′ with d(p, p′) < ε
3

such that p′ is still realized in

M but by something in the domain of R. P ′ is now (d∆,A >
ε
3
)-separated. Now for each

p′ ∈ P , let q ∈ S1(B) be a type such that q is realized in N by something correlated to

a realization of p′ in M. Let Q be the collection of these types.

By unpacking definitions we have that for any countable parameter set E, the met-

ric d∆,E on S1(E) is equivalent to the metric δωD(∆,c) restricted to S1(E) as a subspace

of Sω(Tc), where the ω variables correspond to an enumeration of E, c is a fresh con-

stant symbol corresponding to the free variables in the types in S1(E), and Tc is the

(incomplete) theory of T with an extra constant (and no new axioms).

Pick q0, q1 ∈ Q, corresponding to p′0, p
′
1 ∈ P ′. The choice of δ implies that δωD(∆,c)(p

′
0, q0) <

ε
9

and δωD(∆,c)(q1, p
′
1) < ε

9
. Since

d∆,A(p′0, p
′
1) ≤ δωD(∆,c)(p

′
0, q0) + δωD(∆,c)(q0, q1) + δωD(∆,c)(q1, p

′
1) and

d∆,A(p′0, p
′
1) ≤ δωD(∆,c)(p

′
0, q0) + d(q0, q1) + δωD(∆,c)(q1, p

′
1),

this implies that d(q0, q1) > ε
3
− 2ε

9
= ε

9
. So Q is (d > ε

9
)-separated which is a contradic-

tion. Therefore T is ∆-ω-stable.

Definition 6.6.23. For a countable theory T with distortion system ∆, a model M |= T

is ∆-κ-saturated if for any A ⊆M with |A| < κ, M realizes a d∆,A-dense subset of S1(A).

If #dcM = κ, we say that M is ∆-saturated. C

When ∆ is the collection of all formulas, a structure is ∆-κ-saturated if and only if

it is κ-saturated.
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At this point there is a notable omission. Given M,N |= T , both ∆-saturated with

the same uncountable density character, it’s unclear whether or not we can conclude

ρ∆(M,N) = 0. If we could then we would be able to prove the full analog of Morley’s

theorem for distortion systems.

Proposition 6.6.24. If T is a complete, countable, ∆-κ-stable theory with non-compact

models for ∆, a distortion system for T , then for every uncountable regular λ ≤ κ, T

has a ∆-λ-saturated model of density character κ.

Proof. Let M0 be any pre-model of density character and cardinality κ. Form a con-

tinuous elementary chain {Mi}i<λ of length κ of pre-models of density character and

cardinality κ such that for each i, Mi+1 realizes a d∆,Mi
-dense set of types in S1(Mi).

Finally let M be the completion of the union. Clearly #dcM = κ. Any subset A of

M of cardinality < λ is in the closure of some Mi. Then S1(MiA) = S1(Mi), so we have

that a d∆,MiA-dense subset of S1(MiA) is realized in M. This implies that a d∆,A-dense

subset of S1(A) is realized in M, and so M is ∆-λ-saturated.

Corollary 6.6.25. If a countable theory T with distortion system ∆ is ∆-κ-categorical

for some κ ≥ ℵ1, then every model of T of density character κ is ∆-saturated.

Proof. Let M be a model of T of density character κ ≥ ℵ1. For any regular uncountable

λ ≤ κ, let N be a ∆-λ-saturated model of T of density character κ. Let A ⊂M be any

subset of cardinality < λ. Pick p ∈ S1(A) and ε > 0. Find a δ > 0 small enough that

δ∆(tp(ab), tp(ce)) < δ then |d(a, b)− d(c, e)| < ε
3
. Find an almost correlation R between

M and N with distortion < ε
3
↓ δ. Every element of A is a metric limit of points in

the domain of R. Let A′ be a set containing a sequence limiting to each element of A

(note that we still have |A′| < λ), and let p′ be some extension of p to S1(A′). Go to a
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large enough elementary extension of (M,N, R) that p′ is realized over A′ by some m

and such that R is a correlation. Let B ⊆ N be correlated to A′ by R so that |B| < λ,

and let e be correlated to m in the elementary extension. Let q be tp(e/B).

By ∆-λ-saturation, there is some type r ∈ S1(B) such that N realizes r with some

e′ and d∆,B(q, r) < ε
5
. Find e′′ such that d(e′, e′′) < ε

3
and such that e′′ is correlated to

some m′ ∈M by R.

Just like in the proof of Corollary 6.6.22, we have that

d∆,A(p′, tp(m′/A′)) ≤ δωD(∆(A),c)(p
′, q)

+ d(e′, e′′)

+ δωD(∆(A),c)(tp(e′′/B), tp(m′/A′)),

where we’re thinking of A and B as ω-tuples when computing δωD(∆(A),c). So we have

that d∆,A(p′, tp(m′/A′)) < ε
3

+ ε
3

+ ε
3

= ε.

Since we can do this for any A with |A| < λ, any p ∈ S1(A), and any ε > 0, we have

that M is ∆-λ-saturated. Since we can do this for any regular λ ≤ κ, we have that M

is ∆-saturated.

Definition 6.6.26. We say that T is weakly ∆-κ-categorical if every model of T of

density character κ is ∆-saturated. C

It’s immediate from Proposition 6.6.21 that a weakly ∆-κ-categorical theory for some

uncountable κ is ∆-ω-stable.

Definition 6.6.27. Let T be a complete theory and ∆ a distortion system for T .

• For any parameter set A, a ∆-construction over A is a sequence {bi}i<λ such that
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for every i < λ, tp(bi/Ab<i) is d∆,Ab<i-atomic.

• A model M |= T is ∆-constructible over A if A ⊆M and there is an enumeration

of a dense subset of M which is a ∆-construction over A. C

Proposition 6.6.28. For any complete theory T , ∆, a distortion system for T , and

parameter set A, if {bi}i<λ is a ∆-construction over A, then for any finite tuple b̄ ∈ {bi},

tp(b̄/A) is d∆,A-atomic.

Proof. We have already done most of the work in Proposition 6.5.3 and Lemma 6.5.4.

We just need to apply it inductively. Assume that we’re shown that for any i0 < i1 <

· · · < ik < α that tp(bi0bi1 . . . bik/A) is d∆,A-atomic. Let j0 < j1 < · · · < j` ≤ α be any

tuple of indices, and consider bj0bj1 . . . bjk . By Proposition 6.5.3 we know there exists

a countable set of elements of the form bi with i < α such that tp(bj0bj1 . . . bjk/AB)

is d∆,A-atomic. By Lemma 6.5.4 this implies that tp(bj0bj1 . . . bjk/A) is d∆,A-atomic, as

required.

Proposition 6.6.29. Fix T , a countable complete ∆-ω-stable theory with non-compact

models, for ∆, a distortion system for T . If M |= T with #dcM = κ ≥ ℵ1, then for any

regular λ ≤ κ, M has arbitrarily large elementary extensions N such that for any A ⊂M

with |A| < λ the set of types realized by N in S1(A) is contained in the d∆,A-closure of

the set of types realized by M in S1(A).

Proof. Fix regular λ ≤ κ. Find an ε > 0 such that ent>ε(M, d) ≥ λ, which must exist

because λ is regular. Let Q be a maximal (>ε)-separated subset of M of cardinality

≥ λ. Let X ⊂ S1(M) be the set of all types p such that for every open neighborhood

U 3 p, |U ∩Q| ≥ λ. Note that X is a closed set and by compactness is non-empty. Also
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note that since Q was chosen to be maximal, M ∩X = ∅, since for any realized type p

there is some a ∈ M such that d(p, a) < ε, which is an open neighborhood of p whose

intersection with Q has cardinality 1, which is in particular less than λ.

Now since T is ∆-ω-stable, d∆,M-atomic-in-X types are dense in X. Let p be some

d∆,M-atomic-in-X type. Let a be a realization of that type. By Proposition 6.6.20, there

exists a ∆-constructible model N over Ma (specifically, d∆,A-atomic types are dense in

every S1(A)). Note that N is a proper elementary extension of M.

Let b be some element of N, and let E ⊂M be some set of parameters of cardinality

µ < λ. Since N is ∆-constructible over Ma, tp(b/Ma) is d∆,Ma-atomic. Let ϕ(x, m̄, a) be

a formula (with m̄ possibly an ω-tuple) such that N |= ϕ(b, m̄, a) ≤ 0 and for every type

q ∈ S1(Ma), d∆,Ma(q, tp(b/Ma)) ≤ ϕ(q, m̄, a). In particular what this means is that if

we think of c as a fresh constant symbol, then for any D(∆(Ma), c)-sentence ψ(c, m̄, a),

|ψN(b, m̄, a)− ψ(q, m̄, a)| ≤ ϕ(q, m̄, a). We may assume that m̄ ∈ E. Let {ψ0
i (c, ēi)}i<µ

be a collection of D(∆(E), c)-sentences which are dense in the uniform norm (treating c

as a variable). Then for each i < µ, let ψi(c, ēi) = |ψ0
i (c, ēi)− ψ

0,N
i (b, ēi)|, and note that

each ψi(c, ēi) is also a D(∆(E), c)-sentence. Now we have that for each i < µ and for

any q ∈ S1(Ma), N |= supx ψi(x, ēi) ·− ϕ(x, m̄, a) and of course N |= infx ϕ(x, m̄, a), so

these two statements are parts of tp(a/M) = p.

Let χ be a M-formula such that χ(p) = 0 and for every q ∈ X, d∆,M(p, q) ≤ χ(q), so

in particular for any D(∆(M), c)-sentence θ(c, m̄), we have |θ(p, m̄) − θ(q, m̄)| ≤ χ(q).

Again by extending E we may assume that χ is an E-formula.

Now pick δ > 0, and find a γ > 0 such that if d∆,M(tp(a′b′/M), tp(a′′b′′/M)) ≤ γ then

|ϕ(b′, m̄, a′)−ϕ(b′′, m̄, a′′)| < δ
3
, and note that this implies that if d∆,M(tp(a′/M), tp(a′′/M)) ≤

γ then for any b′, |ϕ(b′, m̄, a′)−ϕ(b′, m̄, a′′)| < δ
3

and also the same thing for formulas of
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the form supx ψi(x, ēi) ·− ϕ(x, m̄, y). Consider the sets

H−1 = Q ∩ Jχ < γK r
s

inf
x
ϕ(x, m̄, y) <

δ

2

{
and

Hi = Q ∩ Jχ < γK r
s

sup
x
ψi(x, ēi) ·− ϕ(x, m̄, y) <

δ

2

{
.

for i < µ (as subsets of S1(M)). Note that since Jχ < γK is an open neighborhood of p,

it must be the case that |Q ∩ Jχ < γK| ≥ λ. Now assume that |Hi| is ≥ λ. This implies

that X ∩ clS1(M)Hi 6= ∅, so in particular there is some q ∈ X such that χ(q) ≤ γ and yet

either infx ϕ(x, m̄, q) ≥ δ
2

or supx ψi(x, ēi) ·−ϕ(x, m̄, q) ≥ δ
2
, which contradicts the choice

of γ, so it must be the case that |Hi| < λ for every i with −1 ≤ i < µ. Therefore since

λ is a regular cardinal we must have that

∣∣∣∣∣Q ∩ Jχ < γK ∩
s

inf
x
ϕ(x, m̄, y) <

δ

2

{
∩
⋂
i<µ

s
sup
x
ψi(x, ēi) ·− ϕ(x, m̄, y) <

δ

2

{∣∣∣∣∣ ≥ λ,

so there exists some a′ ∈ Q such that M |= infx ϕ(x, m̄, a′) < δ
2

and supx ψi(x, ēi) ·−

ϕ(x, m̄, a′) < δ
2

for each i < µ. Let b′ be an element of M such that M |= ϕ(b′, m̄, a′) < δ
2
.

Then we have that for each i < µ, M |= ψi(b
′, ēi) ·− ϕ(b′, m̄, a′) < δ

2
, so together this

implies that M |= ψi(b
′, ēi) < δ for every i < µ. By the choice of the ψi’s, this implies

that d∆,E(tp(b′/E), tp(b/E)) ≤ δ. Since we can do this for any δ > 0, we have that the

set of types in S1(E) realized in N is in the d∆,E-metric closure of the set of types in

S1(E) realized in M.

Now we are free to iterate this process to form arbitrarily large elementary extensions

N′ � M such that for any set of parameters E ⊂ M with |E| < λ, if N′ realizes some

type in S1(E), then it is in the d∆,E-metric closure of the types in S1(E) realized in
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M.

Corollary 6.6.30. Fix T a countable complete theory with non-compact models and ∆,

a distortion system for T . For any κ ≥ ℵ1, if T is weakly ∆-κ-categorical, then it is

weakly ∆-λ-categorical for every λ ≥ ℵ1 with λ ≤ κ.

Proof. Assume that T fails to be weakly ∆-κ-categorical. Let M be a model of density

character κ that fails to be ∆-κ-saturated. Let A ⊂ M be a set of parameters with

|A| < κ such that for some type p ∈ S1(A) and some ε > 0, every type q ∈ S1(A)

realized in M has d(p, q) ≥ ε. Then by the previous proposition M has arbitrarily

large elementary extensions with the same property, so in particular for any λ > κ,

T has a model of density character λ that fails to be ∆-saturated, so T is not weakly

∆-λ-categorical.

Theorem 6.6.31. Fix T a countable complete theory with non-compact models and ∆,

a distortion system for T . For any κ ≥ ℵ1, if T is weakly ∆-κ-categorical, then it is

weakly ∆-λ-categorical for every λ ≥ ℵ1.

Proof. By the previous Corollary 6.6.30, we know that the collection of uncountable

cardinalities for which a theory T is weakly ∆-κ-categorical is always an initial segment

of the uncountable cardinals. Assume that it is not all of them. Find κ large enough

that T is not weakly ∆-κ-categorical and such that for any λ < κ, λω < κ and such that

cf(κ) ≥ ω1 (such a cardinal can always be found).

Let M be a model of T of cardinality κ which is not ∆-saturated. Let A ⊂ M be

a set of parameters with |A| < κ such that for some type p ∈ S1(A) and some ε > 0,

every type q ∈ S1(A) realized in M has d∆,A(p, q) ≥ ε (i.e. A witnesses that M is not ∆-

saturated). Since for any superset A′ ⊇ A, the natural restriction map (S1(A′), d∆,A′)→
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(S1(A), d∆,A) is 1-Lipschitz, we can freely pass to a larger set of parameters and preserve

this condition. So we may assume that |A| = |A|ω by passing to a larger parameter set

if necessary (we can do this since we have ensured that λω < κ for any λ < κ). Let

λ = |A|. Since T is ∆-ω-stable, it is stable and so in particular λ-stable.

Find sufficiently small ε > 0 such that we can find {bi}i<λ+ , a (>ε)-separated se-

quence of elements of M. By Proposition 4.17 of [BY05] there exists (in the monster

model) an array {cji}i<λ+,j<ω such that d(cji , c
j+1
i ) < 2−j, such that for each j < ω there

is a sub-sequence I ⊆ λ+ such that {cji}i<λ+ ≡A {bi}i∈I , and such that the sequence of

limits {cωi }i<λ+ is an A-indiscernible sequence. Let C = {cωi }i<ω.

Let Σ be a countable dense subset of the collection of finitary D(∆, x) formulas

(where x is being treated as the fresh constant symbol). Formulas in Σ are of the form

ϕ(x, ȳ). The important thing is that Σ has the property that for any set of parameters

E, d∆,E(tp(f0/E), tp(f1/E)) = supϕ∈Σ,ē∈E |ϕ(f0, ē) − ϕ(f1, ē)|. We may assume that Σ

is closed under ϕ 7→ (ϕ ·− r) for each rational r.

(∗) Note that for each restricted AC-formula ϕ(x, ā, c̄) such that |= infx ϕ(x, ā, c̄) ≤ 0,

there is an A-formula ψϕ(·,ā)(x, āϕ(·,ā,c̄)) with ψ ∈ Σ such that p(x) ` ψϕ(·,ā,c̄)(x, āϕ(·,ā)) ≤ 0

and such that {
ϕ(x, ā, c̄) <

1

2
, ψϕ(·,ā,c̄)(x, āϕ(·,ā,c̄)) >

ε

2

}
is consistent. This holds because every type realized in M has d∆,A-distance ≥ ε from p

and because we can approximate C with something of the form {bi}i∈I for some I ⊆ λ+,

which is a set of elements in M.

Now let A0 = ∅, and for each n < ω, given An, let An+1 be the collection of all a’s

occurring in some tuple of the form āϕ(·,ā,c̄) where ϕ(x, ā, c̄) is a restricted AnC-formula.
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Finally let Aω =
⋃
n<ω An. Clearly Aω is a countable set.

Now by construction we have that condition (∗) holds with Aω replacing A. Also

note that C is still an indiscernible sequence over Aω (because Aω ⊆ A). Let C ′

be an extension of C to an indiscernible sequence of length ω1. Now let N be a

∆-constructible model over AωC
′. Note that #dcN = ℵ1. If q is the restriction

of p to Aω, we would like to argue that for every type r ∈ S1(Aω) realized in N,

d∆,Aω(q, r) ≥ ε
2
. Assume that this is false and that there is some e ∈ N such that

d∆,A(q, tp(e/Aω)) ≤ δ < ε
2
. By construction, tp(e/AωC

′) is d∆,AωC′-atomic. This implies

that there is a restricted formula χ(x, ā, c̄) such that |= χ(e, ā, c̄) ≤ 0 and for any f if

|= χ(f, ā, c̄) < 1
2
, then d∆,A(tp(e/AωC

′), tp(f/AωC
′)) ≤ ε

2
− δ. In particular this implies

that d∆,A(tp(f/AωC), q) ≤ ε
2
. Therefore for every A-formula ϕ(x, ā) with ϕ ∈ Σ such

that q(x) ` ϕ(x, ā), we have that |= ϕ(f, ā) ≤ ε
2
. The fact

∀x
(
χ(x, ā, c̄) <

1

2
→ ϕ(x, ā) ≤ ε

2

)

is a closed formula satisfied by c̄. By indiscernibility this is true of every tuple c̄′ ∈ C with

the same order type as c̄, but this is inconsistent with the modified condition (∗) (replac-

ing A with Aω) above, since this implies that {χ(x, ā, c̄′) < 1
2
, ψχ(·,ā,c̄′)(x, āχ(·,ā,c̄′)) >

ε
2
} is

inconsistent (by setting ϕ(x, ā) to ψχ(·,ā,c̄′)(x, āχ(·,ā,c̄′))). Therefore no such e can exist and

for any type r ∈ S1(Aω) realized in N, d∆,Aω(q, r) ≥ ε
2
. Therefore N is not ∆-saturated

and T is not weakly ∆-ℵ1-categorical.

But this contradicts our assumption, so there is no largest uncountable κ such that

T is weakly ∆-κ-categorical and in fact T is weakly ∆-κ-categorical for all uncountable

κ.
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ω1 Lip-ω1 GH-ω1 None
ω Trivial Unknown Unknown Trivial
Lip-ω Ex. 6.6.36 Ex. 6.6.42 Unknown Ex. 6.6.39
GH-ω Ex. 6.6.37 Ex. 6.6.43 Ex. 6.6.44 Ex. 6.6.38
None Trivial Ex. 6.6.40 Ex. 6.6.41 Trivial

Table 7: Known combinations of separable and inseparable ordinary, Lipschitz, and
Gromov-Hausdorff categoricity for metric space theories.

Question 6.6.32. If T is weakly ∆-κ-categorical for some κ ≥ ℵ1, does it follow that T

is ∆-κ-categorical?

In the particular case of a discrete theory with a stratified language we can resolve

this positively.

Proposition 6.6.33. Suppose ∆ is a distortion system for some complete discrete theory

T equivalent to some stratified language L, and suppose that M,N |= T are ∆-saturated

models of the same cardinality, then they are ∆-approximately isomorphic.

Proof. For each n < ω, M and N are saturated as Ln-structures, therefore they are

isomorphic as Ln-structures. Thus they are ∆-approximately isomorphic.

Corollary 6.6.34. Suppose ∆ is a distortion system for some complete discrete theory

T equivalent to some stratified language L. If T is ∆-κ-categorical for some uncountable

κ then for every uncountable λ, T is ∆-λ-categorical.

6.6.3 Some Examples and the Relationship between Different

Notions of Categoricity

This section is a case study of the relationship between ordinary categoricity and Lips-

chitz and Gromov-Hausdorff approximate categoricity in the theories of metric spaces.
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The results are summarized in the Table 7, where ‘κ ∈ {ω, ω1}’ means κ-categorical,

‘Lip-κ’ means Lip-κ-categorical and not κ-categorical, ‘GH-κ’ means GH-κ-categorical

and not Lip-κ-categorical, and ‘none’ means not GH-κ-categorical. It’s not hard to prove

that δLip uniformly dominates δGH and that therefore Lip-κ-categoricity implies GH-κ-

categoricity. The boxes labeled ‘Trivial’ are trivial in the sense that it is very easy to

encode discrete structures in finite languages as metric spaces [Han], and to verify that

such structures fall in the corresponding groups here. Of course we haven’t proven that

∆-ω1-categoricity is equivalent to ∆-κ-categoricity for all uncountable κ, but needless

to say if we had a counterexample we would have mentioned it by now.

‘Unknown’ indicate combinations that are not currently known to be possible. There

seems to be a general phenomenon where the combination of ordinary ω-categoricity and

strictly approximate ω1-categoricity is impossible. In the case of theories with a {0, 1}-

valued metric (although allowing [0, 1]-valued predicates), ω-categoricity implies that the

∅-type spaces are all finite, so any such theory is interdefinable with a purely discrete

theory. That said a distortion system for such a theory could still be non-trivial if the

theory does not admit quantifier elimination to a finite language. For any ω-categorical

discrete theory that admits quantifier elimination to a finite language, all distortion

systems are uniformly equivalent to isomorphism, so here we clearly have that ∆-ω1-

categoricity implies ω1-categoricity. This suggests a pair of purely discrete questions.

Question 6.6.35. (i) Does there exist a discrete theory T in a stratified language L

such that T is ω-categorical but only approximately ω1-categorical?

(ii) Does there exist a discrete theory T in a stratified language L =
⋃
i<ω Li such

that T is ω-categorical, T � Li is ω1-categorical for every i < ω, but T is not
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ω1-categorical?

Note that a positive answer for part (ii) would imply a positive answer for part (i).

An example of (ii) would have to be rather strange. It is easy to show that such a T

cannot have any Vaughtian pairs, so T must fail to be ω-stable. Since it is ω-categorical

this would imply that it is strictly stable. There is really only one known strictly stable

ω-categorical theory, constructed by Hrushovski, but it has a finite language, whereas

an example of what we need would necessarily have an infinite language.

Now we turn to the examples in the chart. The following two examples are very

similar. The idea is to encode a sequence of constants in a structureless set in increasingly

‘harder to detect’ ways.

Example 6.6.36. A metric space theory that is strictly Lip-ω-categorical and ω1-cate-

gorical.

Description. Let M be a metric space whose universe is ω×{0, 1} with d((i, j), (k, `)) = 1

if i 6= k and d((i, 0), (i, 1)) = 1
2

+ 2−i−2. Let T = Th(M).

Example 6.6.37. A metric space theory that is strictly GH-ω-categorical and ω1-cate-

gorical.

Description. Let M be a metric space whose universe is ω×{0, 1} with d((i, j), (k, `)) = 1

if i 6= k and d((i, 0), (i, 1)) = 2−i−1. Let T = Th(M).

The next two examples are also similar to each other.

Example 6.6.38. A metric space theory that is strictly GH-ω-categorical and not GH-

ω1-categorical.
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Description. Let M be a metric space whose universe is [0, 1
2
]×{0, 1} with d((x, i), (y, j)) =

1 if x 6= y and d((x, 0), (x, 1)) = x. Let T = Th(M).

Example 6.6.39. A metric space theory that is strictly Lip-ω-categorical and not GH-

ω1-categorical.

Description. Let M be a metric space whose universe is [1
4
, 1

2
]×{0, 1} with d((x, i), (y, j)) =

1 if x 6= y and d((x, 0), (x, 1)) = x. Let T = Th(M).

The following Examples 6.6.40 and 6.6.41 are the prototypes for the subsequent

Examples 6.6.42, 6.6.43, and 6.6.44. The idea is to encode as a metric space a structure

that is Z-chains with maps into [−1, 1] of the form cos(n+ θ). Any two such chains are

‘approximately isomorphic’ regardless of their values of θ, since 1 radian is an irrational

rotation.

Example 6.6.40. A metric space theory that is not GH-ω-categorical and is strictly

Lip-ω1-categorical.

Description. Let M be a metric space whose universe is Z×{0, 1} with d((n, i), (m, j)) =

1 if |n − m| > 1, d((n, i), (n + 1, j)) = 1
2
, and d((n, 0), (n, 1)) = 1

4
+ 1

8
cos(n). Let

T = Th(M).

Example 6.6.41. A metric space theory that is not GH-ω-categorical and is strictly

GH-ω1-categorical.

Description. Let M be a metric space whose universe is Z×{0, 1} with d((n, i), (m, j)) =

1 if |n − m| > 1, d((n, i), (n + 1, j)) = 1
2
, and d((n, 0), (n, 1)) = 1

8
+ 1

8
cos(n). Let

T = Th(M).
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Now we modify the previous examples with ‘increasingly hard to detect’ constants,

analogous to Examples 6.6.36 and 6.6.37. This forces the separable model to have

infinitely many Z-chains.

Example 6.6.42. A metric space theory that is strictly Lip-ω-categorical and strictly

Lip-ω1-categorical.

Description. Let M be a metric space whose universe is N× Z× 0, 1 with

• d((a, n, i), (b,m, j)) = 1 if a 6= b or if a = b and |n−m| > 1,

• d((a, n, i), (a, n+ 1, j)) = 1
2
,

• d((a, n, 0), (a, n, 1)) = 1
4

+ 1
8

cos(n) if n 6= 0, and

• d((a, 0, 0), (a, 0, 1)) = 1
4

+ 1
8

+ 2−a−4.

Let T = Th(M).

Example 6.6.43. A metric space theory that is strictly GH-ω-categorical and strictly

Lip-ω1-categorical.

Description. Let M be a metric space whose universe is (N×Z× 0, 1)∪ (N×{0}×{2})

with

• d((a, n, i), (b,m, j)) = 1 if a 6= b or if a = b and |n−m| > 1,

• d((a, n, i), (a, n+ 1, j)) = 1
2
,

• d((a, n, 0), (a, n, 1)) = 1
4

+ 1
8

cos(n) if n 6= 0,

• d((a, 0, 0), (a, 0, 1)) = 1
4

+ 1
8
,
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• d((a, 0, 0), (a, 0, 2)) = 1
4

+ 1
8

+ 2−a−4, and

• d((a, 0, 1), (a, 0, 2)) = 2−a−4.

Let T = Th(M).

Example 6.6.44. A metric space theory that is strictly GH-ω-categorical and strictly

GH-ω1-categorical.

Description. Let M be a metric space whose universe is (N×Z× 0, 1)∪ (N×{0}×{2})

with

• d((a, n, i), (b,m, j)) = 1 if a 6= b or if a = b and |n−m| > 1,

• d((a, n, i), (a, n+ 1, j)) = 1
2
,

• d((a, n, 0), (a, n, 1)) = 1
8

+ 1
8

cos(n) if n 6= 0,

• d((a, 0, 0), (a, 0, 1)) = 1
8

+ 1
8
,

• d((a, 0, 0), (a, 0, 2)) = 1
8

+ 1
8

+ 2−a−4, and

• d((a, 0, 1), (a, 0, 2)) = 2−a−4.

Let T = Th(M).

If we try to use this construction to fill in the missing Lip-ω-categorical and GH-ω1-

categorical square by taking Example 6.6.41 and adding encoded constants in the style

of Example 6.6.42, what we get is a theory that is only GH-ω-categorical.

Note that these last 5 are also examples showing that a ∆-ω1-categorical theory need

not be unidimensional, since they contain many orthogonal types. It’s even possible to
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modify this idea to get a discrete theory in a stratified language that is approximately

uncountably categorical and yet not unidimensional (rather than using an irrational

rotation of the circle along Z-chains, use an ‘irrational rotation’ of the 2-adic integers

along Z-chains, or, roughly equivalently, the structure N together with predicates Ui

for each i < ω such that Ui(n) is true if and only if the ith binary digit of n is 1),

but curiously these examples seem to be limited to having trivial geometry in their

types. There are also examples of strictly approximately uncountably categorical discrete

theories with non-trivial geometries (such as the theory of the vector space Fωp together

with a sequence of predicates encoding projections onto the first ω Fp factors, with the

obvious stratification), but these seem to be unidimensional. This suggests a question.

Question 6.6.45. If T is a discrete theory in a stratified language L which is approxi-

mately uncountably categorical and T has minimal types with non-trivial geometry, does

it follow that T is unidimensional?

Another natural question, which is related to Questions 6.6.35 and 6.6.45, arises from

the observation that all of these examples are superstable.

Question 6.6.46. If T is (weakly) ∆-κ-categorical for some uncountable κ, does it follow

that T is superstable?
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Appendix A

A Compendium of Relevant

Topological Facts

Here we will collect various topological facts which we have used throughout the body

of the thesis.

A.1 (Pseudo-)metric Spaces

Fact A.1.1. For any pseudo-metric space X, if {fi}i∈I is a family of ω-uniformly con-

tinuous functions fi : X → R, for some fixed modulus ω, and infi∈I f(a) exists for

some a ∈ X, then x 7→ infi∈I fi(x) is well-defined everywhere and is an ω-uniformly

continuous function. The same holds for sup.

Fact A.1.2. If ρ is a pseudo-metric on X and α : R≥0 → R≥0 is a sub-additive (i.e.

α(r + s) ≤ α(r) + α(s)) non-decreasing function satisfying α(0) = 0, then α ◦ ρ is a

pseudo-metric on X. In particular, dρe is a pseudo-metric on X, and for any a ≥ 0,

min{ρ, a} is a pseudo-metric on X.

If {ρi}i∈I is a family of pseudo-metrics on X such that for any x, y ∈ X, the set

{ρi(x, y)}i∈I is bounded, then supi∈I ρi is a pseudo-metric on X.

If {ρi}i∈I is a family of pseudo-metric on X such that for any x, y ∈ X,
∑

i∈I ρi(x, y)
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exists, then
∑

i∈I ρi is a pseudo-metric on X.

More generally if {ρi}i∈I is a family of extended pseudo-metrics on X, then supi∈I ρi

and
∑

i∈I ρi are extended pseudo-metrics on X.

Fact A.1.3. Every closed subset of a metric space is Gδ. Every open subset is Fσ.

Fact A.1.4 (Lebesgue’s Number Lemma). If X is a compact metric space, then for any

finite open cover U of X, there is an ε > 0 such that for any x ∈ X, B≤ε(x) ⊆ U for

some U ∈ U .

Fact A.1.5. If (X, d) is a complete metric space, then either |X| = #dcX or |X| =

(#dcX)ℵ0.

Fact A.1.6. In any metric space X, for any A,B ⊆ X, the Hausdorff distance between

A and B is equal to any of the following:

• inf{ε > 0 : A ⊆ B<ε, B ⊆ A<ε},

• max{supa∈A infb∈B d(a, b), supb∈B infa∈A d(a, b)}, and

• ‖dinf(x,A)− dinf(x,B)‖∞ = supx∈X |dinf(x,A)− dinf(x,B)|,

where inf ∅ = diam(X) and sup∅ = 0 (in particular diam(∅) = 0).

Furthermore, if X is a complete metric space then {F ⊆ X : F closed} is a complete

(extended) metric space under dH .

Recall that a modulus is a continuous function ω : R≥0 → R≥0 which is non-

decreasing and satisfies ω(0) = 0. Moduli are often a convenient way of packaging

‘ε-δ information.’
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Lemma A.1.7. Let f : R≥0 → R≥0 be a bounded function with f(0) = 0 and f(x)→ 0

as x→ 0. There exists a convex downward (and therefore sub-additive) modulus g such

that f ≤ g.

Proof. Let r > 0 be such that for all x ≥ 0, f(x) < r. Let

g(x) := inf{mx+ c : m, c ≥ 0, (∀y ≥ 0)my + c ≥ f(y)}.

Since f(x) is bounded, g(x) is finite for every x. We clearly have that g ≥ f , and

since g(x) is an infimum of a family of convex downwards, non-increasing, non-negative

functions, we have that g(x) is convex downwards, non-increasing, and non-negative, so

we just need to show that g(0) = 0 and that g(x) is continuous.

For any ε > 0, there is a δ > 0, such that for all x ∈ [0, δ], f(x) < ε. This implies

that r
δ
y + ε ≥ f(y) for all y ≥ 0, so g(0) ≤ ε. Since we can do this for every ε > 0, we

have that g(0) = 0. Furthermore, this implies that for all x ∈ [0, δ
r
ε], g(x) ≤ 2ε, so g(x)

is continuous at 0.

Fix s > 0. For any x ≥ s, we have that

g(x) = inf
{
mx+ c : m, c ≥ 0,m ≤ r

s
, (∀y ≥ 0)my + c ≥ f(y)

}
.

Therefore, by Fact A.1.1, g(x) is r
s
-Lipschitz on [s,∞), and therefore continuous.

Since we can do this for any s > 0, g(x) is continuous.

Proposition A.1.8. Let P (ε, δ) be a statement such that for every ε > 0 there exists

a δ > 0 such that P (ε, δ) holds. Furthermore suppose that if P (ε, δ) holds, then for any

ε′, δ′ > 0 with ε′ ≥ ε and δ′ ≤ δ, P (ε′, δ′) holds as well.
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α(ε)
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Figure 11: α(ε) in Proposition A.1.8 part (i)

γ(δ)

β(δ)

ε

δ

Figure 12: γ(δ) and β(δ) in Proposition A.1.8 part (ii)
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(i) There exists a modulus α such that for every ε > 0, P (ε, α(ε)) holds.

(ii) There exists a convex downwards (and therefore sub-additive) modulus β such that

for every sufficiently small δ > 0, P (β(δ), δ) holds.

Proof. (i) For each n < ω, find δn such that P (2−n, δn) holds, δn ≤ 2−n, and if n > 0,

δn < δn−1. Let ω be defined in a piecewise way. Let α(0) = 0, and if x ≥ 1, let

α(1) = δ1. Otherwise find the unique n < ω such that 2−n−1 ≤ x < 2−n. Let α(x) =

δn+2 +2n+1(δn+1− δn+2)(x−2−n−1) (i.e. a linear interpolation between (2−n−1, δn+2) and

(2−n, δn+1). (See Figure 11.)

By construction, α is a modulus. For any ε > 0, if ε ≥ 1, then α(ε) = δ1, so P (ε, α(ε))

holds. Otherwise if 2−n−1 ≤ ε < 2−n, then ω(x) ≤ δn+1, so since P (2−n−1, δn+1) holds,

we have that P (ε, α(x)) holds as well.

(ii) Since δn < δn−1 for every n < ω, α is invertible on [0, 1]. Let γ be the inverse

of α on [0, 1] extended by γ(x) = 1 wherever this is not defined. For any δ > 0 with

δ ≤ δ1, we have that α(γ(δ)) = δ, so P (γ(δ), α(γ(δ))) ≡ P (γ(δ), δ) holds. Applying

Lemma A.1.7 to γ gives the required β. (See Figure 12.)

Corollary A.1.9. Let X and Y be pseudo-metric spaces, and let f : X → Y be a

function. If

• Y is bounded and

• for every ε > 0, there exists a δ > 0 such that for any x0, x1 ∈ X, if dX(x0, x1) < δ,

then dY (f(x0), f(x1)) ≤ ε,

then f is uniformly continuous.
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Proof. Assume that f : X → Y is a function between two metric spaces such that for

every ε > 0, there exists a δ > 0 such that for all x0, x1 ∈ X, if dX(x0, x1) ≤ δ, then

dY (f(x0), f(x1)) ≤ ε. Let P (ε, δ) state that for all x0, x1 ∈ X, if dX(x0, x1) ≤ δ, then

dY (f(x0), f(x1)) ≤ ε.

This implies that we have a modulus β such that for any sufficiently small δ > 0,

P (β(δ), δ) holds. So we have for dX(x0, x1) sufficiently small that dY (f(x0), f(x1)) ≤

β(dX(x0, x1)). Let r > 0 be chosen such that if dX(x0, x1) < r, then dY (f(x0), f(x1)) ≤

β(dX(x0, x1)). Now γ(x) = x+β(x)
r+β(r)

max{diam(Y ), 1} works as a modulus witnessing that

f is uniformly continuous.

Note that without the boundedness assumption, Corollary A.1.9 may fail. The stan-

dard inclusion of N into R with N given the discrete metric and R given the standard

metric is not uniformly continuous according to our Definition 0.3.9, but is according to

the second condition in Corollary A.1.9.

A.2 Compact Hausdorff Spaces

It is a well known fact that in arbitrary topological spaces, the convergence of sequences

is not enough to capture the entire topology. There are two generalizations of sequences

that are commonly used, nets and filters.

Definition A.2.1. A directed set I is a partially ordered set such that for any a, b ∈ I

there exists a c ∈ I such that a ≤ c and b ≤ c.

In a topological space X, a net is a function, f : I → X, from some directed set I

into X. A net converges to a point x ∈ X if for every open neighborhood U 3 x, there

exists an a ∈ I such that for all b ≥ a, f(b) ∈ U .
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A filter F on X converges to a point x ∈ X if for every open neighborhood U 3 x,

U ∈ F . C

A word of warning about nets: The term ‘subnet’ is not defined in the obvious way.

g : J → X is a subnet of f : I → X if there exists an order preserving, cofinal map

h : J → I such that g = f ◦ h. In particular, it is not true that a sequence in a compact

Hausdorff space always has a convergent sub-sequence.

Fact A.2.2. A topological space is Hausdorff if and only if every net or filter converges

to at most one point.

