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Abstract

This work extends the theories of algorithmic randomness and Kolmogorov complexity
of bitstrings to the quantum realm. Nies and Scholz defined quantum Martin-Lof ran-
domness (q-MLR): the first notion of algorithmic randomness to be defined for infinite
sequences of qubits, which are called states. We define a notion of quantum Solovay ran-
domness and show it to be equivalent to g-MLR using purely linear algebraic methods.
Quantum Schnorr randomness is then introduced. A quantum analogue of the law of
large numbers is shown to hold for quantum Schnorr random states.

We next turn to a quantum analogue of Kolmogorov complexity. We introduce
quantum-K (QK), a measure of the descriptive complexity of density matrices using
classical prefix-free Turing machines and show that the initial segments of weak Solovay
random and quantum Schnorr random states are incompressible in the sense of QK.
Many properties enjoyed by prefix-free Kolmogorov complexity (/) have analogous
versions for QK; notably a counting condition. Several connections between Solovay
randomness and K, including the Chaitin type characterization of Solovay randomness,
carry over to those between weak Solovay randomness and QK. Schnorr randomness
has a Levin—Schnorr characterization using K¢; a version of K defined using an arbi-
trary computable measure machine, C'. We similarly define QK¢, a version of QK.
Quantum Schnorr randomness is shown to have a Levin—Schnorr and a Chaitin type
characterization using QK.

We then show how classical randomness can be generated from a computable, non-

quantum random state. We formalize how ‘measurement’ of a state induces a probability
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measure on the space of infinite bitstrings. A state is ‘measurement random’ (mR) if
the measure induced by it, under any computable basis, assigns probability one to the
set of Martin-Lof randoms. I.e., measuring a mR state produces a Martin-Lof random
bitstring with probability one. While quantum-Martin-Lof random states are mR, we
show that the converse fails by defining a computable mR state p which is not quantum-
Martin-Lof random. In fact, something stronger is true. Measuring p in any computable
basis yields an arithmetically random sequence with probability one.

The work concludes by studying the asymptotic von Neumann entropy of computable

states.
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Chapter 1

Introduction

Quantum physics describes a physical system by a unit vector in an appropriate vector
space. Although the vector space can be infinite dimensional in general, this thesis deals
purely with finite dimensional spaces. The simplest setting is that of a two dimensional
vector space: a qubit is a unit vector in C? and describes a two dimensional quantum
system. Consider the orthonormal basis of C? comprised of the unit eigenvectors of
the z-operator denoted (in the usual bra-ket notation) by |0) and |1). Recall that the
z-operator is a Hermitian operator measuring the spin of a two dimensional quantum
system in the z direction [27]. An arbitrary qubit has the form «|0) + 8|1) where
la|? + [B|* = 1. The [0) and |1) are the quantum analogues of the classical 0 and 1
respectively. While a bit can only take on two possible values (0 or 1), a qubit can
be any unit length linear combination of the basis vectors ]O> and \1> So, a qubit
generalizes the classical bit. This suggests that notions concerning classical bits can be
extrapolated to qubits.

Section [1.1I| which may be skipped by the reader familiar with quantum theory,
reviews some quantum theory background relevant to this work.

Information theory has been generalized to the quantum realm [27]. Similarly, the
theory of computation has been extended to the quantum setting, a notable example

being the conception of a quantum Turing machine [7,26]. It hence seems natural to



extend algorithmic randomness, a discipline using concepts from computation and in-
formation, to the quantum realm. Algorithmic randomness studies the randomness of
infinite bitstrings using two main tools: (1) effective measure theory and (2) Kolmogorov
complexity. While classical Kolmogorov complexity has inspired many competing defi-
nitions of quantum Kolmogorov complexity [8}26,35], effective measure theory has only
recently been extended to the quantum setting [11131].

What does algorithmic randomness study? Consider infinite sequences of ones and
zeroes (called bitstrings in this paper). First consider the bitstring 101010101010 - - -. It
has an easily describable ‘pattern’ to it; namely that the ones and zeroes alternate. Now
take a bitstring obtained by tossing a fair coin repeatedly. Intuitively, it seems that the
second bitstring, in contrast to the first, is unlikely to have patterns. Algorithmic ran-
domness tries to quantify our intuition that the second bitstring is more ‘random’, more
‘structureless’ than the first. For this, it uses two central concepts: (1) An effectively
null set and (2) Kolmogorov complexity. Roughly speaking an ‘effectively null set’ is one
which can be approximated by a computable sequence of open sets whose measures tend
to zero in a nice way. Varying the precise definition of ‘effectively null’ yields various
randomness notions such as for example, Martin-Lof randomness, Solovay randomness
and Schnorr randomness. See [28] and [21] for more details on effective measure theory
and its use in algorithmic randomness.

The Kolmogorov theoretical approach quantifies the randomness of infinite bitstrings
by measuring the incompressibility of their finite initial segments. Roughly speaking,
a finite bitstring o is ‘incompressible’ if K (o) is close to |o|. Here, K stands for the
prefix-free Kolmogorov complexity. See [28] and [21] for an exposition on K and its

properties. The Kolmogorov theoretical approach considers an infinite bitstring X to



be ‘random’ if its finite initial segments are asymptotically incompressible as n goes to
infinity. Le., if X | n is the first n bits of X, then K (X | n) is close to n as n tends to
infinity.

It turns out that the randomness of an infinite bitstring measured via the effective
measure theory approach is intimately related to its randomness measured in terms of
their initial segment incompressibility.

While algorithmic randomness is concerned with the randomness of bitstrings, the
present thesis is concerned with quantum algorithmic randomness: the study of the
randomness of qubitstrings (infinite sequences of qubits), also called states [11},31].

Building on the work of Nies and Scholz [31], Chapter 2 extends the classical effective
measure theory approach to the quantum realm. It studies the quantum analogues of
Martin-Lof, Solovay and Schnorr randomness, which are defined using effectively null sets
in the classical theory. Chapter 3 extends the theory of classical Kolmogorov complexity
to the quantum setting. It introduces quantum-K (QK), a quantum version of K, and
relates it to the three quantum randomness notions defined in Chapter 2. The remaining
two chapters explore interesting applications of the main theory developed in Chapters 2
and 3. In Chapter 4, we construct a computable state which is not quantum Martin-Lof
random but which yields an arithmetically random bitstring with probability one when
‘measured’ (the notion of measuring a state is also defined in Chapter 4). Arithmetic
randomness is a strong form of classical randomness, strictly stronger than Martin-Lof
randomness (See 6.8.4 in [21] for details on arithmetic randomness).

The final chapter explores the von-Neumann entropies of the finite initial segments
of computable states.

Section|l.1|{reviews some background from quantum theory and the following sections



give an overview of each chapter.

1.1 Quantum theory background

A more detailed account may be found in the textbook by Nielsen and Chuang [27]. We
assume the reader to be familiar with the bra-ket notation. A n-dimensional system is
described by W>, a unit vector in C". A physical quantity corresponds to a Hermitian
operator H on C". By Hermicity, H has a spectral decomposition:
H =" eli) (il
i<n

where, (|i))i<n is the complete orthonormal set of eigenvectors of H. Measuring H on
1) produces outcome e; with probabilty |(i[¢))|* = Tr(|¢)(v]|i)(i]). So, the outcome is
non-deterministic except when the ]w> is an eigenvector of H. The only possible outcomes
of measurement of H are its eigenvalues. If the outcome is e;, the post-measurement
system is in the eigenspace spanned by {|j > : e; = e;}. In particular, if all the e;s are
distinct, then the post-measurement system is \2> if the measurement outcome is e;. As
usual, we denote the eigenvectors of the z-operator (a operator on C?) by [1) and |0).

Any [¢) = all) + $|0) with a,8 € C and |a* + [8]* = 1 is said to be a qubit. A

mn

sequence of n qubits is modeled by a unit vector in (C?)®" which has an orthonormal

basis comprised of elements of the form

X o (i) :=|o) for a o € {0,1}"

<n
States which are not pure tensors are said to be entangled. If ]¢> € (C?)®" is entangled,
its subsystem in (C?)®* for some k& < n is not a single quantum state but rather is

a probabilistic mixture of multiple quantum states. To describe such subsystems, we



reformulate the above in the density matrix language by replacing (C?)®" with L,
the space of linear operators on (C?)®" and by replacing WJ> with |¢><¢| A positive
semidefinite matrix p € L, is a density matrix if Tr(p) = 1. By Hermicity, p has a
complete orthonormal set of eigenvectors (¢;);<2n. So, it is unitarily diagonalizable and
has eigenpairs (o, 1;)

p= Z o[ ) (] (1.1)

i<2n

This sum must be convex as, 1=Tr(p)=)>,. ;. A density matrix p € L, is said to
be a strictly mized state if is a strictly convex sum and is said to be a pure state if
p= ]w> <w| for some unit vector ). A density matrix which may be pure or strictly mixed
is simply referred to as a mized state. In the density matrix language, a system |¢> is
represented by the pure state |¢><1/J\ A system which is in |¢z><¢z\ with probability
o is described by the mixed state p = Y, . a;|t);){t;|. Measuring H on p produces

2 _

outcome e; with probabilty |{i|p|i}|* = Tr(p|i)(i|). The expected value of measuring H

on p is

[H], 1= >, eTr(pli)il) = Tr(Hp)

A system which is a composite of systems given by ¢ € L,, and 7 € L;, is described by

1.2 An Overview of Chapter Two

This chapter concerns the generalization of effective measure theory as used in classical
algorithmic randommness to the quantum world. The basic definitions from algorith-

mic randomness we state below may be found in books by Nies [21] and Downey and



Hirschfeldt [28]. Roughly speaking, a Martin-Lo6f random bitstring is one which has no
algorithmically describable regularities. Slightly more rigorously, an infinite bitstring is
said to be Martin-Lof random if it is not in any ‘effectively null’ set. In the context of
Martin-Lof randomness, a measurable set A is effectively null if there is a computable
sequence of effective open sets, (U,), such that the measure of U, is at most 27" and
A < U, for all n. By varying the definition of ‘effectively null’, we get other notions
of randomness like Solovay randomness and Schnorr randomness. Note that the ran-
domness of a bitstring defined using this approach crucially depends on the notion of
computability. In a broad sense, a bitstring is random if it has no ‘computably describ-
able’ patterns.

The notion of a computable real number will come up when we discuss quantum

Schnorr randomness.

Definition 1.1. A real number r is said to be computable if there is a computable

function f such that for all n, |f(n) —r| < 27"

We describe how classical algorithmic randomness generalizes to qubitstrings. We
refer the reader to the book by Nielsen and Chuang [27] for preliminaries on quantum
theory.

While it is clear what one means by a infinite sequence of bits, it is not immediately
obvious how one would formalize the notion of an infinite sequence of qubits. Many
authors have independently come up with notions describing infinite sequences of qubits
[6,12,|31]. We will use the one given by Nies and Scholz [31] called a state. Recall that
a positive semidefinite matrix with trace equal to one is called a ‘density matrix’ and is

commonly used to represent a probabilistic mixture of pure quantum states (See [27]).



Definition 1.2 ( [31]). A state p = (pn)nen is an infinite sequence of density matrices

such that p, € C*"*2" and Vn, PTc2(pn) = pn_1.

The idea is that p represents an infinite sequence of qubits whose first n qubits are
given by p,. Here, P12 denotes the partial trace which ‘traces out’ the last qubit from
C?". The definition requires p to be coherent in the sense that for all n, when p,, is
‘restricted’ via the partial trace to its first n — 1 qubits, it has the same measurement

statistics as the state on n — 1 qubits given by p,,_1.

Definition 1.3 ( [31]). Let 7 = (7,,)nen be the state given by setting 7,, = ®F_,/ where

I is the two by two identity matrix.

Definition 1.4 ( [31]). A special projection is a hermitian projection matrix with com-

plex algebraic entries.

Since the complex algebraic numbers (roots of polynomials with rational coefficients)
have a computable presentation, we may identify a special projection with a natural
number and hence talk about computable sequences of special projections. Let I denote

the two by two identity matrix.

Definition 1.5 ( [31]). A quantum XY set (or q-XY set for short) G is a computable
sequence of special projections G = (p;)ien such that p; is 2¢ by 2 and range(p; ® I) <

range (p;4+1) for all i e N.

While a 2™ by 2" special projection may be thought of as a computable projective
measurement on a system of n qubits, a ¢-X{ class corresponds to a computable sequence
of projective measurements on longer and longer systems of qubits. We motivate the

definition of a quantum XY set by relating it to the classical X{ class. Let 2%, called



Cantor space, denote the collection of infinite bitstrings, let 2" denote the set of bit
strings of length n, 2<“ = [J 2", and let 25 := 2<¥ U 2¥. Cantor space can be
topologized by declaring the cylinders to be the basic open sets. If 7 € 2" for some n,

then the cylinder generated by 7, denoted [r], is the set of all sequences extending 7:
[r] ={X€2¥: X | n=n}.

If C'c 2" let
(1 := I,
weC

be the set of all X € 2% such that the initial segment of X of length n is in C'. One of

the many equivalent ways of defining a 39 class is as follows.

Definition 1.6. A XY class S < 2“ is any set of the form,

s =Jlal

ieN

where
1. A, <2, VieN

2. The indices of A; form a computable sequence. (Being a finite set, each A; has a

natural number coding it.)
3. [[Az]] = [[Az‘_i_l]],VZ‘ e N.

Letting [A;] := S;, we write S = (5;);. A XY class S is coded (non-uniquely) by
the index of the total computable function generating the sequence (A;);en occurring
in (2) in the definition of S. Hence, the notion of a computable sequence of X! classes

makes sense. One sees that the special projections ¢; in the definition of the g-X? play



the role of the A;’s which generate the X? class S. The following notion is a quantum
analog of the Lebesgue measure of S, which equals lim,, (27"|A,|), where |.| refers to the
cardinality. (The uniform measure on 2 is the measure induced by letting the measure

of [r] be 217! for each 7 € 2<%. Here, || := n if 7 € 27.)

Definition 1.7 ( [31]). If G = (pn)nen is a -3¢ class, define 7(G) = lim,(27"|q,]|)

where, |g,| is the rank of ¢,.

Informally, and somewhat inaccurately, a q-X{ class, G = (pp)nen, may be thought
of as a projective measurement whose expected value, when ‘measured’ on a state p =
(pn)nen is p(G) := lim,, Trace (p,p,). In reality, a ¢-X9 class, G = (p,)n, is a sequence of
projective measurements on larger and larger finite dimensional complex Hilbert spaces.
This sequence can be used to ‘measure’ a coherent sequence of density matrices (i.e., a
state), the expected value of which is the limit of the Trace(p,p,) (the expected value

of measuring the n'* ‘level’).

Definition 1.8. A classical Martin-Lof test (MLT) is a computable sequence (Sy,)men
of 3V classes such that the Lebesgue measure of S, is less than or equal to 27™ for all

m.
Its quantum generalization is:

Definition 1.9 ( [31]). A quantum Martin-Lof test (-MLT) is a computable sequence,

(Sm)men of g-39 classes such that 7(S,,) is less than or equal to 27™ for all m.
Definition 1.10 ( [31]). A state pis ¢-MLR if for any q-MLT (S,,) men, infen p(Sm) = 0.

Roughly speaking, a state is ¢-MLR if it cannot be ‘detected by projective measure-

ments of arbitrarily small rank’.
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Definition 1.11 ( [31]). A state p is said to fail the ¢-MLT (Sp)men, at order 6, if
inf,,en p(Sim) > 6. p is said to pass the ¢-MLT (S,,)men at order § if it does not fail it at

J.

So, p is g-MLR if it passes all -MLT's at all 6 > 0.

Remark 1.12. A few remarks on notation: By ‘bitstring’, we mean a finite or infinite
classical sequence of ones and zeroes. It will be clear from context whether the specific
bitstring under discussion is finite or infinite. We use 2" to denote the set of bitstrings of
length n. Let B™ denote the standard computational basis for C*". L.e., B" := {|0> to€

2"} If S < 27, let Ps := > g |o){o|. “Tr’ stands for trace. A sequence of g-Xf classes

oeS
will be indexed by the superscript. The subscript will index the sequence of special
projections comprising a g-3?. For example, (S™),,cn is a sequence of ¢-X classes and
S™ = (S™),en is a class from the sequence. So, a sequence of ¢-X classes can be

n

thought of as a double sequence of special projections: (SI")m.nen. Lebesgue measure is

denoted by p.
In addition to continuing the investigation of quantum Martin-Lof randomness begun
by Nies and Scholz [31], we introduce and study quantum Solovay and quantum Schnorr

randomness in Chapter 2.

1.3 An Overview of Chapter Three

As mentioned before, effective measure theory (using ‘effectively null sets’) and Kol-
mogorov complexity theory (using descriptive complexity of initial segments) are two
seemingly unrelated but equivalent approaches to study the randomness of bitstrings.

Chapter 2 of this thesis and other works [9,|11,131] have generalized the first approach to
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the quantum realm. We work towards generalizing the second approach in Chapter 3 of
which we give an overview here.
The most basic definition from the classical theory is that of K: The prefix-free

Kolmorogov Complexity (K) of a finite bit string o is defined as
K(o) = min{|z| : U(z) = o},

where the 2’s are finite bitstrings and U is the universal prefix-free Turing Machine (See
[21},28] for detailed expositions). Martin-Lof randomness (which is equivalent to Solovay
randomness) and Schnorr randomness for infinite bitstrings, defined using the concept of
‘effective null sets’, have characterizations in terms of prefix-free complexity [14}21}28].

The Chaitin characterization (See |16] and theorem 3.2.21 in [28]),

X is Martin-Lof random <= lim, K (X | n) —n = o,
and the Levin—Schnorr characterization (See theorem 3.2.9 in [28]),

X is Martin-Lof random <= 3¢Vn[K (X | n) > n — ¢,

are important characterizations of Martin-Lof randoms. A prefix-free machine C' is
said to be a computable measure machine if the Lebesgue measure of its domain is
a computable real number [20]. For an arbitrary computable measure machine C' we
define [20]

Ke(o) = min{|z| : C(x) = o}.

Schnorr randomness has a Levin—Schnorr type characterization using K¢;

X is Schnorr random <= YC3c¥n[Ko(X | n) >n—c|.
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Quantum Solovay randomness and quantum Schnorr randomness for states are de-
fined in Chapter 2. Analogously to the classical situation, one may explore the connec-
tions between quantum Solovay randomness and quantum Schnorr randomness and the
initial segment descriptive complexity of states.

Motivated by this, we asked whether there is a quantum analogue of K which yields
a characterization of quantum Solovay and quantum Schnorr randomness. We define
a family (QK€)eo of complexity measures for density matrices based on prefix-free,
classical Turing machines. The abbreviation () K stands for ‘quantum-K’, reflecting our
intention of developing a quantum analogue of K, the classical prefix-free Kolmogorov
complexity.

To the best of our knowledge, all notions of quantum Kolmogorov complexity devel-
oped so far, with one exception [35], exclusively use machines which are not prefix-free
(plain classical machines or quantum Turing machines) [7,18,26]. K¢, a notion devel-
oped in [35] uses a quantum Turing machine, @) together with the classical prefix-free
Kolmogorov complexity in its definition.

Many properties enjoyed by K, notably a counting condition, have analogous versions
for QK° for each fixed ¢ > 0. Many connections between Solovay randomness and K,
including the Chaitin type characterization of Solovay randomness, carry over to those
between weak Solovay randomness and QK€ for each fixed ¢ > 0. We work towards a
Levin—Schnorr type characterization of weak Solovay randomness in terms of (QK€)~o.

As mentioned above, Schnorr randomness has a Levin—Schnorr characterization us-
ing the family of complexity measures { K¢ : C is a computable measure machine}. We

similarly define the family {QK¢ : € > 0, C is a computable measure machine}. Each
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QK¢ here is defined exactly like QK¢ with C' replacing the universal prefix-free Tur-
ing machine. Quantum Schnorr randomness is shown to have a Levin—Schnorr and a
Chaitin type characterization using the family {QK§ : € > 0, C is a computable mea-
sure machine}. The latter implies a Chaitin type characterization of classical Schnorr

randomness using { K¢ : C is a computable measure machine}.

