NOTES ON VECTOR BUNDLES WITH INTEGRABLE CONNECTION AND
CLASSICAL RIEMANN-HILBERT CORRESPONDENCE

RUOFAN JIANG

ABSTRACT. These are the notes for the second talk in Brian Lawrence’s reading group P' minus
three points which happened in fall 2022. We discuss the basic notion of vector bundles with
connection on complex varieties, state and prove Riemann-Hilbert correspondence in the cases of
projective variety and (affine) algebraic curve. A good reference is |[Con|. We also provide a concise
review of relative de Rham cohomology and Gauss-Manin connections, with emphasise on examples.
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1. VECTOR BUNDLES WITH INTEGRABLE CONNECTION

We discuss the basic notion of (algebraic and analytic) vector bundles with connection on complex
varieties. Tons of examples will be given.

1.1. Definitions and examples. Let X/C be a smooth variety and £ over X be an algebraic
vector bundle. A connection on £ is an Ox-linear sheaf morphism

(1.1.1) Vi€ —=0Qx®oy €

satisfying the Leibnitz rule V(fs) = df ® s + f - V(s) for local sections f of Ox and s of £. An
equivalent way of rewriting (1.1.1)) is
(1.1.2) V:Tx — Endox (5)

Writing V(a%)s = g—;, we can then express the Leibnitz rule as %—g; = g—}gcs + gg—;. Therefore one can

think of the connection as a mechanism of differentiating a vector bundle along vector fields. The
category of algebraic vector bundles over X with connection is denoted VC(X). For each i > 0, V
induces a unique Ox-linear morphism

Vi Qy @0, € = Q! ®0y €
by the rule Vi (w ® s) = dw ® s + (—1)%w A V(s). The composition
(1.1.3) R=V'oV:E 0% o, €

is called the curvature form of €. & is called integrable (or flat) if its curvature is 0. The full

subcategory of VC(X) consisting of vector bundles with integrable connection is denoted VIC(X).

A flat section (or horizontal section) of (£,V) is an analytical local section s such that V(s) = 0.

When restricting the connection to a curve v : I — X, we recover the notion of parallel transport,

i.e. moving local geometric data along curves. We will see in Lemma that the flat sections
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of (£,V) form a constructible sheaf (in analytic topology) of C-vector spaces, denoted ker V. If
V is furthermore integrable, then the holonomies are trivial, i.e. if two paths connecting the same
starting and ending points are homotopic, then the parallel transportation of a section of € from the
starting point to the end point along both curves are equal. In this case, ker V is a locally constant
sheaf of rank rk&. If X is connected and x € X is a point, ker V gives rise to the monodromy
representation

m(X,x) = GL(E(z)),y — {e — parallel transport of e along v}.

The integrability condition guarantees that the map only depends on the homotopy class of the
loop.

Remark 1.1. The above constructions have their analytic counterparts. For example, a holomorphic
vector bundle with connection is a holomorphic vector bundle with an O xan-linear sheave morphism
V. The categories of holomorphic vector bundle with connection and integrable connection are
denoted VC(X*") and VIC(X?®"). There are analytification functors

F™ : VO(X) — VC(X™),
F VIC(X) — VIC(X™),

When X is projective, F*" is an equivalence by GAGA (Géométrie algébrique et géométrie analy-
tique, see |[Wika]). However when X is not projective, the algebraic categories are usually "larger"
than their analytic counterparts, in the sense that two non-isomorphic algebraic vector bundles with
connection may be holomorphically isomorphic, see Example [I.5]

Remark 1.2. Confusion may arise if the readers are more familiar with the notion of connections in
differential geometry. In differential geometry, a vector bundle with connection and its curvature
are still defined as and . We shall make a clarification here.

Let X be a complex variety and (£,V) € VC(X?"). We can forget the complex structure and
consider X has a smooth manifold over R. We shall call the smooth manifold as X% the vector
bundle as 1 and the tangent bundle as Qyair. The readers should be aware that the dimensions
of Xt £diff and Qyae are doubled. More concretely, let {z®} be a set of local coordinates of
X. Then X% has local coordinates {2%,2°} and Qyae has local coordinates {dz®, dz*}. The
holomorphic connection V also gives rise to a smooth connection

VAT g 5 Qyan @p £

Let RIfF = vdiff.l o wdiff - The readers shall try to establish a relation between R and R, In
particular, one shall verify that if R = 0 then RY# = 0, so there is no ambiguity in defining the
integrability. However, many frequently used connections in differential geometry are not holomor-
phic. For example, the Levi-Civita connection, which gives rise to Riemannian curvature, is usually
not holomorphic.