For any topological space X the following are equivalent:

• X is compact.

• Every net in X has a convergent subnet.

• Every ultrafilter on X converges.

In particular, a space is compact Hausdorff if and only if every ultrafilter converges

to a unique point.

Fact A.2.3 (Dini’s Theorem). If X is a compact space and {fi}i<ω is a sequence of

continuous functions fi : X → R such that

• fi(x) is non-decreasing in i for each x,

• {fi}i<ω converges pointwise to some f : X → R, and

• f is a continuous function,

then {fi}i<ω converges uniformly.
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Fact A.2.4 (Stone–Weierstrass Theorem for Cubes). For any ordinal k, any sequence

{In}n<k of compact intervals, if we write A for the set of functions f : Rk → R generated

by max, min, +, rational scaling, the constant 1, and the variables x0, x1, . . . , then the

set {f �
∏

n<k In : f ∈ A} is dense in the collection of continuous real valued functions

on
∏

n<k In under the uniform norm.

Fact A.2.5 (Stone–Weierstrass Theorem). For any compact Hausdorff space X, if A is

a set of continuous functions closed under max and min such that

for any pair of distinct points x, y ∈ X, any r, s ∈ R and any ε > 0, there is an

f ∈ A such that |f(x)− r| < ε and |f(y)− s| < ε,

then A is dense in the set of continuous functions on X under the uniform norm.

Fact A.2.6 (Urysohn’s Lemma). If X is a normal topological space (in particular, a

compact Hausdorff space), and F,G ⊆ X are disjoint closed sets, then there exists a

continuous function f : X → R such that F ⊆ f−1(0) and G ⊆ f−1(1).

Corollary A.2.7. If X is a compact Hausdorff space and F,U ⊆ X are closed and

open, respectively, such that F ⊆ U , then there exists a closed Gδ set G such that

F ⊆ intG ⊆ G ⊆ U .

Fact A.2.8 (Tietze Extension Theorem). If X is a normal topological space (in partic-

ular, a compact Hausdorff space), F ⊆ X is a closed set, and f : F → R is a continuous

function, then there exists a continuous function g : X → R such that f = q � F .

Fact A.2.9. In a compact Hausdorff space X, a closed set F is the zeroset of a contin-

uous function if and only if it is Gδ (i.e. a countable intersection of open sets).
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Fact A.2.10. If X is a compact Hausdorff space, then any strictly coarser topology on

X is not Hausdorff and any strictly finer topology on X is not compact.

Fact A.2.11. If X is a compact space, Y is a Hausdorff space, and f : X → Y is a

continuous injection, then X is homeomorphic to its image under f . In particular, a

continuous bijection from one compact Hausdorff space to another is always a homeo-

morphism.

Recall that the weight of a topological space X, written wt(X), is the least cardinality

of a basis of open sets for X.

Fact A.2.12. A compact Hausdorff space X is metrizable if and only if it is second

countable (i.e. wt(X) = ℵ0).

Fact A.2.13. Every compact Hausdorff space X is homeomorphic to a closed subset of

[0, 1]wt(X).

Fact A.2.14. Every compact Hausdorff space X is homeomorphic to a quotient of a

totally disconnected compact Hausdorff space Y with wt(X) = wt(Y ).

If X is second countable and non-empty, Y can be taken to be 2ω.

Fact A.2.15 (Union of Compactly Many Closed Sets is Closed, [Esc09]). If X is a

compact space and F ⊆ X×Y is a closed set, then the set {y ∈ Y : (∃x ∈ X) 〈x, y〉 ∈ F}

is closed in Y .

Fact A.2.16. If X is a compact Hausdorff space and U0, . . . , Un−1 is a finite open cover

of X, then there exists F0, . . . , Fn−1, a sequence of Gδ closed sets, such that Fi ⊆ Ui for

each i < ω, and intF0, . . . , intFn−1 is a cover of X.
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Proof. Perform the following operation on each Ui in turn: Gi = X r
⋃
k<n,k 6=i Uk is a

closed subset of Ui. Let Fi be a closed Gδ set such that Gi ⊆ intFi ⊆ Fi ⊆ Ui. Replace

Ui with intFi.
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Appendix B

Continuous Analogs of Classical

Discrete Results

B.1 Some Results that Translate Directly

Here we collect classical discrete model theory results (other than the compactness the-

orem) that translate directly to continuous logic with minimal changes in the proof (at

least conceptually).

Lemma B.1.1. For any signature L, every real L-formula is logically equivalent to an

unnested real L-formula.

Proof. First we will show that for any atomic real L(x̄)-formula P t̄, there is an unnested

real L(x̄)-formula ϕP t̄(x̄) logically equivalent to P t̄ and with I(ϕP t̄) ⊆ I(P ). We then

get the full result by systematically replacing every instance of P t̄ in any real L-formula

with ϕP t̄. (Renaming bound variables as needed to avoid capture. The condition on

I(ϕP t̄) ensures that this procedure is well defined.)

Given an atomic L-formula P t̄, construct a tree T ⊆ ω<ω whose root is labeled with

P t̄. For each node σ, labeled with either P s̄, fs̄, or x. If it is one of the first two cases

and s̄ is non-empty, add children σ _ i to T for each si and label each child with si. By

the definition of term, this tree will always be well-founded. For each σ ∈ T r {∅}, if σ
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is labeled with a non-variable term, let xσ be a fresh variable symbol of the same sort

as the term labeling σ. If σ is labeled with a variable v, let xσ = v.

Now, assign L-formula ψσ to each σ ∈ T by the following:

• If σ is a leaf, it must be labeled by a variable or a constant, s, so let ψσ = d(xσ, s).

• If σ is not a leaf and is also not ∅ and it is labeled with fs0 . . . sn, let

ψσ =

[
inf

xσ_0...xσ_n
d(xσ, fxσ_0 . . . xσ_n) + ωf (max{ψσ_0, . . . , ψσ_n})

]db(S(xσ))

0

.

• If σ is not a leaf and is also not ∅ and it is labeled with fs̄ such that a(f) is

infinite, let

ψσ =

[
inf

xσ_0...
d(xσ, fxσ_0 . . . ) + ωf

(
sup
i<ω

db(S(xσ_0))

2idb(S(xσ_i))
ψσ_i

)]db(S(xσ))

0

.

• If a(P ) is finite, let

ψ∅ = inf
x0...xn

P (x0, . . . , xn) + ωP (max{ψ0, . . . , ψn}),

otherwise let

ψ∅ = inf
x0...

P (x0, . . . ) + ωP

(
sup
i<ω

db(S(x0))

2idb(S(xi))
ψi

)
.

Finally, let ϕP t̄ = [ψ∅]
sup I(P )
inf I(P ) . Note that ϕP t̄ is unnested by construction.

Now we want to argue that for any σ ∈ T r {∅}, for any L-structure M and

any variable assignment ι whose domain contains all the relevant variables, ψM
σ (ι) =
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d(ι(xσ), sM(ι)), where s is the term labeling σ. If σ is a leaf then this is obvious.

Assuming we’ve shown this for all of the children of some node σ which is labeled by fs̄,

we have that for any ā ∈M of the same sorts as xσ_0xσ_1 . . . , if we let χσ be the formula

inside the quantifier of the definition of ψσ, then χM
σ (ι[ ā

xσ_0...
]) ≥ d(ι(xσ), fM(ι[ ā

xσ_0...
])),

because f is required to be ωf -uniformly continuous. So since we clearly have ψM
σ (ι) ≤

d(ι(xσ), fM(ι)), by the induction hypothesis, we in fact have ψM
σ (ι) = d(ι(xσ), fM(ι)),

as required.

Finally, the same argument with P shows that in any L-structure M and for any

variable assignment ι whose domain is large enough, ψM
∅ (ι) = ϕM

P t̄(ι) = (P t̄)M(ι), as

required, so ϕP t̄ and P t̄ are logically equivalent and have the same free variables. We

also clearly have I(ϕP t̄) ⊆ I(P ), by construction.

Note that it is not generally true that every restricted real formula is logically equiv-

alent to an unnested restricted real formula, unless every function symbol is Lipschitz.

Proposition B.1.2 (The Löwenheim-Skolem Theorem). Let M be a pre-structure. For

any A ⊆ M there is an elementary sub-pre-structure N0 � M such that N0 ⊇ A and

|N0| ≤ ℵ0 + |L|+ |A|.

If M is a structure, then there exists an elementary sub-structure N �M such that

N ⊇ A and #dcN ≤ ℵ0 + |L|+ |A|.

Proof. Follow the standard proof, but use open L-formulas. The second part follows

from the first.

Omitting types is a slight exception to the stated purposed of this appendix in that

the resulting statement of the theorem is different in an important way, but the proof is

essentially the same.
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Proposition B.1.3 (Omitting Types). Let L be a countable signature, and let T be an

L-theory.

• Let {Σi(x)}i<ω be a sequence of partial types such that for each i < ω, intSx(T )[Σ] =

∅. There exists a countable pre-model M |= T that omits each Σi.

• Let {pi(x)}i<ω be a sequence of complete types such that for each i < ω, pi is not

d-atomic in Sx(T ). There exists a separable model N |= T that omits each pi.

Proof. The proof of the first part is the same as the classical proof.

The second part follows from the first part and the following observation: pi(x) is

not d-atomic if and only if there is an ε > 0 such that B≤ε(pi) (which is a partial type,

i.e. a closed set of types) has empty topological interior. Finally the types realized

in the completion of a pre-model are in the metric closure of the types realized in the

pre-model itself, so pi must be omitted in the completion of the pre-model from the first

part.

Lemma B.1.4. For any type space Sn(T ), if d-atomic types are dense in Sn(T ), then

for any definable set D ⊆ Sn(T ), atomic types are dense in D as well.

Proof. Fix an open set U such that D ∩ U is non-empty. Find an open set V such that

clV ⊆ U and D ∩ V is non-empty. Find ε0 > 0 small enough that (clV )≤3ε0 ⊆ U .

The set D<ε∩V is non-empty by construction. Let p0 be a d-atomic type in D<ε∩V .

At any stage k < ω, given d-atomic pk ∈ D<2−kε, consider the set D<2−k−1ε∩B<2−kε(pk).

Since this is a superset of D ∩ B<2−kε(pk), this is non-empty. Since pk is d-atomic, this

is an open set. Therefore we can find a d-atomic type pk+1 ∈ D<2−k−1ε ∩B<2−kε(pk).

The sequence {pk}k<ω is by construction a Cauchy sequence. Let pω be its limit.

d(pω, D) = 0 by construction, so pω ∈ D. Also by construction, we have that d(p0, pω) ≤
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∑
k<ω 2−kε = 2ε < 3ε, and so since p0 ∈ V we have that pω ∈ U . Since the limit of any

Cauchy sequence of d-atomic types is d-atomic, we have that pω is d-atomic.

Since we can do this for every open U such that D ∩ U is non-empty, we have that

d-atomic types are dense in D.

Proposition B.1.5. For a countable complete theory T , the following are equivalent:

(i) T has an atomic model (i.e. every n-type realized for every n < ω is d-atomic).

(ii) T has a prime model.

(iii) d-atomic types are dense in Sn(T ) for every n < ω.

Proof. (i) ⇒ (iii). Obvious.

(iii) ⇒ (ii). If d-atomic types are dense in Sn(T ) for every n < ω, then by Lemma

B.1.4 we have that if p(x̄) is a d-atomic type over finitely many variables, then for any

open formula U(x̄, y) such that p(x̄) ∪ {U(x̄, y)} is consistent, there is a type q(x̄, y)

extending p such that q is d-atomic (in Sx̄y(T )). The same argument as in discrete logic

allows us to build a countable pre-model M with an enumeration {ai}i<ω such that for

each n < ω, tp(a0 . . . an−1) is d-atomic (in Sn(T )). Lemma 2.5.6 now implies that M,

and therefore M, elementarily embeds into any model of T . Therefore M is prime, and

T has a prime model.

(ii) ⇒ (i). The prime model must be separable. By the omitting types theorem,

every type realized in it must be d-atomic, so it is atomic.

Proposition B.1.6 (The Engeler–Ryll-Nardzewski–Svenonius Theorem). Let T be a

complete theory with non-compact models in a countable signature. The following are

equivalent:
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• T is ω-categorical (any two separable models are isomorphic).

• For every n, Sn(T ) is metrically compact.

• For every n, every p ∈ Sn(T ) is d-atomic.

Proof. Theorem 6.6.3 is a more general version of this.

Proposition B.1.7. Let D(x̄) be a C-definable set (where C is the monster). Fix a

small set A. If {D(C)} is invariant under Aut(C/A), then there is an A-definable set

E(x̄) such that JD(x̄)KC = JE(x̄)KC.

Proof. Since JD(x̄)K is A-invariant, we clearly have that JD(x̄)K<ε is A-invariant for

every ε > 0 as well. A typical argument shows that if X ⊆ Sx̄(C) is A-invariant and

f : Sx̄(C) → Sx̄(A) is the natural restriction map, then there is some Y ⊆ Sx̄(A) such

that X = f−1(Y ). Since f(Sx̄(C)rJD(x̄)K<ε) is closed by compactness, this implies that

f(JD(x̄)K<ε) is open for every ε > 0. Let JE(x̄)K = f(JD(x̄)K). Since f is 1-Lipschitz,

we have that JE(x̄)K ⊆ f(JD(x̄)K<ε) ⊆ intJE(x̄)K<ε for every ε > 0, so E(x̄) is definable.

We have JD(x̄)KC = JE(x̄)KC by construction.

Proposition B.1.8 (Craig Interpolation Theorem). Let L0 be a signature, and let L1

and L2 be two expansions of it such that L1 ∩ L2 = L0. Furthermore, let V1 and V2

be sets of variables such that V1 ∩ V2 = V0. Let F be a closed L1(V1)-formula, and let

U be an open L2(V2)-formula such that F |= U (i.e. for any L1 ∪ L2-structure M and

ι : V1 ∪ V2 → M such that M |= F (ι), we have M |= U(ι)). There exists an open

L0(V0)-formula W and a closed L0(V0)-formula G such that F |= W |= G |= U .

Proof. Let r1 : SV1(L1) → SV0(L0) and r2 : SV2(L2) → SV0(L0) be the compositions of

the reduct maps and the projection maps. Assume that r1(JF K)∩r2(J¬UK) is non-empty,
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and let p0 be a complete L0(V0)-type in the intersection. Let p1 be an extension of p0

to a complete L1(V1)-type, and let p2 be an extension of p0 to a complete L2(V2)-type.

Pick κ such that cf(κ) is much larger than |L1| + |L2| + |V1| + |V2|. For i < 2, let

Mi be an Li-structure that is a κ-special model of the closed sentences in pi, and let

ιi be a Vi-assignment such that tp(ιi) = pi. By specialness, there is an isomorphism

f : M1 � L0 →M2 � L0 such that f ◦ (ι1 � V0) = ι2 � V0. Using this isomorphism we can

extend M1 to an L1 ∪L2-structure M12. If we let ι12 be the V1 ∪ V2-assignment for M12

extending ι1 and ι2, we have that (M12, ι12) contradicts that F |= U .

Therefore r1(JF K) and r2(J¬UK) are disjoint. So there exists a real L0(V0)-formula

ϕ such that r1(JF K) ⊆ Jϕ = 0K and r2(J¬UK) ⊆ Jϕ = 1K. Now W = (ϕ < 1
2
) and

G = (ϕ ≤ 1
2
) are the required formulas.

Proposition B.1.9 (Beth Definability Theorem). Let T be a (possibly incomplete) L-

theory. Suppose that P is a predicate symbol not in L and that T ′ ⊇ T is an L ∪ {P}-

theory such that for every model M |= T , there is a unique expansion of M to a model

of T ′, then there exists an L-formula ϕ(x̄), with x̄ a tuple of variables of the same sorts

as a(P ), such that T ′ |= (∀x̄)ϕ(x̄) = P (x̄).

Proof. Let P0 and P1 be two predicate symbols with the same arity and modulus of

continuity as P , and let T ′0 and T ′1 be T ′ with each instance of P replaced with P0 and P1,

respectively. By assumption, we have that for any r < s, the theory T ′0∪T ′1∪{@x̄P0(x̄) ≤

r∧P1(x̄) ≥ s} is inconsistent. Therefore by compactness, there must be closed sentences

F0 and G1 such that F0 ∈ T ′0, G1 ∈ T ′1, and {F0, G1, P0(x̄) ≤ r, P1(x̄) ≥ s} is inconsistent.

If we let F1 be F0 with all instances of P0 replaced with P1, and likewise let G0 be G1 with

all instance of P1 replaced with P0, then we have that T ′i |= Fi∧Gi and that Fi∧Gi is an
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Li-sentence for both i < 2. Now we have that {F0∧G0, F1∧G1, P0(x̄) ≤ r, P1(x̄) ≥ s} is

still inconsistent, so in particular, F0 ∧G0 ∧ P0(x̄) ≤ r |= ¬(F1 ∧G1) ∨ P1(x̄) < s. Note

that if F and G are F0 and G0 with P0 replaced by P , then we have that T ′ |= F ∧ G

as well.

By the Craig interpolation theorem, there is an open L(x̄)-formula Or,s(x̄) and a

closed L(x̄)-formula Cr,s(x̄) such that

F0 ∧G0 ∧ P0(x̄) ≤ r |= Or,s(x̄) |= Cr,s(x̄) |= (F1 ∧G1)→ P1(x̄) < s.

Therefore, by symmetry, these statements apply with Fi, Gi, Pi replaced with F,G, P

and we have that for any tuple ā in a model of T ′ if P (ā) < s, then Or,s(ā) holds

for any r < s with P (x̄) < r < s. On the other hand, for any b̄ that satisfy Or,s(b̄),

we automatically have that P (b̄) < s. Therefore P (x̄) < s is logically equivalent to∧
k<ω Os−2−k,s(x̄). A similar argument gives that for any r, P (x̄) > r is logically equiv-

alent to
∧
k<ω ¬Cs,s+2−k(x̄). Therefore the value of P (c̄) for a given c̄ is entirely de-

termined by tp(c̄) � L, and furthermore, the function mapping types in Sn(T ) to the

corresponding value of P is continuous. Therefore there is an L-formula ϕ(x̄) such that

T ′ |= (∀x̄)ϕ(x̄) = P (x̄).

B.2 Two Proofs of Morley’s Theorem

In this section we will present two different proofs of Morley’s theorem in continuous

logic: a transcription of the proof in [BY05] to the more specific formalism of continuous

logic and an adaptation of the classical proof in [CK90]. There is a fair amount of overlap
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between these two proofs, which is presented in the first subsection.

B.2.1 Common Material

Definition B.2.1. A theory T is totally transcendental (or t.t.) if for every ε > 0 there

does not exist an ε-perfect tree of closed formulas, where an ε-perfect tree is a family

{Fσ}σ∈2<ω of closed formulas such that Fσ_i ⊆ int(Fσ) 6= ∅ and dI(Fσ_0, Fσ_1) :=

inf{d(p, q) : p ∈ Fσ_0, q ∈ Fσ_1} > ε. C

Definition B.2.2. A theory T is κ stable if for every A with |A| ≤ κ, we have that

#dcS1(A) ≤ κ. C

Proposition B.2.3. If T is ω-stable, then T is t.t.

Proof. Given an ε-perfect tree, {Fσ}σ∈2<ω , we can construct a ε-perfect tree of closed

formulas, {Jϕσ ≤ 1
2
K}σ∈2<ω , with ϕσ restricted formulas.

To see this let ϕ∅(x) = d(x, x). Then for each σ, we can find ϕσ_0 such that

Fσ_0 ⊆ Jϕσ_0 < 1
2
K and Jϕσ_0 ≤ 1

2
K ⊆ int(Fσ) r F≤εσ_1, by compactness, and then

dI(Jϕσ_0 ≤ 1
2
K, Fσ_1) > ε, so we can find ϕσ_1 such that Fσ_1 ⊆ Jϕσ_1 < 1

2
K and

Jϕσ_1 ≤ 1
2
K ⊆ int(Fσ) r Jϕσ_0 ≤ 1

2
K≤ε. By induction this gives the required ε-perfect

tree.

Since each ϕσ is a restricted formula, the whole tree involves only a countable set of

formulas A. #dcS1(A) ≥ 2ω, because for each path α ∈ 2ω, the set Gα =
⋂
i<ωJϕα�i ≤

1
2
K

is non-empty by compactness, and for any α, β ∈ 2ω with α 6= β, dI(Gα, Gβ) > ε. So

by picking a type in each path we witness that #ent
>εS1(A) ≥ 2ω. Hence the density

character must be at least as large.

Proposition B.2.4. If T is t.t., then for every κ ≥ |T |, T is κ-stable.
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Proof. Assume that for some κ ≥ |T |, T is not κ-stable. Let A be a set of parameters

such that |A| ≤ κ and #dcS1(A) > κ. Since κ ≥ |T |, S1(A) has a topological base

of cardinality κ. Let ε > 0 be such that the metric entropy satisfies #ent
>εS1(A) ≥ κ+,

which must exist because κ+ is a regular cardinal. Furthermore note that there must be

a maximal (> ε)-separated set with cardinality κ+, again because it is a regular cardinal.

Let X = S1(A)r {U ⊆ S1(A) : U open,#ent
>εU ≤ κ}. Clearly X is closed. It must be

non-empty because otherwise S1(A) would be covered by open sets with metric entropy

≤ κ. By compactness there would be a finite sub-cover, so by the pigeonhole principle

one of these sets must contain a (> ε)-separated set with cardinality κ+, which is a

contradiction.

Now if V is any open-in-X set, it must satisfy #ent
>εV ≥ κ+. Otherwise if we extend

it to an open set U such that U ∩X = V , then U would be the union of a set V with

#ent
>εV ≤ κ and κ-many open sets {Ui}i<κ satisfying #ent

>εUi ≤ κ, implying that U is an

open set that should have been removed when we made X, which is a contradiction.

Now construct a ε-perfect tree by induction. Let Fσ = X. For each σ ∈ 2<ω, by

induction intXFσ 6= ∅, so since #ent
>ε intXFσ ≥ κ+ > 2, we can find p, q ∈ intXFσ such

that d(p, q) > ε. Since p /∈ B≤ε(q), it has a closed neighborhood Fσ_0 disjoint from

B≤ε(q). Since q /∈ F≤εσ_0, it has a closed neighborhood Fσ_1 disjoint from F≤εσ_1.

So by induction you get a ε-perfect tree, contradicting that T is t.t.

Definition B.2.5. A model M |= T is κ-saturated if for every A ⊆M with |A| ≤ κ, M

realizes every type in S1(A). It is saturated if it is |M|-saturated. C

Proposition B.2.6. If T is κ-stable, then for every regular cardinal λ with |T |+ ℵ1 ≤

λ ≤ κ, T has a model of density character κ which is λ-saturated.
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Proof. Proof is the same as the proof in discrete logic. There is some subtlety with

ω-saturated structures (in particular ω-stability only guarantees the existence of ‘ap-

proximately ω-saturated’ separable structures), but it washes out for uncountable car-

dinalities.

Proposition B.2.7. Two saturated models of the same density character are isomor-

phic.

Proof. Same as in discrete logic. Do back-and-forth using dense sub-pre-structures (you

won’t get a bijection between the dense sub-pre-structures, rather you’ll construct a

metric on their union that makes them both dense, giving an isomorphism between the

structures).

Proposition B.2.8. Let T be a complete countable theory with non-compact models.

For any κ ≥ ω, T has a model with density character κ that only realizes separably

many types over any countable set.

Proof. Take any model A of T . Let Q ⊆ A be an infinite (≥ ε)-separated set. Add

a distance predicate for Q to the language. Recast A as a discrete structure Adis (the

particulars of how you do this don’t matter, all that matters is that the language is count-

able). Skolemize the theory, and find an indiscernible sequence among the realizations

of Q. Run the discrete Ehrenfeucht-Mostowski argument over the indiscernible sequence

in Q to get a Bdis ≡ A which only realizes countably many types over any countable

set. Reinterpret Bdis as a metric pre-structure B0. Once can check the following;

• B0 ≡ A.

• If for any countable X ⊆ B0 and any a, b ∈ B0, a ≡X b as elements of the discrete

structure, then a ≡X b as elements of the metric pre-structure.
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Therefore B0 is a pre-model elementarily equivalent to A which realizes only countably

many types over countable sets. Since |B0| ≤ κ, we have that #dcB0 ≤ κ, but since B0

also has a (≥ ε)-separated set, Q, of size κ, we have that κ ≤ #ent
>εB0 ≤ #dcB0 ≤ κ, so

#dcB0 = κ.

Taking the completion B = B0 gives the required metric structure.

Proposition B.2.9. If T is a complete countable theory with non-compact models such

that T is κ-categorical for some κ ≥ ℵ1, then T is ω-stable.

Proof. We know that T has a model of density character κ that only realizes separably

many types over countable sets, so since there is only one model of density character κ

and any set of types of density character ≤ κ can be realized in a model with density

character κ, we must have #dcS1(A) ≤ ω for every A with |A| ≤ ω.

Corollary B.2.10. For κ ≥ ℵ1, a countable theory T is κ-categorical if and only if

every model of cardinality κ is saturated.

Definition B.2.11. Let x ∈ X, with (X, d) a topometric space. x is (d, ε)-atomic if

x ∈ intB≤ε(x). C

Note that x is d-atomic if it is (d, ε)-atomic for every ε > 0.

Proposition B.2.12. Let T be a t.t. theory. Fix A, n < ω, and X ⊆ Sn(A) a closed

subset.

(i) For every ε > 0, (d, ε)-atomic-in-X points are dense in X.

(ii) d-atomic points are dense in X.
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Proof. (i). Assume that for some ε > 0, (d, ε)-atomic-in-X points are not dense in

X. Then we can find a non-empty open-in-X set U ⊆ X such that no point in U is

(d, ε)-atomic-in-X. Furthermore this is true for any open-in-X set V ⊆ U .

Claim: This implies that #ent
>εV ≥ ω for any such V .

Proof of claim: Assume that #ent
>εV < ω. Then let {ai}i<k be a maximal (> ε)-

separated subset of V . By maximality,
⋃
i<k B≤ε(ai) ⊇ V , so for each ai, we have

ai ∈ V r
⋃
j 6=iB≤ε(aj) ⊆ B≤ε(ai), which implies that ai ∈ intXB≤ε(ai), so ai is (d, ε)-

atomic-in-X, contradicting our assumption.

Now by the same argument as in one of the previous propositions, since we have

#ent
>εV ≥ ω > 2 for every non-empty open-in-X set V ⊆ U , we can form a ε-perfect tree,

contradicting that T is t.t.

(ii). For each k < ω, let Uk =
⋃
{intXB≤ε(a) : a (d, ε)-atomic-in-X}. This is a

topologically open dense subset of X. By the Baire category theorem we have that

Q =
⋂
k<ω Uk is non-empty and dense. For any a ∈ Q, for every k, there exists an ak

such that a ∈ intXB≤2−k(ak) ⊆ B≤2−k+1(a), so a ∈ intXB≤2−k+1(a) for every k < ω and

a is d-atomic.

Therefore d-atomic-in-X points are dense in X.

Note that the proof doesn’t really require that T be t.t., just that Sn(A) contain no

ε-perfect trees, which is a topometric property of Sn(A). In particular the same proof

works in small theories for the type spaces Sn(T ). (Although note that in continuous logic

a small theory may fail to be small after the addition of finitely many new constants.)

Proposition B.2.13. If T is t.t., then it has atomic models over any set, i.e. for any

set A there is a model M ⊇ A such that for any N ⊇ A, M � N with an A-elementary
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embedding.

Proof. Proceed in the same manner as the normal proof: construct a pre-structure

by transfinite induction. The only tricky part is that a type can be d-atomic over a

countable set of parameters, but it is true that if tp(b/Ac<ω) is d-atomic and for each

i < ω, tp(ci/Ac<i) is d-atomic, then tp(b/A) is d-atomic. The easiest way to see this is in

terms of the characterization that a type is d-atomic if and only if it’s realized in every

model containing the parameter set (or rather the countable subset of parameters over

which it is d-atomic, but since the construction of an atomic model is well-ordered, each

element is d-atomic over a countable set of the previous elements of the construction).

Also note that a metric limit of d-atomic types is d-atomic.

B.2.2 Ben Yaacov’s Proof after Morley

This section contains a transcription of Ben Yaacov’s proof of Morley’s theorem [BY05],

originally in the context of CATs, to the less general framework of continuous logic.

ε-Cantor-Bendixson Analysis

Clearly you could define analogous Cantor-Bendixson ranks to the one defined here for

any given counting notion and there are at least nine distinct natural counting notions,

but, to avoid clutter and because we really only need one notion of rank, we’re not going

to define Cantor-Bendixson rank for topometric spaces in full generality (note that what

we define here as ε-Cantor-Bendixson rank is the same as what is called (f, ε)-Cantor-

Bendixson rank in [BY08c]:

Definition B.2.14. (i) For a topometric space (X, d), ε-Cantor-Bendixson derivative
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X ′ε is given by X r
⋃
{U : open and #ent

ε U < ω}.

(ii) The ε-Cantor-Bendixson sequence, X
(α)
ε is given by:

• X
(0)
ε = X,

• X
(λ)
ε =

⋂
β<λ

X
(β)
ε for λ a limit,

• X
(α+1)
ε =

(
X

(α)
ε

)′
ε
, and

• X
(∞)
ε =

⋂
α∈Ord

X
(α)
ε .

(iii) For any point x ∈ X, the ε-Cantor-Bendixson rank of x, CBε(x) is sup{α : x ∈

X
(α)
ε }.

(iv) For any set A ⊂ X, the ε-Cantor-Bendixson rank of A, CBε(A) is sup{CBε(x) :

x ∈ A} or ∞ if no such supremum exists. By convention CBε(∅) = −1.

(v) For a setA ⊂ X the ε-Cantor-Bendixson degree ofA, CBdε(A) is #ent
ε

(
A ∩X(CBε(A))

ε

)
.

C

Some things to note:

• For any point x ∈ X, CBε(x) = min{CBε(U) : x ∈ U,U open}, but also for any

basis of open sets B, CBε(x) = min{CBε(U) : x ∈ U ∈ B}.

• X
(α)
ε is always closed.

• If #ent
ε U is finite then #ent

ε V will be finite for any V ⊆ U in some basis of open

sets, therefore X
(α)
ε always stabilizes before κ+ where κ is the minimum cardinality

of a basis of open sets in X.
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• If A is compact then CBdε(A) is always finite and positive: Positive because A ∩

X
(α)
ε form a descending sequence of closed sets and by compactness its intersection,

and in particular A ∩ X(CBε(A))
ε , is always non-empty. Finite because it can be

covered by open sets with finite #ent
ε and by compactness there is a finite sub-

cover, so #ent
ε

(
A ∩X(CBε(A))

ε

)
must be finite as well, otherwise there would be an

infinite (> ε)-separated set and by the pigeonhole principle one of the open sets in

the finite sub-cover would contain infinitely many of these elements, contradicting

the finiteness of #ent
ε for that set.

The following is essentially one direction of [BY08c, Prop. 3.17]. The converse it true as

well, but we won’t need it here.

Fact B.2.15. For a compact topometric space (X, d), if X contains no ε-perfect tree,

then every x ∈ X has ordinal ε-Cantor-Bendixson rank.

Proof. If X has unranked points for some ε > 0, then X
(∞)
ε 6= ∅. X(∞)

ε has the property

that any open U ⊂ X
(∞)
ε (open in the subspace topology) has #ent

ε U ≥ ω. Therefore we

can always find two points x, y ∈ U with d(x, y) > ε. By the same argument as in the

proof of Proposition B.2.4 we can get a ε-perfect tree in X
(∞)
ε .

Lemma B.2.16. (i) If every x ∈ X for some locally compact topometric space (X, d)

has ordinal ε-Cantor-Bendixson rank, then (d, ε)-isolated points (i.e. x ∈ B≤ε(x)◦)

are dense in X.

(ii) If every x ∈ X has ordinal ε-Cantor-Bendixson rank for every ε > 0, then d-

isolated points (i.e. x ∈ B≤ε(x)◦ for every ε > 0) are dense in X.

Proof. (i) If some non-empty open set U ⊂ X remains unchanged in X ′>ε, then it will

be stable for the entire ε-Cantor-Bendixson sequence and no point in it will be ranked.
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Therefore every non-empty open U ⊂ X loses a point in the first ε-Cantor-Bendixson

derivative. For each U let V ⊂ U be open such that #ent
ε V < ω. Let x0, ..., xn be a

maximal (> ε)-separated subset of V . Now consider V † = V r
⋃
i<n

B≤ε(xi), this is an

open set since closed balls are topologically closed, furthermore V † ⊆ B≤ε(x0), otherwise

x0, ..., xn would not be maximal, therefore x0 is contained in V and therefore U and is

(d, ε)-isolated.

(ii) Let U ⊂ X be open. By assumption there exists some x0 which is (d, 20)-isolated.

Furthermore x0 has a compact sub-neighborhood F0 such that F0 ⊆ B≤20(x0). Proceed

by induction. For each n let xn be a (d, 2−n)-isolated point contained in F ◦n−1, and let

Fn be a compact sub-neighborhood of B≤2−n(xn). By compactness
⋂
n<ω

Fn is non-empty.

Furthermore since the Fn are contained in a descending sequence of closed 2−n-balls,

every sequence of points an ∈ Fn forms a Cauchy sequence, so the intersection consists

of a single point, x. By construction every closed ball centered at x contains an open

neighborhood of x, so x is d-isolated.

ε-Morley Rank and Degree

Definition B.2.17. Let B ⊆ Sn(A) be an arbitrary subset:

(i) The ε-Morley rank of B, MRε(B) is CBε(π
−1(B)) where π : Sn(C) → Sn(A) is

the natural projection and C is the monster model.

(ii) The ε-Morley degree of B, Mdε(B) is CBdε(π
−1(B)).

(iii) The ε-Morley (rank, degree) of B, M(R, d)ε(B) is (MRε(B),Mdε(B)). C

The ε-Morley (rank, degree) is always ordered lexicographically (rank then degree).
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Note that this is a well-ordering, even though the degree as we’ve defined it may turn

out to be infinite for arbitrary sets.

We’ll need the following fact:

Lemma B.2.18. If F ⊆ Sn(A) is a closed set, then

MRε(F ) = min{MRε(Jϕ ≤ rK)|ϕ a restricted LA-formula, r ∈ Q, ϕp ≤ r}.

Proof. First note that clearly MRε(F ) ≤ min{MRε(Jϕ ≤ rK)|ϕ a LA-formula, r ∈

Q, ϕp ≤ r} = α. Now assume that MRε(F ) < α, so there exists an open set U ⊆ Sn(C)

such that π−1(F ) ⊆ U , where π : Sn(C) → Sn(A) is the natural surjective projection

map, and MRε(U) < α. Now let {Vi}i∈I be the collection of all open subsets of Sn(A)

such that F ∩ Vi = ∅. Since type space is compact Hausdorff we have that
⋃
Vi =

Sn(A) r F . By continuity each π−1(Vi) is open, and furthermore they cover Sn(C) r U

(because they cover Sn(C) r π−1(F ), which is a superset). By compactness there is a

finite sub-cover, call it π−1(V0), ..., π−1(Vk−1). Then G = V 0∪...∪V k−1 has F ∩G = ∅, so

by compactness there must exist a restricted LA-formula ϕ and rational number r such

that F ⊆ Jϕ ≤ rK ⊆ Sn(A) r G. Then by construction π−1(F ) ⊆ π−1(Jϕ ≤ rK) ⊆ U ,

so we have MRε(Jϕ ≤ rK) ≤ MRε(U) < α, which is a contradiction, therefore we have

that MRε(F ) = min{MRε(Jϕ ≤ rK)|ϕ a restricted LA-formula, r ∈ Q, ϕp ≤ r}.

Analogously to the discrete case, a ranked type is determined (although with some

error) by any closed formula (and in fact any subset of type space whatsoever) it satisfies

which has the same rank and degree:

Proposition B.2.19. If B ⊆ Sn(A) is an arbitrary subset, pi ∈ B are complete n-types
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over A such that MRε(B) = MRε(pi) = α and
∑
i

Mdε(pi) > Mdε(B), then for some

i 6= j, d(pi, pj) ≤ ε. In particular any collection of Mdε(B) + 1 many pi is sufficient.

Proof. Assume for the sake of contradiction that d(pi, pj) > ε for all i 6= j, then

d(π−1(pi), π
−1(pj)) > ε as well. Let di = Mdε(pi) and for each i let qi0, qi1, ..., qi(di−1)

be a maximal (> ε)-separated subset of π−1(pi) such that each qin has ε-Morley rank

α. Then {qin}n<di is a (> ε)-separated subset of π−1(B) with each element of rank α

and with size strictly larger than the ε-Morley degree of B, which is a contradiction,

therefore for some i 6= j, d(pi, pj) ≤ ε.

Corollary B.2.20. If B ⊆ Sn(A) is an arbitrary subset, p, q ∈ B are complete n-types

over A and M(R, d)ε(B) = M(R, d)ε(p) = M(R, d)ε(q) = (α, d), then d(p, q) ≤ ε.

Approximate Morley Sequences

Now comes the core technical hiccup in the proof. We can’t actually form Morley

sequences, so we have to settle for arbitrarily good approximations. We also need to

throw some extra scaffolding into the construction of the Morley sequence:

Proposition B.2.21 ([BY05]). Let T be a countable complete ω-stable continuous first-

order theory with monster model C. Let D ⊂ C be a small set of parameters with

|D| = λ, and let {ai}i<λ+ ⊂ C be a sequence of elements. Then for any ε > 0 there

exists a sub-sequence {ai(j)}j<λ+ which is ‘approximately indiscernible’ in the follow-

ing sense: for any two increasing multi-indices I, J ∈ [λ+]<ω of the same length k,

d(tp(ai(I)/D), tp(ai(J)/D)) < ε, where ai(I) = ai(I0)ai(I1)...ai(Ik−1) (and likewise for J).