1.4 An Overview of Chapter Four

This chapter investigates the following question: Can the quantum non-randomness of
a state always be detected using ‘qubitbitwise measurements’? To make this question
fully precise, we need to define what we mean by ‘qubitbitwise measurements’. To this
end, we formalize a notion of ‘measuring a state’. With this notion in hand, we will
construct a computable, non-q-MLR state which yields a MLR bitstring almost surely
when measured qubitwise. This implies that it is not always possible to detect g-MLR
using only qubitwise measurements.

Measuring a finite dimensional quantum system or a composite system of finitely
many qubits is a pivotal concept in quantum information theory [17]. It hence seems
natural to consider defining a notion of ‘measuring’ a state. We first formalize how
‘measurement’ of a state in a basis induces a probability measure on Cantor space. A
state is ‘measurement random’ (mR) if the measure induced by it, under any computable
basis, assigns probability one to the set of Martin-Lof randoms. Equivalently, a state is
mR if and only if measuring it in any computable basis yields a Martin-Lof random with
probability one. While quantum-Martin-Lof random states are mR, the converse fails:

there is a mR state, p which is not quantum-Martin-Lof random. In fact, something
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stronger is true. While p is computable and can be easily constructed, measuring it in
any computable basis yields an arithmetically random sequence with probability one.
L.e., classical arithmetic randomness can be generated from a computable, non-quantum

random sequence of qubits.

1.5 An Overview of Chapter Five

As quantum Martin-Lof randomness is a notion of ‘randomness’ for states, we don’t
expect computable states to be quantum Martin-Lof random. However, the tracial state,
which is computable, is quantum Martin-Lof random. This rather surprising fact justifies
a study of the computable quantum Martin-Lof randoms. The theme of this chapter is
to use the von Neumann entropy as a measure of the randomness of computable states.

Recall that the von-Neumann entropy of a density matrix is the Shannon entropy
of the distribution given by its eigenvalues (As a density matrix is positive semidefi-
nite and has trace equal to one, its eigenvalues are real non-negative and sum to one.
The eigenvalues hence form a probability distribution. See, for example [27]). So, the
von-Neumann entropy of a density matrix d reflects how ‘evenly spread out’ its eigen-
values are. If the eigenmass of d is ‘concentrated’ at a few (relative to the dimension
of d) eigenvectors then the von Neumann entropy of d is low. Informally speaking, if
a computable density matrix d has a low entropy, then the few eigenvectors at which
the eigenmass is concentrated can be used to construct a special projection ‘close’ to d.
Conversely, if the von Neumann entropy of d is high, then one cannot construct such a
special projection. In this chapter, we formalize this intuition and extend it from density

matrices d to states p = (p,)n. This extension from individual density matrices to states
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involves studying the limiting behavior of the von Neumann entropy of p, as n goes to
infinity.
Our results may be summarized by the following implications: For any computable

Ps

H(pn) 1

de>03%n H(p,) >n—c= pis ¢-MLR = H(p) := lim,
n

Further, we also show that these implications do not reverse.
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Chapter 2

Notions of quantum algorithmic

randomness

2.1 Introduction

This section has two major themes. First, it continues the study of quantum Martin-Lof
randomness initiated by Nies and Scholz [31]. Second, we define quantum Solovay and
quantum Schnorr randomness and prove results concerning these notions. Along with
Martin-Lof randomness, Solovay randomness and Schnorr randomness are important
classical randomness notions. While Solovay randomness is equivalent to MLR, Schnorr
randomness is strictly weaker. In Section we define quantum Solovay and quantum
Schnorr randomness, show that quantum Solovay randomness is equivalent to q-MLR,
show the convexity of the randomness classes in the space of states (answering open ques-
tions [30}31]), and obtain results regarding -MLR states. The equivalence of quantum
Solovay and quantum Martin-Lof randomness turns out to be a corollary of Theorem
2.9 a linear algebraic result of independent interest concerning the approximation of
density matrices by subspaces. This result, to the best of our knowledge, is novel and
may prove useful in areas where approximations to density matrices are used; for exam-

ple, quantum information and error correction, quantum Kolmogorov complexity [8,26)]
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and quantum statistical mechanics.

In Section [2.3, we study states which are coherent sequences of diagonal density
matrices. These states can be thought of as probability measures on Cantor space.
Nies and Stephan [32] defined Martin-Lof absolutely continuity and Solovay randomness
for diagonal states. We show that these two notions are the restrictions of -MLR and
quantum Solovay randomness to the space of diagonal states. We prove a result (Lemma
about approximating a subspace of small rank by another one with a different
orthonormal spanning set and of appropriately small rank. This result, novel as far
as we know, may be applied to the important problem of approximating an entangled
subspace (a subspace spanned by entangled pure states) by one spanned by product
tensors [13,/19]. We discuss how quantum randomness notions restrict to classical states
(i.e., to infinite bitstrings) and note that quantum Schnorr randomness is strictly weaker
that ¢-MLR, as in the classical case.

Nies and Tomamichel [29] showed that g-MLR states satisfy quantum versions of the
law of large numbers and the Shannon—-McMillan-Breiman theorem for i.i.d. Bernoulli
measures. In Sections and we strengthen their results by showing that in fact,
all quantum Schnorr random states (a set strictly containing the g-MLR states) satisfy
these properties.

Many results in this chapter have significantly different proofs, which may be found

in [11].
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2.2 Notions of quantum algorithmic randomness

2.2.1 Solovay and Schnorr randomness

An infinite bitstring X is said to pass the Martin-Lof test (U,),, if X ¢ (), U, and is said
to be Martin-Léf random (MLR) if it passes all Martin-Lof tests. A related randomness
notion is Solovay randomness. A computable sequence of X9 classes, (S,,), is a Solovay
test if >, 1(Sy,), the sum of the Lebesgue measures is finite. An infinite bitstring X
passes (Sp), if X € S, for infinitely many n. It is a remarkable fact that X is MLR if
and only if it passes all Solovay tests. Is this also true in the quantum realm? Nies and
Scholz asked [30] if there is a notion of a quantum Solovay test and if so, is quantum
Martin-Lof randomness equivalent to passing all quantum Solovay tests. We answer this
question in the affirmative by defining a quantum Solovay test and quantum Solovay
randomness as follows. Roughly speaking, we obtain a notion of a quantum Solovay test
by replacing ‘X0 class’ and ‘Lebesgue measure’ in the definition of classical Solovay tests
with ‘quantum-X? set’ and 7 (Deﬁnition respectively. We show below that quantum

Solovay Randomness is equivalent to g-MLR.

Definition 2.1. A uniformly computable sequence of quantum-X{ sets, (S*)ie, is a

quantum-Solovay test if ¥, 7(S*) < 0.

Definition 2.2. For 0 < § < 1, a state p fails the Solovay test (S*)re., at level § if there

are infinitely many & such that p(S*) > 4.

Definition 2.3. A state p passes the Solovay test (S*)ie, if for all § > 0, p does not fail

(S%)kew at level 6. Le, limyp(S*) = 0.
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Definition 2.4. A state p is quantum Solovay random if it passes all quantum Solovay

tests.

An interval Solovay test |21] is a Solovay test, (S, ), such that each S, is generated
by a finite collection of strings. The following two definitions are due to Nies (personal

communication). The first is a quantum analogue of an interval Solovay test.

Definition 2.5. A strong Solovay test is a computable sequence of special projections
(S™)m such that >, 7(S™) < 0. A state p fails (S™),, at € if for infinitely many m,

p(S™) > e.

Definition 2.6. A state p is weak Solovay random if it passes all strong quantum Solovay

tests.

By 7.2.22 in the book by Downey and Hirschfeldt [21], a Schnorr test may be defined

as:

Definition 2.7. A Schnorr test is an interval Solovay test, (S™),, such that >, 1(S™)

is a computable real number.

A bitstring passes a Schnorr test if it does not fail it (using the same notion of failing

as in the Solovay test). We mimic this notion in the quantum setting.

Definition 2.8. A quantum Schnorr test is a strong Solovay test, (S™),, such that
>, T(S™) is a computable real number. A state is quantum Schnorr random if it passes

all Schnorr tests.
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2.2.2 A general result about density matrices

We prove a purely linear algebraic theorem about approximating density matrices by
subspaces and then use it to show the equivalence of quantum Solovay and quantum
Martin-Lof randomness in the next subsection.

In words, the theorem says the following. Let F be a set of subspaces of ‘small’ (at
most d) total dimension and let @) be the set of density matrices ‘0 close’ to at least m
many subspaces from F. Then, there is a subspace of small (at most 6d/dm) dimension

‘02/72 close’ to every density matrix in @ .

Theorem 2.9. Let m,d,n € N and § € (0,1) be arbitrary. Let F = (T})x be a set of
subspaces of C" with ), dim(7}) < d, and let M}, be the orthonormal projection onto

Tk. Let
Q = {p: p is a density matrix on C"with Tr(pMy) > J for at least m many k},

be non-empty. Then, there is a orthonormal projection matrix M such that

6d 52
Tr(M) < S and Tr(Mp) = 36 for every p € Q.
Proof. Let
" mo
L= {w e € [yl = 1Y Te(lu)(ulM) > 7},
k

and let D be a maximal orthonormal subset of L and let M be the orthonormal projection

matrix onto the span of D.

d
Lemma 2.10. Tr(M) < 6—
om

Proof. We prove this using that D is a orthonormal subset of L, that Tr(M) = |D| and
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that d bounds the sum of the dimensions.

d= Y Te(My) = ) >0 Tr()($IMy) = D > Tr(lv)(w|My)

k eD YeD k
5 5
> |D\% - Tr(M)%.D

Take any p € (). We can write it as

p= i) (¥’

<n

for a; non-negative real numbers with Y, «; = 1 and for each i, [¢') € C" and
||| = 1. For any i < n we can decompose ¢ = 9)* as
P = oo + Cpthp (2.1)

where 1, € range(M) and ¢, € range(M)* are unit vectors and c,,c, € C satisfy

52
lco? + |cp|? = 1. We now show that — < Tr(pM) = >,

36 i<n

a;|ci 2. Let k be arbitrary

and let My = S. A routine computation gives,

Tr(S[y) (1) (2.2)

< |CO|2<S¢O|S¢O> + |Cp|2<S¢p|S¢p> + 2|CO||Cp||<S¢p|S¢O>|- (23)

By the Cauchy-Schwarz inequality:

[(SYplSto)| < [1S%]l][S% ]
< (max{]| S|, [1S¥,l1})*

< [1S5%oll* + 1Sl I*-
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Putting this in we have:

(S|4 ) () (2.4)
< leol*(StolSto) + lepl* (Supl Sup) + 2collen (1Sl + [ISEII7)  (2.5)
< [col{Sto|Stho) + lepl (Sthp|Sthy) + 2lcol|[Stholl” + 2|15ty (2:6)
= 3(lcol( Sl Stho) + lenl (Sl Sty)). (2.7)

As p € @, pick H such that |H| = m and Tr(pMy) > § for each k in H. Using the

above,

mo < Z Tr(pMy)

keH

= Yo Y e[y ) (o M)

i<n keH

< i 3 31 (M| Ml + || ( My | My ).

i<n keH

So,

5 . , . . . .
== < Do 2 (M| M) + 6] My | M) (2.8)

i<n keH

= Y alch| Y (M| M) + Y aulch| Y (Miaby | My ). (2.9)

I<n keH i<n keH

Recall that our goal was to bound Y._ ay|ci|? from below by §%/36. In what follows,

i<n
we achieve this by observing that the maximality of D implies that zp; ¢ L.
Fix an arbitrary i and recall that ¢} € range(M)*. Hence, 1} is perpendicular to

each element of D. If, ¥} € L, then {¢}} U D is a orthonormal subset of L strictly

containing D, contradicting the maximality of D. So, for each ¢ it must be that @ZJ; ¢ L.



But [[¢]| = 1. This implies that for each i,

J

;Trw;xw;wk) <

As Y ,a; = 1and |¢)| < 1, the second term in [2.9) can be bounded from above:

Yaill Y (M) < 7.

1<n keH

Also note that

D (M| M) < m.

keH

2.9, and imply that

By Jensen’s inequality;,

52 : ,
e < (Z ai|cf)|)2 < Zai|czo|2.

i<n i<n

Finally,

Tr(p, M) = Z OéiTl"(Wi><W|M)

i<n

- Z a,Tr(\M@Z)’><MW|)

i<n

= 2 e Te(eg ) (i)

i<n

. 5?2
= Zai|clo|2 = %D

<n

23

(2.10)

(2.11)

(2.12)

(2.13)
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2.2.3 Quantum Solovay randomness is equivalent to quantum
Martin-Lof randomness

Theorem 2.11. A state is quantum Solovay random if and only if it is quantum Martin-

Lof random.

Proof. 1t suffices to show that if a state p is not quantum Solovay random then it is
not quantum Martin-Lo6f random. To this end, let p = (pp)new be a state which fails a
quantum Solovay test, (S¥)ie. at level . We show that p is not quantum Martin-Lof
random by building a quantum Martin-Lof test, (G™)mnew, With G™ = (G7)new, Which

p fails at level 6%/72. We will use an effective version of Theorem . Without loss of

generality, assume that S¥ = ¢ for k > n and let >, 7(S*) < 1. We use the notation:

k<t 6

Ay = {w e C2, - Il = 1, Y Tr(lw)(wlst) > Qm‘s} ,
for t,m € w. This is analogous to L in with the replacements, m — 2™, n — 2! and
d — 2™ and where we restrict attention to algebraic vectors. We use A instead of L to
emphasize that we only consider complex algebraic objects in A, a ‘computable’ version

of L

Construction of G™: We build G™ inductively as follows. Given C", < C% ', a

maximal (under set inclusion) orthonormal subset of A™ ; let

n—1

Dy ={lY)®li) e Chy:ie (1,0}, e Cry}.
Note that D" < A™ since C"; < A™ ;. Define C" to be S where S is a maximal

orthonormal set such that S € A" and D" < S. Let G} be the projection:

Gr = > )

peC
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End of construction.

Lemma 2.12. (G™),,e, is a quantum Martin-Lof test.

Proof. Fix m. Clearly, (C"),e, is a uniformly computable sequence. By construction,

range(G™ ;® ) < range(G™). So, G™ = (G™),c., is a quantum-X! set for each m. The

n

sequence (G™),e, is uniformly computable in m by construction. Since, 1 > Y., 7(S%),
we have that 2" > >, Tr(S¥) for all n. Now make the replacements m — 2™, n — 2"
and d — 2" in the proof of to see that Tr(G") < (6/6)2"™ for all m,n. So

T(G™) < (6/0)2~™ for all m. O

2
Lemma 2.13. p fails (G™),, at level %

2

J
Proof. We must show that inf,c,p(G™) > 7" It suffices to show that for all m € w,
2

)
there is an n such that Tr(p,G) > =% To this end, let m be arbitrary and fix a n big

enough so that there exist 2™ many ks such that Tr(p,S¥) > §. So, let |H| = 2™ and
Tr(p,S¥) > 6 for each k in H. The projection G™ will play the role of M in the proof

of Theorem [2.9) Write p,, as

pn = ), il ) (Y]

12"

for o; non-negative real numbers with Y, _,. a; = 1 and for each i, [¢') € C*" and
|[']] = 1. First, consider the case where [¢") € CZ, for all i. For any i < 2" we can

decompose 1) = 1* as,

¢ = Cowo + prp

as in the proof of Theorem which we mimic now. By equation [2.9

2 o S ale] (SRS + T ailei] ST (ShuilShuiy  (2.14)

12" keH 1<2M keH
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on

Fix an arbitrary ¢ and recall that ¢} € range(G)* n CZ .

Hence, 1} is perpendicu-
lar to each element of C;*. If ¥7 € A7, then {¢)} U CJ" is a orthonormal subset of A}’
strictly containing C]", contradicting the maximality of C]". So, for each ¢ it must be

n

that 7, ¢ A", But, ¢} € C2 and |[¢}|| = 1. This implies that for each i,

Q.

D Te(|e ) (Wil Sh) <

29
k<n 6
We are now in the situation of equation [2.10] As the argument following it does not
need complex algebraic vectors and by recalling that M is replaced by G}, we see that
Tr(p,Go') = 6%/36 > 62/72. Now, suppose that not all |¢)*) are algebraic. By the density
of CZj, in C*" we can approximate p, by a sequence (7j)ren of density matrices each

satisfying the conditions of the previous case. So, Tr(m;G™) > §2/36. By continuity,

Tr(p,G™) > 62/36 > 6%/72. 0 0

The theorem is proved. O O

2.2.4 Convexity

We show that all classes of random states are convex. The first result in this section is

a corollary of the main theorem from the previous section.

Corollary 2.14. A convex combination of g-Martin-Lof random states is g-Martin-

Lof random. Formally, if (p');<x<, are ¢-ML random states and > = 1, then

i<k<w i

p =, ip is ¢-ML random.

Proof. Suppose for a contradiction that there is a q-Martin-Lof test (G™)e0 and a

d > 0 such that Ym € w, p(G™) > 4. So, Vm € w, In such that Tr(p,G') > 6 where
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Prn = 2y_p C6ph. So, Ym € w, In such that
0 <Tr < Z aipflGZ‘) = 2 a; Tr(ph, G™).
i<k i<k

By convexity of the sum, there is an 7 such that Tr(G™p!) > 6. In summary,
Vm, there is an i and an n such that Tr(p,GI") > 6.

Since there are only finitely many is, by the pigeonhole principle, there is an ¢ such
that 3°m with Tr (pi, G™) > 4, for some n. So, 3°m with p'(G™) > §. So, p’ fails the
g-Solovay test (G™)mew and hence is not g-Martin-Lof random by our previous result.

This is a contradiction. O

Theorem 2.15. A convex combination of quantum Schnorr random states is quan-
tum Schnorr random. Formally, if (p);<x<, are quantum Schnorr random states and

Dickew @i =1, then p =3, _, a;p" is quantum Schnorr random.

Proof. Suppose for a contradiction that there is a quantum Schnorr test (G™) e, and a
d > 0 such that 3%°m € w, p(G™) > ¢. Letting G™ be n,, by n,,, 3°m, such that
§ < Tr(pn, Gyt ) = Te(> cuipl, Gt ) = > aiTr(pl, G,
i<k i<k

By convexity of the sum, there is an ¢ such that Tr(G7 p!, ) > 4. In summary,
3®m, there is an i such that Tr(p,, GI' ) > .

Since there are only finitely many ¢ s, by the pigeonhole principle, there is an ¢ such that
3%m with Tr (p}, G7' ) > 4. So, 3°m with p'(G™) > 4. So, p' fails the g-Schnorr test

Nm

(G™)mew and hence is not g-Schnorr. This is a contradiction. O

Noting that the above proof needed only the Solovay type of failing criterion, we get:
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Theorem 2.16. A convex combination of weak Solovay random states is g-weak Solovay

random. Formally, if (p');<x<. are weak Solovay random states and >’ a; = 1, then

i<k<w

p =, ip' is weak Solovay random.

The proof is almost identical to the previous one.

2.2.5 Nesting property of quantum Martin-Lof tests

It is interesting to see which classical results carry over to the quantum realm. For
example, the existence of a universal MLT, (U,), such that a bitstring is MLR if and
only if it passes this (U,), does carry over [31]. The ‘nesting property’ of the classical
Martin-Lof test says that we can, without loss of generality assume the universal test
(Uy)n to be nested; i.e., to satisfy U,,1 2 U, for all n. We extend this property to the

quantum setting:

Theorem 2.17. There is a ¢-MLT, (Q™)neny With the properties (1) If a state p fails
the universal g-Martin-Lof test (G™)eny at § > 0, then, it also fails (Q™)nen at § > 0
(2) If Q™ = (Q™)pen for all m, then for all m and n, range(Q™ ™) < range (Q™). In

particular, Q™+ < Q™ for all m.