Ezxample 1.3. Ox is canonically equipped with a integrable connection V : Ox — Qx which sends
f to df. The flatness follows from the fact that d? = 0.

Example 1.4. A connection on a smooth curve is integrable since Q?X = 0. Geometrically, this means
parallel transport for a holomorphic (or algebraic) vector bundle has trivial holonomy.

Another decent perspective is from complex analysis. Consider a vector bundle (£, V) € VIC(X?").
Let U be an open subset where & is trivial. Pick a global section e € £(U). Now let z € U, and
consider a path v : I — U with v(0) = x. Let ¢(t) be the parallel transport of e(x) along v with

¢(0) = e(x). Then we have
t
e(t) =e— / de.
0

2



To see why this is true, simply differentiate both sides with respect to t. Now suppose 7 is a
nulhomotopic loop in U. Since de is holomorphic, we see that

(1) — e(0) = /de —0.

As a result, parallel transports of a given section along homotopic curves give the same section at
the end point. Note that being holomorphic is essential here.

Example 1.5. Take X = SpecC|z] and £ = Oxe. For any g € C[z], let V, be the unique algebraic
connection such that Vy(e) = g(2)dz ® e.

Claim: in the category of holomorphic vector bundles with connection, all (£, V) are isomorphic to
(€,Vy); in the category of algebraic vector bundles with connection, (€,V,) ~ (€, V},) only when
g=h.

In fact, an isomorphism between (€, V,) and (€, V}) must be of the form f : e — ae. By compati-
bility we have
Vi(ae) = aVy(e),

hence a = Celo @) =h@)dv where C' € C*. This isomorphism is never algebraic unless g = h.

Ezxample 1.6. Local in analytic topology, one takes an open subset U C X such that U admits an
open embedding into C™ and £|y is trivial. Let {z*} be a basis of C™ and {eg} be a basis of &|y.
Christoffel symobls I’gﬁ of a connection V are analytic sections of Ox (U) such that

V(eg) =T 6dza ® e, (Einstein’s summation convention).

The connection 1-form is a matrix
I = (7425, € g (9F7F) .

So under the basis {eg} we can write V = d +I'. If {e};} is another basis of the vector bundle &|y
and {e;} = g{eg} is the matrix of change of basis. Then under the new basis

V=d+glg 4+ gd(g™").

The map goI' : T' — gT'g~! + gd(g~!) is called the gauge transformation. Gauge transformations
do not satisfy the cocycle relation, i.e. h o g o I' # (hg) o I'. This shows that I" is a completely
local construction, i.e. we can not glue them along local patches in the same sense as gluing vector
bundles from local charts.

Now we discuss flat sections under these explicit coordinates. For s = s eg, an easy computation
shows that

ds8
V(s) = <8za + F1555> dz" @ eg,
R=dl'+T AT.

A flat section s is then a solution of a system of first order PDEs

(1.1.4) T s =

See Example [I.7] for a concrete computation.



Ezample 1.7. Let X = G,,, = C— {0} and £ = Oxe; ® Oxey. Writing X = Spec C[z, 2], we have
Qx = Oxdz. Define a connection as follows:
r—|Y - € gl (97)
0 0 X /0
V=d+T.

For a sufficiently small analytical open disk U C X, write a global section s of £(U) as s = x1e1+x2e2
for 1,9 € Oxan(U). Then V(s) = 0 gives an equation

dzry drys 11
— —_— - — =0.
dz ! * ( dz z ) “

Solving it, we see that ker V(U) consist of elements
(1.1.5) s=Che; + (Cl log z + 02)62, Cq,Cy € C.