Proof. Let Jϕ ≤ rK with restricted LC-formula ϕ and rational r be satisfied by λ+ many

elements of {ai}i<λ+ such that Jϕ ≤ rK has minimal ε-Morley (rank, degree) equal to
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(α, d) among such formulas. Note that Jd(x, x) ≤ 1K is satisfied by λ+ many such

elements, so the collection of such formulas is non-empty. By adding finitely many new

elements to D we may assume that ϕ is a restricted LD-formula.

Now construct {ai(j)} inductively along with a sequence of sets Dj, where D−1 = D

and D<j =
⋃
k<j

Dk. Also let ai(<j) = {ai(k)}k<j.

At stage j, find ai with index greater than any chosen so far such that ϕ(ai) ≤ r

and M(R, d)ε(tp(ai/D<jai(<j))) = (α, d). Such an ai must exist, otherwise every ai

(with index greater than any chosen so far) must satisfy some closed formula Jψi ≤ riK

with M(R, d)ε(Jψi ≤ riK) < (α, d) by Lemma B.2.18, but there are only λ many such

formulas (because we only considered restricted formulas), so for some Jψi ≤ riK, λ+

many elements of {ai}i<λ+ satisfy the formula (because λ+ is a regular cardinal), which

is a contradiction, therefore some such ai must exist. Let ai(j) = ai.

To build Dj, for each pair of increasing multi-indices I, J ≤ j of length k such that

at least one of I or J contains j (so that we don’t construct duplicates), find a pair of

k-tuples b̄I,J and b̄J,I satisfying the conditions

• ai(I)b̄I,J ≡D b̄J,Iai(J) and

• dC(ai(I), b̄I,J) = dC(b̄J,I , ai(J)) = d(tp(ai(I)/D), tp(ai(J)/D)).

Finally add b̄I,J and b̄J,I to D<j to get Dj. (Essentially: b̄I,J is an automorphic image

of ai(J) taking it as near as possible to ai(I) while fixing D and b̄J,I is the corresponding

pre-image of ai(I).) Note that at each stage |Dj| = λ.

Lastly we need to verify the approximate indiscernibility condition. Assume that for

some k we’ve show that for any two increasing multi-indices I, J of length k − 1 that

d(tp(ai(I)/D), tp(ai(J)/D)) < ε (which is trivially satisfied when k = 1). Note that by
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construction since ai(I)b̄I,J ≡D b̄J,Iai(J) we have that S1(Dai(I)b̄I,J) and S1(Db̄J,Iai(J)) are

‘isomorphic as type spaces’ or more precisely related by some automorphism h of C that

takes b̄J,Iai(J) to ai(I)b̄I,J and fixes D. Note that for any ai(j), and any D′ ⊂ D<jai(<j)

such that D ⊆ D′, we still have M(R, d)ε(tp(ai(j)/D
′)) = (α, d), because removing

parameters can only increase ε-Morley (rank, degree) (since the preimage in S1(C) is

a larger set) but tp(ai(j)/D
′) ∈ Jϕ < 1K, so the ε-Morley (rank, degree) can be no

larger than (α, d), so it must still be (α, d). Therefore by Corollary B.2.20 for any

p, q ∈ S1(Dai(I)b̄I,J) ∼= S1(Db̄J,Iai(J)) which are contained in Jϕ < 1K and have ε-Morley

(rank, degree) (α, d), we have d(p, q) < ε. Therefore if I < ` and J < m, then we

have that d(tp(ai(`)/Dai(I)b̄I,J), tp(h(ai(m))/Dai(I)b̄I,J)) < ε. Therefore there’s another

automorphism g of C, fixing Dai(I)b̄I,J such that dC(ai(`), g(h(ai(m)))) < ε, and so we

have dC(ai(I)ai(`), g(h(ai(J)ai(m)))) < ε. Therefore for any two increasing multi-indices

K,L of length k we have d(tp(ai(K)/D), tp(ai(L)/D)) < ε. So by induction we have this

condition for all k < ω.

Corollary B.2.22. Let T be a countable complete ω-stable continuous first-order theory,

D a small set of parameters with |D| = λ, and {ai}i<λ+, a sequence of elements which

is (≥ ε)-separated. Then there exists a descending nested sequence of subsequences In =

{ai(j,n)}j<λ+ such that In+1 ⊂ In and such that the sequence of λ+-types tp(In/D) forms

a Cauchy sequence in Sλ+(D) whose limit is the type of a non-constant D-indiscernible

sequence of length λ+.

Proof. By iterating the previous proposition we get the descending nested sequence

of subsequences of {ai}i<λ+ . The condition that the sequence is (≥ ε)-separated is
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preserved by passing to subsequences, so the limiting type is (≥ ε)-separated coordinate-

wise and therefore non-constant.

Morley’s Theorem for Continuous Logic

Proposition B.2.23. Let T be a countable complete ω-stable continuous first-order

theory and M |= T a non-saturated model with density character κ ≥ ℵ1. Then for any

countable C ⊂ M and any µ ≥ ℵ1, there exists N |= T containing C with #dcN = µ

such that N is not ℵ1-saturated. So in particular there exists non-saturated models of

every uncountable density character.

Proof. Let M be a non-saturated model of T of density character κ. Since M is non-

µ-saturated it is not approximately µ-saturated and there exists some A ⊂ M with

|A| = λ < µ and some p ∈ S1(A) such that for every a ∈M , d(p, tp(a/A)) > ε for some

ε > 0, or in other words tp(a/A) /∈ B≤ε(p). We can assume without loss of generality

that A contains C.

Since M has density character κ, there is some δ > 0 such that #ent
δ M ≥ λ+,

therefore we can find a (≥ δ)-separated sequence {ai}i<λ+ of size λ+ (since λ+ is a regular

cardinal), and by Corollary B.2.22 we get a descending nested sequence of subsequences

{ai}i<λ+ ⊇ I0 ⊇ I1 ⊇ ... such that tp(In/A) forms a Cauchy sequence in Sλ+(A), limiting

to some tp({bi}i<λ+/A) (with bi from the Monster model) which is (≥ δ)-separated

coordinatewise.

Now for a given increasing multi-index I < λ+, let aI,n be the sub-tuple of In whose

elements are the I0th, I1st, I2nd, and so on elements of In (and importantly not the

corresponding indices in {ai}i<λ+ , so for a fixed I, aI,n can vary wildly as n changes).

Consider each restricted LA-formula ϕ(x, ȳ) such that for some increasing multi-index
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I, and all sufficiently large n, ϕ(x, aI,n) < 1
4

is satisfied in M. Call the set of all such

formulas Σ. Then since M > ε-omits p, for any c ∈M satisfying ϕ(c, aI,n) < 1
4
, we have

that d(p, tp(c/A)) > ε. Therefore there exists a pair of LA-formulas, ψϕ(x) and χϕ(x)

such that ψϕ(c) = 0, χpϕ = 0, and Jψϕ(x) ≤ 1
2
K and Jχϕ(x) ≤ 1

2
K are > ε

2
-inconsistent.

Therefore by uniform continuity and approximate indiscernibility we have that for all I

and sufficiently large n, inf
x
ϕ(x, aI,n)∨ψϕ(x) < 1

4
. Therefore T |= inf

x
ϕ(x, bI)∨ψϕ(x) ≤ 1

4
.

Let B0 = C. Iteratively construct a sequence of countable subsets of A, Bk, like so:

for each k let Bk+1 be Bk together with the parameters used in ψϕ(x) and χϕ(x) for all

LBk-formulas in Σ. Let B =
⋃
k<ω

Bk, and note that this is a countable set of parameters

containing C. Let q = p � B.

Now let {ci}i<µ be a B-indiscernible sequence with the same Ehrenfeucht–Mostowski

type as {bi}i<λ+ . Let A be a model containing B ∪ {ci}i<µ, and let N0 be a sub-pre-

model constructed over B ∪ {ci}i<µ. By downward Löwenheim-Skolem we can assume

that N0 has density character µ. The claim is that N0 (> ε
4
)-omits q and is thus not ℵ1-

saturated. To see this assume that N0 has some element a such that d(q, tp(a/B)) ≤ ε
4
,

then since tp(a/B ∪ {ci}i<µ) is principal there exists some LB-formula and cI such

that ϕ(a, cI) = 0 and for all b, ϕ(b, cI) <
1
4

implies d(tp(a/B), tp(b/B)) ≤ ε
4

. But

by construction then there exists ψϕ(x) and χϕ(x) such that ϕ(b, cI) <
1
4
, ψϕ(b) < 1

4
,

but this implies that d(tp(b/B), q) > ε
2
, but this is impossible because d(q, tp(b/B)) ≤

d(q, tp(a/B)) + d(tp(a/B), tp(b/B)) ≤ ε
2
. Therefore N0 (> ε

4
)-omits q and N = N0

(≥ ε
4
)-omits q and is the required non-ℵ1-saturated model of T with density character

µ.

A more careful argument should be able to get a sharper (≥ ε)-omitting result, or
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something like that.

Corollary B.2.24 ([BY05, SU11]). Let T be a countable complete continuous first-order

theory which is κ-categorical for some κ ≥ ℵ1, then T is µ-categorical for all µ ≥ ℵ1.

Proof. By Proposition B.2.1, it’s sufficient to show that if T is ω-stable and has a non-

saturated model of density character µ for some µ ≥ ℵ1, then it has a non-saturated

model of density character κ for every κ ≥ ℵ1, which is a direct consequence of Propo-

sition B.2.23.

B.2.3 A Proof after Chang and Keisler

This section contains a novel adaptation of the proof of Morley’s theorem presented in

[CK90] to the context of continuous logic.

More general forms of the following two results were originally shown in [BY10b].

Here we are presenting slightly simpler proofs in the special cases that are relevant.

Lemma B.2.25. Let F,G ⊆ Sn(A) be closed sets such that dinf (F,G) > ε > 0. Then

there exists a continuous metrically 1-Lipschitz function (and equivalently an A-definable

1-Lipschitz predicate) P : Sn(A)→ [0, ε] such that P (F ) = {0} and P (G) = {ε}.

Proof. Let R = {ri}i<ω be an enumeration of a countable dense subset of (0, ε).

Construct a sequence of pairs of closed sets {Fi, Gi}i<ω by induction on i, where by

induction we will ensure that for each i, j < ω such that ri < rj, dinf (Fi, Gj) > rj − ri,

dinf (F,Gi) > ri, dinf (G,Fi) > ε− ri, and Fi ∪Gi = Sn(A).

At stage i < ω, construct Fi andGi like so: LetK = F≤ri∪
⋃
{F≤ri−rjj : j < i, rj < ri}

and L = G≤ε−ri ∪
⋃
{G≤rj−rij : j < i, ri < rj}. These are finite unions of closed sets and
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are therefore closed. By the induction hypothesis and the triangle inequality, K∩L = ∅,

so since Sn(A) is compact, we can find Fi and Gi such that K ⊆ intFi, L ⊆ intGi, and

Fi∪Gi = Sn(A). (We could even make them closed formulas of restricted closed formulas,

if we were so inclined.)

Now finally let P (x) = inf{ri : x ∈ Fi} or ε if that set is empty. First, to see that P (x)

is continuous (which is really the same argument as in the normal proof of Urysohn’s

Lemma), note that for each s ∈ [0, ε], the set JP < sK is equal to
⋃
{Sn(A)rGi : ri < s},

because if P (x) < s, then for some ri < s, x ∈ Fi, so for any rj with ri < rj ≤ s, x /∈ Gj.

This is a union of open sets and is therefore open. The same argument gives that JP > sK

is open, therefore P is topologically continuous.

To see that P is metrically 1-Lipschitz, note that if P (x) = s < t = P (y), then for

any δ > 0, we can find i, j < ω such that s < ri < rj < t and such that |s− ri| < δ and

|rj − t| < δ, so since x ∈ Fi and y ∈ Fj we have d(x, y) > rj − ri. Since we can do this

for arbitrarily small δ > 0, we get that d(x, y) ≥ t− s, which is precisely the 1-Lipschitz

condition.

Note that P (x̄, ā) being 1-Lipschitz in x̄ does not imply that P (x̄, b̄) is Lipschitz in

x̄ for b̄ 6= ā or that P (x̄, ȳ) is Lipschitz in x̄ȳ. It also doesn’t imply that P (x, ā) can

be uniformly approximated by Lipschitz restricted formulas with uniformly bounded

Lipschitz constants. It is also not clear when we can accomplish the same as the lemma

given dinf (F,G) = ε > 0.

Corollary B.2.26. The family of continuous Lipschitz functions is dense in C(Sn(A),R)

under the uniform norm.

Proof. The family of continuous Lipschitz functions satisfy the requirements of the lattice
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version of the Stone-Weierstrass theorem (Fact A.2.5), so they are dense in C(Sn(A),R).

Corollary B.2.27. For p, q ∈ Sn(A),

d(p, q) = sup{|P (p)− P (q)| : P an A-definable 1-Lipschitz predicate}

= sup

{
1

L(P )
|P (p)− P (q)| : P an A-definable Lipschitz predicate

}
,

where L(P ) is the Lipschitz constant of P (with the understanding that 0
0

= 0). Fur-

thermore, if Sn(A) is topologically separable, then there is a countable family {Pi}i<ω of

1-Lipschitz A-definable predicates such that the supremum can be taken over {Pi}i<ω.

Proposition B.2.28. Let T be a countable complete t.t. theory with non-compact mod-

els. Let M |= T be inseparable. Then M has arbitrarily large elementary extensions, N,

such that for any countable A ⊂M, if p ∈ S1(A) is realized in N, then for every ε > 0,

there is a q ∈ S1(A) with d(p, q) ≤ ε such that M realizes q.

Proof. Since M is inseparable, there is some η > 0 such that #ent
≥ηM ≥ ℵ1. Let Q ⊆ M

be a maximal (≥ η)-separated set of cardinality ℵ1 (which exists, since ℵ1 is a regular

cardinal). Note that since Q is a maximal (≥ η)-separated set, it forms a (< η)-cover of

M.

Consider Q as a subset of S1(M), and let X be its set of condensation points (i.e.

the set of all points p such that for all open U 3 p, |Q ∩ U | ≥ ℵ1). Clearly this is a

closed set. It must be non-empty, because if it were empty then by compactness there

would be a finite cover U of S1(M) such that for each U ∈ U , |Q∩U | ≤ ω, contradicting

the fact that Q is uncountable. Finally no a ∈M ⊂ S1(M) is an element of X, because
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for any a ∈ M there is a b ∈ Q such that d(a, b) < η, so a has an open neighborhood

containing only one element of Q.

By the above proposition, X has a d-isolated-in-X point t. Let a be a realization

of t, and let N be atomic over M ∪ {a}. Let A ⊂ M be countable, and let p ∈ S1(A)

be a type realized in N. We want to argue that for every ε > 0, there is a q ∈ S1(A)

with d(p, q) < ε such that q is realized in M. Since T is countable and A is countable,

C(Sn(A),R) is separable under the uniform norm, so in particular there is a countable

family {Pi}i<ω of A-definable 1-Lipschitz [0, 1]-valued predicates such that for all q0, q1 ∈

S1(A), d(q0, q1) = supi<ω |Pi(q0)−Pi(q1)|. Since p is realized in N, it must be d-isolated

over M ∪ {a}. Let χ(x, a) be the M -definable distance predicate for p. We have that

N |= supx |Pi(x)−Pi(p)| ·−χ(x, a) for all i < ω (this is just saying that Pi is 1-Lipschitz,

so things near p need to take on values for Pi close to the value of Pi at p). Note also

that N |= infx χ(x, a). These predicates are both in the type tp(a/M) = t(y).

Since t is d-isolated-in-X, we can find a definable predicate R such that R(t) = 0

and for all q ∈ X, d(t, q) ≤ R(q) (by the prop above we can find f : X → [0, 1] satisfying

this property on X, then using the Tietze extension theorem we can extend f to the

required R, which is a definable predicate because it is continuous on type space). Note

that for any ε > 0, for any closed F ⊆ JR ≤ εK, either d(t, F ) ≤ ε or |F ∩ Q| ≤ ω. (If

|F ∩ Q| ≥ ℵ1, then by compactness, F ∩ X 6= ∅, but since F ⊆ JR ≤ εK, this implies

that F ∩X ⊆ JR ≤ εK ∩X ⊆ B≤ε(t) ∩X.)

Choose ε > 0. The open formulas Ui = Jsupx |Pi(x)−Pi(p)| ·−χ(x, y) < ε
2
K and U−1 =

Jinfx χ(x, y) < ε
2
K are open neighborhoods of t, so since the formulas in the formulas Ui

for i > −1 are uniformly Lipschitz there is a δ > 0 so that d(t, S1(A)rUi) ≥ δ. So by the

comment above, for each Ui, we have that |(JR ≤ δ
2
KrUi)∩Q| ≤ ω, which implies that
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|(JR < δ
2
KrUi)∩Q| ≤ ω (since that is a subset), but for each −1 ≤ i < ω, JR < δ

2
K∩Ui

is an open neighborhood of t, and thus has |Q ∩ JR < δ
2
K ∩ Ui| ≥ ℵ1. By counting we

get that
∣∣Q ∩ JR < δ

2
K ∩
⋂
−1≤i<ω Ui

∣∣ ≥ ℵ1, so in particular
∣∣Q ∩⋂−1≤i<ω Ui

∣∣ ≥ ℵ1, and

there is some b ∈ Q such that M |= supx |Pi(x) − Pi(p)| ·− χ(x, b) < ε
2
, for each i < ω,

and M |= infx χ(x, b) < ε
2
.

Let c ∈ M be such that M |= χ(c, b) < ε
2
. For each i < ω we have that M |=

|Pi(c)− Pi(p)| ·− χ(c, b) < ε
2

and therefore M |= |Pi(c)− Pi(p)| < ε, so by the corollary

above we have that d(p, tp(c/A)) ≤ ε, thus q = tp(c/A) is the required type for ε > 0.

The following is an adaptation of [CK90, Thm. 7.1.1].

Proposition B.2.29. Let T be a countable complete theory with non-compact models

such that for some κ ≥ ℵ1, T has a non-saturated model of density character κ, then T

has a non-saturated model of density character ℵ1.

Proof. Let A be a non-saturated model of density character κ ≥ ℵ1. Let E ⊂ A be

some set of parameters with cardinality |E| < κ such that A (> ε)-omits some type

p ∈ S1(E) (i.e. for any type q realized by A in S1(E), d(p, q) > ε). By the downward

Löwenheim-Skolem theorem we may assume that the density character of M is |E|+.

Let A0 be a dense pre-structure with cardinality |E|+.

Recast A0 as a discrete structure, with a predicate for every open or closed formulas

Jϕ C rK with ϕ a restricted formula over ∅, r a rational number, and C ∈ {<,≤} (so

there are only countably many such predicates). Add the following things to make the

structure A∗:

• For some ε > 0, A∗ has a (> ε)-separated set of cardinality |E|+, since |E|+ is

a regular cardinal. Let Q be a predicate selecting out a (> ε)-separated set of
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cardinality |E|+.

• Let f be a function that is a bijection between A0 and QA∗ .

• Let E be a predicate selecting out the set E.

• For each restricted formula ϕ(x, ē) with ē ∈ E, let sϕ,ē be the smallest number

such that B≤ε/2(p) ⊆ Jϕ(x, ē) ≤ sϕ,ēK. Pick some set U ⊂ A with cardinality |E|

and associate each element bijectively with some formula of the form Jϕ(x, ē) ≤ rK

with r a rational number greater than or equal to sϕ,ē. (All such rational numbers

should appear in the list.)

• Let S be a binary predicate such that for any a ∈ A0 and c ∈ U , A∗ |= S(a, c) if

and only if A0 |= ϕ(x, ē) ≤ r where Jϕ(x, ē) ≤ rK is the formula corresponding to

c.

• Let R be a binary predicate such that for any c ∈ U and e ∈ E, A∗ |= R(c, e) if

and only if e is one of the constants occurring in the formula corresponding to c.

Now by Theorem 3.2.11 in Chang and Keisler, A∗ has a countable elementary sub-

structure B with an elementary extension C such that UB = UC, EB = EC, and |C| = ℵ1.

In particular, note that no non-standard elements of U show up in C; they still correspond

to actual restricted formulas.

Now let C† be the metric pre-structure corresponding to C.

First note that #dcC† = ℵ1. It has a dense subset of cardinality ℵ1 and a (> ε)-

separated set of cardinality ℵ1, so its density character is ℵ1. (In principle the dense

subset of cardinality ℵ1 might contain many elements with infinitesimal distances be-

tween them. So merely having a dense subset in the discrete structure of cardinality ℵ1
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isn’t enough to ensure that the density character is ℵ1. Conversely, in general a struc-

ture can have a (> ε)-separated set of cardinality ℵ1 but have a larger density character,

although it can’t happen in this particular case.)

Secondly note that the set EC ⊂ EA∗ is a countable set of parameters and UC ⊂

UA∗ defines a consistent partial type over EC (we know it is consistent because it is a

restriction of B≤ε/2(p) ⊆ S1(A)). The predicate R ensures that the parameters needed

for any formula in UC are actually in EC, since they are algebraic over it.

Finally the theory of C knows that no element of C simultaneously satisfies all for-

mulas of the form Jϕ(x, ē) ≤ rK encoded by elements of UC, since the same is true in A∗.

This partial type is a superset of B≤ε/2(p � EC), so C† (≥ ε
2
)-omits p � EC and there-

fore so does its completion, C†, which is the required non-saturated model of density

character ℵ1.

Theorem B.2.30. If T is a countable complete theory with non-compact models which

is κ-categorical for some κ ≥ ℵ1, then it is λ-categorical for every λ ≥ ℵ1.

Proof. Every model of T of density character κ is saturated, so by Proposition B.2.28,

every model of T of density character ℵ1 is saturated and then by Proposition B.2.29

every model of T of density character λ for any λ ≥ ℵ1 is saturated. Therefore T is

λ-categorical for every λ ≥ ℵ1.

B.3 Encoding Structures as Metric Spaces

It is a well known fact [Hod93] that any discrete structure with finite signature can be

encoded as a graph in a particularly strong way:
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Fact B.3.1. For any finite signature L there is a sentence χ in a language with a single

binary predicate such that every model of χ is a graph and the class of models of χ is bi-

interpretable with the class of L-structures with more than one element. Furthermore this

bi-interpretation preserves embeddings and is computable in the sense that presentations

of models of χ are uniformly computable from presentations of the corresponding L-

structure and vice versa.

This immediately implies that the set of validities involving a single binary predicate

is undecidable, even though monadic first-order logic, which involves only unary pred-

icates, is decidable. This is in contrast to the situation in continuous first-order logic,

introduced in [BYBHU08]. There is an easy encoding of a graph (V,E) as a metric space

(V, d) wherein

d(x, y) =


0 x = y

1
2

xEy

1 otherwise

.

So the set of continuous validities in the empty signature is undecidable for any reason-

able notion of computable continuous formulas. Moreover, discrete structures can be

encoded as metric spaces, in light of Fact B.3.1.

The proof of Fact B.3.1 uses a ‘tag construction,’ in which each tuple x0, x1, ..., xk−1

related by some relation P is connected by a tag which is engineered to distinguish each

xi and to be distinguishable from tags corresponding to relations other than P . This

particular construction does not generalize in any satisfactory way to metric structures,

but the main result of this section is a generalization of Fact B.3.1:

Theorem B.3.2. For any countable metric signature L and r > 0, there is a theory T
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in the empty signature such that the class of models of T is bi-interpretable with the class

of L-structures with diameter ≥ r. This bi-interpretation preserves embeddings and d-

finiteness of types. If the original structure is not strongly infinite dimensional, then the

interpreted structure will also not be strongly infinite dimensional. Furthermore, the bi-

interpretation is computable in the sense that presentations of models of T are uniformly

computable from presentations of the corresponding L-structure and vice versa.

There are some improvements in Theorem B.3.2 over Fact B.3.1, namely that the

encoding works in the empty signature—which is largely cosmetic—and that we can en-

code countable signatures rather than just finite ones. d-finiteness of types is a technical

niceness condition introduced in [BYU07] that will be discussed below. Strong infinite

dimensionality is relevant from the point of view of computable structure theory, as the

continuous degree of a point in a finite dimensional or weakly infinite dimensional metric

space is always total [KP14]. These two concepts play no essential role in the construc-

tion, although they do motivate a particular choice in it, namely using a disjoint union

construction rather than a product construction.

The restriction that the metric structures have diameter uniformly bounded below is

the necessary analog of the ‘more than one element’ restriction. A simple compactness

argument shows that we could never have uniform bi-interpretability between a single

elementary class of metric spaces and the class of all L-structures of positive diameter.

In both the discrete case and the metric case we could avoid this non-uniformity by

appending a new sort to every structure that always contains precisely two elements

distance 1 apart. Also it should be noted that this is a non-issue from a computable

structure theory point of view.

Finally there is the issue of finite axiomatizability, which the generalization loses,
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although, as will be discussed in Section B.4, there is no clear analog of finite axiomati-

zability in continuous logic.

B.3.1 Preliminaries

For the purposes of this section we will assume that all signatures are relational and all

predicates are [0, 1]-valued. We also need to present some unsurprising definitions. Note

that we will not be allowing the imaginary 2.

For computable metric signatures, obviously we should require that the predicate

ranges and maximum sort diameters be uniformly computable before recasting in the

form above (although really all we need are uniformly computable upper and lower

bounds), in order to ensure that we can uniformly compute presentations of recast

structures from presentations of the original structures.

Definition B.3.3. A computable metric signature is a metric signature such that S and

P are computable subsets of ω, a is a computable function which is total on P , and

P 7→ ∆P is a uniformly computable family of total computable functions. C

We should be clear about what a computable metric structure is.

Definition B.3.4. Given a computable metric signature L, a computable L-structure is

an L-structure whose universes are a uniformly computable family of computable metric

spaces (in the sense of [Wei00]) and whose predicate interpretations are all uniformly

computable functions. C

Because we are using these notions in a detailed way, we will modify and expand

Definition 1.3.2 for the purposes of this section.
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Definition B.3.5. (i) For a metric signature L, a finitary L-formula is an expres-

sion of the form
∑

n<ω 2−(n+1)ϕn, with ϕn a sequence of [0, 1]-valued restricted L-

formulas such that the entire sequence contains finitely many free variables. Such

a formula has a syntactic modulus of uniform continuity of
∑

n<ω 2−(n+1)∆ϕn .

(ii) An ω-infinitary L-formula is an expression of the same form allowing possibly

infinitely many free variables.1

(iii) An L-formula is either a finitary or an ω-infinitary L-formula.

(iv) A computable L-formula is an L-formula such that the sequence of formulas ϕn

is computable (the ϕn are required to be restricted formulas and can therefore be

encoded by natural numbers). C

With some straightforward work, one can show the following fact.

Fact B.3.6. If {ϕn}n<m is a uniformly computable sequence of L-formulas for some

m ≤ ω and F : [0, 1]m → [0, 1] is a computable function, then F (ϕ̄) is logically equivalent

to a computable L-formula. Furthermore the equivalent formula is uniformly computable

in {ϕn}n<m and F .

B.3.2 Expansions

We need to specify a few notions of expansions and interdefinability in continuous logic.

Definition B.3.7. (i) For a given metric signature L and a finitary L-formula ϕ(x̄),

a definitional expansion of L by ϕ is a metric signature L∗ containing the same

1Such an expression has a uniformly computable syntactic modulus of uniform continuity in terms
of the appropriate metric on ω-tuples, but it is somewhat more complicated to state.
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sorts as L and a single new predicate symbol P with a(ϕ) = a(P ) and ∆ϕ = ∆P .

For A an L-structure, the corresponding L∗-structure A∗ is given by interpreting

P as ϕ. We also refer to iterated definitional expansions as definitional expansions.

(ii) An L-structure, A, and a K-structure, B, are interdefinable if there are definitional

expansions A∗ and B∗ which make them isomorphic up to relabeling of sorts and

predicate symbols. (We allow metrics to be relabeled.) An elementary class C0

of L-structures and an elementary class C1 of K-structures are interdefinable if

there are functors F : C0 → C1 and G : C1 → C0 given by uniform definitional

expansions and relabelings which form an equivalence of categories, where we treat

C0 and C1 as categories with elementary embeddings as morphisms (i.e. F ◦G and

G ◦ F are both naturally isomorphic to the identity functor2).

Note that we aren’t requiring that the syntactic moduli of continuity match. C

Lemma B.3.8. (i) For any metric signature L (not necessarily countable), there is a

metric signature K which is interdefinable with an imaginary expansion of L such

that K has a uniform bound of 2 on the arities of its predicate symbols. For com-

putable signatures, the signature K is uniformly computable from L, and presenta-

tions of L-structures can be uniformly converted into corresponding presentations

of K-structure and vice versa.

(ii) There is a K-theory TL, uniformly computable from L, such that the models of TL

are precisely the interpretations of L-structures.

2That is to say, for each structure A in C0, there is a designated isomorphism αA : A → G ◦ F (A)
such that for any B ∈ C0 and any elementary map f : A � B, αB ◦ f = (G ◦ F (f)) ◦ αA. And likewise
for C1.
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Proof. (i) For each predicate symbol p, we can define a unary formula on the sort

ΠO∈a(p)O in the obvious way. These, together with projection maps between product

sorts and the original L-sorts, are clearly enough to define any predicate originally

definable in an L-structure in a completely uniform way. Since the projection maps are

encoded as 2-ary predicates, we have the required arity bound. This procedure is also

clearly uniformly computable, both for signatures and presentations of structures.

(ii) All that TL needs to say is that the predicates corresponding to projection maps

are actually projection maps and that the product sorts are products of the sorts they

project onto.

Definition B.3.9. For any metric signature L with designated home sort H and any real

number r satisfying 0 < r ≤ 1, CL,r is the class of L-structures A satisfying diam(HA) ≥

r. C

The following lemma is the source of all non-uniformity relative to r in the entire

construction and is analogous to the fact that a discrete structure with only one element

cannot interpret any structure with more than one element. It could be avoided by

appending the imaginary sort 2 and treating that as the designated home sort H.

Lemma B.3.10. Let X be a compact metric space. For structures in the class CL,r,

there is a uniformly definable imaginary Y such that for any A ∈ CL,r, Y A ∼= X, with

each point of Y A and every continuous function (Y A)n → [0, 1] uniformly ∅-definable.

Proof. Let x0, x1, y0, y1 be variables in H, and consider the L-formula

ρ(x0, x1, y0, y1) =
1

r
|d(x0, x1)− d(y0, y1)| ↓ 1.
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This is a pseudo-metric on H2. H2/ρ contains more than one point for any A ∈ Cr,

because of the diameter requirement. In particular it has a definable subset consist-

ing of the ρ-equivalence classes of pairs satisfying d(x0, x1) = 0 and pairs satisfying

d(x0, x1) ≥ r, with each of those points being ∅-definable by the formulas 1
r
d(x0, x1)

and 1 ·− 1
r
d(x0, x1), respectively. Let D denote this definable set.

This definable set corresponds to the imaginary 2, so the rest follows from Propo-

sition 3.4.1. In order to verify computability we need to verify that there is a uniform

computable definition of the Hilbert cube, [0, 1]ω, with the standard metric, but in order

to accomplish this all we need to do is fix the standard computable surjection from C

to [0, 1] and then pass to the ω-power. Then any computable compact metric space X

has a computable embeddings into [0, 1]ω and total computable functions on X have

uniformly computable extensions to all of [0, 1]ω by Fact B.3.16, since infima of total

computable functions on computable compact metric spaces are computable.

There are some potential subtleties involving uniform computability of formulas

defining computable compact imaginaries and computable predicates on them. In the

current context we only need Lemma B.3.10 for a small handful of very specific tame

compact metric spaces, so we’ll deal with computability on a case-by-case basis.

Lemma B.3.11. For any CL,r, with r > 0, if {OA
n}n<k is a finite collection of sorts of

diameter ≤ 1, then the disjoint union U =
⊔
n<k On with metric d(x, y) = 1 for x ∈ On

and y ∈ Om (with n 6= m) and d(x, y) = dOn(x, y) for x, y ∈ On is a uniformly definable

imaginary in CL,r. Furthermore the formulas defining U are uniformly computable in

L, r, and the list of sorts.

Proof. By Lemma B.3.10, the discrete space ∆k = {0, ..., k−1}, with the metric δ(x, y) =
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1 if x 6= y, is uniformly an imaginary of CL,r (although in particular we don’t have to

go through Cantor space, and we can realize ∆k as a quotient of some ∆2` = (∆2)` in

a uniformly computable way). Furthermore we can arrange that each element of ∆k is

definable.

Define a formula ρ(x̄, ȳ) on ∆k ×
∏

n<k On by

ρ(x̄, ȳ) =

(
δ(x0, y0) + min

n<k
(d(xn+1, yn+1) + δ(x0, n))

)
↓ 1.

Checking definitions gives that ∆k×
∏

n<k On/ρ is the required imaginary. This formula

is also clearly uniformly computable.

B.3.3 Countable Disjoint Unions of Sorts

We already constructed the countable disjoint union imaginary in Corollary 3.4.9, but

we will have to repeat some of that construction here, as we need to track computability

issues.

A common trick in discrete logic is merging a finite collection of sorts by taking

the disjoint union and adding unary predicates selecting out each sort. This can’t be

extended to infinitely many predicates without changing the category of models; by

compactness there will be models with elements not in any given sort. The added

flexibility of continuous logic allows us to do this with countably many sorts at once

without changing the category of models. Specifically we can arrange it so that any

sequence of types that ought to limit to an ‘unsorted’ type is shunted into a single unique

overflow point. This is very similar to the emboundment method used in [BY08a] to

treat unbounded metric structures.
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It should be noted that if L has finitely many sorts and (possibly infinitely many)

predicates with uniformly bounded arity, this section can be skipped and the construction

in Theorem B.3.23 will work directly.

Definition B.3.12. Let {On}n<ω be a countable sequence of L-sorts. For any L-

structure A, the (countable) metric disjoint union of {On}n<ω is a metric structure

with the set

UA = {∗} ∪
⊔
n<ω

OA
n

as its universe, where ∗ is a single new point. The metric disjoint union is written⊔∗
n<ω On.

To define the metric on UA, let x, y ∈ OA
n , z ∈ OA

m, with n 6= m. Then we have

dAU(x, y) = 2−ndAOn(x, y),

dAU(x, z) = |2−n − 2−m|, and

dAU(x, ∗) = 2−n,

where the other values are determined by symmetry. We will prove in Proposition B.3.13

that this defines a complete metric space.

A predicate on some OA
n1
× · · · ×OA

nk
is extended to a predicate on UA by setting its

value to 1 (i.e. ‘false’) when the input is not part of its domain.

Finally we add a distance predicate for the set {∗} (recall that we have restricted

ourselves to relational languages, so we can’t use a constant). C

Proposition B.3.13. (i) The countable metric disjoint union, U =
⊔∗
n<ω On, of a

sequence {On}n<ω of L-sorts is well-defined, i.e. the metric given in the definition
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is actually a complete metric.

(ii) The predicates interpreted on it are uniformly continuous. If they are Lipschitz in

the original signature, they will still be Lipschitz (although possibly with a different

Lipschitz constant).

(iii) For any fixed L and r, the countable metric disjoint union is isomorphic to a

uniformly definable imaginary for all A ∈ CL,r. The relevant formulas and the map

of presentations A 7→ UA are uniformly computable from the sequence {On}n<ω,

the signature L, and the real number r, so in particular if those are all computable,

then the relevant formulas and the map of presentations are computable.

(iv) Each On as a subset of U is a definable subset of U and (considering U as an

imaginary sort) there is a definable bijection between On as a sort and On as a

definable subset of U . The relevant formulas are uniformly definable in L and

computable.

(v) For a fixed sequence S = {On}n<ω of L-sorts with O0 = H, the designated home

sort, there is a signature LS and a theory TS , both uniformly computable from

L and S , and a LS -sentence ΞS , such that the models of TS ∪ {ΞS ≥ r} are

precisely the same as reducts to the sort
⊔∗
n<ω On of structures in CL,r.

Proof. (i) The expression given for d clearly obeys all metric space axioms besides the

triangle inequality. The only unobvious case is the one consisting of two points in some

On and a third point in some Om with n 6= m (where we let Oω = {∗} with the

understanding that “2−ω” = 0). Let x, y ∈ On and z ∈ Om with n 6= m. By symmetry

there are only 2 cases to check:
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• d(x, y) ≤ 2−n and d(x, z) = d(y, z) = |2−n−2−m| ≥ 2−(n↓m+1), so d(x, z)+d(y, z) ≥

2−(n↓m) ≥ 2−n ≥ d(x, y), and in this case the triangle inequality is obeyed.

• d(x, z) = |2−n − 2−m|, so d(x, z) ≤ d(x, y) + |2−n − 2−m| = d(x, y) + d(y, z).

So the triangle inequality is obeyed in all cases.

To see that the metric space is complete, note that any Cauchy sequence is either

eventually contained in some On or limits to ∗.

(ii) If a predicate P on sort On1×· · ·×Onk has modulus of uniform continuity ∆P (x),

then the corresponding predicate on U is uniformly continuous with modulus of uniform

continuity

∆∗P (x) =
(
∆P ((2Nx) ↓ 1) ↑ (2N+1x)

)
↓ 1,

where N = n0 ↑ . . . ↑ nk−1. Note that if P has Lipschitz constant L, then on U it will

have Lipschitz constant 2N+1L, and in particular it will still be Lipschitz.

(iii) By Lemma B.3.10, the class CL,r has a uniformly definable imaginary isometric

to the metric space (X, d) where X = {0} ∪ {2−n : n < ω} and d is the standard metric

on R. Let W = X × Πn<ωOn be the infinitary product sort.

(iv) For any x ∈ U , d(x,On) = |d(x, ∗)− 2−n|.