Proof. Informally speaking, we want to let Q™ be Y, _  G. Precisely, we build Q™ level

i>m
by level. For any natural numbers ¢ < n, let

gn—i

G = 3 I )i
j=1

Let

S .= span U{U;" c1< < 2m,
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and let Q7 be the special projection onto SI*. Let Q™ = (Q1'),. Fix an m. We see that
QI < Qr ., since G4, < GY . holds for all i,n. So, Q™ is a ¢-X class. The dimension
of Si™is at most Y Trace(GL) < X, 2" < 2™ So (Q™)%_, is a -MLT. Let
m and n be arbitrary and n > m + 1. Then, clearly, by definition of S]", we see that
range(Q" 1) < range (Q™). So, the nesting property holds. Let p = (p,). be a state.

By the nesting, and by properties of projection operators, we have that for a fixed m

and all n,
Tr(pn @) < Tr(pnQy) < p(Q™).

So, p(Q™*) = sup, Tr(p, Q) < p(Q™) for all m. (1) clearly holds. O

2.3 Randommness for diagonal states

A state p = (pn)n is defined to be diagonal if p, is diagonal for all n. So, each p,
in a diagonal state represents a mixture of separable states. A diagonal p = (p,)n
can be thought of as a measure on Cantor space, denoted by p,: if o € 2", we define
1p([0]) := (o|palo). We will write p,(c) instead of p,([o]). p, is easily seen to be a
measure by noting that the partial trace over the last qubit of p,.1 equals p, for all n.
Recalling the notation in Remark and as 9 is prefix free, we have,

ioIS1) = X 1sl0) = Y (0lpalor) = TalpuPs).

oeSs oeSs

This will be used frequently. Nies and Stephan have recently defined a notion of ran-

domness for measures on Cantor space called Martin-Lof absolute continuity [32].

Definition 2.18. A measure m on Cantor space is called Martin-Lof absolutely contin-

wous if inf,, 7(G,,) = 0 for each classical MLT (G,,)men-
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This notion turns out to be equivalent to quantum Martin-Lof randomness in the
sense that for a diagonal p, p is g¢-MLR if and only if p, is Martin-Lof absolutely
continuous. It is easy to see that if a diagonal p is q-MLR, then p, is Martin-Lof

absolutely continuous. We now show the other direction.

Theorem 2.19. Let p be diagonal. If it fails a g-MLT (G™),,en at order 6, then there

is a classical MLT, (C™)en such that inf,, u,(C™) > /2.

Proof. We isolate here a simple but useful property.

Lemma 2.20. Let n be a natural number, E = (e;)2", be any orthonormal basis for C*"
and F be any hermitian, orthonormal projection matrix acting on C%*. For any § > 0,
let

Sy pi={e;€ E:(&|Fle;) > d}.
Then, |S§ | < 671 Tr(F).

Proof. Note that since F' is a hermitian orthonormal projection, <e,~|F |ei> = <F ei|F ei> =
|Fe;|* = 0. So,
01SE el < D1 (eilFley < Y. (el Fler) = Tr(F).
eies%,F 12N

]

We now prove Theorem [2.19] The intuition is as follows: given a special projection,
we take the set of bitstrings (thought of as qubitstrings) ‘close’ to it. If the special
projection ‘captures’ 6 much mass of p, then the projection onto the span of these
qubitstrings must capture atleast /2 much mass of p. o will always denote a finite length

classical bit string and |a>, the corresponding element of the standard computational
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basis. We may assume that ¢ is rational. Fix m. We describe the construction of
C™ = (CF")pen (See . Let
" :={0e2": <O"Gm’0'> > é :
n n 4

These are those standard basis vectors ‘close’ to G7'. Let

o= [0l

oelm

Lemma 2.21. C™ is a 3¢ class for any m.
Proof. 1t is easy to see that for all 0 € T/ and i € {0, 1},
G | m 0
(gi|G 1 |ot) = (a|GT|o) > 7

So, {oi: 0 e T i€ {0,1}} < T} ,. Also note that 7" is uniformly computable in n

since G is. [
Lemma 2.22. (C™),,cn is a MLT.
Proof. Fix m. Letting £ = B™ and F' = G in Lemma [3.3] and by definition of ¢-MLT,

4 4
Tm _27’L m <_2nfm.
T < 52'(G™) <

4
So, u(C™) < Q*mg. C™ is computable in m since G™ is. O

Now we show that inf,, u,(C™) > §/2. Fix a m and a n (depending on m) such that

Tr(p,GI) > 6. Let pp = 3, con 0|0 ){o|. Then,

§ < Tr(p, G = 2 o (o|Glo) = Z o (o|GIl|o) + Z o, (o|GI|o)

oe2n o€l oe2mM\Tm
5 5 5 6
<Zo¢a+ Z aazéZoz0+1=Tr(pnPc;Ln)+Z=/uLp(C'n)+Z.
oeTm oe2m\ T oeTm

The last equality follows as 1" is prefix free. So, p1,(C™) = p,(C") = 36 /4. O
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Nies and Scholz showed that a measure, p is Martin-Lof absolutely continuous if and
only if for any Solovay test (Sk)g, limy u(Sk) = 0 [32]. Adapting the proof of Theorem

yields another proof of this.

Theorem 2.23. Let p be diagonal. If for some Solovay test (Sk), and § > 0 we have

3%k, p,(Sk) > 9§, then there is a Martin-Lof test (J,,),, such that inf,, p,(J™) > §/2.

The theorem will follow from the two lemmas below. Write S* = (S¥),, as in Defini-

tion . Without loss of generality, let S¥ = &5 for k > n. Let

o = {06 A Z [(a]SF|o)] > 2m_15},

k<t

and let G} := Pom (See Remark [1.12). Let G™ = (G}'),. It is easy to see that G™ is a
q-29 set for each m. Let J™ := [C™] and J™ = (J™),.. One can check that that (J™),,

is a MLT if and only if (G™),, is quantum Martin-Lof test. So, (J™),, is a MLT since:
Lemma 2.24. (G™),, is quantum Martin-Lof test.

Proof. Identical to the proof of 2.10] n
Lemma 2.25. We have that inf,, p,(J™) > §/2.

Proof. Let m be arbitrary. By assumption, there are infinitely many ks such that
1,(S*) > 6. For each of these, there is an n such that pu,(S¥) > 6. So, fix a n so
that there are 2™ many ks such that p,(S¥) > §. Since p, is diagonal, let

Pn = Z aglo){al.

oe2n

By the choice of n, pick M < {1,2--- n} such that |[M| = 2™ and p,(S¥) > ¢
for each k in M. Note that p,(Sh) = Tr(pnPsk), since Sk is prefix free. We write

Tr(pnPsi) = Tr(p,Sk) to avoid clutter. So,



33

2my < Z 1,(SE) = 2 Tr(p,S¥) = Z Qy Z Tr(lo){a|SE)

keM keM oe2n keM
= Z Oy Z (o|Sko) + Z Qg Z (o|Ska)
oeCm keM o¢Cm keM

< Z QO Z (o|Ska) +27 16

oeCm keM

< 2™ Z a, + 2m716.

oeCm

The second last inequality follows from the definition of G7' and convexity; the last from

the choice of M. Finally, we get that,

6/2 < Z O = [p ([ < p(']m>-

oeCm

]

Next, we discuss a subset of the diagonal states; the Dirac delta measures on Cantor

space.

2.3.1 Quantum randomness on Cantor Space

A classical bitstring can be thought of as a diagonal state: If X is a real in Cantor space,
the state px = (pn)n given by p, = |X I n)(X I n|is the quantum analog of X. Do
the quantum randomness notions agree with classical notions when restricted to Cantor
space? By Theorem [2.19] we see that px is ¢-MLR if and only if X is MLR. Further,
px is ¢-MLR if and only if px is weak Solovay random. Also, X is MLR if and only if it
passes all interval Solovay tests (the classical analog of strong Solovay tests). So, we see
that g-MLR and weak Solovay randomness agree with the classical versions on Cantor

space. What about quantum Schnorr randomness?
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Lemma 2.26. px is quantum Schnorr random if and only if X is Schnorr random.

Proof. Let (Q7), be a quantum Schnorr test which px fails at some rational §. Let Q"
be n, by n,. Using notation of Lemma let T7 := S‘?E’QT where F is the set of length
n, standard basis vectors. We think of T" as a set of classical bitstrings. By Lemma |3.3|
7(T7) < 67'7(Q"). So, X, 27|17 = >, 7(T7) < 671>, 7(Q") is computable because
2., 7(Q") is. So, (T7), is a finite total Solovay test. Let m be one of the infinitely many
r such that § <Tr(px(Q")). Then, by definition, X | n, is in T". So, X fails (7}),
and hence is not Schnorr random (by 7.2.21 and 7.2.22 in the book by Downey and

Hirschfeldt [21]). The other direction is trivial. O

2.3.2 Relating the randomness notions
We have seen that
Solovay R = ¢-MLR < weak Solovay R < quantum Schnorr R.

The equality follows by Theorem [2.11} The second inclusion is strict as there is a
bitstring which is Schnorr random but which fails some interval Solovay test [21] and
since by Theorem this bitstring must be quantum Schnorr random. It is open

whether the first inclusion is strict.

2.4 A law of large numbers for quantum Schnorr
randoms

The law of large numbers (LLN), specialized to Cantor space says that the limiting

proportion of ones is equal to 0.5 for almost every bitstring. Random bitstrings satisfy
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the LLN. In fact, satisfying the LLN is the weakest form of randomness [21]. This is
quite intuitive; one would not call a bitstring ‘random’ if it has more ones than zeroes
in the limit. Analogously, we expect even our weakest notion of quantum randomness
(quantum Schnorr randomness) to satisfy a quantum analogue of the LLN. This suggests
that the quantum randomness notions are ‘natural’ and mirror the classical situation.

In this section, o will always denote a classical bitstring thought of as a qubit string.

Definition 2.27. [29] p satisfies the LLN if lim,n~ > . _ Tr(p,P") = 0.5, where for all

<n

1= 0,n>0,

P! = Z o) {o].

o:lol=n,o(i)=1

The intuition is that P is the projection observable which measures whether a given
density matrix on n qubits ‘has a one in the i'" spot’. Tr(p,P/") is the probability that
pn ‘has a one in the i** spot’. If the average over i of these probabilities tends to 0.5 as

n goes to infinity, then the state satisfies the LLN.
Theorem 2.28. Quantum Schnorr random states satisfy the LLN.

Proof. We prove it by contradiction. Suppose p is quantum Schnorr random but does not

satisfy the LLN. So, there is a ¢ such that either 3%n, with n™* Y. _ Tr(p,P") > d +0.5

<n

or 3*n, withn=t Y. _ Tr(p,P") < —5+0.5. Suppose first that the former holds. A rough

i<n
outline of this proof is as follows. For each n we take S, to be the subspace spanned by
the classical strings with the fraction of 1s more than 0.5+ §/2. (.S,),, is easily seen to be
a quantum Schnorr test and it only remains to show that p fails it. This is not obvious
as p is not necessarily classical, while (S,,), is composed of classical vectors. To show

this, we consider one of the infinitely many ns such that n=t>._ Tr(p,P") > § + 0.5.

<n

For such an n, we break up n=' Y. _ Tr(p,P") into two parts: the first corresponding to

<n
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the projection of p,, onto S+ and the other corresponding to the projection onto S, (see
for example in equation [2.29)). The definition of S,, enables us to upper bound the first

part (see [2.30)). The second part is forced to be big since n=* Y. _ Tr(p,P*) > § + 0.5.

i<n
So, p fails (S,,),. The details are: Define for all n,
Cn = {a ol =n,nt Z [(o|Po)| > 6/2 + 0.5} :
i<n

In other words,
Co={c:|o|=nn|{i<n:o(i)=1]>d/2+0.5}.

Let S,, be the special projection,

Sp 1= Z o) {a].

oeCy,

(Sp)n is a computable sequence since we may let 4 be rational. By the Chernoff bound,
7(Sy) = 27"Cy| < 2exp(—0.5n6?) for all n. So, Y, 7(S,) is computable showing that
(Sp)n is a quantum Schnorr test.

For all n, let
k<2n

for oy non-negative real numbers with Y, . x = 1 and for each k, [¢f) € C*" and

[4¥]| = 1. Fix an n is such that n=1>._ Tr(p,P") > 0.5 + d. We will drop the n

<n

subscript of ¥F as the n is fixed. For any k < 2" we can decompose " as,
OF = iyl + (2.15)

where F € range(S,) and w;f e range(S,)’ are unit vectors and c’j,c’; e C satisfy
2
|c6|* + |ci|* = 1. We now show that 36 is a lower bound for Tr(p,S,) = >, _on i |cF|?.
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Note that

n' Y Tr(p, Pl (2.16)

<n

=7t )5 D) an(UH PR (2.17)

i<n k<2m

= > an(n Y (WM P WY)). (2.18)

k<2n <n

For each fixed k and i, by the same argument as in equation (2.2) and using that

|C];’, |Pl”1b;f| < 1 we have that
(VPP R) < | PPk + |2 PRk ? + 2|k Pk, (2.19)

Using this, we bound the term in parentheses in equation (2.18|) for each k. As k is

fixed, replace 1* and c* in equation (2.19) by v and c respectively for convenience.

w1 S (0l (220)
i<n
< Jeo[*n! Z |Pzn¢0|2 + |Cp|2n_1 Z |Pin¢p|2 +2|co[n”! Z | P o (2.21)
i<n i<n i<n
< leo| + 07 Y PG| + 2lc| (2.22)
<n
=7 Y P+ 3cl. (2.23)

i<n
We used convexity and |c,|* < 1,|c,| < 1,|P™"),| < 1 when obtaining the last inequality.
Let ¢ := 1, and for a fixed i < n, let P := P" and consider the summand, |P|? in
the sum in equation (2.23)) (we suppressed the indices merely for convenience). Since
1 € range(S,,)* = span(C¢), let a, be complex numbers such that

Zaizl,

o¢Ch,
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and

Y = Z ay0.

o¢Ch
Using that P* = P and P = P2,
PYIE = (Py|PY) = (6/Py) (2.24)
= (> a,0| > a,Pr) (2.25)
o¢Chp T¢Ch
= >, D, azar(olP7). (2.26)

0¢Chn 7¢Cn

Note that P = 7 or P = 0 and that <0\T> = 0g—r. S0, <0’|P7’> is zero whenever o # 7T

(Here we used that the orthonormal vectors spanning C¢ are eigenvectors of P). So,

becomes,
|Py|? < 2 aZ(o|Po).

o¢Ch
Using this and reinserting the indices, the first term in ([2.23)) is bounded above by

n! 2 Z <0]P”

i<n o¢Ch

Finally, putting this back in (2.18]),

D5 ar(n™h Y (wkPr ) (2.27)

k<2 i<n
< Y a(n™ ] D (b (ol Pro) + 3ck) (2.28)
k<2n i<n o¢Chp
< > an( D @k Y (ol Pro)) + ) an3|ek] (2.29)
k<2n ogChp i<n k<2m
< (D) D (ah)?(5/2405)) +3 > aglck| (2.30)
k<2m ogCh k<2n
<(6/2+05)( Y] ar Y (ah)?) +3 D] aklch] (2.31)
k<2n ot Ch k<2n
<(6/2+05)+3 > axldl. (2.32)

k<2n



39

In getting we used the definition of (). In the last step we used that
Zaecn(alé)Q = 1 for all £ and convexity. In summary, we have shown that for infinitely
many n,
05+ <nt Z Tr(p, P]') = Z a(n™! Z (YF|PPMy*)) < (6/2+0.5) +3 Z o).

i<n k<2n i<n k<2n
So, by Jensen’s inequality

02/36 < (Y. aulch)” < D7 anlekl? = Te(paSa),

k<2n k<2n

for infinitely many n. So, p fails a quantum Schnorr test at §2/36, a contradiciton. Now

if 3%n, with n=* Y. _ Tr(p,P*) < —d + 0.5 then define

<n

Qi =)= 3y lo)el.
o:lo|=n,o(i)=0
Note that Tr(p,Q7)+Tr(p,P*) = 1 for all i,n. So, for infinitely many n, 1 =
n_1(2i<nTr(pnPin> + Zz<nTr(an?)> <=0 + O5+Tr(an?)> I'e7 n_l Zz<nTr(an?) >

0 + 0.5 for infinitely many n. Now, we can repeat the proof as in case 1 with Q replacing

P and Os replacing the 1s. O]

2.5 A Shannon—McMillan—Breiman Theorem for quan-
tum Schnorr randoms

The Shannon-McMillan—Breiman (SMB) theorem for bitstrings roughly says that for an
ergodic measure, p, on Cantor space the empirical entropy for i1 almost every trajectory
(infinite bitstring) equals the entropy of . There have also been effective versions of the

SMB. For example, it has been shown that the exception set for the SMB theorem in the
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classical setting can be covered by a Martin-Lof test [24]. In the quantum setting, where
we do not have a notion of ‘almost every’, we may replace ‘u almost every trajectory’ by
‘every p Schnorr random state” as we do here. A special case of the SMB theorem for
infinite sequences of qubits was first studied by Nies and Tomamichel [29]. To formalize

a it Schnorr random state in the quantum setting, we need a definition

Definition 2.29. A computable sequence of special projections is a u quantum Schnorr

test if 3, u(S*) is computable.

A state p is p quantum Schnorr random if it passes all © quantum Schnorr tests.
A similar definition for quantum MLR states was made by Nies and Tomamichel [29].
Intuitively, a x4 quantum Schnorr random state is a ‘trajectory’ in the state space [31]

which is random in the sense of p.
Theorem 2.30. Let u = (), be a state of the form p,, = @M for an M of the form

p O
0 1—»p
for some computable p € (0,1). If p is p quantum Schnorr random, then

lim,n ' Tr(—pplog(,))= h(i), the von-Neumann entropy of M.

Intuitively, the theorem says that along any p Schnorr random state, p, the empirical
entropy, n~'Tr(—pplog(i,)) limits to the entropy of i, which equals that of M as p is a

product tensor.

Proof. Let M be as given and first, assume that p < 0.5. We prove it by contradiction.
Define L,, = — logu, for all n and h := h(u). Suppose p is quantum Schnorr random but

there is a d such that either 3%°n, with n='Tr(p,,L,,) > 0 +h or 3%n, with n " Tr(p,L,) <
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—d0+h. Suppose first that the former holds. The proof is similar to that of the law of large
numbers, but different techniques are needed as L,, is not a projection. o will always be
used to denote classical bitstrings. For o of length n, <0]un|a> = u(o,0) = pF(1—p)n*k
where k£ = numbers of zeros in o. So, p can be thought of a i.i.d. measure on Cantor
space assigning p(0) = p, u(1l) =1 —p.

Define for all n,
Cn = {o:]o| =n,—n""ogu(c) > §/2+ h}.
Let S,, be the special projection,

Sy, 1= Z o) {a].

oeCyp,

(Sn)n is a computable sequence since we may let § be rational. By the Chernoff bound,
w(Sn) = 27"C,| < 2exp(—0.5n6?) for all n. So, >, w(S,) is computable showing that
(Sp)n is a p—quantum Schnorr test.