It is clear that ker V is locally constant. Let U be a small disk around the point 1, and sq,s9 €
ker V(U) such that s1(1) = e; and s2(1) = es. We see that s1 = e; + exlogz and so = es.
Let v be the unit circle, with counterclockwise direction, representing the element 1 € 71(Gyp, 1).
The sections s1, s analytically continue along the path, giving the following unipotent monodromy
representation:

71(Gmy 1) = GLEE(L)), 1 — [(1) Qﬂ .

In general, a strict upper-triangular I always yields a unipotent representation of 1 (Gyy,, 1).

Ezample 1.8 (Example in a different flavor). Now we give a complex analytic perspective towards
Example[I.7] in the same spirit as Example[I.4] Suppose 7 is a curve based at 1. Let e = C1e1+Caes
be a global section of £. As explained in Example the parallel transport e(1) along - is

s:e—/de

v
d
=e+ 0162—2
. z
:€+/0162 dlog z
v

=e+ Cieslogz — C’l/logz des
¥
= Cie1 + (Crlog z + Cy)es.

This recovers (|1.1.5]).

Ezample 1.9 (important!). As a follow up of Example we build, for a given finite dimensional
representation p : 71 (Gm,1) — GL(V), an element (£,V) € VIC(Gp,) such that p = ker V. Let
p(1) = A € GL(V), write A = €2™@ for some a € gl(V). Consider

d
r= —af € gl(Qg, ® V).
Consider (Ox ®c V,d +T) € VIC(G,,). For a basis e of V and a row vector x in C#™V we have

V(xel) = (dx — xadz> el
z
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Therefore flat sections are s = xe' satisfying f% = *2. Solving the equation, we find that flat

sections are of the form
§ = Celog(z)aeT, Ce CdimV.
Therefore the monodromy representation of ker(d + I') is exactly given by p(1) = e?™@ = A.

Exercise: explain this using contour integration, as in Example [I.8]

2. RIEMANN-HILBERT CORRESPONDENCE

Let X be connected and 2 € X. As already illustrated in Example[I.7] it is a general phenomenon
that a vector bundle with integrable connection gives rise to a complex representation of 71 (X, x) via
parallel transport. Conversely, for a finite dimensional complex vector space V' and a representation
p:m(X,z) = GL(V), we obtain a sheaf I, of complex vector spaces on X by quotienting X xV
by m1 (X, x), where X is the universal cover of X. The vector bundle Ky, ®c Ox with V=1®dis
a vector bundle with integrable connection such that ker V = &C,.

Theorem 2.1. There is an anti-equivalence of categories:

VIC(X™) < {

Finite dimensional complex
m1(X, z)-representations }
(Kp ®@c Oxan, 1@ d) < p

(E,V) = kerV

The situation is somewhat different for algebraic vector bundles. When X is projective, one
can replace VIC(X?") by VIC(X), as a consequence of GAGA. The problem arises when X is not
projective, as already noted in Remark [I.I] To make Theorem still true in the algebraic setting,
one need to restrict to a suitable subcategory of VIC(X).

Definition 1 (Connection having regular singularities). A logarithmic compatification is an embed-
ding j : X < X into a smooth proper variety X such that D = X — X is a normal crossing divisor.
Such compatification always exists (Hironaka). Let Q5 (log D) be the subsheaf of j.S1x whose local
sections have at most simple poles along D. An (algebraic or analytic) logarithmic vector bundle
with connection is a vector bundle &' over X with a morphism

V' & = Qx(log D) ®o &'

satisfying the Leibnitz rule. An (€,V) € VIC(X) is said to have reqular singularities, if it has
an algebraic logarithmic extension (£, V) to some X (hence to all X ). The full subcategory of
VIC(X) consists of vector bundles with connection having reqular singularities is denoted VICieg(X).

Example 2.2. Consider the connection (£, V) in Example The only possible compatification is
P!. Let s = 1. Then the connection can be expressed as Vg(e) = —g(%)?—i ® e. Therefore V, has a
regular singularity at oo only when g = 0. The argument also shows that in general, a connection
V =d+T on A' has a regular singularity at oo if and only if I' = f(2)dz where f(z) = O(1).

z
Also note that the connections in Example [I.7] and Example [I.9) have regular singularities.