Let Q : X → [0, 1] be the natural inclusion map, which is a definable predicate on

X uniformly for all members of CL,r. For each n, let

Rn(x) = 1 ·− 2n+1|Q(x)− 2−n|,

i.e. Rn is a predicate on X which takes on the value 1 at 2−n and 0 everywhere else.
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Now define a pseudo-metric on W by

ρ(x̄, ȳ) = |Q(x0)−Q(y0)|+
∑
n<ω

2−nRn(x0)Rn(y0)dOn(xn+1, yn+1).

Although in principle this is [0, 2]-valued, by construction it will only take on values in

[0, 1]. Taking the quotient W/ρ will identify any two elements ā, b̄ ∈ W if and only if

a0 = b0 and either a0 = 0 or a0 = 2−n and an = bn. So by making the identification of

elements of the form (2−n, . . . , an, . . . ) with an and elements of the form (0, . . . ) with ∗,

we get a bijection between W/ρ and U , and by checking definitions we see that ρ induces

the correct metric on U .

(v) The signature LS has a single sort and the same predicate symbols as L with the

same total arity along with a single new unary predicate symbol Q. For each predicate

symbol P , the syntactic modulus of continuity is
(
∆P ((2Nx) ↓ 1) ↑ (2N+1x)

)
↓ 1, where

∆P is the syntactic modulus of continuity of P in L, and ∆Q(x) = x.

Recall that for a given formula ϕ there is a closed sentence determined by ϕ that

holds exactly when ϕ is the distance predicate of a definable set. (Specifically, the

closed sentence given by unpacking the definition of DEFxϕ.) Since these axioms are

fixed sentences depending on ϕ which are ‘restricted relative to ϕ,’ they are uniformly

computable from ϕ.3 TS has axioms saying that Q is a distance predicate and that the

set defined by Q is non-empty and has diameter 0. Let ∗ be a constant referring to the

unique point defined by Q. (We add this constant in order to make the following axioms

easier to write down, but it is not strictly necessary.)

Let f : [0, 1] → [0, 1] be a total computable continuous function whose zeroset is

3Note that the procedure for translating a finitary topological formula to a condition involving a
real valued formula is clearly uniformly computable.
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precisely X = {0} ∪ {2−n : n < ω}. TS has the axioms

• ∀xf(d(x, ∗)) = 0 and

• @xd(x, ∗) = r, for each r ∈ X.

For each r ∈ X, TS has the axiom DEFx|d(x, ∗) − r|, stating that |d(x, ∗) − r| is a

distance predicate of a definable set.

By abuse of notation, label those definable sets On. The sentence ΞS is given by

ΞS = sup
x,y∈O0

d(x, y),

i.e. the diameter of O0. Finally there are axioms for each predicate symbol P and each

incorrect sequence of input sorts saying that P takes on the value 1 on those inputs

(which is expressible as the sorts are definable sets) and axioms stating that P obeys

the modulus of continuity ∆P relative to the rescaled metrics on the On.

The following proposition is clear by construction and in particular by part (iii) of

Proposition B.3.13 above.

Proposition B.3.14. If L is a metric signature with countably many sorts and we let

U =
⊔∗
O∈S O be the imaginary disjoint union of all L-sorts, then for all A ∈ CL,r, we

have that A and UA have uniformly definable imaginary expansions which are uniformly

interdefinable.

Aside from the issue of topological dimension and continuous degrees of points in

the structure discussed in the introduction, one of the mild technical advantages of

a countable metric disjoint union over an ω-product is that parameters in non-trivial



466

ω-products tend to be poorly behaved in that they act like countable collections of

parameters rather than finite collections of parameters. This general phenomenon of

single parameters acting like countable collections of parameters can be blamed for

many of the pathologies in continuous logic (e.g. pairs ab such that tp(ab) is principal

but tp(a/b) is not, theories with exactly two separable models, small theories with only

‘approximately ω-saturated’ separable models, and ω-categorical theories which fail to

be ω-categorical after naming an element). In [BYU07], Usvyatsov and Ben Yaacov

introduced the notion of a d-finite type, which intuitively speaking characterizes when a

finitary type actually behaves like a discrete finitary type, rather than a discrete ω-type.

Uniform d-finiteness is a technical strengthening of d-finiteness that was needed in an

analog of Lachlan’s theorem on the number of countable models of a superstable theory

in [BYU07].

Proposition B.3.15. (i) Let ā ∈
⊔∗
n<ω On be an `-tuple of elements not equal to

∗. For any set B of parameters, tp(ā/B) is (uniformly) d-finite as a type in the

correct product sort if and only if it is (uniformly) d-finite as a type in the sort(⊔∗
n<ω On

)`
. (Note that since ∗ ∈ dcl(∅), its type is always uniformly d-finite and

adding it to a tuple preserves d-finiteness.)

(ii) For any (locally) compact set B ⊂ OA
k , the corresponding set in

⊔∗
n<ω O

A
n is (locally)

compact. (Although note that the countable metric disjoint union will typically fail

to be locally compact at ∗.)

(iii) For any topologically finite dimensional (resp. weakly infinite dimensional) set B ⊂

OA
k , the corresponding set in

⊔∗
n<ω O

A
n is finite dimensional (resp. weakly infinite

dimensional). If each OA
k is finite dimensional, then

⊔∗
n<ω O

A
n will be either finite



467

dimensional or weakly infinite dimensional and locally finite dimensional away

from ∗. If each OA
k is weakly infinite dimensional, then

⊔∗
n<ω O

A
n is as well.

Proof. These all follow from the fact that the natural inclusion maps Ok →
⊔∗
n<ω On

are open, isometric-up-to-scaling, and bijections between definable sets.

In particular if T is ‘hereditarily ω-categorical’ (i.e. ω-categorical over every finite

set of parameters) or has an exactly ω-saturated separable model, then Th
(⊔∗

n<ω On

)
will as well [BYU07].

B.3.4 Making Everything Lipschitz

Ultimately we will need all of our predicate symbols to be Lipschitz since they will be

encoded directly into a metric and metrics are always Lipschitz. There are a couple of

ways to accomplish this. If the reader does not care about computability, this section

can be skipped using the following Fact B.3.16. Also it should be noted that Fact B.3.16

does not rely on the signature in question being countable, but the result that we will

use, Proposition B.3.21, does in general.

Fact B.3.16. Let (X, d) be a metric space and f : X → [0, 1] be a uniformly continuous

function. For each 0 < n < ω, let

fn(x) = inf
y

(
1

n
f(y) + d(x, y)

)
↓ 1.

Then fn(x) is a sequence of 1-Lipschitz functions such that nfn → f uniformly as

n→∞.
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In general the transformation in Fact B.3.16 would cost a jump to compute on a given

structure, i.e. if some degree a computes a structure (M,P ) with predicate P , then a′

will compute (M,P0, P1, . . . ) with Pn given by the formula in Fact B.3.16. So to ensure

that the construction is computable, we will have to use something else. We will use

the fact that if α is a concave non-decreasing function such that α(0) = 0, then for any

metric d, α(d) is also a metric. If one of our predicates P has a concave non-decreasing

modulus of uniform continuity, then this means that we can compose it with the metric

to get a uniformly equivalent metric relative to which P is 1-Lipschitz.

The following is a fairly elementary real analytic fact, but we will include a proof

for the sake of demonstrating that the procedure is computable. Note that we could

avoid this lemma entirely if our moduli of uniform continuity were non-decreasing and

sub-additive, which is often required and can always be arranged as shown in this lemma.

Lemma B.3.17. Let δ : [0, 1] → [0, 1] be a continuous function satisfying δ(0) = 0.

There is a continuous, concave, non-decreasing function α : [0, 1] → [0, 1] satisfying

α(0) = 0 and α ≥ δ. Furthermore, α is uniformly computable from δ.

Proof. α will be the ‘non-decreasing convex hull of δ,’ defined by the following formula:

α(x) = inf{mx+ b : 0 ≤ m, b, (∀y ∈ [0, 1])my + b ≥ δ(y)}.

For each n < ω, define

αn(x) = inf{mx+ b : 0 ≤ m, b, (∀k ∈ {0, 1, . . . , 2n})m(2−nk) + b ≥ δ(2−nk)}.
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When computing αn, the largest m necessary is at most

mn = 2n sup
0≤k<2n

|δ(2−n(k + 1))− δ(2−nk)|,

and the largest b is always at most 1, so the computation of αn amounts to minimizing

a δ-computable linear function on a δ-computable bounded polytope, so the αn are

uniformly computable in δ [Wei00, Ch. 5]. Furthermore note that since each αn is the

infimum of a family of Lipschitz functions with uniformly bounded Lipschitz coefficients,

αn is Lipschitz and in particular continuous.

Now all we need to show is that αn converges uniformly to α with a computable

modulus of uniform convergence. For computability considerations, we will need the fact

that the modulus of uniform continuity of a continuous function f on [0, 1] is uniformly

computable from f [Wei00, Ch. 6]. Let ∆δ be the modulus of uniform continuity of δ.

By replacing ∆δ with sup0≤y≤x ∆δ(y) (which is uniformly computable from ∆δ, since

[0, x] is effectively compact uniformly in x), we may assume that ∆δ is non-decreasing.

Now note that for each n < ω, we have the following inequality:

αn ≤ α ≤ αn + 2∆δ(2
−n). (?)

To see that this inequality is true, observe that for each interval I = [2−nk, 2−n(k + 1)],

we must have

δ(x) ≤
[
δ(2−nk) ↑ δ(2−n(k + 1))

]
+ ∆(2−n)

≤
[
δ(2−nk) ↓ δ(2−n(k + 1))

]
+ 2∆(2−n),
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for all x ∈ I. Therefore, if m, b ≥ 0 satisfy the requirements in the infimum defining αn,

then for all x ∈ I,

mx+ b ≥ δ(2−nk) ↑ δ(2−n(k + 1)),

and thus (?) follows, so we get that αn → α uniformly as n→∞, and α is continuous.

Furthermore, we clearly have a uniformly computable modulus of uniform convergence,

so α is uniformly computable.

Finally note that α is concave and non-decreasing by construction (these are pre-

served by infima) and α(0) = 0 since for every ε > 0, there is an m > 0 such that

mx+ ε ≥ δ(x) for all x ∈ [0, 1] by continuity of δ.

So as long as we have a single modulus of continuity that all relation symbols obey, we

can find an inter-definable structure with a Lipschitz signature. We can always arrange

this if our signature is countable.

Definition B.3.18 (Uniform uniform continuity). (i) A family of functions f ∈ F

on a metric space X is uniformly uniformly continuous or u.u.c. if there is a single

modulus of uniform continuity valid for all f ∈ F .

(ii) A metric signature L is u.u.c. if ∆P = ∆Q for all predicate symbols P and Q. C

Recall that two metric spaces (X0, d0) and (X1, d1) are bi-uniformly isomorphic if

there is a uniformly continuous bijection f : X0 → X1 with uniformly continuous inverse.

Two metrics d0, d1 on the same space X are uniformly equivalent if (X, d0) and (X, d1)

are bi-uniformly isomorphic under the identity map.

Lemma B.3.19. (i) If d is a [0, 1]-valued metric and α : [0, 1] → [0, 1] is a contin-

uous, concave, non-decreasing function satisfying α(0) = 0, then α(d) ↑ d is a
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metric that is uniformly equivalent to d.

(ii) If (X, d) is a metric space with diameter ≤ 1 and fi : X → [0, 1] for i ∈ I is a

family of u.u.c. functions with continuous, sub-additive, non-decreasing modulus of

uniform continuity α, then (X,α(d) ↑ d) is a metric space bi-uniformly isomorphic

to (X, d), such that the family {fi}i∈I is 1-Lipschitz.

Proof. (i) Concave functions are sub-additive. The pseudo-metric axioms are preserved

under composition with sub-additive, non-decreasing functions which fix 0, so α(d) is a

pseudo-metric. The maximum of two pseudo-metrics is still a pseudo-metric, so α(d) ↑ d

is a pseudo-metric. α(d) ↑ d = 0 if and only if d = 0, so it is actually a metric. α(d) ↑ d

and d are clearly uniformly equivalent.

(ii) This is immediate from (i).

In the previous lemma we only need to take the maximum with d on the off chance

that α = 0. Ultimately there is no harm in doing so.

Lemma B.3.20. If L is a countable metric signature, then it is interdefinable with a

u.u.c. metric signature K. Furthermore if L is computable, then we can take K to be

uniformly computable in L.

Proof. Let {Pi}i<ω = P be an enumeration of all the predicate symbols in L (in any

sort). For each i < ω, let Qi be the L-formula 2−(i+1)Pi. The L-formulas Qi are u.u.c.

with regards to the modulus of uniform continuity ∆ =
∑

i<ω 2−(i+1)∆Pi . If we let K be

a metric signature with the same sorts as L and predicate symbols for the Qi, each with

∆Qi = ∆, then K is the required metric signature.

The procedure described in Lemma B.3.17 is uniformly computable, so passing from

L to K is uniformly computable as well.
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Proposition B.3.21. (i) If L is a countable metric signature, then it is interdefinable

with a 1-Lipschitz metric signature K, i.e. a signature such that ∆P (x) = x for all

predicate symbols P (although not for metrics, which are necessarily 2-Lipschitz).

Furthermore K is uniformly computable from L.

(ii) There is a K-theory TL such that the models of TL are precisely the interpretations

of L-structures as K-structures. Furthermore TL is uniformly computable from L.

Proof. (i) Aside from what we have already outlined in this section, the only subtlety is

that the passage from d to α(d) ↑ d may delete some information contained in d because

of ‘clipping’ wherever α is locally constant (and therefore not locally invertible). To

remedy this all we need to do is add, for each sort O, a new binary 1-Lipschitz predicate

symbol Pd,O whose interpretation is 1
2
dO before running the construction in this section.

This does not prevent α from clipping the metric, but we lose no information since we

can recover the original metric from this predicate.

(ii) TL just needs to express that every predicate symbol is uniformly continuous

with regards to the original metrics dO = 2Pd,O in the appropriate way, i.e. with axioms

of the form

∀xy|P (x)− P (y)| ≤ ∆P (2Pd,O(x, y)),

and analogous axioms for predicates on more than one sort.

B.3.5 Encoding in Metric Spaces

Most of the coding tricks used in the two following constructions boil down to the

fact that if X and Y are metric spaces with diameter ≤ 1, then for any 1-Lipschitz

function f : X × Y → [0, 1], you can extend the metrics on X and Y to X t Y with
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d(x, y) = 2 + f(x, y) for x ∈ X and y ∈ Y . After doing this, if X and Y are definable

from the metric, we can recover f from the metric alone. The other fundamentally

important thing is that since our metric structures have bounded diameter, we can add

points at a larger diameter to ensure that they are ∅-definable in terms of the metric

regardless of the content of the embedded metric structure.

For the sake of simplicity and to avoid writing a large number of fractions, we will

write metrics with distances that are larger than 1. To bring this into line with the [0, 1]-

valued metric convention established at the beginning of the paper, divide all distances

by 6.

Theorem B.3.22. (i) If L is a countable metric signature, then for any CL,r, there

is a uniformly definable imaginary X such that for any A ∈ CL,r, A and the purely

metric reduct XA
0 = (XA, d) are uniformly bi-interpretable in the sense that

• there are uniformly definable imaginary expansions of A and XA
0 which are

uniformly interdefinable, and

• there are uniformly definable bijections between the sorts of A and definable

subsets of XA
0 , and XA

0 is contained in the definable closure of the images of

those bijections.

Furthermore the interpretation preserves embeddings and (uniform) d-finiteness

of types. If the original structure is not strongly infinite dimensional, then the

interpreted structure will also not be strongly infinite dimensional. The interpreta-

tion preserves local compactness and local finite dimensionality away from a fixed

compact ∅-definable set of bad points.
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(ii) For any countable metric signature L, there is a first-order theory TL and a sen-

tence Ξ such that for any r ∈ (0, 1], the class of metric spaces of the form XA
0 for

A ∈ CL,r is precisely the set of models of TL ∪ {r ·− Ξ}. If L is a computable sig-

nature, then TL is computable. Ξ does not depend on L and is always computable.

Furthermore there are computable mappings of presentations of L-structures to

presentations of models of TL and vice versa (these mappings do not depend on r).

Proof. (i) By applying Lemma B.3.8, we may assume that L has a uniform arity bound

of 2. By applying Propositions B.3.14 and B.3.21, we may assume that L has a single

sort and is 1-Lipschitz. By recasting unary predicates P as binary predicates using

P (x, y) = P (x), we may assume that all predicates are binary.

Let {Pn}n<ω be an enumeration of all predicates with P0(x, y) = 1
2
d(x, y).

XA will have the set A tA× ω t {∞, t} as its universe, where A× ω t {∞} will be

a modified countable metric disjoint union, with overflow point ∞, and t will be a tag

to keep things straight. XA will have the unique metric defined by

• d(x, y) = dA(x, y), for x, y ∈ A,

• d(x, (y, n)) = 2 + 2−n−1dA(x, y), for x ∈ A and (y, n) ∈ A× ω,

• d(x,∞) = 2 for x ∈ A,

• d(x, t) = 5, for x ∈ A,

• d((x, n), (y, n)) = 2−ndA(x, y), for (x, n), (y, n) ∈ A× ω,

• d((x, n), (y, n+ 1)) = 2−n−1(1 + PA
n (x, y)), for (x, n), (y, n+ 1) ∈ A× ω,

• d((x, n), (y,m)) = |2−n − 2−m|, for (x, n), (y,m) ∈ A× ω with |n−m| > 1,
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• d((x, n),∞) = 2−n,

• d((x, n), t) = 4 + 2−n−1, for (x, n) ∈ A× ω, and

• d(∞, t) = 4.

All of the metric space axioms except for the triangle inequality are clearly obeyed by

d. If all three points are in the same copy of A then the triangle inequality is obeyed,

so we only need to check mixed triples. The majority of cases are mechanical to check,

but there are a handful of tight or subtle cases that we will write out explicitly. Let

x, y ∈ A and (z, n), (w, n), (u, n+ 1), (v, n+ 1), (s,m) ∈ A× ω with |n−m| > 1, where

n,m < ω. Also, recall that if n 6= m, then |2−n − 2−m| ≥ 2−n−1. Here are the cases we

check explicitly:

• d(x, (z, n)) ≤ 2 + 2 · 2−n−2 ≤ d(x, (u, n+ 1)) + d((u, n+ 1), (z, n)),

• d((z, n), (u, n+ 1)) ≤ 2−n−1(1 + Pn(w, u) + d(z, w))

≤ d((z, n), (w, n)) + d((w, n), (u, n+ 1)),

• d((z, n), (w, n)) ≤ 2 · 2−n−2 ≤ d((z, n), (u, n+ 1)) + d((u, n+ 1), (w, n)),

• d((z, n), (v, n+ 1)) ≤ 2−n−1(1 + Pn(z, u) + d(u, v))

= d((z, n), (u, n+ 1)) + d((u, n+ 1), (v, n+ 1)), and

• d((z, n), t) = 4 + 2 · 2−n−2 ≤ d((z, n), (u, n+ 1)) + d((u, n+ 1), t).

Just as in the proof of Proposition B.3.13, let Y = 0 ∪ {2−n : n < ω}, and let Q : Y →

[0, 1] be the natural inclusion map, which is a definable predicate on Y . For each n, let

Rn(x) = 1 ·− 2n+1|Q(x)− 2−n|,
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and define a pseudo-metric ρ on Y × A by

βn(x̄, ȳ) = Rn(x0)Rn+1(y0)Pn(xn+1, yn+2) +Rn+1(x0)Rn(y0)Pn(yn+1, xn+2) and

ρ(x̄, ȳ) = |Q(x0)−Q(y0)|+
∑
n<ω

2−n
(
Rn(x0)Rn(y0)d(xn+1, yn+1) +

1

2
βn(x̄, ȳ)

)
.

Then Y × A/ρ will correspond to A × ω t {∞}, where ∞ is the ρ-equivalence class of

any element of the form 〈0, x〉 for x ∈ A.

Recall that an element or set is definable if there is a formula which defines its distance

predicate. If we have a {0, 1}-valued indicator function, ϕ(x), for the set ϕ−1(0), then

that is even better and we can always define the distance to the set by d(x, ϕ−1(0)) =

infy d(x, y) + 5ϕ(y) if we need it. Once a point is definable we will freely use it as a

constant to make the following formulas simpler. We will either find an indicator function

or a distance predicate for a given set, whichever is easier to write down (although 0 ∈ I

does not have a definable indicator function, as it is not co-definable).

First note that

χ(x) = sup
y
d(x, y) ↓ (4 ·− d(x, y)) ↓ 1

is 0 if and only if x = t and 1 otherwise, because t is the only point for which there is

no x with 2 ≤ d(x, t) ≤ 3. So t is definable and we can use it as a constant to define

distance predicates for A and each A× {n}:

d(x,A) = inf
y
d(x, y) + 2|d(y, t)− 5| and (†)

d(x,A× {n}) = inf
y
d(x, y) + 2|d(y, t)− (4 + 2−n−1)|. (†)

These formulas work because of the definition of distance to t. |d(y, t)−5| and |d(y, t)−
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(4 + 2−n−1)| roughly give the distances to A and A× {n} and then the method used in

the proof of Proposition 9.19 in [BYBHU08] gives an exact distance predicate.

For each n < ω, there is a definable bijection from A to A× {n} given by

d(y, fn(x)) = 2n+1(d(x, y) ·− 2), (◦)

and so for any n < ω, we can define Pn on A by

Pn(x, y) = 2n+1(d(fn(x), fn+1(y)) ·− 1).

So X is the required uniformly definable imaginary, which clearly preserves embeddings.

The interpretation preserves (uniform) d-finiteness of types, lack of strong infinite di-

mensionality, local compactness, and local finite dimensionality by the same argument

as in the proof of Lemma B.3.15 (specifically, the inclusion maps are open isometries-

up-to-scaling).

The advertised set of bad points is {∞, ∗}∪
⋃
n<ω(∗, n). Since this is a closed compact

set of ∅-definable points, it is algebraic over ∅.

(ii) TL is a theory in the language of metric spaces of diameter 5. By Lemma B.3.8

and Propositions B.3.13 and B.3.21, we only need to construct TL in the case where L

has one sort and is 1-Lipschitz.

TL contains the axiom

• FUNx (infy d(x, y) + 5χ(y))

saying that the formula infy d(x, y) + 5χ(y) is the distance predicate of a definable

singleton. Since this axiom is a fixed sentence depending on ϕ (which is ‘restricted
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relative to ϕ’), it is uniformly computable from ϕ. Let t denote the unique element of

that definable singleton for the sake of making the following axioms simpler to write

down. Let f : [0, 5]→ [0, 1] be a computable total continuous function whose zeroset is

precisely Z = {4 + 2−n−1 : n < ω} ∪ {4, 5}. TL has the axioms

• ∀xf(d(x, t)) = 0 and

• @xd(x, t) = r for r ∈ Z.

The first says that distances to t only take on values in Z. The second says that every

distance in Z comes arbitrarily close to being attained (which for isolated points in Z,

i.e. everything except 4, implies that the distance is exactly attained).

TL also has axioms

• DEFxd(x,A) and

• DEFxd(x,A× {n}),

saying that the formulas (†) are distance predicates to definable sets, i.e. that A and

A× {n} are definable sets.

We also need axioms saying that the formula (◦) defines isometries-up-to-scaling

between A and A× {n}. We can accomplish this with

• (∀x ∈ A)(DEFy ∈ A× {n})2n+1(d(x, y) ·− 2) and

• (∀x ∈ A× {n})(DEFy ∈ A)2n+1(d(x, y) ·− 2).

And finally we need to actually assert that this function is an isometry-up-to-scaling,

which can be done with
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• (∀x0, x1 ∈ A)(∀y0, y1 ∈ A × {n})|d(x0, x1) − 2nd(y0, y1)| ≤ 2n+3[(d(x0, y0) ·− 2)

+ (d(x0, y1) ·− 2)].

Furthermore we need axioms enforcing the definition of d given in part (i) of this proof

other than the line involving Pn (which isn’t determined by TL) and lines involving ∞

(which are automatically enforced by continuity). The distances between A and A×{n}

are already enforced by the previous axioms. We need

• (∀x ∈ A)d(x, t) = 5,

• (∀x ∈ A× {n})(∀y ∈ A× {m})d(x, y) = |2−n − 2−m| for |n−m| > 1, and

• (∀x ∈ A× {n})d(x, t) = 4 + 2−n−1.

For the Pn line we just need to enforce the lower bound of 2−n−1 and the upper

bound of 2−n and to ensure that Pn (which is definable from d since we can define the

sets A×{n}) obeys the correct modulus of uniform continuity (relative to the predicate

2P0, since the metric itself may have lost information because of clipping). This is

accomplished by

• (∀x ∈ A× {n})(∀y ∈ A× {n+ 1})2−n−1 ≤ d(x, y) ≤ 2−n and

• (∀x0, x1, y0, y1 ∈ A)|Pn(x0, x1)− Pn(y0, y1)| ≤ ∆Pn(2(P0(x0, y0) ↑ P0(x1, y1))).

For those predicate symbols that were originally unary we need axioms enforcing

that Pn only depends on one input, namely

• (∀x, y0, y1 ∈ A)Pn(x, y0) = Pn(x, y1)

for each unary Pn. The existence of ∞ and its definability are implied by these other

axioms (since the A × {n} form a Cauchy sequence of definable sets in the Hausdorff
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metric whose diameters are limiting to 0 and a Hausdorff metric limit of definable sets

is definable by Proposition 2.3.8). Finally Ξ is given by

• Ξ = supx,y∈A d(x, y),

which is a real valued sentence that evaluates to the diameter of the set A.

Assuming that the signature has finitely many sorts and a uniform arity bound (but

maybe infinitely many predicate symbols) we can avoid the bad points entirely, but the

construction is different. It is somewhat less delicate than the construction in Theorem

B.3.22, so we’ll only sketch the important specifics.

Theorem B.3.23. If L is a countable metric signature with finitely many sorts and a

uniform arity bound, then the result of Theorem B.3.22 holds with no bad points, i.e. the

bi-interpretation preserves local compactness and finite dimensionality everywhere.

Proof. By applying Proposition B.3.21, we may assume that L is 1-Lipschitz. Let

{On}n<k be a finite list of all base sorts, and let {Nn}n<` be a finite list of all fini-

tary product sorts of the form
∏

O∈a(P ) O for some predicate symbol P . The sort X will

be constructed from a graph with the following nodes:

• For each n < k, a main copy of the sort On.

• For each n < `, a copy of Nn =
∏

O∈a(P ) O along with copies of each O in a(P )

(with multiplicity).

• For each n < `, a copy of I = {0} ∪ {2−s : s < ω}.

Connections between the nodes will correspond to specific relationships being en-

coded in the metric:
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• For each main copy of On and each copy of On associated to some Nm there is an

edge. Call the associated copy O′n. The metric between x ∈ On and y ∈ O′n will be

given by d(x, y) = 2 + dOn(x, y), in order to encode a definable bijection between

On and O′n.

• For each Nm and associated O′n there is an edge. If O′n is the ith factor of Nm, then

the metric between x̄ ∈ Nm and y ∈ O′n will be given by d(x̄, y) = 2 + dOn(xi, y),

in order to encode a definable projection from Nm to O′n.

• For each Nm and its associated copy Im of I there is an edge. Let {Pn}n<ω be a

list of the predicates symbols on Nm. If x̄ ∈ Nm and 2−n ∈ I, then d(x̄, 2−n) =

2 + 2−nPn(x̄) and d(x̄, 0) = 2. (This is where it’s important that the predicate

symbols be 1-Lipschitz. If Pn is not 1-Lipschitz, this formula cannot define a

metric).

Let all other distances be 4. Finally add a single new point t, with distances to

everything else between 5 and 6 chosen to make each node of the graph have a t-

definable indicator function. Then using the same kind of formula as in the proof of

Theorem B.3.22, t is ∅-definable, so each of the nodes in the graph is definable as well.

Note that for any function η(x) taking on 0 on some copy of I and 1 everywhere else,

the formula (
η(x) + 8 sup

y
d(x, y) ↓

(
1

2
·− d(x, y)

))
↓ 1

is {0, 1}-valued and takes on the value 0 if and only if x is 1 (as an element of I).

Therefore we can use 1 ∈ I as a constant, and for each n ≤ ω, we can define a distance
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predicate for 2−n ∈ I (with 2−ω = 0) by

d(x, 2−n) = inf
y
d(x, y) + 2|d(y, 1)− (1− 2−n)|.

So each point in each copy of I is ∅-definable.

Every point in XA is either an image of some Cartesian product of sorts in A or

contained in a compact clopen definable set (either a copy of I or t). Finitary products

preserve local compactness and local finite dimensionality, so in this construction there

are no ‘bad points.’

B.4 On ‘Finite Axiomatizability’ in Continuous Logic

The notion of finite axiomatizability is somewhat awkward in continuous logic. There

are several possible definitions that suggest themselves, but none of them seem useful.

This is the most literal transcription of the ordinary definition:

Definition B.4.1 (Finite axiomatizability version 1). theory T is finitely axiomatizable

if and only if it is axiomatized by a finite collection of sentences. C

Depending on what we mean by ‘sentence,’ every theory in a countable language is

finitely axiomatizable in that continuous logic naturally has an infinitary conjunction of

the form Σn<ω2−nϕn, and we can just let ϕn be an enumeration of a countable dense

subset of the logical consequences of T .

A sensible attempt to avoid this would be a definition like this:

Definition B.4.2 (Finite axiomatizability version 2). A theory T is finitely axiomatiz-

able if and only if it is axiomatized by a finite collection of restricted sentences. C
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But this is arbitrary and fails to have any obvious meaningful semantic consequences.

We can try a more directly semantic definition like this:

Definition B.4.3 (Finite axiomatizability version 3). A theory T is finitely axiomatiz-

able if and only if the class of models of T and its complement are both elementary. C

This amounts to saying [T ] = {T ′ ∈ S0(∅) : T ′ ` T, T ′ a complete theory} is a

clopen subset of S0(∅). The problem is that for any reasonable4 metric signature, S0(∅)

is connected, so the only finitely axiomatizable theories are the trivial theory and the

inconsistent one. That said, ‘finite axiomatizability version 3’ relative to a theory can

be non-trivial.

At this point we could argue that clopenness in type space is too strong of a condition

in continuous logic. Definable sets do not correspond to clopen subsets of type space,

but rather have a more subtle topometric characterization in terms of the d-metric: A

closed set D ⊆ Sn(T ) is definable if and only if D ⊆ int{p ∈ Sn(T ) : d(p,D) < ε} for

every ε > 0, where intX is the topological interior of X. By analogy we could try a

similar weakening of clopen as a basis for our definition of ‘finite axiomatizability,’ but

the d-metric relies on T being a complete theory and for a complete theory S0(T ) is

trivial.

There are, however, contexts in which there is a meaningful non-trivial metric on

4If all function symbols in L have concave moduli of continuity, then S0(∅) can be continuously
retracted to a point by scaling all non-metric relations to 0 and then scaling the metric to 0. On the
other hand, if ∆f (x) = x2 and the metric has diameter ≤ 1, then the sentence

inf
x
d(x, f(x))

can only take on the values 0 or 1. Either there exists some x such that d(x, f(x)) < 1, in which case
x, f(x), f(f(x)), . . . converges to a fixed point of f , or for every x, d(x, f(x)) = 1.
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S0(T ) for an incomplete theory T . Specifically if we’re examining a notion of approxi-

mate isomorphism (such as the perturbations in [BY08b] or the distortion systems we

presented in Chapter 6), we get a metric on completions of T :

ρ(T0, T1) = inf{ε : A |= T0,B |= T1,A,B ‘ε-isomorphic’},

whatever ‘ε-isomorphic’ might mean. And in this case we get a weaker notion of finite

axiomatizability:

Definition B.4.4 (Finite axiomatizability version 4). A theory T is finitely axiomatiz-

able relative to ρ if there is a sentence χ such that T ` χ and for all complete theories T ′,

T ′ ` χ ≤ ρ(T ′, [T ]), where ρ(T ′, [T ]) is the point-set distance between T ′ and [T ]. C

This definition is equivalent to the topometric condition [T ] ⊆ int{T ′ ∈ S0(∅) :

ρ(T ′, [T ]) < ε} for every ε > 0. It should be noted that this is a proper generalization

of version 3 in that we can take our notion of approximate isomorphism to be A and B

are 0-isomorphic if they are isomorphic and 1-isomorphic if they are not.

This may be a reasonable definition in some context, although as discussed in [BY08b]

the metrics ρ are generally much more poorly behaved than the d-metric. In any case

it’s unclear what one can do with this definition. To apply it to the results of Section B.3

we would need to choose a notion of approximate isomorphism before we could even ask

the question of whether or not the theory TL is ‘finitely axiomatizable.’
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B.5 On the Definition of NSOP in Continuous Logic

Here we (technically) resolve a question of Ben Yaacov’s, presented in [Ben13, Quest.

4.14] by showing that the definition of NSOP present there does not correctly gener-

alize NSOP in discrete logic and in fact is equivalent to stability. We also clarify the

relationship between the definition of NSOP presented in [Ben13, Quest. 4.14] and the

definition of NSOP presented in [CT16, Def. 2.1].

We will present a definition based on the definition presented in [Ben13, Quest.

4.14], which we will prove is equivalent. We will use the term quasi-metric instead of

continuous pre-order, as we believe this makes the intuition in the argument clearer.

Definition B.5.1 (Nonstandard5). Given a set X, a quasi-metric ρ on X is a function

ρ : X2 → R satisfying ρ(x, x) = 0, ρ(x, y) ≥ 0, and ρ(x, z) ≤ ρ(x, y) + ρ(y, z). C

As mentioned in [Ben13], just as with definable pseudo-metrics, there is a canonical

way to turn any given formula ϕ(x̄; z̄) into a definable quasi-metric, namely qϕ(x̄, ȳ) =

supz̄ ϕ(x̄; z̄) ·− ϕ(ȳ; z̄). qϕ is always a quasi-metric, and if ρ(x, y) is a quasi-metric, then

qρ(x, y) = ρ(x, y), by the reverse triangle inequality ρ(x, y) ≥ ρ(x, z) − ρ(y, z) and the

fact that ρ(x, y) ≥ 0. This is analogous to the construction in discrete logic of turning

any given formula into a definable pre-order by setting x̄ vϕ ȳ = ∀z̄ϕ(x̄, z̄)→ ϕ(ȳ, z̄).

Definition B.5.2. For any r ∈ [0, 1), a [0, 1]-valued definable quasi-metric ρ(x, y) has

an an r-chain of length n if there exists a sequence {ai}i<n such that i < j implies

ρ(ai, aj) ≤ r and ρ(aj, ai) = 1.

ρ(x, y) has an infinite r-chain if it has an r-chain of length ω. C

5Technically it should be pseudo-quasi-metric, but we will be using this term frequently.
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Clearly if we have a definable quasi-metric with an infinite r-chain, then it has an

instance of SOP in the sense of [Ben13, Quest. 4.14]. We will first prove the converse.

Proposition B.5.3. If a formula ϕ(x̄, ȳ) has the strict order property over the theory T

in the sense of [Ben13, Quest. 4.14], then there is a definable quasi-metric ρ(x̄, ȳ) that

has an infinite r-chain for some r ∈ [0, 1).

Proof. Let {āi}i<ω be a sequence witnessing that ϕ has the strict order property in the

sense of [Ben13, Quest. 4.14], i.e. assume that the following hold:6

• ϕ(x̄, ȳ) = 0,

• supn<m ϕ(ān, ām) < infn>m ϕ(ān, ām).

• ϕ(x̄, z̄) ≤ ϕ(x̄, ȳ) + ϕ(ȳ, z̄), and

If infn>m ϕ(ān, ām) > 0, then pick some r > 0 with supn<m ϕ(ān, ām) < r <

infn>m ϕ(ān, ām). Otherwise, we need to modify ϕ so that it is still a witness but such

that it admits such an r.

There is some ε > 0 such that infn>m ϕ(ān, ām)− supn<m ϕ(ān, ām) > ε. By uniform

continuity, this implies that there is a δ > 0 such that for n 6= m, d(ān, ām) > δ. So,

by replacing ϕ(x̄, ȳ) with ϕ(x̄, ȳ) + ud(x̄, ȳ) for some sufficiently large u > 0, we get a

formula with the strict order property over T which admits such an r.

Now set ρ(x̄, ȳ) = 1
r
[ϕ(x̄, ȳ)]r0. It is not hard to check that ρ is a quasi-metric and,

furthermore, that {āi}i<ω is an infinite (1− ε) ↑ 0-chain for ρ(x̄, ȳ).

Now we will show that the parameter r is actually important and that an instance of

an r-chain for a definable quasi-metric is roughly equivalent to an instance of ‘SOP1/r’

in the following sense.

6[Ben13] does not require that the formula be non-negative, but we will show here that this assump-
tion is unnecessary anyways.
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Definition B.5.4 ([CT16, Def. 2.1]). For any n ≥ 3, a formula ϕ(x, y) has SOPn if

there is a sequence {ai}i<ω and a ε > 0 such that ϕ(ai, aj) = 0 for all i < j and

∀x0x1 . . . xn−1

∨
i<n

ϕ(xi, xi+1) ≥ ε

holds, where xn = x0. C

Proposition B.5.5. For any n ≥ 3 and r < 1
n−1

if there is a definable quasi-metric

with an infinite r-chain, then there is an instance of SOPn.

Proof. We will write this proof for 1-tuples. The proof for n-tuples is the same.

Let ρ(x, y) be a quasi-metric, and let {ai}i<ω an infinite r-chain for ρ(x, y). Consider

the formula ϕ(x, y) = (ρ(x, y) ·− r) ↑ (1 ·− ρ(y, x)). Clearly we have ϕ(ai, aj) = 0 for any

i < j.