For all n, let
o= D, arlUf)(vk|

k<2n

for ay non-negative real numbers with Y, ,.ay = 1 and for each k, [¢¥) € C*" and
||| = 1. Fix an n is such that n='Tr(p,L,) > 6 + h. We will drop the n subscript of

YF as the n is fixed. For any k < 2" we can decompose 9" as,
W = el + Gy (2.33)

where ¢} € range(S,) and ¢f e range(S,)* are unit vectors and ¢}, ¢k e C satisfy

0’ p
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|c6|* + |cE]? = 1. We find a lower bound, for Tr(p,S,) = >, _on ai|ck|? independent of n.

n 'Tr(p,L,) (2.34)
=n' Y ap(VF[La|y") (2.35)
= > an(n T WF L)), (2.36)

Fix a k and suppress it in the indices (i.e for example, let ¢» = ¥*). By Cauchy-Schwarz

and by the self-adjointness and positivity of L,,,

<wk’Ln|wk> < ’CO‘Z<¢o,Ln¢O> + ‘Cp’2<wp‘Ln¢p> + 2|COHCPH<\/L>nwp‘\/L>nwO>‘
< leol* (ol Lntbo) + lep > (Wpl Lnthp) + 2lcol [/ Lathpl |/ Lutel
< ’CO|2<¢0|L7L¢0> + ‘Cp|2<¢p|Ln1/}p> + 2|60’(||\/fn||2)27

where || - ||2 denotes the Ly operator norm. M,,, the maximum element of the set
{—Jlogp — (n — j)log(1 —p) : 0 < j < n}

is the largest eigenvalue of L, and so, v/M,, is the largest eigenvalue of /L,. Noting
that the Ly norm of a real diagonal matrix is equal to its largest eigenvalue and that the
Rayleigh quotient of a Hermitian matrix is bounded above by the largest eigenvalue, we

see that

(ML) < [eol (ol Lutho) + oWyl Lutly) + 2lcoly/Dy
< ol Mn + lep*(Wp| Lnthp) + 2lco| M

< 3leo| M, + ‘Cp’2<¢p’[’nwp>'
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By this and noting that n=!M,, < 6 = the maximum of —log(p) and —log(1 — p), we get

an upper bound for the term in parentheses in equation (2.36|) for each k:

T Q| Ly [ ) < 3|ck]0 + n T (W | Lok, (2.37)

Since ¥F € range(S,)* = span(C5), there are a,s such that

Zaizl,

o¢Ch,
and
k k
Y, = Z a,o.
o¢Chp

Letting ¢ = 1/)]’;’ and dropping the k indices for convenience.

n (VL) (239

= n_1< Z 0| Z aTLnT> (2.39)
o¢Ch, T7¢Ch,

=n' Y ) ata(o|L,T). (2.40)
o¢Cyp T7¢C),

As L, is diagonal and C,, is composed of classical bitstrings, equation (2.40)) becomes,

< Z |a,|*n""(o|Lno) = — Z las|*n~ Hogu(o)

o¢Ch, o¢Chn

< ) lao*(6/2+ h) < 6/2+ h.
0—$C7L
We used here that the oth entry along the diagonal of L,, is —logu(o) = —klogp — (n —

k)log(1 — p) where k = number of zeros in o and the definition of C,,. This and ({2.37)

gives that,

n"HWF Lo *) < 3] k[0 + 6/2 + h. (2.41)
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Finally, putting this back in ({2.36]),

2 ag (n™ (Y| L [97)) < Z ay (3|cE10 +6/2 + h) < (6/2+ h) + 30 Z ekl
k<2n k<2n k<2n
In summary, we have shown that for infinitely many n,
htd<n ' Y Te(pP) < (5/2+h) +30 ) aylch].
i<n k<2n
So, by Jensen’s inequality
6°/360% < ( Z Ozk]clo“\)z < 2 arlcf|? = Tr(pnSy),
k<2n k<2n
for infinitely many n. So, p fails a p—quantum Schnorr test; a contradiciton. We need
to now consider the other case: 3%n, with n='Tr(p,L,) < —d + h. Define M’ to be the
reflection of M. l.e., M’ is
1—-p 0
0 p
and 4 is the i.i.d. measure on Cantor space given by M’. Let L, := —log ®?M’. Note

that for o of length n, (o| ® M'|o) = p"*(1 — p)* where k = numbers of zeros in o.

Letting Q,, := L, + L, , for any length n string ¢ having k many zeros,
(0|Qnlo) = —(n—Fk)log(1—p)—klog(p)—(n—Fk)log(p)—klog(1—p) = —n(log(p)+log(1-p)).

So, @, = —n(log(p) + log(1 — p))Ian.

n ' Tr(ppLy) +n ' Tr(p, L)) = n ' Tr(p,Q,) = —log(p) — log(1 — p). (2.42)
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We see that,

2h < —log(p) — log(1 — p)
< 2plog(p) + 2(1 — p)log(1 — p) = log(p) + log(1 — p)

<= log(l —p) = log(p) < p<0.5.

(We used here that p < 0.5 and hence that (1 — 2p) = 0.) So, for one of the infinitely

many n such that, n=*Tr(p,L,) < —6 + h, equation (2.42) gives that

(=0 + h) + n~'Tr(p, L))

> n T Tr(ppLy) + n ' Tr(pnL,) = —log(1 — p) — log(p) = 2h.
So, there are infinitely many ns with
n'Tr(p,L,) > 6 + h.

Since M’ has the same entropy as M, we can repeat the proof of the former case using
L., u instead of L,, u respectively. This completes the proof for p < 0.5. If p > 0.5,
then repeat the proof for p < 0.5 with 1 — p < 0.5 replacing p [The first case has the
same proof as it does not depend on the value of p. When proving the second case, M’

is diag(p, 1 — p) and the proof goes through since 1 — p < 0.5.] O
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Chapter 3

Prefix-free quantum Kolmogorov

Complexity

3.1 Introduction

The results in this chapter have been published already in the literature [10]. With the
intent of developing a quantum version of K, we introduce QK , a notion of descriptive
complexity for density matrices using classical prefix-free Turing machines. Many con-
nections between K and Solovay and Schnorr randomness in the classical theory turn out
to have analogous connections connections between () K and weak Solovay and quantum
Schnorr randomness.

To the best of our knowledge, the current work is the only one to study the incom-
pressibility of initial segments (in the sense of prefix-free classical Turing machines) of
weak Solovay and quantum Schnorr random states. Nies and Scholz have explored con-
nections between quantum Martin-Lof randomness and a version of QC' using unitary
(quantum) machines [31]. We give an overview of the main points in this chapter.

In Section we introduce quantum-K (QK) for density matrices and some of its
properties. Theorem (generalized in Lemma shows that QK agrees with K on

the classical qubitstrings. Theorem is a tight upper bound for Q) K similar to that for
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K. Theorem is a counting condition similar to that for QC [§], C' and K [21}2§].
Section [3.3] the main focus of this chapter, connects QK with two quantum algorith-
mic randomness notions: weak Solovay randomness and quantum Schnorr randomness.
Two important characterizations show that the initial segments of Martin-Lof randoms
(equivalently, of Solovay randoms) are asymptotically incompressible in the sense of K:

the Chaitin characterization (See |16] and theorem 3.2.21 in [28]),

X is Martin-Lof random <= lim, K (X | n) —n = o,
and the Levin—Schnorr characterization (See theorem 3.2.9 in [28]),

X is Martin-Lof random <= 3¢Vn[K (X | n) > n —¢|.

(Characterizations having the former form will be called ‘Chaitin type’ and those having
the latter form will be called ‘Levin—Schnorr type’). We investigate the extent to which
these classical characterizations carry over to weak Solovay randoms and QK.

Theorem is a Chaitin type of characterization of weak Solovay randomness (p is
weak Solovay random <= lim,QK*“(p,) —n = o). This shows that the Levin—Schnorr
condition (Vn[QK*(p,) >T n]) is implied by weak Solovay randomness.

Theorem [3.13| shows both Chaitin and Levin—-Schnorr type characterizations of weak
Solovay randomness when restricting attention to a specific class of states. It is worth
noting that Theorem uses the proof of our main result (Theorem 2.11) in [11].

For general states, subsection |3.3.3| shows that the Levin—Schnorr condition implies
something slightly weaker than weak Solovay randomness.

While K plays well with Solovay randomness, K¢, a version of K using a com-

putable measure machine, C' (a prefix-free Turing machine whose domain has computable
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Lebesgue measure) gives a Levin—Schnorr characterization of Schnorr randomness (See
theorem 7.1.15 in [21]). Motivated by this, we introduce QK¢ a version of QK using
computable measure machines in subsection |3.3.4]

It turns out that Q@ K¢ yields not just a Levin—Schnorr type (Theorem , but also
a Chaitin type (Theorem characterization of quantum Schnorr randomness.

Theorem [3.23|together with Theorem [3.20]and lemma 3.9 in [11], implies that Schnorr
randoms have a Chaitin type characterization in terms of K¢ (Theorem . So, results
in the quantum realm imply a new result in the classical setting.

In summary, we introduce QK and show that the initial segments of weak Solovay

random and quantum Schnorr random states are incompressible in the sense of QK.

3.2 The Definition and Properties of QK

We assume familiarity with the notions of density matrix (See for example, [27]), prefix-
free Kolmogorov complexity (K) and U, the universal prefix-free (or self-delimiting)
Turing machine (See [14,21,28]).

The output of U can be interpreted as unordered tuples of complex algebraic vectors
(equivalently, finite subsets of natural numbers).

The notation U(c) |= F means that U(o) outputs the index of F with respect to
some fixed canonical indexing of finite subsets of the naturals. We will never use an
ordering on the elements of F' in any of our arguments: F will be used to define an
orthogonal projection : Y} _n |v><v| which clearly does not depend on an ordering on F'.

As explained in [31], the quantum analogue of a bitstring of length n is a density

matrix on C?".
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For a density matrix, 7, let |7| denote the s such that 7 is a transformation on C*".
For any n, Cg?g is the space of elements of C*" with complex algebraic entries.

Logarithms will always be base 2. The notation <*,>*, =" will be used for ‘upto
additive constant’ relations.

For € > 0, QK*(7) is defined to be

Definition 3.1. QK(7) := inf{|o| + log|F| : U(¢) |= F, a orthonormal set in C2

alg
and >}, (v|7|v) > €}

The term ), (v|7|v) is the squared length of the ‘projection of 7 onto span(F’)’
which also equals the probability of getting an outcome of ‘1’ when measuring 7 with the
observable given by the Hermitian projection onto span(F’) [27]. Although it is useful to
intuitively think of >, . <v|7‘\v> as the ‘projection of 7 onto span(F)’, we use quotes as
7 is a convex combination of possibly multiple unit vectors, while the notion ‘projection
onto a subspace’ refers usually to a single vector.

Note that for a given 7, Q K¢(7) is determined by the classical prefix-free complexities
and dimensions of those subspaces, span(F’), such that the projection of 7 onto span(F’)
has squared length atleast e. L.e., QK¢(7) depends only on the K-complexities and ranks
of those projective measurements of 7 such that the probability of getting an outcome
of ‘1’ is atleast e. Roughly speaking, QK (1) depends on the dimensions and prefix-free
complexities of subspaces which are € ‘close’ to 7.

This is in contrast to QC*(7) which depends on the quantum complexities of density
matrices, not classical prefix-free complexities of subspaces, which are € close to 7 (Recall
that QC' is based on quantum Turing machines) [8]. Also, while the rank of the approx-

imating projection is taken into consideration in QK the rank of the approximating
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density matrix is not taken into account in QC'.

So, QC(7) quantifies the quantum complexity of approximating 7 by density ma-
trices upto € while QK¢(7) measures the sum of the prefix-free complexity and the
logarithm of the dimension of subspaces € close to 7.

A test demonstrating the quantum non-randomness of a state, p uses computable
sequences of projections of ‘small rank” which are e-close to initial segments (density
matrices) of p. It hence seems plausible that a complexity measure for a density matrix,
7 must reflect the complexities and ranks of projections e-close to 7 in order to play well
with quantum randomness notions for states.

We mention that our QK is entirely different from the QKj; and m notions
defined in Definition 3.1.1 in [26] using quantum Turing machines.

QK would not be a ‘natural’ complexity notion for density matrices if the following

theorem did not hold:

Theorem 3.2. Fix a rational e. K(0) = QK(Jo)(o]) holds for all classical bitstrings

o, upto an additive constant depending only on e.

We isolate here a simple but useful property which will be used for proving Theorem

2.2

Lemma 3.3. Let n be a natural number, E = (¢;)%; be any orthonormal basis for C*"

and F be any Hermitian projection matrix acting on C2". For any § > 0, let
S%,F = {ei elb: <€Z|F’€l> > 5}

Then, Sy 5| < 6 'Tr(F).
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Proof. Note that since F is a Hermitian projection, (e;|Fle;) = (Fe;|Fe;) = [Fe;|* = 0.
So,
018k pl < D1 (eilFlesy < Y. (el Fler) = Tr(F).

eieS%, 1 i<2n

O
Proof. We now prove Theorem the idea of which is as follows: Given a classical
bitstring and a subspace ‘close’ to it, we find a subspace spanned only by classical
bitstrings ‘close’ to this subspace. Then we compress each of the spanning classical
strings and show that the string we began with must be one of these. Fix a rational e.

Consider the machine P doing the following:

1. On input 7, P searches for m = o7 such that U(¢) |= F, an orthonormal set,

F < €2, for some n and |7| = [log(e~"|FI)].

2. Letting O := Y} . [v)(v] and E, the standard basis of C*", find the set S§ ,, from

Lemma [3.3]

3. Take a canonical surjective map ¢ from the set of bitstrings of length [log(e™!|F|)]

onto S§ . (g exists since [S; | < € '|F| by . Output g(7).

We first show that P is prefix-free. Suppose 7 and 7" are in the domain of P and 7 < 7’.
Then, 7 = o7 and 7’ = ¢’7" and ¢ and ¢’ are in the domain of U. © < 7’ implies that
o <o or ¢/ < o. But as U is prefix-free, 0 = ¢’ must hold. Since the computations
U(7), and U(r’) and not stuck forever at (1), it must be that |7| = [log(e !|F|)] and
17| = [log(e™'|F'|)] where U(o) |= F = F' = U(o’) |. So, 7 and 7' have the same
length implying that m = «’.

Now, let o € 2" be any classical bitstring. Let A and F' < (C?;g a orthonormal set
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such that |A| + log(|F|) = QK(|o){(o|), X ,cp (v|o){olv) > € and U(X\) = F. Let
O := Y, cr|v)(v|. Note that since € < 3} (v|o)(olv) = (0]|O|o), o € S, where E is
the standard basis. Let 7 be a length [log(e~!|F|)] string such that g(7) = 0. Then, we

see that P(A1) = o.
K(o) < A+ 7] <" [A] +log(e ™) + log(|F]) <* QK“(|o){o])

This establishes one direction. Note that the additive constant depends on e. The
constant (zero) in the other direction turns out to be independent of e: Given some
classical bitstring o, let U(r) = o and |r| = K(o). Then, letting F = {o} in [3.19
QK (o) < QK'(0) < |rr| = K(0), for any € > 0.

]

Definition 3.4. A ‘system’ B = ((b3,b7))nen is a sequence of orthonormal bases for C?

such that each b} is complex algebraic and the sequence ((bf, b}))nen is computable.

Remark 3.5. Let B = ((by,b}))nen be a system, as in[4.2] Let Ap be the set of all pure
states, o such that o is a product tensor of elements from B. For example, by@bIQb3Rb; €
Apg. Then, the previous theorem generalizes to the following: Fix a rational €, a B and
a Ap as above. K(0) =" QK*(|o){o]) holds for all ¢ € Ap, upto an additive constant
depending only on B and e. Here, K (o) is defined in the obvious way. For example,
K(by®bi @b} ®bj) = K(0110). This is proved by replacing S, , with S§ , in the proof

of Theorem 3.2

The following lemma can be proved similarly to Theorem [3.2]

Lemma 3.6. Fix a rational ¢ and let (B,), be a computable sequence such that B,

is a orthonormal basis for C?" composed of algebraic complex vectors. Then, for all
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o €U, Bn, K(o) = QK*(lc){0]), upto an additive constant depending only on € and

(B )n-

Note that K(o) is well-defined as o is complex algebraic. The following Theorem
agrees nicely with the upper bound for K in the classical setting: for all strings z,

K(z) < |z|+ K(Jz|) + 1 (See theorem 2.2.9 in [28].).

Theorem 3.7. There is a constant d > 0 such that for any € and any 7, QK*(7) < ||+

K(|7]) + d.

Proof. Let k > 1. Let P be the prefix-free Turing machine which on input 7, such that

U(w) = n outputs E = (e;)?",, the standard computational basis of C*". O

It may seem that this upper bound, given by the apparently inefficient device of
using 2/"! many orthonormal vectors to approximate 7, can be improved. However, the
bound is tight by Theorem together with the classical counting theorem (see [21],
theorem 3.7.6.).

As we shall see later, the unique tracial state 7 = (7,,)neny Where for all n, 7, is the
2™ by 2" diagonal matrix with 27" along the diagonal is quantum Martin-Lof random.

Theorem shows that its initial segments achieve the upper bound given by Theorem
B.7

Theorem 3.8. Let k be any natural number. There is a constant ¢ such that for all n,

QK> " (1) =n+ K(n) —t.

Proof. Fix a k and suppose towards a contradiction that for all ¢ € N, there is a n; such
that QK2 ™" (1,,) < ny + K(n,) —t. So, for all ¢, there are F; € C2"* and o, such that

U(o¢) = F; and
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27K < 3 (vlm,v) = 27|,

’UEFt

and

lo¢| + log(|Fy|) < ny + K(ng) —t.

Taking log on both sides of the first inequality and inserting in the second gives that for

all £, n; and oy,
t—k+ o] < K(ny). (3.1)

Now, define a prefix-free machine M as follows. On input m, M checks if U(7) halts and
outputs a orthonormal set F < C*" for some n. If so, then M(m) = n. Let r be the
coding constant of M. Note that for all ¢, M(o;) = n;. So, K(n;) < |oy| + r. Together
with (3.1), we have that for all ¢, t — k + |oy| < |o¢| + r. So, t — k < r for all ¢, a

contradiction.

In contrast to Lemma [3.6 we have,

Lemma 3.9. Fix an € > 0 and an n € N. It is not true that for all o, complex algebraic

pure states in C*", QK“(|o)(o]) =* K (o).

Proof. Clearly, for all o, complex algebraic pure states, QK*(|o){o]) <™ K(o) holds.

277.
alg’

holds. By Theorem , for all o € CZ, pure, K(n)+n =% QK*(|o)(co|) =* K(o). This

a

Suppose that for some € and n € N, for all o € C2; , pure states, QK(|o){(o|) =" K(0)

is a contradiction as there are only finitely many programs of length atmost n + K(n)

but there are infinitely many complex algebraic pure states, o of length n. O]
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Analogously to QC' [6}8] a ‘counting condition’ also holds for QK: the cardinality of
a orthonormal set of vectors with bounded complexity has an upper bound depending on
the complexity bound. The counting condition for Q) K is established in a different fash-
ion than that for QC' (which uses entropy inequalities like Holevo’s-chi [§] and Fanne’s
inequality [6]). This reflects once again that QC' invloves approximating a density ma-
trix by another density matrix while QK involves ‘projecting’ a density matrix onto a

subspace.

Theorem 3.10. Let V = (v;)¥, = C* be a collection of orthonormal vectors with

QK(Jv;){v;]) < B for all i. Then, N < e 125,

Proof. For each v;, we have o; and Fj},

Fo= )6,

teA;

with A; © C* orthonormal, such that (v;|Fj|v;) > €, U(o;) = F; and |oy]+log|4;] < B.
Let D < {1,2--- N} be maximal such that F; # Fj for 4,5 in D. (D # {1,2---N}
may hold as there may be i, j with F; = F}). Let F' be the orthogonal projector onto
the subspace spanned by A := (.., A;. Then, A has dimension atmost ), _, |4;|. By
|A;| < 2719128 for all i and noting that o; # o for 4, j in D,

Tr(F) < Z |4;| < Z 9—loilgB < 9B Z 2-lol < 9B,

i€D €D cedom(U)

The reason behind summing over 7 € D, rather than over ¢ < /N was to get the second
to last inequality. By the maximality of D, A = | J,_y 4; and so, 4; is a subspace of A

for all i < N. So, <vz|F|vl> > <vl|Fz|v,> > ¢ for all i < N. By orthonormality of V,

eN < Z (vi| Flv;) < Tx(F).
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3.3 Relating QK to randomness

3.3.1 A Chaitin type result

Theorem is a Chaitin type characterization of the weak Solovay random states in
terms of QK. (Chaitin’s result in the classical setting says that an infinite bitstring X

is Solovay random if and only lim, K (X | n) —n = o).
Theorem 3.11. A state p = (p,)n is weak Solovay random if and only if

Ve > 0Ve > OV°nQK(p,) = n + c.