Theorem 2.3 (Riemann-Hilbert correspondence). There is an anti-equivalence of categories:
Finite dimensional complex
VICreg(X) & {7’[’1 (X, x)-representations }

(K, ®c Ox,Id®d) « p

(E,V) = kerV
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Note that the left hand side is totally algebraic, while the right hand side is transcendental.
Therefore Riemann-Hilbert correspondence builds a bridge between the algebraic and analytic world.
In the following, we will sketch a proof of 2.1} and a proof of 2.3 only in the case of curves. After
all, P — {0, 1, 00} is all we care about.

Lemma 2.4. Let (£,V) € VC(X?"). There is a natural map kerV — £. Let x € X be a point, the
following are true:

(1) (ker V), — E(x) is an injection.

(2) The function dim : X — Z, x — dim(ker V), is lower semi-continuous in analytic topology.
(3) The sheaf ker V|y,,-1(q) s locally constant. In particular, ker V is constructible.

(4) If V is integrable, then X = dim ™ (rk&). In particular, ker V is locally constant of rank rk &.

Proof. All of the statements are local, so we might restrict to a sufficiently small open neighbourhood
U containing x. Choose a trivialization of €|y, we see from Example that ker V is given by the
solution of the PDEs . For any curve € v C U, the restriction of to v is an ODE,
which by Picard’s theorem has unique solution once the initial condition is given. Since for any
point in U there is a « connecting this point to 7, this shows (1).

Suppose dim, ker V has dimension d, i.e. in a small neighbourhood V of x the equation ([1.1.4]
has d solutions si, sg, ..., Sq, whose initial conditions s1(z), s2(z)..., sq4(x) are linearly independent.
The restricting to curve trick again implies that {s;(y)} are linearly independent at any y € V,
showing that dim(ker V), > d. Therefore dim™'([d, c0)) is open, this gives (2).

Let x € dim™1(d). Shrinking U if necessary, we can find a subspace A € ker V(U) such that
A — (ker V), is an isomorphism. Consider the trivial local system i : A — E|y. By (2), i factors
through ker V in a small neighbourhood of z. Shrinking U if necessary, we see that A| dim~1 (@)U
ker V| jim-1(a)ne» and this gives (3).

If V is flat, then a section v € £(z) can be extended to a flat section over U by parallel transport.
This shows that dim(ker V), =rk &, and yields (4). O

Proof of It suffices to show that the compositions of the given functors are isomorphic to
identities. Composition on one direction is
p— (K, ®c Oxan, 1 @ d) — ker(1 ® d).
It is clear that ker(1 ® d) = K,. Composition on the other direction is
(E,V) = kerV — (ker V ®c Oxan, 1 ® d).

Lemma [2.4[4) guarantees that ker V is locally constant of rank rk €. By rank considerations, the
natural inclusion ker VRc O xan < £ is an isomorphism of vector bundles. The inclusion furthermore
commutes with the connections, i.e. for local sections s ® f € ker V ®c Oxan we have

(1d)(s® f)=s@df =V(fs).
Therefore the inclusion induces an isomorphism (ker V ®c¢ Oxan, 1 ®@ d) ~ (€, V). O

Proof of when X is an (affine) curve. By Theorem it suffices to show that the analytification
functor

Fa : VIC,eg(X) — VIC(X™)
is an equivalence. We show this by introducing an inverse functor G : VIC(X®") — VICeg(X).

In fact, pick an embedding X into a smooth projective curve C'. For any P € C — X, pick a
sufficiently small disk P € Dp C C(C). Consider (£,V) € VIC*™(X), the restriction (£, V)|p,—0}
is in VIC(G2"). By Theorem the restriction (€,V)|p,_fo gives rise to a C-representation
of Z = m(Dp — {0}). Now by Example and Example we obtain a vector bundle with
logarithmic connection (€5, V&) over Dp extending (£,V)|p,_{o}. Glueing (E5, VE*) to (£,V)
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along (£, V)|p,—0}, we obtain a holomorphic vector bundle with logarithmic connection (£, V)
over C extending (€, V).