Let b0, b1, . . . , bn−1 be arbitrary, let

χ(b̄) = ϕ(b0, b1) ↑ ϕ(b1, b2) ↑ . . . ↑ ϕ(bn−2, bn−1) ↑ ϕ(bn−1, b0),

and fix s > 0 such that that χ(b̄) < s. By the triangle inequality we have that

ρ(b0, bn−1) ≤ ρ(b0, b1) + ρ(b1, b2) + · · ·+ ρ(bn−2, bn−1),

< (r + s) + (r + s) + · · ·+ (r + s)︸ ︷︷ ︸
n−1

= (n− 1)(r + s),

which implies that χ(b̄) > 1 − (n − 1)(r + s). Whenever s < 1−(n−1)r
n

we have a

contradiction, and therefore we must have ∀b̄
(
χ(b̄) ≥ 1−(n−1)r

n

)
. Since r < 1

n−1
, and

therefore 1−(n−1)r
n

> 0, we have an instance of SOPn.
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We also have that the existence of a definable quasi-metric with an infinite 1
2
-chain

is equivalent to the existence of an unstable formula.

Definition B.5.6. A formula φ(x̄, ȳ) has the order property if there exists an infinite

sequence {ai}i<ω and r < s such that for any i < k, ϕ(ai, ak) ≤ r and ϕ(ak, ai) ≥ s. C

Clearly a definable quasi-metric with an infinite r-chain for any r ∈ [0, 1) gives an

instance of an unstable formula, so we only need to show the converse for r = 1
2
.

The idea of the following proof is much clearer in the discrete case. If we have a

{0, 1}-valued formula ϕ(x, y) with the order property in a discrete theory, then a quasi-

metric defined by ρ(x, y) = 0 if x = y, ρ(x, y) = 1
2

if x 6= y and ϕ(x, y) holds, and

ρ(x, y) = 1 if x 6= y and ϕ(x, y) does not hold. This is a definable quasi-metric with an

infinite 1
2
-chain. The majority of the difficulty of this proof is finding the right continuous

analog of ρ and verifying that it is a quasi-metric.

Proposition B.5.7. If a theory T has a formula with the order property, then it has a

definable quasi-metric with an infinite 1
2
-chain.

Proof. Let ϕ(x̄, ȳ) be an unstable formula, with witnessing sequence {āi}i<ω. By re-

placing ϕ(x̄, ȳ) with a sufficiently close restricted formula, we may assume that ϕ is

restricted and therefore Lipschitz. By replacing ϕ(x̄, ȳ) with
[
ϕ(x̄,ȳ)−s
r−s

]1

0
, we may assume

that ϕ(x̄, ȳ) is [0, 1]-valued and that r = 0 and s = 1. Note that ϕ is still Lipschitz. Let it

beM -Lipschitz for someM > 0 (i.e. for any x̄ȳ and z̄w̄, |ϕ(x̄, ȳ)−ϕ(z̄, w̄)| ≤Md(x̄ȳ, z̄w̄),

where the metric on tuples in the max metric). By increasing M if necessary, we may

assume that M > 1.

By uniform continuity of ϕ(x̄, ȳ), there must be some ε > 0 such that for any i 6= k,

d(āi, āk) > ε. By decreasing ε if necessary, we may assume that ε < 1. Consider the
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formulas

δ(x̄, ȳ) =

[
M

ε
d(x̄, ȳ)

]1

0

and

ρ(x̄, ȳ) = [δ(x̄, ȳ)]1/20 +

(
δ(x̄, ȳ) ·− 1

2

)
↓
(

1

2
ϕ(x̄, ȳ)

)
.

Note that when ϕ(x̄, ȳ) = 1, ρ(x̄, ȳ) = δ(x̄, ȳ), and, more generally, we always have

ρ(x̄, ȳ) ≤ δ(x̄, ȳ).

We need to argue that ρ(x̄, ȳ) is a quasi-metric. It clearly satisfies ρ(x̄, x̄) = 0 and

ρ(x̄, ȳ) ≥ 0, so we only need to verify the triangle inequality.

Given x̄, ȳ, and z̄, if both δ(x̄, ȳ) < 1
2

and δ(ȳ, z̄) < 1
2

hold, then ρ(x̄, ȳ) = δ(x̄, ȳ)

and ρ(ȳ, z̄) = δ(ȳ, z̄), and, since δ is a metric, we get that

ρ(x̄, z̄) ≤ δ(x̄, z̄) ≤ δ(x̄, ȳ) + δ(ȳ, z̄) = ρ(x̄, ȳ).

If both ρ(x̄, ȳ) ≥ 1
2

and ρ(ȳ, z̄) ≥ 1
2

hold, then we have that

ρ(x̄, z̄) ≤ 1 =
1

2
+

1

2
≤ ρ(x̄, ȳ) + ρ(ȳ, z̄).

If ρ(x̄, ȳ) < 1
2

and ρ(ȳ, z̄) ≥ 1
2

both hold, then we have that ρ(x̄, ȳ) = δ(x̄, ȳ) and

that δ(ȳ, z̄) ≥ 1
2
, implying that ρ(ȳ, z̄) = 1

2
+
(
δ(ȳ, z̄) ·− 1

2

)
↓
(

1
2
ϕ(ȳ, z̄)

)
.

If δ(x̄, z̄) < 1
2
, then ρ(x̄, z̄) < 1

2
≤ ρ(ȳ, z̄), and we’re done, so assume that δ(x̄, z̄) ≥ 1

2
.

Now we have that ρ(x̄, z̄) = 1
2

+
(
δ(x̄, z̄) ·− 1

2

)
↓
(

1
2
ϕ(x̄, z̄)

)
.
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It is not hard to check that the quantity

∣∣∣∣(1

2
+

(
δ(x̄, z̄) ·− 1

2

)
↓
(

1

2
ϕ(x̄, z̄)

))
−
(

1

2
+

(
δ(ȳ, z̄) ·− 1

2

)
↓
(

1

2
ϕ(ȳ, z̄)

))∣∣∣∣
=

∣∣∣∣(δ(x̄, z̄) ·− 1

2

)
↓
(

1

2
ϕ(x̄, z̄)

)
−
(
δ(ȳ, z̄) ·− 1

2

)
↓
(

1

2
ϕ(ȳ, z̄)

)∣∣∣∣ ,
which is the same as |ρ(x̄, z̄)− ρ(ȳ, z̄)|, is no greater than

|δ(x̄, z̄)− δ(ȳ, z̄)| ↑
∣∣∣∣12ϕ(x̄, z̄)− 1

2
ϕ(ȳ, z̄)

∣∣∣∣ ,
so since

|δ(x̄, z̄)− δ(ȳ, z̄)| ≤ δ(x̄, ȳ) = ρ(x̄, ȳ) and

|ϕ(x̄, z̄)− ϕ(ȳ, z̄)| ≤Md(x̄, ȳ) ↓ 1 ≤ δ(x̄, ȳ) = ρ(x̄, ȳ),

we have that |ρ(x̄, z̄)− ρ(ȳ, z̄)| ≤ ρ(x̄, ȳ), and so ρ(x̄, z̄) ≤ ρ(x̄, ȳ) + ρ(ȳ, z̄).

The proof in the case where ρ(x̄, ȳ) ≥ 1
2

and ρ(ȳ, z̄) < 1
2

is largely the same, and so

ρ(x̄, ȳ) is a quasi-metric. By construction we also have that for any i < k, δ(āi, āk) = 1,

and so ρ(āi, āk) = 1
2

+ 1
2
ϕ(āi, āk), implying that ρ(āi, āk) = 1

2
and ρ(āk, āi) = 1. Hence,

{āi}i<ω is an infinite 1
2
-chain for ρ, as required.

We have just established that the notion of SOP defined in [Ben13, Quest. 4.14] is

equivalent to instability, which would seem to indicate that it is not quite the correct

notion of NSOP in continuous logic. Literally interpreting the question [Ben13, Quest.

4.14], we get a negative answer for both part, as any randomization of an unstable NIP

theory, as well as any randomization of an unstable NSOP theory, will have SOP as it
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is defined in that question.

We will now give a more precise characterization of the relationship between SOPn

and the existence of infinite r-chains. The proof of the following theorem is a continuous

modification of the proof of Proposition B.5.9, which is considerably simpler.

Proposition B.5.8. For any n ≥ 3, if there is an instance of SOPn, then for any r > 1
n

,

there is a definable quasi-metric with an infinite r-chain.

Proof. We will write this proof for 1-tuples. Nothing changes in the n-tuple case.

Fix r > 1
n
. Let ϕ(x, y) be the formula witnessing SOPn. (By replacing ϕ(x, y) with

1
ε
ϕ(x, y) ↓ 1 we may assume that the ε in the definition of SOPn is 1.)

We will construct a definable quasi-metric ρ(x, y), which we will give informally first

and then write down the explicit formula.

Informal Description. Find a δ > 0 small enough that δ < 1 and if d(x, z) ≤ δ and

d(y, w) ≤ δ, then |ϕ(x, y)− ϕ(z, w)| < 1− 1
nr

.

To compute ρ(x, y) we consider sequences of moves that cost us a certain amount.

ρ(x, y) will be the infimal cost (capped at 1):

• On the zeroth move we may jump from x to any z0 at a cost of 1
δ
d(x, z0).

• On move n, given zn−1 we may jump from zn−1 to any wn at a cost of 1
n

+ϕ(zn−1, wn)

and then jump from wn to any zn at a cost of 1
δ
d(wn, zn).

• We can stop once we are at y at the end of a move. Alternatively if we have spent

more than 1, we can just quit and take a total cost of 1.

End of Informal Description.
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As a formula what we have is

ρ(x, y) = 1 ↓ 1

δ
d(x, y) ↓ inf

z̄,w̄
min

0<k<n

(
k

n
+

1

δ
d(x, z0) +

1

δ
d(wk, y)

+
k∑
i=1

ϕ(zi−1, wi) +
1

δ
d(wi, zi)

)
.

To see that this is a quasi-metric all we need to do is verify that ρ(x, x) = 0, ρ(x, y) ≥ 0,

and ρ(x, z) ≤ ρ(x, y) + ρ(y, z). ρ(x, x) = 0 and ρ(x, y) ≥ 0 are clear. It is also clear that

ρ is [0, 1]-valued. So all we need to verify is the triangle inequality.

Assume that ρ(a, b) < α and ρ(b, c) < β. Let a, z0, w1, z1, . . . , wk, b be a chain

witnessing that ρ(a, b) < α, and let b, u0, v1, u1, . . . , v`, c be a chain witnessing that

ρ(b, c) < β. I claim that

a, z0, w1, z1, . . . , wk, u0, v1, u1, . . . , v`, c

is a chain of length k+ ` (i.e. a chain corresponding to a sequence of k+ ` many moves)

witnessing that d(a, c) ≤ α+ β. If k+ ` ≥ n, then α+ β ≥ 1 anyways, so the inequality

d(a, c) ≤ 1 holds trivially. Otherwise if k + ` < n, then we can fit these choices of the

variables into the formula for ρ(x, y). Note that 1
δ
d(wk, u0) ≤ 1

δ
d(wk, b) + 1

δ
d(b, u0), so

we get a term in the minimum in the definition of ρ(x, y) such that for some choice of

variables we have a chain with cost < α + β and we get ρ(x, y) < α + β as required.

Therefore we have ρ(a, c) ≤ ρ(a, b) + ρ(b, c) for all a, b, c, and ρ(x, y) is a [0, 1]-valued

definable quasi-metric.

Now to see that we get an infinite r-chain, let {ai}i<ω be a sequence witnessing that

ϕ(x, y) is an instance of SOPn. Assume that {ai}i<ω is indiscernible. Fix i < j, and



493

assume that j > i+ n.

First we need to compute ρ(ai, aj). Since ϕ(ai, aj) = 0, we can make the following

sequence of moves, ai, ai, aj, aj, and we have that ϕ(ai, aj) ≤ 1
n
.

Now we need to compute ρ(aj, ai). Assume that ρ(aj, ai) < 1 − σ for some σ > 0.

Let aj, z0, w0, . . . , wk, ai be a chain witnessing ρ(aj, ai) < 1− σ (note that we must have

k < n). Clearly we must have

d(aj, z0), d(w1, z1), . . . , d(wk, ai) < δ(1− σ) < δ,

so by construction we must also have

|ϕ(z0, w1)− ϕ(aj, w1)| < 1− 1

nr
and

|ϕ(z`−1, w`)− ϕ(w`−1, w`)| < 1− 1

nr
.

Case 1: ` = n− 1. Consider the values

ϕ(aj, w1), ϕ(w1, w2), . . . , ϕ(w`−1, w`), ϕ(w`, ai), ϕ(ai, aj).

Since ϕ(x, y) is an instance of SOPn, one of these must be equal to 1. We already

know it can’t be ϕ(ai, aj), so it must be one of the others. This implies that one of the

terms in the evaluation of ρ(aj, ai) is ≥ 1 − (1 − 1
nr

) = 1
nr

. So if σ ≤ 1 − 1
nr

we have a

contradiction. Therefore ρ(aj, ai) ≥ 1
nr

.

Case 2: ` < n− 1. Consider the values

ϕ(aj, w1), ϕ(w1, w2), . . . , ϕ(w`−1, w`), ϕ(w`, ai), ϕ(ai, ai+1), . . . , ϕ(ai+n−`−1, aj).
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The argument is essentially the same as in Case 1, just noting that all of the terms like

ϕ(ai+m, ai+m+1) as well as ϕ(ai+n−`−1, aj) must be ≤ 1
n
. So once again we have that

ρ(aj, ai) ≥ 1
nr

.

So now we can consider the quasi-metric ρ′(x, y) = nrρ(x, y) ↓ 1, and we get that

ρ′(x, y) has an infinite r-chain.

The picture we arrive at is this. For any theory T , we can consider the set C(T ) =

{r ∈ [0, 1) : T has an inf. r-chain}. By definition, this set is closed upwards.7 Combining

Proposition B.5.5 and B.5.8, we get that C(T ) is always either

• ∅,

• [ 1
n
, 1) for some n ≥ 2,

• [0, 1),

• ( 1
n
, 1) for some n ≥ 3,

• (0, 1), or

and that for any n ≥ 3, C(T ) ⊇ ( 1
n
, 1) if and only if T has an instance of SOPn.

Proposition B.5.7 tells us that C(T ) ⊇ [1
2
, 1) if and only if T is unstable.8

For discrete theories we can get a more precise picture.

Proposition B.5.9. If T is a discrete theory with an instance of SOPn, then T has a

definable quasi-metric with an infinite 1
n

-chain.

Proof. Let ϕ(x, y) be a {0, 1}-valued formula with SOPn, i.e. one for which there exists

a sequence {ai}i<ω with ϕ(ai, ak) = 0 for all i < k but also for which {ϕ(x0, x1), . . . ,

ϕ(xn−2, xn−1), ϕ(xn−1, x0)} is inconsistent.

7Although it is not hard to show that if you make the definition more restrictive and require that
ρ(x̄, ȳ) = r instead of ρ(x̄, ȳ) ≤ r, the analog of C(T ) is still upwards closed. The easiest way to see
this is to notice that for any s > 0, ρ(x, y) ↑ sρ(y, x) is also a quasi-metric.

8Which arguably suggests that the ‘correct’ notion of NSOP2 is just stability.
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Let ρ(x, y) = 1
n
L(x, y) ↓ 1, where L(x, y) is the shortest length of a directed path

from x to y using ϕ as an edge relation. Note that ρ(x, y) is a formula despite the fact

that L(x, y) is not a formula.

ρ(x, y) is clearly a quasi-metric. Now we have that for any i < k, ρ(ai, ak) = 1
n
, but

ρ(ak, ai) = 1, so ρ(x, y) has an infinite 1
n
-chain.

It is also very easy to construct an example of a theory T with C(T ) = [0, 1) (the

theory of (Q, <), for instance). This raises the following questions.

Question B.5.10. For each n ≥ 3, does there exist a (necessarily continuous) theory T

such that C(T ) = ( 1
n
, 1)?

Does there exist a theory T such that C(T ) = (0, 1)? If there does, can such a theory

be discrete?

Question B.5.11. What is the relationship between theories with C(T ) = (0, 1) or [0, 1)

and SOP∞, as defined in [CT16]? What about SOP for discrete theories?
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Appendix C

Counterexamples in Continuous

Logic

Here we collect some of the myriad counterexamples that exist in continuous logic.

Counterexample C.0.1. For an example of a metric space where the metric entropy

is not saturated consider the graph metric on the ‘complete ω-partite graph K1,2,3...,’ i.e.

a metric space which is the disjoint union of sets Xn for n < ω satisfying |Xn| = n such

that the distance between any two points in the same set is 2 and the distance between

any two points in different sets is 1. This space has (≥ 3
2
)-separated sets (which are also

(> 3
2
)-separated) of size n for any n < ω, specifically Xn, but it does not have one of

size ω. This example can clearly be generalized to any limit cardinal.

C.1 Topometry and Definability

Counterexample C.1.1. A closed formula that is the graph of a function in some

model of a theory, but not in others.

Proof. Let M be a structure whose underlying metric space is R with the metric d(x, y) =

|x − y| ↓ 1. Let the only non-metric predicate symbol in M’s language be a binary 1-

Lipschitz [0, 1]-valued predicate, P . Let P be the distance predicate of the set defined
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by y = sin(1/x). The set JP (M) = 0K is of course the graph of a function, but it will fail

to be the graph of a function in some elementary extension of M, because it is consistent

that P (x, y) = 0 for all y ∈ [−1, 1] for some x.

Counterexample C.1.2. A definable partial function that does not extend to a definable

total function on any definable set containing its domain.1

Proof. Let M be a two-sorted structure whose two sorts both have the underlying set

2× ω2, and the metric d((i, j, k), (`,m, n)) defined by

• d((i, j, k), (`,m, n)) = 2 if j 6= m or k 6= n and

• d((0, j, k), (1, j, n)) = 2−j.

Finally let P be a binary {0, 1}-valued predicate with one variable in each sort such

that P ((i, j, k), (`,m, n)) = 0 if and only if j = m and k = n, and let Q be a unary

predicate on the first sort such that Q((i, j, k)) = 2−j. (Q is actually definable already,

but it’s easier to just put it in by hand.)

Let T be the theory of this structure. If we look at the space of 1-types (in ei-

ther sort) there is a unique type corresponding to an element which is distance 2 away

from everything else in the sort. Restricted to this type, P defines a function (to the

corresponding type in the other sort).

P cannot be extended to a definable function on the entire sort, however. To see this,

note that for any set of parameters A that such a function, call it f , might be definable

over, all but a small number of pairs bc satisfying 0 < d(b, c) ≤ 1 will have b ≡A c, and

likewise for such pairs in the other sort. This implies that f cannot map such elements

1This answers a question raised in [BY10a] immediately after Lemma 1.23.
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in the first sort to such elements in the second sort, and so for each k < ω, the range of f

on the (definable) set of pairs bc satisfying d(b, c) = 2−k must be bounded and therefore

compact and therefore finite.

Any type of an element satisfying Q = 0 also satisfies the following open formula

U(x) = ∀∀y (Q(x) = Q(y) ∧ d(x, y) = 2→ d(f(x), f(y)) = 2) .

Since this is an open formula, there must be some ε > 0 such that Q(x) ≤ ε → U(x),

but this contradicts the fact that for any δ > 0, the image of f on elements satisfying

Q(x) = δ is finite.

To see that we cannot do this even when we only require that f be defined on some

definable set containing JQ = 0K, assume that D is a definable set over the parameters A

such that we can extend P to a definable function f on all of D. Let p be a non-forking

extension of the ∅-type axiomatized by {Q(x) = 0}, i.e. the type p(x) which says that

Q(x) = 0 and x is distance 2 from everything in A in the first sort and everything

related by P to something in A in the second sort. This type is metrically isolated, so in

order for D to contain it, it must contain an open neighborhood of it, but this implies

that for sufficiently large k < ω, the non-forking extensions of the types axiomatized

by {Q(x) = 2−k} are also contained in D, and then we get the same contradiction as

before.

Counterexample C.1.3. A closed subset of a type space on which the metric is not

open.

Proof. Let S1(PS) be the polarized square. Consider the closed set F = {0} × [0, 1] ∪

[0, 1]×{0} (oriented so that the interval {0}× [0, 1] is metrically compact). The metric
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on this set fails to be open, because for any ε > 0 with ε < 1, ({0}× (0, 1])<ε fails to be

open.

Counterexample C.1.4. Two sorts with ddGH = 0, but no definable bijection.

Proof. Let X and Y be two bounded, non-compact metric spaces with dGH(X, Y ) = 0,

but with X and Y not homeomorphic topologically. Construct a two-sorted struc-

ture whose two sorts are X and Y and include predicate symbols for every function

ρ(x:X, y:Y ) which is the restriction of a pseudo-metric on X t Y extending dX and dY .

Clearly we have that ddGH(X, Y ) = 0 (thinking of X and Y as sorts), but there can

be no definable bijection between X and Y because there is no bi-continuous bijection

between X and Y .

Note though, that in any such theory, in sufficiently saturated models, the two sorts

will be isometric. This raises the following question, which probably has a negative

answer.

Question C.1.5. Is there a theory T with two sorts with ddGH = 0 and between which

there are no definable bijections, even with parameters?

Counterexample C.1.6. A theory T for which ℵ0-saturation implies ℵ1-saturation.

Proof. Take the theory of the sort of ω-tuples in any given theory.

Counterexample C.1.7 (Fig. 13). Dictionaric type space with a [0, 1]-formula ϕ such

that for every r ∈ [0, 1], Jϕ = rK is non-empty but fails to be definable.

Proof. Let L be a language with two 1-Lipschitz unary predicate symbols, P and Q,

and let M be an L-structure whose universe is
⊔
p prime{1, . . . , p− 1}. Let the elements
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P
0 1

Q

0

1

Figure 13: JQ = rK is not definable for any r ∈ [0, 1]

be represented by ordered pairs 〈p, i〉, where p is a prime and i < p is some positive

natural number. For any 〈p, i〉, let P (〈p, i〉) = 1
n
, where p is the nth prime, and let

Q(〈p, i〉) = i
p
. For any 〈p, i〉 and 〈q, k〉, if p 6= q, then let d(〈p, i〉 , 〈q, k〉) = 1, otherwise

let d(〈p, i〉 , 〈q, k〉) = |i−k|
p

.

If we let T be the theory of M, then it is not hard to check that S1(T ) is the

topological space depicted in Figure 13, which can be thought of as a subset of [0, 1]2

consisting of those points of the form 〈P (〈p, i〉), Q(〈p, i〉)〉, for 〈p, i〉 ∈M, together with

the points of the form 〈0, r〉 for r ∈ [0, 1]. It is also not hard to check that the d-metric on

this type space is d(〈x, y〉 , 〈z, w〉) = 1 if x 6= z and d(〈x, y〉 , 〈z, w〉) = |y − w| otherwise

(where 〈x, y〉 and 〈z, w〉 are elements of the described subspace of [0, 1]2).

For any axis-aligned closed rectangle in R2 with corners with irrational coordinates,

the intersection with S1(T ) ⊂ [0, 1]2 is definable, so S1(T ) is dictionaric. (To see this,

note that if the rectangle does not intersect {0} × [0, 1], then the resulting subset of

S1(T ) is clopen, and in the other case it is not too hard to check that the resulting set

is definable.)
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Figure 14: Connected R2-embeddable dictionaric type space with no d-atomic points

JQ = rK is clearly non-empty for any r ∈ [0, 1]. To see that it is not definable, note

that for any r ∈ [0, 1], JQ = rK contains the type corresponding to 〈0, r〉 and at most

finitely many other types (this is why we needed to index by the primes). For sufficiently

small ε > 0, this implies that JQ = rK<ε has, as a relatively clopen subset, an open ε-ball

of the type corresponding to 〈0, r〉, which means that JQ = rK<ε is not open, and thus

JQ = rK is not definable.

It is possible to prove that Counterexample C.1.7 is ω-stable (and, moreover, inter-

pretable in the discrete theory of an infinite set).

Counterexample C.1.8 (Fig. 14). A R2-embeddable, topologically 1-dimension, con-

nected, dictionaric type space containing no d-atomic points.

Proof. Let L be a language with a countable sequence of 1-Lipschitz [0, 1]-valued pred-

icate symbols {Pi}i<ω. Let M be a structure whose underlying set is R≥0 × 2ω, with

the metric d(〈r, α〉 , 〈s, β〉) = 1 if α 6= β and d(〈r, α〉 , 〈s, α〉) = |r − s| ↓ 1 and with

PM
i (〈r, α〉) = α(i)(1 ·− r). Let T be Th(M).



502

It is not hard to show that S1(T ) is homeomorphic to [0, 1]×2ω with the set {0}×2ω

collapsed to a point. This can be embedded in R2 (as seen in Figure 14). It is also easy

to see that S1(T ) has a basis of open sets whose boundaries are each homeomorphic to

Cantor space, so since S1(T ) is a compact metrizable space, it has topological dimension

no more than 1. Since S1(T ) has more than one point and is not totally disconnected,

it cannot have topological dimension −1 or 0, so dimS1(T ) = 1.

If we write the points of S1(T ) as 〈r, α〉 for r ∈ R≥0 and α ∈ 2ω (corresponding to

the type of the same element in M) with a single extra point ∞, the d-metric on S1(T )

is given by

• d(〈r, α〉 , 〈s, β〉) = 1, if α 6= β,

• d(〈r, α〉 , 〈s, α〉) = |r − s| ↓ 1, and

• d(〈r, α〉 ,∞) = 1.

This implies that the sets

1. {∞} ∪ [r,∞)× 2α, for any r ∈ R≥0, and

2. [r, s]×Q, for any r and s with 0 ≤ r ≤ s and any clopen Q ⊆ 2α,

are all definable, so S1(T ) has a basis of definable neighborhoods and is therefore dic-

tionaric.

Finally, sufficiently small balls around ∞ are just {∞}, so it is not d-atomic, and

for any other 〈r, α〉 ∈ S1(T ), sufficiently small balls around it only contain points of the

form 〈s, α〉 and so cannot be d-atomic either. Thus, no points in S1(T ) are d-atomic.
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Figure 15: Dictionaric type space with a closed subspace that fails to be dictionaric

Counterexample C.1.9 (Fig. 15). A closed subset of a dictionaric type space that is

not itself dictionaric.

Proof. Let L be a language with two 1-Lipschitz unary predicate symbols, P and Q, and

let M be a structure whose universe is ω× [0, 1], with P (〈n, r〉) = 1
1+n

and Q(〈n, r〉) = r

and with d(〈n, r〉 , 〈k, s〉) = 1 if n 6= k and |r− s| otherwise. Let T be the theory of this

structure.

It is not hard to show that S1(T ) is homeomorphic to the set {0} × [0, 1] ∪ { 1
1+n

:

n < ω} × [0, 1] (with p 7→ 〈P (p), Q(p)〉 as the homeomorphism), as a subset of [0, 1]2

and that the d-metric on this type space is d((x, y), (z, w)) = 1 if x 6= z and |y − w|

otherwise.

The intersection of any closed axis-aligned rectangle in R2 with S1(T ) ⊂ [0, 1]2 is

definable unless the resulting set is of the form {0}× I for some interval I ⊆ [0, 1]. Thus

S1(T ) is dictionaric. (Another way to prove this is that this theory is ω-stable.)

Let {rn}n<ω be your favorite dense sequence in [0, 1], and consider the subset of

S1(T ) ⊂ [0, 1] given by {0} × [0, 1] ∪ {(n, an) : n < ω}. Call this set F . This is a closed
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Figure 16: Infinite type space with precisely 3 definable sets.

subset, which is not dictionaric as a topometric space. To see that it is not dictionaric,

consider the point (0, 1
2
), and let U be a small open neighborhood of it. Fix a closed

set D such that p ∈ D ⊆ U . We will show that D is not definable. Find the largest

s ∈ [0, 1] such that (0, s) ∈ D (which exists as D is closed). Find a sequence {ti}i<ω such

that each ti > s and ti → s as i→∞. By construction it is possible to find a sequence

pii<ω of types in F r {0} × [0, 1] such that for each i < ω, pi /∈ F and the R2 distance

between (0, ti) and pi is less than 2−i. This sequence ‘sneaks up’ on D by construction

(i.e. topologically limits to D but maintains a uniform metric separation), so D is not

definable.

Counterexample C.1.10 (Fig. 16). An infinite type space with precisely 3 definable

sets.

Proof. Let L be the empty signature. Let M be a metric space whose underlying set is

[0, 1] with a metric given by d(0, r) = r and d(r, s) = r + s. Let T be the theory of this

structure.

It is not hard to show that S1(T ) is [0, 1] and that the d-metric on S1(T ) agrees with

the metric on M. Clearly ∅ and [0, 1] are both definable sets. Open balls around 0 are

of the form [0, r) for r ∈ [0, 1] (or of the form [0, 1]), and so 0 is d-atomic and {0} is a

definable set.
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Figure 17: An infinite type space with precisely 4 definable sets, and a two sided definable
endpoint that is not d-atomic.

Let F be a closed proper subset of [0, 1] that contains some r > 0. This implies that

the boundary of F is non-empty and contains a point other than 0. Let s > 0 be on

the boundary of F , and consider F<s/2. s has a neighborhood consisting solely of points

which are distance more than s
2

from any other point in S1(T ), therefore F<s/2 cannot

contain a neighborhood of s and F fails to be definable.

Counterexample C.1.11 (Fig. 17). A two sided definable endpoint in a type space

homeomorphic to [0, 1] that is not d-atomic.

Proof. Let L be a signature with two 1-Lipschitz [0, 1]-valued unary predicate symbols,

P and Q, and let M be an L-structure whose underlying set is {〈0〉} ∪ (0, 1] × {0, 1}

with a metric given by d(〈r, i〉 , 〈s, k〉) = 1 if r 6= s and d(〈r, 0〉 , 〈r, 1〉) = r and in which

we set P (〈r, i〉) = r and Q(〈r, i〉) = 1+(−1)ir
2

. Let T be the theory of this structure.

It’s not hard to show that S1(T ) is homeomorphic to [0, 1] × {0, 1} with the points

〈0, 0〉 and 〈0, 1〉 identified (and so is homeomorphic to [0, 1]) and that the d metric on
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S1(T ) agrees with the metric on M in the obvious way.

Using an argument similar to the one in Counterexample C.1.10, one can show that

the only definable subsets of S1(T ) are ∅, S1(T ), {〈0, 0〉}∪{〈0, 0〉}× [0, 1], and {〈0, 0〉}∪

{〈0, 0〉}×[0, 1], so in particular 〈0, 0〉 is not d-atomic but is a two sided definable endpoint.

Counterexample C.1.12. A non-dictionaric type space S1(T ) in which any two dis-

tinct types can be separated by disjoint definable sets.

Proof. The polarized square (Definition 2.3.34) nearly has this property, but fails for

pairs of types that are either both at the top or both at the bottom of the square

(Corollary 2.3.44). This can be fixed by modifying the construction of the defining

model by making the underlying set either [0, 1]×S1 or [0, 1]3 and so making the model

into either a disjoint collection of copies of the circle S1 or the square [0, 1]2 (with their

standard metrics). If we then replace Q with Q0 and Q1, predicates giving coordinates

for either S1 or [0, 1]2, then a similar argument to that in Corollary 2.3.38 gives the

required property.

C.2 Minimality and Categoricity

Counterexample C.2.1. A strongly minimal set D with a definable set E ⊆ D that is

neither compact nor co-pre-compact.

Proof. Let M be a structure whose universe is ω × S1, where S1 ⊆ C is the unit circle

with the standard Euclidean metric. Let the distance between any points in distinct

circles be 1. D is the entire structure, and let E be {(n, e2πki/(n+1)) : k ≤ n}, i.e. on
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the nth circle E consists of the (n + 1)th roots of unity. As a subset of the type space

S1(M), E is E(M) together with the unique non-algebraic type. E ⊆ S1(M) is clearly

closed. To see that it is a definable set, pick ε > 0, and consider E<ε. For any n > 4π
ε

,

E<ε contains all of the circle {n} × S1. There are only finitely many n ≤ 4π
ε

, and on

each of these E<ε is an open set since the logic topology agrees with the metric topology

on each individual circle in M. Therefore E<ε is an open set, so E is definable.

Another example is (−∞, 0]∪ {ln(1 + n) : n < ω}, which is an R-definable subset of

R (which is shown to be strongly minimal in Example 5.3.1).

Counterexample C.2.2. An ω-stable theory with a strongly minimal type over ∅ but

no ∅-definable strongly minimal set.

Proof. For each i let Si be the sphere in an infinite dimensional Hilbert space with radius

2−i. Let M be a metric space whose universe is
⊔
i<ω Si, and let the distance between

any points in distinct Si be 1. Let T = Th(M).

The type space S1(∅) is homeomorphic to ω+1 with the order topology. The unique

non-isolated type is strongly minimal. If we let {ai}i<ω be a sequence of points such

that ai ∈ Si ⊆M, then the set {ai}i<ω is definable, by essentially the same argument as

in Counterexample C.2.1.

Counterexample C.2.3. A non-dictionaric superstable theory with a strongly minimal

type over ∅ but no approximately strongly minimal sets over ∅.

Proof. Let L = {P0, P1} be a language with two unary 1-Lipschitz [0, 1]-valued predi-

cates, and let M be an L-structure in whose universe is ω × [0, 1] and whose metric is

given by d((n, x), (m, y)) = 1 if n 6= m and d((n, x), (n, y)) = 2−n + d(x, y) if x 6= y. Let

P0((n, x)) = 2−n and P1((n, x)) = x. Finally let T = Th(M).
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The type space S1(∅) is homeomorphic (ω + 1)× [0, 1].

Note that if a definable set has non-empty intersection with one of the sets of types

of the form {n} × [0, 1] for n < ω, then it must contain all of it, because this set is

metrically isolated from the rest of the type space and is topologically connected, but

uniformly metrically discrete. So to show that none of the types in {ω} × [0, 1] are

pointed to by an approximately strongly minimal set, all we need to do is show that if

a definable set contains one such type then it must contain some type in {n}× [0, 1] for

some n < ω. This follows immediately because if p ∈ {ω} × [0, 1], then it is the limit

of types in {n} × [0, 1] for n < ω that are uniformly metrically separated. So if F is a

closed set whose intersection with {n}× [0, 1] for n < ω is empty and whose intersection

with {ω}× [0, 1] is precisely p, then p /∈ intF<ε for any 0 < ε < 1, and F is not definable.

Thus if D is a definable set containing some p ∈ {ω} × [0, 1], then D must contain

all of {n}× [0, 1] for arbitrarily large n < ω. And so since D is closed it must contain all

of {ω} × [0, 1]. So if we let ϕ be a real formula such that ϕ(p) = 0, then for any ε > 0,

D ∩ Jϕ ≤ εK contains some q ∈ {ω} × [0, 1] with q 6= p.

Counterexample C.2.4.

(i) If M is a model of any discrete theory with a Vaughtian pair, then the structure Mω

with the metric d(α, β) = 2−i where i is the smallest index such that α(i) 6= β(i)

and with the function f(α)(i) = α(i + 1), has a definable Vaughtian pair but no

open Vaughtian pairs. If Th(M) is ω-stable, but is not inseparably categorical then

this is an example of an ω-stable theory with no open Vaughtian pairs that is not

inseparably categorical.

(ii) If N is a discrete metric space with a single unary [0, 1]-valued predicate whose
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values are dense in [0, 1], then Th(N) has no definable Vaughtian pairs (because

every definable set is either finite or cofinite in every model) but does have an open

Vaughtian pair. (Note that this is the same as the example in Proposition 2.3.32.)

(iii) The structure Nω—where N is the structure in part (ii) with the truncation map

f(α)(i) = α(i + 1) and with a [0, 1]-valued unary predicate that is the predicate

from part (ii) evaluated on α(0)—is an example of a structure whose theory has

no definable Vaughtian pairs and no open Vaughtian pairs but which does have an

open-in-definable Vaughtian pair.

Proof. (i) is clear. (ii) is verified in Example 2.3.32. For (iii), Th(Nω) has no open

Vaughtian pairs, by the same argument as in (i). This is an imaginary sort of N, so in

particular if D is a definable subset of Nω and for some σ ∈ N<ω, we look at the ball

Bσ = {α ∈ N<ω : σ ≺ α} and the function f : Bσ → N which maps f(α) = α(|σ|) (i.e.

the first element of α not in σ), then D∩Bσ is definable (since Bσ is logically clopen) and

the image f(D ∩ Bσ) is a definable subset of N. This implies that any definable subset

of Nω is actually definable in the reduct where the [0, 1]-valued predicate is removed.

This reduct is ℵ1-categorical, so it has no definable Vaughtian pairs. Therefore Th(Nω)

has no definable Vaughtian pairs. However if we fix some element b ∈ N, and note that

if D = {α : (∀i > 0)α(i) = b}, then D is a definable set, since d(x,D) = 1
2
d(f(x), bω).

We then get an open-in-definable Vaughtian pair by considering the same open set as

in part (ii), even though this theory does not have any definable Vaughtian pairs or any

open Vaughtian pairs.

Note that there is a strictly stable discrete theory with no Vaughtian pairs but which

does have an imaginary Vaughtian pair, although the same cannot happen in a discrete
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superstable theory [Bou89].

Counterexample C.2.5. An inseparably categorical ultrametric theory with no strongly

minimal set.

Proof. Let M = c0(ω,Zp) be the unit ball of the p-adic Banach space c0(κ,Qp), i.e. M

consists of elements a of Zωp satisfying a(i)→ 0 as i→ ω. The metric on M is given by

d(a, b) = sup dZp(a(i), b(i)). The language consists only of + (note that since Z is dense

in Zp, we don’t actually need to have explicit scalar multiplication functions).

(∗) Clearly we have that the binary relation [d(x, y) ≤ p−1] is an equivalence relation.