Proof. («<=): Suppose for a contradiction that p fails a strong Solovay test (Sy,). at
€ > 0. The idea will be to use the subspaces given by the S,,s, to approximate p. More,
precisely, the F' appearing in the definition of (Q K¢ will be the orthonormal vectors given
by the projection S,, for an appropriate m. The details are as follows. Let M be the
prefix-free machine doing the following. On input o, if U(o) = m, then output (v;);
where
Sy = Z |vi ) vy

Let ¢pr be it’s coding constant. Take an m such that Tr(p,,, Smn) > € (Notation: n,, is

the natural number n such that S, is a projection on n qubits.). By the choice of m,
QK (pn,,) < K(m) + car + 1log(2"7(Sp)) = np + K(m) — f(m) + cur,

where f is the function: f(m) = —log(7(Sm)). As f is computable and as >, 277" < o0

by the definition of a strong Solovay test, Lemma 3.12.2 in [21] implies that for all m,
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K(m) — f(m) < ¢ for some constant ¢q. Noting that we may assume the sequence n,,
to be strictly increasing in m and letting ¢ := ¢ + cj); + 1, we see that 3%n such that
QK (pn) <n +c.

(=>): Suppose toward a contradiction that there is a e > 0 and a constant ¢ > 0 such
that there are infinitely many n with QK(p,) < n + ¢. Define a strong Solovay test S
as follows. Let T" be the set of all ¢ such that U(c) halts and outputs an orthonormal
set F, = C*" such that |o|+ log |F,| <n, +c. For all 0 € T, let

P, = Z |v><v|

veF,

and let S := (P,)ger. Forall o e T, 219 F,| < 27*¢. So, 7(P,) = 27" |F,| < 2¢7l°l. So,

dr@)<2e )y 27lh<oe M 27l < oo,
0:U(0)|

oeT oeT

since U is prefix-free. This shows that S is a strong Solovay test. For any n such that

QK (pn) <n + ¢, there is a 0 € T such that Tr(P,p,) > €. So, p fails S at e. O

The following corollary shows the equivalence of weak Solovay and g-ML randomness
for a specific type of states. Let B = ((by,b}))nen be a system ( Definition 4.2)). Let
A% be the set of all states which are limits of elements from A as in[3.5] For example,

LRV =:pe AZ.
Corollary 3.12. For any B, weak Solovay randomness is equivalent to ¢-MLR on A%.

Proof. Fix a system B = ((bf,b}))nen and let p € A% be weak Solovay random. Let
¢’ be the bitstring induced by p. Le., for example if p = b} ® b? ® b @ b - - -, then

p :=0101---. By Theorem [3.11], for ¢ = 0.5

Ve > OV nQK" (p,) = n + c.
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By Remark 3.5 K (¢’ | n) = MK®(p,) upto a constant depending only on B. So,
Ve > O0V“nK(p I n) =n+ec.

By Chaitin’s result, [16] p’ is MLR. Now, by an easy modification of 3.13 from [31], p is
g-MLR. We already know that q-MLR implies weak Solovay randomness for any state

from before. O]

3.3.2 Chaitin and Levin—Schnorr type results

It turns out that weak Solovay randomness is equivalent to g-MLR and has both Chaitin
((3) in Theorem [3.13]) and Levin—Schnorr ((4) in Theorem type characterizations
in terms of QK when the states are restricted to a certain class, £ defined below. To
define this class we need to consider the halting set over the halting set : @&" = (')’

(See [28]). Let £ denote the union of the two classes of states.
1. States in A¥ for some B, as in Corollary
2. States which do not Turing compute ¢&”.

Nies and Barmpalias (in personal communication) have shown that -MLR is equivalent
to weak quantum Solovay randomness for states which do not compute ”. The same
equivalence also holds on A% by Corollary [3.12] This similarity motivates our study of

L.
Theorem 3.13. If p = (p,), € £, then the following are equivalent
1. pis ¢-MLR.

2. p is weak Solovay random.
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3. Ve > 0Vc > 0V*n, QK (p,) = n + c.
4. Ye > 03¢¥n, QK (pn) > n — c.

Proof. (1) <= (2) follows from the previous remarks.

(4)=(1):

Proof. First, let p € A% for some B and let (4) hold. By the same argument as in

Corollary we get that
e > 0Vn, K(p' I n) =n—c.

The classical Levin—Schnorr result [21] implies that p’ is MLR. Using once more 3.13
in [31] as in , we see that p is ¢-MLR. Now suppose p does not Turing compute ".
We will show that (4) implies (2). Suppose for a contradiction that (S™),, is a strong
Solovay test which p fails at € > 0. By Theorem 2.11 in [11], we can effectively compute
a ¢-MLT (G™),, which p fails at some rational ¢ > 0. Let g(m) := the least s such
that Tr(psG*™) > e. As p computes g, by Martin’s high domination theorem (see [21]
for a proof), there is a total computable function f such that 3%g(n) < f(n). We may
assume that f(t) > 3t for all ¢ by taking the max of 2 computable functions. Fix this f
(non-uniformly) and consider the following machine, M:

On input 0™1, M outputs F™ where F" is such that

Gty = 25 o) (0.

vEF™

Clearly M is prefix free. Let [ — 1 be it’s coding constant. Let ¢ be so that f(t) > g(t).

Let ' be defined similarly to F™ above. Then, by definition of g, we have that

e < Y. (vlpslv).

veF?
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M(0'1) = F* and so, there is a m such that || < ¢+ and U(r) = F'. Also note that
|Ft| < 2/(W=2 by the definition of a -MLT. So, QK (ps)) < t+1+f(t)—2t = f(t)—t+L.

Recall that ¢ was an arbitrary element of the infinite set {s : f(s) > g(s)}. So, for
infinitely many ts, there is an n = f(t) such that QK(p,) < n —t + [, contradicting

(4). O
(3) = (4) is obvious and (2) = (3) was done in Theorem [3.11] O

We apply the preceding theorem to get the following quantum analog of a classical

result, Proposition 3.2.14 in [2§].

Theorem 3.14. Let C' be an infinite computable set, p € £ and € > 0. If there is a d

such that for all m e C, QK(p.,) > m — d, then p is weak Solovay random.

Proof. Let M be the machine doing the following: On input o, check if U(o) = F, an
orthonormal set F' < C%". If such a F and n exist, compute s such that n + s is the

least element of C' greater than n and output the set:
T:={v@mn:ve F,me2%}.

Note that |T| = 2%|F|. It is easy to see that M is prefix-free. Let [ be it’s coding
constant. Suppose for a contradiction that p is not weak Solovay random. [3.13]implies
that Ve, In, such that QK(p,.) < n. — c¢. Let ¢ be arbitrary and take such an n := n,.
There is a o and F such that U(o) = F € C*", |o|+log(|F|) < n — ¢ and

Z (v]palv) > €.

veF
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Let t = n 4+ s be the least element of C' greater than n. On input o, M outputs T as
above. Note that

Q=2 lw)(wl = ) [o)(ul@m)(zl = (X lw){v)) ® (X Im)(ml) =W &1,

weT veF,me2s veF Te2s
where W := 3, . |v)(v| and I be the identity on C*. Then, by the coherence property

of states,

> (wlpw) = Tr(pQ) = Tr(p[W @ 1) = Tr(paW) > €.

weT

Consequently,
QK (p) < o] +1log(|T|) + 1 =o| +1og(|F|) +s+l<n—c+s+l=t—c+I.

Since d and [ were constants and ¢ was arbitrary, this contradicts the assumption. [

3.3.3 A weak Levin—Schnorr type result

Theorem implies that if p is weak-Solovay random then, Ve > 03cVn, QK<(p,) >
n — c. le., being strong-Solovay random implies the Levin—-Schnorr condition. Does
this reverse? We give two partial results in this direction: the Levin—Schnorr condition

implies that p passes all strong-Solovay tests of a certain type.

Definition 3.15. For a rational s € (0,1), a s-strong Solovay test is a strong Solovay

test (S"), such that >, 7(S")* < oo and Y, 7(S") is a computable real number.

Theorem 3.16. If Ve > 03cVn, QK(p,) > n — ¢, then p passes all s-strong Solovay

tests for all rational s € (0,1).

Proof. Suppose for a contradiction that (S™),, is a s-strong Solovay test which p fails at

e>0and Y, 7(S") = @, computable. For all m, let S™ be 2" by 2" and we may let
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the n,,s be distinct. Let f(m) := — log(7(S™)) and g(m) := [sf(m)]. Partition w into
the fibers induced by g. (P is a fiber of g if P = g7 *({z}) = {y : g(y) = =}, for some z.).
Note that g(r) = —slog7(S"), and hence 279" < 7(S7)*. In particular, this implies that
P is finite. So, there are countably infinitely many fibers, {P;, P>...} and w = (,, P,
where for all m, there is an z,, such that P,, = ¢~ '({z,,}) and m — x,, is injective.

The fiber P of z = ¢(z) can be computed from x as follows. Note that g(c) = =
iff, f(c) € [s7'(z —1),s7'x]. As Q is computable, compute an interval J such that,
|J| <275% Qe Jand ngq 277 ¢ J for some ¢. So, f(c) > s 'z if ¢ > q. P can be
computed by evaluating ¢ on [0, ¢].

The idea is to describe S™ by computing the fiber P containing r and then specifying
the location of r in the lexicographical ordering on P. As (S"), is a s-strong Solovay test,

this description of S” is short enough to derive a contradiction. Consider the machine,

M doing the following: On input A, check if there is a decomposition A = wo such that,
e There is an m such that U(r) = 09(™).

e |o| =t = [log(|P|)] where P is the fiber of g(m). (Recall that P can be computed

from g(m).)

If these hold, then order P lexicographically using the ordering on 2! and let r be
the o™ element in this ordering. Output F” where F" is such that S™ = > .. [v)(v].

Note that M is prefix free: Suppose A, N € dom(M) as witnessed by A = 7wo and
A = 7'¢’. So, M finds m and m’ such that U(x) = 09 and U(z') = 090™). Let
mo < w'o’. Then, it must be that 7 < 7’ or 7/ < 7. Since U is prefix free, it follows
that 7 = 7. So, g(m) = g(m'). Hence, m and m’ are in the same fiber, P. Letting

t = [log(|P|)], A, N € dom(M) implies that |o| = |o’| = t.
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For each m € w, let r,,, be any element from P,,. Then,

Z\P [2790m) = 3TN 2790 < NN (87) = ) T(87) < (32)

m rePp, m reP, 7

Let h be the function defined by, h(m) := log(|Py|) — g(rm,) where r,, is any repre-
sentative from P,. By (3.2), |Pn|279) — 0 as m — 0. So, h(m) — —o0 as m — .
Each fiber is finite and p fails the test at e. So, there is an infinite set I = {P},, P;,, ...}
such that for all 4, there is a t; € P, with Tr(p,, S%) > €. j; — o0 as i — o and so,
h(j;) = log(|P;,|) — g(rt;) = —o0 as ¢ — oo. This asymptotic behavior will be used below
to derive a contradiction.

Fix an arbitrary i and a t = ¢; € P}, as above. So, € < >}, o (0|pp,|v).

Let t be the o™ element of P in the lexicographic ordering used by M and let
U(rr) = 090 and K(09) = |z|. Then, M (7o) = F* and so, there is a bitstring ¢ such
that |¢| <T K(090) + [log(|P;])] and U(¢) = F'. Note that log|F?| = log(Tr(5%)) =
log(7(S%) + ny = —f(t) + ny. Let d := (1 —s)s™' > 0. So, {(|nd],0") : n € w}, is a
bounded request set (see [21] for a definition) and hence K(0") <* [nd|. Using all this,

we get that:

QK (pn,) <™ K(099) + [log(|P;, )] = f(t) +
 [dg(8)] + [og(|Py.)] — f(t) + me
<" dsf(t) + [log(|P;, )] — f(t) +
= f(t)(ds — 1) + [log(| P}, [)] +
= —sf(t) + [log(|P;,])] + ne

<T —g(t) + [log(|P;[)] + n

= h(]z) + .
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The last equality follows as ¢t = ¢; is in P;,. This means that there is an infinite sequence
(n¢,); such that
QK (pny,) <" my; + h(3i).

Finally, recall that h(j;) — —o as i — o0 and we have a contradiction. [

Theorem [3.16| can be strengthened by weakening the defining criteria for a s-strong

Solovay test.

Definition 3.17. Let s € (0,1) be a rational. Let ¢ be any computable, non-decreasing,
non-negative function on the reals such that ¢(sr) =* sé(r) (Le., there is a C > 0
independent of s, such that for all r, Co(sr) = s¢(r)) and ), 27"¢(n) < o (So, ¢ does
not tend to infinity too fast). A (¢, s)-strong Solovay test is a strong Solovay test (S”),

such that

Z o T(5)° < w, (3.3)

and

where () is a computable real number.

The term in the denominator in tends to infinity with r» and hence it is easier
for a strong Solovay test to be a (¢, s)-strong Solovay test than to be a s-strong Solovay
test. So, passing all (¢, s)-strong Solovay tests is a more restrictive notion of randomness
than passing all s-strong Solovay tests. So, the following theorem is an improvement of,

and implies Theorem [3.16

Theorem 3.18. If Ve > 03cVn, QK(p,) > n — ¢, then p passes all (¢, s)-strong Solovay

tests for all rational s € (0,1) and all ¢ as in Definition [3.17
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Proof. Suppose for a contradiction that (S™),, is a (¢, s)-strong Solovay test which p
fails at € > 0 and Y, 7(S*) = @, computable. For all m, let S™ be 2™ by 2" and we
may let the n,,s be distinct. For ease of presentation, we do the proof in 2 cases. First,
let s < 0.5. Let f(m) := — log(7(S™)) and let g(m) := [sf(m)]. Partition w into the
fibers induced by g. Fix some fiber P of some x = g(r). Le., r is a representative from
P. Then, g(r) = [s(~log7(S"))]. So, g(r) = —slogr(S™), and hence 279" < (S7)*.
In particular, this implies that each fiber is finite. So, there are countably infinitely
many fibers, {P;, P>...}. So, w = J,, P, where for all m, there is an z,, such that
P, = g '({zn}) and m — z,, is injective. For each m € w, let r,, be any representative
from P,,. For all r, sf(r) < g(r) and ¢ is non-decreasing. So,

LBl = 2 e <5 2 ey < ey < @

m rePm m re€Pp,

The fiber P of z = g(z) can be computed from z for the same reason as in the
previous proof. Its idea of ‘compressing’ S is also used here.
Consider the machine, M doing the following: On input A, search for a decomposition

A = 7o, such that
e U(m) = 09™ for some m.

e |o| = t where P is the fiber containing m, (which can be computed from g(m))

and ¢t = [log(|P])].

If found, order P lexicographically using the ordering on 2! and let  be the o' element
in this ordering. Output F” where F" is such that S = % ... [v)(v]. Note that M is
prefix free for the same reason as in the previous proof. Let [ be M’s coding constant.

Let h be the function defined by, h(m) := log(|Py|) — g(rm)—log ¢g(ry), where r,, is
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any representative from P,,. By (3.4),

| P, |27 9(rm)
¢g(rm)

as m — . So, h(m) — —oo as m — oo. Each fiber is finite and p fails the test at e.

So, there is an infinite set I = {P},, P;,, ...} such that for all 4, there is a ¢; € P;, with

1)
Tr(pn, S*%) > €. ji — 0 as i — o0 and so, h(j;) — —o0 as i — oo. This asymptotic

behavior will be used below to derive a contradiction.

Fix an arbitrary ¢ and a t = ¢; € P;, as above. So,

€< Z (V] V). (3.5)

veF?

Let t be the o' element of P;, in the lexicographic ordering used by M. Let
be such that K(09®) = |r| and U(r) = 099, Then, M(ro) = F* and so, there is a
bitstring  such that || < K(09®) + [log(|P;,|)] +1 and U(k) = F*. Note that log|Ft| =

log(Tr(S")) = log(7(S*)) + ne = —f(t) + ns. So,

QK (pn,) < K(0°0) + [log(|P;,

N +1—f(t) +ny.

Note that {(n — [log(¢(n))],0") : n € w} is a bounded request set by definition of a

(¢, s) test and so K (090) <* g(t)—log(pg(t)). So,
QK (pn,) <™ g(t) —log(g(t)) + [log(| P;,[)] = f(£) + ne.
Since g(t) — 1 < sf(t), we have
—g(t) + 1> —sf(t). (3.6)

Since s < 0.5 we have that 1 — s > s.

So, g(t) — f(t) < sf(t) — f(t) +1=—(1—s)f(t) + 1 < —sf(t) + 1. Using (3.6),

9(t) = J(t) < —g(t) + 2.
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So,

QK (pn,) <™ —g(t) + [log(|P;[)] — log(¢g(t)) + ne = h(ji) + .

The equality follows as ¢ = t; is in P;,. This means that there is an infinite sequence
(n¢,)i such that QK(py, ) <™ ny, + h(j;). Finally, recall that h(j;) — —o0 as i — oo and
we have a contradiction.

Now let s > 0.5 and let f,g be as in the previous case. Let b(m) := [(1 — s)f(m)]
and let C':=[s/(1 —s)] + 1.

Consider the machine M doing the following: on input 71¥0c, check if the following

conditions hold.
e There is m such that U(r) = 0°0™).

o Ifz=b(m), J=(s(1-3s)"Yz—1),s(1—5)" 2+ 1] nw and w is the y** element

of J, then there is a z such that g(z) = w.

e If P is the fiber of g containing z (P is computable from w = ¢(z) just as in the

previous case) and t = [log(|P|)], then |o| =t

If all the above are met, then order P lexicographically using the ordering on 2¢ and
let 7 be the o element in this ordering. Output F".

Roughly, the idea is as follows: Just as in the previous case, we want to compress
F" where r is the o™ number in the fiber of w = g(m). The first step to achieve this is
to describe g(m). While in the previous case we used an ¢ such that U(:) = 09™) and
1| = K(09™)), we use here the shorter string 7 where U(r) = 0°0™ and |7| = K(0°(™)
together with 1¥ for describing g(m). From 7, we get x = b(m) which in turn gives J

which contains g(m). So, 7 along with y, the location of g(m) in J, describes g(m).
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After g(m) is found, F" can be described just as in the previous case. The details are: As
x =0b(m), (1—s)f(m) € (x—1,z] and hence sf(m) lies in (s(1—s)"'(x—1),s(1—s)"'z].
So, [sf(m)] = g(m) e J = (s(1—s)"Hx—1),s(1—s)'z+1]nw. Since |J| < C, g(m) € J
can be determined by specifying y < C, it’s location in J. So, M can recover g(m).
From this point on, the remaining procedure is the same as in the previous case.

We see that M is prefix-free: Let 71%0c and 7'1¥' 00’ be in the domain of M and let
71%00 < 7'1¥'00’. By the same argument as in casel, 7 = 7’ and M finds some m, m’
with x = b(m) = b(m'). Tt follows that y = y'. So, if w is the y** (and y"*") element
of J (as above), then M finds z, 2’ such that g(z) = w = g(z’). So, z and 2’ are in
the same fiber P and it hence follows as in the previous case that |o] = |¢’|. Define I
and h exactly as in the previous case. Fix some ¢ and let ¢ = ¢; be an element of P,
such that holds. Let ¢ be the o™ element of P;,. Let x = b(t) = [(1 — s)f(t)].
So, (1 —s)f(t) € (x — 1,x] and sf(t) € (s(1 —s)"H(z —1),s(1 — s)"'z]. Hence, g(t) €
(s(1—s)Y(x—1),5(1—8)tx+1] nw=J and let g(¢) be the y* element of J. Let 7
be such that U(x) = 0°® and |7| = K(0°®). Then, on input 71¥0c, M finds some z (it
could be that z = ¢, but not necessarily) such that b(t) = b(z) = z and then finds that
the y' element of .J is g(z’) for some 2’ (again, although g(z’) = g(t), it could be that

t = 2/ but not necessarily). Since 2’ and t are both in P;,, M outputs F" after reading

)1

0. So, there is a 7 such that U(r) = F* and || <* K(0°®) + C + [log(| P;,

SO, QKE(pnt)
< K(0") + [log(|P; )] + log(| 1)

<" b(t) — Nlog(é(g(t))] + Nog(|P;,)] + ne — f(2)

<" —g(t) — [log(¢(g(t)))] + [log(| P;, )] + ns
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The last inequality is since, by (3.6]) (which holds for any s), b(t)— f(t) < (1—s)f(t)—
ft)+1=—sf(t)+1 < —g(t)+2. Since t = t; € P;,, we see that QK (py,) <™ h(ji) —n,-

for all 7. This gives a contradiction for the same reason as in the previous case.