By GAGA (€%, V®) is isomorphic to an algebraic vector bundle with logarithmic connection
(&', V") over C. We have (€', V')|x € VIC,e(X). Define G sending (€,V) to (€', V’)|x. The above
discussion also applies to extension of morphisms in VIC(X?") and we can upgrade G into a functor,
which is easily seen inverse to F'#". Il

3. VECTOR BUNDLES WITH CONNECTION ARISING FROM GEOMETRY

Let S be a smooth variety. An important family of vector bundles with integrable connection over
S arise from geometry. Precisely, these vector bundles arise as the relative de Rham cohomology

“r(X/S) of a smooth morphism 7 : X — S. There is a canonical connection Vam on Hig (X/S),
called the Gauss-Manin connection. In order to keep the review concise and simple, we will always
work on base field C, with 7 projective. The letter n will be used to denote the relative dimension of
X over S. We won’t give precise proof of the statements we make. Rather, we put more emphasise
on examples.

3.1. Algebraic de Rham cohomology. With notation and assumption as above, we define a
complex Q;(/S € Dcon(n710g) as follows:

(3.1.1) 0= Oxss % Qxss 5 0% g B 0% S

The relative algebraic de Rham cohomology Hp(X/S) is an Og-module defined by the i-th hyper-
cohomology

H'(RT(S, 9% /s))-

When S = SpecC, H},(X/S) is just a vector space over C, conventionally denoted HY,(X/C).
Poincare lemma says that the analytification Q}an /gan is a resolution of the constant sheaf Cy.
Therefore via GAGA,

Hig(X/C) ~ H5(X,C).
A more motivated way of viewing this is by de Rham’s theorem, which asserts the existence of a
canonical isomorphism

Hip(X/C) = Hp(X,C),
w— <7 — /w) , where v € HZ (X/C).
g

For general X, Q%., /gan is a resolution of 77 1Ogan. It follows from projection formula that

Har(X/S)™ = Hip(X/S) ®o5 OF ~ R'm(Cx @c 1 '0F) = R'mCy @¢ Ogon,

where R'7,C y is the relative Betti cohomology, which is a locally constant sheaf of C vector spaces.
Again, a more motivated perspective of viewing this is to apply de Rham’s theorem to the whole
family, i.e. we have a canonical isomorphism

~

Har(X/S)™ = R'm.Cx @c Ogan,

(3.1.2) o (7_> /w>

Note that fv w is a holomorphic function over S. This is also the reason why we base change to Ogan.
An important consequence of this isomorphism is that Rm,Cy canonically sits inside Hig (X/9)™"
as the sheaf of differential forms w such that f7 w is constant for all .
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Remark 3.1. Algebraic de Rham cohomology can be defined, not only over C, but over any field
k of characteristic 0. When S = Speck, the cohomology assigning a smooth projective scheme X
with the graded vector space H3y (X/k), is a Weil cohomology theory. This means that H3y (X/k)
behaves well, i.e. has expected dimension and properties (Poincare duality, Kunneth formula and
Lefchetz axioms).

Remark 3.2. The complex 1} admits a canonical bi-complex resolution Q% .. /gan — Q%o Jgan>

called Dolbeault complex. The sheaf Qgéqan /gan has local sections a wedge of p holomorphic differential
forms and ¢ anti-holomorphic differential forms. The resulting cohomology is classically called
Dolbeault cohomology. As a consequence of GAGA, Dolbeault cohomology equals the algebraic de

Rham cohomology when X is projective.

Remark 3.3. There is a Hodge to de Rham spectral sequence that comes from double complex
resolution

(3.1.3) EP? = Rim % o = Hyp'(X/S).

When S = SpecC, (3.1.3]) degenerates at the first page, yielding the classical Hodge decomposition.
In general case, (3.1.3|) gives rise to a Hodge filtration Fil® of ’Hggq(X/S) compatible with the Hodge
decomposition on each fibre. This provides an example of a variation of Hodge structure. As it will
not be used, we won’t go any further.

3.2. Gauss-Manin connection. In contrast to Hiy(X/C), the relative cohomology H)g(X/S)
only contains fiberwise data. However, it is possible to recover the data of the total space from

'r(X/S) by putting a connection Vgum over Hig (X/S), which tells how the fiberwise data vary
"horizontally". This is the intuition of Gauss-Manin connection.

In fact, let w be a differential form in M (X/S). Then the Gauss-Manin connection is the
"most natural" way of differentiating w along vector fields. To motivate it, let S be an open subset
of SpecCJ[t]. Let « denote a cycle in the (n — i)-th relative Betti homology of X/S. Then the
differential %‘: given by Vg is the unique cocycle in Hijg (X/S)™ satisfying

dw _ d /w, Vy e HB ,(X/9).
.