The imaginary obtained by quotienting by this equivalence relation is clearly the infinite

dimensional vector field over the finite field Fp. Furthermore models of Th(M) are prime

over this imaginary. To see this assume that A ≺ B is a proper elementary pair of models

of this theory. Let b ∈ B r A. Let a be an element of A such that d(b, a) = d(b,A)

(this always exists because the set of possible distances is reverse well-ordered). Then

we have that d(b − a, 0) = d(b, a) and b − a /∈ A. If this is 1, then we are done, since b

is necessarily in its own equivalence class in the imaginary that is not contained in A,

otherwise d(b−a, 0) = p−n for some n > 0. The theory knows that if d(c, 0) = p−n, then

there is a unique element e satisfying pne = c. Let pnc = b− a. We have that c must be

an element of B satisfying d(c,A) = 1. Therefore the imaginary must be bigger in B

than it is in A.

So since models of Th(M) are prime over a strongly minimal imaginary we have that

Th(M) is inseparably categorical.

To see that Th(M) has no strongly minimal sets, note that it is enough to show that

S1(M) has no pre-minimal types, since M is approximately ℵ0-saturated. If p ∈ S1(M)
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is some non-algebraic type, then the argument in paragraph (∗) gives an M-definable

bijection between the smallest ball centered on some element of M that contains p and

the entire structure. Since the unique non-algebraic type q satisfying d(q,M) = 1 is not

minimal, this implies that p is not minimal. Since we could do this for any non-algebraic

p, this implies that no type is minimal, and so no type is strongly minimal.

Counterexample C.2.6. A totally categorical theory T with a strongly minimal set

such that for any strongly minimal set D(x, ā) in the home sort of the unique separable

model M, for any n ≤ ω, there is a b̄ ≡ ā such that dim(D(M, b̄)) = n.

Proof. The construction of this counterexample is very similar to the construction of Tω

in Theorem C.2.9, so we will only sketch the differences. Make the following two changes

to the construction:

• Define the score of an element α ∈W by

s(α) = min
{
g(A) : A ∈ G,

∑
α(A) = 0

}
.

• Remove the predicates Cv from the language.

A similar analysis gives that the theory of this structure has a ∅-definable strongly

minimal imaginary I whose dimension in the prime model is infinite. Furthermore types

over the prime model M in the home sort are strongly minimal if and only if they

correspond to elements α where α(0), α(2), α(4), . . . enumerates a linearly independent

set and only one α(2i+ 1) is not realized in I(M).

If for example α(0) is not realized in I(M), then the we can choose β(2)β(4) · · · ≡

α(2)α(4) . . . such that the subspace of I(M) spanned by β(2)β(4) . . . has arbitrary
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codimension ≤ ω, giving the required property for the theory of this structure.

Counterexample C.2.7. An inseparably categorical theory T with a strongly minimal

imaginary that is an affine space but for which for any set of parameters A in the home

sort, acl(A) = A. In particular, this implies that T has no orthonormalizable set in its

home sort.

Proof. The construction of this counterexample is very similar to the construction in

Counterexample C.2.10. The only difference is that we lift the requirement that n and

m have the same parity in the relation Pn,m. This ties the two dimensions together.

Modding out by the clopen equivalence relation (d(x, y) < 1) ≡ (d(x, y) ≤ 3
4
) gives the

required strongly minimal imaginary. Just as in Counterexample C.2.10 the theory is

ω-categorical. Let M be its unique separable model. It is enough to establish the claim

regarding acl in M.

Let A ⊆ M be some set of parameters, and suppose that b /∈ A. We want to show

that b /∈ acl(A). Since b /∈ A, for some n < ω, for every a ∈ A, a(n) 6= b(n). This implies

that for any v ∈ V we can find an automorphism σ of M fixing A pointwise such that

σb(n+ 1) = v, so tp(b/A) is not algebraic and b /∈ acl(A), as required.

For the ‘in particular’ statement, if D is any non-algebraic M-definable set, the same

analysis as in Counterexample C.2.10 shows that D must contain more than one non-

algebraic type. Let p and q be non-algebraic types in D. If a is a realization of p, then we

have that acl(Ma) = Ma = Ma, which cannot contain any realizations of q. Therefore

D is not orthonormalizable.

Counterexample C.2.8. A type that is d-atomic-in-S1(C) r C<ε, but which is not

ε-peripheral.



513

Proof. Consider the structure M in the empty signature with universe ω2 and the metric

d((a, b), (c, e)) = 1 if b 6= e and d((a, b), (c, b)) = 1− 2−b−1 if a 6= c. The theory of M is

inter-definable with a discrete theory with a sequence of unary predicates {Pi}i<ω such

that the Pi are pairwise disjoint and infinite.

The type over M axiomatized by ∀yd(x, y) = 0 ∨ d(x, y) = 1 is minimal (i.e. has a

unique non-algebraic extension over every set of parameters). Let p be its global non-

algebraic extension. S1(C) r C<1 = {p}, so p is d-atomic-in- S1(C) r C<1. Now we just

need to show that p is not 1-peripheral.

Let D be any C-definable set containing p. For each n < ω, the type over M

axiomatized by (∀yd(x, y) = 0 ∨ d(x, y) = 1 ∨ d(x, y) = 2−n−1) ∧ @yd(x, y) = 2−n−1 is

minimal. Let qn be its global non-algebraic extension. We have that qn → p topologically

but for each n < ω, for any global type r 6= qn, d(r, qn) ≥ 2−n−1, therefore D must contain

qn for any sufficiently large n. We have that dinf(qn,C)→ 1 = dinf(p,C) as n→∞, but

d(p, qn) = 1, so D fails to be a 1-peripheral set pointing to p.

Since we can do this for any definable set containing p, it is not a 1-peripheral

type.

Of course this theory is ω-stable and so by Proposition 4.5.9 it has ε-peripheral types,

specifically the strongly minimal types qn for any n < ω.

C.2.1 A Theory with Strongly Minimal Sets, but Only over

Models of Dimension ≥ n

Theorem C.2.9. For any n ≤ ω there is an inseparably categorical theory Tn with a

∅-definable strongly minimal imaginary I such that
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• Tn has models with dim(I(M)) = k for each k ≤ ω but

• Tn has a strongly minimal set over M in the home sort if and only if dim(I(M)) ≥

n.

Proof. Fix n ≤ ω. Let V be the countable vector space over F2. Let W = V ω have

the standard string ultrametric (i.e. d(α, β) = 2−` where ` is the length of the longest

common initial segment of α and β). Let f : V → ω be a fixed bijection. Let G ⊂

P({0, 2, 4, . . . , 2n}) be the set of all non-empty subsets A of {0, 2, 4, . . . , 2n}, if n < ω,

and G ⊂ Pfin({0, 2, 4, . . . }) be the set of all non-empty finite subsets of {0, 2, 4, . . . }, if

n = ω. Let g : G → ω be a fixed injection. Let 〈−,−〉 : ω × ω → ω be a fixed pairing

function.

For any α ∈W we assign a score

s(α) = min
{〈

f
(∑

α(A)
)
, g(A)

〉
: A ∈ G

}
.

Now let D ⊂W be the set of all α such that α(2i) = 0 for all i > n and α(2i + 1) = 0

for all i ≤ s(α).

Claim: D is a W-definable set.

Proof of claim: For each k < ω let Dk ⊆Wω be the set of all α satisfying:

• For any i with i > n and 2i < k, the formula α(2i) = 0.

• For any i < ω with 2i+ 1 < k, the formula

α(2i+ 1) 6= 0→
∨
〈v,A〉≤i

∑
(α(A)) = v.
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In the language of W we can say α(j) = v for any j < ω and v ∈ V with a

{0, 1}-valued formula. Likewise note that there are only finitely many pairs v, A with

〈v, A〉 ≤ i, so the disjunction in the second family of formulas is first-order. So we have

that each Dk is definable by a {0, 1}-valued formula.

It’s clear that Dk ⊇ Dk+1 and D(W) =
⋂
k<ωDk(W), so we may regard D as the

W-zeroset
⋂
k<ωDk. Fix ` < ω, and find m < ω such that for any v ∈ V with f(v) ≤ `

and any A ∈ G with maxA ≤ ` and 〈v, A〉 ≤ m. Fix α ∈ D2m+1. Now find β such that

β � ` = α � ` and β(i) = 0 for all i ≥ `, so in particular d(α, β) ≤ 2−`. Now we have

that β ∈ D(W), so we know that d(α,D(W)) ≤ 2−` for all α ∈ D2m+1.

Since we can do this for arbitrarily large ` < ω we can define a distance predicate

for D and D is a definable set. claim

Now consider the following set of {0, 1}-valued definable predicates:

• For each v ∈ V , Cv(α) = 0 if and only if α(0) = v.

• P (α, β, γ) = 0 if and only if α(0) = β(0) + γ(0).

• For any even k < ω, Qk(α, β) = 0 if and only if α(0) = β(k).

• For any odd k < ω, Pk(α, β, γ) = 0 if and only if d(β, γ) ≤ 2−k and α(0) =

β(k) + γ(k).

Now let A = 〈D(W), {Cv}v∈V , P, {Q2k}k<ω, {R2k+1}k<ω〉 and Tn = Th(A). As a

reduct of Th(W), it’s clear that Tn is ω-stable. Furthermore since Th(W) is inseparably

categorical we can easily construct an ℵ1-saturated model of Tn. Let V ′ ⊃ V be the F2

vector space with dimension ℵ1, let W′ = (V ′)ω, and let B � A be the corresponding
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model of Tn. It’s clear that W′ is ℵ1-saturated over W, so B is ℵ1-saturated as a model

of Tn.

We can extend the definition of s(α) to cover α ∈ W′ if we allow for s(α) = ∞ =

min∅. Then we can check, by the definitions of Dk, that D(W′) is precisely the set of

α ∈W′ such that α(2i) = 0 for all i > n and α(2i+1) = 0 for all i ≤ s(α) (where i ≤ ∞

for all i < ω).

Claim: Tn is inseparably categorical with a ∅-definable strongly minimal imaginary.

Proof of claim: If we let E denote the {0, 1}-valued equivalence relation given by

E(x, y) = 2(d(x, y) ·− 1
2
), then it’s clear than the quotient H/E of the home sort H by

E is a ∅-definable strongly minimal imaginary which is equivalent to a F2 vector space

with constants for elements of the prime model. Now we just need to show that Tn

has no Vaughtian pairs over H/E. Suppose that M ≺ N are models of Tn such that

H(M)/E = H(N)/E. Let α be in NrM, and assume that d(α,M) = 2−k. Find β ∈M

such that d(α, β) = 2−k (this exists because the distance set is reverse well-ordered).

We may assume that M and N are separated and furthermore that N ≺ B, so we

can regard the elements of M and N as elements of (V ′)ω. In particular we have that

for all α ∈ N, α(2i) = 0 for all i > n and α(2i+ 1) = 0 for all i ≤ s(α).

Now we can see that k cannot be even. If k = 2m for some m, then we can find

γ ∈ M such that d(α, γ) ≤ 2−k−1 by finding the element of H(M)/E corresponding to

α(2k) and replacing β with γ satisfying γ(i) = β(i) for all i 6= 2k and γ(2k) = α(2k).

So assume that k = 2m + 1 for some m. There is some element c of H(N)/E such

that for any σ with σ(0) = c, we have N |= P2m+1(σ, β, α). Therefore we can find such a

σ in M. But now there must be some α′ with M |= P2m+1(σ, β, α′), which implies that

d(α, α′) ≤ 2−k−1, which is also a contradiction.
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Therefore there are no Vaughtian pairs over H/E and Tn is inseparably categorical.

claim

Now it’s clear that the models of Tn are uniquely determined by dim(H/E) and that

every dimension ≥ 0 is possible. So for each k ≤ ω let Vk ⊂ V ′ be a vector space such

that dim(Vk/V ) = k, and let Mk ≺ B be the corresponding model of Tn. We need to

characterize the types in S1(Mk). Note that every type in S1(Mk) is realized in B, since

it is ℵ1-saturated.

Fix k ≤ ω. For each τ ∈ V <ω
k , let ζτ ∈Mk be a fixed element satisfying ζτ ⊃ τ . For

any α ∈W′, assign an ‘index’ h(α) = 〈η(α), X(α)〉 by these specifications:

• Let η(α) ∈ V ≤ωk be the longest initial segment of α such that η(α)(i) ∈ Vk for

every i < |η(α)|.

• If |η(α)| is infinite then X(α) = ∅.

• If |η(α)| is finite and even, then X(α) ⊆ Pfin(ω)×Vk is the set of pairs 〈A, v〉 such

that
∑
α(2A) = v.

• If |η(α)| is finite and odd, then X(α) ⊆ Pfin(ω ∪ {−1}) × Vk is the set of pairs

〈A, v〉 such that
∑
α(2A) = v, where we set α(−2) = ζα�|η(α)|(|η(α)|) + α(|η(α)|).

(Recall that α � m is the sequence α(0), α(1), . . . , α(m− 1), with length m.)

With the following two claims we will show that h(α) exactly captures tp(α/Mk).

Claim 1: For any α, β ∈ B, if h(α) 6= h(β) then α 6≡Mk
β.

Claim 2: For any α, β ∈ B, if h(α) = h(β) then for any ε > 0 there is an automor-

phism σ of B, fixing Mk, such that d(σ(α), β) ≤ ε.
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Proof of claim 1: If either of η(α) or η(β) is infinitely long, then the corresponding

element is an element of Mk, so then α and β clearly have different types over Mk. So

assume that both η(α) and η(β) are finite.

If η(α) 6= η(β), then there are elements of Mk with different distances to α and β,

implying that they have different types over Mk. So assume that η(α) = η(β).

If η(α) = η(β), then X(α) 6= X(β), and so this clearly gives an Mk-formula satisfied

by α and not satisfied by β, so we have that α 6≡Mk
β.

So we have that h(α) 6= h(β)⇒ α 6≡Mk
β, as required. claim 1

Proof of claim 2: Assume that h(α) = h(β). If η(α) = η(β) is infinitely long, then

α = β ∈Mk and there is nothing to prove, so assume that η(α) = η(β) is finitely long.

First we will prove that there is an automorphism σ0 of B fixing Mk such that

σ0(α)(2i) = β(2i) for every i < ω and σ0(α)(|η(α)|) = β(|η(α)|) if |η(α)| is odd.

If |η(α)| = |η(β)| is finite and even, then X(α) = X(β) is precisely the statement

that

α(0)α(2)α(4) · · · ≡Vk β(0)β(2)β(4) . . .

in the structure V ′. So we easily get an automorphism of V ′ taking α(0)α(2)α(4) . . .

to β(0)β(2)β(4) . . . fixing Vk. This extends to an automorphism of all of W′ fixing V ω
k

which then induces an automorphism of B fixing Mk with the required property.

If |η(α)| = |η(β)| is finite and odd, then X(α) = X(β) is precisely the statement

that

(ζα�|η(α)|(|η(α)|) + α(|η(α)|))α(0)α(2)α(4) . . .

≡Vk (ζα�|η(α)|(|η(α)|) + β(|η(α)|))β(0)β(2)β(4) . . .
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in the structure V ′. So we easily get an automorphism of V ′ taking

(ζα�|η(α)|(|η(α)|) + α(|η(α)|)), α(0), α(2), α(4), . . .

to

(ζα�|η(α)|(|η(α)|) + β(|η(α)|)), β(0), β(2), β(4), . . .

and fixing Vk. This extends to an automorphism of all of W′ fixing V ω
k which then

induces an automorphism of B fixing Mk with the required property.

Now we need to argue that h(σ0(α)) = h(β). If |η(α)| = |η(β)| is even, then there is

nothing to prove. If |η(α)| = |η(β)| is odd, then the only thing to worry about is that

we might have moved ζα�|η(α)|(|η(α)|), but this is determined by α � |η(α)| = β � |η(β)|

which is unchanged and equal to σ0(α) � |η(σ0(α))|. So we have h(σ0(α)) = h(β).

So now let γ ∈ (V ′)≤ω be the longest common initial segment of σ0(α) and β,

so that in particular d(σ0(α), β) = 2−|γ|. If γ is infinitely long then we’re done, so

assume that γ is finitely long. It must be the case that |γ| is odd, since we ensured

that σ0(α)(2i) = β(2i) for every i. If |η(β)| is odd, then it must be the case that

|γ| > |η(β)|, since we ensured that σ0(α)(|η(β)|) = β(|η(β)|). In any case we always

have |γ| > |η(β)| ≥ 0, so in particular we always have that the last element of γ,

γ(|γ| − 1), is not in Vk.

Now define a map σ1 : B→ B by these specifications:

• σ1(χ) = χ if d(χ, β) ≥ 2−|γ|+1.

• If d(χ, β) ≤ 2−|γ|, so in particular χ(|γ| − 1) = β(|γ| − 1), then σ1(χ)(j) = χ(j), if

j 6= |γ|, and σ1(χ)(|γ|) = χ(|γ|) + β(|γ|) + σ0(α(|γ|)).
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By checking the definition of D we can see that σ1 is a bijection on B. It’s also clearly

an isometric map. By checking the predicates in the language of B we can see that σ1

is an automorphism of B. Furthermore, clearly σ1(α)(2i + 1) = β(2i + 1), so we have

that d(σ1(σ0(α)), β) < d(α, β), as required.

Now the only thing left to verify is that σ1 fixes Mk. If χ is moved by σ1, then

d(γ, α) ≤ 2−|γ|, so in particular χ(|γ| − 1) = β(|γ| − 1) /∈ Vk, so χ /∈ Mk. Therefore

everything moved by σ1 is not in Mk and we have that σ1 fixes Mk.

So by iterating the construction of σ1 we can get the required automorphisms bringing

α arbitrarily close to β. claim 2

So we see that α ≡Mk
β if and only if h(α) = h(β).

Now we need to determine the values of h(α) that correspond to a strongly minimal

type.

Claim: If α(2i+ 1) 6= 0 for some i < ω, then tp(α/Mk) is not strongly minimal.

Proof of claim: If α ∈ Mk, then tp(α/Mk) is clearly not strongly minimal, so

assume that α /∈ Mk. Since α /∈ Mk, we have that η(α) has finite length. Since

α(2i + 1) 6= 0 for some i < ω, we must have s(α) < ∞ (this is determined by tp(α/A)

so a fortiori it is determined by tp(α/Mk)). This implies that if β has α(i) = β(i) for

all i ≤ |η(α)| ↑ (2s(α) + 1) and α(2i) = β(2i) for all i < ω, then α ≡Mk
β, implying that

α/Mk has many non-algebraic global extensions and is not strongly minimal. claim

As a corollary of this we get that if α(0), α(2), . . . , α(2n) (where ‘α(0), α(2), . . . , α(2ω)’

is understood to mean α(0), α(2), . . . ) are not linearly independent over V , then tp(α/Mk)

is not strongly minimal. Conversely we have that if α(0), α(2), . . . , α(2n) are linearly

independent over V , then α(2i+ 1) = 0 necessarily for every i < ω, by the definition of

D.
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Claim: If α(0), α(2), . . . , α(2n) are linearly independent over V and

dim({α(0), α(2), . . . , α(2n)}/Mk) > 1,

then tp(α/Mk) is not strongly minimal.

Proof of claim: If dim({α(0), α(2), . . . , α(2n)}/Mk) > 1 then tp(α/Mk) has more

than one global non-algebraic extension and so is not strongly minimal. claim

Clearly if dim({α(0), α(2), . . . , α(2n)}/Mk) = 0, then we have that tp(α/Mk) is

atomic and therefore not strongly minimal. So the only way for tp(α/Mk) to be strongly

minimal is if dim({α(0), α(2), . . . , α(2n)}/Mk) = 1.

As it turns out this is a precise characterization.

Claim: tp(α/Mk) is strongly minimal if and only if

dim({α(0), α(2), . . . , α(2n)}/Mk) = 1.

Proof of claim: We have already shown the ⇒ direction, so we just need to show the

converse, but this is easy since tp(α/Mk) is clearly non-algebraic but also has a unique

non-algebraic extension over any parameter set. claim

Now finally we see that

dim({α(0), α(2), . . . , α(2n)}/Mk) = 1

with

dim({α(0), α(2), . . . , α(2n)}/V ) = n+ 1
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is possible if and only if k ≥ n, and so Tn has the required property.

C.2.2 A Counterexample to a Direct Translation of the Baldwin-

Lachlan Characterization

One might hope that somehow the condition that a theory be ω-stable and have no

Vaughtian pairs might be strong enough to ensure that a theory is inseparably categori-

cal, but it is not so. The full Baldwin-Lachlan characterization fails in continuous logic,

even after strengthening the no Vaughtian pairs condition to no locatable Vaughtian

pairs.

Counterexample C.2.10. A countable ω-stable theory with no locatable Vaughtian

pairs that is not inseparably categorical.

Proof. Let V be a countable vector space over a finite field Fp. Let M be the structure

whose universe is V ω with the standard string ultrametric. For each n,m < ω with n ≡

m (mod 2), let Pn,m be a {0, 1}-valued quaternary relation such that Pn,m(a, b, c, e) = 0

if and only if d(a, b) ≤ 2−n+1, d(c, e) ≤ 2−m+1, and a(n)− b(n) = c(m)− e(m). For any

fixed n,m < ω we have that if d(a0, a1), d(b0, b1) < 2−n−1 and d(c0, c1), d(e0, e1) < 2−m−1,

then Pn,m(a0, b0, c0, e0) = Pn,m(a1, b1, c1, e1), so each Pn,m is uniformly continuous.

We will show that T is ℵ0-categorical. To see that T = Th(M) is ω-stable and

ℵ0-categorical, note that it is a reduct of an imaginary of (V,+), which is ω-stable and

ℵ0-categorical. It is also a reduct of Counterexample C.2.5.

To see that T is not inseparably categorical, notice that if W is the unique elementary

extension of V of cardinality ℵ1, then (V ×W )ω, (W × V )ω, and (W ×W )ω are the

universes of three non-isomorphic models of T .
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Finally to see that T has no locatable Vaughtian pairs we need to analyze the struc-

ture of its type spaces more carefully. It is sufficient to prove this statement considering

locatable subsets of S1(M), where M is the unique separable model, since any countable

set of parameters can be found inside M.

Claim: Every non-algebraic type p ∈ S1(M) is uniquely determined by the k < ω

for which d(p,M) = 2−k and α � k for any α ∈M with d(α, p) = 2−k.

Proof of claim. To see that this is true, let a, b be two elements of some N �M with

d(a,M) = d(b,M) = 2−k, and suppose that there are α, β ∈M with d(a, α) = 2−k and

d(b, β) = 2−k and α � k = β � k. The statement α � k = β � k is the same as saying

that d(α, β) ≤ 2−k, so since T is ultrametric we have that d(b, α) ≤ 2−k ↑ 2−k = 2−k, so

d(b, α) = 2−k. Therefore also d(a, b) ≤ 2−k. claim

N can be written in the form (U ×W )ω for some Fp-vector spaces U,W � V .

Assume that d(a, b) = 2−k. Either a(k), b(k) ∈ U r V or a(k), b(k) ∈ W r V

(depending on whether k is even or odd), and a(k) 6= b(k), since d(a, b) = 2−k, so we

can find an explicit automorphism of U or W fixing V and taking a(k) to b(k). This

extends to an automorphism f of all of N fixing M. So by replacing a with f(a), we

may assume that d(a, b) < 2−k.

Assume that d(a, b) < 2−k. This implies that a(k) = b(k) /∈ V . Let ` > k be the first

such that a(`) 6= b(`). Let g : N→ N defined by the following: g(c) = c if c � ` 6= a � `,

otherwise g(c)(m) = c(m) for m 6= ` and g(c)(`) = c(`)+b(`)−a(`). One can check that

this is an automorphism of N with the property that d(g(a), b) < d(a, b). Note that g

fixes M.

By iterating, for any k < ω we can find an automorphism h of N, fixing M. such

that d(h(a), b) ≤ 2−k. Therefore a ≡M b, as required.
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Let each non-algebraic type in S1(M) be denoted by an element of V <ω.

Note that each non-algebraic type is metrically isolated. To see this consider σ0, σ1 ∈

V <ω with σ0 6= σ1. Let τ be the longest common initial segment of σ0 and σ1. We have

that d(σ0, σ1) = 2−|τ |. In particular this implies that other types have distance at least

2−|σ| to the type associated to some σ ∈ V <ω.

Now also note that for any σ ∈ V <ω, the sequence of types {σ _ v}v∈V limits to σ,

because the limiting type must be in the (≤ 2−|σ|)-ball whose center starts with σ, but

it must have distance greater than 2−|σ|−1 from M, so σ is the unique type that it can

be.

Let L ⊆ S1(M) be a locatable set containing a non-algebraic type σ. The claim is

that for some v ∈ V , L must contain σ _ v as well. To see this, note that L<2−|σ|−2
must

be a neighborhood of σ, so it must contain infinitely many types of the form σ _ v. Let

σ _ v be in L<2−|σ|−2
, and let τ ∈ L be such that d(σ _ v, τ) < 2−|σ|−2. But since σ is

(≥ 2−|σ|−1)-metrically isolated, this implies that σ _ v = τ .

Now note that in any proper elementary extension of M = (V × V )ω, one of the

two copies of V must grow, but this implies that one of the types σ or σ _ v must be

realized in the extension, so there cannot be a Vaughtian pair over L.

Of course the theory of this structure has an imaginary Vaughtian pair.

As mentioned before, in discrete logic a superstable theory has no Vaughtian pairs

if and only if it has no imaginary Vaughtian pairs (although the same is not true of

strictly stable theories [Bou89]). This example shows that the same does not even hold

for ω-stable theories in continuous logic.

The construction used in Theorem C.2.9 and Counterexample C.2.10 clearly rely
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very heavily on the ability to associate an entire copy of a strongly minimal set to a

single element of another strongly minimal set. This seems like something that can only

be done with discrete structures, which raises the following question.

Question C.2.11. Does there exist a countable ω-stable theory T with no Vaughtian

pairs that is not inseparably categorical and does not interpret a discrete strongly minimal

set? A strongly minimal set at all? In particular is there something like Counterexample

C.2.10 whose ‘underlying pregeometries’ are not discrete?

C.3 Banach and Hilbert Structures

Here we present some relevant counterexamples and in particular we resolve (in the

negative) the question of Shelah and Usvyatsov presented at the end of Section 5 of

[SU19], in which they ask whether or not the span of a Morley sequence in a minimal

wide type is always a type-definable set.

C.3.1 No Infinitary Ramsey-Dvoretzky-Milman Phenomena in

General

Unfortunately some elements of the analogy between the Ramsey-Dvoretzky-Milman

phenomenon and discrete Ramsey theory do not work. In particular, there is no exten-

sion of Dvoretzky’s theorem, and therefore Fact 5.4.3, to k ≥ ω, even for a fixed ε > 0.

Recall that a linear map T : X → Y between Banach spaces is an isomorphism if it is

a continuous bijection. This is enough to imply that T is invertible and that both T

and T−1 are Lipschitz. An analog of Dvoretzky’s theorem for k ≥ ω would imply that
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every sufficiently large Banach space has an infinite dimensional subspace isomorphic to

Hilbert space, which is known to be false. Here we will see a specific example of this.

The following is a well known result in Banach space theory (for a proof see the

comment after Proposition 2.a.2 in [LT96]).

Fact C.3.1. For any distinct X, Y ∈ {`p : 1 ≤ p < ∞} ∪ {c0}, no subspace of X is

isomorphic to Y .

Note that, whereas Corollary 5.4.10 says that every Banach theory is consistent with

the partial type of an indiscernible subspace, the following corollary says that this type

can sometimes be omitted in arbitrarily large models (contrast this with the fact that

the existence of an Erdös cardinal implies that you can find indiscernible sequences in

any sufficiently large structure in a countable language [Kan03, Thm. 9.3]).

Corollary C.3.2. For p ∈ [1,∞)r{2}, there are arbitrarily large models of Th(`p) that

do not contain any infinite dimensional subspaces isomorphic to a Hilbert space.

Proof. Fix p ∈ [1,∞) r {2} and κ ≥ ℵ0. Let `p(κ) be the Banach space of functions

f : κ → R such that
∑

i<κ |f(i)|p < ∞. Note that `p(κ) ≡ `p.
2 Pick a subspace

V ⊆ `p(κ). If V is isomorphic to a Hilbert space, then any separable V0 ⊆ V will

also be isomorphic to a Hilbert space. There exists a countable set A ⊆ κ such that

V0 ⊆ `p(A) ⊆ `p(κ). By Fact C.3.1, V0 is not isomorphic to a Hilbert space, which is a

contradiction. Thus no such V can exist.

2To see this, we can find an elementary sub-structure of `p(κ) that is isomorphic to `p: Let L0 be a
separable elementary sub-structure of `p(κ). For each i < ω, given Li, let Bi be the set of all f ∈ `p(κ)
that are the indicator function of a singleton {i} for some i in the support of some element of Li. Bi is
countable. Let Li+1 be a separable elementary sub-structure of `p(κ) containing Li ∪Bi.

⋃
i<ω Li+1 is

equal to the span of
⋃
i<ω Bi and so is a separable elementary sub-structure of `p(κ) isomorphic to `p.
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Even assuming we start with a Hilbert space we do not get an analog of the infinitary

pigeonhole principle (i.e. a generalization of Fact 5.4.3). The discussion by Hájek and

Novotný in [HN18, after Thm. 1] of a result of Maurey [Mau95] implies that there is a

Hilbert theory T with a unary predicate P such that for some ε > 0 there are arbitrarily

large models M of T such that for any infinite dimensional subspace V ⊆M there are

unit vectors a, b ∈ V with |PM(a)− PM(b)| ≥ ε.

Stability of a theory often has the effect of making Ramsey phenomena more prevalent

in its models, so there is a natural question as to whether anything similar will happen

here. Recall that a function f : S(X) → R on the unit sphere S(X) of a Banach

space X is oscillation stable if for every infinite dimensional subspace Y ⊆ X and every

ε > 0 there is an infinite dimensional subspace Z ⊆ Y such that for any a, b ∈ S(Z),

|f(a)− f(b)| ≤ ε.

Question C.3.3. Does (model theoretic) stability imply oscillation stability? That is to

say, if T is a stable Banach theory, is every unary formula oscillation stable on models

of T?

C.3.2 (Type-)Definability of Indiscernible Subspaces and

Complex Banach Structures

A central question in the study of inseparably categorical Banach space theories is the

degree of definability of the ‘minimal Hilbert space’ that controls a given inseparable

model of the theory. Results of Henson and Raynaud in [HR16] imply that in general

the Hilbert space may not be definable. In [SU19], Shelah and Usvyatsov ask whether or

not the Hilbert space can be taken to be type-definable or a zeroset. In Counterexample
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C.3.5 we present a simple, but hopefully clarifying, example showing that this is slightly

too much to ask.

It is somewhat uncomfortable that even in complex Hilbert structures we are only

thinking about real indiscernible subspaces rather than complex indiscernible subspaces.

One problem is that Ramsey-Dvoretzky-Milman phenomena only deal with real sub-

spaces in general. The other problem is that Definition 5.4.4 is incompatible with com-

plex structure:

Proposition C.3.4. Let T be a complex Banach theory. Let V be an indiscernible

subspace in some model of T . For any non-zero a ∈ V and λ ∈ Cr{0}, if λa ∈ V , then

λ ∈ R.

Proof. Assume that for some non-zero vector a, both a and ia are in V . We have that

(a, ia) ≡ (ia, a), but (a, ia) |= d(ix, y) = 0 and (ia, a) 6|= d(ix, y) = 0, which contradicts

indiscernibility. Therefore we cannot have that both a and ia are in V . The same

statement for a and λa with λ ∈ C r R follows immediately, since a, λa ∈ V ⇒ ia ∈

V .

In the case of complex Hilbert space and other Hilbert spaces with a unitary Lie group

action, this is the reason that indiscernible subspaces can fail to be type-definable. We

will explicitly give the simplest example of this.

Counterexample C.3.5. Let T be the theory of an infinite dimensional complex Hilbert

space, and let C be the monster model of T . T is inseparably categorical, but for any

partial type Σ over any small set of parameters A, Σ(C) is not an infinite dimensional

indiscernible subspace (over ∅).
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Verification. T is clearly inseparably categorical by the same reasoning that the theory

of real infinite dimensional Hilbert spaces is inseparably categorical (being an infinite

dimensional complex Hilbert space is first-order and there is a unique infinite dimensional

complex Hilbert space of each infinite density character).

If Σ(C) is not an infinite dimensional subspace of C, then we are done, so assume that

Σ(C) is an infinite dimensional subspace of C. Let N be a small model containing A.

Since N is a subspace of C, Σ(N) = Σ(C)∩N is a subspace of N. Let v ∈ Σ(C)rΣ(N).

This implies that v ∈ C rN, so we can write v as v‖ + v⊥, where v‖ is the orthogonal

projection of v onto N and v⊥ is complex orthogonal to N. Necessarily we have that

v⊥ 6= 0. Let N⊥ be the orthocomplement of N in C. If we write elements of C as

(x, y) with x ∈ N and y ∈ N⊥, then the maps (x, y) 7→ (x,−y), (x, y) 7→ (x, iy), and

(x, y) 7→ (x,−iy) are automorphisms of C fixing N. Therefore (v‖+v⊥) ≡N (v‖−v⊥) ≡N

(v‖ + iv⊥) ≡N (v‖ − iv⊥), so we must have that (v‖ − v⊥), (v‖ + iv⊥), (v‖ − iv⊥) ∈ Σ(C)

as well. Since Σ(C) is a subspace, we have that b⊥ ∈ Σ(C) and ib⊥ ∈ Σ(C). Thus by

Proposition C.3.4, Σ(C) is not an indiscernible subspace over ∅.

This example is a special case of this more general construction: If G is a compact Lie

group with an irreducible unitary representation on Rn for some n (i.e. the group action is

transitive on the unit sphere), then we can extend this action to `2 by taking the Hilbert

space direct sum of countably many copies of the irreducible unitary representation of

G, and we can think of this as a structure by adding function symbols for the elements

of G. The theory of this structure will be totally categorical and satisfy the conclusion

of Counterexample C.3.5.
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Counterexample C.3.5 is analogous to the fact that in many strongly minimal the-

ories the set of generic elements in a model is not itself a basis/Morley sequence. The

immediate response would be to ask the question of whether or not the unit sphere of the

complex linear span (or more generally the ‘G-linear span,’ i.e. the linear span of G · V )

of the indiscernible subspace in a minimal wide type agrees with the set of realizations

of that minimal wide type, but this can overshoot:

Counterexample C.3.6. Consider the structure whose universe is (the unit ball of) `2⊕

`2 (where we are taking `2 as a real Hilbert space), with a complex action (x, y) 7→ (−y, x)

and orthogonal projections P0 and P1 for the sets `2⊕{0} and {0}⊕`2, respectively. Let

T be the theory of this structure. This is a totally categorical complex Hilbert structure,

but for any complete type p and M |= T , p(M) does not contain the unit sphere of a

non-trivial complex subspace.

Verification. T is bi-interpretable with a real Hilbert space, so it is totally categorical.

For any complete type p, there are unique values of ‖P0(x)‖ and ‖P1(x)‖ that are

consistent with p, so the set of realizations of p in any model cannot contain {λa}λ∈U(1)

for a, a unit vector, and U(1) ⊂ C, the set of unit complex numbers.

The issue, of course, being that, while we declared by fiat that this is a complex

Hilbert structure, the expanded structure does not respect the complex structure.

So, on the one hand, Counterexample C.3.6 shows that in general the unit sphere of

the complex span won’t be contained in the minimal wide type. On the other hand, a

priori the set of realizations of the minimal wide type could contain more than just the

unit sphere of the complex span, such as if we have an SU(n) action. The complex (or

G-linear) span of a set is of course part of the algebraic closure of the set in question,
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so this suggests a small refinement of the original question of Shelah and Usvyatsov:

Question C.3.7. If T is an inseparably categorical Banach theory, p is a minimal wide

type, and M is a model of T which is prime over an indiscernible subspace V in p, does

it follow that p(M) is the unit sphere of a subspace contained in the algebraic closure of

V ?

This would be analogous to the statement that if p is a strongly minimal type in an

uncountably categorical discrete theory and M is a model prime over a Morley sequence

I in p, then p(M) ⊆ acl(I).

C.3.3 Non-minimal Wide Types

The following example shows, unsurprisingly, that Theorem 5.4.11 does not hold for

non-minimal wide types.

Counterexample C.3.8. Let T be the theory of (the unit ball of) the infinite Hilbert

space sum `2⊕`2⊕ . . . , where we add a predicate D that is the distance to S∞tS∞t . . . ,

where S∞ is the unit sphere of the corresponding copy of `2. This theory is ω-stable.

The partial type {D = 0} has a unique global non-forking extension p that is wide, but

the unit sphere of the linear span of any Morley sequence in p is not contained in p(C).

Verification. This follows from the fact that on D the equivalence relation ‘x and y are

contained in a common unit sphere’ is definable by a formula, namely

E(x, y) = inf
z,w∈D

(d(x, z) ·− 1) + (d(z, w) ·− 1) + (d(w, y) ·− 1),

where a ·− b = max{a− b, 0}. If x, y are in the same sphere, then let S be a great circle
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passing through x and y and choose z and w evenly spaced along the shorter path of S.

It will always hold that d(x, z), d(z, w), d(w, y) ≤ 1, so we will have E(x, y) = 0. On the

other hand, if x and y are in different spheres, then E(x, y) =
√

2− 1.

Therefore a Morley sequence in p is just any sequence of elements of D which are

pairwise non-E-equivalent and the unit sphere of the span of any such set is clearly not

contained in D.

C.3.4 Minimal Wide Types That are Not Strongly Minimal

Wide

The following two examples are analogous to the simplest examples of weakly minimal

theories in discrete logic, namely the superstable theory of a countable sequence of

independent unary predicates, each infinite and co-infinite, and the ω-stable theory of a

countable sequence of disjoint infinite and co-infinite unary predicates.

Counterexample C.3.9 (Stable Theory with No Strongly Minimal Wide Types). Let

A be (the unit ball of) the complex Hilbert space L2[0, 1] (i.e. square integrable functions

on [0, 1] with the standard Lebesgue measure) together with the linear operator X defined

by (Xf)(x) = xf(x).3 Let T be the theory of A.