3.3.4 QK and computable measure machines

Schnorr randomness is an important randomness notion in the classical realm [21],
28]. While K plays well with Solovay randomness, K¢, a version of K using a com-
putable measure machine, C' (a prefix-free Turing machine whose domain has computable
Lebesgue measure) gives a Levin—Schnorr characterization of Schnorr randomness (See
theorem 7.1.15 in [21]).

So, with the intention of connecting it to quantum Schnorr randomness, we define
QK¢ a version of QK using a computable measure machine, C.

Theorem [3.20] shows that QK¢ agrees with K¢ on the classical bitstrings. Analo-
gously to the classical case, Theorem |3.22] is a Levin—Schnorr type of characterizations
of quantum Schnorr randomness using @ K¢. Theorem [3.23] a Chaitin type character-
ization of quantum Schnorr randomness using QK¢ implies Theorem [3.24] a Chaitin
type characterization of classical Schnorr randomness in terms of K.

For C' a computable measure machine and ¢ a string, K¢ is defined analogously to
K; K¢(o) :=inf{|7| : C(7) = o}. The quantum version is: for C', a computable measure

machine and a € > 0, define QK&(7) to be:

Definition 3.19. QK& (7) := inf {|o|+log|F| : C(c¢) |= F, a orthonormal set in C%

alg
and >, (v|7|v) > €}
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The infimum of the empty set is taken to be co. Notation: In this section, p de-
notes Lebesgue measure and C; denotes C' run upto the ¢ steps. We may assume that
dom(C;) < 2'. By a sequence, we mean a countable collection whose elements may
possibly be repeated. If S is a sequence, the sum ] _o will be over all elements of 5,
with repetition.

Similarly to Theorem [3.2] we show that QK¢ ‘agrees with’ K¢ on the classical
qubitstrings. In Theorem |3.20|and its proof, P and C will stand for computable measure

machines.

Theorem 3.20. For all rational € > 0 and all C, there exists a P such that Kp(o) <

QK&(lo) (o) + 1 for all classical bitstrings o.

Proof. The proof is almost identical to that of Theorem [3.2] Fix a rational € > 0 and a
C. Consider the machine P from the proof of Theorem but with U replaced by C'.
We now show that pu(dom(P)) is computable. Let § > 0 be arbitrary. Since pu(dom(C'))
is computable, find a stage ¢ so that u(dom(C)) — pu(dom(Cy)) < 6. (The ¢ can be found
as follows: Compute a ¢’ such that |¢ — ¢'| < 6/2. So, ¢ —6/2 < q < ¢ + §/2. Since
pu(dom(Cy)) /" q, as t — o0, we can compute a t such that, ¢ — 6/2 < u(dom(Cy)) <
¢ + 6/2.). We may compute S, the set of those strings 7 = o7 € dom(P) and o €
dom(C%). So, dom(P)\S consists of strings 7 = o7 such that ¢ € dom(C)\dom(C}).
So, it is easy to see that p(dom(P))-u(S) < p(dom(C))-u(dom(Cy)) < 6. As d > 0
was arbitrary, this shows that u(dom(P)) is computable. Now, let o € 2" be any
classical bitstring such that QK&(|o)(o]) < . Let A and F < C2, orthonormal
such that |A| + log(|F|) = QK&(|o){(o]), Yer (vlo)(olv) > € and C(\) = F. Let

O := Y, cr[v)(v|. Note that since € < 3} . (v|o)(olv) = (0]|O|o), 0 € S, where E is



71

the standard basis. Let 7 be a length [log(e™!|F|)| string such that g(7) = . Then, we

see that P(A1) = 0. So,
Kp(o) < [N+ 7| < |A| +log(e ") + 1 + log(|F|) = QK&(|o)(o]) + 1.
[

Remark 3.21. Theorem [3.20] establishes one direction of the coincidence of Ko and
QK¢ for classical qubitstrings. In the other direction, take some classical bitstring o
with K¢ (o) < oo for some C. Let C(7) = o and || = K¢(o). Then, letting F' = {o} in

BI9 QKe (o) (o)) < QKL(Io)ol) < || = Ko(o), for any ¢ > 0.

3.3.5 Quantum Schnorr randomness and QK

Theorem is a quantum analogue of the classical characterization of Schnorr ran-
domness: X is Schnorr random if and only if for any computable measure machine, C,

there is a constant d such that for all n, Ko(X | n) >n —d.

Theorem 3.22. A state p is quantum Schnorr random if and only if for any computable

measure machine, C' and any ¢ > 0, there is a constant d > 0 such that for all n,

QKE'(pn) >n—d.

Proof. (=) We prove it by contraposition. I.e., show that p is not quantum Schnorr
random if there is a C' and an ¢ > 0 such that for all d, there is an n = ng such that
QK&(pn) < n—d. Let Ty be the set of all o such that Cs(o) |= F,, an orthonormal
set such that |o|+ log |F,| < n, and F, = C* for some n,. Let T' = |J, 7. For all
strings o, let Py := > ;o \U><v| Let O, be the sequence of those P, for o € Ty, () the

sequence of those P, for o € T and D, the sequence of those P, for o € T\T,. Next, we
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show that o 1=} p o 7(P) is computable by showing how to approximate it within 27k
for an arbitrary k: Computably find a ¢ (using the same method as in Theorem [3.20))
such that y(dom(C)) — pu(dom(Cy)) < 27%. We show that Y, o 7(F,) is within 27% of

a. Note that for all o € T, 21I|F,| < 2. So, 7(P,) = 27" |F,| < 271l

a— > T(P)= ), T(P)= D |F27e < ) 27

PreQq PyeDy O'ET/Tt O'ET/Tt
< > 27171 < (u(dom(C)) — u(dom(Cy))) < 27*
oedom(C')/dom(C%)

Note that »;p .o, 7(P%) is a rational, uniformly computable in ¢ since dom(C;) < 2°
is uniformly computable in ¢. This shows that () is a quantum Schnorr test. By the
assumption, we see that is a infinite sequence d; < dy < --- and a list of distinct natural
numbers ng,, ng, - - - so that for all 7, there is a P; in ) such that Tr(Pipndi) > €. So, p
fails @) at e.

(«) We prove it by contraposition. Suppose that p fails a quantum-Schnorr test,

(S7), at e. For all j, let s; be the least ¢ such that

¢
ZT(Si) >a—277.
i=0

We show how the sequence (s;); can be computed. First, let >, 7(S") = «a, be a
computable real which is not a dyadic rational. s; may be computed as follows: Note

that as « is not a dyadic rational but 7(S") is a dyadic rational for all i, we have that
D) <a—27 < 7S,
i=0 i=0

By Proposition 5.1.1 in [21], the left cut, L(a — 277) of o — 277 is computable. So, we

may search for rationals ¢ € L(av —277),¢' ¢ L(aw — 277) and for a t such that,

t—1
DTS <q<q <) (S
1=0 i

1=0
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This ¢ is the needed s;. Now, let a be a dyadic rational. Then, o — 27 has a finite
binary representation and s; can be directly computed. So, in summary, the (s;); is a
computable sequence, after (non-uniformly) knowing whether « is a dyadic rational or

not. For all » > 0, define special projections

Sr+1

G, = Z St

i=sr+1
So,
a0 ) Sp )
TG < ) T(S)=a- ) T(S) <27
i=8,r+1 1=0

Notation: Let each S? be an operator on C*". Let n, = max{n; : s, +1 < i < 8,11}
By tensoring with the identity, we may assume that all S¢, for s, + 1 < i < 5,41, are
operators on C2"". Let F, < C*" be an orthonormal set of complex algebraic vectors
spanning the range of G,. Define a computable measure machine, C' as follows. On
input 0710, C' outputs Fy, and on input 0”11, C' outputs Fb,.,1. C'is clearly prefix-free

"2 which is computable. Since each G, is a

and the measure of its domain is ), 2~
finite sum of the S’ and as p fails (S'); at €, there exist infinitely many r such that
Tr(p,, G,) > €. Since we may let n, be strictly increasing in r, there are infinitely
many such n,. Fix such an n, and let © = [r/2] (L.e., » = 22 or r = 22 + 1). Then,
QK& (pn,) < &+ 2+ n, +1logr(G,) <+ 2+ n, —2z. So, [r/2] — 2 < n.—QK&(py,).
Letting r go to infinity completes the proof.

]

Theorem [3.23] is a Chaitin-type characterization of quantum-Schnorr randomness
using QK§,.. Together with Theorem and lemma 3.9 in [11], it implies that Schnorr

randoms have a Chaitin type characterization in terms of K¢ (Theorem [3.24)). To the
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best of our knowledge, this is the first, albeit simple, instance where results in quantum

algorithmic randomness are used to prove a new result in the classical theory.

Theorem 3.23. p is quantum Schnorr random if and only if for all computable measure

machines C' and all €, Yd¥*n QK& (p,) > n + d.

Proof. (=) Suppose toward a contradiction that there is a C', an € > 0 and ¢ > 0 such
that there are infinitely many n with QK¢ (p,) < n + c¢. Define a quantum Schnorr test
@ as follows. Let T be the set of all o such that C(0) |= F,, an orthonormal set such
that |o|+ log |F,| < n, + ¢ and F, = C*“ for some n,. Let T' = | J, 7. For all strings
o, let Py i= 3 5 \'U><U] Let @, be the sequence of those P, for ¢ € T, and ) the
sequence of those P, for 0 € T'. That @) is a quantum Schnorr test is shown by replacing
2% by 27%7¢ in the = direction of the proof of Theorem [3.22] For any n such that
QKG(pn) < n+ ¢, there is a o € T such that Tr(P,p,) > €. So, p fails Q at e.

(<) If p is not quantum Schnorr random then by Theorem there is a C' and an

e such that Vd3in such that QK& (p,) < n —d. O
We now show the classical version of Theorem B.23]

Theorem 3.24. An infinite bitstring X is quantum Schnorr random if and only if for

all computable measure machines C, VdV*n Ko(X | n) > n +d.

Proof. (=) : Suppose first that X is Schnorr random. Then, p := px, the state induced
by X is quantum Schnorr random by lemma 3.9 in [11]. Suppose for a contradiction
that there is a C' and a d such that 3°n such that Ko (X I n) < n+d. By Remark[3.21]
3*n such that QK% (p,) < n + d, contradicting Theorem [3.23] («<=) : Suppose that X

is not Schnorr random. Once again, by lemma 3.9 in [11], we have that p := px is not
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quantum Schnorr random. By Theorem [3.23] there is a C', an € and a d such that 3%n
such that QK& (p,) < n + d. By Theorem [3.20, there is a P such that 3*n such that

Kp(pn) <n+d+ 1, a contradiction. O
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Chapter 4

Generating classical randomness

from a non-quantum random state

4.1 Introduction

This chapter investigates the following question: Can the quantum non-randomness of
a state always be detected using qubitbitwise measurements? We show that it is not
always possible to do so by constructing a computable, non-qMLR state p which yields
a Martin-Lof random bitstring with probability one when measured qubitwise. L.e., the
quantum non-randomness of p cannot be detected by qubitwise measurements as these
yield a random bitstring almost surely.

We first formalize our main question in the language of quantum algorithmic random-
ness [11[31]. While versions of this question have been studied in the past [1}[3-5[25,33],
this work is the first one to study it using notions from quantum algorithmic randomness.

We let 2¥ denote Cantor space (the collection of infinite sequences of bits), let 2"
denote the set of bit strings of length n, 2<¥ := [ J, 2™ and let 2% := 2<¥ u 2¥. Martin-
Lof randomness (MLR) and Quantum-Martin-Lof randomness (g-MLR) has been defined
already in previous chapters. Our motivating question can now be framed as: Is there a

computable, non ¢-MLR state which can be used to ‘generate’ a MLR sequence of bits.
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To make the question fully precise, we define ‘generate’.

Measuring a finite dimensional quantum system is a pivotal concept in quantum
theory [17]. It hence seems natural to extend the notion of measurement from finite
dimensional systems to states, which are coherent, increasing sequences of finite dimen-
sional systems. We define (see Section such a notion and explain how measuring a
state yields an infinite bitstring. With this notion in hand, our main question assumes
the precise form: Is there a computable, non g-MLR state which yields a MLR bitstring
with probability one when measured?

We give an overview of the chapter. Section formalizes how ‘measurement’ of
a state in a computable basis induces a probability measure on Cantor space. Section
introduces the key notion of measurement randomness for states. A state is defined
to be ‘measurement random’ (mR) if the measure induced by it, under any computable
basis, assigns probability one to the set of Martin-Lof randoms. Equivalently, a state
is mR if and only if measuring it in any computable basis yields a Martin-Lof random
with probability one.

We then show that quantum-Martin-Lof random states are mR. As an answer to our
main question, we show in Section [£.4] that the converse fails: there is a computable
mR state, p which is not quantum-Martin-Lof random. In fact, something stronger is
true. Measuring p in any computable basis yields an arithmetically random sequence
with probability one. Our result hence provides a scheme for generating randomness
from a quantum source. To the best of our knowledge, none of the schemes proposed so
far [1,[3-5,25]33] generate arithmetic randomness.

Section |4.6|shows that mR is equivalent to g-MLR for a certain special class of states.

Let A € 2¥. We define an A-computable function to be a total function that can
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be realized by a Turing machine with A as an oracle. By ‘computable’, we will refer
to J-computable. The concept of an A-computable sequence of natural numbers will

come up frequently in our discussion.

Definition 4.1. A sequence (a,,)nen is said to be A-computable if there is a A-computable

function ¢ such that ¢(n) = a,

4.2 Measuring a state

To fix notation, let X (n) denote the nth bit of an X € 25¥ | let p(E) stand for the

probability of the event F.

Definition 4.2. An A-computable measurement system B = ((by, b}'))x_, (or just ‘mea-
surement system’ for short) is a sequence of orthonormal bases for C? such that each b7

is complex algebraic and the sequence ((b,07))i_, is A-computable.

Let p = (pn)i_; be a state and B = ((b, 7)), be a measurement system. We now
work towards formalizing a notion of qubitwise measurement of p in the bases in B. A
(probability) premeasure [21],p (also called a measure representation [28]), is a function
from the set of all finite bit strings to [0, 1] satisfying Vn, V7 € 2", p(7) = p(70) +p(71). p
induces a measure on 2“ which is seen to be unique by Carathéodory’s extension theorem
(See 6.12.1 in [21]). Flipping a 0,1 sided fair coin repeatedly induces a probability
measure (which happens to be the uniform measure) on 2 as follows. Let the random
variable Z(n) denote the outcome of the the nth coin flip. The sequence (Z(n))nen
induces a premeasure, p, on 2=* which extends to the uniform measure on 2¥. Here,

p(o) = 27" is the probability that Z(i) = o(i) for all i < |o|. Similarly the act of
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measuring p qubit by qubit in B induces a premeasure on 2=“ which extends to a
probability measure (denoted p) on 2¢ as follows. Let the random variable X (n)
be the 0,1 valued outcome of the measurement of the nth qubit of p. Let p be the
premeasure induced by the sequence (X (n))neny on 2<%, p extends to 7 on 2¥. For any
Ac 29, ,upB (A) is the probability that X € A where X is the element of 2¢ obtained in
the limit by the qubit by qubit measurement of p in B. The most conspicuous difference
between the two situations is that while the (Z(n)),ey are independent, (X (n)),en need
not be independent as the elements of p can be entangled. We now formalize the above.
The following calculations follow from standard results mentioned, for example, in [17].

We now define (X (n)),eny and p, the induced premeasure. Measure p; by the mea-
surement operators {|bg)(bg|, |b1)(bi|} and define X (1) := ¢ where i € {0, 1} is such that
b} was obtained by the above measurement. Let gy be the density matrix corresponding
to the post-measurement state of p, given that p, yields |b1 ><b (1)| ® I if measured
in the system

(103 ){bi 1 ® Dieto.ny-

ILe,
|b1 ><b§((1)| ®I)p2 ’bX(l ><bl |®I
tT((|b§<(1)>< by ® I)ps)

To define X (2), measure g by the measurement operators

P2 =

(I ®67) (b ])icto,13

and set X (2) := i where ¢ € {0, 1} is such that / ® [b?)(b?| is obtained after the measure-
ment. We use gy instead of ps to define X (2) to account for the previous measurement

of the first qubit. X (n) is defined similarly. By the above,

p(ij) == p(X(1) = 1, X(2) = j) = p(X(1) = 1)p(X(2) = j|X(1) = i) =
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(163)Cbi | @ 1)pa([b7 ) (bi| @ 1) ]
tr((1b; ) (i | ® T p2) '

Since PTe2(p2) = p1, p(X (1) = 1) = tr((|b})(b}| ® I)ps). So,

P(X(1) = i)tr[T® |03)(b3](

p(iJ) = trpa(BIB2) (2]

Given 7 € 2", similar calculations show that

p) = X (1) = (1), X0) = 7)) = [l | @ @bl (&)

This defines p. The following lemma shows that p(.) is a premeasure. Define pf to

be the unique probability measure induced by it.
Lemma 4.3. Vn, V7 € 2", p(1) = p(70) + p(71)

Proof. Noting that for j € {0, 1},

n

Pr1 |®b7( ®b"+1><®b ;) = prsa (| Qo) Q) by | @ 1657 ) (5,
=1

=1

and letting A := | Q)] T(Z >< &y T(z ‘ the right hand side is
= tr[(A® |05 )b o1 + (A 1) (0 )]
= r[(A@ (B ) (B3 + 15 ) (0 D)paa] = r[(A® Dpusa] = tr[Ap,] = p(r)
O

Remark 4.4. If B is S-computable and p is T-computable, then the sequence {7 ()} gen

is S @ T-computable.

Here, S @ T is obtained by putting S on the even bits and 7" on the odd bits [2§].
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4.3 Measurement randomness

Let M LR < 2“ be the set of MLR bitstrings. If p is a state and B a measurement system,
pP(MLR) is the probability of getting a MLR bitstring by a qubit-wise measurement

of p as described in the previous section.

Definition 4.5. p is measurement random (mR) if for any computable measurement

system, B, uJ(MLR) = 1
Theorem 4.6. All ¢-MLR states are also mR states.

Proof. Let p = (pn)nen be q-MLR. Suppose towards a contradiction that there is a

6 € (0,1) and a computable B = ((bg,b}));_; such that p7(2¢/MLR) > 6. Let (S™)p,

n=1

be the universal MLT [28] and let for all m,

ST = U [[Azm]]v (4‘2)

m<i
where the A"s satisfy the conditions of Definition[I.6] By the definition of a MLT, for
all m and all i > m, we can write A7 = {7™, ... 72"} < 2! for some 0 < k™ < 277
Now define a ¢-MLT as follows. For all m and i > m, let 7, = 7/ for convenience and

define the special projection:
pit = Z (’®bza(q)><®b3—a(q){). (4.3)
a<kmi q=1 g=1

Letting P™ := (p")m<i, we see that (P™)nen is a ¢-MLT (For each m, the sequence

(P")m<i is computable since B and (A"),,<; are computable. Condition 3 in Definition
implies that for all 4, range(p/") range(p/,). So, P™ is a ¢-Xj class for all m.
kmit < 207™ for all m, ¢ implies that 7(P™) < 27™ for all m. Since (S™)en is a MLT,

(P™)men is a computable sequence.) For all m, (2¥/MLR) < S™ holds by the definition
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of a universal MLT. Hence, since is an increasing union and as pJ(2¥/MLR) > 0,

for all m there exists an i(m) > m such that

1y ([ATm]) > 0. (4.4)

Fix such an m and corresponding i = i(m) and let A™ = {7y, ..., Tpm.i} for some k™" <

277" as in 4.3} By [4.1] and [4.4] we have that

5<Yom) = 3 wln(@ir, ><®bw»>] il 3 |®b ><®bm<q\>]

a<k a<k7n,i q:1 a<k™: i =
(4.5)
So, by [4.3] and [4.5], we see that for all m there is an i such that,
o <trlpipi"] < p(P™).
So, inf,,(p(P™)) > 0, contradicting that p is ¢-MLR. O

Definition 4.7. p = (p,)nen is computable if the sequence (py,)nen is computable.