5 dt o dt
It is easy to see that ‘fl—‘z’ = 0 if and only if for every ~, the function f7 w is a constant. It follows
immediately that

kerVaum = Rimgx.

To give a formal definition of the Gauss-Manin connection, note that (3.1.2) equips the analytic
vector bundle Hjp (X/S)*" with an integrable connection

V(s® f) = s®df € R'm.Cx ®c Qgan = Hig(X/9)™ @ Qgan,

which is exactly the Gauss-Manin connection. Though we defined it analytically, the Gauss-
Manin connection is actually an algebraic connection with regular singularities. In other words,
(Hir(X/S), Vam) is an object of VIC,ee(S). There are several ways to show this. For example,
it follows from Riemann-Hilbert correspondence (Theorem , as ker Vgu = RimCy is clearly
a local system over X. Or one can stick to the theory of algebraic de Rham cohomology, defin-
ing Gauss-Manin connection algebraically, then show it coincides with the analytic definition (see
[KO68]).
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3.3. Concrete examples. In practice, one may compute Vg directly is as follows: given a relative
local section w € g, let & be its class in Hir(X/S). One can always lift w to an absolute section
w e Qy /¢ then projects di to Hip(X/S) ® Qx. This computes Vv (w). The readers shall find
out how this method fit into our motivating picture of Guass-Manin connection given in the last
section.

Ezample 3.4. The example is taken from |[Ked|. Let U C Spec C[t] be a Zariksi open subset, and
a(t),b(t) € C[t] are chosen such that the elliptic fiberation

E:y* =2 +a(t)z + b(t)

is smooth projective over U (So U need to avoid points of bad reduction, i.e. points such that
A = 4a® + 270 = 0). Even though we express the curve as an affine curve, what we really mean is
a projective elliptic curve, i.e. there is a point at infinity. Our goal in this example is to explicitly
compute (Hig(E/U), V).

Let U C E; be the affine open chart excluding the infinite section, and V C E; be the affine open
chart avoiding the locus z = 0. As a consequence, z and y are global sections of Oy /7, while w = %I

is a global section of Qp, ;7. The Cech resolution of the de Rham complex Q'Et U associated to the
cover {U,V} is

Ourviy — Qurvyu

| |

Ouwv ® Oy — v © Qyju
The total complex is then

p) p)
Ouiw ® Oy —= v ® Yo ® Ouryiu —= Qinvyo,

01(a,b) = (da,db,b—a), d2(a,B,¢c) =dc+ 5 — a.
As a result we get
ker 32
imo;
Note that ker 0 contains an Opy-linear combination of following 1-cocycles
(w,w,0), (2w, zw — d(y*/x?), —y*/z?),

here one needs to check xw — d(y?/x?) € Qyry su has a continuation to a section in £y, 7. It is easy
to check that ker d»/im 0; is generated by the two 1-cocycles listed. Projecting to the first direct
summand, we have

Hir(E/U) =

HIR(E/U) = Oy (w, zw).

We now compute the Gauss-Manin connection. Let A, B € Oyl[z] such that w = Aydz + 2Bdy.
This is always doable, for example let P(t) = 2 + a(t)z + b(t), then one can choose A, B such that

AP+ BP, =1.
The process of computing Vg is summarized in the following diagram:

d
QEt/(C QQEt/(C

!
!
N2

- v
HfliR(Et/U) —5 H(llR(Et/U) ® QU/‘C
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Note that w itself can be regarded as living in g, c. Differentiating, we find
dw = d(Aydzx + 2Bdy) = Ady A dx + Ayydt A dx + 2Bydx A dy + 2Bdt A dy
Since dx = yw, dy = %wa and 2ydy = Pydx 4+ P,dt, we obtain that
dx N dt = yw A dt,
dy/\dt:% w A dt,
de Ndy = %th A dt.
As a result, we get the following explicit formulas
dw = (B P; — %APt — AP — ByP,)w A dt,
d(zw) = xdw + BP,w A dt.