The theory T is superstable, but not ω-stable, and has no strongly minimal wide types.

Verification. XA is clearly a self-adjoint bounded operator whose spectrum is [0, 1] (as

a subset of C). The self-adjunction of X is clearly first-order. Recall that an operator

is invertible if and only if it is bounded below and has dense image. In a Hilbert space,

3A can be either a real or a complex Hilbert space, but accounts of the spectral theorem are easier
to find for complex Hilbert spaces.
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if an operator fails to have dense image then this is witnessed by some unit vector that

is orthogonal to the image of the operator (any element of the orthocomplement of the

image). For any complex number λ, consider the sentence

ϕλ = min

{
inf
x
‖Xx− λx‖+ (1 ·− ‖x‖),

∞∑
i=1

2−i inf
x

sup
y

1 ·− d(x, si(Xy))

}
.

Semantically, if M is a Hilbert structure in which X is a bounded operator, M |= ϕλ = 0

if and only if either X − λI fails to be bounded below (the first line) or X − λI fails

to have dense image (the second line). So for any fixed λ, we have that B |= ϕλ = 0 if

and only if λ is in the spectrum of XB. So if B |= T , then XB must have [0, 1] as its

spectrum.

We want to characterize the type space S1(C) for any set of parameters C in the

monster model C of T . We may assume without loss of generality that C is a linear

subspace that is closed under X (this is all contained in dcl(C)).

Note that to characterize the types in S1(C), it is enough to characterize types p(x)

which entail 〈x, c〉 = 0 for every c ∈ C as well as ‖x‖ = 1. Call such types orthonormal.4

This is because every type p ∈ S1(C) has a unique c ∈ C for which d(p, c) is minimal

(this, as well as everything else in this paragraph, is true in any Hilbert structure and

over any set of parameters which is a subspace). If a is some realization of p, then,

assuming p is not realized in C, we can consider the type of the vector a−c
‖a−c‖ . Let

q be the type of this vector. We have that p and q are interdefinable over C. This

means that once we have a characterization of the orthonormal types, we get that every

type p in S1(C) that is not realized in C is uniquely determined by a triple (c, α, q)

4Note that wide types are necessarily orthonormal, but the converse does not hold.
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with ‖c‖2 + |α|2 ≤ 1, α 6= 0, and q an orthonormal type. Realizations of p precisely

correspond to vectors of the form c+αf , with f a realization of q. Note that if O(C) is

the set of orthonormal types in S1(C) (which is closed), then this argument establishes

that the metric density character of S1(C) (with regards to the d-metric) is no greater

than #dcC + #dcO(C), where #dcX is the density character of X. We will show that

#dcO(C) ≤ 2ℵ0 , regardless of the choice of C, which will establish that T is superstable.

Any vector f ∈ C induces a linear map g 7→ 〈f, g(X)f〉 on the space of complex

polynomials g. By the spectral theorem we know that this map extends uniquely to

a map on the space of continuous functions from [0, 1] to C. Furthermore, we know

that this map takes the constant function 1 to 1, has operator norm 1, and is positive

semi-definite, so by the Riesz representation theorem there is a unique Borel probability

measure µf on [0, 1] such that for any polynomial g, 〈f, g(X)f〉 =
∫
gdµf . Clearly the

type of f fixes µf . We want to show that for any Borel probability measure (B.p.m.)5 ν

on [0, 1] there is an orthonormal type p such that µf = ν for any realization f of p and

that an orthonormal type p is determined by µf for any f realizing p.

To show that such types exist for any B.p.m. ν on [0, 1], let B be a model containing

A and C, fix a non-principal ultrafilter U on ω, and consider the ultrapower BU .

Construct a sequence of finite sets of intervals {In}n<ω (where we require that inter-

vals have positive length) with the following properties.

1. For each n < ω, and each interval of the form [i2−n, (i + 1)2−n) for some i < 2n,

there is precisely one interval J ∈ In satisfying J ⊆ [i2−n, (i+ 1)2−n].

2. These are the only intervals in each In.

5Note that a Borel probability measure on a metric space is automatically regular.
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3. For n 6= m, J ∈ In, and K ∈ Im, J ∩K = ∅.

It is not hard to construct such a sequence. Let I in be the interval in In contained in

[i2−n, (i+ 1)2−n). For each n < ω, let fn(x) =
∑

i<2n ν([i2−n, (i+ 1)2−n))χIin(x), where

χJ(x) is the indicator function of J .

It is clear that for each n < ω, fn is a non-negative element of L1[0, 1] with norm

1. Furthermore, for any distinct n,m < ω, fnfm = 0. It is also not hard to show that

for any fixed polynomial p(x),
∫
p(x)fn(x)dλ →

∫
p(x)dν as n → ∞, where λ is the

Lebesgue measure on [0, 1].

Let g be the element of BU corresponding to the sequence {
√
fn}n<ω. By construction

we have that 〈g, p(X)g〉 =
∫
p(x)dν for every polynomial p(x). This implies that µg = ν.

Also note that ‖g‖ = 1.

Now to show that tp(g/C) is orthonormal, for each n < ω, let hn =
√
fn (thought

of as an element of B). Let H = span{hn}n<ω. For any c ∈ C, let c‖ be the orthogonal

projection of c onto h. Since the sequence 〈hn, c〉 = 〈hn, c‖〉 is square summable, it limits

to 0. Therefore we have that 〈g, c〉 = 0. Since we can do this for any c ∈ C, g realizes

an orthonormal type over C. (It actually realizes an orthonormal type over all of B.

Also note that in this paragraph we really only used the fact that hn is an orthonormal

sequence.)

So we have that there is an orthonormal type for every B.p.m. on [0, 1].

If p ∈ S1(C) is an orthonormal type, we’ll write µp for µf for some realization f of

p (µp doesn’t depend on the choice of f). We now need to show that for orthonormal

types, p is uniquely determined by µp.

Fix orthonormal p, q ∈ S1(C) satisfying µp = µq. Let B0 be an elementary extension

of B realizing both p and q. Let f and g be these realizations. We are going to construct
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an elementary chain starting with B0.

Recall that there are 2ℵ0 many B.p.m.s on [0, 1]. Let {νi}i<2ℵ0 be an enumeration of

the B.p.m.s on [0, 1]. Let κ = (2ℵ0 ·#dcB0)+. By basic cardinal arithmetic, κ = 2ℵ0 · κ,

so we may regard ordinals i < κ as an ordered pair (j, k), with j < 2ℵ0 and k < κ.

Given Bi, construct Bi+1 as an elementary extension of Bi that satisfies the following

conditions.

• Bi+1 has density character at most κ.

• Bi+1 realizes an orthonormal type p ∈ S1(Bi) satisfying µp = νj, where j is the

first element of the ordered pair (j, k) corresponding to i.

For i < κ a limit ordinal, let Bi =
⋃
j<iBj. Note that since κ is a regular cardinal,

#dcBi ≤ κ.

Finally let Bκ =
⋃
i<κBi. Since κ is regular and uncountable, Bκ is complete.

We are going to construct an automorphism of Bκ taking f to g. Let {bi}i<κ be an

enumeration of a dense subset of Bκ.

Let f0 = f and g0 = g. We will proceed with a back-and-forth construction of length

κ.

For any set of vectors A, let spanXA be the smallest closed subspace containing A and

closed under X. It is clear that the dimension of spanXA is no greater than ℵ0 + #dcA.

For any i ≤ κ, let f<i represent the sequence {fj}j<i and likewise for g<i.

At even stage i · 2 < κ with i > 0, given f<i and g<i, find the first element of {bi}i<κ

not contained in spanX(B0f<i). Call this element bk. Find a unit vector fi, orthogonal

to spanX(B0f<i), such that bk ∈ span ({fi} ∪ spanX(Bf<i)). This is always possible by

construction. (Also note that, up to multiplication by a unit norm complex number, fi
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is unique.) The odd stages proceed analogously.

Given the full sequences f<κ and g<κ, by construction we have ensured that spanXf<κ =

spanXf<κ = Bκ. Let σ0 be the partial function from Bκ to Bκ mapping fi to gi for

each i < κ as well as h to itself for each h ∈ B0. By orthogonality, this clearly ex-

tends to a linear map on span(B0f<κ). Furthermore, the theory T says that X is a

self-adjoint operator, which implies that for any vector h in a model of T and any

n,m < ω, 〈Xnh,Xmh〉 = 〈h,Xn+mh〉 =
∫
xn+mdµh(x). So since these inner products

only depend on µfi , we have that σ0 extends to a linear map that respects X on all of

spanX(B0f<κ), where by respecting X we mean that σ(Xh) = Xσ(h). Let σ be this

extension. By construction, the domain of σ is all of Bκ and the range of σ is also Bκ.

Since σ is a linear map that respects X, it is an automorphism of Bκ. Furthermore, we

have that σ(f0) = g0, and so we have that tp(f0/B0) = tp(g0/B0), and so in particular

tp(f/C) = tp(g/C), as required.

We have now established that O(C), the set of orthonormal types over C, does not

depend on the choice of C, as it always corresponds to the set of B.p.m.s on [0, 1]. This

set has cardinality 2ℵ0 and so in particular has #dcO(C) ≤ 2ℵ0 . Thus T is superstable.

To show that T is not ω-stable we need to show that there is an ε > 0 and an

uncountable set of types in O(C) which are (>ε)-separated for any set of parameters C.

For each r ∈ [0, 1], let δr be the Dirac measure centered at r. If we let pr be the type such

that µpr = δr, then we have that realizations of pr are eigenvectors of X with eigenvalue r.

Since X is a self-adjoint operator, eigenvectors with distinct eigenvalues are necessarily

orthogonal, therefore we have that d(pr, ps) =
√

2 for any distinct r, s ∈ [0, 1]. Therefore

no type space S1(C) has countable metric density character, and T is not ω-stable.

Now, finally, we need to show that T has no strongly minimal wide types. To do this
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it is sufficient to show that no p ∈ O(C) is relatively d-atomic. Given p ∈ O(C), we will

construct a sequence qi ∈ O(C) limiting to p topologically but for which there is some

ε > 0 such that d(p, qi) > ε for all i < ω.

Claim: The logical topology on O(C) agrees with the topology of weak convergence of

measure (i.e. the coarsest topology for which µ 7→
∫
fdµ is continuous for each continuous

function f : [0, 1]→ R), thinking of the types as their corresponding B.p.m.s.

Proof of claim. It is clear that the logical topology on O(C) is finer than the topology

of weak convergence, since for any polynomial f(x), the function O(C) → R defined

by p 7→
∫
f(x)dµp is continuous, and these functions generate the topology of weak

convergence. Since polynomials are dense in the space of continuous functions on [0, 1]

under the uniform norm, we have that p 7→
∫
f(x)dµp is continuous for each continuous

f : [0, 1] → R. Now the fact that the topologies agree follows from the fact that if τ0

and τ1 are two compact Hausdorff topologies on the same set such that τ0 ⊆ τ1, then in

fact τ0 = τ1. �claim

So now given p ∈ O(C) we just need to construct a sequence of B.p.m.s {νi}i<ω con-

verging weakly to µp, but which are all singular with regards to it, which will guarantee

that ‖νi − µp‖tv = 2 for all i < ω, where ‖·‖tv is the total variation norm. Then we

will use this to give a lower bound on d(p, qi), where qi satisfies µqi = νi, for all i < ω

(in particular we will show that any realization of p and any realization of qi must be

orthogonal).

Let A be the set of all r ∈ [0, 1] such that µp({r}) > 0. Since µp is a probability

measure, A can be at most countable. For each i < ω, let νi be a finite sum of Dirac

measures,
∑

k<2i µp([k2−i, (k + 1)2−i))δrik , with each rik chosen so that rik ∈ [k2−i, (k +

1)2−i) r A. This is always possible since A is at most countable.
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Clearly we have by construction that νi limits to µp weakly, so now we just need

to show that that realizations of p and qi must actually be orthogonal. Let a be a

realization of p and b a realization of qi. For any ε > 0, find an open set U ⊂ [0, 1]

not containing any rik for any i < 2k such that µp(U) > 1 − ε. Find a real polynomial

f(x) such that for any x ∈ U , |f(x)− 1| < ε; for each i < 2n, |f(rik)| < ε; and for each

x ∈ [0, 1], −ε < f(x) < 1 + ε.

Consider 〈a, f(X)b〉. Note that since f is a real polynomial, f(X) is a self-adjoint

operator, so we have that 〈a, f(X)b〉 = 〈f(X)a, b〉. |〈f(X)b, f(X)b〉| = |〈b, f(X)2b〉| =∣∣∫ f 2dνi
∣∣ < ε2, so ‖f(x)b‖ < ε. Since a is a unit vector, this implies that |〈a, f(X)b〉| =

|〈f(X)a, b〉| < ε as well. Now consider

〈a− f(X)a, a− f(X)a〉 = 〈a, a〉 − 〈a, f(X)a〉 − 〈f(X)a, a〉+ 〈f(X)a, f(X)a〉

= 1− 2〈a, f(X)a〉+ 〈a, f(X)2a〉

= 1− 2

∫
fdµp +

∫
f 2dµp

= 1 +

∫
f 2 − 2fdµp.

Considering the U and [0, 1] r U parts of the integral, we get that |〈a − f(X)a, a −

f(X)a〉| < (ε+ ε2) + ε(2 + 2ε+ 1 + 2ε+ ε2) = 4ε+ 5ε2 + ε3.

So now, since b is a unit vector, we have that

|〈a, b〉| ≤ |〈a− f(X)a, b〉|+ |〈f(X)a, b〉|

< 4ε+ 5ε2 + ε3 + ε = 5ε+ 5ε2 + ε3.

Since we can do this for any ε > 0, we have that 〈a, b〉 = 0 for any a |= p and b |= qi, as
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required.

Since this is true of each qi, we have that the sequence {qi}i<ω does not limit to p in

the d-metric and thus p is not relatively d-atomic in O(C).

Since this is true for any p ∈ O(C) and since all wide types in S1(C) are contained

in O(C), T has no strongly minimal wide types.

It is also possible to construct an example of an ω-stable theory with a minimal wide

type that is not strongly minimal wide.

Counterexample C.3.10. Let A be (the unit ball of) the infinite Hilbert space sum

`2 ⊕ `2 ⊕ . . . together with a linear operator M defined so that for any vector a confined

to the nth summand, Ma = 2−na. In other words, M is a linear functional on a infinite

dimensional Hilbert space whose eigenvalues are of the form 2−n and each have an infinite

dimensional eigenspace.

Let T be the theory of A. T is ω-stable and has a unique type p ∈ S1(T ) with the

property that any realization a of p has norm 1 and satisfies Ma = 0. This type is

minimal wide but not strongly minimal wide.

Verification. It is not hard to verify that if B is any model of T , then B is a Hilbert

space that decomposes into a direct sum of eigenspaces
⊕

λ∈{0,2−0,2−1,2−2,... } Vλ, where Vλ

is the eigenspace of M corresponding to the eigenvalue λ.6 It is also not hard to verify

that for any such model each space Vλ for λ > 0 must be infinite dimensional and that

models of T are precisely of this form. The approximately ω-saturated separable model

of T is the one in which each Vλ has countably infinite dimension.7 By looking at the

6Note that this relies on the fact that the spectrum of M is countable. The analogous statement is
not true for operators such as X in Counterexample C.3.9, as witnessed by the model A.

7It is actually ω-saturated, not just approximately ω-saturated.
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automorphisms of this structure, we can conclude that elements of S1(T ) are in a one-to-

one correspondence with square summable functions f : {0, 2−0, 2−1, 2−2, . . . } → [0, 1]

and that the d-metric corresponds to the `2 metric on this set. We have that the type

corresponding to the function g defined by g(0) = 1 and g(2−n) = 0 for all n < ω is

axiomatized by Mx = 0 (i.e. d(Mx,0) = 0). Let p(x) be this type. It is clear that this

type is wide.

The space of global types S1(C) has a one-to-one correspondence with pairs (c, f),

where c ∈ C and f is a function as before, satisfying ‖c‖2
2 + ‖f‖2

2 ≤ 1. Furthermore,

we have that if q and r correspond to (c, f) and (e, h), respectively, then d(q, r) =√
‖c− e‖2

2 + ‖f − h‖2
2. Furthermore, we have that if q and r correspond to (c, f) and

(e, h), respectively, then d(q, r) =
√
‖c− e‖2

2 + ‖f − h‖2
2. (This characterization is true

of the space of types over any model, not just C, which allows us to show that T is

ω-stable.)

No type corresponding to a pair (c, f) with c 6= 0 can be wide. This implies that

the only wide global extension of p is the type corresponding to (0, g), and hence that p

is minimal wide. We also have that the types corresponding to pairs of the form (0, g),

with g(λ) = 1 if λ = 2−n (for some particular n) and g(λ) = 0 otherwise, are wide for any

n < ω. Call the corresponding type qn. For any such type we have that d(p, qn) = 1, but

nevertheless the sequence {qn}n<ω limits to p topologically, therefore p is not d-atomic

in the set of wide global types, and is therefore not strongly minimal wide.

This example is of course in some sense the Hilbert space analog of the theory of the

discrete structure M in a language consisting of a countable sequence of unary predicates

{Ui}i<ω which partition M into infinite sets, with the unique minimal type not contained
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in any Ui corresponding to p(x). Whereas in discrete logic it is known that any minimal

type in an uncountably categorical theory is actually strongly minimal, the analogous

statements for minimal and minimal wide types in continuous logic are unknown.

Question C.3.11. If T is an inseparably categorical Banach theory, is every minimal

wide type strongly minimal wide?

C.4 Approximate Isomorphism and Approximate

Categoricity

The simplest non-trivial example of an approximately ω-categorical theory is easiest to

describe in terms of a stratified language (Definition 6.2.12).

Counterexample C.4.1. Let L0 = {ai}i<ω∪{b0}, and let Ln+1 = Ln∪{bn+1}. Consider

the L-structure in which all of the constants are assigned to different elements and there

are no other elements. The theory of this structure is approximately ω-categorical. We

can describe the distortion system corresponding to this stratified language easily as the

one generated by ∆0 = {d(x, ai)}i<ω ∪{2−jd(x, bj)}j<ω, where we’re taking the metric to

be {0, 1}-valued. Let ∆ = ∆0.

This serves as a counterexample to three things. It is an example of a ∆-ω-categorical

theory that is not ω-categorical. It is an example of a theory in a stratified language

that is approximately ω-categorical but which does not have an ω-categorical reduct

T � Ln for any n. And finally it is an example of the failure of the converse of Theorem

6.6.13 part (iii). The unique 1-type of a non-realized element is weakly d∆-atomic, but

not d∆-atomic, so S1(T ) cannot be metrically compact with regards to d∆.
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A more subtle hope would be that we could eliminate the parameters from Theorem

6.6.13. Unfortunately this is impossible in general, but an example is more complicated.

Counterexample C.4.2. A theory T with distortion system ∆ such that for every

n < ω, every types p ∈ Sn(T ) is weakly d∆-atomic, but such that T is not ∆-ω-categorical.

Proof. Let E be a binary relation, let {fi}i<ω be a sequence of unary functions, and let

{ai,j}i,j<ω be an array of constant symbols.

Let L0 = {E} ∪ {fi}i<ω ∪ {a0,0}. For each k < ω, let Lk+1 = Lk ∪ {ai,j}i,j≤k+1.

Finally let L =
⋃
k<ω Lk.

Let M be an L structure with universe ω × (ω + ω). Set (i, j)EM(k, `) if and only if

i = k. Let fk((i, j)) = (i, k) and ai,j = (i, ω + j). Finally let T = Th(M), and let ∆ be

a distortion system equivalent to the stratified language L.

To see that T is not ∆-ω-categorical, let N be an elementary extension of M that

realizes a new E-equivalence class, but only the outputs of the functions fi in that class.

M and N are not ∆-approximately isomorphic since there is nothing to correlate the

constants ai,j in M with in the new equivalence class in N.

To see that for every n < ω and every p ∈ Sn(T ), p is weakly d∆-atomic, let O be the

countable elementary extension of M that realizes infinitely many new E-equivalence

classes and realizes infinitely many elements not equal to any fi(c) or ai,j in every

E-equivalence class. This is the unique countable ω-saturated model of this theory. We

would like to show that the type of any finite tuple of elements of this model is weakly

d∆-atomic. It is enough to consider tuples of the following form. Fix N < ω. Consider

the tuple whose elements are

• the constants ai,j for i, j ≤ N ,
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• N elements E equivalent to ai,0 for each i ≤ N but not equal to any fi(c) for any

c,

• N elements not equal to any fi(c) from N distinct E equivalence classes that

contain no elements of M (N2 elements in total), and

• the image of all of those elements under fi for i ≤ N .

Let the type of this tuple be pN . Every finitary ∅-type is the type of some sub-tuple

of pN for some N . The restriction of a weakly d∆-atomic type to some sub-tuple is still

d∆-atomic (since projection maps are open and 1-Lipschitz with regards to d∆). For any

k, the type pN � Lk is realized by a tuple in M, and therefore in any model of T , since

M is the prime model. Therefore by Proposition 6.6.12, pN is weakly d∆-atomic.

C.4.1 An Irregular Distortion System

Here we will give some explicit examples of the pathological behavior of a∆ and the

separation of r∆,Ω
∞ and ρ∆ for irregular ∆.

Definition C.4.3. Let L be the single-sorted language with a [0, 1]-valued metric and

a single [0, 1]-valued 1-Lipschitz unary predicate U .

Let GH0 = {1
2
d(x, y)}, and let GH = GH0.

Let IU0 = GH0 ∪ {nU(x)}n<ω, and let IU = IU0. C

Clearly GH corresponds to the ordinary Gromov-Hausdorff distance, ignoring U . The

notion of approximate isomorphism induced by IU is strange.

Proposition C.4.4. Let M,N be L-structures, and let R ⊆M×N.

disIU(R) ≤ ε <∞ if and only if disGH(R) ≤ ε and for all (a, b) ∈ R, UM(a) = UN(b).
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So R needs to be a correlation that rigidly obeys U but which is as loose as the

Gromov-Hausdorff distance for d.

Definition C.4.5. For any D ⊆ [0, 1] and ε ∈ [0, 1], let I(D, ε) be the L-pre-structure

whose universe is D with UI(D,ε)(x) = x for x ∈ D and dI(D,ε)(x, y) = |x − y| ↑ ε for

x, y ∈ D with x 6= y. C

Proposition C.4.6. (Mod(T,≤ ω), ρIU) is not complete as a metric space, where T is

the empty theory in the language L.

Proof. Let X = {2−i}i<ω, and consider the sequence of structures {I(X, 2−k)}k<ω. These

converge in ρIU to the pre-structure I(X, 0), but the corresponding completion is I(X ∪

{0}, 0) and ρ∆(I(X, 0), I(X ∪ {0}, 0)) =∞.

Proposition C.4.7. Let D0 and D1 be countable, disjoint, dense subsets of [0, 1], then

ρIU(I(D0, ε), I([0, 1], 0)) =∞,

ρIU(I(D1, ε), I([0, 1], 0)) =∞, and

ρIU(I(D0, ε), I(D1, ε)) =∞,

but

aIU(I(D0, ε), I([0, 1], 0)) =
1

2
ε,

aIU(I(D1, ε), I([0, 1], 0)) =
1

2
ε, and

aIU(I(D0, ε), I(D1, ε)) =∞.
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Furthermore I(D0, ε), I(D1, ε), and I([0, 1], 0) are all metrically complete and sepa-

rable.

Proof. For ρ∆ there simply are no correlations between these structures that satisfy the

requirement on U given in Proposition C.4.4. Any almost correlation between I(D0, ε)

and I(D1, ε) is a correlation anyways, so the same holds for almost correlations.

For I(Di, ε) and I([0, 1], ε), let Ri = {(x, x) : x ∈ Di}, then we have that dis∆(R) ≤

1
2
ε. Finally Ri is clearly an almost correlation so we have that a∆(I(Di, ε), I([0, 1], 0)) ≤

1
2
ε. To see that they are actually equal to 1

2
ε, note that these are the only almost

correlations between these structures with finite IU-distortion.

We know that for any given weak modulus Ω something different must happen with

rIU,Ω
∞ on these structures, because rIU,Ω

∞ is a pseudo-metric, so it cannot be equal to aIU,

and therefore also cannot be equal to ρIU. In particular we must have rIU,Ω
∞ (I(D0, ε),

I(D1, ε)) ≤ ε.

Finally to get an example of ρ∆(M,N) =∞ yet a∆(M,N) = 0 for M and N complete

structures, fix a countable dense D ⊆ [0, 1], and let

M =
⊔
i<ω

I(D, 2−i) and

N = I([0, 1], 0) tM,

where in a disjoint union the distances between things in different structures are always

1. It’s easy to check that M and N are separable L-structures.

Proposition C.4.8. ρIU(M,N) =∞ but aIU(M,N) = 0.
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Proof. ρIU(M,N) = ∞ is clear because there are no correlations between M and N

which can correlate the elements of [0, 1]rD in N to anything in M while having finite

distortion.

To see that aIU(M,N) = 0, for each k < ω, let Rk ⊆ M × N be the almost

correlation that relates the copies of I(D, 2−i) for i < k isomorphically, which re-

lates I(D, 2−k) ⊂ M to the subset of I([0, 1], 0) ⊂ N whose points are those in D,

and which relates I(D, 2−i−1) ⊂ M to I(D, 2−i ⊂ N) for i > k. Then we have

that disIU(Rk) = disIU0(Rk) ≤ 2−k−1, so aIU(M,N) ≤ 2−k−1 for each k < ω and

aIU(M,N) = 0.

This all raises the question of whether or not a∆ = 0 is an equivalence relation for

irregular ∆. In general we have that for any Ω, that a∆(M,N) = 0 implies r∆,Ω
∞ (M,N) =

0, which is an equivalence relation.

Question C.4.9. Is the relation a∆(M,N) = 0 transitive for irregular ∆?

It would be very surprising if the answer were yes.
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Appendix D

More on Definable Sets

D.1 Almost Clopen Sets

Clopen formulas and definable formulas are both generalizations of definable sets to the

context of continuous logic, but they aren’t the only ones.

Definition D.1.1. In a topometric space (X, τ, d), a set A ⊆ X is almost clopen if ∂A

(i.e. the topological boundary, clAr intA) is metrically nowhere metrically dense. A is

open almost clopen, or o.a.c., if it is open and almost clopen. A is closed almost clopen,

or c.a.c., if it is closed and almost clopen. C

An easy observation is that if d is uniformly discrete, then a set is almost clopen

if and only if it is clopen (because the only metrically nowhere metrically dense set is

the empty set). Almost clopen sets do not seem to be as useful in continuous logic as

definable sets. They do have one thing over definable sets, however: They are closed

under intersections.

Proposition D.1.2. For any topometric space (X, τ, d), if A and B are almost clopen,

then A ∪B, A ∩B, X r A, clA, intA, and ∂A are all almost clopen.

Proof. This follows from the facts that ∂(A ∪ B) ⊆ ∂A ∪ ∂B, ∂(A ∩ B) ⊆ ∂A ∪ ∂B,

∂(X r A) = ∂A, ∂ clA ⊆ ∂A, ∂ intA ⊆ ∂A, and ∂∂A = ∂A, as well as the facts that
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topologically closed sets are metrically closed, a boundary is always topologically closed,

and the union of two closed nowhere dense sets in a metric space is nowhere dense.

On the other hand, the ‘finite ε’ version of almost clopen isn’t as well behaved as the

‘finite ε’ version of definable.

Definition D.1.3. An almost clopen partition of X is a triple (U,L, V ) of pairwise

disjoint subsets of X such that U and V are open, L is closed and metrically nowhere

metrically dense, and X = U ∪ L ∪ V .

Open sets U and V form an almost clopen partition of X if (U,X r (U ∪ V ), V ) is

an almost clopen partition of X. C

Proposition D.1.4. (U,L, V ) is an almost clopen partition of (X, τ, d) if and only if it

is a partition with U, V open, L closed, and for every ε > 0, L ⊆ U<ε ∪ V <ε.

Proof. The ⇒ direction follows from the fact that the assumed property implies that L

is metrically nowhere metrically dense.

For the ⇐ direction, assuming that L is metrically nowhere metrically dense, we

have that U ∪ V is metrically dense, so (U ∪ V )<ε = U<ε ∪ V <ε = X ⊇ L for every

ε > 0.

Almost clopen formulas are characterized by a kind of relative quantification.

Proposition D.1.5. For any partial type Σ(x̄), open formulas U(v̄, x̄) and V (v̄, x̄)

form an almost clopen partition of (Sv̄x̄(Σ), d/x̄) if and only if for every open formula

W (v̄, w̄, x̄), (∃v̄U(v̄, x̄)∧W (v̄, w̄, x̄))∨ (∃v̄V (v̄, x̄)∧W (v̄, w̄, x̄)) is logically equivalent to

∃v̄W (v̄, w̄, x̄).
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Proof. This follows from representing W (v̄, w̄, x̄) as ϕ(v̄, w̄, x̄) > 0, and considering the

uniform continuity of ϕ.

Proposition D.1.6. A compact topometric space (X, τ, d) has a basis of o.a.c. sets if

and only if for every pair of disjoint closed sets F,G ⊆ X and every ε > 0, there exists

open U ⊇ F and V ⊇ G with clU ∩ clV = ∅ such that X = U<ε ∪ V <ε.

Proof. The ⇒ direction is immediate.

For the ⇐ direction, we run an iterative construction with F0 = F and G0 = G.

At stage k, given Fk and Gk, disjoint open sets, we can find Uk ⊇ Fk and Vk ⊇ Gk

such that clUk ∩ clVk = ∅ and X = U<2−k ∪ V <2−k . It is not hard to see that
⋃
k<ω Uk

and
⋃
k<ω Vk form an almost clopen partition of X separating F and G.

Recall that a topological space is zero-dimensional if every open cover has a pairwise

disjoint refinement (which a fortiori consists of clopen sets). For compact Hausdorff

spaces this is equivalent to having a basis of clopen sets, but it is not equivalent in

general.

Proposition D.1.7. A compact separable topometric space (X, τ, d) has a basis of o.a.c.

sets if and only if there is a topologically zero-dimensional set A ⊆ X such that X r A

is metrically meager (i.e. a subset of a countable union of metrically nowhere metrically

dense sets).

Proof. For the ⇒ direction, let B be a countable basis of o.a.c. sets for X closed under

unions, intersections, and exteriors. Let A =
⋂
U∈B U∪extU . A has a basis of (relatively)

clopen sets by construction, and so is zero-dimensional. A is metrically comeager by the

Baire category theorem.
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For the⇐ direction, by [EKNK78, Prop. 1.2.13], X has a countable base B such that

A ∩ extU = ∅ for every U ∈ B. This is a basis of o.a.c. sets.

In general, having a basis of o.a.c. sets does not imply dictionaricness. An easy

example is S1(PS) (Definition 2.3.34). We will see in Corollary D.2.7 that the converse

does hold, however, despite the fact that not all definable sets are o.a.c.

D.2 Dictionaric Type Spaces and Generic Separators

Definition D.2.1. Given a topological space X and disjoint closed sets F and G, a

separator between F and G is an ordered pair (U, V ) such that U and V are disjoint

open sets, U ⊇ F , and V ⊇ G.1 A separator (U, V ) is strict if clU ∩ clV = ∅. An

ordered separator in X is any ordered pair (U, V ) of disjoint open sets. The set of all

ordered separators in X is written OS(X).

If X is a normal topological space (e.g. a compact Hausdorff space), P ⊆ OS(X),

F and G are disjoint closed subsets of X, the separator game with payoff set P , written

SG(X,P ), is a two player game specified by: On the zeroth turn player I plays a strict

separator (U0, V0) between ∅ and ∅ (i.e. a pair of open sets with disjoint closures).

After turn i, the other player places a strict separator (Ui+1, Vi+1) between clUi and

clVi. After ω turns, player II wins if and only if
(⋃

i<ω Ui,
⋃
i<ω Vi

)
∈ P .

A set P ⊆ OS(X) is generic if player II has a winning strategy for SG(X,P ). C

Normality is only required so that both players always have a move available to

them. We could have also defined SG(X,P ) so that the plays are pairs of disjoint closed

sets and it wouldn’t change very much for normal spaces. We would have to show that

1Strictly speaking the separator is X r (U ∪ V ).
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the resulting pair of sets being open is generic, however. Note that by symmetry we

immediately get that if P is generic, then P−1 = {(U, V ) : (V, U) ∈ P} is also generic.

Proposition D.2.2. If X is a second countable normal space (or, equivalently, a sepa-

rable metrizable space), then

{(U, V ) ∈ OS(X) : U = int(X r V )}

is generic.

Proof. Let {Wi}i<ω be an enumeration of a countable basis for X. The winning strategy

for player II is as follows: On turn 2i+1, given (U2i, V2i), look at Wi and if clWi∩clV2i =

∅, then play a strict separator between cl(U2i∪Wi) and clV2i, otherwise just play a strict

separator between clU2i and clV2i.

Let (U2i+1, V2i+1) be player II’s move on turn 2i + 1, and let Uω =
⋃
i<ω Ui and

Vω =
⋃
i<ω Vi. We need to verify that Uω = int(X r Vω) and Vω = int(X rUω). Assume

that Wi ⊆ int(X r Vω). Since clV2i ⊆ Vω, clWi ⊆ X r Vω is disjoint from clV2i, so

by the move player II made on turn 2i + 1, we have that Wi ⊆ U2i+1 ⊆ Uω. Therefore

Uω = int(X r Vω), as required.

Lemma D.2.3. If P ⊆ OS(X) is generic, then for any disjoint closed sets F,G ⊆ X,

there exists open U ⊇ F and V ⊇ G such that (U, V ) ∈ P .

Proof. Let S be a winning strategy for player II in SG(X,P ). Since X is normal, we

can find a strict separator (U0, V0) between F and G. Let this be our first play and then

after that play arbitrarily. Then U =
⋃
i<ω Ui and V =

⋃
i<ω Vi are the required sets,

because S is a winning strategy.
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As the name might suggest, we have an analog of the Baire category theorem for

generic properties of separators.2

Proposition D.2.4. For any normal topological space X, if {Pi}i<ω is a sequence of

generic subsets of OS(X), then
⋂
i<ω Pi is also generic.

Proof. For each i, let Si be a winning strategy for player II for SG(X,Pi). Let f : ω → ω

be a function such that for each i < ω, f−1(i) is infinite. We get a winning strategy for

SG(X,
⋂
i<ω Pi) by playing each Si against everything else. On turn 2i+1, if k0, . . . , k`−1

are the natural numbers less than i such that f(kj) = f(i) (i.e. the previous turns on

which we used the strategy Sf(i)), present Sf(i) with the following play.

I (U2k0 , V2k0) . . . (U2k`−1
, V2k`−1

)
II (U2k0+1, V2k0+1) . . . (U2k`−1+1, V2k`−1+1)

Then play Sf(i)’s response. Since each Si is a winning strategy, we will have

(⋃
i<ω

Ui,
⋃
i<ω

Vi

)
∈ Pi

for every i < ω.

Corollary D.2.5. If X is a second countable normal topological space, then

{(U, V ) ∈ OS(X) : U, V regular, U = extV , V = extU}

is generic, where extU = int(X r A).

2In fact, Proposition D.2.4 is actually just a proof that OS(X) is a Baire space with the topology
generated by sets of the form WF,G = {(U, V ) ∈ OS(X) : F ⊆ U,G ⊆ V } for closed F and G.
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Proof. By Proposition D.2.2 and D.2.4, we have that the set of ordered separators (U, V )

such than U = extV and V = extU is generic. The exterior of an open set is always

regular, since it is the interior of a closed set.

The connection of the concept of generic separators to definable sets in type spaces

is summarized in the following proposition.

Proposition D.2.6. For any compact topometric space (X, τ, d), X is dictionaric if

and only if the set D = {(U, V ) ∈ OS(X) : X r V is definable} is generic.

Proof. (⇒) Assume that X is dictionaric. It follows that for every ε > 0, X has a basis

of open sets U satisfying clU ⊆ intU<ε (for any p ∈ D ⊆ U , find positive δ < ε small

enough that D≤δ ⊆ U , then find positive γ < δ small enough that D≤γ ⊆ intD<δ,

then intD<γ is the required set). Note that any finite union of open sets satisfying this

condition also satisfies this condition. The winning strategy for player II is as follows: On

turn 2i + 1, given (U2i, V2i), cover clU2i with open sets W satisfying clW ⊆ intW<2−i

and clW ∩ clV2i = ∅. By compactness this has a finite subcover, let U2i+1 be its

union. By the previous comment we have that clU2i+1 ⊆ intU<2−i

2i+1 and we also have

clU2i+1 ∩ clV2i = ∅. Find V2i+1 ⊇ clV2i ∪ (X r intU<2−i

2i+1 ) with clU2i+1 ∩ clV2i+1 = ∅.

Our move is (U2i+1, V2i+1).

Now to see that this is a winning strategy, consider Uω =
⋃
i<ω Ui and Vω =

⋃
i<ω Vi.

By construction, for any i < ω, we have that U<2−i
ω ⊇ U<2−i

2i+1 and intU<2−i

2i+1 ∪ V2i+1 = X,

so we have intU<2−i
ω ∪ Vω = X. Therefore intU<2−i

ω ⊇ X r Vω and so X r Vω ⊆

int(X r Vω)<2−i and X r Vω is a definable set, and so (Uω, Vω) ∈ D .

(⇐) This follows immediately from Lemma D.2.3 applied to {p} and X r U for U

and open neighborhood of p.
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Corollary D.2.7. If (X, d, τ) is a compact dictionaric topometric space, then for any

pair of disjoint closed sets F and G there exists disjoint open U ⊇ F and V ⊇ G such

that X r U and X r V are both definable. In particular, (X, d, τ) has a basis of o.a.c.

sets.