4.4 A measurement random, non g-MLR state
We show that Theorem (4.6 does not reverse:
Theorem 4.8. There is a computable state which is not ¢-MLR but is mR.

Proof. All matrices in this proof are in the standard basis. Let p = @)._.d, and for
N > 5, Sy := ®£LV:5 d,. where d,, is a 2" by 2" matrix with 27" along the diagonal and
= |2"/n| many 27"s on the extreme ends of the anti-diagonal. Formally, define d,, to

be the symmetric matrix such that: For i < r,, d,(i,j) =2""if j=dior j=2"—i+1
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and d,(7,j) = 0 otherwise. For r,, <i <2" —r,, d,(i,j) =2""if j =i and d,(i,5) =0

otherwise. For example, r3 = 2 and so,

2730 0 0 0 0 0 273

0 273 0 0 0 0 273 0

Clearly, d,, is a density matrix. The theorem will be proved via the following lemmas.

Lemma 4.9. p is not g-MLR.

Proof. 1t is easy to see that zero has multiplicity 7, as an eigenvalue of d,,. Hence,

n ,n12"
iU fi=1

letting ¢, = 2" — r,, the eigenpairs of d,, can be listed as {« where af' = 0 if
¢, +1<i<2"and (v1")%, is a orthonormal basis of C*".
Fix a N > 5. By properties of the Kronecker product, Sy has a orthonormal basis

of eigenvectors:

N
{&® Vi) (I(n))_; is a sequence such that for all n,l(n) < 2"},
n=>5

and ®nN:5 vy, has eigenvalue HnN:5 @,y Letting My be those elements of the above

eigenbasis having non-zero eigenvalues, we have that

N
My ={& Vi) (I(n))X_5 is a sequence such that for all n,l(n) < g,}. (4.6)
n=>5
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(See Remark for an intuitive explanation of the reason for choosing such an

My.) By the definition of g,,

N N N N N
(My| =] [2"—12"/nl < [ [ 2@ /m)+1 =] [2"(0—n""427") = [ ]2 ]_[ (I-n~'427"
n=>5 n=>5 n=>5 n=5 n=>5

Noting that H;'Lozg)(l —n~1+27") = 0, define a g-MLT (T}, )men as follows. Given m, we
describe the construction of T,,,. Find N = N(m) such that [[\_.(1—n"'+27") < 27™.

Let v(N) := 3" _n and let

=D o)

UGMN

P~(N) 18 a special projection on cr™ having rank equal to |My|. Let py = & for

k <~(N) and
k—y(N)

Pei=py® & I

i=1

for k > ~(N). Using that p is computable, it is easy to see that (pj)rey is a q-X¢
class. Let T, := (pr)gen- (Tm)men is @ g-MLT since the choice of N(m) implies that
7(T,,) < 27™ and as N(m) can be computed from m. (7T,,)men demonstrates that p is
not g-MLR as follows. Fix m arbitrarily and let N(m) be as above. Recalling that My

is the set consisting of all eigenvectors of Sy with non-zero eigenvalue, we have that,
P(Tn) = tr(pyv)Py(vy) = tr(Snpyvy) = tr(Sy) = 1.

Since m was arbitrary, in fen(p(Th)) = 1. O

The following technical lemma, although seems unmotivated at this juncture, is

crucial at a later point in the proof.

Lemma 4.10. Let {[a;,b;]7}", be a set of unit column vectors in C?. Let V =

X7, [ai, b;]T be their Kronecker product. If V = [vy,vs, ..., ven|T, then for all k < 2771

1=1
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we have that
n
|Uk| [van 11| = l_[ |ai||bil.
i=1

Proof. For natural numbers u and ¢, let [u], denote the remainder obtained by dividing

u by g. We use the following convention for the Kronecker product [34]:

a1a9

aq a9 blCLQ
® =

b1 b2 aq b2

b1b,

So, v1 = [/, a; and vgn = [, b;. For any k < 2"7' v, has the form vy = [, ¢

i=1 (R
for some cf € {a;,b;} and van_p41 has the form von g4y = [ [, €F, for some e € {a;, b;}.
Note that ¢¥ = a; if and only if k is odd if and only if e} = b;. Similarly, we have the

following. ¢§ = ay if and only if [k]s2 € {1,2} if and only if e§ = by. ¢§ = a3 if and only

if [k]gs € {1,...,22} if and only if ek = b3. In general, for i < n, for all k < 271,

F=a; = [klsie{l,...,271) = e =1,

This proves the lemma. Intuitively, this happens for the following reason. Imagine
moving from v; to ven—1 (by incrementing k) and keeping track of the values of ¢} as you
move along the vis. Also, imagine moving from vgn to von—1 and keeping track of the
values of ef as you move along the vyn_j,1s. Both motions are in opposite directions
since as k is incremented, the first motion is from lower to higher indices and the second
is from higher to lower indices. Consider the behavior of c¥ eV as k is incremented.

At the ‘start’ point, ¢} = a;, el = b;. Now, as you move (i.e as you increment k), c¥

alternates between a;, and b; equalling it’s starting value, a; at odd ks and e¥ alternates
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between b; and a; equalling it’s starting value b; for odd ks. Now, take any i < n. c

alternates between a; and b; in blocks of length 201, cf = q; when k is in the first
block, {1,2,...,271} (i.e, when [k]y € {1,2,...,271}) and ¢f = b; when k is in the
second block, {2071 +1,...,2'}(i.e, when [k]y € {271 +1,...,0}) and so on. Similarly,

ef alternates between b; and a; in blocks of length 2¢71. O

Lemma 4.11. Let n € N and let {[a;, b;]7}"_, be such that for all i, [a;, b;]7 is unit col-
umn vector in C? and let W = @'_, [a;, b;]". Then, [(W|d,|W)| € [27"(1-2n""),27"(1+

2n71)]

Proof. Fix n and V as in the statement and write d,, as a block matrix with each block

of size 27! by 271,

A B
d, =
BT A
Letting V = @7 [a;, b:]7, in block form, W = [a, VT, b, VT|T. Let V = [v1, v, ..., v901]7.

It is easily checked that
(Wld, W) = 27" + ab, VBV + a,b:VIB"V.
By the form of B we get,

—n[,* , % * T
VIBV = 27"[v, v}, ... v 1] [vgn—1,Vgn1_1, ... Van 1 41,0,...,0]7.

Tn

= 2—'(1, Z UZUQle,kJrl.
k=1

By the previous lemma,

Tn n—1 n—I1
VIBV <27 Y okl lvan-1opga| = 277 | [ laillba] = 27" | [ laslv/1 = [asf
k=1

=1 =1
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Since z4/1 — 22 has a maximum value of 1/2 and recalling definition of 7,

1 927 *7217n

ViBV|<2™

on=1 n n

1-n

2
Similarly, [VIBTV| <

. Noting that |a%b,|, |a,b%| < 1/2,
n

21—n
(W |doW)| < 27" + |akb, VIBV| + |a,biVIBTV| < 27" + :
n

and
21—n
n .

(W d, W) =27 — |ab,VIBV| — |a,biVIBTV| = 27" —

Lemma 4.12. p is mR.

If p is any measure on 2¥, we can define Martin-Lof randomness with respect to p
exactly as we defined it for the uniform measure. Denote by M LR(p), the set of bit-

strings Martin-Lof random with respect to p [22].

Proof. We use ideas similar to Theorem 196(a) in [22]. For convenience, for all i > 5,

define

Let B be any computable measurement system. We show that M LR(u)) < MLR. Since
pS[MLR(p)] = 1, this implies that p(MLR) = 1. Denote p by p for convenience.
Let A denote the uniform measure. We will abuse notation by writing p(7) instead of the
more cumbersome pu([[7]) for 7 € 2. Let X € MLR(u). Write X as a concatenation of

finite bitstrings : X = o050¢...0, ... where g, € 2" for all n € N. Let S, := 050¢...0,
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be the concatenation upto n. Let p; be such that for all 7 € 27,

p(r) o= [ QTN QW]
= =

By [4.1] and by the form of p we see that,

p(Sn) = [ [ (o).
i=5
Note that p is computable [22] since p and B are. Since X € M LR(u), by the Levin-

Schnorr theorem (Theorem 90, section 5.6 in [22]) there is a Cy such that
Vn, —log(u(S,)) — C1 < KM(S,).

By Theorem 89, section 5.6 in [22] fix a C such that
Vn, KM(S,) < —log(\(S,)) + Co.

By these inequalities and taking exponents, we see that there is a constant o > 0 such
that

Vn, (1(Sy) = ai(S,).

Letting r; := u;(0;) and 6; := A(o;) — r; in the above,

Vn,HmZocHn—i—éi. (47)
i=5 i=5
Let i/ be a probability measure on 2 such that for all o € 2<%, p/(0) := 2u(0) — A(0).

In particular, this implies that

Vn, 1/ (S,) = ﬁri — 0;.

=5

Note that ' is computable since p and A\ are. Applying the same argument which

resulted in 4.7, we get that there is an € > 0 such that,

Vn, r; — (51 (48)

r; = €

n n
=5 1=5
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By Lemma [4.11, for all 4,7; € [27%(1 — 2i71),27%(1 + 27 1)]. So, |&] = |r; — 277 €
[0,27""1;71]. Hence,
ri40; =270 — 27T 9= liml = 97 — 4471] > 0, since i > 5. Similarly, r; — &; = 0.

By this, multiplying [4.7] and [4.§] gives,

n

Vn,Hr?)aeﬁr?éfzaeﬁrfﬁ( *i—’z) (4.9)

By the above,

[4.9 gives,
Vn, (ae) ' [ [P =[P -0t =] ][rIF (4.10)

1=
3
_|_
S
\%
Q
3

=5 1=5

Recalling the definitions of r; and ¢;,
Vn, A(Sy) = Gu(S,).
Letting D = C} — log(G) and recalling the definition of Cf,
Vn, —log(A(S,)) < —log(u(S,)) — log(G) < KM(S,) + D.
By Theorem 85 in [22], KM (.) < K(.) + O(1) and so there is a F > 0 such that
Vn, —log(A(S,)) < K(S,) + E.

Noting that —log(A(S,)) = |S.| = 5, + n, 3.2.14 from [28] implies that X is MLR. [
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The theorem is proved. O

Intuitively, the non-equivalence of mR and ¢-MLR should not be surprising given that
entanglement in composite systems cannot be detected by independent measurements

of the subsystems. Let us elaborate on this remark.

Remark 4.13. p in Theorem [4.8]is built up from d,,;s where each d,, has r,, many entangled
eigenvectors with non-zero eigenvalue and r, many entangled eigenvectors with zero
eigenvalue. This inhomogeneity in the distribution of eigenvalues is solely due to these
entangled eigenvectors (all the 2" — 2r,, many non entangled eigenvectors of d, have
the same non-zero eigenvalues). A crucial part in showing that p is non g-MLR was
to use the inhomogeneous eigenvalue distribution to bound the size My (see in the
proof of Lemma . Heuristically speaking, the the non-quantum randomness of p
is a reflection of the non-uniform eigenvalue distribution of d,, which in turn is due to
the presence of entangled eigenvectors of d,. It is hence reasonable to expect that the
quantum non-randomness of p, which stems from entanglement, cannot be captured by
measurements in the sense of Definition using pure tensors (i.e. measuring each

2-dimensional subsystem independently).

4.5 (Generalizations

We sketch some ways in which the Section [4.4]s results generalize. Given S € 2¥, we
may relativize the notion of Martin-Loéf randomness to define the set MLRS < 2% of
infinite bitstrings which are Martin-Lof random with respect to .S. The halting problem,
denoted by ¢’ < N is an incomputable set important in computability theory. Letting

™ be the n — 1th iterate of the halting problem, an element of Cantor space is said to
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be arithmetically random if it is in M LR?™ for every n (see 6.8.4 in [21]). Given S € 2¢,
relativizing the proof of Lemma shows that M LR® (uf ) € MLR? as follows. Take
an X € MLR®(u). Relativizing Theorems 85 and 90 from [22] and 3.2.14 from [2§] to
S and noting that KM9(.) < KM(.) and following the proof of Lemma shows that
X € MLR®. This shows that ,upB (MLR®) = 1 holds for any S € 2* and any computable
measurement system B. In particular, if B is any computable measurement system,

uB(MLRZ™) =1 for all n. So,

pE[((MLRZ™)] = 1.

neN

So, measuring p, the state constructed in Theorem in any computable measure-
ment system yields an arithmetically random infinite sequence of bits, with probability

one. The above note naturally suggests a definition:

Definition 4.14. p is said to be strong measurement random (strong mR), if u% (M LR®) =

1 holds for any S € 2% and any computable measurement system B.

By Remark [4.4] and by the above discussion on relativizations, we can also consider
measurement of a state in non-computable measurement systems by using an appropriate
oracle. We do not explore this here.

One may ask if we can build other computable examples of ps which are not g-MLR
and are mR. We note that a straightforward modification of the proof of Theorem
yields a family of such ps. We do not provide all the details here for lack of space.
Let h : N — N and g : N — (0,1) be computable, satisfying the following for some

constants ¢ € (0,1) and F' > 0:

09]

(1=h(n)27") =0,] [(1=h(n)[27" = g(n)]) =4,

n=>5 n=>»5
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(n)h*(n)
Vn, g(n) " and H 1_29 Wh(n ))2]=F.

Let p be defined as in the proof of the main Theorem but with r,, replaced by h(n) and
with the h(n) many entries on the extreme ends of the anti-diagonal of d,, being equal
to g(n) instead of 27". Then, this p is computable and mR (in fact, it is strong mR)

and fails a g-MLT at order ¢.

4.6 Measurement randomness and q-MLR for prod-
uct states

Although Theorem shows that mR and g-MLR are not equivalent in general, it is

interesting to investigate if these notions are indeed equivalent for certain special states.

Definition 4.15. A state p = (ps)s is defined to be a product state if there is a 2™ by

2™ computable density matrix d such that for all n, p,,, = ®}_,d.
Theorem 4.16. Measurement randomness is equivalent to g-MLR for product states.

We first prove some purely linear algebraic lemmas. We will use the block matrix
and block vector notation; capital letters will indicate that the block is a matrix and
not a scalar. For n > 1, unit vector v € C*" will be called atomic if it is of the form
v = ®"_,v, for some complex algebraic unit vectors v, € C2. L.e., v e C*" is atomic if it

is a product tensor of n many complex algebraic unit vectors, v, € C2.

Lemma 4.17. If E is 2" by 2" and v"Ev = 0 for all atomic v € C*", then E is the zero

matrix.
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Proof. The proof is by induction. Suppose E is 2""! by 27! and satisfies the hypotheses

of the lemma. Let

A B
E =

9

C D

where each block is 2" by 2". Let X be an arbitrary 2" by 1, atomic column vector.

Then, if 0 represents the 2" by 1 zero column vector,

1 X
®X =

ol

0

is atomic too. So,

A Bl |X

[XT 5] = XTAX =0.
C D||O

As X was an arbitrary atomic vector, A is the zero matrix by the induction hypothesis.

Similarly, D is the zero matrix. Note that

is atomic. So,

1 1 (X 0 B2||X X'BX + X'CX
Oz—[XT XT]E— :[XT XT] / =( ; )
V2 V2| x cr oo ||x
So, for all atomic X, XT(B + C)X = 0. By the induction hypothesis, B = —C.
) 1
2 — | 2
Nl R
F) 2

is atomic. So,

1 7

. —X . 0 —B =X ;

0= {__ZXT \/_ng] E \% = [__ZXT \/_ng] 2 = igXTBX.
o R
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So, for all atomic X, XTBX = 0. By the induction hypothesis, B = 0. This proves the
induction step. We omit the details of the base case (i.e., when n = 1 and E is two by

two) as it can be proved similarly to the induction step. O
Let I,, denote the 2" by 2™ identity matrix.

Lemma 4.18. If F is a 2" by 2" Hermitian matrix such that v’ Ev = 27" for all atomic

veC?, then £ =27"],.

Proof. The proof is by induction. Suppose E is 2"+ by 2"*! and satisfies the hypotheses
of the lemma. Note that because the standard (computational) basis vectors are atomic,

E has 27! along the diagonal. Let

where each block is 2" by 2". Let X be an arbitrary 2" by 1, atomic column vector.

Then, if 0 represents the 2" by 1 zero column vector,

is atomic too. So,

A B||X
l)(T 5] = XTAX =271,
BT C|]0

So, for an arbitrary atomic vector X |

XT(24)X =27,
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Note that 24 = 2A" (as E = E') and that 24 has 27" along the diagonal. So, by the
induction hypothesis, 24 = 27"[,,. Similarly, 2C' = 27"1],,.

®X =

Sl

X
X

Sl =l -

is atomic. So,

on-1_ L [ ; T]E 1| X { T T] 2"2[,  BJ2 X
=X X B = X" X
V2 V2 lx B2 2| | X

(X'BX + X'BIX)
2

+ 277171 ]

So, for all atomic X, Re(XTBX) = 0. Similarly, we show that Im(X'BX) = 0 as

follows:

is atomic. So,

1 X

1
ol - — Iyt _ixt| BE——
\/i[X ’X] V2 |y

[XT 'XT] 27"l  BJ2 X | i(X'TBX — XTB'X)
= —1 —
B2 22| |ix 2

So, for all atomic X, XTBX = 0. By Lemma, m, B is the zero matrix. This proves

the induction step. We omit the details of the base case (i.e., when n = 1 and FE is

—n—1

Hermitian two by two) as it can be proved similarly to the induction step. O

We now prove Theorem [£.16]
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Proof. By Theorem [4.6| it suffices to show that if a product state p is mR, then it is
q-MLR. Let state p = (ps)s be a mR product state. So, there is a 2™ by 2™ computable
density matrix d such that for all n, p,,, = ®7_,d. We show, using Lemma , that d
must be the 27"1,,, and hence that p is ¢-MLR. Suppose that there is an atomic v € C*"
and a p such that vidv = p # 27" (Note that p € [0,1] as d is a density matrix).
So, v = ®7_,vs for some complex algebraic unit vectors v, € C2. For each s, let w,
be the unique complex algebraic unit vector such that v, and w, form a orthonormal
basis of C2. Define a measurement system by B = ((b},b})), where b} := v, and
b, := w, for t = s (mod n). Le., informally speaking, B consists of copies of v. As v
has ‘length’ equal to n, B repeats with period n. Consider dividing an infinite bitstring,
X into blocks of length n (L.e., the first block is X (1)X(2)--- X (n), the second block is
X(n+1)X(n+2)---X(2n) and so on). Given an X, let fx(s) = the number of blocks
which are equal to 0" in the first sn many bits of X. By the strong law of large numbers,

for pf- almost every X,

lim fx(s)

§—00 S

However, it is known that if X is MLR, then

lim Ix(s)

§—00 S

:2_”“;&1)

So, (M LR) = 0 and so p is not mR. So, such v and p cannot exist and by Lemma
4.18) d =27"1,. O
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4.7 Conclusion

We constructed a computable, non-random qubitstring which almost surely yields a
arithmetic random bitstring when measured. Formally, we construct a computable,
non -MLR state which yields an arithmetically random bitstring with probability one
when ‘measured’. Arithmetic randomness is a strong form of classical randomness,
strictly stronger than Martin-Lo6f randomness (See 6.8.4 in [21] for details on arithmetic
randomness). Our result hence provides further evidence for the philosophically and
practically important claim that ‘true’ randomness (as against pseudorandomness) [15]
can be extracted from certain quantum systems. While several schemes exist for gen-
erating a random bitstring from a quantum source [1},3-5}/15,125,133], to the best of our
knowledge, none of these produce arithmetic randomness. It hence seems plausible that
our results may prove to be relevant to the construction of quantum random number
generators [15}23].