Projecting down to Hlg (E;/U) ® Qu/c, we find

Veni(w) = (BoP; — %APt _ AP — B,P,)w o dt,
Voum(zw) = zVw + BPw ® dt.
Ezxample 3.5. With the notation as in Example [3.4] consider the elliptic fiberation
Ei:y? =23+t

over G,, = SpecClt, %] Let A = %, B = —3; so that w = %’3 = Aydx + 2Bdy. The computation in
Example [3.4] shows that

1 1
V(w)=—-w®dt, V(iw)=——zw® dt.

6t 6t
Therefore under the basis {w, zw}, the matrix of connection 1-form (Example is given by
dt
— 0
I‘GM = |6t dt
O —
6t

A flat section on a sufficiently small analytic disk U is of the form s = aw+bxw where a,b € Ogan (U).
Therefore we get differential equations

ds dw dxw
= azw + a—t + brxw + b——.

0= d dt

Solving, we get a = Clt_%, b= Cgt%. Therefore we get ker Vanr as a rank two local system whose
monodromy representation at the point 1 is given by

71(Gumy 1) — GL(Cw @ Caw), 1 |6 9,1,
0 G

The monodromy is trivial after passing to the etale cover t — t%, corresponding to the fact that the
1
fiberation E; : y?> = 2% + t becomes trivial by adjoining 5.

Ezample 3.6. With the notation as in Example [3.4] consider the elliptic fiberation

Ei:y? = (22 —t)(z —1)
10



over P —{0, 1,00} = SpecClt, %, t_%] By a similar argument one shows that the connection 1-form
of Vawm is given by

1 1
Tom = [4“:11) 4(’*:1”] dt.
H(-1) A1)
Near a point z € U(C), we expand —I'gy as Laurent series
—Tam= Y (t—2)"Ty.

n>—1
A flat section s = aw + bzw in a small analytic disk V' is given by the ODEs
(at7 bt) + (CL, b)FGM =0,

and it is easy to see that a solution (a,b) is given by

(t—z)"t1!

(a,b) = (Cy, Cy)er 1108l T2nz0 =T 0y ¢ € C.

Therefore the monodromy around z is completely determined by the term el 11982 Around
points 0 and 1, the corresponding I' _; are given by

Lfo o 11 1
1l-1 o] ™47 |-1 41

respectively. Let zg # 0,1 and 7,1 be simple loops based at zg and travel around 0 and 1, so that
m1(U, 20) is the free group generated by -y and 1. The monodromy representation is then given by

m(U; 20) = GL(Cw & Caw), 0 = [_1m- (1)] =L+ [ b 11] .
7 — —

The local monodromies are unipotent, while the Zariski closure of the global monodromy is SLs.

There are strong restrictions on the monodromy of local systems that come from geometry. The
following are some big theorems underlying Example and Example We simply state them
without any comment. The readers shall find out how they fit into the examples.

Theorem 3.7 (Picard-Lefschetz, [Wikb|). Let X — P! be a proper flat family of relative dimension
n. Suppose all critical points only have Aj-singularities (singularities that locally look like nodes) and
lie in different fibres, with image 1, ...,xg. Let x ¢ {x1,...,x}, then the monodromy representation

7 (P — {z1,...,21},2) = GL(H"(X,,C))

s given by
(n+1)(n+2)
’}/i(w) =w+ (—1) 2 (w, 6z>6z7
where ~y; is the simple loop based at x and going around x;, and &; is the vanishing cycle corresponding
to x;. The monodromy actions on cohomologies of other degrees are trivial.

Theorem 3.8 (Griffith-Landman-Grothendieck-Katz, |Kat70]). Let X — X be a proper flat mor-
phism with X a smooth curve, suppose the morphism is smooth over the open subset X —{x1,...,x}.
Let © ¢ {x1,..x1} and ~; be the simple loop based at x and going around x;. Then the ~y; ac-
tion on GL(H'(X,,C)) is given by a linear operator T which admits a decomposition of the form
T =DU =UD such that

1) U is unipotent with (I — U)*+1 = 0.

2) D is semisimple and all of its eigenvalues are roots of unity.

Theorem 3.9 (Deligne, |Del71|). Let U be a smooth (affine) curve, and m: X — U be a smooth

projective morphism. Then R"m,Cx is semisimple.
11
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