Proof. D−1 is also generic. To see that we get a basis of o.a.c. sets, note that if U

and V are disjoint open sets such that X r V and X r U are both definable, then

(X r (U ∪ V )) ⊆ (U ∪ V )<ε for every ε > 0, implying that X r (U ∪ V ) is metrically

meager. Finally, ∂U ⊆ X r (U ∪ V ), so it is metrically meager as well.

Note that the converse—having an o.a.c. basis implies dictionaricness—does not hold,

specifically the polarized square has an o.a.c. basis but is not dictionaric. We can say

something similar to Proposition D.2.6 about having a basis of o.a.c. sets, although we

need an open metric.

Proposition D.2.8. A compact topometric space (X, τ, d) with an open metric has an

o.a.c. basis if and only if the set A C = {(U, V ) ∈ OS(X) : U is almost clopen} is

generic.

Proof. (⇒) Assume that X has an o.a.c. basis. The winning strategy for player II is

as follows: On turn 2i + 1, given (U2i, V2i), cover clU2i with o.a.c. sets A satisfying

clA ∩ clV2i = ∅. By compactness this has a finite subcover. Let W be its union. We

have that W is almost clopen and satisfies clW ∩ clV2i = ∅. Let O = int(X rW ).

Since W is almost clopen we have that X = W<2−i ∪O<2−i for every ε > 0. This implies

that X is covered by
⋃
{A<2−i : A open, clA ⊆ W} ∪

⋃
{B<2−i : B open, clB ⊆ O}.

By compactness, we can find finite lists A0, . . . , An and B0, . . . , Bm with clAk ⊆ W and

clBk ⊆ O such that
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• clU2i ⊆
⋃
k≤nAk,

• clV2i ⊆
⋃
k≤mBk, and

• X =
⋃
k≤nA

<2−i

k ∪
⋃
k≤mB

<2−i

k .

Let U2i+1 =
⋃
k≤nAk and V2i+1 =

⋃
k≤mBk. By construction, clU2i+1 ∩ clV2i+1 = ∅,

clU2i ⊆ U2i+1, and clV2i ⊆ V2i+1. So play (U2i+1, V2i+1).

Let Uω =
⋃
i<ω Ui and Vω =

⋃
i<ω Vi. By construction, we have that U<2−i

ω ∪V <2−i
ω =

X for every i < ω, therefore Uω is almost clopen and (Uω, Vω) ∈ A C .

(⇐) This follows immediately from Lemma D.2.3.

Proposition D.2.9. Let X be a normal topological space, and let Y ⊆ X be a closed

subspace. Suppose P ⊆ OS(Y ) is generic, then

P † = {(U, V ) ∈ OS(X) : (U ∩ Y, V ∩ Y ) ∈ P}

is generic as well.

Proof. Let S be a winning strategy for SG(Y, P ) for player II. The winning strategy

for player II for SG(X,P †) is as follows: Let (U0, V0) be player I’s first move. Let

W0 = U0 ∩ Y and O0 = V0 ∩ Y .

On turn 2i+1, given (U2i, V2i) played by player I, let W2i = U2i∩Y and O2i = V2i∩Y

and present S with the following play.

I (W0, O0) . . . (W2i, O2i)
II (W1, O1) . . .

Let (W2i+1, O2i+1) be its response. Since Y is a closed subspace of a normal space it is

normal, so we can find a continuous function f : Y → [0, 1] such that clW2i+1 ⊆ f−1(0)
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and clO2i+1 ⊆ f−1(1). Now if we let g : Y ∪clU2i∪V2i → [0, 1] be defined by g(x) = f(x)

if x ∈ Y , g(x) = 0 if x ∈ clU2i, and g(x) = 1 if x ∈ clV2i, then this is a well defined

function that is continuous. Since X is normal, by the Tietze extension theorem we can

find a continuous function h : X → [0, 1] extending g to all of X. Now finally we actually

play (U2i+1, V2i+1) with U2i+1 = {x ∈ X : h(x) < 1
3
} and V2i+1 = {x ∈ X : h(x) > 2

3
}.

Note that these do indeed have disjoint closures and that W2i+1 ⊆ U2i+1 and O2i+1 ⊆

V2i+1.

Finally, since S is a winning strategy for SG(Y, P ), we must have that (Wω, Oω) =(⋃
i<ωWi,

⋃
i<ω Oi

)
∈ P , so since Wω = Y ∩

⋃
i<ω Ui and Oω = Y ∩

⋃
i<ω Vi, we have

that
(⋃

i<ω Ui,
⋃
i<ω Vi

)
∈ P †.

Corollary D.2.10. If (X, τ, d) is a compact dictionaric topometric space with open

metric, {Di}i<ω is a countable collection of definable subsets of X, and F,U ⊆ X are

closed and open respectively, with F ⊆ U , then there exists a definable set E ⊆ X such

that F ⊆ E ⊆ U and Di ∩ E is definable for every i < ω.

Proof. By Proposition 2.4.3, Di is dictionaric for every i < ω, so the set

{(U, V ) ∈ OS(Di) : Di r V is definable}

is generic for each i < ω by Proposition D.2.6. Therefore by Propositions D.2.9 and

D.2.4 we have that

{(U, V ) ∈ OS(X) : (∀i < ω)Di r V is definable}

is generic, so the required result follows by Lemma D.2.3.
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Corollary D.2.11. If (X, τ, d) is a compact dictionaric topometric space with open

metric and (X, τ) has a basis B of open sets of cardinality ≤ ℵ1, then there is a collection

D of definable subsets of X that is closed under finite unions and intersections, which

satisfies |D| ≤ |B|+ ℵ0, and which contains a basis of neighborhoods for X.

Proof. If B is finite then X is finite and we can just let D be the collection of all subsets

of X.

Assume that B is infinite, and let κ = |B|. Let {(Ui, Vi)}i<κ be an enumeration of all

pairs Ui, Vi ∈ B such that clUi ⊆ Vi.

Let D0 = {∅, X}. Clearly D0 is an at most countable collection of definable subsets

of X closed under finite unions and intersections. For each limit ordinal β < κ, let

Dβ =
⋃
α<β Dα. If each Dα is an at most countable collection of definable sets closed

under finite unions and intersections, then Dβ is as well. For each ordinal α < κ, given

Dα, an at most countable collection of definable sets closed under finite unions and

intersections, use Corollary D.2.10 to find a definable set E ⊆ X such that clUα ⊆ E ⊆

Vα and such that D ∩ E is definable for every D ∈ Dα. Let Dα+1 be the collection of

all finite positive Boolean combinations of elements of Dα ∪ {E}. By construction and

by passing to conjunctive normal form, every element of this set is a finite union of sets

of the form D ∩ E with D ∈ Dα and is therefore a definable set. Furthermore, Dα+1 is

clearly at most countable, so we have that Dα+1 is an at most countable collection of

definable sets closed under finite unions and intersections.

Now finally let D =
⋃
α<κDα. Clearly we have that D is a collection of definable

sets closed under finite unions and intersections. To see that D contains a basis of

neighborhoods, note that for any x ∈ X and U 3 x with V ∈ B, since X is a compact

Hausdorff space we can find U ∈ B with x ∈ U and clU ⊆ V . At some point in the
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construction we added a definable set D to D with U ⊆ D ⊆ V . Therefore D is a

neighborhood of p contained in V . Since we can do this for any p and V , we have that

D contains a basis of neighborhoods.

It is well known that Martin’s axiom implies that any union of fewer than continuum

many meager sets in a metric space is still meager. This suggests the question of whether

or not something analogous can be done in this context.

Question D.2.12. Can Corollary D.2.11 be extended to spaces with weight 2ℵ0 under

Martin’s axiom? Without Martin’s axiom? Can it be extended further than 2ℵ0?

Definition D.2.13. For any sets X, Y , subset A ⊆ X, and function f : X → Y , the

co-image of A under f , written fco(A), is the set Y r f(X r A). C

Lemma D.2.14. Let X and Y be compact Hausdorff spaces, and let f : X → Y be a

continuous map.

(i) For any set A ⊆ X, clY f(A) = f(clX A).

(ii) If f is an open map, then clY fco(A) ⊆ fco(clX A).

(iii) If f is an open map and (U, V ) is a strict separator in X, then

(intY f(clX U), intY fco(clX V ))

is a strict separator in Y . Furthermore, f(U) ⊆ intY f(clX U) and fco(V ) ⊆

intY fco(clX V )).

(iv) If f is an open surjection, (U, V ) is a strict separator in X, and (W,O) is a strict

separator between f(clX U) and fco(clX V ) in Y , then there exists open U ′, V ′ ⊆ X
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such that (U ′, V ′) is a strict separator between clX U and clX V and such that

(f(U ′), fco(V
′)) is a strict separator between clY W and clY O.

Proof. (i) For any y ∈ clY f(A), find a net {yi}i∈I of elements of f(A) converging to y.

For each yi, find xi ∈ A such that f(xi) = yi. By compactness, the net {xi}i∈I has a

convergent sub-net, converging to x ∈ clX A. By continuity, f(x) = y. Therefore, for

any clY f(A) ⊆ f(clX A). Since f(clX A) is a closed set we have clY f(A) ⊆ f(clX A), so

the sets are equal.

(ii) X r clX A is open, so f(X r clX A) is open, and then clearly clY fco(A) ⊆

Y r f(X r clX A) = fco(clX A).

(iii) Suppose y ∈ f(clX U) ∩ fco(clX V )), then this implies that for some x ∈ clX U ,

f(x) = y and f−1(y) ⊆ clX V , but this implies that x ∈ clX V as well, contradicting that

(U, V ) is a strict separator.

For the ‘furthermore,’ statement, since image of co-image are both monotonic, we

have f(U) ⊆ f(clX U) and fco(U) ⊆ fco(clX V )) and the statement follows immediately.

(iv) Since clY W∩(fco(clX V )∪clY O) = ∅, for each y ∈ clY W , there exists an xy ∈ X

such that f(xy) = y (since f is a surjection) and xy /∈ clX V ∪ f−1(clY O). For each such

y, let Uy ⊆ X be an open neighborhood of xy such that clX Uy∩(clX V ∪f−1(clY O)) = ∅.

Since f is open, for each y ∈ clY W , f(Uy) is an open neighborhood of y. By compactness

there is a finite set Y0 ⊆ clY W such that
⋃
y∈Y0

f(Uy) ⊇= clY W .

Note that since f(clX U)∩ clY O = ∅, we also have clX U ∩f−1(clY O) = ∅. Because

of this we can find U ′, an open neighborhood of clX U ∪
⋃
y∈Y0

clX Uy such that clX U
′ ∩

(clX V ∪ f−1(clY O)) = ∅. Then find V ′, an open neighborhood of clX V ∪ f−1(clY O)

such that clX U
′ ∩ clX V

′ = ∅.

By construction (U ′, V ′) is a strict separator between clX U and clX V . We also
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have clY W ⊆ f(U ′) and clY O ⊆ fco(V
′), as required. The full result follows from part

(iii).

Proposition D.2.15. If X and Y are compact Hausdorff spaces and f : X → Y is an

open continuous surjection, then for any generic set P ⊆ OS(Y ), the set

P♣ = {(U, V ) ∈ OS(X) : (f(U), fco(V )) ∈ P}

is generic.

Proof. Let S be a winning strategy for SG(Y, P ) for player II. The winning strategy

for player II for SG(X,P♣) is as follows: Let (U0, V0) be player I’s first move. Let

W0 = f(U0), and let O0 = fco(V0). Note that these are both open sets.

On turn 2i+ 1, given (U2i, V2i) played by player I, let (W2i, O2i) be a strict separator

between f(clX U2i) and fco(clX V2i) (which exists by Lemma D.2.14), and present S with

the following play.

I (W0, O0) . . . (W2i, O2i)
II (W1, O1) . . .

Note that this is a legal play. And let (W2i+1, O2i+1) be its response. Use Lemma D.2.14

part (iv) to find (U2i+1, V2i+1), a strict separator between clX U2i and clX V2i such that

(f(U2i+1), fco(V2i+1)) is a strict separator between clY W2i+1 and clY O2i+1.

Let Uω =
⋃
i<ω Ui and Vω =

⋃
i<ω Vi.

Claim: f(Uω) =
⋃
i<ωWi and fco(Vω) =

⋃
i<ω Oi.

Proof of claim. Let y be an element of f(Uω). This implies that y ∈ f(U2i) for some

i < ω. Therefore y ∈ W2i+1 ⊆
⋃
k<ωWk.
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Let y be an element of
⋃
k<ωWk, then y ∈ W2i+1 for some i < ω, so y ∈ f(U2i+1) ⊆

f(Uω).

Therefore f(Uω) =
⋃
i<ωWi.

Now let y be an element of fco(Vω). This implies that f−1(y) ⊆ Vω. By compactness,

there is an i < ω such that f−1(y) ⊆ V2i. Therefore y ∈ fco(V2i) and we have y ∈ O2i ⊆⋃
k<ω Ok as well.

Let y be an element of
⋃
k<ω Ok, then y ∈ O2i for some i < ω and f−1(y) ⊆

f−1(clY O2i) ⊆ V2i+1, so y ∈ fco(V2i+1) ⊆ fco(Vω).

Therefore fco(Vω) =
⋃
k<ω Ok. claim

Since S is a winning strategy we have that
(⋃

i<ωWi,
⋃
i<ω Oi

)
∈ P , therefore

(Uω, Vω) ∈ P♣, and we have that P♣ is a generic.

Proposition D.2.16. Let (X, τ, d) be a dictionaric compact topometric space with an

open metric, and let f : X → X be an involutive topometric automorphism (i.e.

f(f(x)) = x). The set

{(U, V ) ∈ OS(X) : clU ∩ cl f(U) is definable}

is generic.

Proof. Let P be the set in the statement of the proposition. Let (U0, V0) be player I’s

first move. If there is a legal move (U1, V1) such that U1 ∩ f(U1) is non-empty, make it,

otherwise play arbitrarily for the entire game. Note that if no such move exists, we will

necessarily have that clU ∩ cl f(U) is empty, and therefore definable.

If U1 ∩ f(U1) is non-empty, on turn 2k + 1 for k > 0, given (U2k, V2k), we have

that clU2k ∩ cl f(U2k) ∩ clV2k ∪ cl f(V2k) = ∅. Find a definable set D2k such that
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clU2k ∩ cl f(U2k) ⊆ D2k and D2k ∩ (clV2k ∪ cl f(V2k)) = ∅. Let E2k = D2k ∪ f(D2k). By

symmetry, we have clU2k ∩ cl f(U2k) ⊆ E2k and E2k ∩ (clV2k ∪ cl f(V2k)) = ∅. For each

x ∈ clV ∪ cl f(V )∪ (X rE<2−k

2k ), since x /∈ clU ∩ cl f(U), either x /∈ clU or x /∈ cl f(U).

If x /∈ clU , find an open neighborhood Wx 3 x such that clWx ∩ (E2k ∪ clU) = ∅,

otherwise find an open neighborhood Wx 3 x such that clWx ∩ (E2k ∪ cl f(U)) = ∅. By

compactness, there is a finite X0 ⊆ clV ∪ cl f(V )∪ (X rE<2−k

2k ) such that
⋃
x∈X0

Wx ⊇

clV ∪ cl f(V ) ∪ (X r E<2−k

2k ). For each x ∈ X0, let Ox = Wx if clWx ∩ clU = ∅,

and let Ox = f(Wx) otherwise. Let A2k =
⋃
x∈X0

Ox. By construction we have that

E2k ∩ (A2k ∪ f(A2k)) = ∅ and E<2−k

2k ∪A2k ∪ f(A2k) = X. By compactness, we can find

V2k+1 ⊇ clV2k ∪
⋃
x∈X0

clOx such that E2k ∩ (clV2k+1 ∪ clF (V2k+1)) = ∅. Finally find

U2k+1 such that U2k+1 ⊇ clU2k ∪ E2k and clU2k+1 ∩ clV2k+1 = ∅.

Note that by construction, for each positive k < ω we have that

(clU2k+1 ∩ cl f(U2k+1))<2−k ∪ clV2k+1 ∪ cl f(V2k+1) = X.

Let Uω =
⋃
k<ω Uk and Vω =

⋃
k<ω Vk. Fix ε > 0, and find k such that 2−k < ε. For

any x ∈ clUω ∩ cl f(Uω) we have that x /∈ clV2k+1 ∪ cl f(V2k+1) and so

x ∈ (clU2k+1 ∩ cl f(U2k+1))<2−k ⊆ (Uω ∩ f(Uω))<2−k ⊆ int(clUω ∩ cl f(Uω))<ε,

and therefore clUω∩cl f(Uω) ⊆ int(clUω∩cl f(Uω))<ε for every ε > 0, and clUω∩cl f(Uω)

is definable.

More generally what you get is this:

Proposition D.2.17. Let (X, τ, d) be a dictionaric compact topometric space with an
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open metric, and let f : X → X be a topometric automorphism such that for some finite

n, fn(x) = x. The set

{
(U, V ) ∈ OS(X) :

⋂
`<n

cl f `(U) is definable

}

is generic.

Definition D.2.18. Given a topological space X and an open cover U of X, the ply of

U is infx∈X |{U ∈ U : x ∈ U}|. Another open cover V is a refinement of U if for every

V ∈ V there is U ∈ U such that V ⊆ U . The Lebesgue covering dimension of X, written

dim(X), is the smallest finite n such that every open cover U of X has a refinement with

ply less than or equal to n+ 1. If no such n exists, dim(X) =∞.

The large inductive dimension of X, written Ind(X), is defined inductively. Ind(∅) =

−1. If X is non-empty, then Ind(X) is the smallest n < ω such that for any pair of

disjoint closed sets F,G ⊆ X, there exists an open set U ⊇ F with clU ∩ G = ∅ and

Ind(∂U) < n. If no such n exists, Ind(X) =∞. C

Fact D.2.19 (Urysohn’s theorem). If X is a second countable normal space, then

dim(X) = Ind(X).

Note that by Urysohn’s metrization theorem, a topological space is second countable

and normal if and only if it is separable and metrizable.

Proposition D.2.20. If X is a second countable compact Hausdorff space, then for any

n < ω, dim(X) ≤ n if and only if

{(U, V ) ∈ OS(X) : dim(X r (U ∪ V )) < n}
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is generic.

Moreover, for n = 0 we can drop the requirement that X be second countable.

Proof. Assume that dim(X) ≤ n. Since X is a compact Hausdorff space, it is normal.

Let d be a metric inducing the topology on X. We will describe a winning strategy for

player II. On turn 2i+ 1, given (U2i, V2i), since Ind(X) = n, we can find open A ⊇ clU2i

such that clA ∩ clV2i = ∅ and such that Ind(∂A) < n. By Fact D.2.19, we have that

dim(∂A) < n. Find ε > 0 with ε < 2−i−1 small enough that (∂A)≤ε is disjoint from clU2i

and clV2i. Cover ∂A with open ε-balls, find a refinementW∗i with ply ≤ n. Find a finite

sub-cover Wi. Note that Wi’s ply is still ≤ n and every W ∈ Wi has diamW ≤ 2−i.

Find U2i+1 and V2i+1 with clU2i ⊆ U2i+1, clV2i ⊆ V2i+1, clU2i+1 ∩ clV2i+1 = ∅, and

U2i+1 ∪ V2i+1 ∪
⋃
Wi = X.

Now let Uω =
⋃
i<ω Ui and Vω =

⋃
i<ω Vi. We want to show that F = X r (Uω ∪ Vω)

has dim(F ) < n. Note that for every i < ω, Wi is an open cover of F . Let O be an

open cover of F (specifically let the elements of O be open subsets of X). Since (X, d)

is a compact metric space, O has a Lebesgue number ε > 0 (see Fact A.1.4). Find i < ω

such that 2−i+1 < ε. Then by the definition of Lebesgue number, we have that Wi is a

refinement of O and that by construction Wi has ply ≤ n. Therefore every open cover

of F has a refinement with ply ≤ n and we have that dim(F ) < n, as required.

The other direction follows from Lemma D.2.3.

If X is a zero-dimensional compact Hausdorff space, then player II can win on turn 1

by playing disjoint clopen sets A and B such that clU0 ⊆ A, clV0 ⊆ B, and A∪B = X.

The other direction again follows from Lemma D.2.3.
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D.3 Definable Sets in Type Spaces Homeomorphic

to [0, 1]

A detailed characterization of dictionaric type spaces in general seems very difficult.

Some additional traction can be gained by making assumptions about the topology of

the relevant type space. In this section we will examine the simplest non-trivial case,

that of type spaces homeomorphic to [0, 1].

Definition D.3.1. Let d be a topometric on [0, 1]. A point p ∈ [0, 1] is called a left

hand definable endpoint if for some (or equivalently every) q ∈ R with q > p, the set

[p, q) ∩ [0, 1] is locatable. p is called a right hand definable endpoint if for some q ∈ R

with q < p, the set (q, p]∩ [0, 1] is locatable. p is called a two-sided definable endpoint if

it is both a left hand definable endpoint and a right hand definable endpoint. C

Obviously a d-atomic point is a two sided definable endpoint. The converse does not

hold, however (Counterexample C.1.11). Also, we obviously have that [a, b] ⊆ [0, 1] is

definable if and only if either a = 0 or a is a left hand definable endpoint and either

b = 1 or b is a right hand definable endpoint. At the moment the existence of left hand

definable endpoints that are not right hand definable (or vice versa) is open, although

it would be fairly surprising if such a thing did not exist.

Question D.3.2. Does there exist a type space S1(T ) homeomorphic to [0, 1] with some

p ∈ S1(T ) that is left hand definable but not right hand definable?

Thinking in these terms we get some easy observations.
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Proposition D.3.3. If d is a topometric for [0, 1], and D ⊆ [0, 1] is definable in

([0, 1], d), then supD is a right hand definable endpoint and inf D is a left hand de-

finable endpoint.

Furthermore, the convex closure of D is definable.

Proof. First note that the convex closure of D is a closed set that is the union of a

definable set and an open set, and is therefore definable. The other statements follow

immediately from this.

Proposition D.3.4. Let d be an open topometric on [0, 1]. The following are equivalent.

(i) ([0, 1], d) is dictionaric.

(ii) For every p ∈ [0, 1] and (a, b) 3 p there is definable [c, e] ⊆ (a, b) with p ∈ [c, e].

(iii) Left hand definable endpoints are dense in [0, 1].

(iv) Right hand definable endpoints are dense in [0, 1].

(v) Two-sided definable endpoints are comeager in [0, 1].

Proof. (i) ⇒ (ii) and (ii) ⇒ (iii) ∧ (iv) follow immediately from Proposition D.3.3.

(iii) ∨ (iv) ⇒ (v): To demonstrate comeagerness, we will perform this construction

with an opponent choosing open sets.

Assume without loss that left hand definable endpoints are dense in [0, 1]. Let the

opponent choose a non-empty open set U0 ⊆ [0, 1]. Find a0 ∈ U0, a left hand definable

endpoint not equal to 0 or 1.

For each i < ω, given ai, a left hand definable endpoint not equal to 0 or 1, and Ui,

an open set with ai ∈ Ui, let Vi = [ai, 1]<2−i r [ai, 1], and let Wi = (V <2−i

i r [0, ai])∩Ui.
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By construction, [ai, 1] is a definable set, so Vi is an open set whose supremum is ai.

Furthermore, V <2−i

i r [0, ai] must be non-empty, because for every x ∈ Vi, there is a

y ∈ [ai, 1] with d(x, y) < 2−i. By openness of the metric, V <2−i

i is an open set, so

V <2−i

i ∩ [ai, 1] cannot be just {ai}.

Claim: inf V <2−i

i ∩ [ai, 1] = ai.

Proof of claim. For every ε > 0 with ε < 2−i, we have that Oε = [ai, 1]<εr [ai, 1] is an

open set whose supremum is ai. By construction, O<ε
ε must have non-empty intersection

with [ai, 1], so a fortiori (clOε)
≤ε has non-empty intersection with [ai, 1]. Since the metric

refines the topology, we have that [ai, 1]∩
⋂

0<ε<2−i(clOε)
≤ε = {ai}. Therefore, for every

neighborhood N 3 ai, for any sufficiently small ε > 0, there are elements of [0, ai) with

distance less than ε to elements of N ∩ [ai, 1], but this implies the same for 2−i, so we

have that for every neighborhood N 3 ai, there are elements of [0, ai) with distance

less than ε to elements of N ∩ [ai, 1]. Therefore, by the definition of Vi we have that

V <2−i

i ∩ [ai, 1] ∩N is non-empty and the claim follows. claim

This implies that Wi is non-empty, since Ui is a neighborhood of ai.

Now find a left hand definable endpoint bi ∈ Wi not equal to 0 or 1, and then find

a non-empty open set Yi+1 such that clYi+1 ⊆ Wi ∩ ([bi, 1]<2−i r [bi, 1]) and such that

supYi+1 < inf Yi+1 + 2−i. Play this open set and allow the opponent to play some non-

empty open set Ui+1 ⊆ Yi+1. Find a left hand definable endpoint ai+1 ∈ Ui+1 that is not

equal to 0 or 1.

Now consider
⋂
i<ω cl(Ui) =

⋂
i<ω cl(Yi). By compactness this is non-empty, and by

construction it is a singleton. Let b be its unique element. We want to argue that c is a

right hand definable endpoint.

Fix i < ω, and consider [0, c]<2−i . By construction c ∈ Ui+1 ⊆ V <2−i

i ⊆ [0, c]<2−i ,
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so we have that c ∈ int[0, c]<2−i . This implies that [0, c] ⊆ int[0, c]<2−i . Since we can

do this for arbitrarily large i < ω, we have that [0, c] ⊆ int[0, c]<ε for every ε > 0, and

therefore [0, c] is definable and hence c is a right hand definable endpoint.

On the other hand, note that by construction, for each i < ω, [bi+1, 1] ⊆ [bi, 1]<2−i .

Therefore the sequence {[bi, 1]}i<ω is a Hausdorff metric Cauchy sequence. By construc-

tion, the sequence {bi}i<ω limits to c, so we must have that the limit of {[bi, 1]}i<ω is

[c, 1]. Therefore we have that [c, 1] is definable and hence c is a right hand definable

endpoint, and hence c is a two-sided definable endpoint.

Since we can do this with an opponent choosing the open sets Ui, we have that the

set of two-sided definable endpoints is comeager in [0, 1].

What is unclear at the moment is whether or not a dictionaric type space homeo-

morphic to [0, 1] must actually contain d-atomic types.

Question D.3.5. Does every dictionaric type space homeomorphic to [0, 1] contain a

d-atomic type?

Note that if this is true, then actually the set of d-atomic types will always be dense

in such type spaces and therefore also comeager (since metric limits of d-atomic types

are d-atomic).

Counterexample C.1.8 shows that this already fails in some topologically 1-dimensional

type spaces.
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List of Symbols

Metric Spaces

Ad<ε, A<ε Open ε-fattening of A, 11

Ad≤ε, A≤ε Closed ε-fattening of A, 11

Bd
<ε(x), B<ε(x) Open ball of radius ε with center x, 10

Bd
≤ε(x), B≤ε(x) Closed ball of radius ε with center x, 10

diamX Diameter of X, 10

dinf(x,A) Point-set distance from x to A, 10

X tr Y Disjoint union of X and Y with separation r, 11

#dcX Density character of X, 11

#ent
≥εY , #ent

>εY Metric entropy of Y , 11

#ecov,X
<ε Y , #ecov,X

≤ε Y External covering number of Y in X, 12

#icov
<ε Y , #icov

≤ε Y Internal covering number of Y , 12

#epac,X
<ε Y , #epac,X

≤ε Y External packing number of Y in X, 12

#ipac
<ε Y , #ipac

≤ε Y Internal packing number of Y , 12

#par
≤ε Y Partition number of Y , 12
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Signatures, Terms, and Formulas (Single-Sorted)

[x]sr [r, s]-clamping function, 26

a(s) Arity of predicate or function symbol s, 17

(∀∀x ∈ F )U Relative strong universal quantification, 88

BM Banach-Mazur distortion system, 360

[ϕ] Element of prob. alg. corresponding to ϕ in randomization, 320

C(L) Set of constant symbols in L, 17

CL(V ) Set of closed L(V )-formulas, 29

∆ Distortion system, 337

d Metric predicate symbol, 17

db(L) Diameter bound of L, 17

∆(δ) Distortion system corresponding to the family of topometrics δ, 346

D(∆, C) Parameter distortion system of ∆ over the constants C, 374

d≡(f, g) Logical distance between f and g, 144

DEFv̄ϕ Distance predicate quantifier, 106

def v̄ ϕ Real valued distance predicate quantifier, 106

d≡(t, s) Logical distance between t and s, 38
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dH(D(x̄), E(x̄)) Hausdorff distance between the definable sets D and E, 110

dH,Σ(D(x̄), E(x̄)) Logical Hausdorff distance between D and E, 110

∆ Distortion system completion of ∆, 334

dΣ(f, g) Logical distance between f and g over Σ, 144

dΣ(t, s) Logical distance between t and s modulo Σ, 38

@cov≥n
<ε xF (x) Finite (external) covering number quantifier for closed formulas, 129

∃cov≥n
≤ε xL(x) Finite (external) covering number quantifier for locatable formulas,

129

covx
nD(x) Real valued finite (external) covering quantifier for definable sets, 129

@ent≥n
≥ε xF (x) Finite metric entropy quantifier for closed formulas, 129

∃ent≥n
>ε xL(x) Finite metric entropy quantifier for locatable formulas, 129

eGHK Elementary Gromov-Hausdorff-Kadets distortion system, 355

entx
nD(x) Real valued finite metric entropy quantifier for definable sets, 129

@xF Weak existential quantification, 56

(@x ∈ G)F Relative weak existential quantification, 88

F(L) Set of function symbols in L, 17

fGHK Finitary Gromov-Hausdorff-Kadets distortion system, 355

f(x̄)↑ Partial function is not defined for input x̄, 138
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FUNyϕ(x̄, y) Domain of partial function quantifier, 137

funy ϕ(x̄, y) Real valued domain of partial function quantifier, 137

fv(ϕ) Free variables of ϕ, 23

f(x̄)↓ Partial function is defined for input x̄, 138

F (x̄, f(x̄)↓, z̄) f(x̄) is well defined and satisfies F , 138

f(x̄) ⊇ g(x̄) Partial function f extends partial function g, 138

GH Gromov-Hausdorff distortion system, 333

I Interpretation, 220

inf v̄∈D(·,x̄) ϕ Relative infimal quantification, 108

I(P ) Codomain interval of predicate symbol P , 17

I(ϕ) Codomain interval of formula ϕ, 23

L A metric signature, 17

Lip Lipschitz distortion system, 333

LMor Morleyization of L, 37

L(V ), L(v̄) Set of L-formulas with free variables in V or v̄, 25

↑ Infix notation for max, 26

↓ Infix notation for min, 26
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x ·− y Monus operator, max{x− y, 0}, 26

‖ϕ‖≡ Logical norm of ϕ, 38

nalg(p) Degree of non-algebraicity of p, 265

‖ϕ‖Σ Logical norm of ϕ modulo Σ, 38

ωs Modulus of uniform continuity of predicate or function symbol s, 17

OL(V ) Set of open L(V )-formulas, 29

ωϕ,x̄ Syntactic modulus of uniform continuity of ϕ with regards to x̄, 36

ωt,x̄ Syntactic modulus of uniform continuity of t with regards to x̄, 36

P(L) Set of predicate symbols in L, 17

ϕ[ t̄
x̄
] ϕ with simultaneous substitution of t̄ for x̄, 24

ϕ ≡ ψ ϕ and ψ are logically equivalent, 38

ϕ ≡Σ ψ ϕ and ψ are logically equivalent modulo Σ, 38

ϕ(V ), ϕ(v̄) Formula ϕ with relevant variables emphasized, 24

Qxϕ Formula with variable quantifier, 24

@A Variable for infix relation between reals, such as ≤ or 6=, 29

RL(V ) Set of restricted L(V )-formulas, 27

Σ |= X Σ logically entails X, 30
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a u b, a t b Boolean operations on the prob. alg. sort of a randomization, 320

a v b a is contained in b in the probability algebra of a randomization, 320

supv̄∈D(·,x̄) ϕ Relative supremal quantification, 108

t(V ), t(v̄) Term t with relevant variables emphasized, 23

Vb Variable symbols for binding, 23

v̇i ith variable symbol for binding, 23

Ω Weak modulus [BDNT17], 366

(Pre-)structures

aclM(A), acl(A) Algebraic closure of A in M, 134

ā ∼= b̄ ā is congruent to b̄ (Banach and Hilbert structures), 308

acor(M,N) Collection of almost correlations between M and N, 331

a∆(M,N) Almost ∆-similarity between M and N, 332

αM,N (∆,Ω)-Scott rank of M and N, 371

b̄ ≡A c̄ b̄ and c̄ have the same type over A, 31

cor(M,N) Set of correlations between M and N, 331

CT Monster model of the theory T , 74

dM(a, b) Metric on (pre-)structure M, 19
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dclM(A), dcl(A) Definable closure of A in M, 141

dM(ā, b̄) Metric on tuples, 18

dis∆(R) Distortion of R with respect to ∆, 332

eldiag(M) Elementary diagram of M, 31

f : M � N f is an elementary map from M to N, 31

ι Variable assignment, 28

ι[ ā
x̄
] ι with x̄ assigned to the values ā, 28

ιU Ultraproduct of {ιi}i∈I with regards to U , 52

LC L expanded by the set of constants or elements C, 22

M,N,A,B . . . Metric (pre-)structures, 19

M0
U Pre-ultraproduct of {Mi}i∈I with regards to U , 52

M0,U Pre-ultrapower of M with regards to U , 52

MA M expanded by constants for A, 22

M ∼∼∼∆ N M and N are ∆-approximately isomorphic, 332

M ∼∼∼L N M and N are L-approximately isomorphic, 364

M ≡ N M and N are elementarily equivalent, 31

M � N M is an elementary sub-(pre-)structure of N, 31
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M |= X M satisfies X, 30

MMor Morleyization of M, 37

MU Ultraproduct of {Mi}i∈I with regards to U , 52

MU Ultrapower of M with regards to U , 52

M � L Reduct of M to L, 20

n(a) Name of a, 22

M Completion of M, 20

ϕM(ā) Evaluation of ϕ on ā ∈M, 31

ϕM(ι) Evaluation of formula ϕ on ι in M, 28

ρ∆(M,N) ∆-distance between M and N, 332

r∆,Ω
α (M, m̄;N, n̄) (∆,Ω)-back-and-forth pseudo-metric, 366

rM Reduction of M, 20

tM(ι) Evaluation of term t on ι in M, 28

X(M, ā) Set of tuples b̄ in M such that M |= X(b̄, ā), 30

Theories

DI Discrete Interval Theory, 114

IHS Infinite Dimensional Hilbert Space, 306
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PS Polarized Square Theory, 115

T eq The complete imaginary expansion of T , 191

Th(∆, ε) Theory of approximate isomorphism for ∆ at scale ε, 349

Th(M) Theory of M, 31

TMor Morleyization of T , 37

Type Space and Other Topometric Spaces

JXKV,Σ,L Set of types in SV (Σ,L) satisfying X, 47

clX,τ Q Topological closure of Q in (X, τ), 82

Q, Q
X,d

, Q
d

Metric closure of Q in (X, d), 82

δλ∆(p, q), δ∆(p, q) Metric on type space induced by ∆, 344

d∆,A(p, q), d∆(p, q) ∆-modified d-metric on type space, 375

dim(X) Lebesgue covering dimension of X, 564

dLv̄/x̄, d/x̄ Induced metric on Sv̄x̄(L) over x̄, 76

∂Q Topological boundary of Q, 92

dtp(b̄, c̄/A) Alternative notation for d(tp(b̄/A), tp(c̄/A)), 77

extX,τ Q Topological exterior of Q in (X, τ), 82

fco(A) Co-image of A under f , 559
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SG(X,P ) Separator game with payoff set P , 551

Ind(X) Large inductive dimension of X, 564

intX,τ Q Topological interior of Q in (X, τ), 82

Q◦, Q◦X,d, Q
◦
d Metric interior of Q in (X, d), 82

OS(X) Set of ordered separators in X, 551

ϕ(p) Evaluation of the formula ϕ on the type p, 46

SV (A) Set of V -types over the parameters A, 47

SV (L), SV Space of L(V )-types over the empty theory, 47

SV (Σ,L) Space of complete L(V )-types over Σ, 46

tpM(ι), tpM(ā) Type of ι or ā in M, 31

tpM(ι/A), tpM(b̄/A) Type of ι or b̄ over A in M, 31

(X, τ, d) Topometric space X with topology τ and metric d, 78

Many-Sorted Signatures

0,1 The constants 0 and 1 in the sort 2, 188

2 The imaginary sort 2, 188

n Finite parameter sort n or constant in larger finite parameter sort,

202

⊔∗
n<ω On Countable metric disjoint union, 461
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dTdGH(O0, O1) Definable Gromov-Hausdorff distance between O0 and O1, 213

D(O) The definable set sort of D in O, 187

dO Metric of the sort O, 177

i The inclusion map i : D(O)→ O, 187

Leq,Leq(T ) The complete imaginary expansion language of T , 191

L � S Reduct of L to the sorts S, 178

M×S N Sort-by-sort product of M and N, 331

O/ρ The quotient sort of O by the pseudo-metric ρ, 187

πi The projection map πi :
∏

i<nOi → Oi, 186

∏
i<nO The imaginary product sort of the sequence of sorts {Oi}, 186

ϕ : O0 ≈T O1 Metric correspondence between O0 and O1 over T , 213

q The quotient map q : O → O/ρ, 187

db(O) Diameter bound of the sort O, 177

S(f) Codomain sort of function or constant symbol f , 178

S(t) Codomain sort of the term t, 178

S(L) Collection of sorts in L, 177

Vb(O) The collection of variable symbols for binding of sort O, 178
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Vb(S, k) The set of variables of the form v̇Ok for some O ∈ S, 181

v̇Oi The ith variable symbol for binding of sort O, 178

v:O A variable symbol of sort O, 178
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