Abbott, Calude and Svozil have also studied bitstrings resulting from measuring a
quantum system [1,3]. However, their notion of measurement is significantly different
from ours. In contrast to our work which considers measurement of an infinite sequence
of qubits, they studied the randomness of a sequence of bits generated by repeatedly
measuring a finite dimensional quantum system. They go on to apply this to quantum

random number generators and their certification [1}-3}/15].
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These questions were one of the factors which led me to explore this area. André Nies
independently suggested that one might get a measure on Cantor space by ‘measuring’

a state.
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Chapter 5

Entropy and computable states

The von Neumann entropy of a density matrix is the Shannon entropy of the distri-
bution given by its eigenvalues [27]. In this chapter, we are concerned with the von
Neumann entropies of the initial segments of states. Recall from Definition that
each finite initial segment 7,, of the tracial state 7 is the maximally mixed state with a
(maximum possible) von-Neumann entropy equal to n. This suggests that computable
states whose initial segments’ total eigenmass of one is ‘evenly spread out’ over all the
eigenvalues are quantum Martin-Lof random (q-MLR). Heuristically speaking, since the
eigenvectors of the initial segments of computable states are computable and hence easy
to describe, the randomness of computable states cannot stem from the randomness of
the individual eigenvectors of the initial segments. Rather, their randomness should re-
sult from the eigenvalue mass of their initial segments being ‘uniformly spread out’ and
hence difficult to ‘capture’ using a quantum Martin-Lof test. The uniform spreading of
the eigenvalues should be reflected in an asymptotically high von-Neumann entropy of
the state (States having initial segments whose eigenvalues are evenly spread out have
a ‘high von-Neumann entropy’, where we use the quotes as the von Neumann entropy is
defined for density matrices and not for states. We describe below a way to make sense
of von Neumann entropy for states).

Motivated by this, we explore the asymptotic behavior of the von-Neumann entropy
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of the initial segments of computable states. Let H(p,) be the von-Neumann entropy of

pn. We show Theorems [5.4 and [5.2] which can be summarized as: For any computable p

H{py
e 3 H(py) >n—c= pis ¢-MLR = H(p) := limnM =1
n

Further, we provide an example to show that the first implication does not reverse.
It is easy to see that the second does not reverse too. So, these implications are strict.
Recall that weak Solovay randomness is equivalent to -MLR for computable states

and hence all results here also hold for weak Solovay random states.

Definition 5.1. The von-Neumann entropy H(p,) of a density matrix p, on n qubits
is defined as: Let p, have a orthonormal eigenbasis (|W>)Z<2n and corresponding eigen-

values (q;)i<on. So,

po= D @il )(¥'].

12"

Since p is a density matrix, Tr(p) = >, a; = 1. So, we can define:

H(pa) = — ) cilogy(a),

I<2"

5.1 g-MLR implies maximum entropy per qubit.

Theorem shows that, asymptotically speaking, computable g-MLR states have max-

imum von-Neumann entropy ‘per qubit’.

Theorem 5.2. If p = (p,), is a computable quantum Martin-Lof random state, then

H
H(p) := liminf, (Pn) = 1.
n

}{(pn>

In fact, noting that for all n

H(py)

< 1 we have limsup,, < 1. So, the theorem

}{(pn)

exists and is 1.

implies that lim,,
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Proof. Proof sketch: Suppose towards a contradiction that H(p) < € < 1. This implies
that (see Lemma there is a 0 > 0 such that for infinitely many n, there are 2™
many eigenvalues ai, ...., gne of p, with >, o > 6. To prove this one argues as follows:
If no such ¢ existed, then one can bound the entropies of the p,s from below and show
that H(p) = e. Then, the computability of p allows us to build a test which p fails at 9.
Details: Towards a contradiction, let p = (p,), be ¢-MLR with H(p) < e < 1. Let
pu= D, afler)(Wrl,
i<2n
where, af > af = --- = al..

We begin with a lemma.

Lemma 5.3. For the above € there is a § > 0 such that 3%n

The lemma says that a constant (§) amount of eigenvalue ‘mass’ concentrates at the

first [2"¢] many largest eigenvalues, infinitely often.

Proof. Suppose towards a contradiction that YV 3/Ns such that,
n > N5 = Z a; < 0.
i<[2ne]
Fix a § < 0.5 and a n > N;. For this n, define the sequence (rl');<on as follows: For
i < [2"], let r{" :=qaf. For [2"] <i < I (I € w will be defined shortly), let 7} := oy
For I <1< 2" let r! := 0. Here, I is picked to ensure that

L=y < D P < 1. (5.1)

i<]
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So, r; = a; from 1 <4 < [2"] and r; is the constant afy,.. from [2"] <4 < I where
I is the largest number so that the r;’s sum to less than 1. Why does such an I exist?
Do Tl increases by Ofyne When ¢ increases by 1, for ¢ > [27¢]. We can keep increasing ¢

and stop the first time >}, _, 77 > 1. Le., we find a I such that },_, " <1<, _, 77

i<t T i<I+1 "¢

Since, D T8 Qe TH = Ofyney, the inequality holds. Let S,, =

n
: Ticon and we

i
drop the subscript of S.
Let p? := S7r". So, p = (p!')i<on is a probability distribution on 2" and dominates

(r;)i;- Let H(p) be its Shannon entropy, which we now bound from below.

H(p) Z S~taMog(S Z St fyne log(S™ azm])

i<[2ne] [2ne]<i<T

n > Ny implies that of < < 0.5 and hence that for all i,
a <af <d§<0.5. (5.2)
Note that 0.5 < 1 — 9, since 6 < 0.5. So,
05<1-0<1l—apg<S<L (5.3)
Putting [5.1] and [5.3] together, for all 1,
af <ay <di<l-0<l—-apqg<S<L (5.4)

So, log(S™'a?) < 0 for all 4. So, the first sum in the expression for H(p) is non-

negative. This gives,

— > 57 abglog(ST afyne) = —(I = [2"7)S ™ afynelog (S ey

[2me)<i<T
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Again, since log(S_lafLQne]) < 0, this sum is non-negative. So, we can ignore S~ > 1 to
get:

H(p) > —(I = [2"]) oy l0g(S ™" fyney). (5.5)

Now, by choice of n > Ng,

S=Yrr= > ol + (I = [2")afynqg <5+ (I = [2"]) e

i<[27€]

So,

S — 8 < (I —[2"N)afye.

By the inequality

This gives,

1 =20 < (I —[2"])ajgne-
Since, —log(S_lafgm]) > 0, we can put 1 — 24 in place of (I — [2"])ajyu.) in|5.5| to get:
H(p) > —(1 — 26)log (S afyney). (5.6)

Further, note that ajy.. < 627" (If not, then, for all ¢ < [2"¢], o' = afhnq > 027"
This would give
Z al > [27"€)27 = 2™ 27 = 0,
i<[2ne]
contradicting the choice of n > Ns). So, taking log on both sides:
log(afyne) < log(d) + log(27™).

So,

—log(jgne;) = —log(d) + ne. (5.7)
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Using

—log(S_la’ﬁQm]) = log(S) — log(afyne),
we can write inequality [5.6] as
H(p) > (1 —20)[log(S) — log(ajgne)]- (5.8)

Note that o = (af'); and p = (pI'); are both distributions on 2" with p dominating «

(2

on the support of p (Since S < 1, we have that p; > 0 = p; = S™'r; > 1, = ;) and «

dominating p outside the support of p. So, by inequality [5.8 we have,
H(p) > (1 - 28)[log(S) — log(afyu )] (5.9
Recalling that 1 — § < S < 1 we have that log(S) >log(1 — §). By this and [5.7]
H(pn) > (1 —26)[log(1 — &) — log(afgne))] = (1 — 26)[log(1 — ) — log(d) + ne]. (5.10)
So,

H(pn)

" _25)llog(1 ) — log(6) +ne]

n

But this holds for any n > N5 and so we have this inequality holding for each n in a
sequence. So, using that liminf(x,, + y,,) = liminf(z,,) + liminf (y,) we get:

log(1 — 0) — log(d)

H(p) = liminan(pn) > (1 —26) [liminfn + e] = (1—-20)e.
n

Recall that § was arbitrary and so we have that for all 6, H(p) > (1 — 20)e. By
assumption, H(p) < € and so we can find a dy such that H(p) < (1 — 2dp)e < e.

Contradiction. ]

Now, to get a contradiction, we build a q-MLT capturing p. Let 6 be as in the

previous lemma and without loss of generality, let § be rational. Fix an m; we describe
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the construction of G™ = (GI'),,.

Find an n such that both of the following hold:

° > <[2ne] al > 6. (Infinitely many such n exist by the previous lemma.)

2"+ 1
2n

< 27™. ('This holds for almost every n since € < 1.)

Recall that p is computable and so the n can be found computably, uniformly in m.

Set

G = ) len){vil
i<ane
For k <n, G = & and for k > n, G = G™ ® I* " where [ is the 2-by-2 identity.
Note that 27"Tr(G') < 27™ by the second condition on n. Hence, (G™),, is a ¢-MLT

and Tr(p,GI7') > § by the first condition on n. So, p fails this test at 0. O

5.2 A condition on entropy which implies g-MLR.

Theorem gives a condition on the von-Neumann entropy of a state which implies
that it is ¢-MLR. The condition says that there is a fixed ¢ such that p’s von-Neumann
entropy differs from that of the tracial state by at most c infinitely often. Recall that
the tracial state is ¢-MLR. So, it is quite natural to expect that this condition implies

g-MLR. Note that Theorem holds for any state (not necessarily computable).

Theorem 5.4. Let p = (p,), be any state such that 3¢ 3*n H(p,) > n — c¢. Then, p is
¢-MLR.

Before proving this, recall the following consequence of the singular value decompo-

sition (SVD).
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Theorem 5.5. Let A be a n by d matrix with singular vectors vy, v, ... v, and cor-
responding singular values o0y > 09 > -+ > 0,. Let kK < r and wq,ws, ..., w; be any

orthonormal set. Then,

DUAv P = > Aw]?.

i<k i<k

For p = p, as above with eigenvalues (equal to the singular values since p is symmetric

and positive semidefinite) a; = ag = -+ = qon, let
VP = D Vel (.
i<an

Note that /p has eigenpairs (¢, +/c;) and is positive semidefinite and symmetric. So,

n

its eigenpairs are the same as its singular vector-singular value pairs. If £ < 2" and

Wy, Wy, ..., Wy is any orthonormal set, then since the first k singular vectors of |/p are

Y1, ..., Theorem gives:
Sl = Y el (5.11)
i<k i<k

Let P be the orthogonal projection onto the subspace spanned by wy,ws, ..., wy.

Since 4/p is self-adjoint, (z|\/py) = ((\/p)*zly) = (/pz|y). So,
Tr(pP) = Y Tr(phw)(wil) = > (wilplw:) = > (ypwily/pwi) = > |y/pwil*.

i<k i<k i<k i<k

Similarly, if G is the orthogonal projection onto the subspace spanned by 1, ..., ¢y,

then

Tr(pG) = Y /ol

1<k

So, by [5.11], for any rank k orthonormal projection, G, if P is the orthogonal projection

onto the subspace spanned by the first k singular vectors of p, 11, ..., 1, then

Tr(pG) < Tr(pP) = > Tr(plva){(ws]) = > ai. (5.12)

i<k i<k

Now we can prove Theorem
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Proof. Proof sketch: Suppose for a contradiction that p fails a ¢-MLT (G,,),, at . Fix an
m. As p fails (G,,)m at 6 we have that for a.e. n, the sum S, of the first 2"~™ many largest
eigenvalues of p,, exceeds §. This implies that for a.e. n, H(p,) < 1-mS,+n < 1—md+n
(to get this bound, we consider a distribution more ‘uniform’ than that induced by p,, and
use its entropy to bound H(p,)). Noting that m was arbitrary, we get a contradiction.
Proof details: For a contradiction, let p satisfy the condition but not be ¢-MLR. Fix a
a-MLT, (G™),, and a § > 0 such that p(G™) > ¢ for all m. Le., Vm for almost every
n, we have that Tr(p,G7') > §. Note that since rank(G)') < 2", G is a orthogonal
projection onto a subspace spanned by atmost 2"~™ orthonormal vectors. So, by ,

we have that for all m for a.e. n,

§<Tr(pGp) < Y af. (5.13)

(2
i<2n—m

For a fixed m take a N,, such that for all n > N,,, holds. For an n > N,,, let

n
Sm,n == Z O{Z .

i<on—m
Let (r7(i))i<2n be the distribution on 1,2, ...., 2" defined by:

P (i) = S 2" if § < 27,
1= Smun

r(i) = (L= Simn)

on(l —2-m)

The distribution (77(7));<2» is uniform on each of the two intervals {1, ...,2""™} and

it 2" <4 <27,

{2r=™ +1,....,2"}. Its total mass on the first interval is S, ,, and that on the second is
1 — S It is obtained by first considering the total mass of (v, (%));<on on each interval
and then by uniformly distributing the mass within each interval. The distribution of the
total mass between the 2 intervals is same for both (77(7));<on and (o, (7))i<on. Within

each interval, (777(i));<on is at least as uniform as (ay,(7))i<on. So, by Exercise 2.18 on
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page 50 of the book by Thomas and Cover [18], we have that,
H(pn) < H((r}'(i))i<zn)- (5.14)

Recall that this holds for ¥Ym and Vn > N,,. Let, (r7"(7));<o» be denoted by r*. We now

bound H (r]") from above to get a contradiction.

1-8 1-8
H(r™) = —|on—m om—n] om—n on_gn—m m,n 1 m,n .
(') l (Shn,n 0g(Sm,n )+ ( )2”(1 pE Og(Q"(l — 2_m))]
This simplifies to:

H(r") = h(Smn) — mSpmp +n+ (1 —S,,)log(l —27™).

where h(Smn) = —Smalog(Smn) — (1 — Spn)log(l — Sy,,) is a positive real number
between 0 and 1 and so we can replace it by 1 to get an upper bound. Note that

(1 — Spn)log(l —27™) < 0. So, we can drop it to get an upper bound,
H(r") <1—mSy, + n. (5.15)
By and we get that for all m and for all n > N,,,
H(p,) < H(r]') <1 —mSy, +n. (5.16)
By assumption fix a ¢ such that
I*n, H(pn) =n —c. (5.17)

Now, for all m, holds for almost every n and holds for infinitely many n. So,

for all m, [5.16| and hold for infinitely many n. lLe.,

Vm3®n, such that n —c < H(p,) <1 —mS,,, +n.
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So,

VYm3*n, such that —c <1 —mS,,,.

So,

VYm3®“n, such that ¢ = —1 + mS,, ..

Noting that S,,, > ¢ for n > N,,, we get that
Vm3®n, such that ¢ = —1 +mS,,, = —1 + mod.

So, Ym, ¢+ 1 = md. Contradiction. n

Remark 5.6. Any state differing from the tracial state at only finitely many qubits clearly
satisfies the hypothesis of Theorem 5.4, We construct another one: Let f be any function

on (0,1) satisfying

fo f(s)ds =1and — o < —L f(s) log(f(s))ds < oo.

For example, let

I —

(1 —Inz)3’
on (0,1) where In stands for the natural logarithm. Define a diagonal state p = (p,), as

follows. Fix n. For all o € 2" let

ay = J[G] f(s)ds.

Here, [o] < (0,1] is the open interval defined by the string o.

Pn = Z aglo){al.

oe2n
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Note that p is coherent since o, = a1 + Q0 by definition and since So s)ds = 1. Now

we show that p satisfies the hypothesis of Theorem [5.4] For any n by definition of the

o] o)

oe2n

a’s, we have,

By the mean-value theorem and continuity of f, for all o there is a z,, € [o] such that

f[ ()5 = 2771 o).

So
H(pn) = = >, 27" f(x,) log(2" f(,))

oe2n

Y 2 () (4 log(f(x,)))

oe2n

- — Z 27" f(xo)og(f(zs)) + 1 Z 27" f ()

oe2n oe2n

2—22”fxglog (24) +nZJ f(s

oe2n oe2n

= Riemann Sum|[—f(.)log(f(.)), Mesh Size = 27"] + nf f(s)ds
0
So, as the last integral is equal to 1,
H(pn) —n = Riemann Sum|—f(.)log(f(.)), Mesh Size = 27"].
So s)log(f(s))ds = ¢, for some constant c. Since the Reimann Sum converges to

¢, we have that H(p,) —n = O(1) as required.

We now give an example to show that Theorem cannot be reversed. The con-
struction will be along the same lines as the preceding remark. Let f be any function

on (0, 1) satisfying:

L f(s)ds =1 and —J f(s)log(f(s))ds = —o0.

0
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For example, let

fla) = ——

~ 2(1 — Ing)?

on (0,1). Define a diagonal state p = (p,),, as follows. Fix n. For all o € 2" let

ay = J[U] f(s)ds.

Here, [o] < (0, 1] is the open interval defined by the string 0. We let

Pn = Z aglo){al.

oe2n

Note that p is coherent since a, = a,1 + @y by definition.
Lemma 5.7. pis g-MLR.

Proof. Let (G™),, be the universal ¢-MLT. Given a § > 0 we find an m such that

p(G™) < §. Since f is in L1[0, 1], by absolute continuity, find a m such that

Lﬂ@®<&

for any interval I < (0, 1), with [/| < 27™. We claim that this m works by showing that
for all n, Tr(p,GI') < 0. Fix an n. GI' is an orthogonal projection with rank at most
2"~™ . By using the consequence of the singular value decomposition,

Tr(p,G') < Z ay = ZJ[ ]f(s)ds = JE f(s)ds <9,

o€l oel
where L is the set of ¢’s corresponding to the 2"~ largest singular values of p,, which
are the a,’s. Le., L = {0y, ....om-m} if {ag,,.....a5,, , } are the first 2"™™ largest o’s.
E = |J;lo] is a interval. Since |L| = 2" ™ and |[o]| = 27", we have that |E| =

2 ngnmm = gm, O
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Lemma 5.8. For all ¢ > 0, for almost every n, H(p,) —n < —c. So, the condition of

Theorem [5.4] does not hold for p.

Proof. For any n, by definition of the a’s, we have,

== B e[ i)

By the mean-value theorem and continuity of f for all o there is a z, € [o] such that

j[ ()5 = 27" ).
So,
H(pn) = — >, 27" f(x,)log(27" f(,))

oe2n

Y 2 (e,) (- + log(f(x,)))

oe2n
= = 2" f(a,)log(f(z,) +n Y. 27" f(x,)
oe2n oe2n
:_ZQ"folog (7o) ~|—n2jf
oe2n oe2n

= Riemann Sum|[—f(.)log(f(.), Mesh Size = 27"] + nJ f(s)ds
0

So, as the last integral is equal to 1,
H(pn) —n = Riemann Sum|[—f(.)log(f(.), Mesh Size = 27"].
So s)log(f(s))ds = —0. So,

lim H(p,) —n = lim Riemann Sum|—f(.)log(f(.), Mesh Size = 27"]

n—00 n—0o0

- f F(s)log(f(s)ds = —

So, for all ¢ € w there is an N such that n > N implies that H(p,) —n < —c. O

So, p is the required computable g-MLR.
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Chapter 6

Open questions

An important open question is whether weak Solovay random states have a Levin—Schnorr
characterization in terms of QK. Techniques similar to those used in Subsection [3.3.3]
may prove to be useful in answering this.

It still remains to find a complexity based characterization of q-MLR states. In this
direction, Nies and Scholz found a partial Miller—Yu theorem concerning the quantum
descriptive complexity of ¢-MLR and weak Solovay random states [31]. One can ask
whether a Miller—Yu type result holds for -MLR and/or weak Solovay random states
when using QK as a complexity measure.

An interesting question is whether weak Solovay randomness is equivalent to -MLR,
a positive answer to which will yield a QK based characterizations (namely, those in
Theorems and of ¢-MLR.

Another interesting question is to find a von-Neumann entropy based characterization
of ¢-MLR for computable states. Chapter [5| contains partial results towards answering

this question.
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